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We investigate the multipole structure of nucleon tensor form factors within the chiral quark-soliton
model based on the 1/N, expansion. Extending the previous leading-order analysis [N.-Y. Ghim et al.,
Phys. Rev. D 111, 074024 (2025)], we include the rotational 1/N . corrections. These corrections provide
the leading nonvanishing contributions to the flavor components that are absent at leading order, thereby
completing the flavor decomposition of the tensor multipole form factors at the present order. We
numerically evaluate the isoscalar tensor charge, the isovector anomalous tensor magnetic moment, and the
isoscalar tensor quadrupole moment, obtaining ¢4 = 0.81, k%4 = 1.97, and E4"(0) = 5.98, respec-
tively. The isoscalar tensor charge and quadrupole moment are mainly governed by the valence-quark
contribution, whereas the isovector anomalous tensor magnetic moment receives a sizable Dirac-sea
contribution. We also examine the momentum-transfer dependence of the corresponding form factors.
They decrease monotonically with increasing —z. In particular, the isovector anomalous tensor magnetic
form factor shows a pronounced falloff in the small-|¢| region, reflecting the importance of the Dirac sea in

the tensor dipole structure.
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I. INTRODUCTION

The tensor charges of the nucleon carry several signifi-
cant physical implications, which are defined as the
forward nucleon matrix elements of the tensor bilinear
quark operators [1-4]. For example, they are essential for
probing new physics through precision f-decay experi-
ments and for setting limits on the neutron electric dipole
moment beyond the Standard Model [5—12]. They also play
an important role in the interactions of dark matter with the
nucleon [12-18]. Originally, the flavor-singlet tensor
charge was introduced as the first Mellin moment of the
transversity parton distribution function (PDF) A (x) [2,3],
which provides essential information on the spin structure
of the nucleon [2,3,19-23] (see also the reviews [24-26]).

While the leading-twist unpolarized PDF f/(x) and the
longitudinally polarized PDF g;(x) can be measured in
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deep-inelastic scattering [27,28], the third leading-twist
distribution, the transversely polarized PDF h;(x), is
inaccessible in inclusive deep-inelastic  scattering.
Instead, it can be extracted from processes such as the
transverse spin asymmetry Azy in Drell-Yan pp reactions
[29-32] and in semi-inclusive deep-inelastic scattering
(SIDIS) at HERMES and COMPASS [33-36]. More
refined extractions were performed in Refs. [37,38] by
combining SIDIS data with the Collins fragmentation
function [39] measured by the Belle Collaboration [40].
Since then, additional empirical information on the tensor
charges has been obtained [41-46]. Moreover, increasingly
precise lattice QCD results have been accumulated over
several decades [47-57].

The chiral-odd generalized parton distributions (GPDs)
broaden the physical meaning of the tensor charges and
related form factors [58—65], since they encode information
on both PDFs and form factors. In particular, the tensor
form factors arise as the first Mellin moments of the chiral-
odd GPDs. As discussed in Refs. [2,3], the flavor-singlet
tensor charge counts valence quarks (quarks minus anti-
quarks) of opposite transversity. Notably, sea quarks do not
contribute because the tensor bilinear quark operator is odd
under charge conjugation. In contrast, the axial-vector
operator is even under charge conjugation, so the axial
charge receives contributions from sea-quark helicities. At
leading twist, there are four chiral-odd GPDs [58,59].
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However, only three independent first Mellin moments
survive, since one of the GPDs vanishes upon integration
over the Bjorken variable x. These three moments corre-
spond to the independent multipole tensor form factors. In
the forward limit, the first becomes the tensor charge g for
quark flavor g. The second is the tensor anomalous
magnetic dipole moment k¥, which characterizes the
deformation of the average transverse position of quarks
polarized in the transverse direction relative to the trans-
verse center of light-front momentum for an unpolarized
target [66]. In Refs. [48,67], the transverse spin structure of
the nucleon was further explored using chiral-odd GPDs. In
this context, the final tensor form factor Q7 was identified
with the tensor quadrupole moment, which characterizes
the quadrupole distortion of the transverse spin density in
the polarized nucleon. These chiral-odd GPDs and tensor
form factors have been studied within various theoretical
approaches, including constituent quark models in the
light-cone basis [68,69], MIT bag models [4,70], light-
front quark models [71,72], light-cone quark models [73],
and QCD sum rules [74].

They have also been studied in the chiral quark-soliton
model (yQSM) [75-84]. In our previous work [75], we
revisited the tensor form factors, ensuring consistency
between the chiral-odd GPDs [83] and the tensor form
factors in the large-N,. limit of QCD. We elaborated on the
anomalous tensor magnetic dipole moments studied in
Refs. [81,82], and we computed the leading contribution to
the tensor quadrupole moment Q7 in the large-N,. limit.
This quantity is as important as the tensor charge and the
anomalous tensor magnetic dipole moment, since it is also
related to the leading-twist chiral-odd GPD Hj.

This work extends the investigation of Ref. [75] by
including rotational 1/N, corrections [84] within the
framework of the yQSM. The model has the distinctive
advantage that it satisfies the polynomiality of the chiral-
odd GPDs and various sum rules in the large-N, limit of
QCD [83]. The yQSM incorporates chiral symmetry and its
spontaneous breaking in QCD, which can be derived from
the instanton vacuum [85-88] (see Refs. [89,90] for
reviews). The instanton vacuum is characterized by two
parameters, namely the average instanton size p ~ 1/3 fm
and the mean separation between instantons (and anti-
instantons) R~ 1 fm. It generates localized quark zero
modes with definite chirality, which subsequently become
delocalized and undergo chirality flips as quarks propagate
through the instanton—anti-instanton medium. As a result,
the quarks acquire a dynamical mass and the pseudo-
Nambu-Goldstone bosons emerge, realizing the spontane-
ous breaking of chiral symmetry (SByS). Furthermore, this
picture introduces the instanton packing fraction as a small
parameter, enabling a systematic expansion for studying
SByS and hadronic correlation functions. Effective dynam-
ics at the scale R can be constructed using 1/N, expansion
techniques, including the saddle-point approximation and

bosonization. This leads to a description in which quarks
with a dynamical mass M ~ 0.3-0.4 GeV interact with a
chiral pion field. Within this framework, the nucleon
emerges as a bound state of N, valence quarks in a self-
consistent mean field [91]. Thus, the yQSM provides a
concrete realization of the baryon picture in large-N. QCD
[92,93]. This effective chiral theory for the nucleon has
been very successful in describing many nucleon observ-
ables (see Ref. [94] for a review). The model can also
describe low-lying singly heavy baryons on the same
footing [95-98].

This work is organized as follows. We first set up the
general formalism of the tensor form factors in Sec. II,
where the multipole expansion is performed in the Breit
frame. After briefly reviewing the basic ingredients of the
¥QSM in Sec. III, we apply the model to the tensor form
factors and derive the relevant expressions in Sec. IV.
The numerical results are then presented and discussed in
Sec. V. Finally, Sec. VI summarizes the main findings and
gives the conclusions.

II. TENSOR FORM FACTORS

The quark tensor operator is defined by

04 (x) = 1, ()io™y (x). (1)

where y, is the quark field operator of flavor ¢ = u,d, - - -,
and o = i[y*, y*]/2. We denote the matrix element of the
tensor operator as

Milic"] = (N(p'. $3)|06°(0)IN(p. S3)).  (2)

where p and p’ are, respectively, the initial and final
nucleon four momenta, and S5 and S% are the corresponding
spin projections. The nucleon states are normalized as

(N(p'.Sy)IN(p. S3)) = (21)*2p°65,5,6° (0" = p).  (3)

Then Eq. (2) can be parametrized in terms of the tensor
form factors

I
Mq[iﬁ'm/] = |:H(71-l'6ﬂ” + H%T
N

+ (4)

HAY — ¥ AH
E‘;i u,
2M y

where u=u(p,S;) and a=u(p' S;). The average
momentum and momentum transfer are defined by

For on-shell nucleons, p? = p> = M%, they obey
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AZ
P24 —

P-A=0,
4

= M. (6)
where My 1is the nucleon mass. The form factors
F1=Fi(t), with F = Hy, Hy, E;, are functions of
t = A?; their dependence on the renormalization scale is
understood and not displayed explicitly.

We work in the three-dimensional (3D) Breit frame (BF),
where the average momentum and momentum transfer are
given by

P = (P°,0), A =(0,A), (7)
with (P%)? = M% —1t/4 following from the on-shell
constraint (6). In this frame, the matrix element (4) can
be expanded in terms of irreducible tensors constructed
from A,

02
Miic%] = 1Yk/=1 {H‘; + EL + 25‘1; ) H‘;} : (8a)

2

N
Mlic'] =2M yie*6* Y,

X P +2 Hi+ -

3My 3) T em3 T

i gk ~m ! MN
— 1€ jkO' Yémm {mH?"‘E?} . (Sb)

Here the rank-n irreducible tensors are defined as

where the spatial indices run over i, j = 1, 2, 3, and

1555/353, 6565/353 (10)
denote the identity matrix and the Pauli matrices between
the initial and final spin states, respectively.

Equation (8) exhibits three independent tensor multi-
pole structures. We define the corresponding 3D tensor
multipole moments by the form-factor combinations at
t =0 [75]

Monopole: HZ(0), (11a)
Dipole: H%(0) + E%(0) + 2H%(0), (11b)

1
Quadrupole: EHHO) + E1(0). (11c)

For comparison, the corresponding two-dimensional tensor
multipole moments are defined in Ref. [75] as

Monopole: H%(0) = ¢?, (12a)

Dipole: E%(0) + 2H%(0) = «%, (12b)

Quadrupole: 2H%(0) = Q4. (12¢)

III. CHIRAL QUARK-SOLITON MODEL

In this section, we briefly review the yQSM, an effective
theory for baryons, and show how the tensor form factors
can be evaluated within this framework. The low-energy
effective QCD partition function is written in Euclidean
space as

Ze = / DyDy" DU exp { / d“waD(U)w]
—/DU exp (—See[U]), (13)
with the single-particle Dirac operator defined as

D(U) = id + iMU"s + if. (14)

Integrating out the quark fields in Eq. (13), we derive the
effective chiral action

Seit[U] = =N.Tr In D(U). (15)

Here M, 1, and U denote the dynamical quark mass, the
current-quark mass matrix, and the chiral field, respec-
tively. In the instanton vacuum, the dynamical quark mass
is momentum dependent, M (k), owing to the finite average
instanton size p. The instanton form factor suppresses
quark modes with k> p~!, so that p~! sets the natural
ultraviolet scale of the effective theory. In the present work,
we use a constant mass M (k) = M(0) = M and implement
this scale through the proper-time regularization. The cutoff
mass is identified approximately with a scale of order p~'.
The current-quark mass matrix is given as

m = diag(m,, my), (16)

and isospin symmetry is assumed, m, = m,; = m.
The chiral field U is an SU(2) matrix field containing the
pion fields. It is defined as

:1+75U+1—75

U’s
2 2

U', (17a)

U = exp (in“7%), (17b)

where 7 denote the pion fields and 7¢ represent the Pauli
matrices in flavor space. To describe a baryon, we use a
static pion field with hedgehog symmetry,

U’ (x) = exp [iysn - TP(r)], (18)
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where r = |x| and n? = x*/r, and the Euclidean y5 matrix
iS ys = y17273Y4- Equivalently, the pion field has the form
z%(x) = n“P(r), where P(r) is a radial profile function
satisfying P(0) =z and P(co0) =0. In this ansatz, the
isospin direction of the pion field is identified with the
radial direction in coordinate space.

From Eq. (14), the single-particle Dirac Hamiltonian is
obtained as

H(U) = y4yk0k + 7aMU"s + y,iin. (19)

Because of the hedgehog symmetry, the Hamiltonian is
invariant under combined rotations generated by the total
angular momentum J =L 4 S and the isospin T. The
generator of this combined rotation is the grand spin,

G=1J+T, (20)

where L and S are the orbital angular momentum and quark
spin operators. Hence [H(U),G] =0, and the single-
particle eigenstates can be classified by the grand-spin
quantum number.

The single-particle eigenfunctions and eigenenergies are
determined from

H(U)®, (x)
®, (x) =

= Enq)n(x)*

with (x|n), (21)
where the label n collectively denotes the quantum
numbers

n={G.Gs5.11,...}. (22)

Here G and G; stand for the grand spin and its
projection, respectively, Il is the parity, and the ellipsis
denotes the remaining radial quantum number. The
single-particle energies associated with these states form
the Dirac spectrum in the chiral background field. This
field polarizes the positive- and negative-energy continua
and, for a sufficiently strong field, produces a discrete
bound level

lev) = [n = {Fi. G = 0,Gy = 0,11 = +}) (23)

with —M < E}., < M. Occupying this bound level with
the N. valence quarks with the negative-energy Dirac
continuum (or Dirac sea) yields the ground-state baryon
with baryon number B = 1. Then the classical energy is
obtained by

EC][U] = NcElev[U] + Esea[U]' (24)
Here the first term comes from the occupied bound
level, whereas FE,, denotes the regularized and

vacuum-subtracted contribution of the filled negative-
energy continuum.

In the large-N, limit, the functional integral over U is
dominated by the configuration that minimizes E[U]. This
stationary configuration defines the self-consistent pion
mean field U,

5Ecl [U]
oU |y—u,

=0. (25)

Evaluating the energy functional at this field, we obtain the
classical nucleon mass

M, = Ecl[Ucl]' (26)

Details of the self-consistent construction are given
in Ref. [94].

Corrections beyond the leading order in the large-N,
expansion arise from 1/N, quantum fluctuations of the
pion field around the self-consistent field U, which are
neglected. The translational and rotational zero modes must
be considered completely. This will assign proper quantum
numbers for the nucleon. Thus, the collective Hamiltonian
is obtained as

2 7?

where § and 7' are the spin and isospin operators. The
moment of inertia is expressed as

(n|z* |m m|r |n)
=2 Z . (28)

n,occ
m.non

Here the sum runs over occupied levels n and nonoccupied
levels m of the Dirac Hamiltonian (19). Since I = O(N,.),
the rotational Hamiltonian is H,; = O(1/N,.) and there-
fore gives a subleading correction to the nucleon mass.

Because of the hedgehog symmetry, the collective
Hamiltonian (27) has the form of a spherical top. The
baryon collective wave functions are therefore its eigen-
functions and can be written as Wigner D-functions
carrying the spin and isospin quantum numbers of the
quantized classical nucleon. The explicit representation is
given in Ref. [94].

IV. TENSOR FORM FACTORS IN THE CHIRAL
QUARK-SOLITON MODEL

The nucleon matrix element of the tensor current can be
derived from the three-point correlation function,

034016-4
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(N(p',$5)|04E(0)IN(p. S3))

Loy T T
= 1m ex —1 ——1 -
7 A exp( ~ipay =Py

X /d3xd3y exp(—ip’ -y +ip-x)

x/ﬁwuwmnmywm%ymmaﬁw@

xewp| [ o' @D, (29)

where OZ?E is the Euclidean counterpart of the tensor

operator defined in Eq. (1). The nucleon Ioffe-type current
Jy consists of the N, valence quarks

1 BBy,
I (x> B W Cayay, F{S‘iS‘3TT3 Vap (x) ©Vay By, (x)’ (30)

where @; and f; denote color and spin-flavor indices,
respectively. The matrices l'@j}vg carry quantum numbers

such as spin S, isospin 7', and third components S3 and 7’3
for the nucleon.

We decompose the tensor-current matrix element com-
puted in the yQSM into isoscalar and isovector compo-
nents. In the strict large-N . limit, its spin-flavor structure
selects only the leading flavor components: the isoscalar
part of M“*4[ig%] and the isovector part of M“~¥[ic'].
The complementary components vanish at this order; see
Ref. [75] for details. They are generated once the rotational
zero modes are quantized. Although the corresponding
rotational corrections are subleading in the 1/N, expan-
sion, they give the leading nonvanishing contributions to
M¥=4[ic%] and M“*4[ic"]. Thus they complete the flavor
decomposition of the tensor-current matrix element beyond
the strict large-N . limit.

After evaluating the Euclidean correlation function in
Eq. (29), we convert the resulting matrix element from
Euclidean to Minkowski conventions before matching it to
the tensor form-factor decomposition in Eq. (8). The large-
N, scaling of the kinematic variables entering the matrix
element is

A% = O(N;Y),

A = O(NY), (31a)

P’ = O(N)), P =0O(NY), (31b)
with = O(N?). In our analysis, the nucleon mass is
identified with the classical nucleon mass up to rotational

corrections,
My =My +O(NY). (32)

Keeping this hierarchy, we organize the rotational contri-
butions in terms of mean-field form factors in the 3D BF

M i) = Yi1v/—1Fi, (33a)
MHigh] = itk 6k 2 My Yo Fitd
. t
— ielkgmykm —_Futd - (33b)

2Mc1 mf,2*

Here F\g, Fur1, and Fp, denote mean-field form
factors, with their dependence on ¢ suppressed for brevity.
The resulting multipole structures are consistent with the
general decomposition in Eq. (8).

The matching must be performed with the large-N,
hierarchy of both the kinematic factors (31) and the tensor
form factors kept consistently. The tensor form factors scale
as [75]

{H%_d, E%—d,ﬁl;_d}~{Ni,N2,N2}y (343)

{H  EF A7} ~ {NQ N NG} (34b)

We then relate the mean-field form factors to the tensor
form factors by matching Eq. (33) to the general decom-
position in Eq. (8). This gives

t

Hyt o S B =Fii. (3%)

N
HY 4 + B4+ 2HY = Fi. (35b)
E§te = Fitd, (35¢)

It is worth noting that the relation in Eq. (35b) reflects a
nontrivial large-N . cancellation. In the large-N, limit, the
leading parts of EY¥¢ and 2H4%“ cancel each other,
following the relation E4¢ = —2H%“ up to subleading
corrections [75,83]. As a result, the combination H%‘d +
E¥4 4+ 2%~ has a reduced large-N, scaling, which leads
to F;‘n;ﬁ = O(N,).

With the above relations in mind, we use the mean-field
form factors as the basis for the following analysis. Their
explicit expressions are obtained as

N, {nle!|m)
Frbo(n) = —6—; T —F
< (m{Z17 o (#1/=7) n). (362)
u—d iMclNc <n|7’-l|m>
me,l(t):_31 —7 E —E
v e n
PR X
x<m|h<|xF—r)Y’f(@ykﬂn» (36b)
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Futd(p) = — BMEN, < (n|7!|m)

mf~2 It n,non En - Em

o X
x<mwxquﬂy§Qﬂ)zwwm. (36¢)

Here =¥ = y%°y¥, and & denotes the position operator. The

function j; (|#]y/—1) is the spherical Bessel function, and
the irreducible tensors appearing in Eq. (36) are defined in
position space. The single-particle sums contain both the
discrete-level and Dirac-sea contributions. The discrete-
level contribution is obtained by restricting the occupied-
state sum over m to the bound level specified in Eq. (23).

To obtain the spatial representation of the mean-field
form factors, we insert the coordinate-space completeness
relation into Eq. (36). We define pij?(r), pi7¢(r), and
pu34(r) through

P = [ @risv=istie). G
Fto =3 [ @A o, amy
Papt =15 [ 20D . e

Their explicit expressions are given in the Appendix. These
distributions are normalized so that their 3D integrals yield
the corresponding tensor multipole moments,

P = [ Protit) = g (380)
Fﬁﬁ(0)=t/lﬂrp%#(ﬂzzk¢”+g¢d, (38b)
mﬂ@—/fWWM—wﬂ@. (38¢)

V. NUMERICAL RESULTS AND DISCUSSION

We are now in a position to present the numerical results
for the tensor form factors and their moments and to discuss
them. We first specify the model parameters used in the
self-consistent calculation. The dynamical quark mass is
taken to be M = 350 MeV, as motivated by the instanton-
vacuum picture of QCD [90]. We employ the proper-time
regularization scheme, in which the cutoff mass A and
the current quark mass m are fixed by reproducing the
experimental values of the pion decay constant f, =
93 MeV and the pion mass m, = 140 MeV, respectively.
This yields

A=643MeV,  m=16MeV. (39)

Further details of the parameter fixing are given in
Ref. [94].

With these parameters, we solve the Dirac eigenvalue
problem in Eq. (19) using the Kahana-Ripka method [99].
The classical energy functional constructed from the
resulting spectrum is minimized to determine the self-
consistent pion mean field. Evaluating the energy at this
minimum Yyields the classical nucleon mass,

My = 1254 MeV. (40)

The same finite-box basis is used to evaluate the tensor
form factors. In our previous work [75], a spherical box of
radius D = 11 fm was sufficient. In the present calculation,
however, E%"4(0) is sensitive to the large-distance region.
We therefore increase the box size to D = 56 fm to ensure
numerical convergence. The resulting tensor moments are
listed in Table I and are compared with those from other
models in Table II. As shown in Table I, the discrete level
provides the dominant contribution to the isoscalar tensor
“d[lev] = 0.78, whereas the Dirac sea contributes

charge, g7
only marginally, g%"“[sea] = 0.03. The latter amounts to

TABLE 1. Numerical results for the isoscalar tensor charge
g”}“’, the isovector tensor anomalous magnetic moment K';‘d, and

the isoscalar 3D tensor quadrupole moment E%"¢(0) of the

nucleon. The results are obtained with M =350 and
m, = 140 MeV.

Level Dirac sea Total
g?rd 0.78 0.03 0.81
K%‘d 1.56 0.41 1.97
Eﬁ‘l(o) 5.66 0.32 5.98
TABLE II. The mean-field results for the tensor form factors

compared with those from lattice QCD [10,52,55], the bag model
[4,70,100], the light-front constituent quark model (CQM) [68],
and QCD sum rules [101]. For the lattice calculations, Alexan-
drou et al [52,55] used the physical pion mass, whereas
Bhattacharya et al. [10] used ensembles with m, = 130, 220,
and 310 MeV.

g?rd K%_d E;er
This work 0.81 1.97 5.98
Lattice QCD [52] 0.563 +0.026
Lattice QCD [10] 0.541 £ 0.067
Lattice QCD [55] 1.051 £ 0.094
Bag model [100] 0.80
Bag model [4] 0.88
Bag model [70] 0.82 £0.12 3.7
CQM [68] (HO) 1.24
CQM [68] (HYP) 0.81
Sum rule [101] 1.82
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only about 2%-3% of the total value, g™ = 0.81. This
result is close to the MIT bag-model estimates, g™ = 0.88
[41], g?*d = 0.80[100], and gﬁd = 0.82 [70]. Since the bag
model is based mainly on valence-quark degrees of free-
dom, this agreement supports the dominance of the valence
contribution to the isoscalar tensor charge. Lattice QCD
calculations give smaller values, g?*d = 0.563 +0.026
[52] and g?’d = 0.541 £ 0.067 [10]. The present result
is larger than these values by about 30%. In the current
calculation, however, the isoscalar tensor charge is evalu-
ated at the leading nonvanishing order in the 1/N.
expansion. The discrepancy may therefore be attributed,
at least in part, to subleading 1/N,_. corrections.

For the isovector tensor anomalous magnetic moment,
the discrete-level contribution is x% “[lev] = 1.56, while
the Dirac-sea contribution is k% ¢[sea] = 0.41. The latter
accounts for about 21% of the total value and is therefore
sizable compared with the sea contributions to the other
tensor moments. This sizable sea contribution can be traced
to the chiral structure of the corresponding tensor operator,
which differs from those of the other tensor moments [84].
The total value is K%‘d = 1.97, which is larger than the
light-front constituent quark model estimates. Using a
harmonic-oscillator wave function (HO), Ref. [68] obtained
x%4~4 = 1.24, while the hypercentral potential (HYP) gives
k44 = 0.81. This difference is not unexpected, since
constituent quark models are based primarily on valence
degrees of freedom, whereas the present calculation con-
tains a sizable contribution from the polarized Dirac sea.
Lattice QCD gives K%‘d = 1.051 £ 0.094 [55], which is
substantially smaller than our result. The difference may
reflect several systematic effects, including the model scale
of the yQSM and the truncation of the 1/N, expansion. In
addition, a direct comparison with lattice QCD requires the
tensor operator to be matched at the same renormalization
scale. We therefore regard this comparison as qualitative.
Finally, the light-cone QCD sum-rule calculation of
Ref. [101] gives K‘}‘d = 1.82, which is in close agreement
with our total value.

The isoscalar tensor quadrupole moment receives a
discrete-level contribution of E4"(0)[lev] = 5.66 and a
Dirac-sea contribution of E%"(0)[sea] = 0.32. The sea
contribution is therefore about 5.5% of the discrete-level
contribution, showing that E%"¢(0) is dominated by the
valence level. The total value is E4"(0) = 5.98. This
behavior differs from that of the isovector tensor quadrupole
moment, for which the Dirac-sea contribution amounts to
almost half of the total value [75]. This valence dominance
allows a direct comparison with quark-model calculations. In
particular, a recent bag-model study [70] also finds a positive
value for E;(0), although its magnitude is smaller than ours.
Since the tensor charge, corresponding to the monopole
component, is of comparable size in the two approaches, the
larger difference in the quadrupole moment is likely related

1.0
e Level 4
0.8 —=— Dirac sea _|
——— Total
3
St
------ Level ]
= L —— Dirac sea
> 15: —— Total 7
= I ]
™ L 7
7 1.0: ]
Zs 0.5¢ _:
& N Ty ]
L TS~ ]
O O R i et oo
0.0 0.2 0.4 0.6 0.8 1.0
—t[GeV?]
6
‘.'_ ...... Level -
5 —"'._ —— Dirac sea =
r —— Total 1
4 ;
K 2™ _
- T i
0-~7‘F—T—r—r—r—r—h—F
0.0 0.2 0.4 0.6 0.8 1.0
—t[GeV?]
FIG. 1. The ¢ dependence of the tensor form factors

(H%*d, E?‘d + ZI:I?‘I, E;*d). Solid curves: total contributions,
including the discrete-level and Dirac-sea parts. Dashed
curves: Dirac-sea contributions. Dotted curves: discrete-level
contributions.

to its stronger sensitivity to the relativistic structure of the
quark wave functions. As shown in our previous work [75],
the tensor charge is dominated by the large (nonrelativistic)
component, while the small (relativistic) component gives
only a subleading correction. By contrast, the tensor quadru-
pole moment is more sensitive to the small component. The
difference from the bag-model result therefore reflects the
different relativistic dynamics realized in the two approaches.

The tensor multipole moments are given by the forward
limits of the tensor form factors, while their ¢t dependence
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provides additional information on the nucleon structure.
We therefore evaluate the tensor form factors using
Eq. (36). Since the large-N, expansion is reliable only
for |f| < M%, we restrict ourselves to |z| <1 GeV?2. The
numerical results are displayed in Fig. 1, where the solid
curves show the total results, while the dotted and dashed
ones correspond to the discrete-level and Dirac-sea con-
tributions, respectively.

The Dirac-sea contributions to H%™ and E%™ decrease
monotonically with increasing —¢ and remain much smaller
than the corresponding discrete-level contributions. These
form factors are therefore largely governed by the valence
level. By contrast, the Dirac-sea contribution to E%9 +
2HY%¢ exhibits a pronounced falloff already in the small-|¢|
region and is sizable compared with the sea contributions to
H*4 and E%". This indicates that the polarized Dirac sea
plays a non-negligible role in the dipole structure.

VI. SUMMARY AND CONCLUSIONS

In this work, we have investigated the multipole structure
of nucleon tensor form factors within the framework of the
chiral quark-soliton model. This work extends our previous
leading-order study in the 1/N. expansion, in which the
dominant tensor multipole form factors were obtained. In
the leading-order treatment, the classical nucleon is
described by a static pion mean field. Owing to the
spin-flavor symmetry of this mean field, only selected
isospin combinations contribute to the tensor multipole
form factors. Thus, while the leading-order result captures
the dominant structures, it does not complete the flavor
decomposition. To obtain the missing flavor components,
one has to include the collective rotational motion of the
classical nucleon. These rotations generate the rotational
1/N, corrections, which provide the first nonvanishing
contributions to the isospin components that are absent at
leading order. In the present work, we computed these
contributions explicitly and thereby obtained the sublead-
ing tensor multipole form factors. We then examined the
numerical size of these contributions through the tensor
multipole moments. The resulting values are g™ = 0.81,
k44 =197, and E4™(0) = 5.98. By separating the dis-
crete-level and Dirac-sea contributions, we found that the

isoscalar tensor charge ¢4 and the isoscalar tensor

quadrupole moment E4¢(0) are largely dominated by
the discrete level. This explains why these observables are
close to the quark-model picture based mainly on valence-
quark degrees of freedom. The isovector anomalous tensor
magnetic moment K%‘d, however, exhibits a different
behavior. It receives a sizable Dirac-sea contribution,
indicating that sea-quark effects are more relevant for
the isovector tensor dipole structure than for the isoscalar
monopole and quadrupole moments. This pattern is also

reflected in the momentum-transfer dependence of the
corresponding tensor form factors. In the region considered
here, all three form factors decrease monotonically as —¢
increases. Among them, the isovector anomalous tensor
magnetic form factor, E%%(t) +2H4 (1), exhibits a
particularly rapid falloff in the small-|f| region. This
behavior is consistent with its sizable Dirac-sea contribu-
tion and further supports the importance of sea-quark
effects in the isovector tensor dipole structure.

As a future direction, the present framework can be
extended in several ways. First, the rotational 1/N.,
expansion also induces corrections to the leading tensor
form factors themselves. Although these contributions are
subleading, they are needed to complete the flavor decom-
position of the tensor multipole form factors in a consistent
manner at the same order in the 1/N, expansion. Their
numerical evaluation, however, requires a careful treatment
of the spectral sums over the quark single-particle states. In
particular, the rotational 1/N, correction to the isovector
tensor quadrupole form factor is highly sensitive to finite-
box effects in the Kahana-Ripka basis, which makes its
numerical convergence difficult to control. We therefore
leave a systematic calculation of this correction for future
work. Second, the present framework can be generalized to
flavor SU(3) symmetry. Such an extension would allow us
to include the strange-quark contribution and thereby
complete the flavor decomposition beyond the two-flavor
sector. It would also make it possible to investigate the
tensor form factors of the lowest-lying hyperons within the
same theoretical framework. Finally, the A baryon appears
as a rotationally excited state of the classical nucleon and
can be treated on the same footing as the nucleon. The
study of the A tensor form factors would therefore provide
access to a richer tensor structure and clarify how the tensor
multipole patterns change under rotational excitation.

ACKNOWLEDGMENTS

H.-Ch. K. is grateful to Cédric Lorcé for valuable
discussion and hospitality during his visit to Le Centre
de Physique Théorique (CPHT) at Ecole polytechnique,
where part of the present work was done. The work was
supported by the Basic Science Research Program through
the National Research Foundation of Korea funded by the
Korean government (Ministry of Education, Science and
Technology, MEST), Grant No. RS-2025-00513982. H.-
Y. W. acknowledges France Excellence scholarship through
Campus France funded by the French government
(Ministere de 1’Europe et des Affaires Etrangeres), Grant
No. 141295X. N.-Y. Gh. received funding from the Basic
Science Research Program of the National Research
Foundation of Korea, funded by the Korean government
(Ministry of Education, Science and Technology, MEST),
under Grant No. RS-2025-25430144.

034016-8



MULTIPOLE STRUCTURE OF NUCLEON TENSOR FORM ...

PHYS. REV. D 114, 034016 (2026)

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX: 3D TENSOR MULTIPOLE
DISTRIBUTIONS

In this appendix, we give the explicit expressions for the
spatial distributions introduced in Eq. (37) in terms of
irreducible matrix elements:

pd(r) = —&( s il (0o irlfiev)

+ZR';m<n||n||m><m||r>{om}1<r||n>),

| (Ala)
i MaN, (= {levl[ziln)
pTld(r) o 3\/§I <E11¢Elev Eiy - E,
<l {0} (rllev) + SR ey )
x <m||r>{om}1<r||n>>, (Alb)

wracy _ _2MAN, (levl|zi||n)
P (r) =
151 En:féElev ElCV N En

x (nl[) {02} (rlllev) + > Ry {nl[z][m)

x <m||r>{on}1<r||n>). (Alc)

Here, the first term in each expression is the discrete-level
contribution, while the second term is the Dirac-sea
contribution. The Dirac-sea contribution is regularized
by the function R3™ in the proper-time regularization
scheme, with the cutoff mass A given in Eq. (39). The
explicit form of R™ is

R 1 © du e—uEﬁ _ e—uE,zﬂ
3 _2\/7_1' I/AZ\/F/Z M(E,Zn—E%)
E —uE? E —uFE?,
_Ene 4 By } . (A2)
Em - En

The operators {Oro}y, {O71}y, and {Op,}, appearing in
the spatial distributions have the following explicit forms:

{070} = 21", (A3a)
{0} = [[dnrY, @ 71y ® 7y, (A3b)
{012}, = [47r°Y5> ® Z4],70- (A3c)
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