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In this paper, we address a foundational challenge in quantum field theory on curved spacetime by
developing a consistent framework in spherically symmetric loop quantum gravity. We introduce a
methodology for defining meaningful superpositions of quantum geometry and matter states near the
semiclassical apparent horizon. This is achieved by identifying a restricted subspace of the gravitational
phase space, which ensures unitary equivalence among Fock representations of a scalar field across
different quantum geometries. Within the resulting well-defined state space, we derive weak solutions to
the quantum Hamiltonian constraint of general relativity near the semiclassical apparent horizon.
Furthermore, we generalize the Hartle-Hawking vacuum state to this quantum geometric framework.
The resulting state exhibits the inherent entanglement between geometry and matter, which arises from the
quantum Hamiltonian constraint of general relativity. This work establishes a principled framework for
studying geometry-matter entanglement and offers new insights into the quantum foundations of the black
hole information paradox.

DOI: 10.1103/wl57-t1lv

I. INTRODUCTION

The black hole information paradox remains one
of the most profound challenges at the interface of quantum
mechanics (QM) and general relativity (GR). Specifically,
while black holes are among the most significant predic-
tions of GR, Hawking’s discovery of thermal radiation from
evaporating black holes suggests that information about the
initial state of matter may be lost during evaporation—
thereby violating the unitarity of QM [1–8]. A central
development in addressing this paradox is the derivation of
the Page curve, which describes the time evolution of the
entanglement entropy of Hawking radiation under the
assumption of unitary evaporation [9–11]. The Page curve
implies that, at late times, the entropy of the radiation is
suppressed as it becomes purified by correlations with the
remaining black hole interior—a process that necessarily
requires entanglement between the radiation field and the
underlying spacetime geometry. This insight strongly
suggests that a complete resolution of the informa-
tion paradox must account for the quantum nature of
geometry itself. In a full quantum gravity framework,
the total state of the system may take the form of an
entangled superposition

jΨi ¼
X
g;ϕ

cg;ϕjgi ⊗ jϕi; ð1Þ

where jgi denotes a quantum state of spacetime geometry
and jϕi a state of the matter field. However, while the Page
curve has been successfully reproduced using semiclassical
gravitational path integrals and replica wormhole tech-
niques [8,11–13], these approaches do not yet provide a
dynamical unitary evolution of a state like (1) within a
concrete Hilbert space of quantum gravity. More funda-
mentally, the very definition of the product states jgi ⊗ jϕi
remains ambiguous: what does it mean to define a quantum
field on a quantum geometry [14,15]?
Historically, quantum field theory on curved spacetime

(QFTCS) sidesteps this issue by treating geometry as a
fixed classical background g, on which matter states jϕig
are constructed [16–18]. This approach is perturbative in
nature, since the backreaction of the energy-momentum
tensor T̂μν of the quantum matter field on the classical
geometry is ignored or effectively treated via the effective
Einstein equation Gμν ¼ 8πGhT̂μνi. However, from the
perspective of quantum gravity, distinct matter states
generically correspond to distinct geometric configura-
tions, even if their classical limits coincide. In particular,
these microscopic geometric distinctions may encode the
microstates responsible for black hole entropy [19–24].*Contact author: cong.zhang@bnu.edu.cn
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Consequently, when considering the entanglement between
geometry and matter, the QFTCS prescription—building
all jϕi on a single classical g—becomes ill defined, as it
conflates physically distinct quantum geometries [25].
To construct the entangled state (1) rigorously, three

interrelated obstacles must be overcome:
(1) A well-defined Hilbert space Hg for quantum

geometry, containing states jgi that admit a semi-
classical interpretation;

(2) A consistent formulation of the matter Hilbert space
Hϕ on each quantum geometry jgi, such that the
superpositions of the product states jgi ⊗ jϕi across
different jgi are mathematically meaningful;

(3) The product states jgi ⊗ jϕi must satisfy the quan-
tum constraints of GR, reflecting its nature as a
totally constrained Hamiltonian system [26,27].

In this work, we address these challenges within the
framework of loop quantum gravity (LQG)—a nonpertur-
bative, background-independent approach to quantum grav-
ity that provides a rigorously defined kinematical Hilbert
space for geometry [28–33]. LQG has already yielded
microscopic derivations of black hole entropy through
counting of boundary states [34–42], and its polymer
quantization scheme resolves the classical singularity in
symmetry-reduced models, yielding bouncing cosmology
models and regular black hole interiors [43–57]. Specifically,
we work in the spherically symmetric model of gravity and
employ semiclassical coherent states jgi in loop quantum
theory for gravitational quantum states, with jgi being
sharply peaked at classical phase space points and satisfying
the Ehrenfest property [58–62]. To tackle the second
obstacle, we recognize that the Fock representation of a
scalar field depends on the background geometry. For arbi-
trary jgi and jg0i, the corresponding Fock spacesHϕ

g andH
ϕ
g0

are generally unitarily inequivalent, rendering superpositions
like (1) ill defined [17]. We resolve this by identifying a
restricted subspace Uv;v0 of the gravitational phase space, in
which the Bogoliubov transformation between Fock spaces
Hϕ

g andH
ϕ
g0 satisfies the Shale-Stinespring criterion (i.e., the

β coefficients form a Hilbert-Schmidt operator) [17,63]. In
this restricted subset Uv;v0 , a common Fock spaceHϕ exists,
enabling a quantum state space H̃g ⊗ Hϕ in which super-
positions like (1) are well defined. The third obstacle stems
from the fact that GR, in its Hamiltonian formulation, is
governed entirely by the ADM constraints—the diffeomor-
phism and Hamiltonian constraints [26,27]. Hence, physical
states must lie in the kernel of quantum constraint operators.
Rather than seeking strong solutions (which remain elusive
even in reduced models), we adopt a weak constraint
approach. In detail, we require that matrix elements of the
quantum Hamiltonian constraint vanish between selected
coherent–Fock states. This yields a family of approximate
physical states that are inherently entangled between quan-
tum geometries and matter.

Our results show that weak solutions to the quantum
Hamiltonian constraint, which are constructed from gravi-
tational coherent states jgi and scalar Fock states jϕi,
naturally encode entanglement between geometry and
matter. Specifically, when the coherent state jgi is peaked
at a semiclassical geometry containing an apparent horizon,
the admissible Fock modes (defined in a modified tortoise
coordinate) are correlated with the fluctuating wave packets
on the gravitational phase space. Crucially, this correlation
is not imposed by hand, but emerges as a direct conse-
quence of the imposition of the constraint of GR. Moreover,
we consider a generalized Hartle-Hawking vacuum on
quantum geometry by superposing the weak solutions of
the quantum Hamiltonian constraint, which takes precisely
the entangled form (1). Generally, this work provides a
concrete realization of how the constraints of GR enforce
geometry-matter entanglement, and it may offer a first-
principles foundation for understanding the quantum
origin of the Page curve and the unitary evaporation of
black holes.
This paper is organized as follows. In Sec. II A, we will

review the classical theory of the gravitationally spherically
symmetric model coupled to a massless scalar field in its
Hamiltonian formulation; Then, in Sec. II B, we will
consider the quantum scalar field on a classical geometry
and highlight a fundamental issue inherent in QFT on a
fixed classical background geometry. To tackle this issue,
we will turn to quantum gravity in Sec. III. Specifically, in
Sec. III A, we will discuss the unitary equivalence among
Fock representations for the scalar field across different
quantum geometries; then, the well-defined weak solution
space of the quantum Hamiltonian constraint will be given
in Sec. III B; Further, in Sec. III C, we will establish a
generalized Hartle-Hawking vacuum on quantum geometry
by superposing weak solutions of the quantum Hamiltonian
constraint and analyze its properties. Finally, we conclude
in Sec. IV with a discussion of our results and future
directions.

II. SPHERICALLY SYMMETRIC MODEL
OF GRAVITY COUPLING

TO MASSLESS SCALAR FIELD

A. Classical theory

The spherically symmetric model of gravity provides us
an effective and simplified framework to study GR and its
quantization theory. By carrying out the spherically sym-
metric reduction in the connection formulation of GR, the
degrees of freedom of phase space are eliminated and the
constraint equations are simplified [51,64–67]. Now, let us
first give the basic elements of the spherically symmetric
model of gravity in the connection formulation.
The connection formulation of the spherically symmetric

GR contains a spatial three-manifold Σ ¼ X × S2 carrying
the suð2Þ-valued Ashtekar-Barbero connection field Ai

a and
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its conjugate momentum field Eb
j , where X denotes a 1D

manifold and S2 is the two-sphere. Let us introduce the
coordinates ðx; θ;φÞ on Σ which adapt to its topology.
Then, the phase space Pg of the gravitational field is
coordinatized by the reduced fields ðKx; Ex; Kφ; EφÞ
defined on the quotient manifold Σ=SUð2Þ ≅ X [64,68].
The Ashtekar-Barbero variables ðAi

a; Eb
j Þ in terms of the

reduced variables ðKx; Ex; Kφ; EφÞ can be given as [69,70]

Ai
aτidxa ¼ Ki

aτidxa þ Γi
aτidxa;

Ea
i τ

i
∂a ¼ Ex sin θτ3∂x þ Eφ sin θτ1∂θ þ Eφτ2∂φ; ð2Þ

where τj ¼ −iσj=2 with σj being the Pauli matrices, Γi
a is

the spin connection compatible with the densitized triad Ea
i ,

and Ki
a is the extrinsic curvature 1-form given by

Ki
aτidxa ¼ Kxτ3dxþ Kφτ1dθ þ Kφ sin θτ2dφ: ð3Þ

The spatial metric qab related to Ea
i by ˜̃qab ¼ Ea

i E
b
jδ

ij with
qacqcb ¼ δab and ˜̃qab being double densitized. The line
element of qab on Σ can be expressed in terms of the
canonical variables ðKx; Ex; Kφ; EφÞ as

ds2 ¼ ðEφÞ2
jExj dx2 þ jExjðdθ2 þ sin2 θdφ2Þ: ð4Þ

Moreover, the extrinsic curvature Kab of Σ is given by
Kab ¼ ffiffiffi

q
p −1qbcKi

aEc
i with q being the determinant of qab.

The nonvanishing Poisson brackets between the phase
space variables are

fKxðxÞ; Exðx0Þg ¼ 2Gδðx − x0Þ;
fKφðxÞ; Eφðx0Þg ¼ Gδðx − x0Þ; ð5Þ

where G is the gravitational constant.
The Hamiltonian formulation of a massless scalar field in

the spherical symmetric model is based on the phase space
Pϕ, which is composed by the fields ðϕ; πϕÞ defined on the
quotient manifold X, and equipped with the nonvanishing
Poisson brackets,

fϕðxÞ; πϕðx0Þg ¼ δðx − x0Þ: ð6Þ
Then, the total phase space of the spherically symmetric
model of gravity coupled to the massless scalar field is
given as Pg × Pϕ. Moreover, this system is totally con-
strained and is governed by two sets of constraints: the
diffeomorphism constraint Hx and the Hamiltonian con-
straint H. They are expressed as

Hx ¼ Hg
x þHϕ

x ≈ 0 ð7Þ
and

H ¼ Hg þHϕ ≈ 0; ð8Þ

respectively, where [69,70]

Hg ¼ −2
Eφ

∂xEx ∂xM þ 2

ffiffiffiffiffiffi
Ex

p
Kφ

∂xEx Hg
x;

Hg
x ¼ 1

2G
ð−Kx∂xEx þ 2Eφ

∂xKφÞ ð9Þ

withM ¼
ffiffiffiffi
Ex

p
2G ð1þ ðKφÞ2 − ð∂xExÞ2

4ðEφÞ2 Þ being the Misner-Sharp

mass [71], and

Hϕ ¼ 1

2

�
π2ϕffiffiffiffiffiffi
Ex

p
Eφ

þ ðExÞ3=2
Eφ ð∂xϕÞ2

�
; Hϕ

x ¼ πϕ∂xϕ:

ð10Þ

Note that the gravitational part Hg of Hamiltonian con-
straint is just the standard Hamiltonian constraint of GR,
which is formulated as a combination of two terms. These
two terms are proportional to the total derivative of Misner-
Sharp mass and the gravitational part of diffeomorphism
constraint, respectively. These constraints form a first class
constraint system, with the corresponding constraint alge-
bra being given by

fH½N �; H½M�g ¼ Hx

�
Ex

ðEφÞ2 ðN ∂xM −M∂xN Þ
�
; ð11Þ

fH½N �; Hx½Mx�g ¼ −H½Mx∂xN �; ð12Þ

and

fHx½N x�; Hx½Mx�g ¼ Hx½N x∂xMx −Mx∂xN x�; ð13Þ

where N , M are the lapse functions and N x, Mx are shift
vectors.
To define the apparent horizon in the spherically sym-

metric model of gravity, let us express the null outward
expansion of two-spheres in terms of the canonical vari-
ables ðKx; Ex; Kφ; EφÞ. In the following part of this article,
we choose the gauge Eφ > 0 and Ex > 0 without loss of
generality. Then, for the two-sphere S defined by x ¼
constant with outward unit normal

Sa ¼
ffiffiffiffiffiffi
Ex

p

Eφ

�
∂

∂x

�
a
;

the null outward expansion of S in the spherically sym-
metric model can be expressed as [72–74]

Θout ¼ DaSa þ KabSaSb − K

¼ 1ffiffiffiffiffiffi
Ex

p
Eφ

∂xðExÞ − 2ffiffiffiffiffiffi
Ex

p Kφ; ð14Þ

where Da is determined by Dcqab ¼ 0 and K ≔ Kabqab.
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Now, let us turn to consider the solutions of the
constraints. To obtain the quantum physical states, one
needs to quantize the phase space Pg × Pϕ to get the
corresponding Hilbert space Hg ⊗ Hϕ, and then solve the
quantum versions of the diffeomorphism constraint Hx and
the Hamiltonian constraint H. In this paper, we focus only
on the quantum solution of Hamiltonian constraint H. The
first step to seek the quantum solution is introducing the
smearing version of Hamiltonian constraint H. Recall that
the gravitational part Hg of Hamiltonian constraint is
expressed as a combination of two terms, which are
proportional to the total derivative of Misner-Sharp mass
and the gravitational part of diffeomorphism constraint,
respectively. This expression of Hg suggests us to refor-
mulate the total Hamiltonian H as

H ¼ −2
Eφ

∂xEx ∂xM þ 2

ffiffiffiffiffiffi
Ex

p
Kφ

∂xEx Hg
x þHϕ

¼ −2
Eφ

∂xEx

�
∂xM −

ffiffiffiffiffiffi
Ex

p

Eφ KφH
g
x −

∂xEx

2Eφ Hϕ

�
≕ − 2

Eφ

∂xEx H̃: ð15Þ

Then, we consider the smeared version of H̃, which reads

H̃ðv; v0Þ ≔
Z

xðv0Þ

xðvÞ
dxH̃ ¼ ðMv0 −MvÞ − H̃ϕðv; v0Þ; ð16Þ

where v, v0 are two arbitrary points on the one-dimensional
manifold X, and H̃ϕðv; v0Þ is defined by

H̃ϕðv; v0Þ ≔
Z

xðv0Þ

xðvÞ
dx

� ffiffiffiffiffiffi
Ex

p

Eφ KφH
g
x þ ∂xEx

2Eφ Hϕ

�
: ð17Þ

One can see that the Hamiltonian constraint equations
H ¼ 0 are solved if and only if the equations

H̃ðv; v0Þ ¼ ðMv0 −MvÞ − H̃ϕðv; v0Þ ¼ 0 ð18Þ

are solved for all v; v0 ∈X. In the following part of this
article, we will focus on the solution of the quantum version
of Eq. (18).
To carry out a further discussion, let us fix the gauge by

introducing the areal radius R as

Ex ¼ R2; ð19Þ

where R is a certain field on X and RðxÞ > 0 is a
monotonically increasing function. Now, R and x provide
two coordinate systems respectively. In particular, the
evolution along the coordinates R and x are relational to
the geometric variable

ffiffiffiffiffiffi
Ex

p
and R−1ð ffiffiffiffiffiffi

Ex
p Þ respectively,

and RðxÞ is the corresponding coordinate transformation.

Then, let us solve the diffeomorphism constraint Hx ¼ 0,
which leads to

Kx ¼
2Eφ

∂xKφ þ 2Gπϕ∂xϕ

∂xEx : ð20Þ

Now, the remaining dynamical variables contain only the
pairs g ¼ ðKφ; EφÞ and ðϕ; πϕÞ, which formulate a reduced
phase space P̄g × Pϕ with g∈ P̄g.

B. Issue of quantum field theory on classical geometry

The quantum theory of the scalar field on a specific
classical spacetime geometry can be established by effec-
tively solving Eq. (18). In other words, one can fix the
geometry components and promote the scalar field com-
ponent as the quantum counterpart in Eq. (18), which leads
to the effective Hamiltonian constraint equation

Mv0 ðgÞ −MvðgÞ ¼
hϕ0jc̃Hϕðg; v; v0Þjϕi

hϕ0jϕi ð21Þ

where g ¼ fEφðgÞ; EφðgÞg is a point in the reduced phase
space P̄g, Mv0 ðgÞ;MvðgÞ are the values of Mv0 ;Mv at the

phase space point g, respectively, and c̃Hϕðg; v; v0Þ is
defined by

c̃Hϕðg; v; v0Þ ¼
Z

v0

v
dx

�
RðxÞ

�
Kφ

Eφ

����
g

�
Hg

xðgÞ

þ
�
RðxÞ∂xRðxÞ

EφðxÞ
����
g

�
ĤϕðgÞ

�
ð22Þ

withHg
xðgÞ being the value ofHg

x at the phase space point g
and ĤϕðgÞ being defined by

ĤϕðgÞ ≔ 1

2

��
1

RðxÞEφðxÞ
����
g

�
ðπ̂ϕðxÞÞ2

þ
�ðRðxÞÞ3

EφðxÞ
����
g

�
ð∂xϕ̂Þ2Þ: ð23Þ

Then, for the given spatial (intrinsic and extrinsic) geom-
etry g, the quantum scalar field in the region xðvÞ < x <
xðv0Þ must satisfy Eq. (21).
There is no guarantee that the matter HamiltonianR

v0
v dx

�
RðxÞ∂xRðxÞ

EφðxÞ
���
g

	
ĤϕðgÞ can be well represented in the

Fock space based on the plane wave eikx for an arbitrary
coordinate system x. To find a specific coordinate, we
reformulate the matter Hamiltonian asZ

v0

v
dx

�
RðxÞ∂xRðxÞ

EφðxÞ
����
g

�
ĤϕðgÞ

¼ 1

2

Z
v0

v
dx

�
R2ðxÞ∂xRðxÞ
ðEφðxÞÞ2

����
g

�
ðπ̂

2
ϕðxÞ

R2ðxÞ þ R2ðxÞð∂xϕ̂Þ2Þ:

ð24Þ
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This formulation of matter Hamiltonian can be well
represented in the Fock space based on the plane wave
eikx, if RðxÞ satisfies

R2ðxÞ∂xRðxÞ ¼ ðEφðxÞÞ2 ð25Þ

and

xðv0Þ − xðvÞ → ∞: ð26Þ

Notice that Eφ has density one and thus EφðRÞ ¼ ∂x
∂RE

φðxÞ.
Then, Eq. (25) becomes

R2ðxÞ ¼ ∂xRðxÞðEφðRÞÞ2; ð27Þ

and Eq. (26) becomes

xðv0Þ − xðvÞ ¼
Z

v0

v
dx ¼

Z
v0

v
dR

ðEφðRÞÞ2
R2

→ ∞: ð28Þ

From now on, let us focus on a specific collection Sv;v0 of
g, which ensures Eqs. (27) and (28) have a solution in the
interval RðvÞ < R < Rðv0Þ. This collection Sv;v0 is given by

Sv;v0 ≡


g∈PgjΘoutðgÞjv ¼ 0; KφðgÞjRðvÞ<R<Rðv0Þ

¼ 0;
Z

v0

v
dR

ðEφðRÞÞ2
R2

→ ∞
�
; ð29Þ

where the null outward expansion satisfying ΘoutðgÞjv ¼ 0
means an apparent horizon at R ¼ Rh ¼ RðvÞ, and
KφðgÞjRðvÞ<R<Rðv0Þ ¼ 0 is a gauge choice with respect to
the Hamiltonian constraint. For an arbitrary spatial (intrin-
sic and extrinsic) geometry g∈Sv;v0, we can solve Eqs. (27)
and (28) by fixing the coordinate x as the tortoise
coordinate x�g, with x�gðRÞ being given by

x�gðRÞ ¼ δ�g −
Z

Rðv0Þ

R
dx�g ¼ δ�g −

Z
Rðv0Þ

R
dR

ðEφðRÞÞ2
R2

;

0 < δ�g < þ∞: ð30Þ

It is easy to see that x�g satisfies the boundary condition

x�gðvÞ → −∞; x�gðv0Þ ¼ δ�g: ð31Þ

Let us then start to represent the matter HamiltonianR
v0
v dxð∂xEx

2Eφ jgÞĤϕðgÞ as a well-defined operator in the

Fock space based on the plane wave eikx
�
g . The nonvanish-

ing quantum commutator corresponding to (6) in the
tortoise coordinate x�g is given by

½ϕ̂ðx�gÞ; π̂ϕðx0�gÞ� ¼ iℏδðx�g − x0�gÞ: ð32Þ

One can define the annihilation operator agk as

agk ≔ lim
L→∞

Z þL

−L
dx̌�ge−ikx̌

�
g

1ffiffiffiffiffiffiffiffi
2ωk

p
�
R · ωkϕ̂ðx̌�gÞ þ i

π̂ϕðx̌�gÞ
R

�
ð33Þ

where ωk ≔ jkj, R ¼ Rðx̌�gÞ and

x̌�g ¼ x�g þ L − δ�g: ð34Þ

Correspondingly, the Hermitian conjugate gives the crea-
tion operator ag;†k as

ag;†k ≔ lim
L→∞

Z þL

−L
dx̌�geikx̌

�
g

1ffiffiffiffiffiffiffiffi
2ωk

p
�
R ·ωkϕ̂ðx̌�gÞ− i

π̂ϕðx̌�gÞ
R

�
:

ð35Þ

Then, the operators ϕ̂ðx̌�gÞ and π̂ϕðx̌�gÞ in the region −∞ <
x�g < δ�g can be given as

ϕ̂ðx̌�gÞ ¼L→∞
Z

dk
2π

1ffiffiffiffiffiffiffiffi
2ωk

p
�
eikx̌

�
g

R
agk þ

e−ikx̌
�
g

R
ag;†k

�
ð36Þ

and

π̂ϕðx̌�gÞ ¼L→∞ð−iÞ
Z

dk
2π

ffiffiffiffiffiffi
ωk

2

r
Rðeikx̌�gagk − e−ikx̌

�
gag;†k Þ ð37Þ

where we used

lim
L→∞

Z þL

−L
dx̌�geikx̌

�
g ¼ 2πδðkÞ: ð38Þ

Furthermore, by using (32), one can check that

½agk; ag;†k0 � ¼L→∞
2πℏδðk − k0Þ; ½agk; agk0 � ¼L→∞½ag;†k ; ag;†k0 � ¼L→∞

0:

ð39Þ

With this algebra between agk and ag;†k0 established, one can
define the vacuum state (Boulware-like) j0Big in the region
−∞ < x�g < δ�g by

agkj0Big ¼ 0; ∀ k: ð40Þ

Correspondingly, the one-particle state can be defined as

jkig ≔ ag;†k j0Big ð41Þ

with the inner product

hk0jkig ¼ δðk0 − kÞ: ð42Þ
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Then, one can introduce the Hilbert spaceHϕ
g of the field ϕ

spanned by acting on the vacuum with all possible
combinations of ag;†k , which reads

Hϕ
g ≔ fj0Big; ag;†k j0Big; ag;†k ag;†k0 j0Big; ag;†k ag;†k0 a

g;†
k00 j0Big;…g:

ð43Þ

We make two remarks on the construction of the Fock
space Hϕ

g . First, Eq. (34) can be regarded as a coordinate
transformation introducing the modified tortoise coordinate
x̌�g. This modified tortoise coordinate x̌�g ensures that the
region −∞ < x�g < δ�g can be represented as −∞ < x̌�g <
þ∞ in the limit L → ∞. Hence, the Fock spaceHϕ

g can be
constructed in the region −∞ < x�g < δ�g based on the mode

eikx̌
�
g . Second, notice that the construction ofHϕ

g is valid for
all of g∈Sv;v0 . However, the Fock spaces Hϕ

g constructed

on different g may not be equivalent; in other words, one
cannot ensure unitary equivalence Hϕ

g ≅ Hϕ
g0 for arbi-

trary g ≠ g0.

Now, the matter Hamiltonian
R
v0
v dx̌�g

�Rðx̌�gÞ∂x̌�gRðx̌
�
gÞ

Eφðx̌�gÞ
���
g

	
×

ĤϕðgÞ can be represented in the Fock space Hϕ
g as

Z
v0

v
dx̌�g

�
Rðx̌�gÞ∂x̌�gRðx̌�gÞ

Eφðx̌�gÞ
����
g

�
ĤϕðgÞ

¼ 1

2

Z
v0

v
dx̌�g

�
π̂2ϕðx̌�gÞ
R2ðx̌�gÞ

þ R2ðx̌�gÞð∂x̌�g ϕ̂Þ2
�

¼L→∞
Z

dk
2π

ωk

2
ðag;†k agk þ agka

g;†
k Þ; ð44Þ

where we used

Z
v0

v
dx̌�g

π̂2ϕðx̌�gÞ
R2ðx̌�gÞ

¼L→∞ −
Z

dk
2π

ωk

2
ðagkag−k − ag;†k agk − agka

g;†
k þ ag;†k ag;†−kÞ; ð45Þ

Z
v0

v
dx̌�gR2ðx̌�gÞð∂x̌�g ϕ̂Þ2 ¼L→∞ −

Z
dk
2π

ωk

2
ð−agkag−k − ag;†k agk − agka

g;†
k − ag;†k ag;†−kÞ; ð46Þ

and the large R approximation

∂x̌�g ϕ̂ðx̌�gÞ ¼L→∞
Z

dk
2π

ikffiffiffiffiffiffiffiffi
2ωk

p
�
eikx̌

�
g

R
agk −

e−ikx̌
�
g

R
ag;†k

�
−
1

R
∂R
∂x̌�g

ϕ̂ðx̌�gÞ

≈
Z

dk
2π

ikffiffiffiffiffiffiffiffi
2ωk

p
�
eikx̌

�
g

R
agk −

e−ikx̌
�
g

R
ag;†k

�
: ð47Þ

Further, by choosing the normal ordering the operators, one
has

Z
v0

v
dx̌�g

�
Rðx̌�gÞ∂x̌�gRðx̌�gÞ

Eφðx̌�gÞ
����
g

�
ĤϕðgÞ ¼L→∞

Z
dk
2π

ωka
g;†
k agk:

ð48Þ

Next, by usingEq. (48), the right-hand side of Eq. (21) can be
represented in the Hilbert spaceHϕ

g directly, which leads to

Mv0 ðgÞ −MvðgÞ ¼
R

dk
2π ωkhϕ0jag;†k agkjϕi

hϕ0jϕi ð49Þ

for g∈Sv;v0 andL → ∞. The solution of Eq. (49) is given by

jϕi ¼ jk⃗n⃗ðgÞi ≔
�Y

k

ðag;†k Þnk
ðN Þnk ffiffiffiffiffiffiffi

nk!
p

�����0B�; ð50Þ

where n⃗ ¼ ðnk1 ; nk2 ; nk3 ;…Þ with the sequence k1 < k2 <
k3 < … composed of all possible values in the spectrumof k,
nk1 ; nk2 ; nk3 ;…∈ f0; 1; 2; 3;…g denote the particle number
in modes k1; k2; k3; :::;N ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πℏδðk−k0Þjk¼k0
p is a normaliza-

tion constant and k⃗n⃗ðgÞ is defined by

k⃗n⃗ðgÞ ≔ ððk1;…; k1Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{nk1 -tuple k1

; ðk2;…; k2Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{nk2 -tuple k2

; ðk3;…; k3Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{nk3 -tuple k3

;…Þ ð51Þ

with ðnk1 ; nk2 ; nk3 ;…Þ and ðk1; k2; k3;…Þ satisfying

Mv0 ðgÞ −MvðgÞ ¼ nk1ωk1ðgÞ þ nk2ωk2ðgÞ þ nk3ωk3ðgÞ
þ � � � :≕ωk⃗n⃗ðgÞ: ð52Þ

Here, we would like to emphasize that, in order to get the
Eqs. (48) and (49), the modified tortoise coordinate x̌�g ¼
x�g þ L − δ�g is used with the limit L → ∞. These con-

structions ensure that the Fock states jk⃗n⃗i defined in this
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coordinate x̌�g are the eigenstate of the operator
c̃Hϕðg; v; v0Þ

on the right-hand side of Eq. (21). In fact, this modified
tortoise coordinate can only be defined near a horizon up to
now, and thus we only solve a subset of the effective
Hamiltonian constraint (21).
However, the solution (50) of the effective Hamiltonian

constraint equation (21) reveals a fundamental issue inher-
ent in QFT formulated on a fixed classical geometry. In
detail, for a given spatial geometry g, the solutions of
Eq. (21) are certain Fock states jk⃗n⃗ðgÞi constructed in the
modified tortoise coordinate x̌�g and satisfying Eq. (52).

Consider two such Fock states jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi, each
solving the Hamiltonian constraint (21) and built upon
distinct classical geometries g and g0, respectively, since
jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi are physical states in the sense of
weakly solving the Hamiltonian constraint (21). Hence, one
could expect that their linear superposition

jk⃗n⃗ðgÞi þ jk⃗0n⃗ðg0Þi ð53Þ
also represent a valid physical state. However, this super-
position is, in fact, ill defined, and thus highlights a core
limitation of the QFT on a fixed classical background
geometry, see the illustration in Fig. 1.
In detail, the illness of this superposition is caused by

two interrelated reasons:
(i) The underlying superposition of classical geometry:

Each Fock state jk⃗n⃗ðgÞi is inextricably tied to its
background geometry g through the Hamiltonian
constraint (21). Hence, the superposition of
states jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi on distinct background
geometries causes the underlying superposition of

classical geometry, which leads to this superposition
being ill defined.

(ii) Inequivalent Fock space: The states jk⃗n⃗ðgÞi and
jk⃗0n⃗ðg0Þi are defined with respect to different classical
geometries g and g0 and therefore reside in different
Fock spacesHϕ

g andH
ϕ
g0 , respectively. However, one

cannot guarantee an unitary equivalence Hϕ
g ≅ Hϕ

g0

for arbitrary g ≠ g0, which leads the superposition of
states from these distinct spaces mathematically
undefined.

Our result reveals a key conceptual shortcoming of QFT
on a fixed classical spacetime: it cannot consistently
accommodate quantum superpositions that involve changes
of the background geometry. Resolving this issue typically
requires moving beyond fixed backgrounds—toward a
fully quantum theory of gravity, where geometry itself
becomes a dynamical quantum variable.

III. QUANTUM SCALAR FIELD
ON SEMICLASSICAL GEOMETRY

A. Fock representations on quantum geometry

The issue of QFT on a fixed classical geometry suggests
us to consider QFTon the quantum geometry of spacetime.
Specifically, to tackle the illness of superposition (53)
proposed in 2.2, one needs to consider the quantum states
that satisfy the following two conditions:

(i) The background geometry sector should be de-
scribed by some quantum states, i.e., the coherent
states jgi of spatial geometry sharply peaked at the
phase space point g, and now the Fock spaceHϕ

g can
be defined on the semiclassical geometry jgi.

(ii) The superposition of the product states jg;ϕi ≔
jgi ⊗ jϕi should be defined in a certain state space
H̃g ⊗ Hϕwith jgi∈ H̃g and jϕi∈Hϕ; especially, the

space Hϕ must satisfy the unitary equivalence Hϕ ≅
Hϕ

g of representations for arbitrary jgi∈ H̃g, so that
the superposition of such states jg;ϕi is well defined.

Now, let us start by constructing the product state jg;ϕi
and the certain state space H̃g ⊗ Hϕ step by step. We first
focus on the gravitational sector. The quantization of the
gravitational sector of this system can be realized by
following the standard loop quantization method for the
spherically symmetric model, which leads to the Hilbert
space Hg of the gravitational sector [75,76]. Then, the
coherent state in loop quantum theory can be constructed
correspondingly (see the details in Appendix A). The
resulting coherent states jgi∈Hg sharply peaked at the
phase space point g; Specifically, the coherent states
distinguish the classical geometries g and g0 by the
exponentially decayed inner product hgjg0i, which satisfies

hgjg0i ∼ expðjg − g0j2=tÞ ð54Þ

FIG. 1. Fock states jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi (illustrated by red wavy
lines) constructed on the classical geometries g and g0 (illustrated
by grey surfaces), respectively. The superposition state jk⃗n⃗ðgÞi þ
jk⃗0n⃗ðg0Þi is ill defined because of the following two reasons; first,
jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi are constructed on different classical geom-
etries g and g0 so that they belong to different Hilbert spaces Hϕ

g

and Hϕ
g0 , while one cannot guarantee a unitary equivalence Hϕ

g ≅

Hϕ
g0 for arbitrary g ≠ g0. Second, jk⃗n⃗ðgÞi and jk⃗0n⃗ðg0Þi must be

associated to the classical geometries g and g0, respectively, by the
Hamiltonian constraint, while the classical geometries can not be
superposed.
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with jg − g0j being the distance of the points g and g0 in the
phase space, and t ∝ Gℏ being a controlled parameter
labeling the width of the wave packet of the coherent state.
Moreover, the sharply peaked coherent states jgi satisfy the
Ehrenfest property, which is given as

hgjÔjg0i ¼ hgjg0iOðg0Þð1þOðtÞÞ; ð55Þ

where Oðg0Þ is a regular functional on Pg and Ô is the
operator corresponding to Oðg0Þ. Consequently, the coher-
ent state jgi has a well-behaved semiclassical property and
therefore can be regarded as the semiclassical state.
Let us then turn to the scalar field sector to construct a

whole product space H̃g ⊗ Hϕ ⊂ Hg ⊗ Hϕ. For a given

semiclassical coherent state jgi∈Hg with g∈Sv;v0 , we can

introduce the corresponding Fock space Hϕ
g on the geom-

etry g directly. However, the Fock space Hϕ
g is associated

with certain semiclassical geometry described by jgi, and
one cannot ensure a unitary equivalence Hϕ

g ≅ Hϕ
g0 of

representations for arbitrary jgi ≠ jg0i. Hence, at this stage
the Hilbert space Hϕ cannot be defined as Hϕ ≡Hϕ

g .
Nevertheless, we can focus on the subspace Uv;v0 ⊂ Sv;v0 ,
which ensures the unitary equivalence

Hϕ
g ≅ Hϕ

g0 ; ∀ g; g0 ∈Uv;v0 : ð56Þ

Correspondingly, one has the space H̃g ⊗ Hϕ with

H̃g ≔ fjgi∈Hgjg∈Uv;v0 g and Hϕ ≡Hϕ
g ≅ Hϕ

g0 ; ∀ g; g0 ∈Uv;v0 : ð57Þ

The remaining task is to find the subspace Uv;v0 ⊂ Sv;v0 that satisfies Eq. (56). Notice that H
ϕ
g and Hϕ

g0 are generated by

ðagk; ag;†k Þ and ðag0k ; ag
0;†
k Þ respectively, and thus one has the Bogoliubov transformation mapping the annihilation operators

ag
0
k to

agk ¼
Z

dj
2π

ðαkjðg0; gÞag
0
j þ βkjðg0; gÞag

0;†
j Þ: ð58Þ

Recalling Eqs. (33), (36), and (37), one can immediately get

αkk0 ðg0; gÞ ¼
1

2

ffiffiffiffiffiffiffi
ωk

ωk0

r �
lim
L→∞

Z þL

−L
dx̌�ge−ikx̌

�
ge

ik0x̌�
g0
�
þ 1

2

ffiffiffiffiffiffiffi
ωk0

ωk

r �
lim
L→∞

Z þL

−L
dx̌�g0e

−ikx̌�ge
ik0x̌�

g0
�

ð59Þ

and

βkk0 ðg0; gÞ ¼
1

2

ffiffiffiffiffiffiffi
ωk

ωk0

r �
lim
L→∞

Z þL

−L
dx̌�ge−ikx̌

�
ge

−ik0x̌�
g0
�
−
1

2

ffiffiffiffiffiffiffi
ωk0

ωk

r �
lim
L→∞

Z þL

−L
dx̌�g0e

−ikx̌�ge
−ik0x̌�

g0
�
: ð60Þ

Then, by using the Shale-Stinespring criterion, one has the following result;
(i) The unitary equivalence Hϕ

g ≅ Hϕ
g0 holds if and only if the Bogoliubov transformation mapping the annihilation

operators ag
0
k to

agk ¼
Z

dj
2π

ðαkjðg0; gÞag
0
j þ βkjðg0; gÞag

0;†
j Þ ð61Þ

can be implemented by a unitary operator Ug;g0 on the Fock space, i.e., there exists a unitary Ug0;g such that

agk ¼ Ug0;ga
g0
k U

†
g0;g for all k; moreover, such a unitary Ug0;g exists if and only if the matrix of Bogoliubov coefficients

βkjðg0; gÞ is a Hilbert-Schmidt operator, namely,Z
dkdjjβkjðg0; gÞj2 < ∞: ð62Þ

Now, the subspace Uv;v0 ⊂ Sv;v0 that satisfies Eq. (56) can be defined by

Uv;v0 ≔


g00 ∈Sv;v0

���� Z dkdj

����βkjðg0; gÞj2 < ∞; ∀ g0; g∈Uv;v0

�
: ð63Þ

Moreover, further discussion of the subspace Uv;v0 ⊂ Sv;v0 based on an example is given in the Appendix B.
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B. The weak solution of quantum
Hamiltonian constraint

Now, the illness of superposition (53) proposed in 2.2
disappears in the quantum state space H̃g ⊗ Hϕ defined by
(57). Hence, one can consider the totally quantized version
of Eq. (18), which reads

hM̂v0 i − hM̂vi ¼ hc̃Hδ
ϕðv; v0Þi; ð64Þ

where M̂v; M̂v0 is the operator of Mv;Mv0 ,
c̃Hδ
ϕðv; v0Þ is the

operator of H̃δ
ϕðv; v0Þ, and hP̂i represents the expectation

value of an operator P̂. For an arbitrary state
jg;ϕi∈ H̃g ⊗ Hϕ, Eq. (64) can be written as

hg0;ϕ0jM̂v0 jg;ϕi
hg0;ϕ0jg;ϕi −

hg0;ϕ0jM̂vjg;ϕi
hg0;ϕ0jg;ϕi

¼ hg0;ϕ0jc̃Hδ
ϕðv; v0Þjg;ϕi

hg0;ϕ0jg;ϕi : ð65Þ

Furthermore, by using the property (55) of the coherent
state jgi, one has

hg0;ϕ0jðM̂v0 − M̂vÞjg;ϕi ¼ hg0;ϕ0jg;ϕiðMv0 ðgÞ
−MvðgÞÞð1þOðtÞÞ ð66Þ

and

hg0;ϕ0jc̃Hδ
ϕðv; v0Þjg;ϕi

¼ hϕ0jc̃Hδ
ϕðg; v; v0Þjϕihg0jgið1þO0ðtÞÞ; ð67Þ

where Mv0 ðgÞ;MvðgÞ and c̃Hδ
ϕðg; v; v0Þ are the values of

Mv0 ;Mv and
c̃Hδ
ϕðv; v0Þ at the phase space point labeled by

g, with c̃Hδ
ϕðg; v; v0Þ being given by Eq. (22).

Now, Eq. (64) can be simplified as

Mv0 ðgÞ −MvðgÞ ¼
hϕ0jc̃Hδ

ϕðg; v; v0Þjϕi
hϕ0jϕi ð68Þ

at the leading order of t. One can see that Eq. (68) is
identical to Eq. (21). Hence, by recalling the solution (50)
of Eq. (21), a weak solution of the quantum constraint (64)
can be given by

jg;ϕi ¼ jg; k⃗n⃗ðgÞi≡ jgi ⊗ jk⃗n⃗ðgÞi ð69Þ

where k⃗n⃗ðgÞ is given by Eq. (51) for the specific g.
Equivalently, one can also express the solution (69) as

jg;ϕi ¼ jgðk⃗n⃗Þ; k⃗n⃗i≡ jgðk⃗n⃗Þi ⊗ jk⃗n⃗i ð70Þ

where

k⃗n⃗ ≔ ððk1;…; k1Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{nk1 -tuple k1

; ðk2;…; k2
zfflfflfflfflfflffl}|fflfflfflfflfflffl{nk2 -tuple k2

; ðk3;…; k3Þ
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{nk3 -tuple k3

;…Þ ð71Þ

with gðk⃗n⃗Þ∈Uv;v0 being the geometry satisfying

Mv0 ðgðk⃗n⃗ÞÞ −Mvðgðk⃗n⃗ÞÞ ¼ nk1ωk1 þ nk2ωk2 þ nk3ωk3

þ � � � ≕ωk⃗n⃗
ð72Þ

for specific ðnk1 ; nk2 ; nk3 ;…Þ and ðk1; k2; k3;…Þ.
More generally, the weak solutions of the quantum

Hamiltonian constraint (64) in space H̃g ⊗ Hϕ are given
by the linear combinations of such states (69) or (70), e.g.,
the well-defined superposition state

cjgðk⃗n⃗Þi ⊗ jk⃗n⃗i þ c0jgðk⃗0n⃗Þi ⊗ jk⃗0n⃗i þ c00jgðk⃗00n⃗Þi
⊗ jk⃗00n⃗i þ � � � ∈ H̃g ⊗ Hϕ: ð73Þ

In other words, the weak solution of the quantum
Hamiltonian constraint (64) in the space H̃g ⊗ Hϕ spans
a subspace ðH̃g ⊗ HϕÞsol:v;v0 defined by

ðH̃g ⊗ HϕÞsol:v;v0 ≔ fjgðk⃗n⃗Þi ⊗ jk⃗n⃗i∈ H̃g ⊗ HϕjMv0 ðgðk⃗n⃗ÞÞ
−Mvðgðk⃗n⃗ÞÞ ¼ ωk⃗n⃗

g: ð74Þ

We make two remarks on the states in ðH̃g ⊗ HϕÞsol:v;v0 ..
(1) Notice that we only considered the specific v and v0 in

above calculations. Hence, the states in ðH̃g ⊗
HϕÞsol:v;v0 are just some weak solutions of a subset of
the quantumHamiltonian constraints (64) at the order
of t.

(2) Although the states in ðH̃g ⊗ HϕÞsol:v;v0 are just some
weak solutions of a subset of the quantum Hamil-
tonian constraints (64) at the order of t, it does indicate
the entanglement between the quantum matter field
and geometry. Especially, the weak solutions in
ðH̃g ⊗ HϕÞsol:v;v0 can be regarded as the physical states
of quantumgravity in the specific finite regionRðvÞ ≤
R ≤ Rðv0Þ approximately; hence, focusing on this
region, it is reasonable to require that all of the states in
QFTCS should be effectively approximate states of
the linear combination of physical states in
ðH̃g ⊗ HϕÞsol:v;v0 . In the next Section, we discuss the
Hartle-Hawking vacuum as an example.

C. Generalized Hartle-Hawking vacuum
on quantum geometry

As mentioned above, the issue of QFTCS can be
resolved by considering the state in ðH̃g ⊗ HϕÞsol:v;v0 .
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Specifically, once we consider the states in QFTCS in the
region RðvÞ < R < Rðv0Þ, we should make the substitution

jk⃗n⃗ig → jgðk⃗n⃗Þ; k⃗n⃗i∈ ðH̃g ⊗ HϕÞsol:v;v0 ; ð75Þ

where jk⃗n⃗ig defined in the Appendix C is the Fock state
constructed on some fixed classical geometry g∈Sv;v0. As
an example, one can construct the generalized Hartle-
Hawking vacuum on quantum geometry by using sub-
stitution (75). In detail, on the fixed classical geometry
g∈Sv;v0 , the local Hartle-Hawking vacuum in the region
RðvÞ < R < Rðv0Þ in QFTCS is given as (see details in the
Appendix C)

j0HHig ¼
X
n⃗

�Y
k

ð1− e−2πξ
−1
g ωkÞ1=2e−πnkωk=ξg

�����k⃗n⃗ig: ð76Þ

By using substitution (75), one obtains the generalized
Hartle-Hawking vacuum on the quantum geometry, which
reads

j0HHQGi ≔
X
n⃗

�Y
k∈R

ð1 − expð−2πωk=ξgðk⃗n⃗ÞÞÞ1=2

× expð−πnkωk=ξgðk⃗n⃗ÞÞ
�����gðk⃗n⃗Þ; k⃗n⃗i: ð77Þ

Specifically, j0HHQGi is the generalized Hartle-Hawking
vacuum on quantum geometry in the specific finite region
RðvÞ < R < Rðv0Þ, where the apparent horizon for each
gðk⃗n⃗Þ is located at R ¼ RðvÞ, jgðk⃗n⃗Þi ⊗ jk⃗n⃗i∈ ðH̃g ⊗
HϕÞsol:v;v0 is the physical state of quantum gravity, and
ξgðk⃗n⃗Þ is an undetermined parameter.

It is necessary to further discuss the state j0HHQGi. First,
by comparing j0HHQGi with j0HHi, one can see that the

Fock states jk⃗n⃗i in the combination (77) are entangled with
the quantum geometry state jgðk⃗n⃗Þi, while there is no such
entanglement in the combination (76). Especially, this
entanglement in the state j0HHQGi comes from weakly
solved Hamiltonian constraints (64). Second, the state
j0HHQGi is a quantum state for both spacetime geometry
and the scalar field. Thus, it is different from any vacuum
states in the QFT on a fixed classical spacetime. In fact, the
state j0HHQGi is not defined as an eigenstate of any
annihilation operator. In order to determine the parameter
ξgðk⃗n⃗Þ in Eq. (77), let us require that the state j0HHQGi should
get back to the local Hartle-Hawking vacuum j0HHigc in the
semiclassical limit of the quantum geometry; In other
words, the parameter ξgðk⃗n⃗Þ should be determined by the

semiclassical consistency conditions

lim
ϵðgc;gðk⃗n⃗ÞÞ→0

Agc
k j0HHQGi ¼ 0; ð78Þ

where ϵðgc; gðk⃗n⃗ÞÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jhgcjgðk⃗n⃗Þij2

q
, Agc

k ; A
gc;†
k are

defined by Eq. (C21) on the classical geometry gc, with
gc given by the expectation values

gc ¼

h0HHQGjÊφj0HHQGi

h0HHQGj0HHQGi
;
h0HHQGjK̂φj0HHQGi
h0HHQGj0HHQGi

�
: ð79Þ

In fact, one can notice that the coefficient
expð−πnkωk=ξgðk⃗n⃗ÞÞ in the superposition (77) is exponen-

tially suppressed with nk going large. Thus, the calculations
of the expectation values in (79) are dominated by the terms
in (77) with small nk. For the case that gc corresponds to the
geometry of a large mass black hole, the difference between
gc and each gðk⃗n⃗Þ with small nk in Eq. (77) is just some
small perturbations. Hence, one has the estimation ξgðk⃗n⃗Þ ≈

ξgc ¼ 1
2
∂Rð R2

ðEφjgc Þ2
Þj
R¼Rh;gc

with R ¼ Rh;gc being the apparent

horizon in the geometry gc.
One can consider another type of generalized Hartle-

Hawking vacuum state j0HH; gci ≔ j0HHigc ⊗ jgci, which
also satisfies some semiclassical consistency conditions

Agc
k j0HH; gci ¼ 0; ð80Þ

and

gc ¼

h0HH; gcjÊφj0HH; gci

h0HH; gcj0HH; gci
;
h0HH; gcjK̂φj0HH; gci
h0HH; gcj0HH; gci

�
: ð81Þ

Note that both states j0HH; gci and j0HHQGi give the local
Hartle-Hawking vacuum j0HHigc in the semiclassical limit
of the quantum geometry by some semiclassical consis-
tency conditions. Nevertheless, they possess fundamentally
different physical interpretations at the quantum geometric
level; In fact, the state j0HHQGi weakly solves the quantum
Hamiltonian constraints (64), and these constraints natu-
rally encode the entanglements between field excitations
and the underlying quantum geometry; However, it is
obvious that the state j0HH; gci fails to satisfy the quantum
Hamiltonian constraints (64) and contains no geometry-
matter entanglement. This distinction highlights a core
advantage of the quantum gravity framework: physical
constraints not only select permissible states but also
determine their intrinsic entanglement structure. The con-
struction of j0HHQGi embodies the paradigm shift from
“QFT on curved spacetime” to “QFT with quantum
spacetime,” where geometry is no longer a fixed back-
ground but a physical degree of freedom that participates
equally with matter fields in quantum dynamics.

IV. CONCLUSIONS AND DISCUSSION

In this paper, we present a consistent framework for
describing quantum scalar fields on semiclassical quantum
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geometries, resolving a foundational inconsistency in QFT
on curved spacetime. We model the background geometry
with semiclassical coherent states from loop quantum
gravity. In particular, we consider the coherent states whose
labels are restricted to a subspace Uv;v0 of the phase space of
geometry, on which the Fock representations of the scalar
field are unitarily equivalent. This restriction enables
the construction of the space H̃g ⊗ Hϕ, in which super-
positions of the geometry-matter product states become
well defined. Moreover, we obtain weak solutions to the
quantum Hamiltonian constraint of GR in space H̃g ⊗ Hϕ.
Consequently, general physical states—defined as the
linear combination of these weak solutions in H̃g ⊗ Hϕ—
are inherently entangled. We also construct the generalized
Hartle-Hawking vacuum on quantum geometry by super-
posing the weak solutions in H̃g ⊗ Hϕ, which produces the
state j0HHQGi. Unlike its QFTCS counterpart, this vacuum
is not defined with respect to a fixed background. More
importantly, the state j0HHQGi exhibits the inherent entan-
glement between geometry and matter, arising from the
fundamental principles of quantum gravity.
Several important directions remain open for future

investigation.
(1) The current construction of the subspace Uv;v0 relies

on spherical symmetry and a specific region near the
apparent horizon. It is essential to investigate whether
analogous subspaces exist in more general settings.

(2) Our construction provides kinematical states that
satisfy the quantum Hamiltonian constraint weakly.
A complete description of black hole evaporation
would require a notion of time evolution, potentially
via relational observables or a path-integral formu-
lation over histories of entangled geometry-matter
configurations.

(3) It would be valuable to compute corrections to the
Hawking spectrum arising from the quantum-geo-
metric structure of j0HHQGi by considering the case
where gc corresponds to the geometry of a black hole
with small mass, which could provide observational
signatures of Planck-scale physics.

(4) The built-in geometry-matter entanglement provides
a natural framework for studying the black hole
information paradox. Future work should explore
whether unitarity is preserved under full quantum
gravitational evolution, with entanglement playing a
key role in information recovery.

(5) The construction presented in this article relies on
the coherent states of quantum geometry, owing to
their well-behaved semiclassical properties. One
may be interested in the dynamical behavior of
these states, as well as the scenarios in the absence of
coherent states. Indeed, the dynamics of coherent
states in quantum geometry have been explored
using the coherent-state path integral [75,77,78].
Extending this approach to quantum gravity coupled

to a quantumscalar field represents thenext step of our
research. Furthermore, since coherent states form a
complete set in theHilbert spaceof quantumgeometry

]61,79 ], our construction is applicable to arbitrary
quantum geometry states via expansion in the
coherent state basis. In fact, the generalized Hartle-
Hawking vacuum obtained here is inherently a super-
position of coherent states rather than a single one; this
superposition structure is the key to capturing general
states and generating the entanglement between
quantum geometry and the scalar field.

In summary, our work demonstrates that, by treating
geometry as quantum variables, we resolve the founda-
tional inconsistencies of QFTCS on a fixed background and
uncover a richer structure in which spacetime and matter
coevolve as entangled quantum entities. This result not
only resolves a long-standing conceptual issue, but also
provides a new framework for understanding the black hole
information paradox and the nature of quantum spacetime.
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APPENDIX A: QUANTIZATION OF
GRAVITATIONAL FIELD AND THE

SEMICLASSICAL SPACETIME GEOMETRY

With gauge fixing (19) and(20), the dynamical variables
remaining for the geometry sector contain only the canoni-
cal pair ðKφ; EφÞ. The loop quantization of the reduced
phase space P̄g coordinatized by ðKφ; EφÞ gives the
kinematic Hilbert space of quantum gravity in the spherical
model [51]. This space consists of colored network states
that encode quantum geometry, represented by cylindrical
functions defined on some graphs γ. For a given graph γ on
the manifold X, we associate the variable Kx with each
elementary edge and the scalar Kφ with each vertex. Then,
the Hilbert space Hγ

g associated with γ is spanned by
colored network states on γ, which take the form

Tγ;μ⃗ðKφÞ ¼
Y
v∈ γ

exp ðiμvKφðvÞÞ; ðA1Þ
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where μv ∈R is the color of the vertex v, and μ⃗ ¼
ð…; μv{−1 ; μv{ ; μv{þ1

;…Þ denote all the colors asso-
ciated with the edges and vertices of the graph. The
inner product among colored network states on γ is
given by

hγ; μ⃗jγ; μ⃗0i ¼ δμ⃗;μ⃗0 ; ðA2Þ

where jγ; μ⃗i represents the state function Tγ;μ⃗. The funda-

mental operators in Hγ
g associated with Eφ

v ≔

limϵ→0

R xðvÞþϵ
xðvÞ−ϵ dxEφ are given by

Êφ
v jγ; μ⃗i ¼ Gℏμvjγ; μ⃗i: ðA3Þ

The fundamental operators in Hγ
g associated with N�

v;ρ ≔
expð�iρKφðvÞÞ; 0 < ρ∈R are given by

N̂�
v;ρjγ; μ⃗i ¼ jγ; μ⃗v;�ρi; ðA4Þ

where μ⃗v{;�ρ ≔ ð…; μv{−1 ; μv{ � ρ; μv{þ1
;…Þ.

The semiclassical geometry in this quantum theory is
described by the coherent state. For an arbitrary given
ρ⃗¼ ð…;ρv{−1 ;ρv{ ;ρv{þ1

;…Þ and β⃗ ¼ ð…;βv{−1 ;βv{ ;βv{þ1
;…Þ

with 0 ≤ βv < ρv, we have the subspace Hβ⃗
γ ⊂ Hγ

g

defined by Hβ⃗
γ ≔ fjγ; j⃗; μ⃗ ¼ β⃗ � n⃗ · ρ⃗ij ∀ n⃗ ¼

ð…; nv{−1 ; nv{ ; nv{þ1
;…Þ; nv ∈Ng. The coherent state in

Hβ⃗
γ can be established as [40,58–62,80–82]

Tγ;n⃗0;ξ⃗0ðKφÞ ¼
Y
v∈ γ

X
nv

exp
�
−ðnv − n0vÞ2

t=ρ2v

�
exp ðiðβv þ nvρvÞðKφðvÞ − ξ0vÞÞ: ðA5Þ

Denoted by jgγi∈Hγ
g the normalized version of the coherent state Tγ;n⃗0;ξ⃗0ðKφÞ with

gγ ≔ fðEφ;0
v ; K0

φðvÞÞjv∈ γg; ðA6Þ

where K0
φðvÞ ¼ ξ0v and E

φ;0
v ¼ ðβv þ n0vρvÞGℏ. It can be verified the following three properties of jgγi. First, the overlap of

jgγi is estimated by

hgγjg0γi ≃
Y
v

exp

�
−i

�
βv þ

n0ðvÞ þ n00ðvÞ
2

ρ

�
ðξ0ðvÞ − ξ00ðvÞÞ

�
· exp

�
−
ρ2v
2t

ðn0ðvÞ − n00ðvÞÞ2 −
t
8
ðξ0ðvÞ − ξ00ðvÞÞ2

�
; ðA7Þ

second, the expectation values of the basic operators in jgγi are given by

hgγjN̂�
v;ρv jgγi ≈ expð�iρvξ0vÞ; hgγjÊφ

v=ðGℏÞjgγi ≈ βv þ n0vρv ðA8Þ

with the corresponding uncertainty being given by

ΔhgγjN̂�
v;ρv jgγi ∝

jρvjffiffi
t

p ; ΔhgγjÊφ
v=ðGℏÞjgγi ∝

ffiffi
t

p
; ðA9Þ

third, jgγi satisfies the Ehrenfest property as

hgγjÔγjg0γi ¼ hgγjg0γiOγðg0γÞð1þOðtÞÞ; ðA10Þ

where Oγðg0γÞ is a regular functional of fðEφ
v ; N�

v;ρvÞjv∈ γg,
and Ôγ is the operator corresponding to Oγðg0γÞ. These
properties of the coherent state jgγi give a semiclassical and
discrete description of the spacetime geometry.
Let us consider the semiclassical and continuum descrip-

tion of the spacetime geometry. We denote by μγ the
coordinate distance of the adjacent vertices in γ. We can
consider the above construction in the limit μγ → 0, and

we have

g ¼
μγ→0

gγ; jgi ≔
μγ→0

jgγi: ðA11Þ

Correspondingly, we have

P̄g;qua ¼
μγ→0

P̄g
γ ; Hg ≔

μγ→0
Hγ

g; ðA12Þ

and

O ¼
μγ→0

Oγ; Ô ≔
μγ→0

Ôγ; ðA13Þ
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where P̄g;qua ∋ g, P̄g
γ ∋ gγ, O is the regular functional on

P̄g;qua, and the phase space P̄g;qua is a quantum generali-
zation of P̄g with P̄g being a dense subspace of P̄g;qua. In
particular, the configurations of the phase space P̄g;qua

include the discontinuous geometric fields, since these
fields are given by a continuum limit of discrete geometries
[83–86]. Finally, in the limit μγ → 0, the overlap (A7) and
the Ehrenfest property (A10) of jgγi are given as

hgjg0i ∼ expðjg − g0j2=tÞ ðA14Þ

and

hgjÔjg0i ¼ hgjg0iOðg0Þð1þOðtÞÞ; ðA15Þ

respectively, which are just the Eqs. (54) and (55) used in
Sec. III A.

APPENDIX B: AN EXAMPLE OF THE UNITARY
BOGOLIUBOV TRANSFORMATION (61)

Recall the subspace Uv;v0 ⊂ Sv;v0 defined by

Uv;v0 ≔


g00 ∈Sv;v0

���� Z dkdk0jβkk0 ðg0; gÞ
����2 < ∞; ∀ g0; g∈Uv;v0

�
ðB1Þ

and the Bogoliubov coefficients βkk0 ðg0; gÞ given by

βkk0 ðg0; gÞ ¼
1

2

ffiffiffiffiffiffiffi
ωk

ωk0

r
Ig −

1

2

ffiffiffiffiffiffiffi
ωk0

ωk

r
Ig0 ¼

1

2
Ig

� ffiffiffiffiffiffiffi
ωk

ωk0

r
−

ffiffiffiffiffiffiffi
ωk0

ωk

r �
þ 1

2

ffiffiffiffiffiffiffi
ωk0

ωk

r
ðIg − Ig0 Þ ðB2Þ

with Ig ≔ limL→∞
RþL
−L dx̌�ge−ikx̌

�
ge

−ik0x̌�
g0 and Ig0 ≔ limL→∞

RþL
−L dx̌�g0e

−ikx̌�ge
−ik0x̌�

g0 . One can introduce a set of gM ∈Sv;v0

parametrized by M with RðvÞ ¼ 2GMv ≤ 2GM < Rðv0Þ; specifically, it is given by

ðEφÞ2jgM ¼
( R2

1−2GM=R ; R ¼ Rðv0Þ;
R2

1−2GMv=R
; RðvÞ < R < Rðv0Þ:

ðB3Þ

Then, an example of the space Uv;v0 can be given as

Uv;v0 ≡ fg ¼ gM ∈Sv;v0 jRðvÞ ≤ 2GM < Rðv0Þg: ðB4Þ

It is necessary to verify whether
R
dkdjjβkjðg0; gÞj2 < ∞ holds for arbitrary g0; g∈Uv;v0. Let us consider arbitrary

g0 ¼ gM0 ; g ¼ gM ∈Uv;v0 with M < M0, one has

∂x̌�g
∂x̌�g0

¼ ðEφÞ2jg
ðEφÞ2jg0

¼


bounded and positive real number; R ¼ Rðv0Þ;
1; RðvÞ < R < Rðv0Þ: ðB5Þ

One can choose the boundary condition that ensures x̌�g ¼
x̌�g0 in RðvÞ < R < Rðv0Þ, and notice that the point R ¼
Rðv0Þ is located at x̌�g → þ∞ in the limit L → ∞. Then, it is
direct to get

Ig ¼ lim
L→∞

Z þL

−L
dx̌�ge−ikx̌

�
ge

−ik0x̌�
g0 ¼ 2πδðkþ k0Þ: ðB6Þ

Furthermore, it is direct to verify that the Bogoliubov
coefficients βkjðg0; gÞ for our chosen g0 ¼ gM0 ; g ¼ gM
satisfy Z

dkdk0jβkk0 ðg0; gÞj2 ¼ 0: ðB7Þ

Now, we can conclude that
R
dkdjjβkjðg0; gÞj2 < ∞ holds

for arbitrary g0; g∈Uv;v0, so Uv;v0 defined by (B4) is an
example of the space Uv;v0 exactly.
It is necessary to emphasize that the space Uv;v0 given

by (B4) contains the geometry fields that are discontinu-
ous at v0. It seems that the space Uv;v0 is not a subspace
of the classical reduced phase space P̄g, since P̄g

contains no discontinuous geometry field. In fact, the
loop representation extends our consideration to the
enlarged phase space P̄g;qua defined by (A12), which
contains discontinuous geometry field configuration
[83,85]. In particular, the space Uv;v0 given by (B4) is
a subspace of P̄g;qua exactly.
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APPENDIX C: LOCAL HARTLE-HAWKING
VACUUM ON CLASSICAL GEOMETRY

Consider the spherical spacetime metric generated by the
phase space configuration g∈Sv;v0 , which reads

ds2 ¼ −N2dt2 þ ðEφÞ2
Ex dx2 þ Exðdθ2 þ sin2 θdφ2Þ: ðC1Þ

One can fix the spacetime coordinate by N ¼
ffiffiffiffi
Ex

p
Eφ and

Ex ¼ R2. Then, we denote hgðRÞ ¼ ðEφÞ2 and the metric
(C1) can be given as

ds2 ¼ −
R2

hgðRÞ
dt2 þ hgðRÞ

R2
dR2 þ R2ðdθ2 þ sin2 θdφ2Þ:

ðC2Þ

We introduce the tortoise coordinate x�g by the trans-
formation

∂R
∂x�g

¼ R2

hgðRÞ
; ðC3Þ

with the tortoise coordinate x�g satisfying

lim
R→RðvÞ¼Rh

x�g →−∞; lim
R→Rðv0Þ¼Rhþδ

x�g → δ�g; 0< δ�g <þ∞:

ðC4Þ

In the tortoise coordinate x�g, the metric in the region Rh <
R < Rh þ δ can be written as

ds2 ¼ −
R2

hgðRÞ
dt2 þ R2

hgðRÞ
ðdx�gÞ2 þ R2ðdθ2 þ sin2 θdφ2Þ:

ðC5Þ

Notice that the coordinate ðt; x�gÞ can not cover R ¼ Rh.
Thus, it is necessary to introduce the generalized Kruskal
coordinates in the region Rh ≤ R < Rh þ δ. Let us
define [87]

Vg ≔ tþ x�g; Ug ≔ t − x�g; ðC6Þ

and

ug ≔
1

2
ðeξgVg þ e−ξgUgÞ; vg ≔

1

2
ðeξgVg − e−ξgUgÞ ðC7Þ

with ξg ≔ 1
2
∂Rð R2

hgðRÞÞjR¼Rh

. Using these coordinates, the

spacetime metric reads [87]

ds2¼ R2

ξ2ghgðRÞ
e−2ξgx

�
gð−dv2gþdu2gÞþR2ðdθ2þ sin2 θdφ2Þ:

ðC8Þ

It is easy to see that this metric is regular at R ¼ Rh. Now,
let us choose a point ug ¼ vg ¼ 0 on the horizon R ¼ Rh,
and define a new set of coordinates by

Tg ≔ λgvg; Xg ≔ λgug ðC9Þ

with λg ≔ limR→Rh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2=hgðRÞ

p
jξgje−ξgx

�
g

	
. Using these definitions, the

spacetime metric on the given surface ug ¼ vg ¼ 0 takes
the formulation [87,88]

ds2 ¼ −ðdTgÞ2 þ ðdXgÞ2 þ R2ðdθ2 þ sin2 θdφ2Þ: ðC10Þ

It is checked that a certain freely falling observer is
momentarily at rest in this coordinate system ðTg; XgÞ at
the surface ug ¼ vg ¼ 0 [87].
Now, let us consider the Klein-Gordan equation for the

massless scalar field in the tortoise coordinate and the
generalized Kruskal coordinate, respectively. In the tortoise
coordinate x�g, the Klein-Gordan equation for the massless

scalar field ϕðt; x�gÞ≕ Fðt;x�gÞ
R in the region Rh < R < Rh þ δ

is given by�
∂
2

∂t2
−

∂
2

ð∂x�gÞ2
þ VðRÞ

�
Fðt; x�gÞ ¼ 0; ðC11Þ

where the “potential” VðRÞ ≔
�

R2
hgðRÞ

�
∂R

�
R2

hgðxÞ
�

R satisfies

lim
R→Rh

VðRÞ ¼ 0: ðC12Þ

By solving the Klein-Gordon equation in the region
Rh < R < Rh þ δ, one obtains the solutions

Sk ¼ C
e−iωtþikx�g

R
; ω ¼ jkj; ðC13Þ

which compose an orthonormal basis for ϕ in the region
Rh < R < Rh þ δ. Moreover, we are interested in the
behavior of the Klein-Gordan equation in the coordinate
x̌�g given by the coordinate transformation x̌�g ¼ x�g þ
L − δ�g. It is direct to give the corresponding solution of
the Klein-Gordan equation in the coordinate x̌�g, which
reads

Šk ¼ C
e−iωtþikx̌�g

R
ðC14Þ

in the region Rh < R < Rh þ δ. Then, the quantum scalar
field ϕ̂ðt; x�gÞ in the region Rh < R < Rh þ δ can be
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expanded as

ϕ̂ ¼
Z

dkðagkŠk þ ag;†k Š�kÞ; ðC15Þ

where Š�k is the complex conjugate of Šk.
In the generalized Kruskal coordinate in the region

Rh ≤ R < Rh þ δ, we can write down the Klein-Gordan

equation for the massless scalar field ϕðTg; XgÞ≕ F̃ðTg;XgÞ
R in

a rest frame of the freely falling observer, which reads [87]�
∂
2

∂T2
g
−

∂
2

∂X2
g
þ ṼðRÞ

�
F̃ðTg; XgÞ ¼ 0; ðC16Þ

where

ṼðRÞ ≔ 1

R

ð R2

hgðRÞÞ∂Rð R2

hgðRÞÞ
λ2gξ

2
g

e−2ξgx
�
g ðC17Þ

with

lim
R→Rh

ṼðRÞ ¼
∂Rð R2

hgðRÞÞ
R

����
R¼Rh

: ðC18Þ

Consider the case that Rh is large so that ṼðRÞ is small
enough to be neglected. Then, by solving the Klein-Gordon
equation (C16) in the region Rh ≤ R < Rh þ δ, one obtains
orthonormal solutions

S̃k0 ¼ C0 e
−iω0Tgþik0Xg

R
: ðC19Þ

In addition, the quantum scalar field ϕ̂ in the region Rh <
R < Rh þ δ can be expanded as

ϕ̂ ¼
Z

dk0ðAg
k0 S̃k0 þ Ag;†

k0 S̃
�
k0 Þ; ðC20Þ

where S̃�k0 is the complex conjugate of S̃k0 .
Let us then consider the Bogoliubov transformation

between ðAg
k; A

g;†
k Þ and ðagk; ag;†k Þ. Specifically, one has

Ag
k0 ¼

Z
dkðαkk0agk þ β̄kk0a

g;†
k Þ;

Ag;†
k0 ¼

Z
dkðᾱkk0ag;†k þ βkk0a

g
kÞ: ðC21Þ

Recall the solution (C19) of the Klein-Gordan equation in
the generalized Kruskal coordinate, one can know that the

Bogoliubov coefficients αk0k and βk0k are determined by the
expansion

e−ikǓg ¼
Z

dk0ðαkk0e−ik0Ũg þ βkk0eik
0ŨgÞ; ðC22Þ

where Ũg ≔ Tg − Xg and

Ǔg ≔ t − x̌�g ¼ −ξ−1g lnð−ŨgÞ þ ξ−1g ln λg þ L − δ�g: ðC23Þ

It is verified that the Bogoliubov coefficients αkk0 and βkk0
satisfy [87]

jαkk0 j ¼ eπξ
−1
g ωk jβkk0 j: ðC24Þ

Then, one can define the local Hartle-Hawking vacuum
j0HHig in the region Rh ≤ R < Rh þ δ by

Ag
kj0HHig ¼ 0; ∀ k: ðC25Þ

This leads to [88]

j0HHig ¼
Y
k

�
ð1 − e−2πξ

−1
g ωkÞ1=2

×
X∞
nk¼0

e−πnkωk=ξg
ðag;†k Þnk

ðN Þnk ffiffiffiffiffiffiffi
nk!

p
�����0B�

g
; ðC26Þ

where nk ¼ 0; 1; 2; 3;… is the particle number on the mode
k, N ≔ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πℏδðk−k0Þjk¼k0
p is a normalization constant.

Equivalently, j0HHig can be rewritten as

j0HHig ¼
X
n⃗

�Y
k

ð1 − e−2πξ
−1
g ωkÞ1=2e−πnkωk=ξg

�����k⃗n⃗�
g
;

ðC27Þ

where

jk⃗n⃗ig ≔
�Y

k

ðag;†k Þnk
ðN Þnk ffiffiffiffiffiffiffi

nk!
p

�����0B�
g
; ðC28Þ

and

n⃗ ¼ ðnk1 ; nk2 ; nk3 ;…Þ ðC29Þ

with the sequence k1 < k2 < k3 < … composed of all
possible values in the spectrum of k.
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