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The Born-Oppenheimer approximation is widely used to investigate the properties of hydrogenlike
systems and doubly heavy hadrons. However, the extent to which this approximation captures the features of
such systems within potential models remains an open question. In this work, we adopt the results obtained
with the Gaussian expansion method as a benchmark to assess the validity of the Born-Oppenheimer
approximation within potential models for hadronic systems. We also investigate the dependence of the
Born-Oppenheimer approximation results on the choice of trial wave functions. A comprehensive study of
the Born-Oppenheimer approximation is carried out by performing calculations using Slater-type functions
and Gaussian-type functions as trial wave functions, and by comparing the resulting predictions with those
obtained from the Gaussian expansion method. We find that the calculations performed within the Born-
Oppenheimer approximation are close to those obtained with the Gaussian expansion method when the
heavy-quark mass is relatively small. However, as the heavy-quark mass increases, calculations employing
Slater-type functions yield larger values than those from the Gaussian expansion method, whereas those
using Gaussian-type functions lead to smaller ones. The use of Slater-type functions generally leads to an
enhanced binding energy. The underestimation observed in Born-Oppenheimer approximation calculations
with Gaussian-type functions primarily stems from the neglect of nonadiabatic corrections. This
comparative study provides deeper insight into the structure of doubly heavy hadrons and helps clarify
the applicability and limitations of the Born-Oppenheimer treatment within potential models.

DOI: 10.1103/vwgv-7tkx

I. INTRODUCTION

At present, we are entering an era of high-precision
hadron spectroscopy. This is evidenced not only by advance-
ments in experimental precision—with the observation of
Ξþþ
cc ð3621Þ serving as a prime example discussed below—

but also by continuous improvements in theoretical calcula-
tional accuracy. In this work, we focus on examining the
applicability of the Born-Oppenheimer approximation
(BOA) to doubly heavy hadronic systems.
In 2002, the SELEX Collaboration reported the observa-

tion of a doubly charm baryon, Ξþ
ccð3519Þ, in the Λþ

c K−πþ
final state [1]. Its mass was measured as 3519� 2 MeV,

with a lifetime constrained to< 33 fs at the 90% confidence
level. This observation was later corroborated by SELEX in
an analysis of the pDþK− decay channel. However,
subsequent experiments by other collaborations did not
confirm the existence of Ξþ

ccð3519Þ as reported by SELEX
[2–4], highlighting the need for higher-precision data to
resolve this discrepancy.
With the accumulation of experimental data, in 2017, the

LHCb Collaboration investigated the Λþ
c K−πþπþ process

and reported the observation of the Ξþþ
cc ð3612Þ baryon,

with a mass and lifetime measured to be 3621.55� 0.23�
0.30 MeV and 0.256þ0.024

−0.022 � 0.014 ps, respectively [5,6].
This resonance has since been confirmed in multiple decay
modes, including Ξþ

c π
þ [7], Ξ0þ

c πþ [8], and Ξ0
cπ

þπþ [9].
The confirmed existence of a doubly charm baryon
demonstrates that two identical heavy quarks can be bound
inside a hadron, strengthening the motivation to search
for doubly heavy tetraquark states. In 2022, the LHCb
Collaboration reported the first observation of a doubly
charm tetraquark, the Tþ

ccð3875Þ, in the D0D0πþ mass
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spectrum [10,11]. In recent years, the discoveries of doubly
charm baryons and tetraquarks have greatly expanded the
scope of hadron spectroscopy and stimulated extensive
discussions in both theory and experiment [12–16].
In the past years, the BOA [17] has been widely used in

the study of doubly heavy hadrons. On the one hand, this
methodology has been rigorously formulated and extensively
studied within QCD-based approaches in Refs. [18–25]. On
the other hand, the BOA has also been implemented within
potential models (see, e.g., Refs. [26–30]), where effective
potentials are employed to describe the dynamics of doubly
heavy hadrons. In Refs. [26,28], for instance, the BOA was
applied to study doubly heavy baryons and tetraquarks. The
mass of the Ξcc obtained in Ref. [26] agrees with the
measured value of Ξþþ

cc ð3612Þ, and Ref. [28] further suggests
that the observed Tþ

ccð3875Þ is a good candidate for the ccn̄ n̄
tetraquark state with quantum numbers ðI; JPÞ ¼ ð0; 1þÞ.
However, in both works, the confining interaction between
the heavy and light quarks was not fully incorporated. Since
confinement plays a crucial role in determining heavy-light
separations, omitting part of this interaction introduces non-
negligible uncertainties into the predicted masses. Moreover,
their results rely on an extra adjustable parameter R0 to
constrain the estimated masses. A complete treatment of the
heavy-light confining interaction, without introducing addi-
tional parameters, is therefore essential for obtaining reliable
predictions for doubly heavy systems.
The BOA was originally developed in nonrelativistic

quantum mechanics to describe molecules, where light
electrons move in the field of much heavier nuclei. By
effectively separating the motions of the light and heavy
degrees of freedom, the two parts can be treated independ-
ently and solved sequentially. This approach provides an
accurate description of systems such as the hydrogen
molecule and the hydrogen molecular ion [31]. Its success
relies on the fact that the proton mass is approximately 1800
times larger than the electron mass. In contrast, for doubly
charm hadronic states the situation is markedly different: the
constituent mass of the c quark is only about 5 times that of
the n (i.e., u or d) quark. This significant difference naturally
raises the question of whether the BOA can be reliably
applied to determine the properties of doubly heavy hadrons,
an issue that requires careful examination. Moreover, the
selection of basis functions within the BOA framework can
lead to discernible variations in the numerical results. In
molecular physics, Slater-type functions (STFs) are generally
preferred over Gaussian-type functions (GTFs), due to their
superior capability in reproducing the finite slope behavior
of wave functions at short distances, and they also represent
the exact solutions to the hydrogen atom problem [32].
Nevertheless, the applicability and efficiency of STFs within
the realm of hadron physics, where Gaussian-type functions
are conventionally favored for their rapid long-range sup-
pression. This potential discrepancy warrants a systematic
comparative study.

Compared with the BOA, the Gaussian expansion method
(GEM) provides a fully dynamical treatment by solving the
Schrödinger equation without assuming a separation of the
heavy and light mass degrees of freedom [33]. The GEM
delivers high numerical precision for few-body systems and
incorporates the full correlations among the constituent
quarks. Therefore, a direct comparison between the BOA
and the GEM offers an effective way to quantify the
uncertainties inherent in the BOA and to clarify the conditions
under which it remains valid for doubly heavy systems. Such
a comparison is essential for establishing reliable theoretical
predictions for doubly heavy baryons and tetraquarks.
In this paper, we first investigate the hydrogen molecular

ion and hydrogen molecule using both the BOA and the
GEM. Within the BOA framework, STFs and GTFs were
also employed as trial wave functions, and the corresponding
results are compared with those obtained from the GEM.We
demonstrate that the accuracy of the BOA depends sensi-
tively on the mass hierarchy between the heavy and light
constituents: a pronounced scale separation yields results
close to the solutions of GEM, while deviations arise as this
hierarchy becomes less distinct.
This study focuses on the validity of the BOAwithin the

framework of potential models, rather than the QCD-based
studies mentioned above. Therefore, we present a general
Hamiltonian applicable to both doubly heavy baryons and
tetraquarks, and we investigate these systems using both the
BOA and the GEM. In hadronic systems, our results indicate
that the three approaches yield close values when the heavy-
quark mass is relatively small. However, as the heavy-quark
mass increases, opposite trends emerge for the two basis
choices: the BOA-STFs calculations produce larger values
than those obtained from the GEM, whereas the BOA-GTFs
calculations yield smaller ones.
The remainder of this paper is organized as follows. In

Sec. II, a detailed comparison of the BOA-STFs, BOA-
GTFs, and GEM results for hydrogenlike systems is
presented. Section III introduces the Hamiltonian for doubly
heavy baryon and tetraquark. Based on this Hamiltonian, we
describe the numerical approaches used in this work. Three
methods are applied to estimate the masses of doubly heavy
baryons and tetraquark states. A summary of this work is
given in Sec. IV. Technical details are expanded in the
Appendix.

II. HYDROGEN MOLECULAR ION AND
HYDROGEN MOLECULE

To obtain more reliable mass estimates, we solve the
multibody Schrödinger equations using the Hamiltonian
within the GEM [33,34]. This method provides high
numerical accuracy and has been widely applied in hadron
masses spectroscopy [35–45]. In recent years, we have
successfully developed theoretical descriptions of the mass
spectra of singly heavy baryons [35,40,46,47],Ω hyperons,
and triply heavy baryons using the GEM [37]. In addition,
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a new charm-strange baryon state was predicted [48].
Furthermore, the GEM has been employed to study the
spectra of the hydrogen atom, molecular ion, and diatomic
molecule, with results found to be in excellent agreement
with experimental measurements [49]. We have also pre-
dicted a new type of hydrogenlike charm-pion or charm-kaon
matter. These studies demonstrate that the GEM adopted in
our framework provides a reliable and accurate description of
mass spectra.
For hydrogenlike systems, GEM reproduces experimental

binding energies with an accuracy better than BOA, which
validates its role as a numerical benchmark in the present
comparative study. In molecular physics, the Hamiltonians
of the hydrogen molecular ion and hydrogen molecule can
be written as

H ¼
X
i

p2
i

2mi=me
þ
X
i<j

1

rij
; ð1Þ

where mi and me denote the masses of the ith proton and
electron, respectively.
The comparison is shown in Fig. 1. It is found that when

the mass ratio between the heavy and light particles is large,
the results obtained from both BOA-STFs and BOA-GTFs
approach those of GEM. However, as the mass ratio
decreases, the BOA predictions increasingly deviate from
the GEM results and tend to yield deeper binding energies
for both hydrogen molecular ion and hydrogen molecule.
The main reason for the discrepancy between the results

of the BOA and the GEM originates from the limited
validity of the BOA. According to Ref. [50], the appli-
cability of the BOA to molecular systems is governed by

�
me

mi

�
1=4

: ð2Þ

When me=mi ∼ 1, the underlying assumption of scale
separation breaks down and the BOA becomes unreliable.
The BOA approach generally provides a lower estimated
mass [51,52]. In contrast, for me=mi ≪ 1, the BOA is
expected to be valid and its predictions approach the GEM
solutions.
The above analysis of the hydrogen molecular ion and

the hydrogen molecule provides a benchmark for assessing
the validity of the BOA. It explicitly demonstrates that the
reliability of the BOA is controlled by the degree of mass
hierarchy between the heavy and light constituents: when a
clear separation of scales exists, the BOA yields results
close to the GEM solutions, whereas significant deviations
emerge once this hierarchy is weakened.
This observation is directly relevant to doubly heavy

systems in quantum chromodynamics. In doubly heavy
hadrons, such as doubly heavy baryons and tetraquarks, the
heavy quarks play a role analogous to the nuclei in molecular
systems, while the light quarks correspond to the electrons.

However, unlike molecular physics, the mass ratio between
heavy and light quarks is much smaller. Moreover, strong
interaction contains an intrinsic color-confining property that
has no counterpart in atomic systems. These features raise
nontrivial questions regarding the quantitative reliability of the
BOAwhen applied to doubly heavy hadrons.

III. DOUBLY HEAVY BARYONS AND
TETRAQUARKS

A. General Hamiltonian

To study the masses of S-wave doubly heavy hadronic
states, a general Hamiltonian is given by

H ¼
X
i

p2
i

2mi
þ
X
i<j

ðVconf
ij þ Vhyp

ij Þ; ð3Þ

where the subscript i represents the ith constituent quark.
pi is its constituent quark momentum. Since we focus on
S-wave doubly heavy hadrons, the confinement term Vconf

ij

and hyperfine term Vhyp
ij take the following forms:

Vconf
ij ¼ −

�
−
αs
rij

þ 3

4
brij þ

3

4
C

�
Fi·Fj; ð4Þ

Vhyp
ij ¼

�
8παs
3mimj

δ̃ðrijÞSi·Sj
�
Fi·Fj; ð5Þ

respectively. The αs, b, and C are the strong coupling
constant, the string tension, and the renormalization con-
stant, respectively. The smeared delta function δ̃ðrijÞ is
defined as

δ̃ðrijÞ ¼
σ3

π3=2
e−σ

2r2ij : ð6Þ

Here, σ is the smearing parameter.

FIG. 1. The eigenvalues of the hydrogen molecular ion and
hydrogen molecule as a function of the mass ratio mi=me,
obtained within the BOA-STFs, BOA-GTFs, and GEM. The
vertical dashed line denotes the physical value mp=me.
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B. Doubly heavy systems within BOA

According to Refs. [26,28,53], within BOA the
Hamiltonian can be decomposed into heavy and light
components,

HBOA ¼ Hheavy þHlight: ð7Þ

The interaction of a heavy degree of freedom is given by

Hheavy ¼ Theavy þ VðrABÞ; ð8Þ

where the heavy-heavy interaction potential takes the form

VðrABÞ ¼ −
2αs
3rAB

þ 1

2
brAB þ 1

2
C: ð9Þ

The interaction associated with the light degree of freedom
can be written as

Hlight ¼ T light þ Vl: ð10Þ

For the doubly heavy baryon states, the interaction for
the light degree of freedom is given by

Vl ¼ −
2αs
3rA

−
2αs
3rB

þ 1

2
brA þ 1

2
brB þ C: ð11Þ

The corresponding Schrödinger equation reads as

ðTheavy þ T light þ VðrABÞ þ VlðrA; rB; rABÞÞΨ ¼ EΨ;

ð12Þ

with the total wave function written as

Ψ ¼ fðrABÞΦðrA; rB; rABÞ: ð13Þ

Here, fðrABÞ and ΦðrA; rB; rABÞ denote the wave functions
associated with the heavy and light degrees of freedom,
respectively.
The BOA relies on the suppression of the kinetic energy

of the heavy degrees of freedom due to their large masses.
Therefore, we first consider only the light part by solving
the eigenvalue equation of the light particles for the fixed
positions of the heavy particles

ðT light þ VlÞΦ ¼ εðrABÞΦ; ð14Þ

where εðrABÞ denotes the energy eigenvalue of the light
degrees of freedom for a fixed heavy-quark separation.
With εðRÞ determined, Eq. (12) reduces to the Schrödinger
equation for the heavy degree of freedom,

�
−∇2

2mQ
þ VðrABÞ þ εðrABÞ

�
fðrABÞ ¼ EBOAfðrABÞ: ð15Þ

Finally, the resulting BOA Hamiltonian of a doubly
heavy baryon is

HBOA ¼ −
∇2

2mQ
−

2αs
3rAB

þ 1

2
brAB þ 1

2
Cþ εðrABÞ: ð16Þ

With the BOA Hamiltonian, we can solve the Schrödinger
equation to obtain the eigenvalue of the doubly heavy
baryon:

HBOAfðrABÞ ¼ EBOAfðrABÞ; ð17Þ

where EBOA is the BOA eigenvalue of the discussional
system.
For the doubly heavy tetraquarks, the QQ diquark can

reside in either the color 3̄ or 6 representation. In the present
work, we first focus on the color 3̄ representation, and the
heavy-heavy quark potential takes the form

VðrABÞ ¼ −
2αs
3rAB

þ 1

2
brAB þ 1

2
C: ð18Þ

The interaction associated with the light degrees of
freedom is given by

Vl ¼ −
1αs
3rA1

−
1αs
3rB2

−
1αs
3rA2

−
1αs
3rB1

−
2αs
3rl

þ 1

4
brA1 þ

1

4
brB2 þ

1

4
brA2 þ

1

4
brB1 þ C: ð19Þ

Here, rA1, rA2, rB1, rB2 represent the distances between the
heavy quarks and the light quarks. rl is the distance
between two light quarks. The eigenvalue of the light
degree of freedom εðrABÞ for the doubly heavy tetraquark is
obtained using Eq. (14).
Within the BOA framework, the resulting BOA

Hamiltonian for the doubly heavy tetraquark can be
written as

HBOA ¼ −
∇2

2mQ
þ VðrABÞ þ εðrABÞ: ð20Þ

The selection of the wave function and its detailed
derivation are presented in the Appendix.
Following Refs. [28,53], the hyperfine structure of the

doubly heavy system is described within the framework of
the color-magnetic interactions (CMI) model [13,54–57].
Adding hyperfine interactions, the mass formula of the
doubly heavy system is given by

M ¼
X
i

mi þ EBOA þ hHCMIi: ð21Þ

HCMI represents CMI between quark components, which has
the form
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HCMI ¼ −
X
i<j

Cijλi · λjσi · σj: ð22Þ

Here, λi and σi denote the SUð3Þ Gell-Mann matrices and
SU(2) Pauli matrices for the ith quark, respectively. The
coupling constant Cij describes the strength between the ith
quark and the jth quark.

C. Doubly heavy systems in GEM

Following the approach of our previous work
[35–41,46,47], we use a well-chosen set of Gaussian basis
functions forming an approximate complete set in a finite
coordinate space to expand the wave function and trans-
form the stationary Schrödinger equation into a generalized
eigenvalue problem.
For the three-bodyQQq systems, with two heavy quarks

Q positioned atm2 andm3 in Fig. 1 of Ref. [33], we use the
symmetric basis

Φα ¼ ½½ϕG
nlðr1ÞϕG

NLðR1Þ�Lt
½s1½s2s3�s23 �S�JM; ð23Þ

where α ¼ fl; L; Lt; s23; S; n; Ng. For the four-body
QQq̄ q̄ systems, with two heavy quarks Q positioned at
m1 and m2 and two light quarks q̄ positioned at m3 and m4

in Fig. 18 of Ref. [33], we use the basis

Φα ¼ ½½½ϕG
nlðrcÞϕG

NLðRcÞ�IϕG
νλðρcÞ�Lt

½½s1s2�s12 ½s3s4�s34 �S�JM;
ð24Þ

where α ¼ fc; l; L; I; λ; Lt; s12; s34; S; n; N; νg. The α used
for each JP quantum number is shown in Table I.
To estimate the discussed hadron masses, several input

parameters are required. The coupling constant αsðqÞ,
including the one-loop QCD correction, is given by [58,59]

αsðqÞ ¼
12π

33 − 2Nf

1

logðeþ q2

Λ2Þ
; ð25Þ

where Nf ¼ 5, e ¼ 2.71828, and Λ ¼ 0.1 GeV [60]. The
value of αsðmiÞ is then obtained from the above expression
using the constitute quark mass mi. For string tension, we
use the value b ¼ 0.15 GeV2 to calculate the hadron masses,
which is consistent with the result from lattice QCD [61].
By reproducing the masses of these well-established

S-wave mesons using the GEM, as shown in Table II, we
determine the remaining model parameters, which are
summarized in Table III. In Ref. [54], the coefficients
Cij of the color-magnetic interaction were determined from
the measured masses of S-wave hadrons. We therefore
adopt the same set of Cij value in the present work. A
comprehensive description of the extracted Cij parameters
can be found in Ref. [54]. We employ the variational
parameters to be 0.5 GeV, 0.3 GeV, and 0.4 GeV in BOA-
STFs for the QQq (q ¼ u, d, s), QQn̄ n̄ (n ¼ u, d), and
QQs̄ s̄, respectively.
With the above parameters, the estimated eigenvalues

and masses for doubly heavy baryons and tetraquarks are
listed in Tables IV–VI.

TABLE I. Three-body and four-body angular-momentum space of QQq and QQq̄ q̄. The units of ν1, λ1, and ω1 are GeV−2, and the
remaining quantities are dimensionless.

(a) QQq systems
JP l L Lt s23 S nmax ν1 q Nmax λ1 Q

1
2
þ 0 0 0 1 1

2
20 20 0.6 20 30 0.6

3
2
þ 0 0 0 1 3

2
20 20 0.6 20 30 0.6

(b) QQq̄ q̄ systems
JP l L I λ Lt s12 s34 S nmax ν1 q Nmax λ1 Q νmax ω1 a

0ð1þÞ 0 0 0 0 0 1 0 1 6 0.3 0.1 6 0.2 0.1 6 0.1 0.1
1ð0þÞ 0 0 0 0 0 1 1 0 6 0.3 0.1 6 0.2 0.1 6 0.1 0.1
1ð1þÞ 0 0 0 0 0 1 1 1 6 0.3 0.1 6 0.2 0.1 6 0.1 0.1
1ð2þÞ 0 0 0 0 0 1 1 2 6 0.3 0.1 6 0.2 0.1 6 0.1 0.1

TABLE II. The comparisons of experimental and theoretical
masses. The MThe, MExp, and MErr are theoretical calculations,
experimental results, and uncertainties of the masses, respec-
tively. We also present χ2=n, where n is the number of the states.

States MThe [MeV] MExp [MeV] [62] MErr [MeV] [62]

D� 1864.4 1869.5 0.4
D�� 2010.2 2010.26 0.05
D�

s 1968.5 1968.35 0.07
D��

s 2101.2 2106.6 3.4
B� 5282.5 5279.41 0.07
B� 5300.5 5324.75 0.20
B0
s 5366.8 5366.91 0.11

B�
s 5385.8 5415.4 1.4

χ2=n ¼ 2155.7
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D. Doubly heavy baryon

The GEM provides highly accurate solutions to the
multibody Schrödinger equation and is therefore well
suited as a benchmark for investigating hadronic properties.
Here, to enable a direct comparison for the BOA-STFs,
BOA-GTFs, and GEM eigenvalues, the hyperfine inter-
actions are temporarily neglected and only the kinetic
energy, Coulomb, and confinement terms are considered.

For the QQn, the dependence of the eigenvalue E on the
heavy-quark mass mQ is illustrated in Fig. 2(a).
As shown in Fig. 2(a), in hadronic systems, the confine-

ment term and the attractive interaction between two heavy
quarks lead to similar binding energies when the heavy-quark
mass is small. Furthermore, the eigenvalues exhibit a decreas-
ing trend with increasing quark mass in three methods,
reflecting their dependence on the heavy-quark mass.
A qualitative difference emerges when comparing the

mass dependence of the binding energies in molecular
systems and in multiquark states containing two heavy
quarks. In molecular systems, the BOA binding energy is
entirely determined by the electronic dynamics and remains
independent of the nuclear mass. Consequently, in the
heavy-mass limit the kinetic energy of the nuclei becomes
negligible. However, for doubly heavy baryons and tetra-
quark systems, the BOA binding energy depends explicitly
on the heavy-quark mass.
With an increasing heavy-quark mass, the light-quark

dynamics in the BOA framework are treated variationally,
and the simplified STFs used as trial wave functions tend to

TABLE IV. Eigenvalues andmass spectra for theQQn (n ¼ u,d)
and QQs states. All eigenvalues and masses are given in units
of MeV.

BOA-STFs BOA-GTFs GEM

States EBOA Mass EBOA Mass E Mass

Ξcc −10.9 3550.5 −37.8 3525.5 −7.9 3566.4

Ξ�
cc −10.9 3614.5 −37.8 3587.4 −7.9 3600.3

Ξbb −114.4 10060.1 −190.2 9984.4 −131.4 10046.5

Ξ�
bb −114.4 10080.9 −190.2 10005.1 −131.4 10055.9

Ωcc −94.4 3642.8 −134.0 3603.2 −95.0 3660.1

Ω�
cc −94.4 3711.6 −134.0 3672.0 −95.0 3691.8

Ωbb −202.3 10151.2 −292.6 10060.9 −223.7 10133.3

Ω�
bb −202.3 10172.0 −292.6 10081.7 −223.7 10142.6

TABLE III. Comparison of model parameters used in the GEM
and BOA. The quark masses and confinement parameters are
identical in both approaches. The hyperfine part differs: the
potential model uses a single parameter σ, while the BOA
employs 12 coefficients Cij.

GEM BOA

Quark masses mn (GeV) 0.3971 Same
ms (MeV) 576.1 Same
mc (MeV) 1598.8 Same
mb (MeV) 4893.1 Same
mt (MeV) 172560 Same

Confinement αs Eq. (25) Same
b (GeV2) 0.15 Same
C (MeV) −606.9 Same

Hyperfine σ (MeV) 3772.2 � � �
Cnn (MeV) � � � 18.3
Ccc (MeV) � � � 3.5
Ccn (MeV) � � � 4.0
Ccs (MeV) � � � 4.3
Cbb (MeV) � � � 1.9
Cbn (MeV) � � � 1.3
Cbs (MeV) � � � 1.3
Ccn̄ (MeV) � � � 6.6
Cbn̄ (MeV) � � � 2.1
Css (MeV) � � � 6.5
Ccs̄ (MeV) � � � 6.7
Cbs̄ (MeV) � � � 2.3

TABLE V. Eigenvalues and mass spectra for the ccn̄ n̄ and
bbn̄ n̄ states. All eigenvalues and masses are given in units of MeV.

ccn̄ n̄ System

BOA-STFs BOA-GTFs GEM

IðJPÞ EBOA Mass EBOA Mass E Mass

0ð1þÞ 233.7 4088.4 188.5 4043.2 195.8 4051.1
1ð0þÞ 233.7 4213.2 188.5 4168.0 195.8 4184.7
1ð1þÞ 233.7 4248.4 188.5 4203.2 195.8 4193.3
1ð2þÞ 233.7 4318.8 188.5 4273.6 195.8 4208.8

bbn̄ n̄ System

0ð1þÞ 128.9 10568.0 27.7 10466.7 84.4 10615.4
1ð0þÞ 128.9 10740.8 27.7 10639.5 84.4 10668.7
1ð1þÞ 128.9 10752.0 27.7 10650.7 84.4 10670.9
1ð2þÞ 128.9 10774.4 27.7 10673.1 84.4 10675.1

TABLE VI. Eigenvalues and mass spectra for the ccs̄ s̄ and
bbs̄ s̄ states. The eigenvalues and masses are in units of MeV.

ccs̄ s̄ System

BOA-STFs BOA-GTFs GEM

JP EBOA Mass EBOA Mass E Mass

0þ 61.6 4366.6 18.3 4323.3 38.6 4384.1
1þ 61.6 4402.4 18.3 4359.1 38.6 4392.3
2þ 61.6 4473.8 18.3 4430.5 38.6 4407.0

bbs̄ s̄ System

0þ −38.4 10897.9 −136.8 10799.5 −76.2 10864.3
1þ −38.4 10910.1 −136.8 10811.8 −76.2 10866.5
2þ −38.4 10934.7 −136.8 10836.3 −76.2 10870.8
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enhance the binding energy. This behavior mainly arises
from their limited ability to capture the long-range con-
fining potential.
For comparison, GTFs are also employed as trial wave

functions within the BOA framework. For a heavy-quark
mass equal to the charm-quark mass, the BOA-GTFs yield
results smaller than those obtained from GEM. This under-
estimation in the BOA-GTF calculations mainly originates
from the neglect of nonadiabatic corrections inherent in
the BOA.
From Table IV, after including the hyperfine inter-

actions, the masses of the Ξcc obtained using the BOA-
STFs and BOA-GTFs are found to be 3550.5 MeV and
3525.5 MeV, respectively. The corresponding eigenvalues,
E ¼ −10.9 MeV and E ¼ −37.8 MeV, are close to the
results obtained from the GEM. For the Ξbb system, the
eigenvalue predicted by the BOA-STFs is −114.4 MeV,
which is larger than the corresponding GEM result. In
contrast, the BOA-GTFs approach yields a smaller eigen-
value of −190.2 MeV compared with the GEM calculation.
The predicted masses and eigenvalues of the remaining
doubly heavy baryons are also listed in Table IV.

E. Doubly heavy tetraquark: QQ in color 3̄

For the QQnn tetraquark states, Fig. 2(b) shows the
variation of E with respect to the heavy-quark mass, as
obtained from the BOA-STFs, BOA-GTFs, and GEM.
As shown in Fig. 2(b), the variation trend of the

eigenvalues for the doubly heavy tetraquark states is similar
to that for doubly heavy baryons. For small heavy-quark
masses, the binding energies predicted by the BOA are
close to those obtained from the GEM. However, as the
heavy-quark mass increases, the BOA-STFs predictions for
the QQn̄ n̄ states become larger than those obtained from
the GEM, whereas the BOA-GTFs results are smaller than
the GEM ones.
From Table V, the mass of the IðJPÞ ¼ 0ð1þÞ ccn̄ n̄ state

predicted within the BOA-STFs and BOA-GTFs are

4088.4 MeV and 4043.2 MeV, respectively. Both values
are close to the corresponding result obtained using the
GEM (4051.1 MeV). The masses of the isovector (I ¼ 1)
ccn̄ n̄ states are found to lie around 4.2 GeV. The mass
splitting between the isoscalar and isovector ccn̄ n̄ states is
primarily determined by the hyperfine interaction of the
Hamiltonian.
From Table V, the eigenvalues of the IðJPÞ ¼ 0ð1þÞ

bbn̄ n̄ state predicted within the BOA-STFs and BOA-GTFs
frameworks are 128.9MeVand 27.7 MeV, respectively. The
BOA-STFs result indicates a weaker binding than the GEM,
whereas the BOA-GTFs approach leads to a stronger
binding. Other mass estimates for the doubly heavy tetra-
quark states, obtained using different approaches, are listed
in Tables V and VI.

IV. SUMMARY

In this work, we investigate the masses and binding
properties of hydrogenlike systems using both the BOA and
the GEM frameworks. To examine the validity of the BOA
within potential models, we further study doubly heavy
baryons and tetraquarks within the same frameworks. Since
the GEM provides highly reliable solutions to the full
multibody Schrödinger equation without assuming a sep-
aration of scales, it is employed as a benchmark for
evaluating the applicability of the BOA within potential
models. Additionally, we also examine how different
choices of trial wave functions within the BOA lead to
different results.
By analyzing hydrogenlike systems, we demonstrate that

the reliability of the BOA is governed by the mass ratio
between the heavy and light constituents. When a clear
separation of scales is present, the BOAyields results close
to the solutions obtained with the GEM.
However, in hadronic systems with relatively small

heavy-quark masses, the three approaches yield compa-
rable results. Significant deviations arise in doubly heavy
hadrons, where both the confinement interaction and the

FIG. 2. The dependence of the eigenvalues E on the heavy-quark mass mQ with GEM (blue line), BOA-STFs (red line), and
BOA-GTFs (green line) for QQn (a) and QQnn (b).
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attractive interaction between the two heavy quarks play
important roles. As the heavy-quark mass increases, the
BOA-STFs predictions tend to exceed those obtained from
the GEM, whereas the BOA-GTFs calculations systemati-
cally yield lower values. Our analysis indicates that the
underestimation in the BOA-GTFs results primarily orig-
inates from the neglect of nonadiabatic contributions. In
contrast, the use of STFs as trial wave functions tends to
overestimate the binding energy, primarily because STFs
are not well suited to describe the long-range behavior
induced by the confining interaction.
Although the BOA provides an intuitive physical picture

for doubly heavy hadrons, its quantitative accuracy is
sensitive to the choice of basis functions and the heavy-
quark mass scale. For doubly heavy systems with charm
quarks, BOA can provide reasonable estimates at the
qualitative level. However, for bottom and heavier systems,
quantitative predictions become less reliable, and a fully
dynamical treatment such as GEM is indispensable.
Our results suggest that the conclusions are sensitive to

the form of the interaction potential. Since the potential
adopted in the present work differs from that used in
Refs. [26,28], the resulting predictions are not identical to
those obtained in those studies. Furthermore, the present
conclusions are specific to the potential model framework.
They should not be interpreted as a general assessment of
the validity of the BOA in QCD-based studies [18–25].
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APPENDIX: VARIATIONAL WAVE FUNCTIONS

Within the BOA framework, two types of variational
wave functions are commonly employed, namely Slater-
type functions (STFs) and Gaussian-type functions (GTFs).
We first employ STFs to estimate the masses of doubly

heavy baryons and doubly heavy tetraquark states. The
wave function of the light quark in the doubly heavy baryon
system can be expressed as

Φ ¼ C½RðrAÞ þ RðrBÞ�; ðA1Þ

where the radial variation wave function RðrÞ is a Slater-
type function, which has the form

RðrÞ ¼ A3=2ffiffiffi
π

p e−Ar: ðA2Þ

Here, A is the variational parameter. C ¼ 1ffiffiffiffiffiffiffiffiffi
2þ2I1

p is the

normalization factor, and I1 ¼
R
RðrAÞRðrBÞdτ.

For the doubly heavy baryon, the eigenvalue associated
with the light degree of freedom can be obtained as

εðrABÞ ¼
1

1þ I1

�
A2

2mq
ð1 − I1Þ −

�
4αs
3

−
A
mq

�
I2

−
2αs
3

ðAþ I3Þ þ
1

2
b

�
3

2A
þ I4 þ I5

��
þ C;

ðA3Þ

where

I2 ¼
Z

RðrAÞRðrBÞ
1

rA
dτ ¼

Z
RðrAÞRðrBÞ

1

rB
dτ; ðA4Þ

I3 ¼
Z

RðrBÞ2
1

rA
dτ ¼

Z
RðrAÞ2

1

rB
dτ; ðA5Þ

I4 ¼
Z

RðrBÞ2rAdτ ¼
Z

RðrAÞ2rBdτ; ðA6Þ

I5 ¼
Z

RðrAÞRðrBÞrAdτ ¼
Z

RðrAÞRðrBÞrBdτ: ðA7Þ

For the doubly heavy tetraquarks, the STFs associated
with the light quarks are chosen as

Φ ¼ 1

2þ 2I21
ðRðrA1ÞRðrB2Þ þ RðrA2ÞRðrB1ÞÞ: ðA8Þ

The eigenvalue εðrABÞ of Hlight is determined from

HlightΦ ¼ εðrABÞΦ; ðA9Þ

where

εðrABÞ ¼
1

1þ I21

�
2

�
A

2mq
−
Aαs
3

�
−

A2

2mq
I1

þ A
mq

I2 −
αs
3
I2

�
I1

�
−
2αs
3

ðI1I2 þ I3Þ

−
2αl
3

ðI6 þ I7Þ þ
1

2
bI1I5

�
3

2A
þ I4

��
þ C:

ðA10Þ

Here, the two additional integrals I6 and I7 are defined as
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I6 ¼ hRðrA1ÞRðrB2Þ
1

rl
RðrA1ÞRðrB2Þi; ðA11Þ

I7 ¼ hRðrA1ÞRðrB2Þ
1

rl
RðrA2ÞRðrB1Þi: ðA12Þ

Similar to STFs, GTFs can also be employed as varia-
tional wave functions. For doubly heavy baryons, the trial
wave function is constructed as

Φ ¼
Xnmax

n¼1

CnðϕG
n ðrAÞ þ ϕG

n ðrBÞÞ; ðA13Þ

where

ϕG
n ðrÞ ¼

1

4π
Nne−νnr

2

; Nn ¼
�
4ð2νnÞ3=2ffiffiffi

π
p

�
1=2

: ðA14Þ

The νn is the Gaussian size parameter, which is defined as

νn ¼
1

r2n
; rn ¼ r1an−1 ðn ¼ 1; 2;…; nmaxÞ:

ðA15Þ
For doubly heavy tetraquark states, the corresponding

wave function is given by

Φ ¼
Xnmax

n¼1

CnðϕG
n ðrA1ÞϕG

n ðrB2Þ þ ϕG
n ðrA2ÞϕG

n ðrB1ÞÞ:

ðA16Þ
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