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We investigate the multipole structure of nucleon tensor form factors within the chiral quark-soliton
model based on the 1=Nc expansion. Extending the previous leading-order analysis [N.-Y. Ghim et al.,
Phys. Rev. D 111, 074024 (2025)], we include the rotational 1=Nc corrections. These corrections provide
the leading nonvanishing contributions to the flavor components that are absent at leading order, thereby
completing the flavor decomposition of the tensor multipole form factors at the present order. We
numerically evaluate the isoscalar tensor charge, the isovector anomalous tensor magnetic moment, and the
isoscalar tensor quadrupole moment, obtaining guþd

T ¼ 0.81, κu−dT ¼ 1.97, and Euþd
T ð0Þ ¼ 5.98, respec-

tively. The isoscalar tensor charge and quadrupole moment are mainly governed by the valence-quark
contribution, whereas the isovector anomalous tensor magnetic moment receives a sizable Dirac-sea
contribution. We also examine the momentum-transfer dependence of the corresponding form factors.
They decrease monotonically with increasing −t. In particular, the isovector anomalous tensor magnetic
form factor shows a pronounced falloff in the small-jtj region, reflecting the importance of the Dirac sea in
the tensor dipole structure.
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I. INTRODUCTION

The tensor charges of the nucleon carry several signifi-
cant physical implications, which are defined as the
forward nucleon matrix elements of the tensor bilinear
quark operators [1–4]. For example, they are essential for
probing new physics through precision β-decay experi-
ments and for setting limits on the neutron electric dipole
moment beyond the Standard Model [5–12]. They also play
an important role in the interactions of dark matter with the
nucleon [12–18]. Originally, the flavor-singlet tensor
charge was introduced as the first Mellin moment of the
transversity parton distribution function (PDF) h1ðxÞ [2,3],
which provides essential information on the spin structure
of the nucleon [2,3,19–23] (see also the reviews [24–26]).
While the leading-twist unpolarized PDF f1ðxÞ and the

longitudinally polarized PDF g1ðxÞ can be measured in

deep-inelastic scattering [27,28], the third leading-twist
distribution, the transversely polarized PDF h1ðxÞ, is
inaccessible in inclusive deep-inelastic scattering.
Instead, it can be extracted from processes such as the
transverse spin asymmetry ATT in Drell-Yan pp̄ reactions
[29–32] and in semi-inclusive deep-inelastic scattering
(SIDIS) at HERMES and COMPASS [33–36]. More
refined extractions were performed in Refs. [37,38] by
combining SIDIS data with the Collins fragmentation
function [39] measured by the Belle Collaboration [40].
Since then, additional empirical information on the tensor
charges has been obtained [41–46]. Moreover, increasingly
precise lattice QCD results have been accumulated over
several decades [47–57].
The chiral-odd generalized parton distributions (GPDs)

broaden the physical meaning of the tensor charges and
related form factors [58–65], since they encode information
on both PDFs and form factors. In particular, the tensor
form factors arise as the first Mellin moments of the chiral-
odd GPDs. As discussed in Refs. [2,3], the flavor-singlet
tensor charge counts valence quarks (quarks minus anti-
quarks) of opposite transversity. Notably, sea quarks do not
contribute because the tensor bilinear quark operator is odd
under charge conjugation. In contrast, the axial-vector
operator is even under charge conjugation, so the axial
charge receives contributions from sea-quark helicities. At
leading twist, there are four chiral-odd GPDs [58,59].
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However, only three independent first Mellin moments
survive, since one of the GPDs vanishes upon integration
over the Bjorken variable x. These three moments corre-
spond to the independent multipole tensor form factors. In
the forward limit, the first becomes the tensor charge δq for
quark flavor q. The second is the tensor anomalous
magnetic dipole moment κqT , which characterizes the
deformation of the average transverse position of quarks
polarized in the transverse direction relative to the trans-
verse center of light-front momentum for an unpolarized
target [66]. In Refs. [48,67], the transverse spin structure of
the nucleon was further explored using chiral-odd GPDs. In
this context, the final tensor form factor Qq

T was identified
with the tensor quadrupole moment, which characterizes
the quadrupole distortion of the transverse spin density in
the polarized nucleon. These chiral-odd GPDs and tensor
form factors have been studied within various theoretical
approaches, including constituent quark models in the
light-cone basis [68,69], MIT bag models [4,70], light-
front quark models [71,72], light-cone quark models [73],
and QCD sum rules [74].
They have also been studied in the chiral quark-soliton

model (χQSM) [75–84]. In our previous work [75], we
revisited the tensor form factors, ensuring consistency
between the chiral-odd GPDs [83] and the tensor form
factors in the large-Nc limit of QCD. We elaborated on the
anomalous tensor magnetic dipole moments studied in
Refs. [81,82], and we computed the leading contribution to
the tensor quadrupole moment QT in the large-Nc limit.
This quantity is as important as the tensor charge and the
anomalous tensor magnetic dipole moment, since it is also
related to the leading-twist chiral-odd GPD H̃T .
This work extends the investigation of Ref. [75] by

including rotational 1=Nc corrections [84] within the
framework of the χQSM. The model has the distinctive
advantage that it satisfies the polynomiality of the chiral-
odd GPDs and various sum rules in the large-Nc limit of
QCD [83]. The χQSM incorporates chiral symmetry and its
spontaneous breaking in QCD, which can be derived from
the instanton vacuum [85–88] (see Refs. [89,90] for
reviews). The instanton vacuum is characterized by two
parameters, namely the average instanton size ρ̄ ≈ 1=3 fm
and the mean separation between instantons (and anti-
instantons) R̄ ≈ 1 fm. It generates localized quark zero
modes with definite chirality, which subsequently become
delocalized and undergo chirality flips as quarks propagate
through the instanton–anti-instanton medium. As a result,
the quarks acquire a dynamical mass and the pseudo–
Nambu-Goldstone bosons emerge, realizing the spontane-
ous breaking of chiral symmetry (SBχS). Furthermore, this
picture introduces the instanton packing fraction as a small
parameter, enabling a systematic expansion for studying
SBχS and hadronic correlation functions. Effective dynam-
ics at the scale R̄ can be constructed using 1=Nc expansion
techniques, including the saddle-point approximation and

bosonization. This leads to a description in which quarks
with a dynamical mass M ∼ 0.3–0.4 GeV interact with a
chiral pion field. Within this framework, the nucleon
emerges as a bound state of Nc valence quarks in a self-
consistent mean field [91]. Thus, the χQSM provides a
concrete realization of the baryon picture in large-Nc QCD
[92,93]. This effective chiral theory for the nucleon has
been very successful in describing many nucleon observ-
ables (see Ref. [94] for a review). The model can also
describe low-lying singly heavy baryons on the same
footing [95–98].
This work is organized as follows. We first set up the

general formalism of the tensor form factors in Sec. II,
where the multipole expansion is performed in the Breit
frame. After briefly reviewing the basic ingredients of the
χQSM in Sec. III, we apply the model to the tensor form
factors and derive the relevant expressions in Sec. IV.
The numerical results are then presented and discussed in
Sec. V. Finally, Sec. VI summarizes the main findings and
gives the conclusions.

II. TENSOR FORM FACTORS

The quark tensor operator is defined by

Oμν
q ðxÞ ¼ ψ̄qðxÞiσμνψqðxÞ; ð1Þ

where ψq is the quark field operator of flavor q ¼ u; d; � � �,
and σμν ¼ i½γμ; γν�=2. We denote the matrix element of the
tensor operator as

Mq½iσμν� ¼ hNðp0; S03ÞjOμν
q ð0ÞjNðp; S3Þi; ð2Þ

where p and p0 are, respectively, the initial and final
nucleon four momenta, and S3 and S03 are the corresponding
spin projections. The nucleon states are normalized as

hNðp0; S03ÞjNðp; S3Þi ¼ ð2πÞ32p0δS0
3
S3δ

ð3Þðp0 − pÞ: ð3Þ

Then Eq. (2) can be parametrized in terms of the tensor
form factors

Mq½iσμν� ¼ ū

�
Hq

Tiσ
μν þ H̃q

T
PμΔν − PνΔμ

M2
N

þ Eq
T
γμΔν − γνΔμ

2MN

�
u; ð4Þ

where u≡ uðp; S3Þ and ū≡ ūðp0; S03Þ. The average
momentum and momentum transfer are defined by

P ¼ p0 þ p
2

; Δ ¼ p0 − p: ð5Þ

For on-shell nucleons, p02 ¼ p2 ¼ M2
N , they obey
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P · Δ ¼ 0; P2 þ Δ2

4
¼ M2

N; ð6Þ

where MN is the nucleon mass. The form factors
Fq ≡ FqðtÞ, with F ¼ HT; H̃T; ET , are functions of
t ¼ Δ2; their dependence on the renormalization scale is
understood and not displayed explicitly.
We work in the three-dimensional (3D) Breit frame (BF),

where the average momentum and momentum transfer are
given by

P ¼ ðP0; 0Þ; Δ ¼ ð0;ΔÞ; ð7Þ

with ðP0Þ2 ¼ M2
N − t=4 following from the on-shell

constraint (6). In this frame, the matrix element (4) can
be expanded in terms of irreducible tensors constructed
from Δ,

Mq½iσ0k� ¼ 1Yk
1

ffiffiffiffiffi
−t

p �
Hq

T þ Eq
T þ 2ðP0Þ2

M2
N

H̃q
T

�
; ð8aÞ

Mq½iσij� ¼ 2MNiϵijkσkY0

×

��
P0

3MN
þ2

3

�
Hq

T þ
t

6M2
N
Eq
T

�

− iϵijkσmYkm
2

t
2MN

�
MN

P0þMN
Hq

T þEq
T

�
: ð8bÞ

Here the rank-n irreducible tensors are defined as

Y0 ¼ 1; Yi
1 ¼

Δi

jΔj ; Yij
2 ¼ ΔiΔj

Δ2
−
1

3
δij; ð9Þ

where the spatial indices run over i, j ¼ 1, 2, 3, and

1≡ δS0
3
S3 ; σ ≡ σS0

3
S3 ð10Þ

denote the identity matrix and the Pauli matrices between
the initial and final spin states, respectively.
Equation (8) exhibits three independent tensor multi-

pole structures. We define the corresponding 3D tensor
multipole moments by the form-factor combinations at
t ¼ 0 [75]:

Monopole∶ Hq
Tð0Þ; ð11aÞ

Dipole∶ Hq
Tð0Þ þ Eq

Tð0Þ þ 2H̃q
Tð0Þ; ð11bÞ

Quadrupole∶
1

2
Hq

Tð0Þ þ Eq
Tð0Þ: ð11cÞ

For comparison, the corresponding two-dimensional tensor
multipole moments are defined in Ref. [75] as

Monopole∶ Hq
Tð0Þ ¼ gqT; ð12aÞ

Dipole∶ Eq
Tð0Þ þ 2H̃q

Tð0Þ ¼ κqT; ð12bÞ

Quadrupole∶ 2H̃q
Tð0Þ ¼ Qq

T: ð12cÞ

III. CHIRAL QUARK-SOLITON MODEL

In this section, we briefly review the χQSM, an effective
theory for baryons, and show how the tensor form factors
can be evaluated within this framework. The low-energy
effective QCD partition function is written in Euclidean
space as

Zeff ¼
Z

DψDψ†DU exp

�Z
d4xψ†DðUÞψ

�

¼
Z

DU exp ð−Seff ½U�Þ; ð13Þ

with the single-particle Dirac operator defined as

DðUÞ ¼ i∂þ iMUγ5 þ im̂: ð14Þ

Integrating out the quark fields in Eq. (13), we derive the
effective chiral action

Seff ½U� ¼ −Nc Tr ln DðUÞ: ð15Þ

Here M, m̂, and U denote the dynamical quark mass, the
current-quark mass matrix, and the chiral field, respec-
tively. In the instanton vacuum, the dynamical quark mass
is momentum dependent,MðkÞ, owing to the finite average
instanton size ρ̄. The instanton form factor suppresses
quark modes with k≳ ρ̄−1, so that ρ̄−1 sets the natural
ultraviolet scale of the effective theory. In the present work,
we use a constant massMðkÞ ¼ Mð0Þ≡M and implement
this scale through the proper-time regularization. The cutoff
mass is identified approximately with a scale of order ρ̄−1.
The current-quark mass matrix is given as

m̂ ¼ diagðmu;mdÞ; ð16Þ

and isospin symmetry is assumed, mu ¼ md ¼ m.
The chiral field U is an SU(2) matrix field containing the

pion fields. It is defined as

Uγ5 ¼ 1þ γ5
2

U þ 1 − γ5
2

U†; ð17aÞ

U ¼ exp ðiπaτaÞ; ð17bÞ

where πa denote the pion fields and τa represent the Pauli
matrices in flavor space. To describe a baryon, we use a
static pion field with hedgehog symmetry,

Uγ5ðxÞ ¼ exp ½iγ5 n · τPðrÞ�; ð18Þ

MULTIPOLE STRUCTURE OF NUCLEON TENSOR FORM … PHYS. REV. D 114, 034016 (2026)

034016-3



where r ¼ jxj and na ¼ xa=r, and the Euclidean γ5 matrix
is γ5 ≡ γ1γ2γ3γ4. Equivalently, the pion field has the form
πaðxÞ ¼ naPðrÞ, where PðrÞ is a radial profile function
satisfying Pð0Þ ¼ π and Pð∞Þ ¼ 0. In this ansatz, the
isospin direction of the pion field is identified with the
radial direction in coordinate space.
From Eq. (14), the single-particle Dirac Hamiltonian is

obtained as

HðUÞ ¼ γ4γk∂k þ γ4MUγ5 þ γ4m̂: ð19Þ

Because of the hedgehog symmetry, the Hamiltonian is
invariant under combined rotations generated by the total
angular momentum J ¼ Lþ S and the isospin T. The
generator of this combined rotation is the grand spin,

G ¼ J þ T; ð20Þ

where L and S are the orbital angular momentum and quark
spin operators. Hence ½HðUÞ;G� ¼ 0, and the single-
particle eigenstates can be classified by the grand-spin
quantum number.
The single-particle eigenfunctions and eigenenergies are

determined from

HðUÞΦnðxÞ ¼ EnΦnðxÞ;
with ΦnðxÞ≡ hxjni; ð21Þ

where the label n collectively denotes the quantum
numbers

n ¼ fG;G3;Π;…g: ð22Þ

Here G and G3 stand for the grand spin and its
projection, respectively, Π is the parity, and the ellipsis
denotes the remaining radial quantum number. The
single-particle energies associated with these states form
the Dirac spectrum in the chiral background field. This
field polarizes the positive- and negative-energy continua
and, for a sufficiently strong field, produces a discrete
bound level

jlevi≡ jn ¼ fElev; G ¼ 0; G3 ¼ 0;Π ¼ þgi ð23Þ

with −M < Elev < M. Occupying this bound level with
the Nc valence quarks with the negative-energy Dirac
continuum (or Dirac sea) yields the ground-state baryon
with baryon number B ¼ 1. Then the classical energy is
obtained by

Ecl½U� ¼ NcElev½U� þ Esea½U�: ð24Þ
Here the first term comes from the occupied bound
level, whereas Esea denotes the regularized and

vacuum-subtracted contribution of the filled negative-
energy continuum.
In the large-Nc limit, the functional integral over U is

dominated by the configuration that minimizes Ecl½U�. This
stationary configuration defines the self-consistent pion
mean field Ucl,

δEcl½U�
δU

����
U¼Ucl

¼ 0: ð25Þ

Evaluating the energy functional at this field, we obtain the
classical nucleon mass

Mcl ¼ Ecl½Ucl�: ð26Þ

Details of the self-consistent construction are given
in Ref. [94].
Corrections beyond the leading order in the large-Nc

expansion arise from 1=Nc quantum fluctuations of the
pion field around the self-consistent field Ucl, which are
neglected. The translational and rotational zero modes must
be considered completely. This will assign proper quantum
numbers for the nucleon. Thus, the collective Hamiltonian
is obtained as

Hrot ¼
Ŝ2

2I
¼ T̂2

2I
; ð27Þ

where Ŝ and T̂ are the spin and isospin operators. The
moment of inertia is expressed as

I ¼ Nc

6

X
n;occ
m;non

hnjτajmihmjτajni
Em − En

: ð28Þ

Here the sum runs over occupied levels n and nonoccupied
levels m of the Dirac Hamiltonian (19). Since I ¼ OðNcÞ,
the rotational Hamiltonian is Hrot ¼ Oð1=NcÞ and there-
fore gives a subleading correction to the nucleon mass.
Because of the hedgehog symmetry, the collective

Hamiltonian (27) has the form of a spherical top. The
baryon collective wave functions are therefore its eigen-
functions and can be written as Wigner D-functions
carrying the spin and isospin quantum numbers of the
quantized classical nucleon. The explicit representation is
given in Ref. [94].

IV. TENSOR FORM FACTORS IN THE CHIRAL
QUARK-SOLITON MODEL

The nucleon matrix element of the tensor current can be
derived from the three-point correlation function,
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hNðp0; S03ÞjOμν
q;Eð0ÞjNðp; S3Þi

¼ 1

Zeff
lim
T→∞

exp

�
−ip4

T
2
− ip0

4

T
2

�

×
Z

d3xd3y expð−ip0 · yþ ip · xÞ

×
Z

DψDψ†DUJNðy; T=2ÞOμν
q;Eð0ÞJNðx;−T=2Þ

× exp

�Z
d4zψ†ðzÞDðUÞψðzÞ

�
; ð29Þ

where Oμν
q;E is the Euclidean counterpart of the tensor

operator defined in Eq. (1). The nucleon Ioffe-type current
JN consists of the Nc valence quarks

JNðxÞ ¼
1

Nc!
ϵα1���αNc

Γβ1���βNc
SS3TT3

ψα1β1ðxÞ � � �ψαNcβNc
ðxÞ; ð30Þ

where αi and βi denote color and spin-flavor indices,

respectively. The matrices Γβ1���βNc
SS3TT3

carry quantum numbers
such as spin S, isospin T, and third components S3 and T3

for the nucleon.
We decompose the tensor-current matrix element com-

puted in the χQSM into isoscalar and isovector compo-
nents. In the strict large-Nc limit, its spin-flavor structure
selects only the leading flavor components: the isoscalar
part of Muþd½iσ0k� and the isovector part of Mu−d½iσij�.
The complementary components vanish at this order; see
Ref. [75] for details. They are generated once the rotational
zero modes are quantized. Although the corresponding
rotational corrections are subleading in the 1=Nc expan-
sion, they give the leading nonvanishing contributions to
Mu−d½iσ0k� andMuþd½iσij�. Thus they complete the flavor
decomposition of the tensor-current matrix element beyond
the strict large-Nc limit.
After evaluating the Euclidean correlation function in

Eq. (29), we convert the resulting matrix element from
Euclidean to Minkowski conventions before matching it to
the tensor form-factor decomposition in Eq. (8). The large-
Nc scaling of the kinematic variables entering the matrix
element is

Δ0 ¼ OðN−1
c Þ; Δ ¼ OðN0

cÞ; ð31aÞ

P0 ¼ OðN1
cÞ; P ¼ OðN0

cÞ; ð31bÞ

with t ¼ OðN0
cÞ. In our analysis, the nucleon mass is

identified with the classical nucleon mass up to rotational
corrections,

MN ¼ Mcl þOðN−1
c Þ: ð32Þ

Keeping this hierarchy, we organize the rotational contri-
butions in terms of mean-field form factors in the 3D BF

Mu−d½iσ0k� ¼ Yk
1 1

ffiffiffiffiffi
−t

p
Fu−d
mf;1; ð33aÞ

Muþd½iσij� ¼ iϵijk σk 2Mcl Y0F
uþd
mf;0

− iϵijkσmYkm
2

t
2Mcl

Fuþd
mf;2: ð33bÞ

Here Fmf;0, Fmf;1, and Fmf;2 denote mean-field form
factors, with their dependence on t suppressed for brevity.
The resulting multipole structures are consistent with the
general decomposition in Eq. (8).
The matching must be performed with the large-Nc

hierarchy of both the kinematic factors (31) and the tensor
form factors kept consistently. The tensor form factors scale
as [75]

fHu−d
T ; Eu−d

T ; H̃u−d
T g ∼ fN1

c; N3
c; N3

cg; ð34aÞ

fHuþd
T ; Euþd

T ; H̃uþd
T g ∼ fN0

c; N2
c; N2

cg: ð34bÞ

We then relate the mean-field form factors to the tensor
form factors by matching Eq. (33) to the general decom-
position in Eq. (8). This gives

Huþd
T þ t

6M2
N
Euþd
T ¼ Fuþd

mf;0; ð35aÞ

Hu−d
T þ Eu−d

T þ 2H̃u−d
T ¼ Fu−d

mf;1; ð35bÞ

Euþd
T ¼ Fuþd

mf;2: ð35cÞ

It is worth noting that the relation in Eq. (35b) reflects a
nontrivial large-Nc cancellation. In the large-Nc limit, the
leading parts of Eu−d

T and 2H̃u−d
T cancel each other,

following the relation Eu−d
T ¼ −2H̃u−d

T up to subleading
corrections [75,83]. As a result, the combination Hu−d

T þ
Eu−d
T þ 2H̃u−d

T has a reduced large-Nc scaling, which leads
to Fu−d

mf;1 ¼ OðNcÞ.
With the above relations in mind, we use the mean-field

form factors as the basis for the following analysis. Their
explicit expressions are obtained as

Fuþd
mf;0ðtÞ ¼ −

Nc

6I

X
n;non
m;occ

hnjτljmi
En − Em

× hmjΣlγ0j0ðjx̂j
ffiffiffiffiffi
−t

p Þjni; ð36aÞ

Fu−d
mf;1ðtÞ ¼ −

iMclNc

3I
ffiffiffiffiffi
−t

p
X
n;non
m;occ

hnjτljmi
En − Em

× hmjj1ðjx̂j
ffiffiffiffiffi
−t

p ÞYk
1

�
x̂
jx̂j

�
γkτljni; ð36bÞ
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Fuþd
mf;2ðtÞ ¼ −

3M2
clNc

It

X
n;non
m;occ

hnjτljmi
En − Em

× hmjj2ðjx̂j
ffiffiffiffiffi
−t

p ÞYlk
2

�
x̂
jx̂j

�
Σkγ0jni: ð36cÞ

Here Σk ¼ γ0γ5γk, and x̂ denotes the position operator. The
function jLðjx̂j

ffiffiffiffiffi
−t

p Þ is the spherical Bessel function, and
the irreducible tensors appearing in Eq. (36) are defined in
position space. The single-particle sums contain both the
discrete-level and Dirac-sea contributions. The discrete-
level contribution is obtained by restricting the occupied-
state sum over m to the bound level specified in Eq. (23).
To obtain the spatial representation of the mean-field

form factors, we insert the coordinate-space completeness
relation into Eq. (36). We define ρuþd

T0 ðrÞ, ρu−dT1 ðrÞ, and
ρuþd
T2 ðrÞ through

Fuþd
mf;0ðtÞ ¼

Z
d3rj0ðr

ffiffiffiffiffi
−t

p Þρuþd
T0 ðrÞ; ð37aÞ

Fu−d
mf;1ðtÞ ¼ 3

Z
d3r

j1ðr
ffiffiffiffiffi
−t

p Þ
r

ffiffiffiffiffi
−t

p ρu−dT1 ðrÞ; ð37bÞ

Fuþd
mf;2ðtÞ ¼ 15

Z
d3r

j2ðr
ffiffiffiffiffi
−t

p Þ
ðr ffiffiffiffiffi

−t
p Þ2 ρuþd

T2 ðrÞ: ð37cÞ

Their explicit expressions are given in the Appendix. These
distributions are normalized so that their 3D integrals yield
the corresponding tensor multipole moments,

Fuþd
mf;0ð0Þ ¼

Z
d3r ρuþd

T0 ðrÞ ¼ guþd
T ; ð38aÞ

Fu−d
mf;1ð0Þ ¼

Z
d3r ρu−dT1 ðrÞ ¼ κu−dT þ gu−dT ; ð38bÞ

Fuþd
mf;2ð0Þ ¼

Z
d3r ρuþd

T2 ðrÞ ¼ Euþd
T ð0Þ: ð38cÞ

V. NUMERICAL RESULTS AND DISCUSSION

We are now in a position to present the numerical results
for the tensor form factors and their moments and to discuss
them. We first specify the model parameters used in the
self-consistent calculation. The dynamical quark mass is
taken to be M ¼ 350 MeV, as motivated by the instanton-
vacuum picture of QCD [90]. We employ the proper-time
regularization scheme, in which the cutoff mass Λ and
the current quark mass m are fixed by reproducing the
experimental values of the pion decay constant fπ ¼
93 MeV and the pion mass mπ ¼ 140 MeV, respectively.
This yields

Λ ¼ 643 MeV; m ¼ 16 MeV: ð39Þ

Further details of the parameter fixing are given in
Ref. [94].
With these parameters, we solve the Dirac eigenvalue

problem in Eq. (19) using the Kahana-Ripka method [99].
The classical energy functional constructed from the
resulting spectrum is minimized to determine the self-
consistent pion mean field. Evaluating the energy at this
minimum yields the classical nucleon mass,

Mcl ¼ 1254 MeV: ð40Þ

The same finite-box basis is used to evaluate the tensor
form factors. In our previous work [75], a spherical box of
radiusD ¼ 11 fm was sufficient. In the present calculation,
however, Euþd

T ð0Þ is sensitive to the large-distance region.
We therefore increase the box size to D ¼ 56 fm to ensure
numerical convergence. The resulting tensor moments are
listed in Table I and are compared with those from other
models in Table II. As shown in Table I, the discrete level
provides the dominant contribution to the isoscalar tensor
charge, guþd

T ½lev� ¼ 0.78, whereas the Dirac sea contributes
only marginally, guþd

T ½sea� ¼ 0.03. The latter amounts to

TABLE I. Numerical results for the isoscalar tensor charge
guþd
T , the isovector tensor anomalous magnetic moment κu−dT , and
the isoscalar 3D tensor quadrupole moment Euþd

T ð0Þ of the
nucleon. The results are obtained with M ¼ 350 and
mπ ¼ 140 MeV.

Level Dirac sea Total

guþd
T 0.78 0.03 0.81
κu−dT 1.56 0.41 1.97
Euþd
T ð0Þ 5.66 0.32 5.98

TABLE II. The mean-field results for the tensor form factors
compared with those from lattice QCD [10,52,55], the bag model
[4,70,100], the light-front constituent quark model (CQM) [68],
and QCD sum rules [101]. For the lattice calculations, Alexan-
drou et al. [52,55] used the physical pion mass, whereas
Bhattacharya et al. [10] used ensembles with mπ ¼ 130, 220,
and 310 MeV.

guþd
T κu−dT Euþd

T

This work 0.81 1.97 5.98
Lattice QCD [52] 0.563� 0.026 … …
Lattice QCD [10] 0.541� 0.067 … …
Lattice QCD [55] … 1.051� 0.094 …
Bag model [100] 0.80 … …
Bag model [4] 0.88 … …
Bag model [70] 0.82� 0.12 … 3.7
CQM [68] (HO) … 1.24 …
CQM [68] (HYP) … 0.81 …
Sum rule [101] … 1.82 …
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only about 2%–3% of the total value, guþd
T ¼ 0.81. This

result is close to the MIT bag-model estimates, guþd
T ¼ 0.88

[4], guþd
T ¼ 0.80 [100], and guþd

T ¼ 0.82 [70]. Since the bag
model is based mainly on valence-quark degrees of free-
dom, this agreement supports the dominance of the valence
contribution to the isoscalar tensor charge. Lattice QCD
calculations give smaller values, guþd

T ¼ 0.563� 0.026
[52] and guþd

T ¼ 0.541� 0.067 [10]. The present result
is larger than these values by about 30%. In the current
calculation, however, the isoscalar tensor charge is evalu-
ated at the leading nonvanishing order in the 1=Nc
expansion. The discrepancy may therefore be attributed,
at least in part, to subleading 1=Nc corrections.
For the isovector tensor anomalous magnetic moment,

the discrete-level contribution is κu−dT ½lev� ¼ 1.56, while
the Dirac-sea contribution is κu−dT ½sea� ¼ 0.41. The latter
accounts for about 21% of the total value and is therefore
sizable compared with the sea contributions to the other
tensor moments. This sizable sea contribution can be traced
to the chiral structure of the corresponding tensor operator,
which differs from those of the other tensor moments [84].
The total value is κu−dT ¼ 1.97, which is larger than the
light-front constituent quark model estimates. Using a
harmonic-oscillator wave function (HO), Ref. [68] obtained
κu−dT ¼ 1.24, while the hypercentral potential (HYP) gives
κu−dT ¼ 0.81. This difference is not unexpected, since
constituent quark models are based primarily on valence
degrees of freedom, whereas the present calculation con-
tains a sizable contribution from the polarized Dirac sea.
Lattice QCD gives κu−dT ¼ 1.051� 0.094 [55], which is
substantially smaller than our result. The difference may
reflect several systematic effects, including the model scale
of the χQSM and the truncation of the 1=Nc expansion. In
addition, a direct comparison with lattice QCD requires the
tensor operator to be matched at the same renormalization
scale. We therefore regard this comparison as qualitative.
Finally, the light-cone QCD sum-rule calculation of
Ref. [101] gives κu−dT ¼ 1.82, which is in close agreement
with our total value.
The isoscalar tensor quadrupole moment receives a

discrete-level contribution of Euþd
T ð0Þ½lev� ¼ 5.66 and a

Dirac-sea contribution of Euþd
T ð0Þ½sea� ¼ 0.32. The sea

contribution is therefore about 5.5% of the discrete-level
contribution, showing that Euþd

T ð0Þ is dominated by the
valence level. The total value is Euþd

T ð0Þ ¼ 5.98. This
behavior differs from that of the isovector tensor quadrupole
moment, for which the Dirac-sea contribution amounts to
almost half of the total value [75]. This valence dominance
allows a direct comparisonwith quark-model calculations. In
particular, a recent bag-model study [70] also finds a positive
value for ETð0Þ, although its magnitude is smaller than ours.
Since the tensor charge, corresponding to the monopole
component, is of comparable size in the two approaches, the
larger difference in the quadrupole moment is likely related

to its stronger sensitivity to the relativistic structure of the
quark wave functions. As shown in our previous work [75],
the tensor charge is dominated by the large (nonrelativistic)
component, while the small (relativistic) component gives
only a subleading correction. By contrast, the tensor quadru-
pole moment is more sensitive to the small component. The
difference from the bag-model result therefore reflects the
different relativistic dynamics realized in the two approaches.
The tensor multipole moments are given by the forward

limits of the tensor form factors, while their t dependence

FIG. 1. The t dependence of the tensor form factors
ðHuþd

T ; Eu−d
T þ 2H̃u−d

T ; Euþd
T Þ. Solid curves: total contributions,

including the discrete-level and Dirac-sea parts. Dashed
curves: Dirac-sea contributions. Dotted curves: discrete-level
contributions.
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provides additional information on the nucleon structure.
We therefore evaluate the tensor form factors using
Eq. (36). Since the large-Nc expansion is reliable only
for jtj ≪ M2

N, we restrict ourselves to jtj≲ 1 GeV2. The
numerical results are displayed in Fig. 1, where the solid
curves show the total results, while the dotted and dashed
ones correspond to the discrete-level and Dirac-sea con-
tributions, respectively.
The Dirac-sea contributions to Huþd

T and Euþd
T decrease

monotonically with increasing −t and remain much smaller
than the corresponding discrete-level contributions. These
form factors are therefore largely governed by the valence
level. By contrast, the Dirac-sea contribution to Eu−d

T þ
2H̃u−d

T exhibits a pronounced falloff already in the small-jtj
region and is sizable compared with the sea contributions to
Huþd

T and Euþd
T . This indicates that the polarized Dirac sea

plays a non-negligible role in the dipole structure.

VI. SUMMARY AND CONCLUSIONS

In this work, we have investigated the multipole structure
of nucleon tensor form factors within the framework of the
chiral quark-soliton model. This work extends our previous
leading-order study in the 1=Nc expansion, in which the
dominant tensor multipole form factors were obtained. In
the leading-order treatment, the classical nucleon is
described by a static pion mean field. Owing to the
spin-flavor symmetry of this mean field, only selected
isospin combinations contribute to the tensor multipole
form factors. Thus, while the leading-order result captures
the dominant structures, it does not complete the flavor
decomposition. To obtain the missing flavor components,
one has to include the collective rotational motion of the
classical nucleon. These rotations generate the rotational
1=Nc corrections, which provide the first nonvanishing
contributions to the isospin components that are absent at
leading order. In the present work, we computed these
contributions explicitly and thereby obtained the sublead-
ing tensor multipole form factors. We then examined the
numerical size of these contributions through the tensor
multipole moments. The resulting values are guþd

T ¼ 0.81,
κu−dT ¼ 1.97, and Euþd

T ð0Þ ¼ 5.98. By separating the dis-
crete-level and Dirac-sea contributions, we found that the
isoscalar tensor charge guþd

T and the isoscalar tensor
quadrupole moment Euþd

T ð0Þ are largely dominated by
the discrete level. This explains why these observables are
close to the quark-model picture based mainly on valence-
quark degrees of freedom. The isovector anomalous tensor
magnetic moment κu−dT , however, exhibits a different
behavior. It receives a sizable Dirac-sea contribution,
indicating that sea-quark effects are more relevant for
the isovector tensor dipole structure than for the isoscalar
monopole and quadrupole moments. This pattern is also

reflected in the momentum-transfer dependence of the
corresponding tensor form factors. In the region considered
here, all three form factors decrease monotonically as −t
increases. Among them, the isovector anomalous tensor
magnetic form factor, Eu−d

T ðtÞ þ 2H̃u−d
T ðtÞ, exhibits a

particularly rapid falloff in the small-jtj region. This
behavior is consistent with its sizable Dirac-sea contribu-
tion and further supports the importance of sea-quark
effects in the isovector tensor dipole structure.
As a future direction, the present framework can be

extended in several ways. First, the rotational 1=Nc
expansion also induces corrections to the leading tensor
form factors themselves. Although these contributions are
subleading, they are needed to complete the flavor decom-
position of the tensor multipole form factors in a consistent
manner at the same order in the 1=Nc expansion. Their
numerical evaluation, however, requires a careful treatment
of the spectral sums over the quark single-particle states. In
particular, the rotational 1=Nc correction to the isovector
tensor quadrupole form factor is highly sensitive to finite-
box effects in the Kahana-Ripka basis, which makes its
numerical convergence difficult to control. We therefore
leave a systematic calculation of this correction for future
work. Second, the present framework can be generalized to
flavor SU(3) symmetry. Such an extension would allow us
to include the strange-quark contribution and thereby
complete the flavor decomposition beyond the two-flavor
sector. It would also make it possible to investigate the
tensor form factors of the lowest-lying hyperons within the
same theoretical framework. Finally, the Δ baryon appears
as a rotationally excited state of the classical nucleon and
can be treated on the same footing as the nucleon. The
study of the Δ tensor form factors would therefore provide
access to a richer tensor structure and clarify how the tensor
multipole patterns change under rotational excitation.
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APPENDIX: 3D TENSOR MULTIPOLE
DISTRIBUTIONS

In this appendix, we give the explicit expressions for the
spatial distributions introduced in Eq. (37) in terms of
irreducible matrix elements:

ρuþd
T0 ðrÞ ¼ −

Nc

6I

� X
En≠Elev

hlevjjτ1jjni
Elev − En

hnjjrifOT0g1hrjjlevi

þ
X
n;m

Rnm
3 hnjjτ1jjmihmjjrifOT0g1hrjjni

�
;

ðA1aÞ

ρu−dT1 ðrÞ ¼ −
iMclNc

3
ffiffiffi
3

p
I

� X
En≠Elev

hlevjjτ1jjni
Elev − En

× hnjjrifOT1g1hrjjlevi þ
X
n;m

Rnm
3 hnjjτ1jjmi

× hmjjrifOT1g1hrjjni
�
; ðA1bÞ

ρuþd
T2 ðrÞ ¼ −

2M2
clNc

15I

� X
En≠Elev

hlevjjτ1jjni
Elev − En

× hnjjrifOT2g1hrjjlevi þ
X
n;m

Rnm
3 hnjjτ1jjmi

× hmjjrifOT2g1hrjjni
�
: ðA1cÞ

Here, the first term in each expression is the discrete-level
contribution, while the second term is the Dirac-sea
contribution. The Dirac-sea contribution is regularized
by the function Rnm

3 in the proper-time regularization
scheme, with the cutoff mass Λ given in Eq. (39). The
explicit form of Rnm

3 is

Rnm
3 ¼ 1

2
ffiffiffi
π

p
Z

∞

1=Λ2

duffiffiffi
u

p
�
e−uE

2
n − e−uE

2
m

uðE2
m − E2

nÞ

−
Ene−uE

2
n þ Eme−uE

2
m

Em − En

�
: ðA2Þ

The operators fOT0g1, fOT1g1, and fOT2g1 appearing in
the spatial distributions have the following explicit forms:

fOT0g1 ¼ Σ1γ
0; ðA3aÞ

fOT1g1 ¼ ½½4πrY1 ⊗ γ1�0 ⊗ τ�1; ðA3bÞ

fOT2g1 ¼ ½4πr2Y2 ⊗ Σ1�1γ0: ðA3cÞ
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