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Gravitational waves from compact binary coalescences provide unique opportunities to test general
relativity (GR) in the strong-field regime. In particular, the merger phase, during which two compact
objects finally coalesce, corresponds to the regime of the strongest gravitational fields accessible by direct
observation and thus serves as a probe of the nonlinear nature of gravity. In this work, we test GR in
the merger phase by analyzing GW150914 using a modified waveform proposed in Watarai et al.
[Phys. Rev. D 109, 084058 (2024).], which parametrizes possible deviations from GR during this stage.
Within this framework, the inferred deviation parameters can be translated into model-independent
constraints on physically meaningful quantities. For GW150914, we find that the additional energy
radiated in the merger phase is constrained to be 0.26þ0.75

−0.62% of the total energy emitted over the entire
coalescence predicted by GR, and the peak time shift due to beyond-GR effects is 2.17þ9.56

−9.90 ms, both within
the 90% credible interval. These two constraints serve as observational benchmarks for deviations in the
nonlinear gravity regime, offering guidance for theoretical investigations of beyond-GR models.

DOI: 10.1103/tskz-hmrp

I. INTRODUCTION

General relativity (GR), the standard theory of gravity, has
passed all experimental and observational tests to date,
particularly in weak-field regimes [1,2]. However, from a
theoretical standpoint, GR is not regarded as the ultimate
theory of gravity, due to issues such as nonrenormalizability
as a quantum theory and the prediction of singularitieswhere
the classical description breaks down. To explore physics in
strong gravity, it is essential to test GR in the strong-field,
highly dynamical regime, where deviations might arise.
Gravitational-wave (GW) astronomy now provides a

unique opportunity to probe this regime observationally.
In the past decade, the detection of GWs from compact
binary coalescences has enabled us to study gravity in
previously inaccessible regimes [3,4]. The LIGO-Virgo-
KAGRA (LVK) collaboration has reported hundreds of
GW events [5–8] and conducted various tests of GR, so far
finding no statistically significant deviations within current
sensitivities [4,9–13].

A binary black hole (BBH) coalescence is typically
divided into three phases: inspiral, merger, and ringdown.
The inspiral and ringdown phases can be modeled using
perturbative methods, post-Newtonian (PN) theory for the
inspiral and BH perturbation theory for the ringdown. In
contrast, the merger phase involves fully nonlinear dynam-
ics for which no analytical methods are established, and
numerical relativity (NR) simulations are required to
understand the system.
Parametrized frameworks have been widely developed

for the inspiral and ringdown phases of compact binary
coalescences, enabling systematic tests of GR in those
regimes (e.g., [12–29]). In contrast, constructing a
comparable framework for the merger phase that allows
direct comparison with beyond-GR theories remains
challenging. Nevertheless, phenomenological parametri-
zations of deviations in the merger phase have been
explored in several studies [30–32]. For instance, Maggio
et al. and Pompili et al. constrained deviations in the
fundamental quasinormal mode (QNM) frequency from
real data, with the former also estimating an amplitude
shift in the nonlinear regime.*Contact author: wataraidaiki@resceu.s.u-tokyo.ac.jp
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The LVK collaboration has likewise constrained frac-
tional deviations in phenomenological coefficients of NR-
calibrated inspiral-merger-ringdown waveform models
[3,10]. While informative, these analyses remain tied to
specific waveform models, and correlations between GR
and deviation parameters can enlarge statistical errors and
introduce possible systematic biases. This motivates the
development of alternative approaches that can provide
robust, physically interpretable, and model-independent
constraints in the merger regime.
To address the issue above, in our previous work [33]

we proposed a phenomenological modification of the
IMRPhenomD waveform [34,35], introducing two additional
beyond-GR parameters—one in the amplitude and one in
the phase—constructed to remain consistent with radiation-
reaction effects. This framework offers two key advantages
compared with existing works. First, the beyond-GR
parameters can be reinterpreted as model-independent
observational constraints on physically meaningful quan-
tities, such as the excess energy radiated during the merger
and the shift in the peak time. Second, the parametrization
is designed to reduce parameter correlations with the
standard GR parameters, thereby enabling clearer inference
of possible deviations. Our model-independent constraints
presented in this work will provide concrete benchmarks
that theoretical studies—including numerical simulations
in modified gravity (e.g., [36–42])—can investigate
against, thereby strengthening the connection between data
analysis and theory.
We apply our modified waveform to GW data and

constrain possible deviations from GR in the nonlinear
regime of gravity. We first carry out two sets of injection-
recovery studies using both GR and non-GR injections to
evaluate the robustness of the method against false detec-
tions of deviations and its ability to recover beyond-GR
effects. We then analyze GW150914 [3], obtaining model-
independent constraints on the additional energy radiated
during the merger phase and on the deviation in the
peak time.
This paper is organized as follows. In Sec. II, we

summarize the modified waveform for capturing beyond-
GR effects in the merger phase of BBH coalescences,
which is proposed in Ref. [33]. In Sec. III, we present
injection recovery tests using the modified waveform.
We perform two types of injections: GR and non-GR, to
assess whether the modified waveform produces appar-
ent deviations in GR cases and whether it can correctly
recover deviations in non-GR cases. Parameter estima-
tion results for GW150914 are reported in Sec. IV. In
Sec. V, we discuss our findings in the context of
previous works and outline possible extensions of our
method, including connections with LVK analyses and
current limitations. We finally conclude in Sec. VI by
summarizing the main results and highlighting directions
for future research.

II. MODIFIED WAVEFORM

In this section, we review the modified waveform
introduced in Ref. [33], which is employed in the sub-
sequent analysis. This waveform is built based on
IMRPhenomD [35] and extends it by introducing two
beyond-GR parameters: γ̂1, which controls the overall
amplification in the merger phase and consequently causes
additional losses of energy and angular momentum radi-
ation, and P̂PCA, which is obtained from principal compo-
nent analysis (PCA)1 of the phase parameters in the
nonlinear regime and related to peak-time and phase shifts.
In Sec. II A, we outline the structure of IMRPhenomD,

which serves as the foundation of our model. In Sec. II B,
we elaborate on the modified waveform.

A. IMRPhenomD

IMRPhenomD describes the dominant ðl; mÞ ¼ ð2;�2Þ
mode from the whole stages of an aligned-spin BBH
coalescence in the frequency domain, with the mass ratio
up to 1∶18 [35]. The form is given by

h̃GRðfÞ ¼ AGRðfÞe−iϕGRðfÞ; ð2:1Þ

where ϕGRðfÞ and AGRðfÞ are the GW phase and ampli-
tude. In the following, we fix a subscript “GR” to a quantity
in GR. ϕGRðfÞ and AGRðfÞ are divided into three frequency
ranges: the inspiral (ins), intermediate (int), and merger-
ringdown (MR), respectively,

ϕGRðfÞ ¼
8<
:

ϕinsðfÞ; f ≤ fp1
ϕintðfÞ; fp1 ≤ f ≤ fp2
ϕMRðfÞ; f ≥ fp2

; ð2:2Þ

AGRðfÞ ¼
8<
:

AinsðfÞ; f ≤ fa1
AintðfÞ; fa1 ≤ f ≤ fa2
AMRðfÞ; f ≥ fa2

; ð2:3Þ

where the explicit forms of the functions and the colloca-
tion frequencies fpi;ai (i ¼ 1, 2) are shown in Ref. [35]. The
functions are constructed in a way that reflects the physics
of each regime. The inspiral part is based on the PN
expansions supplemented with calibration terms to improve
accuracy. The intermediate regime is described by phe-
nomenological polynomial fits that ensure smooth transi-
tions between the inspiral and merger-ringdown parts.
Finally, the merger-ringdown part is modeled with damped
sinusoidal functions capturing the QNM behavior of the
remnant BH, with coefficients calibrated against numerical
relativity simulations.

1Application of PCA to GW data analysis has been done in
several works (e.g. [17,43–45]). See also Refs. [46,47] for the
application of independent component analysis.
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B. Modified waveform

The modified waveform is expressed as

h̃MGðf; γ̂1; P̂PCAÞ ≔ AMGðf; γ̂1Þe−iϕMGðf;γ̂1;P̂PCAÞ; ð2:4Þ

whereAMGðf; γ̂1Þ andϕMGðf; γ̂1; P̂PCAÞdenote themodified
amplitude andphase in the frequency domain.The following
sections outline AMGðf; γ̂1Þ and ϕMGðf; γ̂1; P̂PCAÞ; explicit
functional forms are provided in Sec. III of Ref. [33].
The parameter γ̂1 modifies the overall merger amplitude

in the nonlinear gravity regime relative to GR and is
allowed to be either positive or negative. Positive values
indicate excess radiation compared to GR predictions, while
negative values correspond to a deficit in the radiated energy
and angular momentum. On the other hand, P̂PCA character-
izes peak-time andphase shifts, obtained throughPCAof the
fractional deviations in the phenomenological phase param-
eters of IMRPhenomD in the nonlinear gravity regime.
Since the amplitude and phase in IMRPhenomD are

modeled separately, our two beyond-GR parameters are
likewise introduced independently. In reality, a specific
modified gravity theory would relate deviations in the
amplitude to corresponding shifts in the GW phase through
modifications of the binary dynamics up to the merger
phase. Here, however, we treat the amplitude and phase
deviations as independent phenomenological parameters in
the waveform construction.

1. Physical consistency

The amplification introduced by γ̂1 leads to additional
energy and angular momentum radiation. Consequently,
the remnant mass and spin must be corrected to account for
these losses. We incorporate the corresponding radiation-
reaction effects into the waveform.
For a given value of γ̂1, the final mass and spin are

expressed as

M̄f ¼ Mini − ΔE; ð2:5Þ

J̄f ¼ Jini − ΔJ; ð2:6Þ

where Mini and Jini denote the total mass and angular
momentum of the binary system, and ΔE and ΔJ are the
total radiated energy and angular momentum over the entire
coalescence process. These quantities can be decomposed
into the GR contributions, ΔEGR and ΔJGR, and the
additional radiation due to beyond-GR effects,

ΔE ¼ ΔEGR þ δΔEðγ̂1;M; η; χeffÞ; ð2:7Þ

ΔJ ¼ ΔJGR þ δΔJðγ̂1;M; η; χeffÞ; ð2:8Þ

where δΔEðγ̂1;M; η; χeffÞ and δΔJðγ̂1;M; η; χeffÞ are the
additional radiated energy and angular momentum induced

by γ̂1, computed using the GR radiation formula (see
Appendix A for details). This procedure modifies the
QNM frequency in the MR regime.
In generating an IMR waveform, the key quantities are

the remnant mass M̄f and the dimensionless spin parameter

āf ≔
J̄f
M̄f

2
: ð2:9Þ

For efficient waveform generation in data analysis, we
provide fitting formulas for M̄f and āf in Appendix B to
reduce the computational cost in parameter estimation.

2. Modified GW amplitude

The modified amplitude AMGðf; γ̂1Þ is defined as

AMGðf; γ̂1Þ ≔

8><
>:

AinsðfÞ; f ≤ fa1;

Āint mðf; γ̂1Þ; fa1 ≤ f ≤ f̄a2;

ĀMR mðf; γ̂1Þ; f ≥ f̄a2;

ð2:10Þ

where the subscript “m” denotes a function modified from
IMRPhenomD, and an overbar indicates the inclusion of
radiation-reaction effects due to γ̂1 (see Sec. II B 1).
The parameter γ̂1 describes deviation from GR in the

nonlinear regime. Starting from AintðfÞ and AMRðfÞ in the
GR waveform, we introduce γ̂1 such that

AMR mðf; γ̂1Þ ≔ ð1þ γ̂1ÞAMRðfÞ
≕AMRðfÞ þ ΔAMRðf; γ̂1Þ; ð2:11Þ

which amplifies the peak amplitude. This amplification is
then smoothly interpolated into the intermediate regime by
modifying the phenomenological coefficients of AintðfÞ at
the matching frequency fa2.

3. Modified GW phase

The modified phase ϕMGðf; γ̂1; P̂PCAÞ is defined as

ϕMGðf; γ̂1; P̂PCAÞ≔

8>><
>>:

ϕinsðfÞ; f ≤ fp1;

ϕ̄int mðf; P̂PCAÞ; fp1 ≤ f ≤ f̄p2;

ϕ̄MR mðf; γ̂1; P̂PCAÞ; f ≥ f̄p2;

ð2:12Þ

where γ̂1 and P̂PCA are the beyond-GR parameters intro-
duced in the merger-ringdown amplitude and phase,
respectively. The inspiral phase ϕinsðfÞ is kept identical
to the GR baseline, while P̂PCA controls a coherent
modification of the intermediate and merger–ringdown
phase, as summarized below.
To introduce P̂PCA, we focus on the four phenomeno-

logical phase coefficients
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fΛig ≔ fβ2; β3; α2; α3g ð2:13Þ

of IMRPhenomD, and introduce their fractional deviations
from their GR values

fΛ̂ig ≔ fβ̂2; β̂3; α̂2; α̂3g: ð2:14Þ

We then build the Fisher matrix in this four-dimensional
space,

Fβ̂ α̂ ¼

0
BBBB@

Fβ̂2β̂2
Fβ̂2β̂3

Fβ̂2α̂2
Fβ̂2α̂3

Fβ̂3β̂3
Fβ̂3α̂2

Fβ̂3α̂3

Fα̂2α̂2 Fα̂2α̂3

sym: Fα̂3α̂3

1
CCCCA; ð2:15Þ

with

ðFβ̂ α̂Þij ≔
Z

fmax

fmin

∂Λ̂i
h̃ðfÞ∂Λ̂j

h̃ðfÞ
SnðfÞ

df: ð2:16Þ

Here ∂Λ̂i
denotes the derivative with respect to Λ̂i, and

SnðfÞ is the power spectral density of the detectors. In
this subsection we set SnðfÞ ¼ 1 Hz−1 to focus on the
intrinsic structure of the waveform without frequency-
dependent weighting of a detector. The lower cutoff
is fmin ¼ 0.0035=M (the minimum frequency of
IMRPhenomD), and fmax is chosen sufficiently large for
convergence.
Let ePCA ¼ ðeβ2 ; eβ3 ; eα2 ; eα3Þ be the normalized eigen-

vector of Fβ̂ α̂ corresponding to its largest eigenvalue. This
vector specifies the first-principal-component direction in
the space of fractional deviations fΛ̂ig and depends on the
binary parameters. We then restrict the deviations to lie

along this direction and parametrize them by a single scalar
P̂PCA as

Λ̂i ¼ P̂PCAePCA i: ð2:17Þ

Equivalently, the four phase coefficients are modified
according to

Λi → Λi;GR½1þ Λ̂i� ¼ Λi;GR½1þ P̂PCAePCA i�: ð2:18Þ

Thus ePCA fixes the direction of the deviation in the
coefficient space, while P̂PCA controls its overall magni-
tude. By construction, these changes affect only the
intermediate and merger-ringdown phase (through the
modified coefficients), whereas the inspiral phase ϕinsðfÞ
remains unchanged. Nonzero values of P̂PCA shift the peak
time and phase through the connection conditions at the
collocation frequencies. The analytic expressions for these
shifts, given in Appendix C, are obtained neglecting the
reaction of γ̂1 on the remnant mass and spin.

C. Time-domain modified waveform

Figure 1 presents the modified and GR waveforms in the
time domain, assuming equal-mass binaries with a total
mass of M ¼ 60M⊙ and the effective spin parameter of
χeff ¼ 0. The left panel shows waveforms with γ̂1 ¼ −0.2
(magenta) and γ̂1 ¼ 0.2 (blue), compared with the GR case
(black dotted). Since γ̂1 alters the amount of radiated energy
and angular momentum, it changes the remnant properties
and hence the QNM frequency. The right panel shows
waveforms with P̂PCA ¼ −0.1 (orange) and P̂PCA ¼ 0.1
(green), again compared with the GR case. Nonzero values
of P̂PCA introduce relative shifts in the peak time and phase
with respect to the GR waveform.

FIG. 1. Left: Comparison of waveforms with γ̂1 ¼ −0.2 (magenta), γ̂1 ¼ 0.2 (blue), and the GR case (black dotted). Since γ̂1 induces
additional energy and angular momentum radiation, the remnant mass and spin are modified from the GR prediction, resulting in a
change in the QNM frequency. Right: Comparison of waveforms with P̂PCA ¼ −0.1 (orange), P̂PCA ¼ 0.1 (green), and the GR case
(black dotted). Nonzero values of P̂PCA introduce phase and time shifts relative to the GR waveform.
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III. INJECTION RECOVERY

Before analyzing observational data, we perform a series
of injection studies to validate our method. These studies
address two key questions:

(i) whether the modified waveform recovers deviation
parameters consistent with zero when the injected
signal is a GR waveform.

(ii) whether the modified waveform can accurately
recover nonzero deviations when they are present
in the signal.

We introduce the Bayesian data analysis framework in
Sec. III A and the specific injection cases in Sec. III B. We
present the results for GR injections in Sec. III C and for
non-GR injections in Sec. III D, corresponding to questions
(i) and (ii), respectively.

A. Bayesian analysis framework

Our inference is based on Bayesian analysis, which
computes the posterior probability distribution pðθ⃗jd⃗;MÞ
according to Bayes’s theorem,

pðθ⃗jd⃗;MÞ ¼ pðθ⃗jMÞpðd⃗jθ⃗;MÞ
pðd⃗jMÞ

; ð3:1Þ

where θ⃗ is the set of model parameters, d⃗ denotes the data
observed by the detectors, M is the waveform model,
pðθ⃗jMÞ is the prior distribution, pðd⃗jθ⃗;MÞ is the likelihood
function, and pðd⃗jMÞ is the evidence.
The model parameters for the GR and modified wave-

forms are defined as

θ⃗GR ¼ fm1 z; m2 z; χ1; χ2; dL; tc;ϕc; α; δ; ι;ψg; ð3:2Þ

θ⃗MG ¼ θ⃗GR ∪ fγ̂1; P̂PCAg; ð3:3Þ

where mi z and χi (i ¼ 1, 2) are the component
redshifted masses and dimensionless spins, dL is the
luminosity distance, tc is the coalescence time, ϕc is the
coalescence phase, α is the right ascension, δ is the
declination, ι is the inclination angle, and ψ is the
polarization angle. Throughout this analysis, we assume
the flat Λ cold dark matter cosmology with parameters
from Ref. [48].
We inject signals with zero noise into the outputs from

the LIGO Hanford, LIGO Livingston, Virgo, and
KAGRA detectors, assuming their design sensitivities
[49–51]. The cases of signal injections and prior dis-
tributions are summarized in Tables I and II. For θ⃗GR, we
largely follow the setup of Ref. [4], and we adopt
uniform priors in ½−5; 5� for γ̂1 and P̂PCA. Note that
these ranges exceed the validity regime of P̂PCA and γ̂1,
as they are assumed to be small enough in the waveform
construction (see Sec. III. F of Ref. [33]).2 The ranges are
chosen to be large enough for the analysis. The Bayesian
analysis is performed using the Bilby software package
[52] with the Dynesty sampler [53]. We use nlive ¼ 1000
for most cases, and increase it to 1500 for the smaller-
mass injections and for GW190728 in Appendix E. This
choice was confirmed to be sufficient to ensure con-
vergence of the sampling procedure.

TABLE II. Priors for the analysis parameters. Here, Mz ≔
η3=5ðm1 z þm2 zÞ denotes the redshifted chirp mass. For the
injection withm1 ¼ 10M⊙ and for GW190728 (Appendix E), the
lower bound for Mc is set to 5M⊙.

Parameter Range Prior

m1 z;2 z½M⊙� ½5; 80� Uniform
q ≔ m2=m1 [0.125, 1] Set the bounds
Mc z ½M⊙� [20(5), 100] Set the bounds
χ1;2 ½−0.99; 0.99� Uniform
dL (Mpc) ½50; 2000� Uniform in volume
tc (s) [−0.1, 0.1] Uniform
ϕc [0; 2π] Uniform
α [0; 2π] Uniform
δ [0; π] Uniform in cos δ
ι [0; π] Uniform in sin ι
ψ [0; 2π] Uniform
γ̂1 [−5, 5] Uniform
P̂PCA [−5, 5] Uniform

TABLE I. Injection cases considered in this study. The table lists the source parameters for GR and non-GR injections, including
component source-frame masses m1;2, spin parameters χeff ≔ ðm1χ1 þm2χ2Þ=ðm1 þm2Þ and δχ ≔ χ1 − χ2, beyond-GR parameters,
and extrinsic parameters. The network SNR values correspond to the design sensitivities of LIGO Hanford, LIGO Livingston, Virgo,
and KAGRA.

Type m1½M⊙� q ≔ m2

m1
χeff δχ γ̂1 P̂PCA dL (Mpc) tc (s) ϕc α δ ι ψ SNRnet

GR 30 1 f−0.5; 0; 0.5g 0 0 0 400 0 0 0 0 0 0 f99.7; 113; 129g
10 1 0 0 0 0 400 0 0 0 0 0 0 45.8

Non-GR 30 1 0 0 f−0.2; 0.2g 0 400 0 0 0 0 0 0 f108; 118g
30 1 0 0 0 f−0.1; 0.1g 400 0 0 0 0 0 0 f113; 113g

2Sampling beyond this regime necessarily involves extrapo-
lation, but the broad priors are chosen so that the data—not the
prior boundaries—determine the posterior support.
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B. Injected signals

We consider two types of signal injections: GR and non-
GR, as summarized in Table I. The quantities with subscript
z denote detector-frame values.
For the GR injections presented in Sec. III C, we use

equal-mass binaries with total masses of M ¼ 20M⊙ and
60M⊙ and effective spins of χeff ¼ −0.5, 0, and 0.5. The
equal-mass configuration is chosen since the (2,2) mode is
expected to be dominant, allowing us to focus on the main
contribution to the signal. These cases extend the parameter
sets analyzed in the Fisher study of Ref. [33], where
nonspinning systems were considered, by additionally
exploring the impact of aligned spins. In other words,
we analyze not only the same parameter sets as Ref. [33]
but also additional cases with varying spins.
For the non-GR injections, we vary γ̂1 and P̂PCA while

fixing the component masses tom1;2 ¼ 30M⊙ and χeff ¼ 0.

Here, we focus on the heavier BBH system with no spins
studied in Ref. [33], which was found to provide stronger
sensitivity to beyond-GR effects in the Fisher analysis than
the smaller-mass case. The values of the beyond-GR
parameters γ̂1 and P̂PCA are chosen within the validity
range of the model.

C. GR injections

We perform GR injections using the parameter sets listed
in Table I. Figure 2 shows the posterior probability
distributions for fdL;Mc z; χeff ; tc; γ̂1; P̂PCAg for the injec-
tion corresponding to the first row of Table I with χeff ¼ 0.
Results obtained with the modified waveform and
IMRPhenomD are shown in navy and red, respectively. The
inner and outer contours represent the 68% and 90% con-
fidence levels (CLs). The black dotted lines denote the
fiducial values, while the dashed lines indicate the posterior

FIG. 2. Posterior probability distributions for fdL;Mc z; χeff ; tc; γ̂1; P̂PCAg with a GR injection. The navy and red show the recovery
with the modified waveform and the GR waveform. The inner and outer contours indicate 68% and 90% CLs. Black dotted and navy
dashed lines show the fiducial values, mean value, and 90% CL, respectively.
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means and 90% CLs in the diagonal plots. These plotting
conventions are used throughout this paper.
For the GR parameters fdL;Mc z; χeff ; tcg, the posteri-

ors obtained with the modified waveform agree well with
those from IMRPhenomD. The existence of parameter corre-
lations can sometimes cause parameter estimation bias
when specific events in the parameter space are selected
(e.g., [54,55]). Our result demonstrates that the inclusion of
γ̂1 and P̂PCA does not significantly bias the estimation of
θ⃗GR through parameter correlations. Moreover, the recov-
ered values of γ̂1 and P̂PCA are consistent with zero within
68% CLs, indicating that the modified waveform does not
produce spurious deviations from GR. At the same time, it
is found that P̂PCA is modestly correlated with Mc z and
χeff , which leads to somewhat larger uncertainties in these
parameters. The results for the other GR injection cases are
qualitatively similar.

D. Non-GR injections

We next perform non-GR injections, varying γ̂1 and
P̂PCA as listed in Table I. The goal is to test whether the
modified waveform can accurately recover the injected
deviations.
In Sec. III D 1, we focus on the beyond-GR parameters

and assess whether the modified waveform can capture
their fiducial values. In Sec. III D 2, we present the

posterior probability distributions for the standard GR
parameters obtained with both the modified waveform
and IMRPhenomD.

1. Beyond-GR parameters

Figure 3 shows the posterior probability distributions for
injections with fγ̂1; P̂PCAg ¼ ð0.2; 0Þ (top left), ð−0.2; 0Þ
(top right), (0,0.1) (bottom left), and ð0;−0.1Þ (bottom
right). The color scheme matches that in Fig. 1. In all cases,
the recovered values of γ̂1 and P̂PCA are consistent with the
injected values within 68% CLs. This indicates that, for the
cases investigated here, the modified waveform can cor-
rectly recover deviations from GR when they are present in
the signal.

2. GR parameters

We also analyze the non-GR injection data using
IMRPhenomD, to evaluate the impact of neglecting
beyond-GR effects on the estimation of θ⃗GR.
Figures 4 and 5 present the posterior probability dis-

tributions for fdL;Mc z; χeff ; tcg for injections with
ðγ̂1; P̂PCAÞ ¼ ð0.2; 0Þ and (0,0.1), respectively. Results
from the modified waveform and IMRPhenomD are shown
in navy and red. For the injection with an amplitude
deviation, both waveforms yield results consistent within
68% CLs. However, for the injection with a phase

FIG. 3. Posterior probability distributions for γ̂1 and P̂PCA with
the injection with ðγ̂1; P̂PCAÞ ¼ ð0.2; 0Þ (top left), ð−0.2; 0Þ (top
right), (0,0.1), (bottom left), and ð0;−0.1Þ (bottom right). The
colors are identical to those used in Fig. 1.

FIG. 4. Posterior probability distributions for fdL; χeff ; tcg with
the injection with ðγ̂1; P̂PCAÞ ¼ ð0.2; 0Þ. The navy and red show
the results using the modified and GR waveforms.
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deviation, the posteriors obtained with IMRPhenomD do not
match the injected values, even at the 90% CL. This
discrepancy arises because some of the GR parameters
effectively compensate for the phase deviation through
parameter correlations, showing trends similar to those
observed in Sec. III C.
Such misidentification of θ⃗GR could potentially lead to

inconsistencies in the IMR consistency test. Some com-
ments for this point are given in Sec. V B.

E. Summary

In this section, we examined the recovery of both GR and
non-GR injections using the modified and GR waveforms.
Our main findings are as follows:

(i) GR injections: Introducing the beyond-GR param-
eters γ̂1 and P̂PCA does not introduce significant
systematic biases. The parameter estimates obtained
with the modified waveform remain consistent with
those from the GR waveform, and the recovered
beyond-GR parameters are consistent with zero
within 68% CLs.

(ii) Non-GR injections: When the signal contains devi-
ations from GR, the modified waveform can reliably
recover the injected values of γ̂1 and P̂PCA within
68% CLs. In contrast, the GR waveform can mis-
identify the binary parameters, as some of the
standard GR parameters compensate for the unmod-
eled deviations, potentially leading to inconsisten-
cies in tests such as the IMR consistency test.

These results demonstrate that the modified waveform is
robust against false detections of beyond-GR effects when
analyzing GR signals, while retaining the ability to accu-
rately capture deviations when they are present. This
robustness is likely due, at least in part, to the use of
PCA in defining P̂PCA: by projecting merger-phase devia-
tions onto their dominant uncorrelated direction. PCA helps
suppress degeneracies with GR parameters, thereby miti-
gating potential systematic biases. Encouraged by this
robustness, we proceed to apply the modified waveform
to real GW data to place direct observational constraints on
possible deviations from GR.

IV. ANALYSIS OF GW150914

We apply the modified waveform to the first observed
GW event, GW150914. We focus on GW150914 not only
because it has a relatively high network SNR of about 25,
but also because it is well consistent with a nearly equal-
mass binary without spin precession [4], which justifies the
assumption that the dominant (2,2) mode provides an
accurate description of the signal. The analysis uses 4 s
of strain data centered on the GPS time 1126259462.4,
following the setup described in Sec. III.
In the next subsection, we present the parameter esti-

mation results for γ̂1 and P̂PCA, and then translate them into
physically interpretable quantities: the additional energy
radiated beyond the GR prediction and the deviation in the
peak time. In addition, to demonstrate the applicability of
our method to other events, we also present the results for
GW190728 in Appendix E.

A. Results

Figure 6 shows the posterior probability distributions for
γ̂1 and P̂PCA. It indicates that the constraints on the beyond-
GR parameters are γ̂1 ¼ 0.08þ0.21

−0.19 and P̂PCA ¼ 0.05þ0.21
−0.27 ,

both within 90% CLs. The result means that GR is valid
within 68% CL since the two-dimensional posterior enc-
loses ðγ̂1; P̂PCAÞ ¼ ð0; 0Þ (red star in Fig. 6).
The posterior estimates of γ̂1 and P̂PCA can be translated

into model-independent constraints on the additional
energy radiation and the shift of the peak time. Figure 7
summarizes these results.
The left panel shows the fraction δðΔEÞ=ΔEGR, the ratio

of the additional merger-stage energy loss to the total GW
energy radiated throughout the coalescence in GR. The
definitions of EGR and δðΔEÞ are summarized in
Appendix A. To compute the posterior of this quantity,
we substitute the posterior samples into the fitting formula
for the energy loss in GR ΔEGR given by Eq. (3.8) in
Ref. [34], together with the fitting formula for δðΔEÞ
provided in Appendix B. For GW150914, this fraction is
constrained to be 0.26þ0.75

−0.62 ½%�within 90% CL, correspond-
ing to a percent-level precision.

FIG. 5. Same as Fig. 4, but the injection with
ðγ̂1; P̂PCAÞ ¼ ð0; 0.1Þ.
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The right panel depicts the deviation in the peak time
ΔtMR induced by beyond-GR effects in the merger phase,
which is derived based on Eq. (C1). This expression
neglects the reaction of γ̂1 on the remnant mass and spin.
However, as suggested by the left panel, the additional
energy loss due to γ̂1 is at most at the percent level, so the
approximation is expected to be valid within that precision.

For GW150914, the deviation is 2.17þ9.56
−9.90ðmsÞ within the

90% CL.3 In our framework, ΔtMR is not an independent
beyond-GR parameter, but the peak time shift derived from
P̂PCA. Directly introducing a deviation in the coalescence
time tc would be degenerate with the GR value of tc,
whereas P̂PCA provides a nondegenerate way to quantify
the beyond-GR–induced time shift via the resulting ΔtMR.

V. DISCUSSION

In this section, we first compare our results with previous
works focusing on the merger stage. We then discuss
planned extensions of our work, focusing on two key
aspects: (i) establishing a direct comparison with existing
testing-GR analyses by the LVK collaboration, and
(ii) developing a modified waveform based on the latest
phenomenological models to include subdominant modes
and spin precession. These improvements aim to address
current limitations and broaden the applicability of our
method.

A. Comparison with previous works

Reference [31] proposed pSEOBNRHM, an extension of
the SEOBNRHM model [57,58], designed to parametrize
possible deviations from GR in the merger and ringdown
phases. In the analysis of GW150914, they considered
three additional beyond-GR parameters: a deviation param-
eter δA characterizing amplification in the dominant mode
in the nonlinear regime, and deviations in the fundamental
QNM frequency, namely in the real oscillation frequency
δf220 and the damping time δτ220.
Although δA and our parameter γ̂1 are defined on

different baseline GR waveforms, they play a similar role
in capturing amplitude deviations in the merger–ringdown
regime. Our estimate of γ̂1 is closely consistent with their
constraint, δA ¼ 0.03þ0.29

−0.20 (90% CL), providing a useful
cross-check between the two approaches. Unlike Ref. [31],
however, we do not treat the deviations in the fundamental
QNM frequency as independent parameters. In our frame-
work, these shifts arise from radiation reaction effects
and are therefore functions of γ̂1. Moreover, while
Ref. [31] did not attempt to estimate a possible shift in
the coalescence time δtc, owing to degeneracies with
standard GR parameters, our method allows such an
estimate through the parameter P̂PCA, mitigating correla-
tions with GR parameters.
Finally, their analysis incorporates subdominant modes

in the waveform, and Ref. [32] further includes spin-
precession effects. In contrast, the applicability of our

FIG. 6. Posterior probability distributions for γ̂1 and P̂PCA with
GW150914. The dotted lines indicate 90% CL around the mean
value. The red star represents ðγ̂1; P̂PCAÞ ¼ ð0; 0Þ, which means
GR. The data is consistent with GR within the 68% error as the
contour encloses the star.

FIG. 7. Updated left: fraction of the additional energy radiation
at the merger stage, δðΔEÞ, relative to the total GW energy
radiation in the IMR process, ΔEGR. Right: deviation in the peak
time ΔtMR induced by P̂PCA, derived using Eq. (C1). Note that the
right panel does not include the intrinsic tc uncertainty of the GR
waveform.

3We intentionally do not rescale this constraint into units ofM.
This choice emphasizes that the result is specific to GW150914,
since in scenarios with higher-curvature corrections the deviation
would scale with the BH mass [56], and the bound would not
straightforwardly apply to binaries of different total mass.
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present model is still limited in this respect, which we
comment on in the next subsection.

B. Future extensions

(i) Comparison with the testing GR analyses by the
LVK collaboration Our method parametrizes and
estimates possible deviations in the nonlinear gravity
regime, enabling direct constraints on the physical
parameters. On the other hand, the LVK collabora-
tion has performed several consistency checks of GR
that do not assume a specific parametrization of
deviations [4,9–11]. These complementary ap-
proaches provide different, but mutually informative
perspectives on potential departures from GR. Our
waveform is more restrictive than the LVK’s generic,
nonparametric tests, but in turn, it provides direct
and physically interpretable constraints on devia-
tions from GR.
Regarding the residuals test, the LVK analysis

subtracts the best-fit GR waveform from the ob-
served signal and applies the BayesWave algorithm
to determine whether the remaining residuals are
statistically consistent with detector noise [9–11]. A
significant coherent residual SNR would indicate a
mismatch between the data and the GR prediction.
While our current approach does not directly per-
form a residual-based check, it would be possible to
assess whether the deviations inferred using our
waveform are consistent with detectable residual
power.
The inspiral-merger-ringdown (IMR) consistency

test in the LVK analyses compares the remnant mass
and spin inferred independently from the inspiral
and postinspiral portions of the waveform
[4,9–11,59–62]. Discrepancies between these two
estimates can indicate potential deviations from GR.
By injecting our modified waveforms and analyzing
them within the IMR consistency test framework,
one could quantitatively determine the level of
deviation that would be interpreted as a discrepancy
in the remnant quantities. Conducting such an
investigation is left for future work.

(ii) Modified waveform construction based on the latest
phenomenological waveforms In this study, we
employ a modified waveform based on IMRPhenomD,
which includes only the dominant ðl; mÞ ¼ ð2;�2Þ
modes and assumes spins aligned with the orbital
angular momentum. Consequently, contributions
from subdominant modes such as ðl; mÞ ¼
ð3;�3Þ and ðl; mÞ ¼ ð2;�1Þ, as well as spin-
precession effects, are omitted. This simplification
is generally adequate for nearly equal-mass binaries
with moderate SNR, but in high-SNR events, such
effects would become important and can potentially
mimic signatures of deviations from GR.

Our analysis suggests that introducing beyond-
GR parameters via PCA helps mitigate correlations
with standard GR parameters and enables the esti-
mation of physically meaningful quantities in a less
degenerate manner. Based on this insight, future
extensions of our method should incorporate sub-
dominant modes and spin-precession effects by
utilizing the latest phenomenological waveform
model, IMRPhenomXPHM [63]. Such an extension
would also make it possible to reliably analyze
high-SNR events where higher harmonics are de-
tected, such as GW250114 [8,12], with a significant
detection of the (4,4) mode, thereby broadening the
scope of our framework.

VI. CONCLUSION

In this work, we derive the observational constraints on
possible deviations from GR in the nonlinear regime of
BBH coalescences. From the analysis of GW150914, no
significant deviation from GR was found, with the addi-
tional merger-phase energy radiation constrained to
0.26þ0.75

−0.62% of the GR prediction and the peak time shift
constrained to 2.17þ9.56

−9.90 ms, both at the 90% CL.
In Sec. II, we reviewed the construction of the modified

waveform, which is based on IMRPhenomD. The model
retains the analytic expressions for the inspiral and ring-
down parts of the GR waveform, while introducing con-
trolled deviations in the merger phase and reaction to the
remnant mass and spin.
In Sec. III, we carried out systematic injection studies.

For GR injections, the inclusion of beyond-GR parameters
was found not to induce false deviations, with posterior
distributions consistent with GR predictions. For non-GR
injections, the modified waveform successfully recovered
the injected deviations within statistical uncertainties,
whereas a purely GR waveform led to biased estimates
of the binary parameters, potentially affecting IMR con-
sistency tests.
In Sec. IV, we applied the method to the observational

data of GW150914. The results were consistent with GR
within 90% CLs, yielding constraints of γ̂1 ¼ 0.08þ0.21

−0.19 and
P̂PCA ¼ 0.05þ0.21

−0.27 . These correspond to bounds on the
fractional additional energy radiation in the merger phase
of 0.26þ0.75

−0.62% and a peak-time deviation of 2.17þ9.56
−9.90 ms,

respectively. Importantly, we propose these two physically
interpretable quantities as observational benchmarks for
deviations in the merger phase, providing a reference point
for theoretical studies of beyond-GR effects.
This work demonstrates that the modified waveform can

robustly constrain deviations from GR without introducing
significant biases in the estimation of standard binary
parameters. Future extensions will include comparisons
with existing testing-GR analyses by the LVK collaboration
and the development of modified waveforms based on the
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latest phenomenological models incorporating subdomi-
nant modes and spin precession, thereby enhancing sensi-
tivity to deviations across a wider range of source
configurations.
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APPENDIX A: FORMULAS FOR THE ENERGY
AND ANGULAR MOMENTUM LOSSES

For completeness, we summarize the formulas used to
compute the GW energy and angular momentum radiation
in Sec. II B 1. We begin with the complex strain in the time
domain,

HðtÞ ≔ hþðtÞ − ih×ðtÞ ¼
X∞
l¼2

Xl
m¼−l

−2Ylmðθ;ϕÞhlmðtÞ;

ðA1Þ

where −2Ylm are the spin-weighted spherical harmonics.
The GW energy and angular momentum fluxes at future
null infinity are given by [64]

dE
dt

¼ c3r2

16πG

Z
dΩjḢðtÞj2; ðA2Þ

dJz

dt
¼ −

c3r2

16πG
Re

�Z
dΩ

∂H
∂ϕ

Ḣ�ðtÞ
�
: ðA3Þ

Integrating over t yields the total radiated energy and
angular momentum, denoted by ΔE and ΔJz.
Using the Fourier transform

H̃ðfÞ ≔ h̃þðfÞ − ih̃×ðfÞ ¼
X
l;m

−2Ylmðθ;ϕÞh̃lmðfÞ; ðA4Þ

and applying Parseval’s theorem, the fluxes can be written
entirely in the frequency domain. Throughout this work, we
focus on the dominant ðl; mÞ ¼ ð2;�2Þ modes. Writing
the mode as

h̃22ðfÞ ¼ AðfÞeiϕðfÞ; ðA5Þ

the total radiated energy and angular momentum become
[33]

ΔE ¼ 2πc3r2

G

Z
∞

0

df f2A2ðfÞ; ðA6Þ

ΔJz ¼ 2c3r2

G

Z
∞

0

df fA2ðfÞ: ðA7Þ

Detailed derivations can be found in Appendix C of
Ref. [33]. For the modified waveform, the total radiation
naturally decomposes into the GR and beyond-GR con-
tributions,

ΔE ¼ ðΔEÞGR þ δðΔEÞ; ðA8Þ

ΔJz ¼ ðΔJzÞGR þ δðΔJzÞ; ðA9Þ

which are used in Sec. II B 1.

APPENDIX B: FITTING FORMULA

For efficient waveform generation in our analysis, we
derive fitting formulas for the deviations in the remnant
spin and mass, defined as δaf ≔ āf − af and
δðΔMÞ ≔ ðM̄f −MfÞ=Mint. The fitting error is below 3%
across most of the parameter space, with slightly larger
deviations near η ¼ 0.1. This level of inaccuracy is not
critical for our purposes, as the analysis focuses on nearly
equal-mass binaries where the (2,2) mode dominates the
signal.
Since the deviation in the dimensionless remnant spin is

determined by fη; χeff ; γ̂1g, we model it as

δaf ≔ āf − af ¼ f1ðη; χeffÞγ̂1 þ f2ðη; χeffÞγ̂12; ðB1Þ

where

fiðη; χeffÞ ¼ p̂i
00 þ p̂i

10ηþ ðχeff − 1Þðp̂i
01 þ p̂i

11ηþ p̂i
21η

2Þ
þ ðχeff − 1Þ2ðp̂i

02 þ p̂i
12ηþ p̂i

22η
2Þ

þ ðχeff − 1Þ3ðp̂i
03 þ p̂i

13ηþ p̂i
23η

2Þ; ðB2Þ

with i ¼ 1, 2. The coefficients fp̂i
jkg are listed in

Table III.
We adopt a similar functional form for δðΔMÞ, but

include cubic terms in γ̂1 to improve the fitting
accuracy,

δðΔMÞðη;χeff ; γ̂1Þ≔
M̄f−Mf

Mint
¼f3ðη;χeffÞγ̂1þf4ðη;χeffÞγ̂21

þf5ðη;χeffÞγ̂31; ðB3Þ
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where the functional form of f3;4;5 is identical to
Eq. (B2). The coefficients fp̂i

jkg are again provided
in Table III. Together with the fitting formula for the
radiated energy ΔEGR per total initial mass during the
coalescence within GR, given by Eq. (3.8) in Ref. [34],
we can estimate the fractional additional energy radiated
due to beyond-GR effects in the merger stage, as shown
in Fig. 7.

APPENDIX C: FORMULAS FOR THE
SHIFTS OF THE PEAK TIME AND

PHASE DUE TO P̂PCA

This section corrects Appendix B of our previous work
[33]. The expressions provided here do not include the
backreaction of γ̂1 on the remnant mass and spin. This
approximation is justified when the additional energy loss
associated with γ̂1 is small enough.
Here, we show the formulas for the peak time and

phase shifts associated with P̂PCA, denoted as ΔtMR and
ΔϕMR,

ΔtMR ¼ Δtint þ
M
2πη

ðfp2−1Δβ2 þ fp2−4Δβ3

− fp2−2Δα2 − fp2−
1
4Δα3Þ; ðC1Þ

ΔϕMR ¼ Δϕint −
1

η

�
−f1 − logðfp2ÞgΔβ2

−
4

3
fp2−3Δβ3 þ 2fp2−1Δα2 −

1

3
fp2

3
4Δα3

�
; ðC2Þ

where

Δtint ¼ −
M
2πη

ffp1−1Δβ2 þ fp1−4Δβ3g; ðC3Þ

Δϕint ¼ −
1

η

�
f1 − logðfp1ÞgΔβ2 þ

4

3
fp1−3Δβ3

�
: ðC4Þ

Once the values of P̂PCA and the binary parameters are
provided, we can derive Δβ2;Δβ3;Δα2, and Δα3. We use
Eq. (C1) to estimate beyond-GR-induced peak time shift
in Sec. IV.

APPENDIX D: FULL POSTERIORS
OF GW150914

Figure 8 shows the posteriors for all parameters esti-
mated in the analysis. The results for θ⃗GR generally agree
with one another.

TABLE III. Coefficients p̂i
jk for the functions f1;…; f5 defined in Eqs. (B1) and (B3) derived using NonlinearModelFit in

Mathematica. The functions f1 and f2 determine the remnant spin deviation δaf , while f3, f4, and f5 determine the remnant mass
deviation δðΔMÞ.

f1 f2 f3 f4 f5

p̂00 0.0305501 0.00341298 −0.0143104 0.00195221 0.00310633
p̂10 −0.827374 −0.251891 0.20667 0.0208859 −0.0268509
p̂01 −0.085494 −0.108239 −0.0367986 0.0485287 0.0208047
p̂11 0.436502 1.05727 0.542769 −0.557459 −0.265124
p̂21 −0.95875 −2.49765 −1.71618 1.44376 0.780273
p̂02 −0.151878 −0.14713 −0.0247531 0.0577627 0.0193892
p̂12 1.64607 1.71045 0.336372 −0.709253 −0.248971
p̂22 −3.96763 −4.29235 −1.20752 1.93542 0.759615
p̂03 −0.0532096 −0.0489773 −0.006192 0.018156 0.00552157
p̂13 0.635974 0.593763 0.0781003 −0.226727 −0.0705718
p̂23 −1.60588 −1.53762 −0.29018 0.630332 0.216087
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APPENDIX E: RESULTS OF GW190728

As an application of the modified waveform to a binary
merger with relatively small component masses, we ana-
lyze GW190728. This event has component masses of
m1 ¼ 12.3þ2.7

−2.1M⊙ and m2 ¼ 8.1þ2.0
−1.6M⊙, with a source-

frame chirp mass of M ¼ 8.6þ0.5
−0.3M⊙ and an effective spin

of χeff ¼ 0.18þ0.20
−0.23 [6].

We select this event for several reasons. First, the
mass ratio is close to unity, making the (2,2) mode the
dominant contribution. Second, the relatively small total
mass places GW190728 close to the lighter-mass
injection cases investigated in Sec. III B. Third, the
network SNR is moderately high (SNR ≈ 13), ensuring
sufficient statistical power for parameter estimation.
Finally, the signal was observed by the three-detector

FIG. 8. Full posterior probability distributions for θ⃗GR (red) and θ⃗MG (navy) with GW150914. The results for θ⃗GR agree with Ref. [4].
The results for beyond-GR parameters are consistent with zero within 68% CLs. Figure 6 shows the posterior posterior probability
distribution only for the beyond-GR parameters.

OBSERVATIONAL CONSTRAINTS ON THE NONLINEAR REGIME … PHYS. REV. D 113, 024015 (2026)

024015-13



(LIGO Hanford, Livingston, and Virgo) network, pro-
viding improved sky localization and higher confidence
in the astrophysical origin of the event.

Figure 9 shows the results for γ̂1 and P̂PCA. The bimodal
structure seen in the posterior probability distributions for
γ̂1 arises from the bimodality in the estimation of the GR
coalescence time tc [65]. This feature propagates into γ̂1,
broadening its statistical uncertainty, while the results
remain consistent with GR within the 90% CL. We do
not convert these results into constraints on the additional
energy and the shift in the peak time, since the inferred
values of γ̂1 extend beyond the intended validity regime of
our model.
In particular, both the modified waveform and the

fitting formulas in Appendix B were calibrated only for
jγ̂1j ≤ 0.4, where γ̂1 is assumed to represent a small
perturbation. Our parameter estimation adopts broad
uniform priors for the beyond-GR parameters, so the
sampling inevitably explores regions outside this cali-
brated interval. While high-SNR injection studies
(Sec. III) confirm that such extrapolation does not intro-
duce pathological behavior in the waveform model itself,
GW190728 has a relatively low network SNR, and the
data do not constrain γ̂1 tightly enough to keep the
posterior within the valid range. As a result, the converted
constraints on the radiated energy or the peak time shift
would not be reliable, and we therefore refrain from
presenting them here.
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