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A new chapter is opening in the theory of core-collapse supernovae and neutron star mergers as
simulations of these events begin to incorporate fast flavor conversion (FFC) and other forms of neutrino
flavor mixing. Using numerical experiments, we show that the approximations of FFC that have been
implemented so far are limited by at least two of three factors: (1) approximating continuous evolution as a
discrete sequence of instabilities, (2) using spatially homogeneous asymptotic states, and (3) assuming that
FFC must be accompanied by instability. The factors we identify in this work will be important
considerations as the research area progresses from initial exploratory studies to more quantitatively precise
assessments.

DOI: 10.1103/xmxv-9sb2

I. INTRODUCTION

Neutrino oscillations in core-collapse supernovae and
neutron star mergers pose an outstanding challenge at the
forefront of particle astrophysics [1–3]. A growing body of
evidence indicates that the astrophysical effects of flavor
mixing, particularly of FFC, may be quite significant
[4–32]. The effects of slow [33–41] and collisional
[42–54] flavor conversion are currently less clear but
possibly considerable as well.
It is widely hoped that a viable solution to the problem

will involve coarse graining over the small spatial scales
associated with flavor mixing [55–76]. Two classes of FFC
subgrid models have already been implemented into
astrophysical simulations: effective classical transport
[17–19,22,30,31,60] and the Bhatnagar–Gross–Krook
(BGK) subgrid model [28,29,54,63]. In this work, we
present the results of numerical tests that highlight some
crucial limitations of these two methods.
In principle, to identify the deficiencies of any approxi-

mate treatment of flavor mixing, one would need to solve
the full quantum kinetic equation (QKE), including inco-
herent collision terms and the processes that drive the
system toward instability. Those results would then provide
a natural baseline for comparison. However, performing
this test in fully self-consistent global QKE radiation-
hydrodynamics simulations, where electron lepton num-
ber-heavy lepton number (ELN-XLN) angular crossings
arise naturally from advection and incoherent neutrino

interactions with the bulk fluid, is computationally chal-
lenging. We therefore replace this ideal baseline with a
controlled alternate procedure: We simulate a centimeter-
scale domain in which the ELN-XLN angular crossing is
artificially induced through neutrino injection. In this
restricted sense, injection serves as a controlled alternative
for the astrophysical mechanisms that produce ELN-XLN
crossings in global simulations, allowing us to examine how
a crossing influences the system’s evolution toward an
asymptotic state in a computationally tractable setting.
Effective classical transport is based on a two-step

procedure. In the first step, the astrophysical simulation
is advanced without neutrino oscillations. Flavor instabil-
ities emerge in some regions during this part of the
procedure. Then, in the second step, those newly formed
unstable regions are set to the corresponding postinstability
asymptotic states (or, in many instances, some very rough
approximation of those states). The argument for this two-
step method is that the timescale for a fast instability to
bring the local neutrino flavor distributions to an asymptotic
state is allegedly much shorter than the timescale on which
astrophysical conditions are changing [17].
However, thismethod does not self-consistently apply the

assumed scale separation [65]. The reason fast instabilities
emerge during the first step of the procedure is that flavor
mixing—the means by which neutrinos naturally try to
suppress the emergence of instabilities—has been artifi-
cially shut off. Effective classical transport might nonethe-
less be vindicated despite the lack of self-consistency if,
in the limit of infinitesimal step size, the method converges
on the true continuous evolution. This possibility is not
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particularly comforting, however, unless convergence
already occurs at relatively large step size.
Reference [70] compared the ultimate flavor outcomes

when neutrinos are injected inside a periodic box either
slowly and continuously or all at once generating ELN-
XLN crossings and FFC (see also Ref. [72]). In some cases,
the outcomes were found to agree, in other cases not. These
comparisons can be interpreted as tests of the two-step
aspect of effective classical transport. Sudden-injection
asymptotic states are used in the second step of effective
classical transport, and so comparing them to continuous-
injection asymptotic state gauges the amount of error
introduced in each location, at each time step, by using
a stepwise procedure. Our first goal is to highlight this
implication of such comparison calculations and present
additional evidence that the error from approximating
continuous evolution as a sequence of instabilities is a
concern for effective classical transport (Sec. III). The
findings of Sec. III reinforce the critique of Ref. [65] and
motivate further investigation into why the sequential-
instability treatment works when it does.
In Sec. IV, we point out a second and perhaps more

serious limitation of some subgrid methods. All asymptotic-
state prescriptions devised so far are spatially homogeneous
at subgrid scales (e.g., [56,59]). We show that the imposition
of subgrid homogeneity engenders even greater discrepan-
cies with the true evolution than the two-step approximation
does, as evidenced by calculations with continuous injection
of neutrinos but periodic homogenization. The BGK sub-
grid model avoids the continuous/sequential issue of
Sec. III, but if it prescribes local relaxation to a spatially
homogeneous asymptotic state—as has always been the
case so far—then it, like effective classical transport, is
subject to the homogenization issue of Sec. IV.
From the standpoint of coarse-grained flavor-wave trans-

port, which has been developed in the contexts of quasi-
linear theory [70,71] and miscidynamics [64–66],
homogeneous BGK models continuously and artificially
deplete the spectrum of flavor waves (i.e., the emergent
collective degrees of freedom associated with subgrid
inhomogeneity). In effective classical transport with homo-
geneous asymptotic states, the flavor-wave spectrum is in
effect periodically replaced by small fluctuations. As an
alternative to coarse-grained flavor-wave transport, one
could attempt to formulate spatially inhomogeneous
asymptotic states for use in effective classical transport
or the BGK model. This idea has not yet been developed,
nor do we do so here.
In Secs. V and VI, we explore some other aspects of

subgrid inhomogeneity. Section V makes a point that, to
our knowledge, has not been made before: FFC does not
need to be accompanied by instability. We demonstrate this
in the following manner. First, neutrinos are slowly injected
in such a way that the system is driven through marginally
stable states. During this phase, fast instabilities cause

subgrid inhomogeneity to build up. We then switch to
slowly removing neutrinos in such a way that the system is
driven through (nonmarginally) stable states and encoun-
ters no further instabilities. FFC occurs due to the preex-
isting inhomogeneity despite the absence of instabilities.
We set up our calculations in Sec. V so that, if flavor

mixing were turned off, the removal of neutrinos would
undo the injection and return the system to the initial state.
In the exact solution, the flavor-mixing system nearly
returns to its initial state but not quite. The degree of
irreversibility is much more pronounced in calculations
where the subgrid inhomogeneities are replaced by small
perturbations at the moment injection switches to removal.
Effective classical transport and the BGK model, at least in
the forms implemented so far (in particular, with local
relaxation to postinstability asymptotic states), equate FFC
to unstable evolution. This is the third limitation that we
highlight.
One of the main messages of the paper is that subgrid

flavor inhomogeneities are generally important to keep track
of in astrophysical settings. Still, one would hope that some
of the subgrid details prove to be inessential. If not, the
viability of all coarse-grained methods is questionable. One
particularly optimistic idea is to approximate the evolution
in terms of hPi and hjPji, where P is a polarization vector
and h·i is a spatial coarse-graining operator [72]. This is a
quasihomogeneous analysis in the sense that hjPji, although
a spatially averaged quantity, is sensitive to subgrid infor-
mation yet still has better predictability properties than the
chaotic nature of the subgrid flavor structure [77].
Section VI is inspired by the coarse-grained approach of

Ref. [72], in which only a minimal amount of subgrid
information is retained. We present calculations in which
we periodically randomize the phases of the transverse
polarization vectors P⊥ðzÞ (that is, transverse to the flavor
axis) at each location and direction. This procedure leaves
the quasihomogeneous quantities unaltered, allowing us to
assess whether the subgrid phases matter. We observe some
amount of success, but also some alarming discrepancies.
Subgrid phases cannot generally be disregarded.
Section VII summarizes our findings. The past few years

have been a period of rapid advance in understanding the
astrophysical consequences of neutrino flavor mixing at
extreme densities. The subgrid methods we put to the test in
this paper have been instrumental in that progress. By
giving concrete examples of the limitations of these
methods, we hope our results will spur the development
of further improvements.

II. MODEL AND METHODS

A. Quantum kinetic equation

We solve an inhomogeneous four-beam neutrino field
under quantum kinetic evolution using the Emu code [78].
Emu is a particle-in-cell neutrino transport code designed
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to model flavor evolution in astrophysical settings such as
supernovae or binary neutron star mergers. In Emu, the state
of a neutrino field is described by a seven-dimensional 2 ×
2 matrix distribution function fabðt;x;pÞ. In this work, we
limit our scope to two neutrino flavors: electron and heavy.
The heavy flavor represents a combination of the muon and
tau neutrinos. The diagonal components represent occu-
pation numbers, while the off-diagonal components encode
flavor coherence. The distribution function matrix and the
number density matrix are related by

nabðt;xÞ ¼
1

ðhcÞ3
Z

d3pfabðt;x;pÞ:

The time evolution of fab is governed by the QKE:

ð∂t þ v · ∇xÞfab ¼ −
i
ℏ
½H; f�ab þ Cab: ð1Þ

In the massless fast limit, the dominant contribution to the
Hamiltonian Hab arises from the neutrino–neutrino for-
ward-scattering potential,

Hν−ν
ab ðt;x;pÞ ¼

ffiffiffi
2

p
GF

ðhcÞ3
Z

d3qð1 − p̂ · q̂Þ

× ½fabðt;x;qÞ − f̄�abðt;x;qÞ�; ð2Þ

where bar quantities represent antiparticles and � the
complex conjugate.
In this work, we neglect the physical incoherent collision

terms most commonly included in global astrophysical
simulations, such as neutrino-nucleon absorption and emis-
sion, pair annihilation, and neutrino scattering on baryons
and leptons. Instead, we introduce an artificial collision term
designed solely to mimic, in a controlled way, the gen-
eration of an ELN-XLN crossing. This term injects and
removes neutrinos, but it does not model collisional
decoherence of the neutrino field, and it does not produce
collisional flavor instabilities.
The explicit form of the collision term is specified in

terms of ṅ in the subsequent sections where it is introduced
and used. The relation between ṅ and Cab is

ṅabðt;xÞ ¼
1

ðhcÞ3
Z

d3pCabðt;x;pÞ: ð3Þ

We use an angular-dependent collision term expressed in
terms of ṅaxisab , where axis∈ fþx;−x;þz;−zg for our four-
beam setup. Each ṅaxisab represents the contribution from the
phase-space associated with that beam direction. That is,
ṅaxisab is given by Eq. (3) with integration limits over a solid
angle of Ω ¼ π pointing on the corresponding axis.

B. Bhatnagar–Gross–Krook approximation

The BGK subgrid model [63,79] replaces the commu-
tator in the QKE [Eq. (1)] with a relaxation term that drives
the system toward an asymptotic state fa on a timescale τ

−
i
ℏ
½H; f� ⟶ −

1

τ
ðf − faÞ: ð4Þ

To evaluate the relaxation factor τ and the asymptotic
flavor state fa, we adopt the approach of Ref. [74]. We first
introduce the ELN-XLN angular distribution

G≡ ffiffiffi
2

p
GF½ðfe − f̄eÞ − ðfx − f̄xÞ�; ð5Þ

and divide the solid-angle integration into two comple-
mentary regions, G < 0 and G > 0:

A≡
Z
G<0

dΩ
4π

G; ð6Þ

B≡
Z
G>0

dΩ
4π

G: ð7Þ

From these quantities, the relaxation timescale is
defined as

τ ¼ 2πffiffiffiffiffiffiffi
AB

p : ð8Þ

The asymptotic flavor distributions are then written in
terms of a survival probability P:

faee ¼ Pfee þ ð1 − PÞfxx; ð9Þ

faxx ¼ ð1 − PÞfee þ Pfxx: ð10Þ

The same equations hold for antineutrinos, with all quan-
tities replaced by their barred counterparts. However, in this
work, we do not simulate antineutrinos. P takes the form

P ¼
(

1
2
ð1 − A

2BÞ; G < 0;
1
2
; G > 0;

ð11Þ

for B ≥ A, and

P ¼
(

1
2
; G > 0;

1
2
ð1 − B

2AÞ; G < 0;
ð12Þ

otherwise.
This prescription ensures conservation of the total lepton

number along each propagation direction, as well as
conservation of the total number density.
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C. Numerical setup

As a baseline, we analyze two neutrino configurations that
we call the sudden cases. We employ a four-beam setup to
give the system greater flexibility in how flavor is distributed
over angle, unlike the two-beam model, which is tightly
constrained by conserved quantities. In both sudden cases,
beams propagating along �x carry an electron neutrino
number density of 2.45 × 1032 cm−3, and beams along the
þz direction carry 4.89 × 1032 cm−3. To generate a fast
flavor instability, we create an ELN-XLN crossing by
injecting heavy neutrinos propagating in the −z direction
with a density of either 2.45 × 1032 cm−3 or 1.96 ×
1033 cm−3 (eight times larger than in the first case). The
blue curves in Fig. 1 display the flavor evolution paths for
the former (upper panel) and the later (lower panel) sudden
cases. We exclude antineutrinos from all simulations.
Other simulations modify the sudden cases by changing

how heavy neutrinos are injected into or removed from the
beam propagating in the−z direction. It is important to note
that the injection and removal of heavy neutrinos do not
represent a collision term associated, for example, with
neutrino-nucleon absorption and emission, pair annihila-
tion, or neutrino scattering on fluid baryons and leptons.
Nevertheless, the artificial injection serves the sole purpose
of reproducing a smooth mechanism for the generation of
ELN-XLN angular crossings. This neutrino injection does
not play the role of collisions, since it does not decohere the
flavor fields or produce collisional instabilities, but it
effectively reproduces the smooth generation of ELN-
XLN crossings present in astrophysical scenarios.
We simulate a box of 1 × 1 × 50 cm resolved by a grid

of 1 × 1 × 5000 cells. The four beams are initialized from
the center of each cell. The Nyquist limit wavelength of
0.02 cm enables us to confidently resolve flavor waves
larger than 0.1 cm and smaller than 50 cm. We impose
periodic boundary conditions to preserve homogeneity in
the x and y directions and to allow flavor inhomogeneities
only along z. We neglect vacuum and matter effects. We
seed the off-diagonal components of the distribution
function with random perturbations whose amplitudes
are 4 orders of magnitude smaller than those of the diagonal
components.
Subsequent figures present the number density evolution

in terms of the z component of the SU(2) flavor polarization
vector,

Pz ¼
nee − nxx

nþz
init

: ð13Þ

We normalize Pz by

nþz
init ¼ 4.89 × 1032 cm−3; ð14Þ

the initial density of neutrinos propagating in the þz
direction.

All figures report time in units of the neutrino self-
interaction timescale,

μ−1 ¼ 4.25 × 10−12 s: ð15Þ

Here μ ¼ ffiffiffi
2

p
GFn, were we adopt the total initial number

density from the sudden simulation shown in the upper
panel of Fig. 1.

III. SEQUENTIAL INSTABILITY

In this section, we examine how the instability-driving
scheme, whether sudden, discrete, or continuous, affects
the final asymptotic state, with the goal of testing two-step
effective classical-transport subgrid models. In these

FIG. 1. We test effective classical transport subgrid models by
driving fast flavor instabilities through three different mecha-
nisms: sudden, discrete, and continuous injection. In the sudden
case, the system is initialized directly in an unstable configura-
tion. In the discrete case, the instability is triggered by injecting
eight heavy-neutrino packets, while in the continuous case, it
develops through sustained heavy-neutrino injection. In all cases,
the injection occurs exclusively in the dashed beam propagating
along the −z direction. Simulations in the lower panel experience
eight times more injection than those in the upper panel. The
distinct driving schemes lead to different final flavor composi-
tions, confirming that the way the instability is driven influences
the outcome of flavor evolution. The observed discrepancies
highlight the limitations of the two-step approach, in which
instabilities arise abruptly and subsequently relax. Such simpli-
fied procedures fail to fully capture the nonlinear dynamics of
flavor conversion. The simulation legends apply to both upper
and lower panels.
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models, one first evolves the classical neutrino radiation
field without flavor conversion, thereby allowing instabil-
ities to develop, and introduces flavor conversion only
afterward by resetting unstable regions to their postin-
stability asymptotic states. The discrete-injection setup is
designed to mimic this two-step approximation: The
discrete injection that produces ELN-XLN crossings rep-
resents the classical evolution driving the system into
instability, after which FFC is activated through full
QKE evolution and the system is allowed to relax naturally.
We use full QKE evolution, rather than imposing a
prescribed postinstability state, so that we can isolate the
error intrinsic to the two-step procedure itself from the
additional error associated with choosing a particular
asymptotic state. By comparing the asymptotic states
obtained with discrete and continuous injection, we quan-
tify the error introduced by the two-step approximation. In
realistic astrophysical environments, collisional processes
such as emission, absorption, and scattering, together with
the flavor-mixing response they induce, act simultaneously
within the QKE. By contrast, the two-step approximation
replaces this continuous evolution with a stepwise sequence
in which the system is first driven without flavor mixing
and only afterward allowed to undergo flavor conversion
without further driving. The sudden and discrete injection
schemes reproduce this stepwise character because the
injection is instantaneous, leaving no time for flavor mixing
to respond during the driving itself, and is followed by
intervals of flavor evolution with no additional injection.
In all simulations of Fig. 1, the beams going in the þz

and �x directions have number densities as described in
Sec. II C. The difference is in the injection scheme in the
beam going in the −z direction, which can be sudden,
discrete, or continuous. The sudden-injection cases (blue)
are initialized directly in the unstable state with number
densities of heavy neutrinos of nþz

init=2 for the upper panel
and 4nþz

init for the lower panel (eight times more than the
former) propagating in the −z direction, respectively. In the
discrete-injection case, the beam propagating in the −z
direction is initialized with zero electron and heavy flavor
neutrinos. The instability is triggered by the injection of
eight heavy-neutrino packets, each with a number density
of nþz

init=ð2 × 8Þ (upper panel) and 4nþz
init=8 (lower panel).

The packets are injected every ð2400=8Þ μ−1 within the
interval 0 ≤ t ≤ 2400 μ−1. For the continuous injection
case, the beam propagating in the −z direction is also
initialized with zero electron and heavy flavor neutrinos.
The injection term for this beam is given by

ṅ−zab ¼ nþz
init

2

δaxδbx
2400μ−1

; 0 ≤ t ≤ 2400 μ−1 ð16Þ

for the upper panel, and

ṅ−zab ¼ 4nþz
init

δaxδbx
2400μ−1

; 0 ≤ t ≤ 2400 μ−1 ð17Þ

for the lower panel. a, b∈ fe; xg, where e is electron flavor
and x represents heavy flavor. This implies that electron
neutrino injection is set to zero in this beam. Beams in other
directions do not experience injection. Antineutrinos are
not included.
The standard FFC prescription in Eqs. (11) and (12)

requires the system to eliminate the ELN-XLN crossing on
its shallow side, while other angular regions adjust their
flavor conversion to maintain conservation laws [56]. In the
sudden case in the upper panel of Fig. 1, the shallow-side
crossing (blue dashed beam initially in negative Pz) is not
eliminated but instead overshoots into positive values. In
contrast, the sudden case in the lower panel of Fig. 1
successfully removes the ELN-XLN crossing in the shal-
low side (blue solid and dotted beams initially at posi-
tive Pz).
The generation of ELN-XLN crossing via discrete

(green) or continuous (orange) injection drives the system
toward a final state distinct from the sudden cases. This
demonstrates error due to the two-step nature of effective
classical transport. This also supports the arguments pre-
sented in Ref. [65] and, in particular, the numerical findings
of Ref. [70]. The latter study showed explicitly that the
manner in which the instability is induced—through sudden
versus continuous driving—affects the final flavor content
in some cases. These results affirm the necessity of a self-
consistent, continuous flavor-mixing response in neutrino-
radiation environments, such as core-collapse supernovae
and neutron star mergers, in order to correctly capture the
associated fluid dynamics and subsequent astrophysical
observables impacted by neutrinos.
The influence of the instability driving scheme becomes

more pronounced in the lower panel of Fig. 1, where the
heavy-neutrino injection rate is increased eightfold. In
the discrete case (green), once the first packet is injected
into the dashed beam (t ¼ 300 μ−1), Pz quickly overshoots
zero and becomes positive, again showing that the insta-
bility does not necessarily saturate by eliminating the ELN-
XLN angular crossing. In contrast, the continuous injection
case (orange) quasistatically drives the crossing toward
zero. All beams reach hPzi ¼ 0 at ≈1300 μ−1. Beyond
this point, heavy-neutrino injection no longer induces an
ELN-XLN crossing, yet flavor conversion continues in both
the discrete and continuous scenarios (we will discuss this
phenomenon in Sec. IV). Beams propagating along the �x
and þz directions not only eliminate the crossing but
overshoot into negative values, making their final states
distinct from the sudden case, which merely removes
the crossing. Moreover, the asymptotic states resulting
from the discrete and continuous injection also differ
from each other, further demonstrating that the way the
instability is driven influences the final flavor composition.
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This discrepancy is associated with the two-step nature of
the process, in which instabilities are suddenly generated
and then relaxed. This raises concerns about the reliability
of the two-step procedure of effective classical transport.

IV. SUBGRID HOMOGENIZATION

In this section, we examine how flavor inhomogeneities
affect subsequent flavor evolution when instabilities are
generated continuously and the neutrino flavor field is
evolved quasistatically. Our goal is to test whether subgrid
flavor inhomogeneities play a significant role in astrophysi-
cal environments such as core-collapse supernovae and
binary neutron star mergers. In these scenarios, instabilities
that generate flavor inhomogeneities may arise continu-
ously. Nevertheless, all asymptotic-state prescriptions pro-
posed so far remain spatially homogeneous at subgrid scales
(e.g., [56,59]). We show that neglecting inhomogeneities in
subgrid treatments leads to discrepancies.
We perform three different simulations: QKE, QKEþ

periodic homogenization, and BGK. They are shown in
Fig. 2. In all cases, the beams propagating in theþz and�x
directions have number densities as described in Sec. II C.
The beam propagating in the −z direction is initialized with
zero electron and heavy-flavor neutrinos. The heavy-
neutrino injection follows Eq. (16) (upper panels) or
Eq. (17) (lower panels).
The QKE (orange) represents the inhomogeneous quan-

tum-kinetic solution (identical to the continuous-injection
case in Fig. 1). The QKEþ periodic homogenization
(green) resemble the QKE evolution but with an imposed
homogenization applied eight times, every ð2400=8Þ μ−1
within the interval 0 ≤ t ≤ 2400 μ−1 so flavor inhomoge-
neities develop only briefly before the system is rehomo-
genized. At each homogenization step, the polarization
vector P is reset to its domain-averaged value, after which
a random perturbation of amplitude 10−4Pz is introduced in
P⊥. We also show the BGK solution (blue), which is
described in Sec. II B.
Our intention with the QKEþ periodic homogenization

and BGK simulations is to mimic an effective classical
transport implementation where (1) the neutrino field is
driven toward instability; (2) the resulting unstable neu-
trino distribution is passed to a flavor conversion solver,
which allows inhomogeneous flavor waves to develop
(QKEþ periodic homogenization allows inhomogeneous
but not BGK); and (3) the output of the flavor-conversion
solver is then fed back into step (1), but without the spatial
flavor structures generated by the instabilities (this corre-
sponds to the times when periodic homogenization is
applied in the QKEþ periodic homogenization simula-
tion). This process is then repeated. In the BGK model, the
neutrino flavor distributions are continuously driven
toward an asymptotic state like in (3), with subgrid
inhomogeneity erased. By comparing the QKE, QKE
with periodic homogenization, and BGK solutions, we

FIG. 2. Comparison of homogenous flavor conversion paths
(BGK and QKEþ periodic homogenization) versus inhomo-
geneous (QKE). The relaxation time τðtÞ is shown for BGK,
QKE, and sudden injection (blues in Fig. 1). Simulations in the
lower panels experience eight times more injection than those in
the upper panel. See Sec. IV for more simulation details. Imposing
subgrid homogeneity alters the dynamics, producing large devia-
tions from the behavior predicted by the QKE evolution. FFC can
occur without instability or ELN-XLN angular crossing (see QKE
bottom panels for t > 1200 μ−1). The emergent relaxation time-
scale τ for flavor conversion is larger when the system is driven
quasistatically compared to the sudden cases where τ ∼ μ−1. The
simulation legends apply to all panels.
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can quantify the error introduced when subgrid models
neglect flavor inhomogeneities.
The final flavor content of the inhomogeneous QKE

differs from BGK and QKEþ periodic homogenization.
This is especially evident in the lower panels of Fig. 2. In
this panel before the beams cross (up to 1200 μ−1), all
simulations quasistatically respond to the instability,
removing the ELN-XLN crossing. After the beams cross,
there is no further generation of ELN-XLN crossing;
nonetheless, the inhomogeneous QKE continues to
undergo flavor conversion. This flavor conversion cannot
be explained by FFI or the standard ELN-XLN crossing
criterion and provides evidence that flavor conversion can
occur without an instability. Moreover, since both BGK and
QKE with periodic homogenization, where the spatial
structures were erased, show no further conversion, the
observed convertion in QKE must be intrinsically tied to
the spatial flavor structures developed by previous insta-
bilities. Thus, the imposition of subgrid homogeneity
engenders great discrepancies with the QKE evolution.
The BGK simulation fails to reproduce the QKE flavor

trajectory when fast inhomogeneous instabilities are con-
tinuously driven. This is more noticeable in the bottom two
panels of Fig. 2. In this sense, BGK and QKEþ periodic
homogenization are equivalent: Both eliminate the ELN-
XLN crossing and both fail to capture the flavor conversion
observed in the inhomogeneous QKE simulation, particu-
larly where FFC occurs in the absence of ELN-XLN
crossings. Although the BGK subgrid model resolves the
continuous/sequential problem noted in Sec. III, it imposes
a local relaxation toward a homogeneous asymptotic state,
leading to deviations from the full QKE evolution.
Figure 2 also shows the relaxation timescale τ defined in

Eq. (8) for the BGK, QKE, and sudden (blue in Fig. 1)
simulations. This timescale emerges naturally from the
competition between the instability-driving mechanism
and the flavor conversion that relaxes this instability. As
expected, the sudden cases have initial relaxation timescales
τ ∼ μ−1, being 0.99 μ−1 (up) and 2.79 μ−1 (low), respec-
tively. However, when the system is driven quasistatically,
with the instability driven by continuous injection, the
emergent timescale is smaller (see QKE and BGK). BGK
initially agrees with the QKE relaxation timescale but
quickly diverges and underestimates it. However, this
inconsistency does not necessarily rule out the BGK
framework itself. It may instead reflect the limited accuracy
with which we estimate the relaxation time τ and the
asymptotic distribution in the approximate scheme of
Sec. II B. With a more accurate prescription for these
quantities, the BGK model could, in principle, reproduce
the QKE results. Multiple efforts have been made to develop
reliable asymptotic state models, including approaches
based on machine learning [62] and other analytical
prescriptions [74,80], but further investigation is required
to shed light on realistic flavor relaxation timescales and

asymptotic states considering the combined effects of the
instability-driving mechanisms and the quasistatic flavor
conversion processes that counteract them.

V. REVERSIBILITY

We now investigate the reversibility of a kinetic neutrino
gas undergoing FFC by running four simulations that in the
absence of flavor conversion return to the initial states.
These simulations show especially clearly that FFC can
occur without being accompanied by flavor instability. This
is the third limitation we highlight: Effective classical
transport and the BGK model are limited by the fact that
they have exclusively been implemented using asymptotic
states resulting from driving into unstable parameter space.
We show explicitly that FFC can occur due to driving
through stable parameter space as well.
We perform four different simulations: QKE, QKEþ

homogenization at t ¼ 2400 μ−1, QKEþ randomization at
t ¼ 2400 μ−1 and BGK. They are shown in Fig. 3. In all
cases, the beams propagating in the þz and �x directions
have number densities as described in Sec. II C. The beam
propagating in the −z direction is initialized with zero
electron and heavy-flavor neutrino content, and the insta-
bility, namely the ELN-XLN crossing, is induced through
the continuous injection of heavy neutrinos into that beam.
This is followed by the removal of an equal amount or until
there is not more heavy neutrinos, as described by the
following equation:

ṅ−zabðtÞ ¼
8<
:

þ nþz
init
2

δaxδbx
2400 μ−1

; 0 ≤ t ≤ 2400 μ−1

− nþz
init
2

δaxδbx
2400 μ−1

; 2400 < t ≤ 4800 μ−1
ð18Þ

for the top panel, and

ṅ−zabðtÞ ¼
8<
:

þ4nþz
init

δaxδbx
2400 μ−1

; 0 ≤ t ≤ 2400 μ−1

−4nþz
init

δaxδbx
2400 μ−1

; 2400 < t ≤ 4800 μ−1
ð19Þ

for the lower panel. a, b∈ fe; xg, where e is electron flavor
and x represents heavy flavor. During the injection and
removal phases, the flavor evolution remains quasistatic. In
the absence of flavor conversion, the system is reversible,
meaning it returns to its initial state. The QKE curve
(orange) represents the inhomogeneous quantum-kinetic
solution. At the transition between injection and removal
(t ¼ 2400 μ−1), we study the flavor evolution when the
spatial flavor structure is homogenized (green: QKEþ
homogenization at t ¼ 2400 μ−1). In this homogenization,
the polarization vector P is reset to its domain-averaged
value, after which a random perturbation with amplitude
10−4Pz is introduced in P⊥. We also examine the case
where the transverse polarization vectors P⊥ are random-
ized (red: QKEþ randomization at t ¼ 2400 μ−1). In this
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simulation, P⊥ is randomly rotated around Pz while
preserving the vector magnitude. The BGK evolution (blue)
is shown for comparison.
In the upper panel of Fig. 3 for t∈ ½0; 2400�, QKE and

QKEþ homogenization quasistatically zeroes out the
ELN-XLN crossing generated by the heavy-neutrino
injection in the dashed beam. In this process, not only
is the angular distribution affected, but spatial flavor
structure is also generated. The BGK solution also zeroes
out the crossing but fails to generate this spatial flavor
structure and converges to a different asymptotic state. At
t ¼ 2400 μ−1, the dynamics switches from injection to
removal of heavy neutrinos in the dashed beams. Although
removal does not induce an ELN-XLN crossing nor
instabilities, QKE still exhibits flavor conversion. The

removed heavy neutrinos in the dashed beam are balanced
by transferring electron neutrinos to other angular direc-
tions. This flavor conversion can be rooted in the spatial
flavor structure generated by previous instabilities. When
the system is homogenized in QKEþ homogenization and
BGK or QKEþ P⊥ randomization, the condition that leads
to flavor conversion disappears, and the system is driven
solely by the heavy-neutrino removal. Homogeneous sub-
grid models fail to capture flavor conversion arising from
the spatial flavor structure legacy of previous instabilities.
The same number of heavy neutrinos are injected and

removed, although in simulations with flavor conversion,
they may be completely removed before reaching the
number originally injection. The classical solution is
reversible in the sense that the final and initial states are
identical. There is a tendency in the QKE solution to
maintain reversibility, but this is not completely achieved.
QKEþ homogenization, BGK and QKEþ P⊥ random-
ized are not reversible at all.
In the lower panel for t∈ ½1200; 2400�, the QKE and

QKEþ homogenization exhibit behavior similar to the
QKE in the upper panel for t∈ ½2400; 4800�, but with
hPzi shifted to the negative side. Although the crossings
vanish around t ¼ 1200 μ−1, flavor conversion continues,
showing that this process does not require ELN-XLN
crossings. This demonstrates that the behavior in the upper
panel is not triggered by the injection-removal switch, but
by a beam crossing in a flavor spatially inhomogeneous
environment. Specifically, in the upper panel, the dashed
(injecting/removing) beams cross, while in the lower panel,
the crossing occurs between the solid and dotted (non-
injecting) beams.
At t ¼ 2400 μ−1 in the lower panel of Fig. 3, the dashed

beams switch from injection to removal. QKE þ
homogenization, having lost spatial flavor structure, ceases
flavor conversion, whereas QKE continues flavor conver-
sion even when no ELN-XLN crossing exists but flavor
structure imprinted earlier. Around t ¼ 2800μ−1, removal
induces an ELN-XLN angular crossing in the QKEþ
homogenization simulation, allowing flavor conversion
to resume and regenerate spatial structure. Between
t∈ ½2800; 3600�, all simulations except BGK develop
crossings and subsequently eliminate them, as expected.
At approximately t ¼ 3600 μ−1, all beams cross to

positive hPzi values. Although removal in the dashed
beams no longer induces ELN-XLN crossings, QKE þ
homogenization, BGK, and QKEþ P⊥ randomization still
exhibit flavor conversion. This conversion originates from
the spatial flavor structure imprinted earlier by the cross-
ings at t ¼ 2800 μ−1. The asymptotic states of QKE
and QKEþ homogenization differ, underscoring the key
role of spatial structure in shaping the long-term flavor
evolution.
The BGK solution, inherently homogeneous, cannot

capture this structure-driven conversion. Its asymptotic

FIG. 3. Reversibility properties of a kinetic neutrino gas under-
going FFC. ELN-XLN crossing is induced by continuous injection
of heavy neutrinos in the dashed beam followed by removal the
same amount (or until there is not more heavy neutrinos).
Simulations in the lower panel experience eight times more
injection than those in the upper panel. See injection and removal
term in Eq. (18) for upper panel and Eq. (19) for lower panel. In the
absence of flavor conversion, the system is reversible since it
returns to its initial state. QKEþ homogenization at t ¼ 2400 μ−1

reset P to its domain-averaged seeding a random perturbation of
amplitude 10−4Pz in P⊥. QKEþ randomization at t ¼ 2400 μ−1

randomly rotates P⊥ around Pz. The upper (t∈ ½2400; 4800� μ−1)
and lower (t∈ ½1200; 2400� μ−1 and t∈ ½3600; 4800� μ−1) panels
show that FFC can occur without being accompanied by flavor
instability and ELN-XLN crossing. The simulation legends apply
to both upper and lower panels.
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state depends solely on ELN-XLN–induced conversion,
leading to inaccuracies. Incorporating spatially inhomo-
geneous asymptotic states could improve BGK’s predictive
power, especially under the generation of continuous
instabilities where the system evolves quasistatically.

VI. SUBGRID PHASE INFORMATION

In this section, we study flavor evolution when subgrid
phase information is periodically randomized. At this point,
it remains unclear which subgrid details are essential for a
reliable coarse-grained implementation of FFC and which
can be safely discarded. If no information can be neglected,
the viability of all coarse-grained approaches becomes
questionable. Motivated by this, we investigate whether
quantum phases play a significant role in determining the
flavor evolution.

We perform three different simulations: QKE, QKEþ
periodic randomization P⊥ (eight times), and QKEþ
periodic randomization P⊥ (16 times). They are shown
in Fig. 4. In all cases, the beams propagating in the þz and
�x directions have number densities as described in
Sec. II C. The beam propagating in the −z direction is
initialized with zero electron and heavy-flavor neutrinos
and receives a continuous heavy-neutrino injection follow-
ing Eq. (16) (upper panel) and Eq. (17) (lower panel).
The QKE (orange) represents the inhomogeneous quan-

tum-kinetic solution (same as the continuous-injection case
in Fig. 1 and QKE in Fig. 2). The QKEþ periodic
randomization P⊥ (eight times, green) corresponds to the
same inhomogeneous quantum-kinetic evolution but with
an imposed rotation of the polarization vector P by a
random phase around the Pz axis. In this process, we keep
jPj and jP⊥j fixed, while only the direction of P⊥ is
randomly reassigned. The resulting state is further evolved.
This randomization is applied eight times, every
ð2400=8Þ μ−1 within the interval 0 ≤ t ≤ 2400 μ−1. The
QKEþ periodic randomization P⊥ (16 times) is identical to
the former but the randomization is applied sixteen times,
every ð2400=16Þ μ−1 within the interval 0 ≤ t ≤ 2400 μ−1.
We also show the BGK solution (blue), which is described
in Sec. II B.
In the upper panel of Fig. 4, the instability induces

flavor conversion across all beams, working to erase the
shallow ELN-XLN crossing. The resulting asymptotic
flavor states differ between the QKE and periodic ran-
domization in P⊥, indicating that subgrid phase informa-
tion plays a key role in determining the flavor evolution
path. In the lower panel, where the system experiences
eight times higher heavy-neutrino injection, the beams
cross hPzi ¼ 0 at t ≈ 1400 μ−1. Beyond this point, no
ELN-XLN crossing or FFI remains, and the subsequent
flavor conversion originates from the spatial flavor struc-
ture generated by previous instabilities. Randomizing the
polarization vector components perpendicular to the Pz

axis reduces the amount of flavor conversion (green and
blue compared to orange). As shown previously, complete
homogenization of the system removes any flavor con-
version. When subgrid phase information is erased, flavor
conversion still occurs but follows a distinct path com-
pared to the QKE evolution, highlighting the crucial role
of the spatial structure of quantum coherence in the
subsequent flavor dynamics.
Some directions that transition between positive and

negative hPzi, such as at t ≈ 1400 μ−1 in the lower panel of
Fig. 4, amplify the impact of spatial flavor inhomogeneities
and subgrid phase information on the subsequent flavor
evolution. Beam crossings appear to play a critical role in
continuously driven FFC [70,72]. A detailed investigation
of this condition will be pursued in future work.

FIG. 4. Flavor evolution when subgrid phase information at
each location and direction is randomized by rotating the
polarization vector P by a random phase around the Pz axis,
while keeping jPj and jP⊥j fixed. Simulations in the lower panel
experience eight times more injection than those in the upper
panel. See Sec. VI for more simulation details. The randomiza-
tion is applied periodically (eight and 16 times). Within the first
2400 μ−1, an ELN-XLN crossing is induced by injecting nþz

init=2
(top) and 4nþz

init (bottom) heavy neutrinos in the dashed −z beam.
See injection term in Eq. (18) for upper panel and Eq. (19) for
lower panel. When subgrid phase information is lost, flavor
conversion without ELN-XLN crossing and FFI still occurs but
deviates from the QKE evolution, indicating that quantum-
coherent phases provide essential feedback in the subsequent
flavor dynamics. The simulation legends apply to both upper and
lower panels.
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VII. SUMMARY

Neutrino subgrid models of two types have so far been
implemented into astrophysical simulations: effective
classical transport [17,60] and the neutrino BGK model
[63]. These coarse-grained approaches have the virtue of
being computationally tractable. However, they are of
course simplifications of the full flavor-mixing physics,
and there is room for further improvement. In this study, we
have highlighted certain key limitations of effective
classical transport and the BGK model. We hope our
calculations and discussions will inspire future work aimed
at addressing these shortcomings.
The first limitation, which is faced by effective classical

transport but not the BGK model, is that the approximation
of simultaneous driving and flavor response by a two-step
sequence (driving followed by response) introduces errors.
These errors can be mitigated by adopting a smaller step
size. They can also be avoided by using the BGK model,
wherein neutrino flavor continuously relaxes to a local,
instantaneous asymptotic state.
The second limitation is the restriction, up to this

point, of effective classical transport and the BGK model
to spatially homogeneous asymptotic states. Flavor
instabilities cause inhomogeneous perturbations to grow.
Spatially homogeneous asymptotic states discard this
subgrid information, but as we have shown, small-scale
inhomogeneity created during prior evolution may sig-
nificantly affect subsequent flavor conversion. It is
important to note that the periodic bondary conditions
used tend to enhance and preserve flavor inhomogene-
ities. In reality, flavor inhomogeneities can be depleted
by natural mechanisms such as advection and collisions
that damp the small-scale structure. The role of these
processes in continuously triggering instabilities, as in
our calculations, is still an open question, and further
effort is needed to address this.

The influence of subgrid inhomogeneity is particularly
notable when neutrinos are driven through stable states. We
have demonstrated that FFC can occur even in the absence
of instabilities. Thus, the third limitation is that effective
classical transport and the BGK model have so far only
been implemented using postinstability asymptotic states.
This issue is intertwined with the previous one because
stable FFC hinges on inhomogeneity.
The subgrid methods we have focused on could con-

ceivably be extended to permit subgrid inhomogeneity. The
mapping onto asymptotic states could perhaps also be
broadened to encompass asymptotic states resulting from
any type of driving, not only driving into unstable regions
of parameter space. The concern here is that the mapping
potentially becomes far more complex once inhomogeneity
is allowed in initial and asymptotic states. These ideas
warrant further investigation.
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