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We investigate the tidal response of general five-dimensional (5D) black holes in nontrivial setting of
N = 2 supergravity with three vector multiplets known as STU theory, which include as special cases
important solutions such as the Myers-Perry, Breckenridge-Myers-Peet-Vafa, SD Reissner-Nordstrom,
Kerr-Newman, and dyonic black holes. Solutions are paramterized by their mass, two angular momenta,
and up to three U(1) charges. Love numbers and dissipation coefficients are obtained in the static and
dynamic cases. In the latter scenario, we find new, nontrivial conditions, realized in important limiting cases
of the theory, such as the Bogomol 'nyi-Prasad-Sommerfield limit, where frequency-independent vanishing
conditions are obtained. We also develop a ladder formalism for static solutions and derive the conserved
charges. To the best of our knowledge, this formalism had not been previously derived for 5D black holes,
including neutral ones. Finally, we show the emergence of Love symmetry in the near-zone regime and
derive the generators of the associated s/(2, R) algebra. It is shown that all conditions for Love-number
vanishing can be explained by this algebra in terms of the highest-weight property.
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I. INTRODUCTION

Love numbers are dimensionless parameters that quantify
the linear response of an object perturbed by an external tidal
potential. These quantities were first introduced in 1909 by
Augustus Edward Hough Love [1], who investigated tidal
deformations induced on Earth’s surface in the framework of
Newtonian gravity. This formalism has since been extended
to the domain of general relativity [2—6], being used to
investigate tidal deformations induced in objects such as
neutron stars and black holes. As well as their role in investi-
gations concerning changes of shape and size of bodies
affected by tidal perturbations, Love numbers are also rele-
vant as means of probing the internal structure of massive
compact objects and provide insight on the equation of
state of such ultradense objects, which provide important
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information for astrophysical and cosmological models.
Moreover, tidal deformations may vary between theories
of gravity, so Love numbers may be used as tools for testing
General Relativity (GR) and constraining competing models.
Given their nature as linear tidal responses, information about
Love numbers can be extracted from gravitational wave
detections [7,8], making this topic particularly relevant in the
era of high-sensitivity gravitational wave observations. They
are also important in point-particle effective field theory
(EFT) descriptions of gravity, where these parameters are
encoded in the EFT action as Wilson coefficients for
quadratic operators in the curvature [9-12]. In this approach,
Love number computation is reduced to a matching condition
between the worldline EFT and full classical predictions.
Love numbers can be obtained by means of a multipolar
expansion of the perturbative wave equation, upon which
the desired parameters emerge as a proportionality factor
relating the induced mass multipole moment and the
external tidal field [6]. In practice, this procedure is greatly
facilitated by the presence of certain symmetries, related to
the existence of Killing or Killing-Yano tensors [13—15],
which allow for separability of the wave equation. We may
thus use a mode decomposition to separate the wave equa-
tion into angular and radial parts. For asymptotically flat
black hole spacetimes that are regular at the outer horizon,
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which we describe topologically as an n-sphere, the radial
wave function behaves asymptotically as [16]

Ry(r) mAgr’ + Bor'=(tm), (1.1)
in which case the response coefficients are identified with
the ratio B,/A,. Love numbers correspond to the real part
of these coefficients, which describes conservative tidal
deformations, while the imaginary part is associated with
dissipative effects. Here, “infinity” is identified with the
location of the tidal source, so the growing mode propor-
tional to 7* is not considered unphysical.

In four-dimensional GR, static Love numbers can be
shown to vanish [6] on general grounds. Nevertheless, this
need not be the case for black holes in higher dimensions,
for which these quantities are in general nonzero [16-21]
even in the static limit. In this sense, higher-dimensional
black holes provide valuable insight into the deeper aspects
of Love number physics, as the nontrivial vanishing
conditions allow for better understanding of the relation-
ship between tidal responses and physical observables. In
fact, gravity has been argued to be richer in dimensions
higher than 4 [22], as uniqueness theorems for black holes
become far less stringent in these settings, thus allowing for
a richer landscape of black hole solutions. Reasons for this
added richness include the higher number of independent
angular momenta and the competition between gravita-
tional and centrifugal effects, as the former are dimension
dependent, while the latter are not [22]. Moreover, the rele-
vance of higher-dimensional black holes extends beyond
gravitational physics, as the well-known AdS/CFT corre-
spondence can be used to link the physics of these objects
to that of strongly coupled quantum field theories in lower
dimensions [23]. Another strong motivation for the study of
higher-dimensional theories is derived from the observation
that gravitational interaction simplifies dramatically in the
limit D — oo and may allow for analytical treatment of
otherwise complicated or intractable issues [24—26]. Thus,
investigations of black holes in five dimensions provide an
important initial step toward unified D + 1 treatments of
these solutions, wherein the D — co may be applied. On
the experimental side, it should be mentioned that it has
been recently argued that the shadow diameter of super-
massive black holes such as M87* can be used as a probe
into higher-dimensional gravity and as means to provide
bounds into the size and physics of extra dimensions [27].

Outside of the static regime, the physics of tidal
deformations becomes more complex. Indeed, dynamical
Love numbers, which correspond to modes with @ # 0, can
be nonzero even in the fourth-dimensional case [21,28].
Such effects can be physically explained by frame dragging
caused by the black hole’s rotation. Thus, tidal coefficients
also convey dynamical information about extended gravi-
tational objects, and precise knowledge of their dependence
on angular frequency is necessary for accurate interpreta-
tion of gravitational wave signals.

The vanishing of Love numbers in the static, four-
dimensional case, as well as for dynamic perturbations
in some special cases, can be understood in terms of a
hidden SL(2,R)—or “Love”—symmetry, which can be
demonstrated to exist in the near-zone limit, valid for long-
wavelength perturbations in the outer region of the black
hole. It can be shown that the vanishing of static Love
numbers in four-dimensional black holes follows from the
highest-weight property applied to the irreducible SL(2, R)
representation implied by SL(2, R) [29] derived from the
near-zone equation. This symmetry is also found in higher
dimensions, despite the existence of nonzero static Love
numbers in this scenario. This is explained by the fact that
arbitrary solutions of the near-zone equation do not belong
to the relevant highest-weight representation of this sym-
metry. On the other hand, those states that do belong to a
highest-weight representation can still be shown to lack a
conservative tidal response even in higher dimensions.
Moreover, a deep connection between Love symmetry and
holography has been suggested [19,29-31]. In fact, this
structure can be linked to the SL(2,R) x U(1) near-zone
isometry which underpins the Kerr/conformal field theory
(CFT) correspondence in the four-dimensional case [29,32]
and which has been subsequently extended to more general
black holes in higher dimensions [33,34]. The holographic
principle can be used as tool in the calculation of quasi-
normal modes, Love numbers, Greybody factors, etc. [35,36]
and provides a valuable tool for the probing of black hole
structure at finer levels. In this framework, Love symmetry
can be viewed as a statement about the response properties of
the dual CFT. Hidden symmetries may also explain why
some results, such as the aforementioned vanishing of Love
numbers, are robust against quantum corrections, potentially
helping resolving naturalness problems [29,30,37,38].

Despite its remarkable predictive power, GR is not
generally believed to be a final theory, which is why
frameworks such as supergravity and string theory are often
considered in frontier investigations. Black hole solutions
are particularly important in the string-theoretical setting,
where they can be described in terms of D-branes [39,40].
This work deals with five-dimensional solutions of the
STU family of black holes [41-43] derived in the setting of
minimal A =2 supergravity coupled to three vector
supermultiplets, through the solution generating technique
detailed in Ref. [44]. These are the generating solutions
from which the most general charged rotating black holes
of N =4 superstring vacua conforming with no-hair
theorem can be obtained through U-duality [45]. Such
black holes appear naturally in five-dimensional theories
with supersymmetry, and their generality makes them parti-
cularly useful in that they contain many important solutions
such as Kerr/Myers-Perry, as well as their charged variants,
as limits achieved though the vanishing of the appropriate
charge parameters. Another important motivation for the
study of STU black holes comes from the known
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correspondence between these solutions and qubits
[46-48], which provides a powerful tool through which
black hole theory can be used to boost discoveries in the
field of quantum information, and vice versa. Several other
aspects of STU black hole theory have been investigated in
the literature, and a few recent developments in the subject
can be found in Refs. [49-61].

Love symmetry is not a general feature of string-
theoretical black holes. Indeed, sufficient conditions for the
emergence of Love symmetry in Type-II superstring theory
black holes have been investigated in Ref. [62], where
the Callan-Myers-Perry and o*-corrected Schwarzschild-
Tangherlini black holes are shown to be counterexamples.
Thus, higher-order corrections from string theory may
leave measurable signatures in tidal perturbations, which
may one day be used to differentiate those solutions from
each other and from GR black holes. On the other hand,
there are some string-theoretical black holes, such as the
D =4 STU solution [63], where Love symmetry still
emerges within the near-zone limit. In the aforementioned
reference, it was shown that this symmetry implies the
vanishing of static Love numbers, in a similar fashion to
what was found for uncharged black holes. As we shall
demonstrate in this paper, Love symmetry is also present in
the fifth-dimensional version of the theory, although, as is
typically the case in higher dimensions, this symmetry
structure does not generally preclude conservative tidal
responses even in the static limit. Nevertheless, we dem-
onstrate that the special cases in which Love number
vanishing does occur can be explained in terms of
highest-weight representations of the associated s/(2, R)
algebra, in a manner analogous to the four-dimensional
case [63]. Understanding whether or not Love symmetry
should be seen as a fundamental property of black hole
solutions derived from string theory is important as means
of understanding the role of this symmetry within a
quantum description of gravity and may potentially serve
as a tool to be used in comparisons between competing
models from string theory.

Another important tool in investigations concerning tidal
deformations is the ladder symmetry approach. It can be
shown that the perturbative equations in curved black holes
with certain symmetries lead to a Hamiltonian formulation
which can be associated to raising and lowering operators
that connect the solutions in a manner analogous to the
ladder structure encountered for the quantum harmonic
oscillator. This approach can potentially simplify the tidal
deformation analysis through the use of a conserved current
that follows from ladder Symmetry and allows one to
describe solutions in the #th level of the ladder in terms of
the known properties of a seed solution, that is often a
constant due to homogeneous symmetry. This approach
has been successfully applied to the most important black
holes in 4D general relativity, including Schwarzschild,
Reissner-Nordstrom, Kerr, and other black holes with

separable perturbation equations. See, for example,
Refs. [37,64-68] for investigations of this kind. Despite
the aforementioned success in the four-dimensional case,
we do not know of any work that has extended these results
to five-dimensional black holes. Due to the solution
generation technique used in the derivation of the STU
metric considered in the current paper, the ladder structure
we shall derive in this paper will also prove valid for special
cases such as Schwarzschild-Tangherlini, Myers-Perry, and
their charged variants, as these operators can be written
entirely in terms of the seed Myers-Perry parameters in the
static case.

To summarize, this work aims to calculate Love numbers
for the three-charged rotating STU black hole in five-
dimensional spacetime and investigate the emergence of
Love symmetry in the appropriate limit. The paper is
structured as follows. After this Introduction, we start with
a short review introducing the STU metric and the relevant
thermodynamic quantities that will be used throughout the
work. We then consider the massless Klein-Gordon equa-
tion and use separation of variables to write the angular and
radial scalar wave equations. In the two following sections,
we solve the radial equation in the static and near-zone
regimes, respectively, and thoroughly investigate several
aspects of the black hole tidal response in these scenarios.
The next section is devoted to investigation of the Love
symmetry structure that emerges in the near-zone regime.
We derive the associated algebra generators appropriate to
the STU background and Casimir element and show that the
vanishing of Love numbers in special cases can be explained
in terms of this symmetry. This discussion is followed by a
concluding section, where our results are summarized and
perspectives for future investigations are discussed.

II. 5D STU ROTATING BLACK HOLES

In this section, we provide a brief review of the STU
geometry we shall be concerned with, which corresponds to
a family of black hole solutions parametrized by their mass,
two independent angular momenta, and three U(1) charges.
STU black holes are solutions of N' =2 gauged super-
gravity coupled to three vector superfields, which is a
consistent truncation of maximally supersymmetric unga-
uged supergravity theories.

A. STU metric

In this section, we present the metric and notation used
throughout the paper. In five dimensions, the general
no-hair black hole solution of A/ = 4 superstring vacua,
which can have up to 27 charges, is obtained by subjecting
a generating solution to [SO(5) x SO(21)]/[SO(4) x
SO(20)] c O(5,21) transformations [44]. The thus-found
solutions are the most general black holes that can be
obtained from the low energy effective action of toroidally
compactified heterotic and type II string theories, which
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give rise, respectively, to N'=4 and N = 8 ungagued
supergravity theories. In this work, we shall deal with these
generating solutions, which consist of a class of five-
dimensional black holes parametrized by their mass M,
two angular momenta Jg;, and three independent U(1)
charges Q,.

The metric is obtained through the solution generation
technique explained in Ref. [44], which consists in per-
forming Kaluza-Klein reduction and then applying a subset
of the symmetry transformations of the effective three-
dimensional action on the neutral rotating black hole (also
known as the Myers-Perry solution), which serves as a
seed. To obtain the generating solution of interest, three
independent SO(1, 1) C O(8,24) boosts must be applied
to the seed neutral black hole. Each of these boosts
corresponds to a parameter ;. As we said before, the full
procedure is detailed in Ref. [44]; here, we shall be content
with presenting the metric for the three-charged solution,
which can be cast in the following, compact form, first
presented in Ref. [69],

dsi=—-A"PG(dr+ A + APds;,  (2.1)

where
dsizj—);—i-j—);:—&-%(d;(—gday—i-x—;daz, (2.2)

with

X=(x+B)(x+B5) - ux, (2.3a)
Y=—({ -G -y (2.3b)
G=x+y)(x+y—n), (2.3¢)
U=yX—xY, (2.3d)
Z=15L(X+7Y), (2.3¢)

where [,,l,, and 4 = 2m are parameters of the seed Perry-
Myers black hole and remain unchanged under the solution
generating procedure.

On the other hand, the functions A(x,y) and A(x,y)
which, in the Myers-Perry black hole are given, respec-
tively, by Ag = (x +y)* and A) = Fa (2 + 5 —y)do—
l,1,dy], are modified by the SO(1, 1) C O(8,24) boosts to

A = (x+y)’H H,H;, (2.4)
inh?s;

Ho=1 0% 2123, (25)
xX+y

HII,
A= — [(B+ B —y)do — 1, 1,dy]
218

where I1, = I13_, cosh §; and II; = IT;_, sinh §;.

In the above, we have used the base space coordinates
(x,y,0,x), which are related to the usual system of
coordinates by the transformations

x=r (2.7a)
y = 2 cos? 0 + I3 sin 6, (2.7b)
L —
_ M (2.7¢)
k-0
176
and
Lo - Ly
1~ 6

In the above, we assume I3 > 12 so that ye ([, 15)
as 0€(0,7/2).

B. Conserved charges and angular momenta

In this subsection, we introduce the Arnowitt-Deser-
Misner mass, three charges, and two independent angular
momenta. Together, these parameters completely specify any
five-dimensional black hole compatible with the “no-hair”
theorem. These quantities can all be described by combi-
nations involving the seed parameters and SO(1, 1) boosts
0;, all of which reduce to the corresponding quantities of the
neutral Myers-Perry solution when all three §; go to zero.

The mass and charges of the generating solutions can
be calculated by standard methods (see, for example,
Refs. [44,70]) and are written in the form'

138
M = 5/4 ;21 cosh 24;, (2.8)
1 .
0, = E'M sinh 20;; i=1,2,3. (2.9)

Saturation of the BPS (or Bogomol’nyi) bound corresponds
to the simultaneous limits 4 — 0 and §; — oo, with Q;, M,
and the angular momenta derived below kept fixed. Thus,
1 can be seen as a measure of the deviation from
Bogomol’'nyi-Prasad-Sommerfield (BPS) saturation.

'As remarked above, we choose to work with the parameter
1 = 2m where m is the usual mass parameter used in black hole
literature and used in Ref. [44] for the STU black hole. We use
duality invariant units such that the five-dimensional gravitational
constant is given by Gs = /4.
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The metric symmetries give rise to two conserved
angular momenta, identified with rotations parametrized
by the coordinates ¢ and y. From the point of view of string
theory, it is more interesting to work with left- and right-
moving contributions. Rotational symmetry allows for the
definition of two independent angular momenta J and J;,
which are given by

1 .
Jre =7u(l £ D) (H cosh§; F Hmnha,.), (2.10)

where [; and [/, are angular momentum parameters of
the seed Myers-Perry black hole used in the solution-
generation procedure. The “usual” angular momenta can
be derived from these quantities through the combina-
tions J, = Jg + Jp, J,, = Jg — J, which are quantized as
integers.

C. Thermodynamic quantities

One of the most important aspects in black hole theory is
the description of their macroscopic thermodynamic prop-
erties, which is important not only for the deepening of our
understanding of black holes but also because of the
expected connection between this area of investigation
and the development of consistent quantum gravity models.
A relevant feature of the STU model is the fact that black
hole thermodynamics can be described in terms of left and
right mode contributions, which suggests a microscopic
interpretation of the entropy arising from the counting of
left- and right-moving solitonic states in the underlying
string model. We shall for these reasons point out some of
the most important thermodynamic variables in this frame-
work, and throughout the work, it will be seen that many
of the special features of the tidal perturbations we are
concerned with have a simple explanation in terms of these
quantities. The results of this section are those found in
Refs. [41,44]. See also Refs. [70,71] for other relevant
developments related to this subject.

In agreement with the above remarks, the entropy of
STU black holes at the outer (inner) horizons can be
described as the sum (difference) of left- and right-moving
contributions, namely,

Si:SLZl:SR, (211)

1
S, = 2ﬂ\/4ﬂ3 <H cosh&; + [ [ sinh 5,-)2 s
T <H cosh &; + Hsinh 5i>w//4 — (I} = I,)?

(2.12)

and

1 2
Sp = 27z\/1/43 (H cosh§; — Hsinhél) - J%

1 1

(2.13)

Similarly, the inverse Hawking temperature of the Black
hole at the inner and outer horizons can be written in the
form

_BLEPr

B ="

(2.14)

where
mu* ([T;cosh?s; — [1;sinh?5;)
L pu—
\/%;43 ([T; cosh &; + [, sinh 5;)* = J7

_ 2zu([]; cosh &; — [T, sinh 5;)
p= (L =h)

(2.15)

and
mu* ([Ticosh?s; — [];sinh?5;)
\/ipﬁ (IT; cosh&; — I, sinh §,) — J%
~ 2au([; cosh &; + [, sinh &;)
p— (I +h)

. (2.16)

We may use these formulas to define the surface accel-
eration at the outer and inner horizons, which will prove
specially relevant in the following calculations. They are
given by

4z
Ky =——r\,
PrEPL
being thus proportional to the horizon temperatures.

The angular velocities as defined at the outer and inner
horizon are

(2.17)

(2.18)

(2.19)

The rotational velocities and accelerations at the inner and
outer horizons are not all independent thermodynamic
quantities, being instead related according to %Q’f =

+Qf and —-QL =10k The following important
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relations emerge,
2nJ L

\/%u3 ([T; cosh8; + [, sinh &;)> = J7

_ 2zl - D)

- (2.20)
27T]R

\/}1#3 (IT; cosh&; — IT, sinh ;)% —

— (L + L) .

B QY =

B Ok =

which show that, although both the horizon temperatures
and angular velocities are explicitly dependent on the
boosts o;, the above products can be written solely in
terms of the seed Myers-Perry parameters u, /;, and /,. This
means that these combinations are the same for all members
of the STU family generated by a given seed solution.

II1. MINIMALLY COUPLED MASSLESS SCALAR
WAVE EQUATION

Massless, minimally coupled scalar fields must satisfy
the Klein-Gordon equation:

0,(1/ =999, ®) = 0. (3.1)

\/—' H
Due to symmetries of the STU metric, the above equation is
separable in this background. As shown in Ref. [70],

solutions of the wave equation can thus be decomposed
in modes of the form?

Ot..0.4.) = By(1r) £(0) e~ imsbimey
_ q)o(r))((e) e—imﬂrimk((/)+1//)+imL((/)—l//).

(3.2)

The angular variables ¢ and y have period 27; so, my,, =
mp £ my are integer valued. In general, the frequency w is
complex-valued. However, mode stability for the five-
dimensional STU metric has been demonstrated in
Ref. [61], which implies that modes with Im(w) > 0 are
ruled out. Frequencies belonging to the lower half of the
complex plane are still allowed, but these represent pertur-
bations that vanish exponentially fast. While important in
some applications, these perturbations are not particularly
relevant to our current purposes, as the detection of tidal

*Here, r is a five-dimensional analog of the usual Boyer-
Lindquist radial coordinate. It reduces to the Schwarzschild-
Tangherlini coordinate when charges and angular momenta
vanish.

perturbations will be dominated by the oscillatory terms,
which represent a persistent physical field, rather than
transient effects. Thus, we may assume ®€R when
interpreting our results. That said, we will see that the
near-zone and static solutions are given in terms of hyper-
geometric functions, which are well defined in most of the
complex plane, so that the distinction between real and
complex o is only important in the process of extracting the
real and imaginary parts of the response coefficients.

In our calculations, it will prove useful to introduce a
dimensionless radial coordinate X related to r by the
transformation

=12 42
gl 2t (3.3)
(ri—r2)
where 72 are the solutions of the horizon equation
(rPr+B3)(r*P+13) —pur* =0, (3.4)
and thus
== (/l -5 £A), (3.5)
where
A== (=LA - (L + L)Y (36)

which is a real quantity as long as the constraint y >
(|| + |L])?* is imposed. Note that the inner and outer
horizons are written exclusively in terms of the parameters
u, 1y, and [, of the seed Myers-Perry black hole, with no
dependence on the boosts. Thus, horizon positions are the
same for all members of the family generated by a given
seed, regardless of charges.

In terms of the coordinate X, the outer and inner horizons
ri and r_ are located at X = § and X = —1, respectively,
while the asymptotically flat region is identified with the
limit X — oo. With this notation, the wave equation can be
written as

0 (_, 1\ 0 1]
a(XQ—Z)a(D()(X)—’—Z|:XACO2—A+MC()2

X+3 + Kt
1 QR QL\ 2

) (L 2mpot —2m, ) @y (R) = 0. (3.7)
1

)C—§ Ky Ky Ky

Here, k. and fo are as defined in the previous section,
M 1is the mass, and A is the eigenvalue of the angular
Laplacian,
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A=K+ (B+B)w?+ (B - B)w*cos20,  (3.8)
where
B} 1 o o 1 & 1 &P
2 .
— 0 Tl % % 39
02006 " 2036 " 56957 cosbar D)

is the usual 3-sphere Laplacian, to which A is reduced in the
static case. Note that the only remnants of the solution
generation technique are the boosts §; which only appear
in the above scalar equation through the thermodynamic
quantities x; and Qi’L . Particular cases such as neutral
black holes or solutions with fewer charges can be
described by (3.7) as long as one substitutes the corre-
sponding angular accelerations and velocities.

IV. STATIC SOLUTIONS AND TIDAL RESPONSES

The scalar equation governing time-independent modes
is obtained by setting @ = 0 in the radial equation (3.7) and
noting that A reduces to K’ in this case. The angular
equation can thus be solved in terms of fifth-dimensional
spherical harmonics (see, for example, Ref. [72] for a
review on the subject), whereas the radial equation sim-
plifies to

<m Qﬁ—l—m Qﬁ)z
0 (- d A R L,
(A(x) <1>,f(x)) + ==t *

ox % 4 -1
(e —m )
mRK——mLK—
— i i o, (x) =0, 4.1
o /) (@)
where
o
A(X)=x" - 2 (4.2)

and A, =¢(£+2) is the eigenvalue of the 3-sphere

Laplacian A = K? defined in Eq. (3.9). We see that this
equation has three singularities located at x = +1/2 and
|

(ag +ay)* 1(1+2)

infinity. All of these singular points can be verified to be
regular, so the above equation must be reducible to the
hypergeometric form through an appropriate transforma-
tion, which we perform explicitly in the next subsection.

The massless time-independent Klein-Gordon equation
in the Myers-Perry background is of course a limiting case
of (4.1), achieved when the three boost parameters &;
(i=1, 2, 3) are set to zero. Note, however, that the
complexity of the static equation remains the same as it
was for neutral black holes. In fact, this equation, and thus
the static solutions, can be written entirely in terms of the
seed Myers-Perry parameters y, [;, and /,. This is possible
because, due to Egs. (2.20) and (2.21) and the definitions
of k., we can derive the relations

1oL — (L=1h) QR — (L+h)
T V== T =+ b
(4.3)

Thus, the solution depends only on the seed parameters of
the five-dimensional neutral rotating black hole. This is an
intriguing observation that can be traced to the solution
generation technique used to obtain the STU black hole
metric. Namely, one can show explicitly that the full scalar
Laplacian for static scalar field does not depend on A(x, y)
and A(x, y) in the metric ansatz (2.2). We should point out
that, since this structure is a consequence of the solution
generating technique, it is thus applicable to other black
holes solutions of the Lagrangians that have a five-dimen-
sional Myers-Perry solution as a special case.

A. Raising and lowering ladder operators

One important feature of Eq. (4.1) is that it is solved by
hypergeometric functions, as we shall now demonstrate. To
this end, we introduce the variable

, (4.4)

with use of which one can write the time-independent radial
Klein-Gordon equation in the form

d? d
-2 X 1 (1-2%
(z( Z) e +(1-2) = + .

where we have defined

QR L +1
aREmR—+_mR—(1+ 2)
Ky p—(h+0)?

4(1 _ Z) - (CZR - ClL)2> q)I(Z) =0, (45)
and aLEmLQ—Er:mLM_ (46)
o p=(—h)?

The above equation is easily solved with use of an ansatz z*(1 — z)8f(z) which leads to a standard hypergeometric
equation [73]. After returning to the original variable X, the static scalar solution is found to be
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B ¥ — % i(ap+ag) B
D, (%)= A, <_ 1) w,(X), where
X+ 2
_ _ 1\ ) ) . X —%
we(X) = x—|—§ JFi| &+ 2iag, &y + 2iap; 1 4 2i(ay +61R);)_67+l , (4.7)
2
where we have defined the parameters
1 4
=51+ VI+A) =143 (4.8)

and A, is a normalization factor.
We shall now develop a ladder formalism by deriving the appropriate raising and lowering operators, as well as the
associated Hamiltonian. To this end, we first note the contiguous relation
(I1—=z)F(a+1,b+1;¢;2) = F(a,b;c;2) +E(a +b—c+1)Fla+1,b+1;¢c+ 1;2), (4.9)
c

which one can easily verify by subjecting Eq. (2.24) of Ref. [74] to the transformations a - a + 1, b - b + 1. We can
combine (4.9) with the well-known differentiation formula [73]

dF(a,b;c;z) ab

=—F 1,b+1; 1; 4.10
iz . (a+ + 1+ 152) (4.10)
to derive the relation
dF(a,b;c;
(1—z)F(a+1,b+1;c;z)=F(a,b;c;z)+az¥, (4.11)
Z
I
h 1 1 1
where D}»:_ )—CZ__ ax_ff )_C_— -
( b 1 ) 4 2 Ay
at+bv+1-c
= 4.12 - . 2apa
a ab ( ) :—Aa)—c—gfx—l(aL‘f'aR)'f' LR (418)

For the hypergeometric function in Eq. (4.7) we have, for
each fixed choice of 7,

a =&y + 2iag, (4.13)
b=¢&,+2ia; and (4.14)
c=1+42i(a; + ag); (4.15)

hence,
o =20 _ 2+ (4.16)

T ab (144 2iag)(1+ %+ 2iay)’

We can now employ (4.11) to obtain the following
relations between the y,(X):
Wean(X) = —a[Dy, (X)), (4.17)

with a raising operator

S

Note that the prefactor —a, can be absorbed into the
normalization factor A4,. Namely, one can choose
Aria/ Ap = —ay.

Under some particular conditions on the parameters and
quantum numbers of the theory, there emerges a special
ladder structure, resembling that encountered in standard
4D black holes. The solutions that fall in this category are
of particular importance for, as shall be shown shortly,
these are precisely the requirements that must be satisfied
by black holes with vanishing static Love numbers. There
are two such sets of conditions, namely,

£=2n, neN

and az =0 (4.19a)

or

£=2n; neN and a; =0. (4.19b)

Note that these conditions can only be realized for even
choices of #. Although the operators obtained from
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substitution of a; /z = 0 are of course also valid for odd 7,
the ensuing solutions will not be analogous to those of
the Kerr black hole, nor will static Love numbers vanish
if £ =2n+ 1. Conditions (4.19) impose restrictions on
the particular quantum numbers of the wave function
and/or the black hole parameters. As seen from the
definitions (4.6), the conditions ap g =0 are satisfied if
either m; r =0 or |l;| = |L|. Thus, these constraints
represent limiting cases in which (i) the “azimuthal”
quantum numbers are such that my +m, or (ii) the
independent angular momenta J, and J, have equal
magnitudes. In these cases, the raising operators simplify to
|

D} = —A0; — &% — iagyy, (4.20)
which, as remarked, is of the same form as the analog
raising operator Kerr black hole theory, with the important
difference that it now raises the solutions by fwo steps, so
this analog Kerr structure is generated among solutions
with even #. In fact, once one makes the identification

g < ¢, with £ the parameters from the Kerr solution, it is
seen that (4.1) itself shares this analogy when (4.19) are
satisfied.

To derive the relevant lowering operators, we use the

relation [74]

(a=1)F(a,b;c;z)=(a+b—c—1)F(a—1,b;¢c;2) + (c=b)F(a—1,b—1;¢;2), (4.21)
combined with the identity [73]
F b. .
(c—a)F(a—1,b;c;2) = (1 — Z)ZM —(a—=c+bz)F(a,b;c;z), (4.22)
z
which follows from one of Gauss’s contiguous relations. Substitution of the above equation into (4.21) leads to
dF(a, b;c; 1
Fla—1,b—1;¢;2) = —ﬂ{z(l —z)%— [E(l —z)+z(la+b- c)]F(a,b;c;z)} (4.23)
|
h 1 1 1
where D;_<)'c2—z>ax—(a+b—c—§g)()_c—§> _ﬁ_
¢
(a+b—-c—-1)
f=— . 4.24 — . 2apa
= = aeb) G2 B - )+ a) + (420
-

For the parameters corresponding to the solution (4.7) at
level £, we have

2(6,—-1)
[(&r = 1) = 2ia,][(&r — 1) — 2iag]
4

" (£—2iay)(5 - 2iag)’ (4.25)

be =

We can now employ (4.11) to obtain the following relations
among y,_(x) and y (x):
Wea(X) = =P[Dyw ()], (4.26)

where the lowering operator is
|

x-1/2
X+1/2

9r (%) = Af(

Using the above, we can write

i(ay+ag)
= 0:g,(X) =i

and we note the symmetric structure of DF. Similarly to
what we did for the raising operator, we now turn our
attention to the special cases a; /r = 0, where the lowering
operator is reduced to

D; = Aoy — (& — )X + iagy,. (4.28)

The ladder operators we just derived can be used to
construct a Hamiltonian operator for the static Klein-
Gordon equation. To do this, we write ®,(X) =
g9(X)w,(x), where the prefactor g(x), which can be directly
read off from Eq. (4.7), satisfies

7(“;;‘1’*) 9,(®). (4.29)
]
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ON(B0K®()) = 15 { (B0 (1) + 2la, -+ ) () -

(ap + ag)?
A

=1

ll/f(

)}. (4.30)

Working with ¥ in the interval (3, o), we can hence write the radial scalar equation in the form

_ 1
{aanx +2i(ay +ag)o; —~£(£ +2) + —— }W(fc) =0.
4 X+5

Now, we may use the fact that £,,, — 1 = &, to write

D-

=-A |:a)'cAa)? +ér+ (27— 2)o: + (

where Z = zagfak —i(a; + ag). Since Z + Z* = _4"5“1* and

£
Z - Z* = =2i(a; + ag), we can write Eq. (4.31) in the
simple form

Wy

D, ,Diy, = , 4.33)
R g (
which is equivalent to the Hamiltonian equation

where

x+1

(- 1 4
H, — _A{aanx +2ilay +ag)os— 7€ +2) + "L“f}
2

- &\? 2apag\?
=DmD?—{<g taptagt (=)

(4.35)

We can use the ladder symmetry we have derived
to investigate the asymptotic behavior of solutions and
the conditions that lead to vanishing Love numbers. We
can investigate the tidal response by examining the
Hamiltonian equation (4.34) for large x. In that regime,
the last term in (4.35) is of higher order, and we must solve
the asymptotic equation

X208y, (%) + 2[X + i(ag, + ag)|oxw(X)

£(¢+2)

————we(x)=0.

i (4.36)

Note that, because the term proportional to a; ar becomes
negligible at sufficiently large distances, Eq. (4.36) has the
same form (up to a coefficient change, of course) whether
ornot a; and ap are both nonzero. The asymptotic equation
implies the indicial polynomial s + s — @ = 0, whose
roots are

7o2DF = —(B0; — &% + Z7)(Ao; + £, - 2)

4
ALAR (4.31)
2
&r\? )= 2
) - EN(Z+ 2%+ |27, (4.32)
I
£+2
S = 5 and Sy = —T. (437)

These two coefficients give rise to two linearly inde-
pendent solutions of (4.36) of which the general solution is
a linear combination, written in the form

l//f()_(f) ~ lexf/Z |:1 + _i(aL :F aR):|
X
by i(a, + ag)
t i {1 e

which is precisely the A;7* + B,r~~2 asymptotic behavior
expected. We thus find that b, # 0 is a necessary condition
for a nonvanishing conservative response. In order to obtain
a, and b, and thus derive these responses explicitly, one
needs to perform a careful analysis of the asymptotic
properties of the solutions. This will be done in the next
subsection. For our current purpose of investigating the
relationship between Love number vanishing and the ladder
structure we have derived, it shall be sufficient to inves-
tigate the qualitative properties of these solutions, which
can be easily derived from the Hamiltonian equation and
ladder operators.

We can now use the ladder structure to examine the
conditions that lead to vanishing Love numbers. We do this
in a manner analogous to that previously used in four-
dimensional black holes. We first note that, for # = 0 and
either ap or a; equal to zero, the above Hamiltonian
equation has a solution of the form

Yo = do, (4.39)
which satisfies the required boundary conditions at infinity
and is regular at the horizon, being thus an acceptable
physical solution of the problem. Note that (4.39) is simply
a homogeneous (i.e., independent of r) solution. More-
over, the other linearly independent solution, namely, the
one with asymptotic behavior by/X, can be shown to be
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irregular at the horizon as in the Kerr case (see, for example,
Ref. [37]). The action of the raising operator (4.20) on a
solution with this asymptotic behavior gives

Yo ~ —(Zoao(x - i(lL>. (440)
From the form of (4.20), it is easily seem that the next
application of this operator results in a second-degree
polynomial, and repetition of this process leads to a tower
of solutions y», o (D})"y,, with n €N, which behave
asymptotically as nth degree polynomials. Going back
from X to the variable r, we thus find that, when ag,;, =0,
the leading-order behavior of the radial solutions at even
levels is of the typical quasipolynomial behavior that is
known to signal Love number vanishing in black hole
theory [30]. The fact that D} always raises £ by 2 clearly
implies that solutions with odd # cannot belong to the tower
generated by (4.39).

Note that the vanishing of ay or a; is crucial to the above
argument, for if the term proportional to a; ap is nonzero,
then a solution of the form (4.39) does not exist in the entire
domain. In fact, this statement is true even asymptotically:
only when (4.19) is satisfied does the condition by =0
hold. Indeed, if by = O for a regular solution, then, since
w ~ ay is analytic in the open interval (1, c0), it must be
possible to extend this constant solution all the way out to
the horizon. Being analytic and bounded in this interval, it
must be a constant. But since the last term in (4.31) is not
negligible at the horizon unless a;ap = 0, this equation
implies yy = ag = 0. Thus, whenever both of these para-
meters are nonzero, any nontrivial solution must behave
asymptotically as

o ~ <ao + %) [1 + M} (4.41)

where both a; and b, are nonzero. We can now use the
ladder operators to raise the solution to an arbitrary level
2n, and we find, for any such level, a nontrivial decaying
branch with asymptotic behavior ll/(zi) o by/X"*!, as can be
seen directly by repeated applications of D} on (4.41). We
thus see that the conservative tidal response coefficients are

|

D;DEH -K,= DE+4D;+2 —Ksin

where K, = (%) + ai +ay + (2‘%—:’*)2 Using these iden-
tities, we can derive the following intertwining relations
between ladder operators and Hamiltonians at different
levels:

Hf+2D; = D;H[ and Hf—2DE = DEH,;, (443)

and D} ,D; —K,, = D;JFZD; - Ky,

nonzero in this case, to the presence of decaying modes at
infinity. Similarly, one can use the asymptotic behavior of
v to verify that by # O for any regular solution, thus giving
rise, through the action of D;f, to a tower of solutions with
nontrivial 7~~2 coefficients at odd #, hence implying that
Love numbers are always nonzero at these levels.

This analysis hence shows that not only do conditions
(4.19) imply a quasipolynomial ®,, which is well known to
signal Love number vanishing, but also that these are the
only conditions consistent with such a behavior. In the
following subsections, the response coefficients will be
derived in full, and we will see that these conclusions are in
fact perfectly consistent with the results obtained through
explicit derivation.

The above discussion implies that static Love number
vanishing in this background is equivalent to simply
requiring that a homogeneous solution of the Hamiltonian
equation exists. Indeed, Eq. (4.19) represent the only
scenarios in which (4.39) solves (4.34), which, as we
saw, is a necessary and sufficient condition for the existence
of solutions with b, = 0. This offers an alternative explan-
ation for Love number vanishing in the theory, one that is
much simpler, though less general, than the Love symmetry
analysis that will be developed in Sec. VI. Moreover, using
a linear transformation to map the solutions of (4.34) into
those of an equation of the form [dd—; + V(X)|ye(x) =0, we
can easily show that the ratio b,/ ay is real, so the imaginary
part that would correspond to the dissipative coefficients
vanishes, in agreement with the results of the following
subsection. As we discuss in further detail in Sec. V, the
black hole does in fact possess static dissipative responses,
which can be explained by source-response ambiguity.
Using the ladder operators and (4.38), we find that the
imaginary part of the response is generally nonzero when
corrections of order x’~' and x~(“*2)/2 are, respectively,
added to the growing and decaying branches.

The ladder structure derived above is related to a hidden
symmetry which gives rise to a conserved current and a
ladder operator algebra. Indeed, a lengthy but otherwise
straightforward calculation shows that the ladder operators
we have derived satisfy the conditions

(4.42)

[

which define the algebraic structure associated to the
ladder symmetry. These relations can be used to derive,
at each level #, a conserved current. In the special
case ar =07 =2n even, the conserved quantity is
S0 ()] 4pm0 = (05 + 2ia; ) D5 ...D3,y,, with an obvious
analog in the a; = 0 case. This current has the exact same
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form as that found for Kerr black holes (see, for example,
Refs. [37,64,66]) and can be derived by the same method.

If a; and ap are both nonzero, the quantity discussed
above is not a conserved current. We must thus generalize
these expressions including new terms to allow for on-shell
conservation. To derive the current for even £ case, we first
note that Hyy = 0 implies

- . X )—C/ _
Ox | Adxyo(X) +2i(a, +ag)wo+4arag / l’f?( 1) dx’} =0,
X X +§
(4.44)
whence we read off the conserved current at level £ = 0,

Yyo(X)

Jo = [A0s + 2i(ay, + ag)lyo(%) + 4aLaR/ dx’
Xo

—/ 1 .
X +3

(4.45)

By combining these results with ladder operators, one
can derive the general current for even £ = 2n at higher
levels:

oy = (Box +2i(ay, + ag)) Dy ...D3,p,

¥ D— - =/
+ dagap / i %’””f”w A, (4.46)
Xo X +3

Since the lowering operators we derived always shift £
by 2, solutions with odd £ do not belong to the same tower
as v, and the above current therefore does not apply to
them. It is, however, simple to perform an analogous
derivation starting from y(X), in which case we find

Jonp1 = (A(),—( + 2i(a; + aR))<D§ <Dy Wong)
¥ (4a;a 3 B _
[ (=) 05D e ()
Xo

—/ 1
X +3

(4.47)

as the conserved current at odd levels. These results
highlight the fact that even and odd values of £ belong
to separate towers of solutions in this framework, a
distinction that did not exist in the usual four-dimensional
black holes. Note that, unlike what is found for ag,;, = 0,
these currents are manifestly nonlocal due to the integral in
the last term. Nevertheless, these are still valid currents, and
the integrals can be addressed with appropriate techniques.
One simple way to obtain the currents explicitly is to
analyze the solution in an arbitrarily small neighborhood
defined by % < X < & and take X, = 1/2. Since we already
know v, in closed form, this is a simple task in our case.
Choosing ¢ arbitrarily small, one can identify the solution
with the known constant value y,(0) = 1. Since no singu-
larities exist in the interval (%5) the integral in (4.46)

vanishes due to the vanishing domain of integration, and
the current is easily evaluated to Jy, = 2i(a; + ag). To
obtain the current at higher levels, we need only apply the
ladder operators recursively to lower y,, all the way to 0
and thus obtain

n

J2n = 2i(aL + ClR) H (i(aL + ClR) +
k=1

2aLaR k
k 2)’

(4.48)

valid for n > 0. In the odd case, we carry out an identical
procedure to find J; = 2i(a; + ag), which is interestingly
exactly the same ‘“seed” current as in the even case. At
higher levels, we find

. /. dajap 2k+1
Jons1 = 2i(ay +aR)H(l(aL+aR)+2kL+1;— 1 >
(4.49)

which is again valid for n > 0. The above conserved
currents are useful, as they may allow one to extract
information of the solution, including its asymptotic or
near-horizon behavior, without explicitly solving the full
equation. In this way, these currents may be useful tools in
the process of matching the behavior of solutions from
different regions of spacetime. This reasoning may at first
appear cyclical because we have used the exact solutions
of the scalar equation to derive the ladder operators. In fact,
the explicit Hamiltonian, which is known from the wave
equation, and the intertwining relations (4.43) suffice to
derive both the ladder operators and currents, up to
irrelevant constant factors. Thus, we could just as easily
have solved these algebraic equations and imposed con-
sistency with the scalar equation to derive all the main
results of this section. This observation is important,
because it allows for the extension of the ladder structure
considered here to other models (or, in the near-zone
generalization, different splits within the same theory)
where a closed-form solution cannot be found.

Another interesting property of four-dimensional black
holes is the relationship between the conserved currents and
the dissipative coefficients of the black hole. In fact, these
quantities can be shown to be equivalent, differing at most
by a proportionality constant depending on the adopted
conventions [37,64]. In 5D black holes, the situation seems
to be more complicated outside of the cases covered by
conditions (4.19), which of course give the same results as
Kerr. When a;ag #0, we can use the static response
coefficients (5.25) derived in Sec. V to formally write

_ I'(-1-2)
ke = i(a,+ag)

zero and nondivergent coefficient, with the pole from the
Gamma function being a consequence of the divergence
of static Love numbers in 5D when a;ap # 0. If this

F(ag,ar,?)J;, where F(ag,a;,?) is a non-
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relationship were known a priori, even without explicit
deduction of F(ag,a;¢), it would in principle be possible
to deduce the general behavior of the intrinsic response
coefficients. The pole from I'(—1 — #) can only be com-
pensated when the a; ay is zero and ¢ is even, which leads
us back to conditions (4.19). On the other hand, the above
relationship implies that Im(k,) =0 if and only if J,
vanishes, while the real part of k, remains divergent
whenever a; ap # 0, regardless of the value of J,. These
results are consistent with those we shall derive explicitly
in Sec. V through analytic continuation, where it will be
seen that static dissipative responses vanish only when
aj + ap = 0, precisely the same condition that defines the
zeroes of J,. This relationship merits further investigation
in other systems to decide whether it is a general feature
among reasonable 5D black holes. If it is, then the currents
could in principle be used to infer some of the general
features of the tidal coefficients, such as the zeroes of its
dissipative component. At the very least, the above dis-
cussion seems to suggest some connection between the
ladder structure of the static equation and the intrinsic black
hole responses, despite the fact that analytical continuation
has not been used in the results of this section.

The ladder formalism we have derived has allowed us to
deduce the conditions of Love number vanishing, leading
in a simple way to many of the general conclusions that
we will derive afterward with use of more sophisticated
techniques. Moreover, we have also derived, at each level
¢, a conserved current whose on-shell conservation follows
from the Hamiltonian equation (4.34), and which could in
principle be used to infer important information about the
black hole’s tidal perturbations without recourse to the full
solution. In general, this shows that the raising operators
provide useful tools that can enhance our understanding of
black hole tidal perturbations through the use of relatively
simple techniques. By matching the behavior at different
regions, we could in principle derive the asymptotic
coefficients explicitly and try to deduce the tidal response
coefficients, although that may not be a simple task. We
shall, however, find these parameters in the following
subsection by direct evaluation of the asymptotic form
of the solutions.

B. Tidal response coefficients in the static case

The results obtained above can be used to derive the tidal
response coefficients in the static case (@ = 0). As shown,
the scalar solution (4.7) is written in terms of a hyper-
geometric function with parameters a = &, + 2iag, b =
&, +2iap, and ¢ =2i(ag+a;)+1,s0thata+b—c =
26, —1 =7+ 1€N. Let us first consider the case where
one of the parameters a; /r vanishes and £ = 2n is an even
natural number. In this case, a becomes an integer, and it
follows that the hypergeometric function we are dealing
with becomes a polynomial of degree n [75]. This can be
verified with use of the transformation formula
,Fi(a,b;c;z) =

(1 —2) b F(c—a,c—b;c;z),

(4.50)
which leads to

1(—n —+ ZiaL, —n, 1 + 21(_1L,Z)
(4.51)

wan(z) = (1 =2)™,F

In this form, it is seen that the second coefficient is a
negative integer, so the hypergeometric series terminates
after the n + 1 terms. The radial solutions thus display the
quasipolynomial behavior that follows the vanishing of
conservative responses in this case, in agreement with our
previous results. In terms of X, these solutions are written:

"~ (2ia, —n),(=n)
=Au ) (1+ 2iaZ)kk! :

k=0

~ 1\ ktiay _ 1\ n—k—ia, 450
(=) ) e

which at large X is dominated by the X" term, thus
confirming the expected r* behavior at infinity.

Next, let a; , ag # 0. For natural a + b — ¢ and |z| < 1,
the hypergeometric function can be written as the
series [76]

cDZn ()_C)

C(atbon) E\a=m)b=n), . (<1)Ta+b-n)
Fila.b.atb=n.2) === 5r 0 ; 1—n =3 = St =)
<= (a);(b);

xy = ((1=2)/[In(1 —2)

j=0].(n +Jj)!

where T'(y) is the Gamma-function of y, (y), =
I'(y+j)/T'(y) is the Pochhammer symbol, y/(yj =
I"(y)/I'(y) is the digamma-function, and n =¢+ 1. In
order to extract the response coefficients of the black hole,

—w(j+1)

—w(j+n+1)+w(a+n)+y(b+n)], (453)

[
we must consider the behavior of the perturbation at
infinity, which in this sense we identify with the location
of the source of the external tidal potential. Taking the
leading-order terms in the asymptotic expansion implied
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by (4.53), we obtain

(=D)"T(a+b—n)
"~ nIl(a—n)[(b—n)

I'(n)l’ —
zFl(a,b,a—l—b—n,z)—> (”l) (a+b l’l)

=T Tare) 0TI

In(1-z). (4.54)

Using this relation, we easily write the asymptotic behavior of the radial wave function ®,(r), which is pivotal to the
derivation of response coefficients. This behavior is as follows:

['(a)(b)

. (1 R TP Ty P Ty e <r2 - r2>r_2(ﬂl)>’ (4.33)

where we have defined
x=ri—r. (4.56)

Following the usual approach, we find the response coefficients by writing the asymptotic series @, and then evaluating
the ratio between the coefficients from the ~7* and ~r~~2 terms. This ratio can be directly extracted from the second row
of (4.55), whence we obtain

T(1 4%+ 2iag)T(1 +5 + 2ia,)

Aol =0) = (1) 22 DIN(=§ + 2iag)T(=5 + 2ia, )

1 In (%) (4.57)

—r_

|
One important property of the above equation is the  relationship between the hypergeometric function’s param-
fact that, due to relation (4.3), the response coefficients  eters, namely, to the fact that, as already pointed out above,
can be described entirely in terms of parameters from  a+ b —c is a natural number. As we show in the next
the seed Myers-Perry black hole. Moreover, they show section, this condition also holds true for the near-zone
the characteristic logarithmic running of black hole  equation.

tidal response. This behavior is owed to the specific The imaginary part of 1, is given by
|
. 2C
20'0(¢ + 2)0(=2iay, —5)T'(2ia, — 5)T(=2iag —5)'(2iag —5)
where
2 int int
C, = h( 2 -— h( 2 -—— . 4.59
* 7 cosh(2x(ay — ag)) + (=1)" T cosh(2z(ay + ag)) ese ( S )CSC < TR T ) (4.59)

Since we are dealing with the cases a; , ag # 0, all Gamma functions in the denominator of (4.58) are finite and nonzero,
so the vanishing of the dissipative response must follow from that of C, for all £ € N. To verify that this is indeed the case,
let us consider the even and odd cases separately. Letting # = 2n, we can use the elementary identities cosh(x —y) —
cosh(x +y) = —2sinh(x) sinh(y) and sinh(x — inxz) = sinh(x) cosh(—nz) = (—1)" sinh(x) for integer n to write

2 1
= 2sinh(2n(ag)) sinh(27(ay)) | (=1)" sinh(2(ag)) sinh(22(a,)) (—1)F

Cy, =0. (4.60)

On the other hand, if £ = 2n + 1, we use cosh(x —y) — cosh(x + y) = 2 cosh(x) cosh(y) and sinh(x — iz(n + 1/2)) =
—i(—1)" cosh(x) to write

1 1

Coni1 = cosh(2z(ag)) cosh(2z(ay ) + (=i)2(=1)*" cosh(27(ag)) cosh(2z(a,)) 0 (4.61)
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so that the dissipative coefficients are zero for all physical
solutions of the static Klein-Gordon equation in the STU
background we are dealing with.

In the limit §; = §, = 63 — 0, the above results are in
good agreement with those found in Ref. [16], and general-
ize the tidal coefficients of that work to the case of nonzero
charges. On the other hand, the response coefficients found
in Ref. [20] for Myers-Perry black holes are not the
same, as the authors of that paper have identified a nonzero
dissipative response even in the static case, as well as
divergent Love numbers that do not agree with the 4, found
in this section. Rather than a contradiction, we argue this
difference is in fact a result of the two different methods
employed, and while the conservative parts of both quan-
tities have been referred to as “L.ove numbers” throughout
the literature, these two coefficients have different physical
meaning. Namely, the authors in Ref. [62] have used
analytic continuation to derive response coefficients in
such a way as to avoid the ambiguity that emerges due to
overlapping in the power series expansions of relative to the
source and response contributions to ®,. The so-derived
coefficients represent the inherent black hole response and
give rise to the ‘“canonical” Love numbers, while the
coefficients (4.57) may be identified with the total physical
response functions. We shall discuss these issues more
thoroughly in the following section, where we will derive
the response coefficients using both the method employed
above and that of analytic continuation approach, with
the static perturbations included as the case w = 0. To
avoid possible ambiguity, we shall, both in the static and
dynamical cases, use the symbol 4, for the total response
coefficients, obtained through the method carried out in this
subsection, while for the “intrinsic” or canonical coeffi-
cients, the symbol k, will be used.

V. DYNAMICAL LOVE NUMBERS AND LOVE
SYMMETRY IN THE NEAR-ZONE REGIME

A. Love numbers in near-zone approximation

The results from the previous section were valid for the
static case, which amounts to time-independent perturba-
tions. We can also extend the investigation to the dynamical
scenario by considering the so-called near-zone limit.
This regime corresponds to long-wavelength perturbations
within a finite distance from the horizons. More precisely,
we require the simultaneous fulfillment of the conditions:

or, <1 (5.1a)

o(r—ry) < 1. (5.1b)

The first of these sets the scale by precisely defining the
“long-wavelength” condition globally, which is achieved
by relating the frequency to the fixed parameter r,. The
second equation sets the range of validity of the near-zone

approximation, which breaks down at sufficiently large
distances from the horizon, with the precise meaning of
“large” implied by the first condition in terms of w. If r is of
the same order as r the first condition implies wx < 1,
and we also see that the near-zone approximation is always
valid sufficiently close to the horizon. In the exterior
region, we have a range of validity % i m Thus,
between the near-horizon and asymptotically flat regimes,
there exists a clear overlap region in which both of the
assumptions hold. The near-zone equation may thus be
valid for relatively large frequencies [as long as r, is
sufficiently small for (5.1) to remain valid] if x is small
enough, while it may also extend to large distances from the
horizon if sufficiently small frequencies are considered.

The near-zone equation is found by defining a split,
which requires writing the wave equation operator of the
Klein-Gordon equation in the form ZA)K'G = ZA)O + 151. We
require identity between Dy|,_, and the scalar wave
operator, while D; should amount to contributions that
can be neglected within the range of validity of the near-
zone regime. The desired approximation is achieved by
taking @K.G = @0, i.e., by the neglecting of f)l. As is well
known, this split is not uniquely defined by these require-
ments, and different splits should amount to distinct
regimes of validity, although these different choices must
agree as @ — 0 and within a small neighborhood of the
horizon.

To define our near-zone split, let us write

A = B+ ea?[(B+ B) + (B - 1) cos26]  (5.2)
in the angular equation and
VI (%) = V(%) + eV, (X) (5.3)
in the radial equation, where
_ @ —2(mpQk + m,; QL))?
o(s) — (@7 20ma - m )
4 (X —5)
(a)—2(mRQ§ —I—mLQE))Z Al
- T -— (54)
4K_(X + i) 4
and
< Lo 2
Vi(x) = Z(an) + Mw*~) (5.3)

so that the full scalar equation is achieved by setting ¢ = 1,
while we define the near-zone regime as the limit ¢ — 0.
For the angular equation, this amounts to the identification
between A and the 3-sphere Laplace operator, while the
radial split neglects the X-independent terms proportional to
@’ and X@? which must both be small in the near-zone
region.
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In the near-zone approximation, the radial equation is reduced to

(0 = 2(mpQf +m QF))?

[ax(Aax) + ( : -

4 (X - 3)

We note that (5.6) has exactly the same form as the static
equation (4.1) investigated in the previous section, as the
generalization to nonzero @ amounts to shifts in the
coefficients of the hypergeometric equation above, which
do not fundamentally alter its structure as a differential
equation in X. This means that all results from the previous
section, including the ladder formalism, can be generalized
|

¥ — 1\ Taetilasta) 1\ % @ ® ®
(DZ(X) :Bg< 21> <)_C+§> X {ZFI <§f—i—p—|—2iaR,§f—i5q—|-2iaL;1—i—+2i(aR +CZL);

where &/, ag, and a; are as defined in the previous section,
and we have introduced the parameters

u(I1, + 1)

pE_+_:—’ 58&)
ki Koo u= (L + D) (
_ o M-I (5.8b)
Ki koo \u— (L —h)?

where I, =[]}, coshs; and Il =[]3_, sinh5;. In the
static limit, defined by @ =0, the solutions (5.7) are
reduced to (4.7). We note that (5.7) satisfies the proper
boundary conditions at both the horizon, where the radial
function should be an ingoing wave, and at infinity. As we
mentioned in the previous section, there are two paths we
can follow in order to obtain the response coefficients from
|

(@ = 2(mpQf +m, QL))* ﬁ)}cpl(;c) =0.

WG i (5:6)

|
to the near-zone regime by simply taking these shifts into
account. We also point out that, since the near-zone angular
equation is independent of @, the constant A; in Eq. (5.6) is
the same as in the static case.

The above equation can be solved in the same way as its
static analog, giving rise to a solution of the form

=l

+

=

=1
=

(5.7)

I
an asymptotic expansion. Let us first proceed in the same
manner as in the previous section and obtain the response
coefficients directly from the physical wave function i.e.,
treating £ as an integer from the start. The parameters of
,F1(a,b;¢; z) in the near-zone regime are a, b, and ¢, and
their counterparts a, b, and c in the static case are related by

b:b—igq, c:c—iﬂ,
2 Ky

(5.9)

@
a=a—i—p,
217

which give rise to the same relation a+b—c¢=
a+ b —c =1+ 1. Since this combination is a nonnegative
integer, the analysis of the solution (5.7) does not really
differ from the static case. We are thus able to write the
asymptotic expression for the radial wave function ®,(r) in
the form

e+ 1)lr(a+b-2-1) I'(a)'(b) X

o) ~ =¢/2,.¢ (1 1) £+1] —2(£+1) .

)=, (a)I(b) 2y T P o T s Gl L
(5.10)

From the above asymptotic behavior, we derive the response coefficients, which can be written in the form

D(14+4—i2p+ 2iag)D(1 +£—i%q+2i
Ip(w) = (=1)° (1+5 lip - iag) ( 2 flzq'w laL? ] ln< i x 2>’ (5.11)
N+ )T (=5—i%p+2iag)T(=5—i%q + 2iay) rr—r2

where, as before, a; and ay are given by (4.6). The above
expression provides a natural generalization of the static
coefficients (4.57), and we note that the relation (5.11)
is valid as long as the conditions that define the near-
zone approximation are met with sufficient precision. The

I
form (5.11) is not convenient for practical purposes, and we
can rewrite these coefficients in a more tractable form with
the use of mirror formulas and other Gamma-function
identities. We also point out that final explicit relation for
the Love numbers depend on the parity of Z. If £ = 2n,
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where n €N, we can use the Gamma-function identities
appropriate to the present case [28,76] to write

LE+1+iA) T(n+1+iA)
L(=4+iA)  T(-n+iA)

Now, it will prove useful to introduce the variables

v :ZaR—gp and y2:2aL—§q, (5.13)
which together account for the totality of the frequency
and boost dependence on the tidal response coefficients.

=i(-1)"zA H(k2 +A%). (5.12) Using (5.12) and these variables, we can write the even ¢
k=1 coefficients in the form
|
_ ’y1y) 2+l x
Iy =——7—""""7""— . 5.14
0 = = G+ 1) LH P+ (1 (r _r%> (5.14)
For # = 2n + 1 instead of relation (5.12), we have
FE+1+iA) T(n+1+3+iA) +1"+1
= )" k—=) +A%). 5.15
[(-£+iA) [(—n—1+iA) H(( ) > (5.15)
Thus, for odd #, the response coefficients are
521 ntl 2 1\2 %
A =- j—— 2 j— = 2| In{ 5— ). 5.16
21 ==t i+ 21 | L ((-2) ) ((=2) +) | m(=2) (516

The response coefficients are therefore real for all integer
choices of 7, so the dissipation part is absent from these
expressions. We depict these coefficients, normalized by
the logarithmic factor which is fixed for each given r, in

Tidal response coefficient }»'z/ln(x/(r2 -1?)

30
20
10
-10
-20
-30

FIG. 1.

o

Fig. 1, where the cases £ =0 and # =1 are depicted,
representing the even and odd cases, respectively. Solutions
with higher multipole moments present an analogous
behavior, namely, a “saddlelike” form for even ¢, while

Tidal response coefficient }»R/ln(x/(r2 -1?)

3-
-50

-100

15-
-150
-200
2250

0
-300
154 -350
-400
-450

_3-

Contour plot representing the real tidal response coefficients (5.11) for the £ = 0 (left) and # = 1 (right), as functions of y; and

y,. We present the results divided by the logarithmic factor In(3/r> — %), which is independent of y, and y,, and use the choices

ro=1r_ =2
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the odd coefficients are strictly negative and depend only
on the absolute values of y; and y,. In both situations, the
coefficients are seen to increase in magnitude as |y
increases. Thus, for fixed §;, the absolute value of 4,
increases in a manner analogous to what is found in neutral
black holes, while for each fixed w, the magnitude (and,
in the case of even ¢, the sign) of these coefficients is
determined by the interplay between left and right inverse
temperatures, which depend on the boosts as seen from
definitions (2.15) and (2.16).

As mentioned in the previous section, the canonical Love
numbers can be derived through analytic continuation. This
is achieved by treating the multipole index ¢ as an arbitrary
|

I'(c)I'(c—a-D)

Fia.biei2) = Frm e

[(e)l(a+b—c)

real number throughout the entire calculation of the response
coefficients and then obtaining the physical responses by
taking the limit as ¢ — 0 of the expression £ = N + ¢, with
N € N. This technique has been successful in obtaining Love
numbers for various important black holes in the literature;
see, for example, Refs. [17,20,21,28,62,77,78] and refer-
ences therein. Through analytic continuation, we are able
to address the source-response ambiguity by avoiding the
degeneracy that would normally arise from integer coeffi-
cients through the Frobenius method, as the overlap between
the two series does not arise unless £ € Z.

If the multipole moments are treated as real numbers, we
can use the transformation formula

Filab;a+b—c+1;1-72)

+ (1 _ Z)c—a—b

[(a)(b)

JF (c—a,c—bic—a—-b+1;1-72), (5.17)

which, after expansion at infinity, gives the response coefficients

:%lwr(_l -1 +5—i4p+2iag)l(1 +5—i%q +2ia;)

k
‘ r(1+7¢)

The imaginary and real parts of these coefficients are,
respectively,

Im(k,) = =Kz sin(z) sinh (z(y; + y5)) (5.19)
and
Re(ks) = K, [cosh(z(y; — y2))
— cos(nZ) cosh(z(y; + y2))]. (5.20)

where y; and y, are defined as before and we have
introduced the real constant

_ (=) r(=1-2)
Y () 'F<1

7z .
F(l +§+ly2>

Since the Gamma functions have no zeroes, K, is nonzero
for all choices of parameters.

We may now send # to its physical integer values. The
expressions above are undefined for integer £ but may be
analytically continued by letting £ = n + ¢, with n €N,
and evaluating the limit as # — oco. Naively, one may
expect that Im(k,) — O in this limit, as the sine function
goes to zero. However, I'(—1 — £) also develops a simple

2

2

. )
+-+iy

2

x (5.21)

[(—=4—i2q+2ia, )D(=5—i%p + 2iag)

(5.18)

[

pole at €N, so we must evaluate the limit carefully.

In fact, calculation of the residue of the Gamma function
+1

shows thatT'(—1 — ¢) ~ E(}l—f]), while sin(z?) ~ (1)’ ze at
the same limit. Thus, the physical dissipative coefficients of
the STU black hole are given by

(R =)
T2+ 1) sinh (7(y; + y2))

¢ ¢
r<1 +5+ iy1> r<1 +5+ iy2>

which are finite, and in general nonzero, parameters,
indicating a well-defined dissipative response. In Fig. 2,
we display the functional dependence of these dissipative
coefficients on y;, for two fixed values of 7.

The real part of the tidal coefficients, which is identified
with the Love numbers, behave as

Im(k,) =
2 2
X

’

(5.22)

Ry

Re(k{NJre}) Z)) —

; (5.23)

when e — 0, therefore displaying poles of order 1 as ¢
approaches its physical values. The finite residue of this
pole, R,, £ €N, is calculated to be
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Dissipative Coefficient for =0
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FIG. 2. Contour plots representing the dissipative part of response coefficients for the £ = 0 (left) and £ = 1 (right) cases, as functions

of y; and y,.

(-1 (7 = )¢
202N (£ +1)!

Rf:

Thus, we see that Love numbers are divergent unless R,
has a zero of at least order 1, which is not true for generic
values of frequency and model parameters. Such divergen-
ces are expected, as they are associated with the well-
known presence of classical Renormalization Group (RG)
running in the effective field theory interpretation. Despite
this pole, the total wave function calculated above is regular
at infinity because of a compensating divergence from
the source part of the system. These results are consistent
with the known literature for neutral black holes and in
fact become equivalent to that found in Ref. [20] when
all 9, — 0.

Note that in the static case, which is achieved by simply
setting y; = 2ay and y, = 2a; in expressions (5.22) and
(5.23), the vanishing of Love numbers again requires even
¢ as well as equality in the magnitude of the hyperbolic
cosine arguments in (5.23), i.e, ag —a; = +(ag + ar).
Thus, we again find that the vanishing of static Love
numbers requires the fulfillment of conditions (4.19);
however, note that the static dissipative coefficients can
only vanish if ag + a; = 0. These conditions cannot be
consistent with (4.19) unless both ap and a; are zero, so
that static dissipative effects generally persist even when
the conservative part of the tidal response disappears. As
we mentioned before, static solutions satisfying (4.19) have
precisely the same form as their 4D rotating black hole

[cosh(z(y; — y2)) — (=1)7 cosh(z(y; + y))] }F(l + g + in>

2 2

(5.24)

7z .
F(l —|—§+ly2>
[

analogs with g replacing # in the 5D theory. Thus, the
emergence of purely dissipative tidal responses in these
cases is consistent with the known results for Kerr and
other rotating black holes [21,30,67], which have also
been verified to hold for the four-dimensional STU black
holes [63].

Clearly, the response coefficients k, found through
analytic continuation are not equivalent to the 4, given
in Eq. (5.11), as the latter are real-valued, bounded
parameters for all finite values of y; and y,. This difference
is manifest even in the static case, where the analytic
continuation method gives the response coefficients

[(=1-£)T(1 + 4+ 2iag)T(1 4%+ 2iay,)
C(1+¢) T(=5+2ia,)T(=5+ 2iag)
(5.25)

1+

kelyeo =

which are quite different from the static response coef-
ficients (4.57) obtained in the previous section. In particu-
lar, we see that the dissipative coefficients, obtained by
setting y» = 2ag,;, in Eq. (5.22), are generally nonzero
even in this limit. These results were in fact expected and
also found for the previously studied neutral black holes, as
they are a consequence of source-response ambiguity. Our
mathematical treatment introduces a source at infinity and,
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through the required boundary conditions, ensures that it
produces an 7 tidal potential asymptotically, which causes
a tidal response in the perturbative solutions. In the
Newtonian scenario, this leads to a tidal potential
described, at large distances, by a linear superposition of
these two contributions. Once relativistic corrections are
introduced, such a clear separation ceases to exist, and it
can be verified that the source and response asymptotic
expansions overlap due to emergence of terms with exactly
the same radial dependence in both series. Mathematically,
this ambiguity is manifest in the fact that the radial equation
falls within a special case of the hypergeometric equation,
which is why recourse to the series expansion (4.53) is
necessary and why logarithmic contributions must arise.

The analytical continuity approach resolves the source-
response degeneracy by exploiting the fact that the
Frobenius’ series overlap does not arise for noninteger 7.
Thus, we may associate the coefficients found in this way
to the black hole’s intrinsic deformability, stripped of any
confounding contributions from the source field. The
fundamental, gauge-invariant Love numbers are thus iden-
tified with the conservative part of k,. This interpretation
is also strongly supported by the EFT approach, where it
can be shown that these parameters can be interpreted in
terms of Wilson coefficients [9—-12]. For these reasons, and
aiming to avoid confusion, we shall use the term “Love
numbers” exclusively in reference to the real part of kg,
although the alternative approach, namely, calling the real
coefficients 1, Love numbers, is also valid and found
throughout the literature.

Note that the above discussion does not lessen the
importance of the coefficients (5.11). In fact, 4, is a compo-
site quantity which combines the contributions of k, and
the ambiguity terms. Unlike k,, the 4, are finite quantities,
because the response divergence is exactly compensated by
an equivalent source contribution, leaving out a finite part
expressed by the composite coefficient 4,. The logarithmic
term in (5.11) introduces a scale dependence that signifies
classical Renormalization Group flow. In the EFT point of
view, this can be quantified trough the introduction of a
matching scale u [17], so that k, o In(x/u?), hence
resulting in a beta function /4‘% o« As/ In[x/(r* = r2)].
Thus, the combined information provided by k, and 4,
gives a more complete description of the manner in which
the divergences are canceled due to source-response
ambiguity and of the manifestation of RG flow. These
quantities hence play complementary roles in the theory
and together paint a clearer picture of the black hole
tidal problem. An interesting observation is that, although
the k, are in principle the quantities whose vanishing is
connected to the highest-weight representation derived
from Love symmetry, we find that the 4, also vanish in
the same circumstances, so the conditions derived imply
the vanishing of the conservative part of both tidal
coefficients.

Another important observation is that, unlike what we
found in the static case, the dynamical tidal responses are
not described solely in terms of seed parameters from
the Myers-Perry solution, meaning that the U(1) charges
leave a distinctive signature in these parameters, as seen
from (5.8). We therefore see from the results of this section
that Love numbers are indeed changed continuously when
the boost parameters §; (and thus the physical charges)
are varied. Here, we observe a novel feature of the STU
solution in relation to the more well-known neutral black
holes, as the boost-dependent variables p and g are seen to
be as important the frequency, which only appears in the
response coefficients through the products pw and gw, in
the dynamical tidal description. The charge dependence
vanishes completely as @ — 0, thus agreeing with our
previous observation that static tidal responses can be
completely described in terms of the seed parameters of
the Myers-Perry solution.

B. Special cases: Vanishing dynamical Love
numbers/dissipative coefficients

Before ending this section, let us consider a few special
cases. First, let us see if there are specific choices of the
model parameters such that the Love numbers are finite.
The divergence in the conservative response comes from a
first-order pole that arises in I'(—1 — #) as # approaches a
natural number, so it can be regularized by a zero in the
numerator. Since K, is nonzero, the pole can only be
canceled if the following equality holds:

cosh(z(y = y2)) = (=1)" cosh(z(y; +y2)).  (5.26)

The fact that cosh(x) is strictly positive for real argu-
ments precludes solutions of this equation for odd 7. If,
however, £ is an even number, the parity of the hyperbolic
sine implies equality is attained if and only if one of two
conditions hold, namely,

wp (5.27)

1 =y2) = (1 +y2) :>aR:Z

or

1 =y2) = =1 +y2) = ap = 2g. (5.28)

4

If either of these equalities is satisfied, the numerator of
(5.23) has a zero of order 2, so Love numbers are not only
finite but in fact vanish. In the static case, these are the
vanishing conditions (4.19) discussed before, which are
extended to the dynamical case by replacing the vanishing
of ap (a;) in those conditions by that of y; (y,). These
conditions would generally only be attained by perturba-
tions of a given frequency, whose value depends on the
specific values of the parameters, but there are a few
interesting special cases. Among these, we highlight two
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possibilities:

ag=p=0 and a; =¢g=0. (5.29)
The above conditions imply Love number vanishing for
all frequencies in the even ¢ cases. In this sense, they
generalize the a;/p =0, £ = 2n conditions of the static
equation to the dynamical scenario within the near-zone
regime. Note that definitions (5.8a) and (5.8b) imply that,
for nonzero angular momenta, these conditions can only be
satisfied by charged black holes. Indeed, by setting o, = 0
in the definitions of p and ¢, we see that these parameters
vanish only if ¢ — 0. But in order for A, and thus the
physical horizons, to be real valued, the metric must be
such that u > (|1, + |1»|)?, so that the imposition of condi-
tions (5.27) to a neutral solution leads to Schwarzschild-
Tangherlini black hole with vanishing mass. For charged
black holes, there is, however, no such restriction, as the
boost parameters must also be taken into account, and they
in fact make it possible for p or ¢ to vanish without forcing
M or the angular momenta to be zero. Indeed, conditions
(5.29) are attained for rotating, charged black holes if

j<3

3 3
[Jcosh ;= +]]sinh 6; = JJranh (5,) =£1. (5.30)
i=1 i=1 i=1

where j represents the number of nonzero §; (which is
simply 3 if the black hole has all three charges), and the
upper and lower signs lead, respectively, to the vanishing of
p and q. Since [tanh(§;)| < 1, the above equations cannot
be solved by any finite choice of the parameters. However,
equality is clearly attained in the limit §; - +o0. If all
nonzero o; have the same sign, then p — 0, while different
signs imply ¢ — 0. If the limits 6; — Foo are taken literally
and the other parameters remain finite and arbitrary, then
we must conclude that the physical U(1) charges also go to
infinity. However, dynamical Love numbers are defined
only within the limits of the near-zone regime, so in fact we
need only consider 6; large enough to ensure that either wp
or wq is negligible to the desired level of approximation.
That said, we shall shortly demonstrate that it is also
possible to satisfy these conditions exactly through satu-
ration of the Bogomol’nyi bound.

Let us exemplify these results with arguably the simplest
charged possibility, namely, that of a solution with only one
electric charge. If |5;| > 1 while §, =8; =0, p and ¢
behave as

exp([8])(1 £ 3)

TETAE (5D one-charged solution)
H=\ T bk

pP.qg~u
(5.31)

so that g ~ 0 if Q has a positive sign, while p is the one
that is small if Q < 0. Under these conditions, the

hypergeometric parameter a becomes a positive integer
for even 7, hence falling into the degenerate case and
ensuring the polynomial form typical of vanishing Love
numbers, while frequency dependence of the polynomial
coefficients is encoded within the parameters b and ¢ which
both contain terms proportional to iwQ'/?. When @ — 0,
we recover the polynomial coefficients of the static case.

In general, the vanishing condition depends on the sign
combination of all nonzero charges, as the boosts can go to
plus or minus infinity. The condition thus becomes

1 + sign <ﬁ 5,-)] . (5.32)

i=1

P.q~p eXP(Z?:l |6:])
Vi= (I + L)?

A particularly important scenario in which condi-
tions (5.29) are found to be (nearly) met is that of
(near-)Bogomol’nyi saturation. BPS solutions possess
the minimal mass compatible with the given charges
and angular momenta and are specially important in
supersymmetric settings due to partial conservation of
supersymmetry. As explained above, saturation of the
Bogomol'nyi bound in STU black holes is achieved by
simultaneously sending u to 0 and letting the boosts §; grow
to infinity, while keeping the charges and angular momenta
fixed as limiting expressions of (2.9) and (2.10). Because
u — 0 creates a double root in the horizon equation, the
coordinate transformation (3.3) is not well defined in
the BPS limit but still applies to black holes that are
arbitrarily close to saturating the Bogomol’nyi bound. The
defining requirements for physically acceptable near-BPS
solutions are [44]

(L]~ b~ ' |Qi| ~nexp(26) ~ M. (5.33)
and we may for the moment assume u > |[;|> + |,|* to
prevent extremality or naked singularities. When (5.33) are

satisfied, the parameters p and g behave as

3 3
p.q~u?exp <Z|5i> 1isign<H5i>]. (5.34)

i=1 i=1

We note that, although relations (5.32) are still formally
valid as approximations if some of the boosts vanish, the
corresponding BPS black holes only exist if all charges are
nonzero, which is why we have set j = 3 in (5.34). This can
be seen from the horizon surface area, which in the BPS
limit can be shown to satisfy Agpg /010,03 [44], and
thus vanishes unless all charges are nonzero. If y is small
but nonzero, we can expand the thermodynamic parameters
in terms of u to find, in particular, that this surface area
gains a linear correction O(u), so that (5.34) works as
an approximation in this sense. In the one-charged black
hole example used above, setting |/;|* ~u < 1 would

allow us to formally write p,q ~ u'/2el?l(1 £ sign(Q)),
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leading to a non-BPS black hole with ¢ =0, p =~ 4\/§Q
(assuming Q > 0).

From Eq. (5.34), we see that as the parameters of the
model approach the Bogomol'nyi limit either p or ¢ must
vanish, so that when ag,;, = 0, conditions (5.29) are always
(nearly) attained as a consequence of (near) BPS saturation,
with no further hypotheses needed. We should, however,
note that the surviving parameter in (5.32) may grow
exponentially with 6. In fact, if ¢ goes to zero, we see
that p o< Q; exp(|5,| + |83]) in the near-BPS case, growing
exponentially with ;. An analogous behavior is encoun-
tered for ¢ if the sign of the boost product in (5.32) is
flipped. These parameters would thus diverge if exact BPS
saturation is assumed, as we must send J; to infinity in that
limit. This is most likely just a result of the fact that the
coordinate transformation (3.3) becomes singular when
A — 0. The exponential growth in g is properly compen-
sated by this coordinate singularity and does not seem to
affect the observable thermodynamic quantities, which
have a well-defined, finite value in the BPS case.

Let us consider this last issue more carefully. For
definiteness, assume o; > 0 for all i, and let these boosts
go to infinity while y, |/;|, and |/,| go to zero in a manner
consistent with (5.33). Along with (5.34), these conditions
imply ¢ — 0 and

p ~2ul2ebitotot3 Ni(8Q1Q2Q3)1/2’ (5.35)
which thus diverges as 1/u as the BPS limit is approached.
Now, as y — 0, we see from (3.5) and (3.6) that . become
equal, so the near-zone equation becomes a confluent
hypergeometric differential equation. The response coef-
ficients thus obtained can still be verified to agree with the
real part of (5.18) in the confluent limit. As p — o0, a
singularity emerges from the p-dependent terms in these
expressions, while the other Gamma functions, being
independent of this parameter, remain unchanged. We
must thus consider the asymptotic ratio

[(-5—i%p+2iag)
which, up to a finite but otherwise irrelevant phase factor,
behaves as |w|p!*?/2 as conditions (5.33) are approached.
By (5.35), this amounts to a pole of order £+ 1 in p.
However, substitution of (5.33) into (3.5) and (3.6) shows
that » ~ p as the parameters approach the BPS conditions.
Thus, the zero from x“*! exactly compensates the pole
generated by p, so k, remains well defined in this limit.
From the above considerations, it seems reasonable to
extend the near-BPS results discussed above to the limit of
Bogomol’'nyi saturation, in which conditions (5.29) are
exactly satisfied. Conversely, this is also the only scenario
in which this exact fulfillment of (5.29) can be achieved

while keeping the mass and charges finite, so one is
naturally led to (5.33) upon assuming these conditions,
without use of supersymmetric arguments.

The results discussed in this subsection also have a
thermodynamic meaning. In fact, by comparing the defi-
nitions of p and ¢ to (2.16) and (2.15), we see that these
parameters are, respectively, proportional to the right and
left inverse temperatures, so the vanishing of dynamical
Love numbers follows from the vanishing of one of either
Pr or ;. By the same token, we see from (2.10), (2.12),
and (2.13) that these limits also imply the vanishing of
either left or right angular momenta and entropies. Note
that, if we limit ourselves to approximate results, these
properties do not imply saturation or near saturation of the
BPS bound; the weaker assumption |§;| > 1 with finite u
suffices to ensure the vanishing of one of these quantities to
the desired level of approximation. Although not necessary,
the BPS limit is certainly sufficient to ensure the vanishing
of these thermodynamic quantities, and the hierarchy
between left and right parameters for BPS solutions of
the STU family has been observed before [44]. Moreover,
this is also the only physical limit in which the vanishing of
these quantities can be exact, as in other scenarios the J;
must remain bounded to prevent infinite charges.

The regime in which conditions (5.29) are satisfied is
also important from a string-theoretical point of view. It has
long been conjectured that the entropy of black hole
solutions from string theory can be derived from the
counting of solitonic states associated with D-brane con-
figurations (see Refs. [39,79-81] for more information on
the topic). This relationship is of great theoretical signifi-
cance, and while it has been mostly studied in the
Bogomol’'nyi limit or near it, investigations of this issue
also exist outside of BPS saturation. In Refs. [70,82], the
authors proposed an explanation of the STU black hole
entropy as the sum of contributions from left- and right-
moving modes of the string model. The proposed levels of
the effective string are [70]

1
Ny :Zﬂ3(nc+ns)2 _J%,’ (537)

1
NR = 7/43(1—10 - Hs)2 - J%?’

i (5.38)

so that the entropy in the horizon can be written as the sum
S =S, + Sg =2n(v/Ny +/Ng). Since, as remarked
above, conditions (5.29) imply the vanishing of either Jp
or J;, the vanishing of these levels follows from I1, = +I1;
(if u is finite), which implies p = 0 or ¢ = 0, whether or
not BPS saturation is assumed. We see that the vanishing of
dynamic Love numbers for any frequency corresponds to
the important limiting case of a black hole whose thermo-
dynamic properties are entirely determined by either left- or
right-moving modes.
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Now, let us investigate the conditions that lead to
vanishing dissipative coefficients, meaning that the tidal
response of the black hole is strictly conservative. First,
note that, since K, # 0, the dissipative coefficients can only
vanish if the hyperbolic sine vanishes, meaning that we
must have y; + y, = 0. In terms of the parameters of the
model, this equality in translated into the condition

a +ag = — (5.39)

ki
2K,

where use was made of the fact that p+ g =2/k,.
Although this constraint is in general charge dependent
because k. is a function of the §;, the condition has the
same form as in the Myers-Perry case, which is identified
with the §; — 0 limit of this expression. The generalization
to charged black holes manifests itself in the fact the
frequency needed to satisfy this equation changes by a
factor of x, /&, where & is the surface acceleration from
the Myers-Perry solution. By recalling the definitions of a;,
and ag, we could alternatively write this expression in
the form
o =2(mpQk + m; QL). (5.40)
If =0, the above equation is reduced to mzQ~¥ =
—m; QL , or ap = —a;. This is achieved by Schwarzschild-
Tangherlini black holes and charged black holes generated
from it, as well as rotating black holes with nonzero but
opposite a; and ag. In general, Eq. (5.40) indicates that, for
each combination of the model parameters and quantum
numbers, there exists a unique frequency for which the tidal
responses are completely conservative.
Interestingly, the above condition is precisely equivalent
to removal of the outer horizon singularity from the
|

near-zone equation (5.6), since it makes the term propor-
tional to (x — 1/2)~! vanish. We thus see that dissipation of
the tidal response can be physically understood as the result
of the interaction between perturbative modes and the event
horizon of the black hole, which makes physical sense
since absorption at the horizon can account for dissipative
effects.

C. Complex-valued frequencies

As remarked above, the calculation of the imaginary and
real parts in Egs. (5.19) and (5.23) assumes w real, although
(5.18) remains valid in the complex plane. As argued, we
are most interested in the real-valued frequencies from
which we can read off the influence of a stable, persistent
tidal field, rather than transient effects that vanish expo-
nentially fast. However, complex frequencies are important
in some contexts such as quasinormal mode investigation,
so it is worthwhile to present, in the interest of complete-
ness, the generalization of (5.22) and (5.23) to the
scenario of complex-valued frequencies. To this end, let
@ = Wy, + iwyy,, and let us introduce the parameters

= (ZaR - onel ) : i(“""‘” ) =yfe i (541)

2 2
WReq\ [ ®md e im
= (2= 250) <o) =y i (542

The expression we found for &, is still valid when written
in terms of y; y,, but now the fact that these are complex
variables causes extra terms to appear when the real and
imaginary parts are extracted. Using addition formulas to
expand the w-dependent hyperbolic functions in terms of
wge and wy,, we find

Re(k,) = K, [cosh (n'(ylfe - ylfe)) cos (ﬂ(yllm - ylzm)) — cos(n?) cosh (zz'(ylfe + yzRe)) cos (ﬂ(yllm + ylzm))

+ sin(z£) cosh (Jr(ylfe + yzRe)) sin (ﬂ(ylfn + y12m>)]

and

(5.43)

Im(k,) = K, [sinh(zr(ylfe - yzRe)) sin(;r(yllm - ylzm)) — cos(nf) sinh(zr(ylfe + yzRe)) sin (ﬂ(yllm + ylzm))

—sin(z?) sinh(zr(ylfe + yzRe)) cos (ﬂ(yllm + ylzm))]

The above expressions are reduced to Eqs. (5.19) and
(5.23) when @y, =0 and are natural generalizations of
these expressions to the case of complex w. The coef-
ficients in (5.14) are not proper analogs of the Newtonian
Love numbers, being instead related to ringdown responses
caused on the black hole by time-decaying perturbations.
These may, however, be measurable by gravitational wave

(5.44)

|
detectors, and thus such responses may offer insight into
the black hole’s internal structure.

We can also investigate the conditions that lead to
absence of RG flow and lack of dissipative part, just as
we did in the case of real w. For the real part of the
conservative response to be nondivergent, the following
condition must be met:
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cosh (z(y&e — y§e)) cos (z(ym — yim)) =

(=1)? cosh (Jr(ylfe + y!}e)) cos (ﬂ(yllm + ylzm)).

(5.45)

On the other hand, the imaginary part vanishes if and only if

sinh (ﬂ(ylfe - yzRe)) sin (n(yllm - ylzm)) =

These conditions are far less strict then their real w
analogs. In fact, both the even and odd versions of these
equations have an infinitely large manifold of solutions. As
an example, let us consider the case £ = 2n + 1, for which
the real @ Love numbers were always divergent due to the
impossibility of zeroes in the numerator of (5.23). For
complex-valued frequencies, solutions exist if, for example,
both sides are zero. This happens if cos (z(yI™ — yIm)) = 0
and cos (z(y™ + yi)) = 0, which implies

k i~k
IR and ylzm:’T, (5.47)

rT
where j and k are odd integers. For even 7, a larger class of
solutions (which is still a small subset of the general case) is
achieved by setting y!™ =y in which case the simple
condition  cosh (z(yRe — yX¢)) = cosh (z(y}® + y&e)) x
cos(2y'™), which can be satisfied if the right-hand side
is bigger than or equal to 1, gives a continuous family of
solutions parametrized by y!™. The case y™ =0 gives
precisely the conditions that lead to Love number vanishing
as discussed in the previous subsection.

Some interesting, if fine-tuned, scenarios also exist
regarding the vanishing of the dissipative part. One way
that a purely real response can be achieved is if the real part
of one of the parameters, say, y‘}e, vanishes along with a
constraint on the imaginary parameters. If ¢ is even, the
constraint is sin (z(y™ — yI™)) = sin (z(yi™ 4 yi")). In the
odd case, the simpler condition y!™ = 0 is sufficient. Thus a
“dissipationless” state is encountered if one of the y; is
purely real, while the other is purely imaginary, which is
equivalent to the vanishing of either p or ¢ along with a
constraint involving wg.. If, for example, wg, = 0 (thatis, a
purely dissipative frequency), then the condition becomes
p =0 (¢ =0) along with a; =0 (ap = 0) with odd 7,
which coincidentally makes up for a perfect complement of
conditions (5.29) discussed in the previous subsection and
which were valid for even # and real frequencies.

The special examples discussed in this subsection appear
somewhat fine tuned, and their physical relevance is thus
unclear at the moment. Nevertheless, they offer some
interesting insight into the mathematical structure of the
theory and are used to illustrate the many ways in which
(5.45) and (5.46) may be satisfied. Moreover, the response
coefficients discussed in this subsection may be useful in
discussions related to quasinormal modes, where they may
provide high-precision tests to gravitational theories.

(=1)7 sinh (z(yRe + yzRe)) sin (z(yI™ + y'zm)).

(5.46)

[
VI. LOVE SYMMETRY OF THE NEAR-ZONE
SCALAR EQUATION

The vanishing of static Love numbers (generally in 4D
and for selected cases in 5D) has been explained in terms of
selection rules that follow from a hidden “Love” symmetry
of the near-zone equation [20,30]. This symmetry is found
in several black hole solutions and has been linked to the
near-horizon isometries of extremal black holes, a remnant
of which is still manifest within the algebra of SL(2, R) that
characterizes Love symmetry. In this framework, it is found
that solutions with vanishing Love numbers correspond
states belonging to a highest-weight representation implied
by the Love symmetry generators. In this section, we shall
derive these generators by imposing both the algebra and
identification between the Casimir and near-zone equations
and investigate the consequences of this symmetry.

In the near-zone limit, we are able to introduce three

vector fields I:E,f) satisfying the sI(2,R) algebra commu-

tation relations, namely,

A

L L)) =(m=n)Ly,,, mn=0+ (6.1

The Casimir C, of the algebra generated by the L,

corresponds to the differential operator D that gives rise
to the near-zone wave equation (5.6). We have

(6.2)

for both signs ¢ = 4-1. The operator D is of the form

D= —a_a)_c (;Cz_%) %_X%%JFXQ—%, (6.3)
and here
Ql _ (at + (Q{?— + Q-L&-)a(ﬂ + (Qﬁ - Q-Lk)al//)z ’
4%
o, — (0, + (QF + QE)Z(,,; (QF —Ql)g,)? . (6.4)
K

A systematic procedure of derivation of SL(2,R) gener-
ators for near-zone approximation for Myers-Perry black
hole was carried out in Ref. [20] and, more recently, in
Ref. [19], and we now perform a similar derivation to the
STU black role. First, there are three simple Killing vectors
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for the considered metric, namely, d;, d,,, and d,; thus, one

of the generators can be chosen in the form [20]

Lo=—(0, +a,Q,0, +a_Q_d_), (6.5)
where f, a,, and a_ are constant parameters; Q, and
Q_ correspond to our left and right angular velocities QF
and QF, respectively; and the derivative operators d =
0,. = %(0; % 9,,). The operators L., can be chosen in the
form

Loy =Gios+K.0,+HQ, 0, +HIQ 0. (6.6)
where all the functions G, K, H g), and H SE_) in general
depend on the four coordinates ¢, X, ¢, and y. Temporal
dependence can be easily extracted from these functions if
the following coordinate transformation is performed:

a;Qy

p

where ;. = ¢ + y. This transformation allows the rewrit-
ing of the generator L in very simple form, namely,

t, =t

Wy =Wy — (6.7)

Ly=—p—. (6.8)

\/ZIC’(SC) + K(%) <’C<x> + o HP (%) + ’L'_H(_)()_C>> =B,

p

K(x)
p

VAR (x) + HO (%) (

where " denotes the derivative with respect to x. From the
Casimir constraint (6.2) together with (6.3), we obtain that

VA (Kéx) + 7, HD (7)) + - H ()_c)) = Az/.

(6.14)

Combining the upper relation together with Egs. (6.12) and
(6.13), we can easily derive the explicit relations for the

functions /(%) and H(%):

px+6 oo
- = 5 H(l)x = =
Vi ®=7z

where & and C) are integration constants. These integra-
tion constants can be obtained if one uses explicit form of
the operator (6.3) together with (6.4). For computational
convenience, the operators can be rewritten in the form

K(x)

(6.15)

Using the constraint [L,,Lo] = +L,, and taking into
account the fact that the Casimir (6.2) does not depend on
angular variables explicitly, we find that the functions
X.={G.,K.,H, H;} can be chosen in the form

X, = =ttt x (3), (6.9)
Thus, the generators L., can be written as
Loy = 90 ) (G, 4+ Koy

+ 70,0, + HI00.), (6.10)

where 0. =0;, =0, and ﬂ(ﬁ = Hi) —GKi, i==
Casimir constraints then give rise to the following relations:

G, =F \/Z,

The commutation relation [, |, L_,] = 2L, gives rise to
the following equations for the functions K(%) and ) (%):

A (6.12)
+ 7 HP () + o HO) (x)) =0, (6.13)
. 1
Q = prey (0, +2QR 0, +2Qk0_ )2,
A 1

The Casimir relation (6.2) now gives rise to the constraint

o
417, +7.cH =0.

5 (6.17)

Using the expressions (6.16), we are able to derive explicit
relations for the constants S, §, and C(), The solution of the
corresponding equations is not unique, and we thus obtain
two distinct sets of operators whose commutation relations
give rise to the required algebra. The first set of parameters
is as follows:
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In particular, we note that the parameters (!

1 20k
__>’ ool = 22
Ky
(g _ ks —x)
K

) (6.18)

and 8(1) above are, except for numerical multiplicative factors, the very same

constants p and g defined earlier. These constants are also the only way in which boost dependence enters the generators, as
all other parameters in the set above can be written in terms of ratios which, by (4.3), depend solely on the seed parameters.

Similarly, we can use the derived parameters to write the operators f,(()l) and I:(irlf explicitly:

(1 J 1A (ky +x_) 20R
B = e —(ﬂ(l)a, +a(+>sz<+)a+) - —< 2+K+K_ J, + K: J. ). (6.192)
e¢(ﬂ(+)+r$>y7}>+rj>y7,'>)1:(1) —(F \/Za_ +i ((ﬂ(l)x + 6o, +C( )a +c9o. )
+1 x \/Z g (1)
= 1 1 1 208 QL
= Aoy +—=— )X+ (ko — 0, tx0, +—F . (6.19b
<:F\/_X+VZ<2K+K—<(K++K )x+2(K K+)> T Ky +’<+ )) ( )
The second group of parameters is as follows:
L
po —L(L 1Y sl L+L Qo) = 2%
2\k, K_ 4 K_ Ky
QR 2) QL
d) =0, =" ) =-S5 a0l = Qi (xy ) (6.20)

Ky —x2)

ﬂ() -

Now, we find a structure very similar to that of the ﬁrst set of parameters, but the roles of p and ¢ are interchanged, with

the former now proportional to §2)

and the latter to (>). The generators for this set of parameters are

L
i@ _ g 9 (0 @o@a | _ [ K- —Ky) 2Q%
Ly = — = 0 YY) = d to_ 6.21
0 p ot (ﬂ T a ) 2K,k T K, ( a)
and
(4250252 2 - 1 _ _
N )
1 1 QR 20k
<$ f@ +— <2 ((K_ —K+))_C+§(K+ +K_)>0 +—+6+ +—"0 )) (6.21b)
Ky K_ Ky

We thus find two sets of generators for this algebra, with
the corresponding Casimir operators satisfying eigenvalue
equations of the form

£(¢+2)

P,
4

CYlwl) = (6.22)
where j = 1, 2. A physical solution must also be consistent
with the angular momentum eigenvalue equations

jR/LLP = —lai“P = mR/L‘I‘, (623)
where we have used the definitions d. =3(d,+9,)
mentioned above to ensure that the eigenvalues at the right
side of (6.23) are indeed the same mp and m; that solve the

|
eigenvalue of equation for the right and left angular

momenta. Moreover, the action of L, in the scalar wave
functions gives, for each of the two sets of generators
considered, the equations

ﬁ(()l)ql(l) = —i(—pVw + 2a,) ¥ (6.24)

and

128”\}!0) = —i(=pPw + 2a, )P?, (6.25)

where ay and a; were defined in Eq. (4.6). From the above
eigenvalue equations, one can read the weights —if("w +
2ag and —ifPw + 2a, relative to representations whose
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steps are generated by each set of operators. One very
important result found in Ref. [29] for Kerr black holes and
recently generalized to the Myers-Perry solution [20] is the
connection between highest-weight representations and the
vanishing of static Love numbers, thus framing the absence
of tidal deformations in black holes as selection rules
enforced by the Love symmetry generators. Let us now
verify that this connection still exists for the charged black
holes considered in this work.

In what follows, we shall for simplicity omit the numeric
labels 1, 2 used above to distinguish between the two sets of
generators and note that the following calculations use the
operators given by (6.19). Also, let us define the parameters
? Eg which are often used in higher-dimensional space-
times [16,20] and turn out to be more convenient for the
following discussion. A highest-weight representation of
weight —Z is generated through the action of ladder
operators into the primary state ¥_,, which must satisfy
the conditions

Lo¥_, = —2¥_, 6.26a
4 4

LY ,=0. (6.26b)

The highest-weight primary state can be found by
solving the system of first-order equations implied by
the above conditions. Integration of (6.26b) with periodic
angular dependence fixed through the requirement of
consistency with (6.23) gives

_ OB/ 1\5E
‘P_??:N(X—z) <X+2>

xexp (imgy, + impy_ + st), (6.27)
where N is a normalization constant,
(k. — —K_
p=tk-—x) i(“’*m <)y aL>, (6.28)
2(ky +x2) (k, +x_)

and s is fixed by fixing the weight of the presentation

as —7, ie., by ensuring consistency with the eigenvalue
equation (6.26a), which implies

2 k- [~ 20R
s = Lk <f - i—+mR>. (6.29)

Ky + K_ Ky
By recognizing the relationship s = —iw, we can rewrite

B in the form
po(@ke=r) (6.30)
=1\ —F a . .
4K k_ L

Thus, the primary state’s radial dependence is made up
of an oscillatory term of the form N[(x—1/2)/
(X + 1/2)]"™®) which tends to unity at large X, multiplied

by a factor of (¥> — 1/4)?/?, which grows as (X)* ~ *. In
particular, this oscillatory factor becomes B = ia; in the
static case. Since this state is regular at the outer horizon, so
are the descendant states derived from successive applica-
tions of L_;, as this operator is also regular. From the form
of this operator, it is clear that, up to the complex prefactor
inherited from ¥, descendant states behave as polynomials
at infinity, with no decaying modes being created. In fact,
the associated asymptotic behavior is precisely of the
quasipolynomial implied by (4.19), so this state is con-
sistent with a static solution with vanishing Love numbers.
Moreover, the large x behavior of descendant states is
dominated by the action of the term proportional to
\/Zax ~ X0; in (6.19b), which preserves the asymptotic
properties in descendant states.

From the above discussion, it is clear that, if Z is an even
integer, then the Zth descendant of W_, displays the
expected r¥ asymptotic behavior of the static ®, solution
of the Klein-Gordon equation in this background. We
now verify that if a; =0, this is indeed a solution of
this equation, so that, from the aforementioned absence
of decaying modes, follows the vanishing of static
Love numbers for states belonging to this highest-weight
representation. First, we claim that the kth descendant

(L_)*¥_, is a weight — + k state of this representation.
Using the highest-weight conditions and the commutation

relations (6.1), we find

ioi_llp_g == I:_]I:()T_g + [to, I:_]]lp_g

= (=2 +1)L_¥_,, (6.31)
since [Lo,L_j] = L_;. If
Lo(L_)'W_; = (¢ + k) (L)W, (6.32)

then a similar derivation shows that Lo(L_,)*"'¥_, =
(L)', + L Lo((L_)P_5), which  equals
(= + k4 1)(L_)*"W_,, thus proving (6.32) by finite
induction. In particular, it follows that the 2 descendant is a
weight zero state. However, the solution must be consistent
with (6.24); hence, in the static case,

Lo(L_))"Y_;, =0 = ag =0, (6.33)
thus agreeing with our previous conclusion that null static
Love numbers imply vanishing of either a; or ag, with the
vanishing of the former parameter being a consequence of
an essentially identical derivation conducted for the second
set of operators and using (6.25).

We have now derived the necessary constraints on the
parameters ¢, ag, and a;, but it remains to be shown that is
indeed a solution of the static Klein-Gordon equation with
the correct eigenvalue. To do this, we first note that ‘I’_g 18
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an eigenstate of C with eigenvalue #(7 + 1). Indeed,

n n 1 .
GY_, = (L% 3 [Ll,L—ﬂ>‘P_;f = (L5 -Ly)vY_,

=2+ 1)¥_,. (6.34)

Since the Casimir operator commutes with all generators
by construction, it is immediately seen that the first
descendant state and, by finite induction, all subsequent

descendant states are also eigenvalues of @2 with eigen-

value #(7+1). In particular, we have, for the Zth
descendant

S e e A

where we have returned to the original quantum number 7.
Thus, this state corresponds to a solution @, of the static
Klein-Gordon equation, with # being an even integer and
ar = 0. As remarked earlier, a largely identical derivation
using the generators (6.21) can be performed to prove
the vanishing of static Love numbers for a state in the
corresponding highest-weight representation of the asso-
ciated algebra, with the difference that (6.25) now implies
a; = 0, thus covering all conditions that lead to vanishing
Love numbers, as discussed in Sec. IV.

The above derivation has emphasized the static case, as
this is arguably the most important one in Love number
theory. However, the fundamental state is also defined
when @ # 0 (and thus s # 0), so we can generalize this
argument to the dynamic case. In fact, we have derived the
fundamental state, and in particular the w-dependent
parameter B, without assuming @ = 0, so this state is
valid in general. Moreover, the proof above relies very little
on the specific form of the operators, as these results mostly
follow from algebraic properties. Thus, we can set up a
highest-weight representation by using s given by (6.29)
(obtained from the weight condition for the fundamental
state) and (6.30) to show that the Zth descendant state is an
appropriate solution of the dynamic wave equation in the
near-zone regime, as implied by the Casimir equation
through the same algebraic derivation as before. The crucial
difference comes in the weight zero constraint for this
solution, which is now generalized, in the case of the first
set of operators, to

(6.35)

®
—ﬁ(')a)—|—2aR =0 :>Zp = ag, (6.36)
where we have inserted the definitions of p and ay into the
first equation to derive the second one. For the remaining
set of operators, we have

A0 424, =0 = %q —a. (6.37)

The above equations are exactly the conditions (5.27) we
have derived by imposing absence of RG flow. Not only
does this result serve as a check for our previous calcu-
lations (as it has been derived through a largely independent
method), but it is also relevant for revealing the connection
between Love symmetry and Love number vanishing in the
dynamical scenario, putting (5.27) and (4.19) on equal
footing. In this language, the near-zone conditions (5.29)
are interesting in that they lead to solutions belonging to a
highest-weight representation for all .

In this section, we have shown that the Love sym-
metry structure of the seed Myers-Perry solution is con-
sistently preserved by the generation technique that
leads to STU black holes, with appropriately generalized
boost-dependent generators for the algebra of SL(2,R).
Vanishing conservative responses can be explained by the
fact that the related solutions belong to a highest-weight
representation produced by the Love-symmetry generators,
thus generalizing the findings of Ref. [20] for Myers-Perry
black holes. Moreover, the above results provide a physical
distinction between the two sets of generators we have
found, as each of them is associated with the vanishing of
one of the left-/right-handed angular momentum parame-
ters. Interestingly, we have found these results by a slightly
different method than the one used in Ref. [20], where these
two conditions correspond to distinct near-zone splits.
Here, we have used only one split, but the same conditions
ensued from the two sets of operators derived by imposing
consistency between the Casimir and near-zone equations.

VII. CONCLUSIONS

In this work, we have thoroughly investigated the tidal
responses of STU black holes parametrized by mass, three
charges, and two independent angular momenta. We found
the exact static solutions of the massless Klein-Gordon
equation, which are found to be equivalent to the uncharged
case due to (4.3). Time-dependent perturbations have also
been investigated with use of the near-zone approximation,
as is usual in black hole tidal theory. Through use of
asymptotic analysis of the solutions, we have derived the
full response coefficients and, using analytic continuation,
derived the canonical Love numbers and dissipative coef-
ficients of the black hole. We have also investigated the
conditions that imply vanishing Love numbers. In the static
case, these conditions are the same as those found in
Ref. [20] for the Myers-Perry solution, a result that we have
shown to remain valid even when charges are introduced.
This situation is analogous to what is found in the four-
dimensional theory, where static results have similarly been
shown to depend only on the parameters of the seed Kerr
solution.

The dynamical results were found to be boost dependent,
showing that the U(1) charges affect the dynamical tidal
responses. Remarkably, we found that these boosts only
appear in the solutions through the variables g and p
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defined in (5.8). Up to a (27)~! factor, these parameters are
in fact just the left and right inverse temperatures (2.15)
and (2.16), respectively. In the dynamical case, there are
some interesting nontrivial situations leading to vanishing
Love numbers, whether in the approximate or exact sense.
In particular, we found that, if one of these inverse
temperatures vanishes, as happens in particular when the
BPS limit is approached, the conditions that imply the
vanishing of static Love numbers are automatically gen-
eralized to arbitrary frequencies. Specifically, we have
verified that, when the BPS bound is approached, the
conditions ag/;, = 0, g € N lead to Love number vanishing
for all w in the near-zone approximation. It is remarkable
that the seemingly unrelated requirement of (near) vanish-
ing Love numbers seems to suggest very naturally the same
conditions that lead to (near) BPS saturation. This is an
interesting feature that has no analog in the neutral black
holes that have been studied the most, as the Bogomol'nyi
bound becomes trivial when all U(1) charges are set to zero.
We also note that conditions (5.29) lead to special scenarios
with a clear thermodynamic interpretation, which is an
interesting feature that merits further investigation.

We have also developed a ladder formalism which can be
used to relate the static solutions to each other through
raising or lowering the value of #. These ladder operators
lead to a Hamiltonian formulation of the wave equation and
an associated algebra leading to conserved currents. These
currents and ladder operators can be derived directly from
the Hamiltonian and the intertwining relations (4.43) and
may thus be useful tools that could be used to match the
behavior of the wave function in different regions of space-
time, even without prior knowledge of the exact solutions.
This may be an important asset in other systems where
closed-form solutions may not be achievable, but to which
the ladder formalism may be applied. We have also verified
that the zeroes of these currents coincide with those of the
intrinsic dissipative response of the black hole, suggesting a
connection between the two quantities. The vanishing of
static Love numbers under conditions (4.19) can be easily
explained in this framework. Indeed, we see that, under
these conditions, the fact that regular solutions of the wave
equation can be raised from a constant solution (which thus
lacks a decaying branch) suffices to demonstrate the
emergence of a polynomial behavior for these states. An
asymptotic analysis of all other solutions using the same
formalism shows that a polynomial form is not achieved
when these conditions are violated. It is also notable that a
Kerr-like ladder structure emerges in the cases where Love
number vanishing is achieved. These results can also be
generalized to the dynamical case within the near-zone
approximation. Although we did not perform this gener-
alization explicitly in this work, the near-zone equation and
solutions are seen to have the exact same form as in the
static case. For this reason, a near-zone generalization of
this ladder structure can be achieved in a straightforward

manner, by shifting a, b, and ¢ to their dynamical values
according to (5.9) and noting that currents and ladder
operators can all be written in terms of these parameters,
as seen from relations (4.11) and (4.23). Although this
kind of ladder formalism has been developed for various
black holes in four dimensions, we do not know of any
examples in the five-dimensional setting, so these results
appear to be novel even for simpler particular cases
such as the Schwarzschild-Tangherlini and Myers-Perry
solutions. Moreover, we note that conditions (4.19) allow
for an identification of the even ¢ states with analog four-
dimensional solutions of the Klein-Gordon equation in
the STU background. In this sense, some of our results,
notably in the static case, also apply to the 4D black holes
investigated in Ref. [63] and are in agreement with the
results of that reference.

Finally, we show that the Love symmetry structure found
in the seed Myers-Perry solutions is preserved by the
solution-generated technique, so this symmetry persists
regardless of charge. We derive the generators of the
associated algebra of SL(2, R) relevant to the STU solution
and the Casimir corresponding to the near-zone truncation
of the massless Klein-Gordon equation and show that the
vanishing of Love numbers in the special cases discussed
can be explained by Love symmetry. We investigate the
conditions leading to vanishing Love numbers in both the
static and dynamical settings and show that these con-
straints amount to requiring that the solution be a weight-0
state of the appropriate highest-weight representation.

Several extensions of the present work are possible.
Here, we have worked with perturbations that solve the
massless Klein-Gordon equation in the static and near-zone
regimes and thus dealt with scalar Love numbers. This is a
common practice, as it is well known that the main features
of tidal perturbations are largely spin independent at the
qualitative level, but it would still be desirable to generalize
this result for different spins using a Teukolsky-type wave
equation. As of this time, a master equation of this kind is
not available for general STU black holes, but should future
advancements enable its discovery, it would be worthwhile
to extend our results to this scenario. Another potential
generalization lies in the extension of this analysis to six or
more dimensions. STU black hole solutions have been
derived in higher-dimensional settings [83] and present
similar features, so an extension should be straightforward,
although mathematically more challenging. We could also
attempt to rederive the conclusions of the present paper
with use of the EFT formalism. This is a powerful frame-
work, and perhaps more widely applicable than the analytic
continuation method used here, since the latter would be
difficult to use without closed-form solutions. The results
thus obtained should be largely the same and, since the
near-zone equation we are using has a relatively simple
hypergeometric form, we found it preferable to use the
arguably simpler framework of differential equation theory.
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That said, an EFT investigation may still bring new
interpretations to some of our results, or perhaps bring
to light features we have missed. Finally, another worth-
while path of future investigation may be encountered in
the study of quasinormal modes and their properties.
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