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We investigate the analytic structure of thermal spectral function of holographic conformal field theories
(CFTs), synthesizing recent developments into a set of observations about its asymptotics. Specifically, for a
class of scalar primaries with integral dimension, we demonstrate factorization of the exact spectral function
into a polynomial piece, which captures the vacuum dynamics, and a nonperturbative piece, which controls its
asymptotics. Using exact WKB techniques, we derive a transseries expression for the latter. We use this
information to deduce the singular loci of a spatially averaged thermofield double correlator in the complex
time plane. Such singularities have been argued to encode information regarding the black hole singularity in
the dual spacetime. Our results give a refinement of these statements by capturing the momentum dependence.
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I. INTRODUCTION

Thermal correlators of a relativistic quantum field theory
on Minkowski spacetime are constrained by Kubo-Martin-
Schwinger (KMS) relations. Intuitively, temperature pro-
vides an infrared (IR) cutoff, effectively gapping out most
(but not all) of the degrees of freedom. Probing the system
at energies much above this IR scale will show deviations
from the vacuum result.

Of interest to us are the nonperturbative deviations away
from this vacuum answer in the context of conformal field
theories (CFTs). These corrections turn out to be governed
by a transseries expansion, which we determine explicitly
for specific holographic CFT correlators. Our observations
build on the work on thermal bootstrap [1], exact analytic
approaches to black hole perturbations [2—5], and rely on
exploiting exact WKB techniques [6,7], to determine the
asymptotics of the spectral function.

Part of our motivation is to glean information regarding
the encoding of the black hole singularity in thermal
correlators of holographic CFTs. A key observation was
made two decades ago in [8] (see also [9,10]) and was
systematized using WKB analysis in [11-13]. In the past
year, several developments have spurred further progress.
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First, the earlier discussions, which were limited to heavy
operators, were extended to light operators using the
operator product expansion (OPE) [14-16]. Second, analy-
sis of low-dimensional toy models of holography (e.g., the
SYK model) allows one to examine the behavior as one
deviates from classical general relativity [17,18]. We also
analyze light operators, but work in a different regime of
parameters compared to [15,18].

Our primary result is a transseries expression for the
thermal spectral function. From it, we infer the analytic
structure of the (spatially averaged) thermal Green’s func-
tion in the time domain. Specifically, we find a set of
singularities (generalizing the results aforementioned),
which appear to be connected with the presence of the
black hole singularity in the dual geometry. We highlight
here just the primary features, leaving the details of our
analysis for a separate publication [19].

II. THERMAL SPECTRAL FUNCTION IN CFTS

Consider a CFT, at temperature T on R%~"'! and let O,
be a scalar conformal primary. We will be interested in the
thermal retarded Green’s function K(f,x)= —iO(t) x
([0a(1,x),04(0,0)])4. For now, we work in frequency
space with dimensionless frequency and momenta

@ _ |K|

=5 (1)

The spectral function is obtained from the Fourier trans-
formed Green’s function through
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p(w,q) = —i(K(w, q) — K(-0,q)). )

We will be interested in the behavior of the spectral
function in a large momentum limit,

LM.: n,q - oo, {=—, fixed. (3)

Our analysis will focus on the timelike regime 0 < { < 1,
though we will make some remarks about the limiting
cases. The case { = 0 has been analyzed recently in [15]
(for holographic CFT},). The lightlike limit { = 1 has also
been well studied [13] (for quasinormal modes). Our
analysis, therefore, straddles the intermediate regime
between these extremes and will provide an interpolation
between them.

One can deduce the following regarding p(, q) in the

large momentum limit:

(i) The limit is primarily governed by the vacuum
(i.e., T = 0) spectral function. Deviations therefrom
can be determined from the thermal OPE [1] and
take the form

p(w, q)"~O(|w| — q)(w* — )2~
x (14+0(q™) +0(e™).  (4)

The subleading power-law corrections are controlled
by the OPE and have support on the timelike regime
{€0,1). In contrast, the exponentially small cor-
rections are not completely controlled by the OPE;
they can also have support in the spacelike re-
gime (cf. [20])."

(ii) For holographic CFT, with even d, and operators
with the special integer dimensions [26,27]

A=

<
m

d d d
§+ {E,E—l—l,---,d_l’d}EDSPl’ (5)

there are only exponentially small corrections to the
leading vacuum spectral density, i.e., no q~* cor-
rections indicated in (4).2
For a holographic CFT, with A €Dy, defined in (5), we
observe a factorization of the exact spectral function into a
vacuum and a piece p,, that captures nonperturbative
corrections [cf. (12)]

'For developments of analytic thermal bootstrap, exploiting
the analytic structure of thermal correlators and for applications
in the holographic context see [21-25].

‘While we are discussing scalar operators here, it is also worth
noting that A = d is related to the transverse traceless spin-2
component of the stress tensor in the holographic context.

p(,q) = (w2 — ¢2)2~2p,, (0. q). (6)

Claim. The asymptotics of p,, for A€ D
a transseries

pnp( m_’°°1 +Zze —rr—sv)

sZ—r

X Zr: Re(eld=v®p (). (7)

2 r
q=r-2|5]

spl 18 Obtained as

The parameter controlling asymptotics is v which is related

to { via
V2rL(3) 137
T = ‘<44462> (8)

This parameter smoothly interpolates between 0 and 7z as {
varies from the zero momentum limit to the lightlike limit.
We note that (7) is the analog of Eq. (23) in [15] in the case
of taking both w, q — oo with their ratio fixed, instead of
taking w — oo at fixed q. Compared to that case, we are
finding perturbative expansions of integer instead of frac-
tional powers in the nonperturbative sector. We first justify
Egs. (6) and (7) and then discuss what they imply vis-a-vis
the signatures of the black hole singularity. In [19] we first
motive the factorization using the thermal OPE analysis,
and then derive the transseries by exploiting an exact
expression for the thermal two-point function obtained
in [28].

III. HOLOGRAPHIC CORRELATORS FROM
VIRASORO BLOCK

Our starting point is an expression of the retarded
Green’s function derived using the Virasoro block [3,4]
in the form presented in [28]

(=) I (1+v+iw) +no) M
C'(v) ”gl G (1 —v—iw)+no) '

K(w.q) = ©)

A )

This result relies on mapping the holographic computation
to the BPZ equation for a level-2 null vector decoupling in
an auxiliary two-dimensional CFT [3,4]. The physical
parameters v and v appear as conformal weights of external
operators. Wy, (W0, q) = 20,V is the derivative of the
semiclassical Virasoro block. (i, q) is also determined
from WV using the Zamolodchikov relation. However, as we
argue below, it has a geometric meaning as well. It is related
to the trace of the monodromy matrix between the horizon
and the AdS boundary, a fact that enables us exploit WKB
techniques to compute it.

The result holds for any holographic CFT, but for d = 4
the blocks involved are 4-point blocks
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complex horizon boundary
Su=1) v(u=2)
W(z) =
o(w, q)
0(u=0) % (u = o0)
singularity horizon
(10)

The parameter ¢ determines the dimension of the inter-
mediate operator exchanged in this auxiliary correlator. It
can be fixed in terms of the semiclassical block, so one can,
in principle, use series expansion of the Virasoro block to
work out a series expansion for ¢ in the cross-ratio
parameter. However, in most cases of interest, the cross-
ratio itself is fixed by the observable (and the holographic
dual geometry). The strategy works best when there is a
hierarchy of geometric scales (small black holes, near-
extremality, etc.). The reader can find examples in the
aforementioned references.

From (9) we can deduce that the spectral function (2) can
be expressed for v € Z as

p(m, CI) = N(U)sz(m,G)eWbdy

" sinh (7o)
cosh(zw) + (—1)¥ cos(270)’
N(v) = %% (11)

where P,, (W, o) is a degree 2v polynomial. For A € Dgy (5),
we have been able to show that P,, (1, 6)e?Vw ~ (2 — ¢2)
in d = 4. In addition, the result holds for v = 0 in any d
with P,, (W, 6)e”» = 1. Finally, a familiar case is d = 2
with A =1, 2, where P, (I, 0)e"s = (w?—q¢>)
and ¢ = iq/2.

For general d we conjecture that the spectral function
for A €Dy, factorizes into a vacuum contribution and a
nonperturbative piece p,, with

p(m.q) = N(v)(w? — 42)47p,, (1. q).
sinh(zw)

Prp(10: ) = cosh(zw) + (—=1)? cos(2z05) (12)

*These claims are verified in [19] using the semiclassical
Virasoro blocks obtained by Zamolodchikov recursion. They imply
interesting identities for the block at cross-ratio x = %

A similar simplification occurs for R-current correlators of
N = 4 SYM at vanishing momentum q = 0 [29], a fact that was
exploited recently in [15] to motivate the general picture. Like-
wise, as noted in footnote 2 the case v =2 in d = 4 gives the
correlator for transverse traceless spin-2 polarization of the stress
tensor, for these components are described holographically by a
massless Klein-Gordon scalar.

We will turn to determining the asymptotics of py,, defined
in (12). The o dependence contained in cos(2zo) is
proportional to the trace of the monodromy matrix around
the two singular points at the horizon and at infinitysz

Tr(Mbdy’hor) =2 COS(Zﬂ'G) eR. (13)

The monodromy invariant can be analyzed using exact
WKB. Doing so we obtain an exact transseries expansion
for it, as we explain below.

IV. EXACT WKB OF BLACK HOLE
WAVE EQUATIONS

Consider a minimally coupled scalar field of mass m? =

A(A —4) in the planar-Schwarzschild-AdSs background.
The line element is

ds> = —r2f(r)dt* + dr’ + r2dx?
N Pf(r) o
o\ 4
flry=1- <:> : (14)

The black hole is dual to the thermal state at 7 = % and the

scalar field is dual to a conformal primary of dimension A.
Working with coordinates

252

w2 (15)
r?=ri

the Klein-Gordon equation can be presented in Schrodinger
form as

" (u) = w?>Q(u)y(u) =0,
O(u) = Qo(u) + w20, (u). (16)

We have exploited the fact that we wish to work in the limit
I — oo. The potentials are

ur—4u-1)8?
Qo(u) 42 —-u)(u—-1)>u’
W2 —2u 2 2
0s(u) = — (T2 ED) (17)

=12 =27  du—2u-1)

This form is amenable to exact WKB analysis with turning
points at uy = 2¢% £2il\/1 —¢%. In addition, we have
simple poles at the black hole singularity (¥ = 0) and a
complex horizon (u =1 or r = ir,), respectively, and
double poles at the horizon (¥ = o0) and the timelike

>The connection problem between the singular points at the
horizon and the asymptotic boundary, for instance, determines the
retarded Green’s function of the dual CFT K(, q) [30].
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boundary (u =2), cf. (10). We will take a different
perspective on this differential equation from what was
employed in Sec. III. In particular, it is clear from (10) that
the monodromy required in (13) can equivalently be
computed by examining the connection problem between
the complex horizon u = 1 and the curvature singularity
u = 0: Mygy hor = M—oM,—,. This is our first inkling that
the asymptotics of p could have information about the black
hole singularity.

To compute the monodromy itself, we exploit the
procedure explained in [3 1.6 Suppose we want to compute
the monodromy around a singular point u; along a mono-
dromy contour C; with base point i, cf. Fig. 1. We work
with the WKB solutions normalized at u,

1 ‘o ’
w(u,w) = mexp<i A) du'Poga(u ,m)>,
Podd(u’m) = Z Pn(u)m_n' (18)

oddn>-1

P4 is the odd part of the all-orders “momentum,” with
P_, = \/Q, being the classical momentum used in stan-
dard WKB. The monodromy contour of interest in general
will cross Stokes lines emanating from some branch point
v, (the simple poles and turning points) at {u(®}. The
connection matrix at the crossing can be computed using
WKB solutions normalized at », and accounting for the
change of reference point. Taking the product over all such
crossings of Stokes lines we obtain the required mono-
dromy matrix. This will depend on the WKB periods
owing to the changes in the reference point in the above
procedure.

For the problem at hand, the case of real momentum
corresponds to a critical phase of the WKB analysis. One can
address the latter issue by resolving the critical phase.7 The
resolved Stokes graphs® shown in Fig. 1 involve crossing of
the monodromy contour across the Stokes lines joining the
turning points to the singularity, complex horizon, and the
horizon. All told, we determine an exact answer for
cos(2zo) in terms of the median Borel-resummed Voros

symbol X A

®A review of exact WKB techniques, specifically adapted for
computing the monodromy asymptotics is described in [[19],
Sec. 4].

"We find that one has to utilize the median symbols introduced
in [32] so that the Borel resummed series satisfy the same reality
conditions that the asymptotic series do. The median symbols are
computed after giving a small phase to the WKB parameter and
then taking a suitable limit by averaging over the sign of this
phase.

*1t is also worth noting that the topology of the Stokes graphs
changes between timelike and spacelike regimes, clearly distin-
guishing the two.

cos(27o)

— [RyPe cos(m) + 1/ (1 + | Xy Pe2m) (1 + |4 2)
x Re(X &™), (19)

The Voros symbol is the exponential of the all orders WKB
period X, = exp(§, Poga(u)du) [33]. It may be viewed as
the nonperturbative action computed to all-orders, and may
require Borel resummmation of the perturbative series.” The
cycle (A) encircles the turning point u_ and the singularity,
cf. Fig. 1. The asymptotics of the median Borel-resummed

Voros symbol X recovers the original Voros symbol X. The
parameter v introduced earlier in (8) is the classical WKB
period around this cycle. Subleading corrections depend on
the higher periods. Finding the asymptotics of (19) and then
using (12) leads to the result quoted in (7). Details of this
derivation, both computing the period integrals, and assem-
bling the Voros symbol can be found in [[19], Sec. 5].
Specifically, the leading term of (7) reads

Pup (W0, {10)

w—o00

P14 2(=1)v e (Tt wRe (PP P(1p)) 4 -, (20)

with P(w) determined by higher periods. The leading
perturbative correction in this nonperturbative sector is found
to be

_ gV 2 + (77 -2
P(w) = exp (e e o

X CH(1 =) = (1= + O(m‘3)>- (21)

V. INKLINGS OF THE BLACK HOLE
SINGULARITY?

With the asymptotics of the spectral function at hand, let
us turn to the second question motivating our analysis, viz.,
the signatures of the black hole singularity. In [8] it was
observed that radial spacelike geodesics connecting the two
asymptotic boundaries anchored at fixed boundary time are
repelled by the singularity. They are bounded by a pair of
limiting null geodesics. The presence of this distinguished
pair, which is referred to as the bouncing null geodesic,10 is
a clear geometric signature of the Lorentzian geometry. Its

presence implies a critical real time 7, = 5cot(%) beyond

’Our notation is as follows: X, is formal asymptotic power
series from WKB analysis, and X4 is its Borel summed counter-
part. The median Borel sum is indicated with a hat decoration.

10Stﬁ'ctly speaking, the null geodesics do not bounce, but
rather terminate at the singularity. On the other hand the spacelike
geodesics do bounce off before reaching the singularity.
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(a): The critical case, ¥ = 0.

(b): Resolution: ¥ =07

FIG. 1.

(c): Resolution: ¥ =0~

The Stokes graphs for (17) in the timelike regime 0 < ¢ < 1 with 9 = arg() = arg(q). The thick black lines are Stokes lines

that demarcate the different Stokes regions on the u# plane. The turning points, singularities, placement of branch cuts, monodromy
contours Cj; centered at base point u,, and the A and B cycles are indicated for reference.

which no real spacelike geodesic connects the two asymp-
totic boundaries.
This geodesic signature indicates that the thermofield (or

two-sided) correlator C(7,x) = (O (1 + ig,x)OA(t,X))ﬂ

has a divergence (¢ — 7)™ on a secondary sheet for heavy
operators [8]. These observations were revisited and sharp-
ened in [11] (see also [12]) who argued that the signature is
more directly visible in Fourier domain should one examine
the behavior as w — —ico.

These statements generally have been argued to require
A > 1, with [12] being an exception. In the latter work it is
argued that the eikonal approximation can be used or any A
to identify the singularities of the correlator in the complex
time domain. Recently, it was argued in [14] that the stress
tensor exchange in the thermal OPE decomposition (at
fixed spatial separation) encodes a striking feature of 7.
even for A ~ O(1). Likewise, at fixed spatial momentum
[15,18] argue for a similar signature of the bouncing
geodesic. The former uses WKB to demonstrate exponen-
tially small corrections to the vacuum answer (extending
old observations [26,34]), while the latter uses a combi-
nation of thermal product formula [27] and asymptotics of
quasinormal modes. These statements can be distilled into

the following observation [11]: The holographic thermal
correlator is meromorphic, with a line of poles reaching out
along some ray in the complex frequency plane. The
direction along which this ray approaches |w| — oo deter-
mines ..

Our results, which use both WKB and the Virasoro
block approach to thermal correlators, extend these state-
ments obtained from { = 0 to the range 0 < ¢ < 1. The
thermofield correlator is directly related to the spectral
density.'" Using (7) we can obtain an analogous transs-
eries for C(, (). A termwise Fourier transform C,(1) =
J¢° dw cos(wr)C(w, {w) informs us of the singularity
structure in the time domain.'> In general, C(z, x) at fixed
X is guaranteed to be analytic within the strip Im(z) €
(—/—; , g), but has OPE singularities at the edge of the strip.
We can analytically continue it as a periodic function to
the full complex t-plane using the KMS condition at

"In Fourier domain one has the relation C(w, k) = 224
2sinh(3)
"The observable C¢(1) is spatially averaged. Splitting x into
radial and angular components, we have C(1) = [5°d|x|x
C(r + x|, x|, Q).
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nonzero x [l]. However, finite momentum or spatial
averaging can introduce additional singularities outside
the strip.

For ¢ = 0 the singularities of Cy(#), which is at fixed
spatial momentum, are at [18] (see also [14])

g ip B (x
trq:E"‘rE‘f'QECOt(E)y

relzs, ge{-r.—r+2,....r}. (22)

This gives 7. = gcot(ﬁ). For ¢ # 0, our result for C(iv, ()
implies that C;(f) in d = 4 has singularities at t = =+7,,,
located at

_ip v\ if p v
trsg = 2—|—<r+sﬂ> 2—|—q2(1 ﬂ),

SE —r+ 27, ge{-r,-r+2,...,r}.
(23)

FGZZ],

Clearly, (23) agrees with (22) for d =4 at { = v = 0.
While the singularities in (22) were argued to lie on

codimension-1 loci Im(7) = n’

5, we see that this is no
longer the case for { # 0. In fact, our result is similar to the
charged black hole case (probed by a neutral operator)
analyzed in [16,18], even though we are studying a neutral
black hole. While the causal structure of the two black
holes is quite different, there is a physical reason why this
could have been anticipated.

In the absence of spatial momentum (or for { = 0) one is
analyzing radial null geodesics as in [8]. However, when
the spatial momentum is activated there is an effective
“centrifugal barrier” causing the geodesics to either crash
into the singularity, or bounce off a different locus,
depending on their conserved energy. This feature is similar
to the geodesic motion in the charged black hole case,
where the presence of the charge causes the spacelike
geodesics to be repelled by the Cauchy horizon (cf. [16] for
a recent discussion). In fact, examining the near-singularity
behavior of the effective potential for geodesic motion,
charged black hole geodesics with vanishing momentum
are akin to neutral black hole geodesics with nonvanishing
momentum and vice versa.

Finally, as we approach the lightlike limit, { — 1, we see
that the singularities disappear. We believe this is because
the limit corresponds to ballistic UV propagation with very
highly damped decay probability, so the WKB paths or
geodesics stay well away from the singularity.13 Relatedly,

BThe picture is transparent for global AdS black holes where
the geodesics are circular orbits close to the boundary in the large
angular momentum limit. In either case, in this limit we have very
weakly damped quasinormal modes [13] for this reason.

the Stokes graph changes topology: the spacetime boun-
dary becomes a turning point for WKB.

VI. DISCUSSION

Our main result is a determination of an exact transseries
expression for the thermal spectral function (7) using exact
WKB methods. For this we exploited a factorized form of
the spectral function for A € Dy in holographic CFTs. It
would be interesting to investigate the generality of this
factorized form (both for A & Dy, and for general CFTs).

Given these asymptotics, we have a prediction for a lattice
of singularities on the complex time plane outside the
fundamental strip Im() € (—=5,2) for C,(r). The presence
of these singularities in the real-time correlator has been
linked to the black hole singularity in the geometry.
However, it is worth pointing out that the connection needs
to be sharpened. The discussions of [8,11] make clear the
connection with a real Lorentzian section geodesic for
A > 1. However, the statements for A ~ O(1) either derived
using the OPE at fixed spatial separation [14,16], or derived
using asymptotics at fixed spatial momentum as here
[15,18], rely only on having information about a timescale,
t., extracted from complex WKB trajectories. While the
latter do involve eikonal propagation and multiple bounces
off the singularity (cf. [15]), a more direct connection with
the geometry would be desirable. One tantalizing piece of
evidence in favor is that the monodromy around the horizon
and the boundary is the same as that between the singularity
and all the other singular points of the wave equation.]4
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“For d > 4 (and for nonscalar probes in d = 4) the wave
equations are Fuchsian with four or more regular singular points.
The monodromy around horizon and the boundary can instead be
traded for that between the singular point at the black hole
singularity and the rest.
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