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There has been growing evidence that mu and tau neutrinos are noticeably different due to the emergence
of muons in core-collapse supernovae (CCSNe) and binary neutron star mergers (BNSMs). Recent
theoretical studies also suggest that all flavors of neutrinos and antineutrinos inevitably experience some
flavor mixing instabilities including fast neutrino flavor conversions (FFC), which corresponds to one of
the collective neutrino oscillations powered by neutrino self-interactions. This represents a need for
quantum kinetic treatment in the numerical modeling of neutrino dynamics, which is, however, a
formidable computational challenge. In this paper, we present an approximate method to predict asymptotic
states of FFC without solving a quantum kinetic equation under a three-flavor framework, in which mu and
tau neutrino distributions are not necessarily identical to each other. The approximate method is developed
based on a Bhatnagar-Gross-Krook (BGK) relaxation time prescription, capable of capturing essential
features of mixing competitions among three different flavor-coherent states. Our proposed scheme is
computationally inexpensive and easy to implement in any classical neutrino transport scheme.
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I. INTRODUCTION

Understanding inner dynamics of core-collapse super-
nova (CCSN) and binary neutron star merger (BNSM)
demands sophisticated numerical simulations due to the
complex interplay of micro- and macroscale physical
processes (see recent reviews, e.g., [1–5]). The vast dis-
parity in temporal and spatial scales among different
physical processes renders direct first-principles simula-
tions computationally prohibitive. This means that a coarse-
grained approach is indispensable for numerical modeling,
while the challenge lies in developing approximate meth-
ods that ensure physical fidelity.
At the moment, this issue is particularly represented by

neutrino quantum kinetics (see, e.g., [6–10] for recent
reviews). In CCSN and BNSM environments, neutrino
flavor conversions driven by collective interactions of
neutrinos themselves have the potential to affect the
neutrino radiation field radically, thereby being a game-
changing piece of physics to substantially alter nucleosyn-
thesis, shock dynamics, and remnant evolution from those
proposed in the literature. Quantifying the effects of
neutrino flavor conversions in CCSN and BNSM theories

requires quantum kinetic treatment of neutrino dynamics.
However, implementing quantum kinetic neutrino transport
in CCSN and BNSM simulations presents a significant
challenge. The primary one is a scale separation. Resolving
the microscopic quantum kinetics of neutrinos alongside
macroscopic hydrodynamics is intractable (see, e.g., [11–
13]). Because of the technical challenge, existing strategies
to incorporate flavor conversions in CCSN [14–17] and
BNSM [18–20] simulations, by contrast, often depend on
phenomenological mixing schemes. While pragmatic,
these approaches lack a rigorous connection to quantum
kinetic theory, potentially leading to unphysical outcomes
even qualitatively. Addressing the issue requires the devel-
opment of a subgrid model firmly grounded in neutrino
quantum kinetics.
Thus far, much effort has been dedicated to developing

accurate subgrid models of neutrino flavor conversions.
One of the most important tasks is to determine asymptotic
states of flavor instabilities. Flavor conversions associated
with these instabilities occur in short spatiotemporal scales
compared to other physical ones in CCSN and BNSM
dynamics, indicating that the neutrino radiation field would
achieve a local quasisteady state. This suggests that the
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effects of flavor conversions can be included if we can
predict such a local quasisteady (or asymptotic) state.
Recently, there have been several attempts to determine
them by various ways for fast neutrino-flavor conversion
(FFC) in [21–31], and collisional flavor instabilities [32]. In
our previous paper [33], we demonstrated that these
approximate schemes for determining asymptotic states
of flavor conversions can be implemented in classical
neutrino transport simulation based on a Bhatnagar-
Gross-Krook (BGK) relaxation time prescription (see also
[34]). This represents a great potential for the effects of
flavor conversions associated with collective neutrino
oscillations to be incorporated in any classical neutrino
transport methods, which paves the way for more accurate
CCSN and BNSM simulations with flavor conversions.
However, there is an important limitation in these

methods, which can be seen in our previous study [22].
We provided an analytic prescription to determine asymp-
totic states of FFC in both two- and three-flavor systems. In
the three flavor case, however, μ- and τ neutrinos (hereafter
they are denoted as νμ and ντ, respectively) are not
distinguished but rather treated collectively. Although it
has been believed that this is a reasonable approximation
for CCSN and BNSM neutrino radiation field, some recent
studies have shown that noticeable differences may appear
among νμ, ντ, and their antipartners, due to muon creations
around hot neutron stars [35–40]. Also, the vacuum term
with matter-suppressed mixing angles may differentiate νμ
and ντ at the initial perturbed state due to the mass-squared
difference [41]. Recent works have demonstrated that
differences between μ and τ flavors can impact fast flavor
conversions and subsequent physical outcomes [42–45].
These suggest that the analytic scheme proposed in [22]
and some relevant methods in [24,26] need to be improved.
Addressing this issue is, however, not an easy task, that
motivates the present work.
This paper is structured as follows. In Sec. II, we first

describe difficulties in predicting asymptotic states of FFC
in a three-flavor framework, which underlines the impor-
tance of the present work. We then propose a BGK
prescription to address the issue in Sec. III, and its
capability is tested by comparing it to quantum kinetic
neutrino transport simulations in Sec. IV. After we provide
discussions of how the proposed method is implemented in
classical neutrino transport as a subgrid model of FFC in
Sec. V, we summarize our conclusions in Sec. VI.
Throughout this paper, we use natural units (c ¼ ℏ ¼ 1)
and the (−þþþ) metric signature.

II. COMPLEX INTERPLAY AMONG MULTIPLE
COHERENT STATES

In the three-flavor system, there are three independent
coherent states (νe − νμ, νe − ντ, and νμ − ντ, see Fig. 1).
For cases where flavor coherency is weak, the associated
flavor instabilities occur independently in each coherent

sector. This indicates that determining the dynamics of
flavor conversion is essentially the same as that in the two
flavor cases, which is simple and straightforward. However,
after the system enters into a nonlinear phase where the
flavor coherency grows large enough to affect the neutrino
background, three different coherent states influence each
other. The nonlinear saturation of flavor conversions would
be regulated by a balance between different coherent states.
In Fig. 2, we provide an example where the time

evolution of flavor conversions in three flavor systems
becomes complicated. In this example, we consider the
case that the distribution function of neutrinos at a given
neutrino angle and energy has a relation of νe > ντ > νμ,
and we assume that flavor conversions make the system
flavor equipartition. For νe and νμ, we can easily predict
their time evolutions; the former and latter should decrease
and increase with time, respectively. However, the time
evolution of ντ is determined by the balance of the strength
of flavor conversion between two flavor coherency, in
which ντ gains neutrinos from νe but it converts νμ,
exhibiting a competing effect. As we shall show below,
the strength of flavor conversion is, in general, character-
ized by multiple factors, which need to be taken into
account appropriately.
Here, let us provide another example to illustrate the

difficulty in predicting asymptotic states of flavor con-
versions. As an initial condition, we set neutrino distribu-
tions of three flavors so that νe − ντ and νμ − ντ sectors are
stable but νe − νμ is unstable. In the early phase, the νe − νμ
coherency grows exponentially, and then the flavor con-
version affects both νe and νμ distributions once the

FIG. 1. Schematic picture for flavor coherency in three flavor
systems. Filled circles represent neutrino flavor eigenstates,
where colors distinguish their flavors. The arrows connecting
two flavor states represent a flavor coherent state. See text for
more details.
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instability reaches the nonlinear regime. Since νe and νμ
distributions are changed, other sectors (νe − ντ and
νμ − ντ) could be unstable in flavor instability. This triggers
a complex interplay of flavor conversions among different
coherent sectors. This example exhibits that we cannot
determine which coherent sector becomes unstable during
the time evolution of the system solely based on the linear
stability analysis of initial conditions. The competing
effects among different neutrino flavor coherency are also
time-dependent, which needs to be modeled one way or
another. This argument illustrates that predicting asymp-
totic states of FFC in three-flavor systems requires a
substantial change of approximate scheme from those used
in the literature. To this end, we make the best use of BGK
prescription, whose detailed formulation is presented in the
following section.

III. BGK METHOD TO PREDICT
ASYMPTOTIC STATES OF FFC

A. Basic idea

We start with a brief review of our BGK subgrid model
presented in [33], which provides a fundamental concept to

predict asymptotic states of flavor conversions in the three
flavor system. In this subgrid approach, we approximate the
dynamics of flavor conversion as a relaxation process.
More specifically, the following quantum kinetic equation
of neutrinos,

ð∂t þ v · ∇Þf ¼ −i½H; f�; ð1Þ

is reformulated as

ð∂t þ v ·∇Þf ¼ −
1

τ
ðf − fa;3fÞ; ð2Þ

where f denotes the density matrix of neutrinos, and t and
v represent the time and three-dimensional spatial unit
vector specifying the neutrino flight direction. In the right-
hand side of Eq. (2), τ and fa;3f denote a relaxation time
and three-flavor asymptotic state of f due to flavor
conversions, respectively. One of the noticeable properties
in the BGK formalism is that the strength of flavor
conversion can be specified by the relaxation time, which
is a useful property to handle competing effects of flavor
conversions when there are more than one flavor sectors
(see below).
For FFC dynamics in two flavors (or νμ ¼ ντ ≡ νx, i.e.,

only one flavor sector exists) systems with periodic
boundary conditions in space, we can roughly estimate τ
by an empirical relation of growth rate of FFIs [47,48],
while the two-flavor asymptotic state (fa;ex) can be
approximated by using an analytic scheme of [22]. As
demonstrated in [33], this BGK subgrid model provides a
good performance in reproducing macroscopic properties
of FFC dynamics.
In the present study, we extend the BGK formalism to the

three flavor framework. For that purpose we add a new
idea. The point is that we need to treat competing three
flavor-sectors simultaneously and the asymptotic state is
unknown a priori as in the two flavor case. The key idea is
that each sector is characterized with its own (instanta-
neous) relaxation time and asymptotic state individually.
The asymptotic state of FFC in the three-flavor system fa;3f

is then determined by solving the following ordinary
differential equations with respect to time for each angle,

dfe
dt

¼ −
fe − fa;eμe

τeμ
−
fe − fa;eτe

τeτ
;

dfμ
dt

¼ −
fμ − fa;eμμ

τeμ
−
fμ − fa;μτμ

τμτ
;

dfτ
dt

¼ −
fτ − fa;eττ

τeτ
−
fτ − fa;μττ

τμτ
: ð3Þ

In the above equation, we have introduced the two-flavor
asymptotic states fa;iji and fa;ijj , which are determined from
the two-flavor system consisting of only flavors i and j,

FIG. 2. An example of the competing effect in three-flavor
neutrino flavor conversions. The length of an arrow with a solid
line represents occupation numbers of each flavor of neutrinos at
given a neutrino angle and energy, where colors distinguish
flavors (which is the same as Fig. 1). In this example, the
occupation number of each flavor is assumed to be νe > ντ > νμ
and we also assume that flavor conversions make the system
flavor equipartition (although it is not always true for FFC; see
[46]). Dashed arrows portray a direction of neutrino flavor
conversion. A competing effect can be seen between two flavor
coherency associated with flavor conversions in ντ. FFCs in
νe − ντ sector increase ντ, but those in νμ − ντ make ντ reduce.
See text for more details.
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excluding the third flavor.1 For notational convenience, we
collectively denote fa;iji and fa;ijj as fa;ijð≡ffa;iji ; fa;ijj gÞ,
whenever there is no risk of confusion. Since fast flavor
conversions occur on scales much smaller than those of
macroscopic hydrodynamics, Eq. (3) describes the spatially
averaged evolution of the neutrino distributions at each
angle. The advection term is omitted here because the BGK
scheme is formulated for coarse-grained distributions.
Importantly, the relaxation dynamics described by the
Quantum Kinetic Equation (QKE) are nonhomogeneous
on small spatial and angular scales—a key feature of fast
flavor conversions, but these small-scale effects are implic-
itly incorporated into the definition of the coarse-grained
quantities fa;ij, which reflect the local relaxation behavior
toward flavor equilibrium. As a result, Eq. (3), which
governs the evolution of the spatially averaged (small-
scale) distribution, does not require an explicit advection
term; its effects are effectively taken into account through
the prescription of fa;ij. One major advantage of this
formulation is its ability to capture the competition between
different flavor sectors in shaping the three-flavor asymp-
totic state.
A few important remarks regarding Eq. (3) are in order.

First, fa;ij is determined from fi and fj at each time step,
implying that fa;ij is also a time dependent quantity. This
means that fa;ij does not represent an asymptotic state of
flavor conversion, but rather it is a reference neutrino
distribution, toward which the system evolves via FFC at
each time. Second, we may use existing approximate
methods for two neutrino flavor systems to determine both
fa;ij and τij, whose details shall be described in Sec. III B.
Thirdly, there are two relaxation terms on the right-hand
side of Eq. (3), which express the competition among three
flavor sectors. Last but not least, despite its appearance, the
BGK equation differs from the ordinary relaxation equation
because its relaxation terms are inherently nonlinear in fi,
exhibiting an integral-equation nature through τij and fa;ij.
We now clarify the relationship between the three-flavor

asymptotic state fa;3fi and the sector-wise two-flavor
asymptotic state fa;ij. Over the timescale of flavor con-
versions, fa;3fi remains constant, whereas fa;ij can undergo
significant evolution, as noted earlier. However, in the long
term, the three-flavor asymptotic state fa;3fi , the two-flavor
asymptotic states fa;iji and fa;iki (for j ≠ k), and the neutrino
distribution function fi will all evolve toward convergence,
ultimately establishing a steady state. Thus we obtain the
three-flavor asymptotic state by evolving Eq. (3) till a
steady state.
One may wonder if we can directly determine fi

satisfying that the right-hand side of Eq. (3) becomes zero.
However, this approach is not appropriate to determine
asymptotic states of FFCs, because the solution is not

unique. This can be understood through a property of τij.
As is well known, the relaxation time is determined based
on a growth rate of flavor instability, indicating that τij for
FFC becomes infinity in cases with no angular crossings
(see also [47,48]). On the other hand, there are, in general,
an infinite number of solutions to eliminate the angular
crossings for arbitrary initial neutrino distributions in all
sectors, indicating that the solution cannot be analytically
derived. As we shall show in Sec. IV C, all fa;3fi are
determined by the interplay among all relaxation terms in
the right-hand side of Eq. (3), making analytic treatment
impossible. Also, any other crude one-step estimation of
fa;3fi is inherently instantaneous, implying infinitely fast
relaxation rates. Consequently, such an approach is inca-
pable of accurately capturing the competition among
different coherency sectors, each operating at distinct
timescales. Consequently, directly solving Eq. (3) appears
to be the only feasible approach to obtain these solutions. It
should be mentioned that the numerical integration of
Eq. (3) is very simple and computationally inexpensive,
exhibiting no practical difficulties.

B. Estimating f a;ij and τij

As already pointed out above, the sector-wise two-flavor
asymptotic state fa;ij and the relaxation timescale τij can be
computed based on existing approximate methods. In this
subsection, we describe a recipe for them. For more details
of our approximate methods, we refer readers to [22,33].
In the present study, we focus on FFC. In the fast limit,

we ignore vacuum effects and matter refraction. We also
neglect the collision term that leads to an energy depend-
ence in FFC. We, hence, work in energy-integrated
neutrino distributions throughout this paper. To estimate
fa;ij and τij, we first define a relative angular distribution of
neutrino lepton numbers between i and j flavors as

Gij
v ≡ ffiffiffi

2
p

GFððfi − f̄iÞ − ðfj − f̄jÞÞ: ð4Þ

Note that a factor of
ffiffiffi
2

p
GF, where GF denotes Fermi

constant, is added in the definition of Gij
v by following a

convention of [22]. We then define its angular integrated
quantities by dividing the integration domain into two
regions by Gij

v as

A≡
����
Z
Gij

v <0

dΩ
4π

Gij
v

����;
B≡

����
Z
Gij

v >0

dΩ
4π

Gij
v

����: ð5Þ

By using A and B, we compute τij as,

τij ¼ 2πffiffiffiffiffiffiffi
AB

p : ð6Þ
1We note that fa;iji ¼ fa;jii by definition.
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It should be mentioned that the absence of angular cross-
ings implies either A ¼ 0 or B ¼ 0, which yields τ → ∞.
In our approximate scheme originally proposed by [22],

fa;ij is computed using the survival probability Pi;j of
flavor i in the presence of flavor j, as

ð f
ð−Þ

Þa;iji ¼ Pi;j f
ð−Þ

i þ ð1 − Pi;jÞ f
ð−Þ

j;

ð f
ð−Þ

Þa;ijj ¼ ð1 − Pi;jÞ f
ð−Þ

i þ Pi;j f
ð−Þ

j: ð7Þ

The equation applies to both neutrinos f and antineutrinos
f̄. It is worth mentioning that Pi;j ¼ 1 − Pj;i, consistently

with the notation fa;iji ¼ fa;jii . In computing Pi;j, A, and B
in Eq. (5) are also used. We assume a boxlike angular
distribution for Pi;j, and it can be computed as,

Pi;j ¼
(

1
2

for Gij
v < 0;

1 − A
2B for Gij

v > 0:
ð8Þ

for cases with B ≥ A, and

Pi;j ¼
(

1
2

for Gij
v > 0;

1 − B
2A for Gij

v < 0:
ð9Þ

for the others. We note that Eq. (7) ensures the total lepton
number conservation with respect to each neutrino flight
direction, while Eqs. (8) and (9) also ensure the conserva-
tion of the zeroth angular moment (or number density) of
fi − f̄i. These are necessary conditions to develop a
reliable approximate method for predicting asymptotic
states of FFCs (see [22] for more details).

IV. VALIDATION

In this section, we test how well the new BGK asymptotic
method can reproduce the results of quantum kinetic simu-
lations.Hereafter,wework in the unit ofμ≡ ffiffiffi

2
p

GFnνe , sowe
omit μ in the following discussion unless otherwise stated.

A. Models

For all models, the initial conditions for neutrino angular
distributions are set based on the following axially symmetric
Gaussian function,

fi ¼
αi
ni
exp

�
−
ðcos θν − 1Þ2

2ξ2i

�
; ð10Þ

where ni ≡ R
1
−1

dx
2
exp ½− ðx−1Þ2

2ξ2i
� and θν is the angle with

respect to the symmetry axis in the neutrino momentum
space, which is the same as the spatial direction of the 1D
box. There are two control parameters in the function. ξi
characterizes the shape of the angular distribution and αi
represents the total amount (or angular-integrated) neutrino
number density.
In this study, we set four models: Ef-2f, Cross1-3f,

Cross2-3f, and Cross3-3f. The parameters for the initial
condition of these models are summarized in Table I. Their
initial Neutrino Flavor Lepton Number (NFLN) distribu-
tions are shown in Fig. 3, where NFLN denotes neutrino
flavor lepton number which is defined as fi − f̄i.
The Ef-2f model corresponds to an effective two-flavor

system in which μLN and τLN, which denote μ and τ
neutrinos lepton number, respectively, are assumed to be
initially identical. The system is two-flavor since fast flavor
conversions are only sensitive to lepton number distribu-
tions ELN and XLN (recall the vacuum effect which can
differentiate μ and τ flavors is ignored) instead of the
individual neutrino distribution functions fi and f̄i. It
should be noted that the asymptotic state in such a system
can be predicted by an analytic scheme in [22]. However, it
is not a trivial issue whether our new method based on BGK
prescription has the same level of performance as in [22].
This is because their approaches are completely different
from each other. As shown in Eqs. (8) and (9), the survival
probability is set to be 1=2 in cases with flavor equiparti-
tion, but it is 1=3 for the analytic scheme in [22]. The
difference comes from the fact that the survival probability
of νe is defined at each coherent sector for the BGK
approach, but it is collectively treated in [22]. It is necessary
to show that our new BGK asymptotic method can achieve
a precision similar to [22] to validate its capability.
For the other models (Cross1-3f, Cross2-3f, and Cross3-

3f), angular distributions of NFLN (which is hereafter
denoted as lepton number) are different among all flavors
(see Fig. 3). For the Cross1-3f model, there is a crossing
between ELN (which is defined as electron-type neutrinos
lepton number) and μLN angular distributions. We note that
τLN is assumed to be zero at all angles. For the Cross2-3f

TABLE I. Parameters for initial neutrino angular distribution in Eq. (10). ξi: Gaussian width; αi: normalized
number density. In each list, the parameters are given in the following order: νe; ν̄e; νμ; ν̄μ; ντ; ν̄τ.

Model ðξiÞ ðαiÞ
Ef-2f (0.6, 0.53, 0.5, 0.5, 0.5, 0.5) (1.0, 0.92, 0.9, 0.9, 0.9, 0.9)
Cross1-3f (0.6, 0.56, 0.52, 0.5, 0.3, 0.3) (1.0, 0.92, 0.9, 0.82, 0.9, 0.9)
Cross2-3f (0.6, 0.52, 0.45, 0.5, 0.3, 0.3) (1.0, 0.92, 0.8, 0.9, 0.9, 0.9)
Cross3-3f (0.6, 0.53, 0.48, 0.5, 0.3, 0.3) (1.0, 0.92, 0.9, 0.9, 0.9, 0.9)
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model, both ELN-μLN and ELN-τLN angular distribu-
tions show a crossing (but no crossings in μLN-τLN),
indicating that all neutrino flavors should evolve with
time. It is worthy of note that competing effects are
involved in ELN distributions since both eμ and eτ sectors
are unstable to FFIs. The Cross3-3f model corresponds to
the most general case, in which a crossing is set in all
flavor coherent sectors. This implies that FFC should
occur in all of them. The intuitive example shown in Fig. 2
fundamentally aligns with the characteristics of this
model. We will show in Sec. IV C that the BGK scheme
can capture the qualitative trend even for such a complex
system.

B. BGK and QKE solvers

Before presenting our numerical results, let us briefly
summarize our schemes for both BGK and QKE solvers. In
our BGK asymptotic scheme, we solve Eq. (3) explicitly in
time. The time step, δt, is set to be 10 in the entire evolution,
which is short enough to resolve flavor conversions for all

models.2 It should be emphasized that τij and fa;ij are
computed from fi and fj (see Sec. III B), which is updated at
every time step.We also note that δt should be varied at each
time step for time-efficient computations when we imple-
ment it in subgrid models of flavor conversions (see
discussions in Sec. VI). These improvements are rather
straightforward, which shall be done in our future work.
For quantum kinetic simulations, we employ a numerical

code in [23,46]. We solve QKE in one spatial dimension by
seventh-order WENO method [49,50] with a fourth-order
Runge-Kutta time integration (CFL number is set to be
0.4). The spatial domain is L ¼ 1000 and we impose a
periodic boundary condition. We use a uniform grid of
Nz ¼ 10;000 points in space. For angular direction in
neutrino momentum space, it is covered with Nv ¼ 256
Gaussian quadrature points. In all simulations, we assume
axial symmetry in the neutrino momentum space. At the

FIG. 3. Initial conditions for models studied in this paper. Model parameters are given in Table I and distributions functions are given
by Eq. (10).

2The relaxation timescales approximated by Eq. (6) are at least
of order Oð102Þ ∼Oð103Þ in all models.
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beginning of the simulations, random perturbations in
flavor coherency with magnitudes smaller than 10−6 times
the diagonal elements are applied. In comparison to the
BGK scheme, we take spatial averages of the neutrino
distribution functions over the simulation box at the end of
simulations when the system settles into a quasisteady
state. The BGK solver uses the same momentum-space
mesh as the QKE solver to ensure consistency.

C. Results

Before comparison with quantum kinetic simulations,
we demonstrate that the BGK asymptotic method can
reproduce the result from an analytic one in [22] for the
Ef-2f model; see Fig. 4. As shown in the figure, the BGK
method is in excellent agreement with the analytic one. It is
worth noting that the angular region with cos θν ≳ 0.7
achieves flavor equipartition among all three flavors, even

though we do not impose it in the BGK scheme. This result
strengthens our basic assumption that spatially averaged
dynamics of FFC in the three-flavor system can be treated
as a relaxation time process on multiple flavor coherency.
Let us turn our attention to comparison with quantum

kinetic simulations. We show the asymptotic angular
distributions of neutrinos in Figs. 5–8. As a reference,
the initial distributions of each model are also displayed
with thin solid lines. Overall, we find that they are in good
agreement with each other. One of the common features in
these models is that angular crossings between two
arbitrary NFLN distributions tend to reduce, which has
also been observed in global simulations of FFCs in the
literature (see, e.g., [11,51–54]). In our BGK asymptotic
scheme, the suppression of angular crossing is a general
trend. This is because the system always evolves toward
fa;ij with no angular crossings (see Sec. III B). One may

FIG. 4. Asymptotic state for model Ef-2f given by our three-flavor BGK method (dashed lines) and an analytic scheme in [22] (solid
lines).

FIG. 5. The initial ELN=μLN=τLN (blue/red/green) distribution functions (thin solid lines) and the asymptotic distribution functions
derived by QKE simulations (dashed-dotted lines, extracted at TQKE ¼ 5000) and by our three-flavor subgrid BGK scheme (dashed
lines, extracted at TBGK ¼ 30;000). In model Ef-2f, the distribution functions for all heavy-leptonic (anti)neutrinos are identical.
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FIG. 6. The same as Fig. 5, but for model Cross1-3f. Model Cross1-3f converges slower than others, and QKE simulation results are
extracted at TQKE ¼ 15;000.

FIG. 7. The same as Fig. 5, but for model Cross2-3f.

FIG. 8. The same as Fig. 5, but for model Cross3-3f.
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wonder if FFCs of two sectors associated with one flavor
can achieve a detailed balance with angular crossings, in
which the right-hand side of Eq. (3) vanishes. In this case,
however, FFC in the other coherent sector must occur,
which reduces the depth of angular crossings and then
suppresses all crossings eventually. To facilitate the read-
ers’ understanding of this discussion, we provide a simple
example and a mathematical argument in the Appendix. In
the following, we inspect each model more closely.
In Figs. 9–12, we show the time evolution of the first

angular moment of NFLN. For the result of quantum
kinetic simulations, we take its spatial average over the
entire simulation box. We note that the spatial average of
the zeroth angular moment of NFLN is a conserved
quantity in periodic boundary conditions (see [22]). In
fact, we use the conservation property to determine fa;ij.
For this reason, the zeroth angular moment is not adequate
to assess the capability of the BGK approximate scheme.

On the other hand, the first angular moment is a dynamical
quantity and it corresponds to one of the representative
quantities to show qualitative trends of angular distribu-
tions, suggesting that it is an appropriate physical quantity
to check the capability of our BGK model. The zeroth
angular moment of fi can be another good metric for the
error between QKE and BGK. Although not shown in
figures, we have confirmed that QKE and BGK agree well
on the zeroth angular moments of fi throughout the
evolution.
For the Ef-2f model (see Fig. 9), we confirm that both

μLN and τLN have identical time evolutions in our BGK
scheme. However, there is a deviation between the two
flavors in quantum kinetic simulation, which is due to
numerical noise. As discussed in [55,56], there is a
turbulentlike property in FFC, implying that the small seed
noise leads to large deviations in the nonlinear phase. On
the other hand, the overall feature is statistically almost

FIG. 9. The time evolution of the first angular moment of ELN (blue lines), μLN (red lines), and τLN (green lines) in our BGK scheme
(dashed lines) and numerical QKE simulations (dashed-dotted lines).

FIG. 10. The same as Fig. 9, but for model Cross1-3f.
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identical between the two flavors, so the numerical artifact
does not compromise the present study.
Figure 9 displays a remarkable deviation in the time

evolution of the first angular moment between BGK and
quantum kinetic simulations in the early phase. This error is
partly due to an approximate estimation of the relaxation
timescale [see Eq. (6)]. As discussed in [33], the empirical
formula to estimate the growth rate of fast instabilities has
only an ability to provide an order of magnitude estimation,
exhibiting that it has limited quantitative accuracy.
Additionally, the deviation in the early time evolution also
arises from the fact that the BGK approximation models fi
as decaying exponentially toward fa;iji , whereas in reality
the off-diagonal components of the density matrix grow
exponentially and subsequently induce changes in the
diagonal elements. Thus, the BGK description serves as
a simplified proxy for the full dynamics, particularly
effective at predicting the asymptotic state. Incorporating
a delay phase into the BGK scheme will be a direction for

future work. We also find that some complex features in the
nonlinear FFC phase (1000≲ t≲ 3000) are missed in the
BGK model. The deviation is mainly due to large temporal
variations appearing in the nonlinear phase of FFCs. They
are driven by local ELN-μðτÞLN angular crossings that
occur even after the system enters a quasisteady state. Let
us emphasize that these detailed features of FFCs are not
our interest in subgrid models, and it is not surprising to see
this level of the deviation. On the other hand, the error of
asymptotic states of flavor conversion in our BGK method
is within a few tens of percent, showing a good perfor-
mance of our BGK method. We note that the major source
of error is not due to the BGK approximation but rather to a
boxlike treatment for angular distributions of survival
probability of neutrinos. This indicates that errors can be
reduced by adopting more elaborate methods as proposed
in [24].
In the Cross1-3f model (see Fig. 10), we find that both

the BGK method and quantum kinetic simulations show no

FIG. 11. The same as Fig. 9, but for model Cross2-3f.

FIG. 12. The same as Fig. 9, but for model Cross3-3f.
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time evolution of the first angular moment of τLN. It should
be noted that the quantum kinetic simulation shows that the
flavor coherency in νe − ντ and νμ − ντ are six orders of
magnitude smaller than that in νe − νμ, exhibiting no
growth of FFC in the two flavor-mixing sectors involving
τ flavor. For the time evolution of ELN and μLN, the
overall trend is well captured by our BGK method.
In the Cross2-3f model (see Fig. 11), it is worth noting

that ELN and τLN evolve faster than μLN, and the amount
of change of ELN and τLN in the early phase is also larger
than μLN. This is because the angular crossing in ELN-
τLN is deeper than in ELN-μLN at the initial condition,
which causes the most vigorous FFCs for the ELN-τLN
sector. As shown in Fig. 7, the ELN and τLN almost
achieve flavor equipartition between the two flavors in the
angular region of cos θν ≳ 0.75. As a result, the depth of
angular crossing in ELN-μLN becomes shallower, reducing
flavor conversions between ELN and μLN. In fact, μLN
does not reach a flavor equipartition in the angular region of
cos θν ≳ 0.75. The BGKmethod successfully captures such
a dynamic interaction of flavor conversions among all three
different flavor coherent states.
Finally, Fig. 12 displays the result of the Cross3-3f

model. As can be seen in the figure, fast instabilities occur
in all flavor coherent sectors, which makes the overall
dynamics more complicated than in other models; never-
theless, the BGK model shows a good performance.
Another noticeable feature displayed in Fig. 12 is that
the first angular moment of μLN and τLN converge toward
the same value for the BGK model. This convergence is
more clearly illustrated in Fig. 13, where it is evident at
t≳ 30;000. This trend is consistent with their angular
distributions in asymptotic states (see Fig. 8), in which μLN
and τLN have identical angular distributions. The result is
expected from our choice of parameters for the initial
condition, in which zeroth angular moment, n, for μLN and
τLN, are set to be nμLN ¼ nτLNð¼ 0Þ (see also α in Table I),

while they are conserved quantities during the time
evolution. In this case, the survival probability, Pi;j for
the μLN-τLN sector becomes 1=2 for all angles [see
Eqs. (8) and (9)], resulting in flavor equipartition between
the two flavors. We note, on the other hand, nELN is
positive, which leads to inhomogeneous angular distribu-
tions of survival probability. As a result, the asymptotic
angular distribution of ELN is clearly different from other
flavors.

V. IMPLEMENTATION IN SUBGRID MODEL

In this section, we discuss how the BGK asymptotic
scheme presented in this paper can be implemented in a
classical neutrino transport code. One might think that the
basic equation can be given by adding advection terms in
Eq. (3), i.e.,

ð∂t þ v ·∇Þfe ¼ −
fe − fa;eμe

τeμ
−
fe − fa;eτe

τeτ
;

ð∂t þ v ·∇Þfμ ¼ −
fμ − fa;eμμ

τeμ
−
fμ − fa;μτμ

τμτ
;

ð∂t þ v ·∇Þfτ ¼ −
fτ − fa;eττ

τeτ
−
fτ − fa;μττ

τμτ
: ð11Þ

It is worth of noting that f in this equation corresponds to a
spatially averaged (or coarse-grained) neutrino distribution
function (see also Sec. III). Although this can certainly
serve as a subgrid-transport equation, we do not recom-
mend using it; the reason is as follows. As discussed in the
above sections, both fa;ij and τij are time-dependent
quantities, and their dynamical timescales are the order
of those of fast instabilities. This suggests that the timestep
of the simulation needs to be short enough to resolve FFCs,
otherwise competing effects of FFC occurring in multiple
flavor coherent sectors cannot be handled precisely.
However, there is a vast difference in scales between flavor

FIG. 13. The result of the extended time evolution of BGK asymptotic simulation for the Cross3-3f model. We confirm that μLN and
τLN appear to converge at around t ≳ 30;000.
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conversions and astrophysical phenomena, indicating that it
is not useful for global simulations.
Due to this issue, we propose another way. We adopt the

original formulation of the BGK subgrid model; see
Eq. (2). In this formulation, we use fa;3fi , which is different
from fa;iji . More concretely, we solve Eq. (3) independently
from Eq. (2) to determine fa;3fi at each time snapshot and
each spatial position (mesh). The relaxation timescale, τ,
can also be estimated as the elapsed time until the system
reaches a quasisteady state, or as several times larger,
provided it remains shorter than the transport timescale. By
using the fa;3fi and τ, we can solve Eq. (2) with the same
order of timestep as that used in classical neutrino transport.
It should be noted, however, that we need to carry out a

systematic study of the BGK subgrid model with global
neutrino transport simulations in order to check the validity
of the proposed method. Although these detailed inves-
tigations are beyond the scope of this paper, they are
currently underway and will be presented in future work.

VI. CONCLUSIONS

In the standard model of CCSN and BNSM, μ- and τ
neutrinos and their antipartners have been assumed to be
identical and therefore have been treated collectively. In
studies of collective neutrino oscillations, we usually
followed the convention. The recent theoretical indication
that stable muons can appear in dense neutrino environ-
ments such as the vicinity of neutron stars exhibits a clear
limitation in these previous studies. Motivated by this fact,
we tackle an important issue of how to predict asymptotic
states of FFCs in the three-flavor framework. Addressing
this issue, however, requires taking into account compet-
ing effects of flavor conversions driven by multiple
flavor coherency, which cannot be handled analytically
(see Sec. II).
In Sec. III, we provide our basic strategy to determine

asymptotic states of FFCs for arbitrary neutrino angular
distributions. The key assumption in this approach is that
we decouple flavor conversions in each flavor coherent
sector. We then apply a BGK prescription for each sector, in
which neutrinos are relaxed to a certain distribution (which
is denoted as fa;ij). For each flavor, there are two associated
flavor coherent states, and their competing effects can be
handled as shown in the right-hand side of Eq. (3). It should
be mentioned that both fa;ij and τij are determined from fi
and fj, implying that they are also time-dependent quan-
tities. We, hence, solve Eq. (3) numerically, and then
approximately estimate the asymptotic state of flavor
conversions, fa;3fi at t ≫ 1. Although solving Eq. (3)
requires numerical integration, it is computationally cheap
and can be implemented easily in any classical neutrino
transport codes (see Sec. V), and its numerical recipe of
how to compute fa;ij and τij is provided in Sec. III B. This
procedure is essentially the same as existing analytic

methods (see, e.g., [22,33]), exhibiting that the implemen-
tation of this new BGK asymptotic scheme into classical
neutrino transport should be straightforward.
In Sec. IV C, we demonstrate the ability of the BGK

asymptotic scheme by comparing it to quantum kinetic
simulations. In this test, we systematically change the
initial neutrino angular distributions by controlling two
independent parameters characterizing initial neutrino
angular distributions [see Eq. (10) and Table I]. From
the Ef-2f model, in which μLN and τLN are assumed to be
identical, we confirm that the BGK asymptotic scheme
reproduces the result of the analytic scheme by [22] as well
as quantum kinetic simulations. For Cross1-3f, Cross2-3f,
and Cross3-3f models, we find good agreement between
the BGK method and quantum kinetic simulations. In the
same section, we also provide discussions about the source
of errors in the BGK scheme.
In the present study, we focus on asymptotic states of

FFC, but the BGK formalism, Eq. (3), can be used for any
flavor conversions associated with other types of instabil-
ities. One of the interesting applications would be for
collisinal flavor instability (CFI) [57]. The instability would
also ubiquitously occur in CCSN [12,58,59] and BNSM
environments [60]. As shown in a previous study [61], the
appearance of stable muons affects occurrences of CFI.
This also suggests that flavor conversions would undergo a
complex interplay among different flavor coherency in the
nonlinear phase. Our BGK asymptotic scheme can handle
it, although we need to consider how τij and fa;ij can be
predicted for CFI. For the relaxation timescale, we can use
an analytic estimation of the growth rate of CFI [62].
However, no reasonable approximations to determine the
asymptotic state have been proposed in the literature. Very
recently, on the other hand, important progress has been
made in [32], in which the asymptotic states of CFI could
be characterized by plus- and minus instability modes. We
will address this important issue in future work.
As presented in this paper, subgrid models of flavor

conversions can be improved step-by-step toward practical
implementation into classical neutrino transport. This could
be a key to understanding CCSN and BNSM. In fact,
evidence has accumulated that flavor conversions occur in
these environments [12,47,59,60,63–66] and that they play
substantial roles on both CCSN [14,15,41,52–54,67] and
BNSM dynamics [18–20].
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APPENDIX: NO ASYMPTOTIC STATES OF FFCS
WITH ELN-μðτÞLN ANGULAR CROSSINGS

We provide a concrete example for our claim in Sec. IV C,
that there are no such asymptotic states of FFCs achieving
detailed balance among all flavorswith angular crossings still
existing. Suppose that ELN-μLN and ELN-τLN angular

distributions are exactly symmetric (see Fig. 14). In this case,
our BGK scheme implies dfe=dt¼ 0 due to achieving a
detailed balance between the two relaxation terms associated
with ELN in Eq. (3). On the other hand, the following
relation, ðELN-μLNÞ-ðELN-τLNÞ¼ τLN-μLN, implies that
crossings should exist between τLN and μLN angular
distributions. As a result, FFC occurs in the μ − τ sector
until the crossings disappear. Due to the symmetry condition,
the effective two-flavor FFC in the μ − τ sector ensures that
ðELN − μLNÞ − ðELN − τLNÞ ¼ τLN − μLN ¼ 0 in the
asymptotic state. As a result, we obtain τLN ¼ μLN,
implying that μLN and τLN achieve flavor equipartition,
which exactly coincide with the ELN distribution in all
angles as their asymptotic states (see Fig. 15). This example
exhibits that the symmetric initial condition between two
NFLN angular distributions with respect to the other NFLN

FIG. 14. Symmetric ELN-μLN and ELN-τLN distributions with respect to y ¼ 0, where y denotes ELN-μLN or ELN-τLN. In this
case, ELN is in a detailed balance state [see Eq. (3)]. However, there exists a zero crossing in μLN-τLN ¼ ðELN-τLNÞ-ðELN-μLNÞ,
which leads to fast instabilities in the μτ sector. This instability will merge μLN and τLN, whose asymptotic states are exactly the ELN
distribution. See text for more details.

FIG. 15. The initial and asymptotic distributions of ELN, μLN, and τLN showcased in the example in Fig. 14. In this example, ELN is
in detailed balance and stays constant, while μLN and τLN converge onto ELN in the asymptotic state.
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always leads to flavor equipartition for all three NFLN as
their asymptotic states.
We can also provide more mathematical proof regarding

this argument. Assume that three NFLN angular distribu-
tions achieve detailed balances with crossings (i.e., sym-
metric distributions similar to Fig. 14). In such situations,
there are angular regions that satisfy τLN > ELN > μLN

(or μLN > ELN > τLN). On the other hand, the condition
of detailed balance between μLN-ELN and μLN-τLN
implies that ELN> μLN> τLN (or τLN > μLN > ELN)
should also be satisfied. However, there are no solutions
that satisfy both conditions simultaneously, implying that
there are no NFLN angular distributions with detailed
balance among the three flavors.
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