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In this work, we explore the production of primordial black holes (PBHs) within the context of α-
attractor inflationary models, focusing on the preheating phase following inflation. During this phase, self-
resonance instabilities arise due to deviations of the inflationary potential from a quadratic form. PBH
formation is analyzed using three criteria: (i) the perturbation must lie within the instability band, (ii) its
characteristic length must exceed the Jeans length, and (iii) it must have sufficient time to collapse based on
the estimations of massive scalar field spherical collapse in an Einstein–de Sitter universe. Based on these
criteria, we calculate the PBH mass fraction using the altered Press-Schechter (PS) that is generally
implemented in preheating scenarios and Khlopov-Polnarev (KP) formalism that considers nonspherical
effects. Our results show that the altered PS formalism tends to overestimate PBH abundance during
preheating in contrast to the KP formalism. We provide a detailed comparison between these two
frameworks with observational constraints from evaporating PBHs. Notably, the altered PS formalism is
excluded by these constraints, which are based on Hawking radiation, while the KP formalism remains
viable. These findings underscore the importance of accounting for nonspherical effects and accurate
collapse dynamics in studies of PBH formation during preheating.
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I. INTRODUCTION

Primordial black holes (PBHs), first proposed by
Zel’dovich and Novikov [1] and independently by
Hawking and Carr [2–4], remain a current topic of
discussion. These black holes are hypothesized to have
formed from the collapse of scalar perturbations in the
primordial Universe, before the epoch of big-bang nucleo-
synthesis. This early formation implies that PBHs span a
wide range of masses and thus may explain a plethora of
phenomena such as dark matter, the origin of structure in
the Universe, or the supermassive black holes at the centers
of galaxies. For comprehensive reviews on PBHs, see
Refs. [5–7]. Hawking [8] theorized in 1974 that black
holes radiate via a quantum process known as Hawking

evaporation, with a mass-dependent timescale teva ∼M3
PBH.

For PBHs with masses below the critical value Mcrit∼
5 × 1014 g, the evaporation timescale is shorter than the age
of the Universe, meaning these PBHs would have evapo-
rated by now and cannot be directly detected. However, one
can constrain their abundance by using Hawking evapo-
ration as an indirect mechanism. This is further explained
in Sec. II.
Regarding PBH formation, the collapse of perturbations

is typically considered to occur in a radiation-dominated
Universe, where radiation pressure plays an essential role in
halting the collapse. This allows the definition of a thresh-
old value above which perturbations collapse. However,
during epochs of reduced pressure, such as a matter-
dominated phase, PBH formation could be significantly
enhanced. This study explores PBH formation during the
preheating phase following inflation, an era during which
the Universe behaves approximately as matter dominated.
This raises new challenges in modeling PBH collapse, as
the absence of pressure could, in principle, enable any
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overdense region to collapse. We employ three criteria to
restrict PBH formation, which can be found in detail in [9]
and are summarized in Sec. III. It is important to note that
the constraints of Fig. 2 assume a standard big-bang
cosmology. The inclusion of an early matter-dominated
era, such as preheating, modifies these constraints [10–12].
However, this modification is negligible for the range of
masses and preheating durations we consider and mainly
affects the remnants’ constraints. Therefore, it is not taken
into account.
In a previous work [9], we investigated PBH formation

during preheating in Starobinsky inflation, based on earlier
studies [13,14]. In this study, we extend that analysis to a
broader class of inflationary models arising within the
framework of supergravity theories, known as α attractors
[15–18]. Starobinsky inflation is a specific case of this
class, corresponding to α ¼ 1. In α attractors, the parameter
α is the key characteristic of the model, representing the
curvature of the Kähler geometry in the supergravity theory
[19–22]. Two of the families of α attractors considered in
this work are the so-called T and E models. Their infla-
tionary potentials are given, respectively, by

VTðϕÞ ¼ 3αM2M2
Pltanh

2

�
1ffiffiffiffiffiffi
6α

p ϕ

MPl

�
; ð1aÞ

VEðϕÞ ¼
3αM2M2

Pl

4
ð1 − e−

ffiffiffi
2
3α

p
ϕ

MPlÞ2: ð1bÞ

Here, ϕ is the scalar field, M is the scalaron mass
(normalized with CMB constraints), andMPl is the reduced
Planck mass.1 There are multiple investigations in
the literature that have derived lower bounds on the
parameter α. Reference [21] found constraints on α from
the study of reheating equation of state as log10ðαÞ ¼
−4.2þ5.4

−8.6 (95% CL). According to [23], considerations of
the overproduction of a light moduli field also implied
some constraints on α in the context of the T model. In [24]
α≳ 10−3 is obtained based on the effects of heavy fields in
the α-attractor supergravity framework and the subsequent
geometric destabilization phenomenon during inflation.
In our recent study [25], we obtained stringent bounds
log10ðαÞ > −3.54 for the T model and log10ðαÞ > −3.17
for the E model using the possible production of scalar-
induced gravitational waves during preheating and
applying the bound from the big-bang nucleosynthesis
(BBN) constraint. In this work, we consider these values
of α to study PBH production during preheating in both E
and T models.
During preheating, oscillations of the scalar field at the

bottom of the potential induce parametric instabilities in

the perturbations, causing their growth. For potentials that
approximate a parabola, the amplification of the
Mukhanov-Sasaki (MS) variable is approximately given
by vk ∼ a, where a is the scale factor of the Universe.
However, for α-attractor potentials with small α (see
Fig. 1), the potential strongly deviates from a quadratic
form, and the amplification can be significantly stronger
[26], affecting a wider range of scales. In this case, the
parametric instability is known as self-resonance. This
behavior and its implications are analyzed in detail
in Sec. IV.
The evolution of perturbations during preheating is

crucial for understanding PBH characterization, typically
described in terms of their abundance and mass. The former
is commonly obtained using the mass fraction βðkÞ, which
quantifies the fraction of matter that collapses into PBHs.
To calculate it, we employ two distinct approaches: (i) the
altered Press-Schechter (PS) formalism proposed in [13]
which is different from the standard PS formalism known in
the context of galaxies and clusters [27] (see Appendix A).
It is worth noting that the altered PS formalism employs
small values of threshold for an overdensity that can
collapse, which is closely associated with what is com-
monly used in equation of state-dependent collapse scenar-
ios [28]. (ii) The Khlopov-Polnarev (KP) formalism
[29–31] is more appropriate for matter-dominated epochs,
which is not threshold dependent, but it distinctly

FIG. 1. Normalized α-attractor potentials for (a) T model and
(b) E model plotted for several values of α: 10−1 in blue, 10−2 in
orange, 10−3 in green, and 10−4 in red.

1Throughout this work we use the reduced Planck massMPl ¼
1ffiffiffiffiffiffi
8πG

p in units of c ¼ ℏ ¼ 1 and follow the metric signature
ð−þþþÞ.
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incorporates nonspherical effects and pancake collapse of
the density perturbations.
For estimating PBH masses, we adopt the standard

approach of considering that the mass is roughly given by
the horizon mass at the time the perturbation reenters the
horizon, although with some caveats. A comprehensive
discussion of PBH characterization, including their
abundance and mass distribution, is provided in
Sec. V. Finally, the conclusions of this study are sum-
marized in Sec. VI. Furthermore, we also comment on the
PBH formation analysis using the compaction function
formalism in Appendix B in the context of the preheating
era, whose detailed study is, however, deferred for future
investigations.

II. CONSTRAINTS ON EVAPORATING
PRIMORDIAL BLACK HOLES

Assuming the validity of Hawking radiation, one can
impose some constraints on evaporating PBHs. These
constraints, summarized in Fig. 2, fall into five main
categories.

A. Planck remnants

The usual assumption is that the evaporation of a PBH
proceeds until it vanishes [8]. Based on the uncertainty
principle [33,34], the information loss paradox [8,35,36],

and some quantum gravity setups [37,38], it was proposed
that the black holes could stop evaporating at the Planck
scales. Although we do not know what form of quantum
gravity corrections should take as one approaches the
Planck mass, black hole remnant is an interesting hypoth-
esis which we can test with observations [39].2 In the case
of PBHs withMPBH ≲ 106 g, the rapid evaporation process
could imply a significant population of remnants in the
early Universe. Still, their abundance must be limited as
their density does not exceed the critical density of the
Universe [39].

B. Particle production from Hawking evaporation

The evaporation of PBHs could produce any particle
predicted by theories beyond the standard model of particle
physics. In particular, the evaporation of PBHsmay produce
the lightest supersymmetric particles (LSP), predicted in
supersymmetry and supergravity models, which are stable

Remnants

Entropy

4He

D H

Distorsions

Anisotropies

EGB

GGB

LSP

Dark Matter

FIG. 2. Constraints on the mass fraction of evaporating PBHs from Planck remnants (brown), LSP (magenta) CMB effects (entropy,
distortions, and anisotropies, in blue), BBN (4He and D/H in orange), and γ-ray backgrounds (EGB in red and GGB in purple). The gray
dashed vertical line marks the critical mass Mcrit. The figure is produced from the data presented in [6,32], and references therein. We
remark that these are just the strongest bounds based on analytical estimations and refer the interested reader to Fig. 4 of [6] for the full
picture. For comparison, we also show the mass fraction of PBHs obtained from the results of this work for an E model and following the
Khlopov-Polnarev (cyan) and Press-Schechter (green) formalism for ten e-folds of preheating and α ¼ 10−3. See the text below for
details.

2Note that the argument in favor of black hole remnant,
though said to be motivated from quantum gravity theories,
emerges from multiple ad hoc assumptions to resolve informa-
tion paradox. Alternatively, recent investigations of a unitary
formulation of quantum field theory in curved spacetime in
consideration with gravitational backreaction effects offer a
potential resolution to the information paradox at the founda-
tional level [40,41].
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and may contribute to the dark matter. This affects PBHs
with masses MPBH ≲ 1011ðmLSP=100 GeVÞ−1 g [10]. This
bound depends on the mass of the LSP particle and,
therefore, can vary. In Fig. 2 it is plotted for mLSP ¼
100 GeV in magenta color. Since in this work, we consider
α-attractor models that belong to the class of supergravity
theories, we find it interesting to consider this constraint. In
[32] it is considered that the PBHs produce dark matter
(DM) particles during their evaporation. Constraints are
obtained based on the actual abundance of DM. We
consider this scenario in Fig. 2 for the case of Hawking
temperature (TBH) of the PBH TBH > mχ and for DM
particle mass of mχ ¼ 108 GeV. These constraints are
shown in dashed lines as they depend on the mass of the
particle emitted.

C. Cosmic microwave background (CMB)

If PBHs emit high-energy photons during evaporation,
these would contribute to the photon-to-baryon ratio, as
first pointed out in [42]. Particularly, the photons from
evaporating black holes of MPBH ≲ 109 g would have
enough time to thermalize, contributing to the photon-
to-baryon ratio and thus increasing the entropy. However,
this constraint is very weak, as can be seen in Fig. 2. On the
other hand, as also pointed out in [42], for 1011 g≲
MPBH ≲ 1013 g, the photons are emitted after the freeze-
out of double-Compton scattering, which implies that the
CMB photons develop a nonzero chemical potential,
leading to a μ distortion. Another constraint related to
CMB is the damping of small-scale anisotropies. If, during
the evaporation process, the PBHs also emit high-energy
electrons, these can scatter with the CMB photons, con-
tributing to the temperature anisotropy power spectrum.
This constraint affects PBHs in the range 2.5 × 1013 g≲
MPBH ≲ 2.4 × 1014 g [43] and is particularly strong. All the
constraints related to CMB effects are shown in blue
in Fig. 2.

D. BBN

The PBHs of masses 109 g≲MPBH ≲ 1013 g evaporate
around the time of BBN. If during this process they inject
high-energy particles into the plasma, these would modify
the standard BBN scenario in two ways [44,45]: (i) high-
energy mesons and antinucleons modify the neutron-to-
proton ratio, and (ii) high-energy hadrons and photons
dissociate light elements such as 4He, thus increasing the
abundance of others like D, T, 3He, 6Li and 7Li. These
constraints are shown in orange in Fig. 2 for the 4He and
D cases.

E. γ-ray backgrounds

If the PBHs with masses nearMcrit are evaporating today,
then they can contribute to the extragalactic γ-ray back-
ground (EGB), as first pointed out by Page and Hawking in

1976 [46]. They used observations of the EGB to constrain
the mean number density of PBH evaporating at the present
time, shown in red in Fig. 2. Also, if PBHs are clustered
within our Galactic halo, then one would expect an
anisotropic galactic γ-ray background (GGB), separable
from the EGB. This constraint is shown in purple. Since
these constraints are obtained through direct observations,
as in the anisotropies case, they are very strong. Actually,
one of the strongest constraints in the entire range of PBH
masses, see for instance Refs. [6,7,47].

III. PBH FORMATION DURING SELF-RESONANT
PREHEATING

In this section, we describe how scalar perturbations can
collapse to form PBHs from instabilities produced by self-
resonance effects during a matter-dominated phase, such as
preheating. First, the range of modes affected by the self-
resonance is what we will call instability band (IB), whose
upper limit is always determined by the Hubble radius
RH ¼ H−1, where HðtÞ ¼ ȧ=a is the Hubble rate and a dot
means derivation with respect to cosmic time. In contrast,
the lower limit depends on the specific form of the
potential. This last is referred to as the instability scale
linst, which for a sufficiently long preheating [> Oð1Þ
e-folds] is given by [26]

l−1inst ¼
1

M

�
2

3ϕend

�
a

aend

�
3
�
1=4

; ð2Þ

where the suffix “end” means evaluation at the end of
inflation. The value of the field at the end of inflation for the
T and E models is obtained using slow-roll conditions and
is given, respectively, by [48]

ϕT
end ≈MPl

ffiffiffiffiffiffi
3α

2

r
arcsinh

�
2ffiffiffiffiffiffi
3α

p
�
; ð3aÞ

ϕE
end ≈MPl

ffiffiffiffiffiffi
3α

2

r
log

�
2ffiffiffiffiffiffi
3α

p þ 1

�
: ð3bÞ

The characteristic scale linst defines the IB as the range of
modes satisfying

linst <
a
k
< RHðtrhÞ: ð4Þ

This is what we call the IB criterion. Perturbations whose
comoving wave number k is such that a=k < linst during
preheating, decay and therefore do not favor the collapse.
Here, the suffix “rh” means evaluation at the end of
preheating. Using (3), we observe that as α decreases, so
does the instability scale linst, and thus the IB gets
broadened, increasing the number of modes that are
affected by the self-resonance and potentially the abun-
dance of PBHs. Next, we consider the Jeans’ length
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criterion, which states that the size of a perturbation3 must
be larger than the Jeans’ length so that pressure cannot
counteract gravity and be able to collapse while remaining
smaller than the Hubble radius in order to preserve
causality. This condition is expressed as

RJ

π
<

a
k
< RH; ð5Þ

where RJ ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c2eff=3

p
RH is the Jeans’ length [28,49,50]

and c2eff denotes the effective speed of sound. This criterion
imposes an upper limit on the wave numbers k that can
potentially collapse, which competes with l−1inst. The lower
bound for the IB is chosen as the larger of these two scales,
ensuring both criteria are met. For a perfect fluid with an
equation of state w, the speed of sound is given by c2s ¼ w.
However, for scalar fields, this is derived differently
[9,51,52], and perturbation theory is required. In this case,
we have an effective (or averaged) sound speed c2eff defined
in general as the ratio of pressure to density perturbations.
By using the adiabatic expansion described in [51], one
obtains the following expression:

c2effðkÞ≡ hδpki
hδρki

≃

D
k2

a2 ϕ − V 0ðϕÞ þ V 00ðϕÞϕ
E

D
k2

a2 ϕþ 3V 0ðϕÞ þ V 00ðϕÞϕ
E ; ð6Þ

where h� � �i denotes averaging over a time interval larger
than the oscillation period but small compared to the
Hubble time [51]. This ensures that the fast dynamics of
the scalar field are properly captured while ignoring the
“slow” cosmological changes during the averaging. For
inflationary potentials whose expansion in powers of ϕ can
be written as

VðϕÞ ∼M2

2
ϕ2 þ λ3

3
ϕ3 þ λ

4
ϕ4 þ � � � ; ð7Þ

as is the case of the α attractors, the effective speed of sound
can be approximated analytically as

c2eff ≃
k2 þ 2λa2hϕ2i

k2 þ 4M2a2 þ 6λa2hϕ2i : ð8Þ

Here, we have used that the average of even powers of the
scalar field vanishes due to its oscillatory behavior [51]. For
this reason, c2eff is independent of λ3. The parameter λ for
the T and E models is given, respectively, by

λT ¼ −
2M2

9α
; λE ¼ 7M2

9α
: ð9Þ

In the high-k limit, both density and pressure perturbations
average to zero, leading to c2eff ¼ 1, which holds both for
the full expression (6) and the analytical approximation (8).
This implies that a subhorizon mode must initially be in the
order of the Hubble radius to collapse, which, by definition,
is impossible. To validate this approximation, Fig. 3
compares the full numerical calculation of c2eff from (6)
(black line) with the analytical result (8) (dashed red line)
for an E model with α ¼ 10−2 and α ¼ 10−3 for the wave
number where the maximum amplification occurs. One can
check that, by the end of inflation, the speed of sound is
nonzero, but as preheating proceeds, it decreases toward
zero (on average). At this point, the Jeans’ length is
sufficiently small to allow the mode to collapse.
Lastly, a perturbation will collapse into a PBH if the

density contrast, defined as δk ¼ δρk
ρ , exceeds a threshold

value δmin
c . Here, ρ and δρk represent the background

density and the density perturbation, respectively.
The simplest estimate for δc arises from Carr’s original
analysis [4,53], which gives δc ≃ w. However, instead of

FIG. 3. Numerically averaged (black line) and analytical
(dashed red line) effective sound speeds, Eqs. (6) and (8),
respectively, for the wave number corresponding to the maximum
amplification for an E model with (a) α ¼ 10−2 and (b) α ¼ 10−3.

3The typical size of a perturbation is taken as half the physical
wavelength of the perturbation, which is given by λphys ¼ aλ

2
¼ aπ

k .
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using Carr’s criterion (suitable for a fluid description), we
compute the threshold using time constraints [9,13,14,54].
Specifically, the time a perturbation δk needs to collapse
into a PBH can be computed using the top-hat spherical
collapse model of the massive scalar field in the Einstein–
de Sitter universe, which is given by [13,55]

Δtcoll ¼
π

H½tbcðkÞ�δ3=2k ½tbcðkÞ�
; ð10Þ

where tbcðkÞ is the cosmic time when the mode enters the
IB. Equation (10) effectively estimates the time needed for
a perturbation to grow toOð1Þ, assuming that δk ∼ a, which
allows us to define the threshold as follows [13]:

δmin
c ðkÞ ¼

�
3π

2

�
2=3

½e3ðNrh−NbcðkÞÞ=2 − 1�−2=3; ð11Þ

where Nrh is the number of e-folds at which preheating
ends and NbcðkÞ is the number of e-folds at which a
perturbation enters the IB. However, this assumption holds
when self-resonance is weak. As we have seen, this
assumption breaks down for small values of α [26].
Thus, instead of using (11) we numerically compute, for
each value of α and k, the minimum value of the density
perturbation that reachesOð1Þ. This minimum value serves
as the threshold δmin

c ðkÞ, which is now k dependent by
construction. Thus, if δk is larger than its corresponding
minimum value δmin

c ðkÞ, then the mode has enough time to
reach Oð1Þ and potentially collapse. In essence, this
implies that due to the self-resonance effects, the threshold
is expected to decrease as α decreases, since the perturba-
tions grow faster and the minimum value that each mode
needs to collapse decreases, which ultimately enhances the
production of PBH.
In summary, since we are working with small-scale

instabilities, we use three criteria to select the modes that
can collapse into PBH.

(i) Instability band criterion. Modes must lie within the
IB to be affected by the instabilities that favor the
collapse, satisfying (4).

(ii) Jeans’ length criterion. Modes must satisfy (5) to
ensure that during the collapse the pressure does not
counteract gravity. The speed of sound is given
by (8).

(iii) Density contrast criterion. The density contrast δk
must exceed the threshold δmin

c ðkÞ, to allow suffi-
cient time for PBH formation.

The situation is summarized in Fig. 4. The upper panel
shows the evolution of some representative comoving
scales. Particularly, the IB corresponds to the range of
scales between RHðtrhÞ and linst, and amplification is
assumed to occur as soon as a mode enters it. It is labeled
as the self-resonance instability region (green-shaded
area) in Fig. 4. The time trh marks the end of the

preheating and the beginning of reheating. Also shown
as an example are the two scales k1 (red) and k2 (blue).
The former enters the IB after the end of inflation, whereas
the latter is already inside by the end of inflation. Once
inside the IB, their density contrast (plotted in the lower
panel) grows until it reaches nonlinearity in a time Δtcoll.
If the time they spent growing inside the IB is long enough
so that the collapse occurs during preheating, i.e.,
δk > δmin

c ðkÞ, then we say that the mode has collapsed
into a PBH (represented by a circle), and its mass is given
by the mass of the horizon at the moment they enter the
IB, as is usually assumed [13]. In this case, although both
modes have enough time to collapse, the thresholds are
different in each case. Specifically, δmin

c ðk2Þ > δmin
c ðk1Þ,

since the minimum value of the density perturbation the
mode k2 needs to reachOð1Þ is lower than the case with k1
because k2 spends more time in the IB and thus can grow
higher than k1. For simplicity, we do not show the Jeans’
length. However, it can be shown to be of the order of the
instability scale. We acknowledge that the reader may be
concerned about the status of the modes whose wave
number k is such that a

linst
> k > kend and therefore these

have not exited the horizon during inflation, but they fall
within the IB. However, we showed in [9] that all the
modes behave identically once inside the IB, with no
decay whatsoever, which motivates us to include them in
our analysis and explore their consequences, bearing in
mind their different nature. However, the modes k > a

linst
do

present a suppression, since the curvature perturbation

FIG. 4. Schematic representation of the collapse of perturba-
tions during self-resonant preheating, following the approach
described in this work. The upper panel shows the evolution of
the comoving scales involved. The lower panel is a representation
of the evolution of the density contrast for two particular modes
k1 and k2. See text for details.
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decays for these modes as one would typically expect.
Therefore, the production of PBHs within these modes is
not taken into account in our analysis as they lie outside
the IB and therefore are not.

IV. EVOLUTION OF PERTURBATIONS

To describe the cosmological evolution of a scalar field
minimally coupled to gravity we use the following
Lagrangian:

L ¼ −
1

2
gμν∂μϕ∂νϕ − VT;EðϕÞ; ð12Þ

where gμν is the background space-time metric. To study
the scalar perturbations, we introduce a fluctuation in the
scalar field as ϕ → ϕþ δϕ, which sources scalar pertur-
bations Φ and Ψ in the background metric, given by the
following perturbed Friedmann-Lemaître-Robertson-
Walker (FLRW) line element:

ds2 ¼ a2½−ð1þ 2ΦÞdη2 þ ð1 − 2ΨÞδijdxidxj�; ð13Þ

where δij is the Kronecker delta, η conformal time, related
to cosmic time t through the relation dη ¼ dt=a, and we
have chosen to work in Newtonian gauge. Considering that
the matter content is described by the scalar field ϕ, then the
Einstein equations in the perturbed FLRW metric lead to a
simple equation when written in conformal time. This
equation is known as the Mukhanov-Sasaki equation,
which in Fourier space is given by

v00kðηÞ þ
�
k2 −

ða ffiffiffiffiffiffi
ϵH

p Þ00
a

ffiffiffiffiffiffi
ϵH

p
�
vkðηÞ ¼ 0; ð14Þ

where an overprime means derivation with respect to
conformal time, ϵH ¼ 1=2ðϕ0=HÞ2 is the first slow-roll
parameter and H ¼ a0=a2 is the conformal Hubble rate.
Also, a suffix “k” indicates we are working in Fourier
space, where k is the wave number vector and k ¼ jkj its
modulus. The MS variable is defined in terms of a
combination of the field and metric perturbations, i.e., vk ¼
a½δϕk þ ϕ0Φk=H� (see Refs. [56,57] for further details).
This equation is typically solved in conformal time during
inflation. However, during preheating ϵH oscillates around
zero, which produces a singular behavior in (14). To
circumvent this and solve for vk one can change it to
cosmic time t. Then, as shown in [26], during a self-
resonant phase, one can perturbatively solve the evolution
equation of the inflation field as a series expansion of a
small parameter β as follows:

ϕðτÞ ¼
X∞
n¼1

βnϕnðτÞ; ð15Þ

where τ ¼ M
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
t, so that the MS equation (14) can be

transformed into the following Hill equation:

d2ṽk
dτ2

þ
�
Akþ

X∞
n¼1

ðqnðτÞcosðnτÞþpnðτÞsinðnτÞÞ
�
ṽk¼ 0;

ð16Þ

where ṽk ¼ a1=2vk. The functions Ak, qn, and pn depend
upon the parameters of the model and the potential has been
expanded in powers of ϕ. Using the Floquet theorem, the
rescaled MS variable in (16) is found to evolve as
ṽk ∼ exp

R
μkdτ, where μk are the so-called Floquet expo-

nents, which in turn depend on the functions Ak, qn and pn.
For ReðμkÞ > 0, we have exponential amplification, and
thus the mode is said to be unstable. This translates into a
strong amplification for a particular range of modes. To
show this, we relate the MS variable with the curvature
perturbation Rk as follows:

Rk ¼
vkffiffiffiffiffiffiffiffi
2ϵH

p
a
¼ ṽkffiffiffiffiffiffiffiffiffiffiffiffi

2ϵHa3
p : ð17Þ

Figure 5 shows the evaluation of the power spectrum of the
curvature perturbations at different times after the end of
inflation and for several values of α. The underlying model
is a T model, and the evaluations are made in steps of 0.1 e-
folds from the end of inflation Nend ¼ 60, to five e-folds
after. Notably, as α decreases, the curvature perturbationRk
amplifies faster and in a larger amount after the end of
inflation, caused by the self-resonance effect. Also, as a
result of this decrease in α, the IB broadens, and more
modes fall within and get amplified.
We numerically and analytically showed in [9] that

during preheating and for the modes inside the IB, both
Rk and Bardeen potential Φk behave in the same way with
amplitudes differing in a numerical factor of order Oð1Þ.
Using this, one can operate with the perturbed Einstein
equations to arrive at the following expression for the
density contrast in terms of the curvature perturbation:

jδkj ∼
2

5

�
k2

a2H2
þ 3

�
jRkj: ð18Þ

Since the first term inside the parentheses grows as ∼a
during preheating and Rk is at least constant but never
decaying inside the IB, we see that density perturbations
grow inside the IB as long as k2=ða2H2Þ > 3, and the
growth depends on the Floquet exponents μk which
ultimately is given by the value of α. Let us see this in
more detail. The expressions for μk are, in general,
complicated. However, for a quadratic potential V ∼ ϕ2,
it can be shown that the dominant term of the Floquet
exponent goes as [26]
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μk ∼ μ0

�
aend
a

�
3=2

; ð19Þ

where μ0 is a constant of Oð1Þ. This implies that

ṽk ∼ e
R

μkdτ ∼ e
R

Mðaend=aÞ3=2dt ∼ t ∼ a3=2; ð20Þ

where we have used the fact that during preheating a ∼ t2=3,
τ ¼ Mt, and tend ∼M−1. Using this, the curvature

perturbation in Eq. (17) is given by Rk ∼ cte, which,
according to Eq. (18), implies δk ∼ a. This is the standard
situation described in many preheating scenarios
[13,14,54,58], but it is only true for quadratic potentials.
Only in those cases we can say that the density contrast
grows linearly with the scale factor. For potentials deviating
from the quadratic behavior, the curvature perturbation is
not constant anymore due to the self-resonance effects (as
one can see from Fig. 5) and actually grows. Besides, the
Floquet exponent gets an extra contribution that depends on
α [26] which is schematically given by

μk ∼ μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

α

�
aend
a

�
6

þ
�
aend
a

�
3

s
: ð21Þ

At early times, the first term dominates for small α, which
ultimately makes δk to grow, at least, at a higher rate than
linear with a. Then, as preheating goes on, this first term
decays faster, and we recover the standard quadratic
behavior. Therefore, for potentials deviating from a
quadratic shape, we can extract from the above analysis
two conclusions. (i) The density contrast does not grow
linearly with the scale factor anymore, and at least it grows
at a higher rate. If the growth is quadratic, cubic, or any
other rate, it would require a detailed mathematical
analysis far from the objectives of this work. (ii) Due
to the 1=α factor on the expression for the Floquet
exponent, the rate of growth will be higher as we decrease
this parameter.
It is important to note that both the field perturbations

δϕk and the metric perturbations Φk are included in the
equations through the MS variable vk. Metric perturba-
tions are often neglected in lattice simulations (see, e.g.,
Ref. [59]), where a suppression of field perturbation
amplification is observed. However, as shown in [26],
for small values of α, these perturbations can become
significantly amplified, justifying their inclusion in our
analysis. Furthermore, we recall that our analysis includes
fluctuations that never exit the horizon but become
unstable during preheating. Beyond this semianalytical
approach, one can also employ fully nonlinear general-
relativistic field-theory simulations, as demonstrated in
[60], where the formation of oscillons during preheating is
investigated.

V. PRIMORDIAL BLACK HOLE
CHARACTERIZATION

Having understood the growth of density perturbations
within the IB, we now proceed to characterize the PBHs by
calculating their mass fraction and corresponding masses.
To compute the mass fraction, we employ the (altered) PS
and KP formalisms.
In the (altered) PS framework [13,27,28], one imple-

ments a statistical mapping from the Gaussian probability

FIG. 5. Normalized curvature perturbations, k3=2Rk, for a T
model with several values of α. The time evaluation is made from
the end of inflation (Nend ¼ 60) to five e-folds after, in steps of
0.1 e-folds. The vertical gray line marks the scale that exits the
horizon at the end of inflation for each model, kend.
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distribution of smoothed density fluctuations to the PBH
mass spectrum by counting regions whose amplitude
exceeds a critical collapse threshold. This prescription
treats numerous independent, small-amplitude peaks within
a Hubble volume and converts the statistical tail of a
Gaussian field into a mass function through a normalization
that compensates for cloud-in-cloud issues. It is suitable
when large fluctuations are relatively common and overlap,
while each individual fluctuation remains weak. In contrast,
the KP scenario [29–31] addresses PBH formation during
an early matter-dominated epoch with nonrelativistic mat-
ter. Their analysis extends Zel’dovich’s approximation by
considering anisotropic collapse into flattened, sheetlike
configurations and by estimating the probability that such
nearly planar overdensities satisfy the conditions for black
hole formation. In our case, however, the fluctuations
generated during preheating in α-attractor models do not
fall into either category. They are neither the numerous
small peaks envisioned by PS nor the isolated, weak
overdensities evolving into thin pancakes as in KP.
Instead, we find many large-amplitude fluctuations on
scales comparable to or larger than about one-tenth of
the Hubble radius, a regime that lies outside the direct
assumptions of both formalisms. For this reason, we
employ the (altered) PS and KP prescriptions as opposite
extremes to estimate the PBH mass function. The fact that
they lead to results differing by many orders of magnitude
shows the limitations of applying either framework directly
to our situation and points to the need for a more suitable
analysis of collapse in this regime.

A. Mass fraction

The mass fraction βðkÞ is the main quantity used to
characterize the abundance of PBHs. It represents the
fraction of the total mass that goes into PBHs. It is also
common to express it normalized to the fractional density
of dark matter, ΩDM. In that case, it is typically represented
by fðMÞ. We do not take into account for this work the dark
matter in this work and thus restrict ourselves to βðkÞ.

1. Press-Schechter

In the context of PBH, the PS formalism is commonly
used [28] to compute the mass fraction in a radiation-
dominated Universe, where the equation of state parameter
is w ¼ 1=3, which gives a collapse threshold of δradc ∼ w ∼
1=3 [4]. However, as discussed previously, we apply this
formalism to the dustlike preheating stage, characterized by
w ∼ 0. In Appendix A, we show that in this situation one
can apply the top-hat spherical collapse model, and the
collapse threshold is given by δlinc ¼ 1.686. The PS method
assumes Gaussian statistics P for the density perturbations,
PðδÞ, and the variance is typically given by the power
spectrum of density perturbations, σ2k ≃ PδðkÞ, where this
last is defined by

PδðkÞ ¼
k3

2π2
jδkj2: ð22Þ

The expression of βðkÞ within this formalism is given
by [27,28]

βðkÞ ¼ dΩPBHðkÞ
d lnM

¼ 2

Z
δmax

δlinc

PðδÞdδ

≃ erfc

�
δlincffiffiffi
2

p
σk

�
− erfc

�
δmaxffiffiffi
2

p
σk

�
; ð23Þ

where erfc is the complementary error function and δmax is
the maximum threshold value, usually set to δmax ¼ 1 to
avoid entering the nonlinear regime. The variance σk should
be evaluated at the moment the perturbations enter the IB,
when their amplitudes are of order Oð10−5Þ, far from the
threshold δlinc ¼ 1.686. This gives a difference of 5 orders
of magnitude and, according to Eq. (23), a null production
of PBHs, since βðkÞ ≃ erfcð105Þ ≅ 0. This implies that the
standard PS formalism is not useful in this case to estimate
the production of PBHs.

2. Altered Press-Schechter

Following the strategy of [13], we compute an effective
initial critical value δmin

c ðkÞ for collapse into PBHs, and
replace it with the lower bound in the integral (23) (from the
PS formalism), which we now call altered-PS. This
effective threshold is obtained just by taking into account
that the linear density contrast grows as δk ∼ a and that the
fluctuations take a time Δtcoll [see Eqs. (10) and (11)] to
grow to the critical value δlinc ¼ 1.686 and collapse. Then,
they substitute this scale-dependent threshold into the PS
formula (23) to estimate βðkÞ. This, however, departs from
the strict, original PS prescription [27], as shown in the
previous subsection. To be more precise, one should label
this effective initial value as δmin

c ðkÞ instead of δlinc , as it is
the minimum value a perturbation needs to collapse, not the
precise threshold amplitude. The mass fraction is now
estimated as

βðkÞ ≃ erfc

�
δmin
c ðkÞffiffiffi
2

p
σk

�
− erfc

�
δmaxffiffiffi
2

p
σk

�
: ð24Þ

In Fig. 6 we plot the mass fraction βðkÞ following the
altered-PS formalism (dashed curves) as a function of k
for both Tand E models and different values of α. Only the
modes that satisfy the three criteria defined in Sec. III are
considered, with evaluations performed ten e-folds after
the end of inflation. The results reveal that as α decreases,
the mass fraction shifts toward higher values of k, since
for each model the expansion after inflation (before
setting to matter-dominated) is not exactly the same.
Further, we observe that (i) as α decreases, more modes
enter the IB, broadening the distribution, and (ii) these
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modes grow faster, leading to a lower threshold δmin
c ðkÞ

and consequently to a higher βðkÞ. This last can be
understood by inspecting the properties of the comple-
mentary error function. That is, if the threshold is
sufficiently small so that δmin

c ðkÞ≲ σk (as is the case
for small α or long preheating phase [13,14]), then βðkÞ ≃
erfc½δmin

c ðkÞ=ð ffiffiffi
2

p
σkÞ� ≃Oð1Þ even for small amplification

of perturbations. This is in contrast to other studies where
the threshold is a fixed quantity of Oð1Þ, and the
perturbations are required to be hugely amplified to
produce a significant abundance of PBHs. We emphasize
again that this is not the standard implementation of the
PS formalism. As explained above, we follow the
approach of [13], whose differences with the conven-
tional PS prescription are discussed in more detail in
Appendix A.
Overall, these effects result in a broader mass fraction

that grows for smaller values of α. If one increases the
duration of preheating, we have checked that the value of α

becomes irrelevant since almost the majority of the per-
turbations have enough time to collapse, resulting in an
overproduction of PBHs. This occurs for a duration of
preheating of approximately 12–13 e-folds since at this
stage the IB broadens to the point of including the modes
belonging to the nonlinear regime of the power spectrum
and also the threshold decreases drastically. In that case, the
mass fraction βðkÞ becomes flat and fixed at 1 for the
altered-PS formalism, independently of α. This is what we
refer to as an overproduction of PBH.
In the literature, one can find estimations for the thresh-

old coming from the compaction function approach
[61–67]. However, as we explain in Appendix B, these
thresholds are obtained numerically and, to the best of our
knowledge, the studies focus almost exclusively on radi-
ation-dominated backgrounds. For this reason, we do not
take into account such an approach.

3. Khlopov-Polnarev

The next model we consider is the KP formalism,
independent of any collapse threshold and originally
formulated for a matter-dominated Universe, where the
effects of pressure in halting the collapse are negligible.
Particularly, in this regime, Carr’s criterion for the
threshold [4], δc ∼ w ∼ 0, implies that any slightly over-
dense region could collapse. However, this approach
overestimates the abundance of PBHs as it neglects
nonspherical effects, which can prevent collapse. As
the region containing the perturbation shrinks, any initial
deviations from spherical symmetry can grow signifi-
cantly, thereby avoiding collapse. To address this issue,
Khlopov and Polnarev proposed in the 1980s [29–31] that
the probability of PBH formation depends on the fraction
of regions that are sufficiently spherical to undergo
collapse. For instance, one can consider the effect that
the anisotropy of the perturbations has on the collapse
into a PBH. This analysis employs the Zel’dovich
approximation to describe the nonlinear evolution of
density perturbations, Thorne’s hoop conjecture, and
the probability distribution for nonspherical perturbations
derived by Doroshkevich [68]. A semianalytical refine-
ment of this analysis, given in [69], leads to the following
formula for small perturbations:

βðkÞ ≃ 0.056σ5k; ð25Þ

based solely on the anisotropy criterion. This expression
is valid for σk < 0.01 and thus applies to our case of
study, since although the density perturbations amplify,
the mass fraction is evaluated at the moment the pertur-
bation crosses the IB and thus starts to amplify from a
small value. In fact, this is one of the main differences
with respect to the altered-PS formalism. In this case,
βðkÞ ∝ σ5k and only hugely initially amplified perturba-
tions will result in high mass fractions. This explains the

FIG. 6. Mass fraction for (a) T model and (b) E model using
both KP (25) and altered-PS (24) formalisms in dashed and
continuous, respectively. The evaluation is made ten e-folds after
the end of inflation and values of α go from 10−2 to 10−3.5 for the
T model and from 10−1.5 to 10−3 for the E model, in both cases
with incremental steps of 100.25. The color code of each value of α
is the same in both plots. The lower value for α in each model is
taken as the lower bound on α obtained in [25].
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large difference (in order of magnitude) between altered-
PS and KP in Fig. 6. In physical terms, the effect of the
anisotropy can be understood as follows. In an almost
spherical collapse, gravity pulls matter radially inward
toward the center, but in an anisotropic collapse, matter
collapses faster in some directions than others. If these
differences are significant, shear stresses can disrupt the
formation of a PBH [70]. However, a moderate
anisotropy can allow collapse. For instance, if a pertur-
bation is slightly elongated or deformed but still retains a
strong central gravitational potential, it can collapse into
a PBH.
In Fig. 6, the mass fraction computed using the KP

formalism (continuous curves) is shown for both T and E
models and various values of α. The three criteria defined in
Sec. III are used to determine the range of modes that can
collapse, with calculations performed at ten e-folds after the
end of inflation. The results show a tendency similar to the
altered-PS formalism: as α decreases, the mass fraction
increases and shifts to higher values of k. However, a
notable distinction is observed: in contrast to the altered-PS
formalism, the KP mass fraction decreases with decreasing
α, for the same value of k. However, the modes affected
cover a higher range due to the broadened IB and the
smaller threshold from the fast amplification. Furthermore,
in this case, the effect of increasing the duration of
preheating does not necessarily translate into an over-
production of PBHs, as the mass fraction βðkÞ broadens
but remains small, in general. However, as discussed in the
altered-PS case, the modes belonging to the nonlinear
regime of the power spectrum enter the IB, and thus, it is
still not very clear if one can trust the KP estimation in this
scenario.
One can observe differences in the mass fractions with

respect to [9], particularly in the case of the KP formalism.
This is because we are following a different approach in
terms of the collapse time. In [9], the collapse time is
considered for all modes to be at the end of preheating
when the density contrast has grown due to the parametric
instabilities in Starobinsky inflation, which translates into a
higher mass fraction. Some studies adopt this approach
[71–74]. In contrast, we consider a distinct collapse time
for each mode, evaluating the density contrast at the
moment of entering the IB, as some other works do
[13,14]. Despite these methodological differences, we find
it valuable to explore both alternatives, given the limited
research on PBH formation during early matter-dominated
eras such as preheating. Further investigation in this area is
essential to improve our understanding of the collapse of
perturbations in these scenarios.
Further nonspherical effects can be taken into account to

study the collapse under the KP formalism, such as the
effect of the inhomogeneity [30,69,75] or the angular
momentum of the black hole [76]. However, we restrict
to the anisotropy criterion, as it is the dominant one. If all
the criteria are considered, the total mass fraction is

estimated as the product of the mass fractions associated
with each effect, that is,

βtot ¼ βaniso × βinhom × βspin: ð26Þ

B. PBH mass

To compute the mass of the PBH forming, we estimate it
roughly as the horizon mass MH at the moment these
modes enter the IB [13], that is,

MPBH ¼ γMH; ð27Þ

where the parameter γ specifies the fraction of the horizon
mass that ends up in the PBH. It represents the uncertainties
of the collapse in matter-dominated scenarios, and for
simplicity, we take it to be γ ¼ 1. The horizon mass can be
easily estimate as follows:

MH ¼ 4π

3
ρH−3 ≃

4π

3
ρenda3end

�
1

aH

�
3

: ð28Þ

This estimation for MPBH also differs from the one in [9],
where the critical scaling model is used instead [72].
Numerical general relativistic simulations [71,77–81] have
demonstrated that the scaling of black hole mass with the
proximity to the formation threshold, known to occur in
near-critical gravitational collapse, also applies to PBH
formation. Under these assumptions, the PBH mass is
given by

MPBHðkÞ ¼ MHκðδk − δcÞγ; ð29Þ

where κ and γ are constants. However, in the present study,
the differences ðδk − δcðkÞÞ ≫ 1 are due to the rapid
growth of perturbations (which lowers the value of the
thresholds). In this sense, perturbations are in the super-
critical regime, where the critical scaling does not apply.
For this reason, we compute the PBH mass following (27).
Figure 7 displays the mass fraction as a function of the

PBH mass for different values of the parameter α and for
both the T and E models, using the altered-PS and KP
formalisms. The effect of the parameter α is also note-
worthy here; a decrease in α leads to higher PBH masses.
Furthermore, the range of masses of the PBHs formed is
affected only by the constraints of Planck remnants and
LSP, which, as stated in the introduction, are highly
theoretical. Particularly, the altered-PS formalism is highly
disfavored in this scenario if one assumes that Hawking
radiation produces stable Planck remnants as the end
products of evaporation. In contrast, the KP estimation is
consistent with all the current constraints. Further, these
significant differences between the altered-PS and KP
formalisms emphasize the importance of accounting for
nonspherical effects during the collapse of perturbations.
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Neglecting such effects can lead to an overestimation of the
mass fraction or a rule-out of the model. Due to the lack of a
definitive method, this analysis highlights the further need
for accurate numerical simulations of PBH formation
during preheating.

VI. CONCLUSIONS

In this work, we have explored the formation of PBHs
during the preheating phase of the early Universe in the
context of α-attractor models of inflation [19–22], focusing
on their mass fraction and mass spectrum under the
frameworks of the altered PS [27,28] and KP [29–31]
formalisms. We found effects of self-resonance during the
preheating that are particularly strong for α ≪ 1 [26] and
induce instabilities that could lead to the collapse of
overdensities and form PBHs. Using Floquet theory, we
define a band of modes affected by the self-resonance
effects, which we call the instability band. By incorporating
the dynamics of the density perturbations within the IB, we
have defined three essential criteria that the density

perturbations must fulfill to collapse into a PBH.
Namely, (i) the comoving wave number of the fluctuations
must lie within the IB (4), (ii) the wavelength of fluctua-
tions must be subhorizon and above the effective Jeans’
length (5), and (iii) the density contrast criterion (10),
which states that an overdensity δk associated with a scale
has to be sufficient enough for the perturbations to collapse
before the end of preheating, which is based on the collapse
model of the massive scalar field in Einstein–de Sitter
universe [13,55]. Our approach not only refines previous
analyses [13,14], but also crucially extends our previous
results in the context of Starobinsky inflation [9] to all
the Starobinsky-like scenarios like α-attractor models. The
major highlight of our study is that we considered the
impact of small-scale instabilities and nonspherical effects
in the formation of PBHs by incorporating the KP
formalism for the first time into generalized Starobinsky-
like models. We quantitatively compared the PBH mass
fraction βðkÞ estimates from the altered-PS formalism,
which is widely followed, against the KP formalism.
Using the altered-PS formalism (24), we computed the

mass fraction βðkÞ of PBHs, taking into account Gaussian
statistics for perturbations and a k-dependent variance
derived from the power spectrum. Our results are shown
in Fig. 6 and indicate that, as the parameter α decreases, the
mass fraction shifts to higher values of k and broadens.
However, the altered-PS formalism overestimates PBH
abundance in a matter-dominated Universe, as it neglects
nonspherical effects (although it considers a threshold
value for the perturbations). On the other hand, the KP
formalism (25), which accounts for the anisotropy criterion
and is independent of any threshold, offers a more realistic
estimate of PBH formation during preheating. Our analysis
shows in Fig. 6 that the KP estimation is, in general, lower
compared to the altered-PS case. This can also be under-
stood in terms of the threshold δmin

c defined in Eq. (11). As
explained previously, in some cases, it can be very low. In
the altered-PS formalism, perturbations for which δk ∼ δc
imply βðkÞ ∼Oð1Þ, whereas for the KP formalism, the
mass fraction is threshold independent and just propor-
tional to a power of the density contrast; see Eq. (25). Also,
the tendency with α differs from the altered-PS formalism.
Smaller values of α lead to a smaller abundance of PBHs
for the same value of k, although it affects a broad range of
modes. This analysis is slightly different from [9], where
the formation of PBHs by the overdensities of all k is
considered to occur at the end of the preheating phase. In
this paper, we considered different times of PBH formation
depending on the minimum time for each fluctuation to
collapse and the corresponding threshold of density con-
trast for each k. To be precise, the former approach
considers an instant of time for PBH formation, i.e., the
end of preheating, whereas our investigation in this paper
explores different times of PBH formation for each scale
before the end of preheating. We find both approaches

FIG. 7. Mass fraction for (a) T model and (b) E model using
altered-PS (dashed) and KP (continuous) formalisms as a
function of the mass of the PBH formed, Eq. (29). Evaluations
are made at ten e-folds after the end of inflation. The red-shaded
region represents the values of βðkÞ constrained by the remnants
and LSP constraints. The color code for α is the same as in Fig. 6.
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interesting and offer new insights into the phenomenon of
PBH formation.
Finally, we compared our results with observational

constraints [6,7,10,32,39,42–45], such as those from
PBH remnants, LSP and DM production, CMB effects,
BBN, and γ-ray backgrounds (see Fig. 2 or red-shaded
region in Fig. 7). For this particular scenario, the range of
masses is only affected by the Planck-scale remnants, LSP,
and DM constraints, which are highly theoretical, and the
last two of them actually depend on the mass of the particle
emitted by the PBH. Still, our analysis demonstrates that
the interplay between the nonspherical and self-resonance
effects during preheating plays a crucial role in determining
the formation of PBHs.
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APPENDIX A: STANDARD VS ALTERED
PRESS-SCHECHTER FORMALISM

In this appendix, we clarify how the standard PS
formalism is generically applied to a matter-dominated
phase, such as preheating, and show the differences with
the approach of [13], which we call altered-PS.
The preheating phase is considered to be effectively (or

averaged) matter dominated because the equation-of-state
parameter w, although oscillating, averages to zero. But, to
be more precise, we show that this is the case even at the
perturbative level. Figure 8 shows the evolution of the
pressure fluctuations for an E model with α ¼ 10−2 and
α ¼ 10−3 for the wave numbers of maximum amplification
of the curvature perturbations. One can observe that these
fluctuations start with a relatively small amplitude by the
end of inflation, but as preheating evolves, the Universe
enters into the effective matter-dominated stage. As the
parameter α decreases, we can observe that pressure
fluctuations also show some kind of amplification, but it

is not comparable to the case of the curvature fluctuations.
Thus, the preheating phase in those cases behaves as matter
dominated even at the perturbative level. In this scenario,
one can employ the top-hat spherical collapse model where
the threshold for for an overdensity to collapse is known to
be δlinc ≃ 1.686 [27,82]. This is computed as follows. Inside
the overdense region, we assume a closed FLRW metric

ds2 ¼ −dt2 þ a2pðtÞ
�

dr2

1 − κr2
þ r2dΩ2

�
; ðA1Þ

filled with dust and with a positive curvature κ > 0. Here,
dΩ2 is the metric on the two-sphere. The Hubble rate inside
this region is given by

H2
p ¼

�
ȧp
ap

�
2

¼ 8πG
3

ρp −
κ

a2p
; ðA2Þ

where the suffix “p” refers to quantities of the interior of
the overdense (perturbed) region. Outside of it, we consider
an Einstein–de Sitter universe, which is described by a flat
(matter-dominated) FLRW metric, for which

FIG. 8. Pressure fluctuations for an E model with (a) α ¼ 10−2

and (b) α ¼ 10−3. The wave number k corresponds to the one that
maximizes the amplification of the curvature perturbations.
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H2
b ¼

�
ȧb
ab

�
2

¼ 8πG
3

ρb; abðtÞ ∝ t2=3; ðA3Þ

where now the suffix “b” refers to the background
quantities. The solution of (A2) can be obtained as the
following parametric cycloid equation:

apðθÞ ¼
A
2κ

ð1 − cos θÞ; ðA4Þ

tðθÞ ¼ A

2κ3=2
ðθ − sin θÞ; ðA5Þ

where θ∈ ½0; 2π� parametrizes the evolution of the over-
dense region. The point θ0 ¼ 0, for which apðθ0Þ ¼
abðθ0Þ ¼ 0 and tðθ0Þ ¼ 0, corresponds to the “big-bang
time,” close to the timescale of when inflation begins.
This is analogous to ignoring the radiation-dominated era
in dark halo growth in standard cosmologies. From this
point onward, both regions evolve in the same way. In
Eq. (A5) we could have added an initial time t0 so that
tðθ0Þ ¼ t0, but this will just introduce a time shift that
complicates the formulas. In any case, the point θ ¼ t ¼ 0

is never physically reached to obtain δlinc , only the limit
θ ≪ 1. After inflation, the perturbed region enters the IB at
θbc, or tbc in cosmic time, where apðθbcÞ ¼ abðtbcÞ > 0.
This is the moment when the perturbed region detaches
from theHubble flow and its growth slows. The value θta ¼
π is the turnaround of the overdensity (the starting point of
the contraction). Since the turnaround must occur after the
perturbation enters the IB, we know that 0 < θbc < θta, but
the precise value of θbc is also not needed to estimate δlinc .
The cycloid solution (A4) and (A5) is just a parametriza-
tion of the evolution of the perturbed Universe that we use
to obtain the critical density contrast. Finally, the moment
θcoll ¼ 2π corresponds to the collapse time, for which ap ¼
0 again. The constant A is defined as

A ¼ 8πG
3

ρpðtbcÞa3pðtbcÞ; ðA6Þ

and we are considering that the energy density of
the perturbed region evolves as pressureless matter
given by

ρp ¼ ρpðtbcÞ
�
apðtbcÞ
ap

�
3

: ðA7Þ

In relation to the positive curvature κ, this can be
estimated by evaluating Eqs. (A2) and (A3) at the band-
crossing time tbc, obtaining

κ ¼ H2
bðtbcÞδnlðtbcÞa2pðtbcÞ; ðA8Þ

where δnl is the nonlinear density contrast, defined similarly
as in Sec. III, δnl ¼ ρp−ρb

ρb
¼ δρ

ρb
, with δρ being the density

perturbation itself. We can now evaluate Eq. (A5) at
θcoll ¼ 2π and use Eq. (A8) to obtain the collapse time
in cosmic time

tcoll ¼
π

HbðtbcÞδ3=2nl ðtbcÞ
: ðA9Þ

We can identify this equation with Eq. (10) and with
Eq. (B.7) of [13].
Let us compute the evolution of the nonlinear density

contrast δnl, which we first rewrite as

δnl ¼
ρp − ρp

ρb
¼ ρp

ρb
− 1 ¼

�
ab
ap

�
3

− 1; ðA10Þ

where in the last step we have parametrized ρb as in
Eq. (A7). Using Eq. (A5), we know that the background
scale factor evolves during matter domination as

ab ¼ abðtbcÞ
�

t
tbc

�
2=3

¼ abðtbcÞ
�

A

2κ3=2tbc
ðθ − sin θÞ

�
2=3

: ðA11Þ

Therefore, substituting this and Eq. (A4) into Eq. (A10), we
obtain, after some algebra, the following expression for the
nonlinear density contrast:

δnl ¼
9

2

ðθ − sin θÞ2
ð1 − cos θÞ3 − 1: ðA12Þ

However, in our computations, we employ the linear
density contrast, which we know evolves as δ∼ab∼ t2=3.
Thus, we can temporarily parametrize it as

δlin ≃ Cðθ − sin θÞ2=3; ðA13Þ
where we have used again Eq. (A5) and C is a constant. By
matching both density contrasts at early times (expanding
around θ ∼ 0), we found that the constant C is given by

C ¼ 3

20
62=3: ðA14Þ

Then, the expression for the linear density contrast can be
derived as

δlin ¼
3

20
½6ðθ − sin θÞ�2=3; ðA15Þ

which when evaluated at the collapse time θcoll ¼ 2π gives

δlinc ¼ 3ð12πÞ3=2
20

≃ 1.686: ðA16Þ
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Thus, in the standard PS formalism, Eq. (23), one evaluates
the quotient

δlincffiffiffi
2

p
σk

≃
δlincffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2PδðkÞ

p : ðA17Þ

Thus, the closer the fluctuations are to the threshold, the
smaller this ratio becomes. Then, because of the behavior
of the erfc function, this leads to a larger mass fraction. On
the contrary, a large ratio implies a small mass fraction.
Using δc ¼ δlinc ≃ 1.686 in the standard PS formula (23)
makes the ratio (A17) extremely large, suppressing βðkÞ to
essentially zero. In that case, the standard-PS formalism
predicts no PBH formation.
To circumvent this, the authors of [13] alter the standard

PS formalism as follows. Using the top-hat spherical
collapse model described above, the authors derive the
collapse time of a perturbation, given by (10). This
corresponds to the time required for the linear density
contrast, δlin, to grow to order unity, at which point the
collapse is assumed to occur. Depending on the preheating
duration, some perturbations may have sufficient time to
collapse. This allows one to determine, for each wave
number k, a lower bound on the initial density contrast δk
for the collapse to occur. This lower bound is what they
(and we) refer to as the threshold δmin

c ðkÞ, given by Eq. (11).
This is essentially what we refer to as the altered-PS
formalism, defined now in Eq. (24).
By inspecting the equation (11) of the threshold δmin

c ,
depending on the length of preheating, Nrh, and the band-
crossing time of each mode, NbcðkÞ, the threshold can be as
small as Oð10−5Þ, which is comparable to the typical
amplitude of the fluctuations when they enter the IB. This
in turn means that the ratio (A17) (with now δlinc substituted
by δmin

c ) is now small and therefore the mass fraction βðkÞ is
large. This explains why the altered-PS formalism yields
comparatively large estimates for βðkÞ, in huge contrast to
the KP formalism, in which βðkÞ scales as a power of the
fluctuation amplitude; see Eq. (25). See also Figs. 6 and 7
for comparisons between these formalisms.
As shown, the standard PS approach does not predict

PBH formation in this context. However, adopting the
altered-PS procedure of [13] reveals a clear trend: PBH
production increases as the instabilities strengthen (i.e., as α
decreases). Since highlighting this behavior is a primary
aim of the present work, we regard the use of this
alternative implementation of the PS formalism as both
illustrative and informative.

APPENDIX B: COMPACTION FUNCTION
FORMALISM IN MATTER-DOMINATED

SCENARIOS

The compaction function was originally introduced by
Shibata and Sasaki in the context of numerical-relativity

studies of PBH formation [61]. In their formulation, the
compaction was defined on a constant-mean-curvature
slicing and constructed as a measure of the mass excess
within a given radius, normalized by the areal radius.
Physically, it quantifies the mass concentration within a
region relative to a homogeneous FLRW background,
thereby providing a direct probe of the gravitational
strength of the perturbation. More precisely, the original
Shibata-Sasaki compaction function is defined as an
integral of the density perturbation on a constant-mean-
curvature hypersurface. This definition is slicing depen-
dent, but empirical evidence [61] shows that it provides a
robust criterion for PBH formation. This result was
obtained through numerical-relativity simulations of
spherically symmetric perturbations, highlighting that the
threshold is intrinsically dynamical and cannot be derived
purely analytically. Subsequent works reformulated the
compaction function in a more geometrical and physically
transparent way [62–65]. In particular, it was recognized
that a more natural definition is given by

CðrÞ ¼ δMðrÞ
RðrÞ ; ðB1Þ

where δM is the Misner-Sharp mass excess and R is the
areal radius. This definition is covariant under spatial
coordinate transformations and provides a quasilocal mea-
sure of the overdensity. Importantly, while it remains
slicing dependent, it is much more directly connected to
the dynamics of gravitational collapse, since the Misner-
Sharp mass is a geometrically well-defined quantity in
spherical symmetry.
A key point clarified in later works [66] is that different

definitions of the compaction function (e.g., the original
Shibata-Sasaki version and the Misner-Sharp-based one in
comoving slicing) are not strictly identical. However, they
are related in the long-wavelength limit and for simple
equations of state. In particular, for a perfect fluid with
p ¼ wρ, the two definitions differ by a constant factor
depending on w. This highlights that part of the apparent
ambiguity in the literature is due to gauge choices and to the
specific variables used to characterize the perturbation.
Therefore, the different thresholds quoted in the literature
should not be interpreted as reflecting different physics but
rather as arising from different choices of variables, para-
metrizations, and equations of state. For instance, the
dependence on the equation of state arises from the
competition between gravitational attraction and pressure
gradients: softer equations of state (smaller w) reduce
pressure support and therefore lower the collapse threshold.
In fact, an important point emphasized in the literature is
that different amplitude measures (such as the averaged
density contrast δ̃, the compaction Cmax, or the central
curvature perturbation) can exhibit different sensitivities to
the actual shape of the curvature (or density) profile KðrÞ
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and therefore to the surrounding environment [61,62,67].
Physically, this curvature profile describes how spatial
slices deviate from flatness due to the presence of an
overdensity. A positive curvature region corresponds to a
locally closed geometry, indicating that the region contains
more mass than the background and is therefore prone to
gravitational collapse. The compaction function can be
directly related to the curvature profile in this regime,
showing that both quantities encode the same physical
information in different variables [66]. In particular, pro-
files with sharper transitions between the overdense region
and the surrounding background exhibit stronger pressure
gradients, which oppose collapse and increase the thresh-
old. Conversely, smoother profiles reduce pressure gra-
dients and lead to lower threshold values [62]. This
dependence has been confirmed both analytically (in
simplified models) and numerically for a wide class of
profiles.
The compaction function provides a physically well-

motivated criterion for PBH formation, as it is directly
related to the integrated mass excess responsible for
collapse and is less sensitive to large-scale environmental
effects than local quantities. For this reason, it is particu-
larly well suited for estimating PBH abundances. However,
the critical threshold within the compaction function

framework is calibrated through numerical-relativity sim-
ulations of spherically symmetric perturbations. To date,
such calibrations have been performed almost exclusively
for radiation-dominated backgrounds, where extensive
numerical studies exist and have established robust thresh-
old values [61–67]. To the best of our knowledge, there are
currently no dedicated numerical-relativity studies that
determine a compaction function threshold in a matter-
dominated Universe. Therefore, while thresholds obtained
using the spherical-collapse approach (Appendix A) and
the compaction function framework can be meaningfully
compared in radiation domination, the absence of an
established compaction-based threshold in matter-domi-
nated scenarios prevents a direct and consistent comparison
in that case. In particular, the value of δcðkÞ used in our
analysis is defined within the spherical-collapse framework
and is not directly mapped to a compaction threshold.
Finally, we emphasize that although different formalisms

(compaction function, averaged density contrast, curvature
perturbation) provide different parametrizations of the
collapse condition, they ultimately describe the same
physical process. The main limitation in the matter-domi-
nated case is, in principle, not conceptual but rather the lack
of numerical calibration of the compaction-based criterion
in that regime. We refer this to a future work.
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