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Recent proposals suggest that detecting entanglement between two spatially superposed masses would
establish the quantum nature of gravity. However, these gravitationally induced entanglement (GIE)
experiments rely on assumptions about subsystem independence. We sharpen the theoretical underpinnings
of such proposals by examining them through the lens of algebraic quantum field theory, distinguishing
operational and algebraic notions of independence. We argue that state and measurement independence of
subsystems, essential to the experimental logic, is nontrivial in the presence of gauge constraints and
gravitational dressing. Using gravitationally dressed fields, we recall that commutation relations between
spacelike separated observables are nontrivial, undermining strict Hilbert space factorization. We further
explore the implications for entanglement witnesses, investigating the Tsirelson bound when subsystem
algebras fail to commute, and showing that the bound persists for a suitably symmetrized Clauser—Horne—
Shimony—-Holt observable even though the operational status of such “joint” observables becomes delicate
when commutativity is lost. Our analysis highlights how, even within linearized covariant quantum gravity,
violations of microcausality may affect the interpretation, modeling, and design of proposed laboratory
tests of quantum gravity, despite remaining negligible for current experimental regimes. Although we
consider GIE-style protocols as a concrete case study, the subsystem-independence issues we highlight are
generic to low-energy (perturbative) quantum gravity. Finally, we derive estimates for dressing-induced
microcausality violations, which suggest a complementary avenue to current proposals as a probe of the

quantum nature of gravity (likely far beyond current experimental sensitivity, though).

DOI: 10.1103/tgjx-y7hl

I. THE QUANTUM NATURE OF GRAVITY

Quantum mechanics is widely regarded as the funda-
mental paradigm describing nature, yet gravity has stub-
bornly resisted it. While other interactions are successfully
described by quantum field theories, gravity can be con-
sistently treated within this framework only as an effective
field theory at low energies due to its perturbative non-
renormalizability [1]. For this reason, whether gravity is
truly a quantum field or whether an alternative ontology is
more appropriate remains an open question. Arguably [2],
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empirical evidence has so far probed gravity directly only
in the classical regime (acting on quantum matter), leaving
the quantum nature of spacetime itself untested. Indeed,
attempts to retain a fundamentally classical gravity con-
sistently coupled to quantum matter have been put forward,
most prominently in the “postquantum” framework of [3].

In recent years, new proposals have emerged to test the
quantum character of gravity using tabletop experiments.
A major motivation is that gravitationally induced entan-
glement (GIE) would constitute a genuinely quantum-
gravitational signature in a regime accessible to near-term
experiments [4—10]. These ideas are rooted in quantum
information—theoretic results: specifically, that local oper-
ations and classical communication (LOCC) [see [11] for a
review] cannot generate entanglement, while a quantum
mediator can. The seminal proposals by Bose ef al. [4] and
Marletto—Vedral [12] (BMV) suggest that detecting entan-
glement between two spatially superposed masses, interact-
ing solely via gravity, would imply that the mediator—the
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gravitational interaction—possesses quantum degrees of
freedom. A widely advertised strengthening of this claim
is that the inference can be made largely model-independent,
by appealing to entanglement monotonicity under LOCC
and related “no-go” results for entanglement generation via
purely classical mediators [13—15]. This has sparked exten-
sive analysis and debate [see also [2,16,17] ] about what such
experiments truly test and under which assumptions. In
particular, the scope of the LOCC-style inference (e.g., what
exactly counts as “classical” mediation, and which locality
assumptions are doing the work) has been repeatedly
contested in the recent literature [2,17,18].

However, these schemes are not truly model-indepen-
dent. Even when expressed in a Newtonian nonlocal
Hamiltonian form, the dynamics tacitly assume linearized
covariant quantum gravity, i.e., a spin-2 massless field
mediating the interaction [19]. Therefore, we believe it is
within the quantum-field theoretic framework that the
generation of entanglement and the structure of entangle-
ment witnesses must be evaluated.' Thus, our work aims to
sharpen this discussion by analyzing subsystem independ-
ence in this context. We recall that the BM V-type protocols
assume initially uncorrelated systems, represented in a
factorized Hilbert space. Yet, in quantum field theory with
long-range gauge fields, and especially in gravity, algebraic
notions of independence that underlie Hilbert-space factor-
izability are nontrivial, and both state and measurement
independence might be compromised. In fact, dressed field
operators, required to make observables gauge-invariant,
generally do not commute at spacelike separation in linear-
ized quantum gravity [21,22]. As we will see, that alone is
enough to undermine the exact Hilbert-space factorization
presupposed in the quantum-information description and the
existence of uncorrelated states, and thus challenge a clear
notion of quantum subsystems [23,24].

To scrutinize the modeling of the BMV-type proposals,
we will resort to several theorems proved in the context of
algebraic quantum field theory. In particular, we will rely
on the thorough work by Summers [25,26] where notions
of independence were deeply investigated and clarified.
To make the discussion more digestible, we will focus
only on the most relevant results that have direct bearings
on the assumptions of the experiment and its possible
interpretations.

Having a clear understanding of the experimental pro-
tocol’s underpinnings extends beyond the direct interpre-
tation of positive or negative detection. For instance, some

lRecently it has been suggested that classical gravity alone as a
field theory coupled with quantum-field-theory matter (emphasis
on their field nature) can evade the LOCC restriction and generate
entanglement [20], while [15] claims exactly the opposite by
modeling both systems as unital C*-algebras; gravity as a
commutative one. One possible reconciliation might be due to
the different notions of locality (spatiotemporal or in Hilbert
space) that are often conflated; see [18] for a concise discussion.

authors argue that a positive BMV-type signal would con-
stitute evidence for quantum superpositions of spacetime
geometries [27]. This interpretive step, however, is condi-
tional: it presupposes that the weak-field limit of general
relativity remains valid for micron-scale configurations of
nanometre-sized test masses, and it relies on a particular
quantum-field-theoretic modeling of the gravitational media-
tor. As our analysis shows, questions of subsystem
independence, gauge-invariant dressing, and potential
microcausality issues all bear directly on how entanglement
witnesses are implemented and how their outcomes should
be read. Until these modeling choices and their implications
are established, such ontological claims remain suggestive
interpretations of gravity as a quantum mediator, rather than
unambiguous evidence for “spacetime superposition”.

Finally, within linearized covariant quantum gravity,
signatures of quantumness may arise beyond entanglement.
In particular, we estimate the size of microcausality
violations induced by gravitational dressing, and we trans-
late these effects into order-of-magnitude, dimensionless
figures of merit for parameter regimes relevant to BMV-
type setups. While these effects are expected to be
extremely small, they provide a concrete target for assess-
ing how “locality” and subsystem structure are modified
once one insists on gauge-invariant observables.

The paper is divided as follows. We start by reviewing
the different accounts of the BMV experiments in Sec. II,
making their underlying assumptions explicit. In Sec. III,
we introduce and compare different notions of subsystem
independence in quantum theory, emphasizing the distinc-
tion between commensurability, statistical independence,
and the split property, and highlighting their equivalence in
finite-dimensional quantum mechanics and their inequiva-
lence in quantum field theory. In Sec. IV, we analyze gauge-
invariant dressed observables in QED and linearized
quantum gravity, showing that while commutativity at
spacelike separation is preserved in the former, it is
generically violated in the latter. In Sec. V, we examine
Tsirelson’s bound in the presence of noncommuting sub-
algebras, clarifying why standard entanglement witnesses
remain formally valid. Section VI then identifies dressing-
induced violations of microcausality as a potential signa-
ture of linearized quantum gravity and provides order-of-
magnitude estimates relevant for current experimental
parameters. We conclude by relating our results to other,
conceptually similar obstructions to subsystem factoriza-
tion in gravitational settings, and by briefly commenting on
implications for inflationary cosmology.

A. Operational vs algebraic notions

A standing theme in what follows is a distinction between
operational and algebraic claims about subsystems.
Operational claims concern what can be established from
laboratory statistics, and are formulated in terms of admis-
sible preparation and measurement procedures. No-signaling
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and local preparability are of this kind. In the same spirit, we
take, for example, statistical independence to primarily mean
an operational notion: the ability of different parties to
prepare states independently by local procedures, without the
choice of preparation by any party constraining what can be
prepared by the others. Algebraic claims, by contrast, are
purely structural properties of the underlying observable
algebras (e.g., commutativity, commutants, inclusions, exist-
ence of an intermediate type I factor as in the funnel property,
or subalgebra type-ness), and do not by themselves encode
which operations are physically available. We will therefore
be explicit about which steps in our argument are algebraic
and which require operational input. Finally, when we invoke
the existence of uncorrelated states, we will treat it as a
formal/state-space condition whose validity may follow from
algebraic structure (notably split inclusions) together with
the operational assumptions being discussed.”

II. ALGEBRAIC SETUP AND ASSUPTIONS
FOR BMYV/GIE

We begin by making explicit—and sharply separating—
the operational assumptions about preparation and meas-
urement independence that underwrite BMV/GIE-style
arguments, from the algebraic conditions typically used
to represent (or “implement”) those assumptions within
quantum theory. Our aim is not merely to review the
proposals of [4,12], but to lay out a clean logical scaffold
for the subsystem structure they presuppose. We do so in a
quantum-informational, algebraic language. We start with
the bipartite description, then turn to the tripartite descrip-
tion (where gravity is modeled as an additional mediating
subsystem), and finally move to the field-theoretic setting
that is meant to underwrite, and potentially obstruct, both
idealized subsystem pictures.

A. Bipartite description

Consider two masses, m; and m,, forming a joint quantum
system described by a Hilbert space H with algebra of
bounded observables A = B(H). The systemis in a (normal)
state w: A — C, represented by a density operator p such that

0(0) = tr(p0),  OeA. (2.1)

Within A, we model the two masses by identifying two
subalgebras A;, A, C A, each containing the observables
associated with one of the masses. Given a global state w, its

restriction to the algebra A4, is defined as the linear functional
defined by w;(A;) = w(A;), VAEA,.

(2.2)

w; = a)|Ai,

Operationally, this means that expectation values of observ-
ables belonging to the subalgebra A; are computed directly

’G.F. thanks Jan Glowacki for discussions on these matters.

from the same global density operator p. Later, once a tensor
product structure is introduced, this restriction will coincide
with the usual notion of taking the partial trace.

1. Operational assumptions and their algebraic
implementation

The first three assumptions we use are operational: they
are intended to capture, in plain terms, how the two masses
can be prepared and measured (as evidenced by laboratory
statistics). We then implement these operational assump-
tions within the algebraic framework by imposing corre-
sponding conditions on the chosen subalgebras A;, A, and
on the available global state space.

Assumption 1 (operational: independent preparation).
By acting locally on each mass, one can prepare them
independently: any pair of local states can be realized
simultaneously.

We encode this algebraically by requiring that, for any
pair of normal states w; on .4, and w, on A,, there exists at
least one global normal state @ on A whose restrictions
coincide with them:

w4, = @1, 0|4, = 0. (23)
This captures preparation independence at the level of state
extensions, without yet imposing any condition on corre-
lations or on joint measurability.

Assumption 2 (operational: uncorrelated initial prepa-
ration). There exists an initial preparation in which the
Jjoint statistics contain no correlations between the two
masses: outcomes on one side carry no information about
the state prepared on the other.

In the algebraic setting, the absence of correlations is
expressed by the existence of (normal) uncorrelated states:
for any pair of local preparations (@;,®,) there exists a
global state @ such that

w(A1Ay) = w1 (A))wa(As), VA EA.  (24)
Saying that the two systems are uncorrelated thus means
that the global state assigns expectation values to joint
observables that decompose into a product of their mar-
ginal expectations defined in terms of the local states. In
ordinary quantum mechanics, this corresponds to a prod-
uct® density matrix p = p; ® p,. Operationally, however,
the intended content is prior to any sort of product structure
in Hilbert space, and the product condition above is treated

3This factorization condition is strictly stronger than sepa-
rability. In finite-dimensional quantum mechanics, a separable

state has the form p=>", pkp§k> ®p(2k), so that w(AA,) =
S pka)(lk) (Al)a)gk)(A2), which in general does not equal
| (A|)w,(A,). Separable states can therefore still carry classical

correlations, whereas the product condition above excludes such
correlations.

025015-3



NICOLAS BOULLE and GUILHERME FRANZMANN

PHYS. REV. D 114, 025015 (2026)

as a state-space condition that may (in other contexts)
follow from algebraic structure (e.g., split inclusions)
together with operational input.

Assumption 3 (operational: independent measurability).
The observables associated with the two masses can be
measured jointly (without mutual disturbance): the meas-
urement choices on one side do not obstruct, nor alter the
statistics of, measurements performed on the other.

A standard sufficient way to represent this operational
commensurability within the algebraic framework is to
require that the corresponding subalgebras commute,’

[AlvAZ] =0. (25)

In what follows, we will be explicit when we use opera-
tional commensurability and when we invoke its algebraic
implementation via commutativity.

The remaining assumption is purely algebraic: it is not
an operational statement about preparations or measure-
ments, but rather a structural condition that lets one recover
the standard subsystem picture in terms of a Hilbert-space
tensor product structure.

Assumption 4 (algebraic: finite-dimensionality and com-
pleteness). The relevant subsystem algebras are finite
dimensional and complete.5

Under the algebraic assumptions of commuting subalge-
bras (as an implementation of independent measurability)
together with them representing local-accessible observ-
ables, finite-dimensionality, and completeness, it follows
from the result of Zanardi et al. [28] that the global Hilbert
space admits a tensor product structure (TPS),

H~H, ®H,. (2.6)

such that the subsystem algebras can be represented as

.A] EB(HI) X1, ./42 ﬁ]I@B(Hz) (27)

With these operational and algebraic assumptions in
place, we can finally consider the bipartite model. Each
mass is prepared in a spatial superposition of two orthogo-
nal localized states,

) == (L), + R, (LR =0, i€ {12},

(2.8)

“Note that the factorization condition in assumption 2, written
as w(AA;) = w((A])w,(A,), has a direct operational interpre-
tation as “absence of correlations in joint statistics” only once one
assumes commensurability (e.g., via [A;, A;] = 0; see Sec. V).
Without commensurability, we treat it as a formal/state-space
condition on a global extension w rather than as an experimentally
accessible joint expectation value.

5Cornpleteness: the subalgebras {A,}, jointly generate all of
B(H), \ A = B(H), where /A, denotes the von Neumann
algebra generated by the union of the A,, defined as the double
commutant of the x-algebra generated by U, A,.

separated by a distance Ax. The total initial state therefore
reads

(IL)y + [R))(IL)2 + [R),) €Hy ® Hy.
(2.9)

N[ =

(012 =

The only interaction considered between the two masses
is their mutual Newtonian attraction,

N G
Ho=——172, (2.10)
|f) — 1|
After an interaction time 7, the state becomes
e L), + e2?tz|R),
T =—9|L
o) = { I
e8ri|L), + |R>2}
+ |R , 2.11
IR), 7 (2.11)
with
" Gmm,t " Gmm,t " Gmm,t
R nd—Ax)” "M n(d + Ax) hd
(2.12)

and  A¢rp = Qrr — ¢, Adrr = ¢rr —$. Whenever
Ay + Ay # 2n (n €N), the final state is entangled.’

At this level of description, gravity is represented by a
direct two-body interaction H;, on H; ® H,. Such a
Hamiltonian is nonlocal with respect to the bipartition
because it cannot be written as a sum of strictly local terms
HQRQI+IQ H2.7 Entanglement generated by such a
bipartite interaction does not, by itself, imply that gravity
possesses quantum degrees of freedom. The LOCC no-
entanglement theorems apply only when the mediator acts
locally on each party and communicates classical informa-
tion; they do not constrain scenarios in which a direct
coupling is already present.

%To avoid dealing with entanglement between spatial degrees
of freedom, which is difficult to measure, Bose et al’s setup
includes spin degrees of freedom associated with the spatial
positions and makes use of a Stern—Gerlach interferometer.
Finally, entanglement is detected using an entanglement witness.
We will not delve into these experimental details here, as our
focus lies on the conceptual assumptions required for the argu-
ment’s validity rather than on the implementation itself.

"The locality notion here is not spatiotemporal. In finite-
dimensional quantum mechanics, one distinguishes Bell non-
locality (instantiated as entangled states) from dynamical k-
locality, where a k-local Hamiltonian acts nontrivially on at
most k tensor factors [29]. A bipartite interaction term H, is 2-
local in this latter sense, but it is nonlocal because it jointly acts
on both subsystems, which defines the whole system.
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Therefore, the inference that gravity is quantum arises
only once the interaction is reformulated as two couplings,
H,; and H,s, between each mass and a third subsystem G
representing the gravitational mediator. In this tripartite
picture, entanglement between m; and m, can emerge from
initially factorized states only if G features a noncommu-
tative operator algebra. We return to this point below.

B. Tripartite description:
Gravity as a mediating subsystem

In this tripartite description, the total system is described
by the Hilbert space

H:Hl ®H2®HG, (213)

with corresponding observable algebras A, A,, A; C L(H),
each acting nontrivially only on its own factor. The initial
global state is taken to be fully factorized,

p(0) =p1 ®p2 ® pg: (2.14)

where the gravitational subsystem is prepared in a “ready”” or
background state pg = |yo){ro|, representing the unper-
turbed gravitational field prior to its interaction with the
two masses.

The key structural difference with respect to the bipartite
case is that the Hamiltonian now consists of two couplings
between each mass and gravity,

ﬁ:ﬁ]c+ﬁzc, (215)

with no direct term coupling the two masses. Each H ;G acts
nontrivially only on H; ® H. Since both couplings act on
the gravitational subsystem, they do not commute in
general, [H,g,H,;] #0, unless additional assumptions
are made about the structure of the interaction on Hg.
Nevertheless, in the weak-coupling and short-time regime

relevant for the BMV protocol, the total time evolution can
be approximated as

U(t)= o= il oHHx)t/h o p=ifliGt/h g=itGt/ T — Uy(1)Usg (1),

(2.16)

up to higher-order corrections. This factorization imple-
ments the interactions between each mass and the gravi-
tational subsystem as effectively local operations.

During the interaction, the gravitational state evolves
conditionally on the spatial configuration of the two
masses, coherently “recording” their branch information.
In the path basis X, Y € {L, R}, it is convenient to idealize
the couplings as controlled unitaries on the mediator,

Ui = Z 1X) (X, ® I, ® Uy,

Xe{L.R}

Usg = Z LY (Y, ®Vy,

Ye{L.R}

(2.17)

so that (with the appropriate time ordering if [Uy, Vy| # 0)

UicUx|X)1|Y)alv0) = [X)11Y)2UxVylro)

= e |X) 1 [Y)alrxy), (2.18)
where the phases ¢y reproduce those of the bipartite
model, and each [yyy) represents the gravitational field
state correlated with the corresponding configuration
(X,Y) of the masses. After an interaction time 7, the total
state becomes

(7)) 106 = e IL) Vo) L)y + €5y g)R),
12G \/E 1 \/j
e lypr)|L), + |7re)|R),

V2

This tripartite model makes the locality structure
explicit: the masses never interact directly but only through
G. As it is assumed that each mass couples to the
gravitational field, the interaction Hamiltonians H,; and
H,; correlate the field with the spatial branches of the
masses. The gravitational subsystem thus evolves into a
superposition of classical field configurations, reflecting
the distinct mass distributions, and in this sense exhibits a
quantum character. Under these conditions, the observation
of entanglement between the masses implies that G cannot
be a classical system.

The tripartite formulation therefore clarifies what is at
stake in the BMV proposals. Entanglement between
distant masses does not, by itself, demonstrate that
gravity is quantum; but within a local-mediator frame-
work, it requires gravity to be quantum. This perspective
bridges the phenomenological bipartite model and the
field-theoretic description, where the mediator’s degrees
of freedom correspond to those of the gravitational field
itself.

+1R), (2.19)

1. Relation to the bipartite assumptions

The tripartite picture preserves the same operational
content as the bipartite one, while treating gravity as a
third party. Concretely, the operational assumptions of
independent preparation and independent measurability
are now required to hold for each of the three parties
(cf. assumptions 1 and 3). Within the algebraic des-
cription, these operational requirements are then imple-
mented by the corresponding state-space and algebraic
conditions on the chosen subalgebras (in particular, the
existence of compatible global extensions and, when
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invoked, commutativity). The additional finite-dimension-
ality/completeness assumption (assumption 4) remains
purely structural and is what underwrites the use of an
explicit tensor-product decomposition for the tripartite
Hilbert space. Finally, the uncorrelated initial prepara-
tion assumption (assumption 2) is what gives the
“mediator” inference its bite: if the initial global state
carries no correlations between the two masses, then any
later entanglement detected between them must be
generated dynamically.

C. Field-theoretic description

The tripartite description, in which gravity appears as a
local mediating subsystem, is most naturally understood as
an effective truncation of an underlying field-theoretic
description, where the mediator’s degrees of freedom are
those of the gravitational field itself. This perspective
closely follows the strategy originally adopted in the
BMYV proposals [4,19], and has since become the standard
framework for embedding the quantum-information-theo-
retic model [2,17]. In this approach, the local couplings
H,; of the tripartite model arise as approximations to the
standard matter—gravity interaction derived from linearized
general relativity.

We start from a background spacetime with metric g, =
Nuw + Khy,,, where K? = 327G, 1w 18 the Minkowski metric
and h,, a small perturbation, subsequently quantized.
Expanding the Einstein-Hilbert action to quadratic order
and adopting the de Donder gauge leads to the free-field
Hamiltonian [2]

A

Ao — % / Pleha, {é;y(%)z;ﬂ%%) —;W ®p, @,
(2.20)

with @y = c[k| and Eﬂy(§), E[,D(E) being the graviton
annihilation and creation operators, respectively. The cou-
pling to matter follows from the usual interaction term

A K 3 n =\ Y —
Ao = =5 [ @@ 1,0, @2
where f“w, is the stress—energy tensor of the matter fields.
In the nonrelativistic limit, only the 7y, component
contributes:

Aw==5 [ @DTa®.  (@22)

To describe the two test masses, we model them as
excitations of nonrelativistic scalar fields, with localized

creation and annihilation operators, ai ¢ and a; ¢, associated
with the left and right branches of each interferometer,
£e{L,R}. Introducing a finite quantization volume V, so

that Ig takes discrete values,8 the volume-normalized

Hamiltonian then reads [30]

H = Zmicza;gai’g + Zha)kb;bz
i 7
—hzg,k a;ga; 5( ’kr’f+b1 "k”f)

ikg

(2.23)

where b]fc creates an excitation of an effective scalar

mediator mode capturing the relevant Newtonian (/)
sector in the weak-field, nonrelativistic regime, and

2 272G
hekV”

ing point used in field-theoretic embeddings of the BMV
phase generation: it should be understood as an effective
truncation of linearized gravity in which the mediator
degrees of freedom retained are those that reproduce
the static 1/r potential between nonrelativistic sources
(rather than the radiative, transverse—traceless graviton
polarizations).

Once again, the total initial state is assumed to be fully
uncorrelated:

This Hamiltonian is the standard start-

glk—mc

p(0) =p; ® p> ® pg» (2.24)
with pg = |ro) (0| representing the gravitational vacuum or
background state prior to its interaction with the two
masses. After an interaction time 7, the joint state of matter
and gravity can be written schematically as

) =32 16h1E) @ ag gl (229

&g

where each |a is a coherent state of the gravitational

7.z2(7)- The

product over all k induces an effective entangling phase
between the two matter branches that reproduces the
gravitationally induced phase shifts A¢; » of the bipartite
description [19].

k§§’>
field mode k and the accumulated phase @

1. Relation to the bipartite and tripartite assumptions

At a formal level, the field-theoretic description seems to
inherit the same operational assumptions introduced in the
bipartite and tripartite models: that the subsystems can be
prepared independently (assumption 1), that the relevant
observables are jointly measurable in the required sense

$The discrete sum over momenta arises from quantizing the
field in a finite auxiliary volume V with periodic boundary
conditions. This is a standard normalization device in the
physical limit V — oo, the sum becomes Z,; 27[); f Pk,
recovering the continuum of gravitational modes required for
the Newtonian 1/r potential.
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(assumption 3), and that the initial global state can be taken
uncorrelated (assumption 2). In the algebraic framework,
these operational requirements are typically implemented
by suitable choices of subsystem algebras and state space.
In addition, the use of an explicit Hilbert-space tensor
product for matter and gravity implicitly relies on further
structural input of the kind captured by assumption 4.

However, unlike in the finite-dimensional quantum-
mechanical setting, none of these assumptions is guaran-
teed once gravity is treated as a dynamical gauge field. In
particular, the matter and gravitational algebras are infinite-
dimensional, and gauge-invariant observables require
gravitational dressing, which generically obstructs exact
commutativity and hence the algebraic implementation for
commensurability. As a result, while the field-theoretic
construction above provides a controlled and widely
adopted approximation scheme, the independence assump-
tions underlying the quantum-information-theoretic argu-
ment cannot be expected to hold exactly in the full theory.
These issues will be analyzed in detail in the following
sections.

III. NOTIONS OF INDEPENDENCE

To assess the conceptual and mathematical underpin-
nings of the BMV proposals, and in particular assumptions
1-4, we now shift from a TPS-first formulation to an
algebra-first one. This is motivated by two related con-
siderations. First, the relevant gravitational interaction is
most naturally treated as a (linearized) gauge field, for
which gauge invariance is naturally encoded in terms of
operator algebras rather than tensor factors. Second, the
independence assumptions invoked in BMV-style argu-
ments concern preparation and measurement capabilities,
and in the context of field theory, should therefore be
formulated without presupposing that a preferred tensor-
product decomposition exists or is physically meaningful.
For this reason, we adopt the language of algebraic
quantum theory, and in particular algebraic quantum field
theory (AQFT), where subsystem structure is represented
by nets of von Neumann algebras and where one can
cleanly separate operational requirements (e.g., local
preparability, no-signaling, independent preparations) from
the algebraic conditions often used to implement them
(e.g., commutativity, split inclusions, and product-state
extension properties). The aim of this section is therefore
not to introduce new physical assumptions, but to recast the
independence notions already used in the proposal into a
mathematically precise and more general form, and to make
explicit the relations between operational requirements and
their algebraic implementations.

Throughout this section, we describe physical systems in
terms of algebras of observables and their states. Given a
Hilbert space H, the algebra of all bounded operators is
denoted B(H). The formal algebraic observables of the
system are described by a von Neumann (vN) algebra

A C B(H), also called a W*-algebra,” where observables
correspond to positive self-adjoint elements of A, while
more general observables are constructed from these basic
elements through functional calculus and algebraic combi-
nations.'” A state on A is a positive, normalized linear
functional w: A — C assigning expectation values to
observables.'" In the quantum-information setting of
Sec. II, states were represented by density operators on a
Hilbert space; the algebraic notion adopted here generalizes
this description and allows us to treat quantum-mechanical
and field-theoretic systems on the same footing.

In nonrelativistic quantum mechanics, subsystem algebras
are typically type I factors.'® In this case, commutativity of
subalgebras, together with finite-dimensionality and com-
pleteness assumptions, leads directly to a TPS of the Hilbert
space [28]. By contrast, in AQFT, the local algebras
associated with spacetime regions are infinite-dimensional
type III vN algebras [34]. As a result, subsystem independ-
ence can no longer be reduced to simple Hilbert-space
factorization based on commutativity alone, and must
instead be characterized directly at the algebraic level.

We consider two subsystems S; and S, of a global
physical system S, whose observables are described by a
vN algebra A C B(H). We denote by A, A, C A the
observable algebras associated with S| and S,. With this
notation in place, we can now introduce precise algebraic
notions of independence between subsystems, beginning
with statistical independence.

Definition 1 (statistical independence [25]). A pair
(A, A,) of VN subalgebras of a VN algebra A is said to
be statistically independent if, for every pair of normal
states w;: A, - Cand w,: A, — C, there exists a normal
state w: A;Vv.A, — C such that

|4, = oy, w| 4, = 5. (3.1)

?All results discussed here admit counterparts for C*-algebras.
In this paper, we restrict attention to W*-algebras. A W*-algebra
is a C*-algebra that is closed in the weak operator topology
(equivalently, in the strong operator topology for x-subalgebras of
B(H)). In finite dimensions, the distinction between C*- and W*-
algebras disappears [31].

""Here “observable” is used in the formal algebraic sense and
should not be identified automatically with a physically imple-
mentable measurement. In relativistic settings, spatial localization
is often represented by unsharp Positive Operator-Valued Mea-
sures (POVMs) rather than sharp PVMs [32,33], and the
availability and localization of an actual measurement addition-
ally depend on the corresponding physical operations or instru-
ments. Accordingly, the split property discussed below is a
structural property of the chosen algebras; its effective relevance
to GIE protocols concerns only the finite set of observables and
operations that are experimentally available in the regime under
consideration.

Since our focus lies on preparation and correlation proper-
ties, we restrict attention to states rather than more general
comzpletely positive maps.

“Factors are defined in the Appendix A.
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The state w is called a normal joint extension of w,
and a)2.13

Statistical independence is a state-space (and hence
algebraic) condition that can be read as an implementation
of the operational idea of independent local preparation: for
any choice of local preparation procedures, represented by
normal states on A; and A,, there exists a global normal
state on A1VA214 whose restrictions reproduce the given
local statistics. Importantly, this condition does not require
the joint state to take a product form, nor does it preclude
correlations between the subsystems. In the context of the
BMYV proposals, assumption 1 is formulated operationally;
when representing it within the algebraic framework, a
natural sufficient implementation is precisely statistical
independence in the sense of Definition 1.

The next notion of independence is statistical independ-
ence in the product sense.

Definition 2 (statistical independence in the product
sense [25]). A pair (A, A;) of VN subalgebras of a vN
algebra A is said to be statistically independent in the
product sense if, for every pair of normal states @, : A; —

C and w,: A, » C, there exists a normal state
w: A VA, — C such that
60|A, = wy, 60|A2 = Wy (3.2)
and
@(AB) = w(A)w,(B) VYA€A,BEA,. (3.3)

The state w is called a normal joint extension in product
form, or simply a normal product state."

Statistical independence in the product sense strengthens
Definition 1 by requiring not only mutual compatibility of
arbitrary local preparations, but also the existence of a
specific kind of joint extension: an uncorrelated one, in the
precise sense that expectation values of joint observables
factorize into a product of marginal expectations. This

“Note that the restriction to normal states is essential here: one
may define an analogous but weaker notion of independence for
C*-algebras, known as C*-independence, in which the states need
not be normal [31]. That is why statistical independence is
referred to as W*-independence in [26]. In this work, we focus
exclusively on the W*-algebraic setting. Extensions of this notion
from states to completely positive maps lead to the concept of
operational W*-independence [25,26], which we will not con-
sider further.

"“The symbol A, A, denotes the vN algebra generated by A,
and A,, defined as A VA, := (A, UA,)", where the double
prime denotes the double commutant in 5(7). By the double
commutant theorem, (A; U A,)” is the smallest VN algebra
containing both A, and A,.

BIn the AQFT literature, this notion is referred to as W*-
independence in the product sense [25,26,31]. As in the previous
case, the definition can be extended from states to completely
positive maps, leading to the notion of operational W*-inde-
pendence in the product sense.

notion is therefore strictly stronger than statistical inde-
pendence: it guarantees the existence of a joint extension of
arbitrary local states and imposes a constraint on the
correlation structure of that extension. In the context of
the BMV proposals, assumption 2 is formulated opera-
tionally as the possibility of an initial preparation with no
correlations between the parties; when represented in the
algebraic framework, a natural sufficient implementation is
precisely statistical independence in the product sense.

Finally, as we already discussed, independence between
subsystems can also be formulated at the level of mea-
surements. This leads to the third notion of independence
relevant for the BMV setting.

Definition 3 (commutativity). Two subalgebras A, A, C
A are said to commute if

[A,B]=0 VAe€A,, BeA,.

Operationally, “‘commensurability” refers to the possibil-
ity of performing the relevant measurements jointly without
mutual disturbance. In the algebraic framework, Definition
3 is a standard sufficient condition implementing this
operational requirement. In the BMV proposals, this
corresponds to assumption 3.

State-preparation independence, absence of initial cor-
relations, and measurement independence are three distinct
aspects of subsystem independence that are all implicitly
invoked in the BMV protocol. While these notions are
closely implemented in standard finite-dimensional quan-
tum mechanics (see below), they are not logically equiv-
alent [25,26], and neither are the algebraic conditions
commonly used to represent them. Specifically, statistical
independence in the product sense is strictly stronger than
statistical independence, and neither algebraic notion of
preparation independence presupposes commutativity of
the associated algebras.16

A. Back to the bipartite and tripartite models

In finite-dimensional nonrelativistic quantum mechan-
ics, the distinctions introduced above effectively disappear.
Subsystem algebras are typically finite type I factors, and
commutativity together with completeness assumptions
suffices to induce a TPS of the global Hilbert space, as
discussed in Sec. II. Let us formally define it:

Definition 4 (tensor product structure [29]). A TPS of H
is an equivalence class of isomorphisms 7:'H — ®_'H;
that factorize H into n factors H; of respective dimensions
d;, where two isomorphisms 7'y and 7, are said to be
equivalent (denoted Ty ~ T,) if T, T5 " is a product of local

16Although Definitions 1 and 2 do not assume commutativity,
in many cases of interest, notably for factors/type III algebras,
the existence of normal product-state extensions is closely tied
to split inclusions, which in turn entail A; C A}, as discussed
in Sec. III B.

025015-8



SUBSYSTEMS INDEPENDENCE IN GRAVITATIONALLY ...

PHYS. REV. D 114, 025015 (2026)

unitaries U; @ ... ® U,, and arbitrary permutations of the
factors.

Once a TPS is available, the above operational notions of
independence are promptly implemented.

However, this conclusion relies essentially on finite
dimensionality. Already for infinite-dimensional type I,
factors, commutativity and completeness conditions no
longer suffice to determine a TPS without additional
alssumptions.17 This already marks a first departure from
the quantum-informational intuition based on Hilbert-space
factorization.

From the perspective of the bipartite and tripartite
models used in the BMV analysis, this observation is
important: while those descriptions tacitly rely on a
well-defined TPS to formulate independent preparation
and measurement, uncorrelated states, and local couplings
to a mediating subsystem, such a structure is not guaranteed
beyond the finite-dimensional setting.

B. Back to the field-theoretic description

We now turn to the field-theoretic setting, where the
subsystem structure underlying the BMV proposals is most
naturally analyzed within AQFT. In this framework, physi-
cal systems are described by a net of vN algebras { A(O)}
indexed by spacetime regions O, rather than by a fixed
choice of abstract subalgebras. The interpretation of sub-
systems is therefore intrinsically (spatiotemporally) local.

For the purposes of the present discussion, the rele-
vant AQFT axioms are as follows: (i) isotony, which
ensures that if O; C O, implies the algebraic inclusion
A(O)) c A(O,); and (ii) microcausality, according to
which algebras associated with spacelike separated regions
commute,

[A(O]), A(Oz)] = 0, for Ol 1 02.
In this setting, subalgebra inclusions and commutativity are
no longer an independent assumption imposed on a pair of
chosen subalgebras, but a structural consequence of space-
time geometry encoded in the net itself.

As discussed, the local algebras A(Q) are generically
type III, so even for spacelike separated regions there is
typically no canonical Hilbert-space TPS and normal
product-state extensions of arbitrary local preparations
are not automatic. Recovering (even approximately) the
tensor-product intuition underlying the bipartite and

"This reflects a genuine loss of rigidity in infinite dimensions.
In the finite-dimensional case, a collection of mutually commut-
ing type I factors that jointly generate /3(7H) uniquely fixes, up to
unitary equivalence, a TPS in H [28]. By contrast, for type I
factors, the same algebraic data admit infinitely many inequiva-
lent TPSs: an inclusion A = B(K) c B(H) determines H only up
to a nonunique infinite-multiplicity decomposition H =~ K ® K'.
As aresult, commuting subalgebras that generate the full operator
algebra do not, by themselves, single out a canonical TPS [35].

tripartite BMV models therefore requires additional alge-
braic input. A key role is played by intermediate type I
factors, which reinstate many familiar finite-dimensional
constructions “locally”. This motivates introducing the
funnel property, which precisely encodes the existence
of such intermediate type I structure in the AQFT setting.

Definition 5 (funnel property [26]). The inclusion
A(0)) c A(O,), where O, is any region that includes
the closure of Oy, is said to have the funnel property if there
exists a type I factor M such that

A(O)) c M c A(O)).

Physically, the funnel property expresses the existence of
a finite “buffer” or “collar” region that allows the isolation
of degrees of freedom localized in O}, in a way reminiscent
of a tensor product decomposition, despite the underlying
local algebras being of type III.

When combined with microcausality, the funnel property
has direct consequences for bipartite systems. Concretely,
consider a second region O, that is spacelike separated

from O | (and hence also from O;). By microcausality, this
geometric separation is equivalent to the algebraic com-

mutation relation [A(O,), A(O,)] =0, which can be
rewritten as A(O;) c A'(O,). Then, if the inclusion
A(O,) c A(O,) has the funnel property,

A(O)) c M c A(O,).

This is an instance of the split property for the pair
(A(O,), A(0O,)) in the case of local subalgebras associated
with spacetime regions. However, it holds more generally:

Definition 6 (split property). A pair (A;, A,) of von
Neumann algebras is split if there exists a type I factor M
such that 4, ¢ M c A"

The split property is connected not only to commuta-
tivity but also with statistical independence in the product
sense, and the existence of a Hilbert-space TPS, as made
precise by the following theorems.

Theorem 5 (Theorem 5.2 from [26]; [34]). If the pair of
vN algebras (A, A,) is split, then the pair is also
statistically independent in the product sense. Moreover,
if either of the algebras is type III or a factor, then the pair is
statistically independent in the product sense if and only if
it is split."”’

Theorem 6 (Theorem 4.1 from [26]). For a mutually
commuting pair (A, A,) of von Neumann algebras acting
on a Hilbert space H, the following are equivalent.

"®In [36], the notation is for the pair (A,,.4}) instead, but we
follow [25,26,34].

This theorem was originally given for operational independ-
ence, but the notion of operational independence discussed here
was proven to be equivalent to statistical independence in the
product sense [34].
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Funnel Property
(Def. 5)

Y

Y

Tensor Product Structure | Thm. 6 Split property Commutativity
(Def. 4) (Def. 6) (Def. 3)
A
Thm. 5 If type III/factor
Y VY
Statistical independence o )
. Statistical independence
in the product sense
(Def. 1)
(Def. 2)
FIG. 1. Summary of the properties introduced in this section, and their respective relations.

(1) The pair (A;, A,) is split.
(2) The pair (A,,.A,) is W*-independent in the spatial
product sense; i.e., the map
AB— AQ® B, AE.A[, BE.AQ,

extends to a spatial isomorphism of A;V.A, with
A, ®A,%; ie., there exists a unitary operator
UH—->"H®H such that UABU* =AQ®B for
all Ae A, and Be A,.

As W+-statistical independence in the spatial product
sense is strictly stronger than W*-statistical independence
in the product sense [34,37], these theorems show that the
split property plays a dual role: it is the condition under
which statistical independence in the product sense is
guaranteed, and it implies a Hilbert-space factorization
where each algebra can be embedded in a different tensor
factor. Thus, in quantum field theory, statistical independ-
ence in the product sense cannot be assumed on the basis of
microcausality alone. The relations between the different
notions of independence introduced above are summarized
in Fig. 1.

Therefore, the split property acts as the central link
between the different notions of independence. If a pair of
vN algebras fails to commute, it cannot be split, and this
obstructs having a TPS. In such cases, either normal
product states do not exist, or the notion of subsystem
separation cannot be implemented at the Hilbert-space
level. By contrast, statistical independence without the

*'The W*-tensor product between two von Neumann algebras
A; and A, is denoted A;®A,, meaning that the operators
contained in each subalgebra act on distinct factors of the Hilbert
space H.

product requirement is the weakest notion considered here
and the only one that does not presuppose commutativity; it
may therefore still hold even in the absence of a split
inclusion. We revisit this in the context of gravity in
Discussion.

1. Are the required algebraic conditions obtained
in linearized quantum gravity?

This section shows that, within a field-theoretic descrip-
tion, statistical independence in the product sense can
indeed be recovered—but only under rather stringent
algebraic conditions. In particular, it is the joint assumption
of microcausality and the funnel property that allows one to
reconstruct the independence assumptions tacitly invoked
in the BMV proposals, including the existence of uncorre-
lated product states and a TPS for spacelike separated
subsystems.

However, this entire construction hinges on a crucial
premise: that the physical subsystems under consideration
admit a description in terms of local VN algebras that
actually satisfy these properties. Thus, before one can
meaningfully appeal to the split property to justify prepa-
ration and measurement independence, one must ask
whether the relevant (gauge-invariant) gravitational observ-
ables even generate commuting local algebras to begin
with, and whether such algebras can admit split inclusions
at all. In other words, do the algebraic conditions required
to get the BMYV logic off the ground survive once the gauge
nature of gravity is taken seriously?

The next section addresses precisely this issue. By
examining the role of gravitational dressing and gauge
constraints, we will question whether the local subalge-
bras implicitly assumed in Sec. II C can be consistently
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defined, and whether microcausality—and with it the split
property—can be expected to hold, even approximately, for
physically meaningful observables in quantum gravity.

IV. DRESSED STATES AND COMMUTATIVITY

In quantum field theory, physical observables are rep-
resented by gauge-invariant Hermitian operators acting on a
Hilbert space. In gauge theories, local matter fields are
typically not gauge invariant and therefore do not define
observables by themselves. A standard procedure to con-
struct gauge-invariant operators is to dress such fields
[38—43]. While dressing restores gauge invariance, it generi-
cally modifies the localization properties of the resulting
operators and, in particular, their commutation relations. This
is precisely where the algebraic implementation of commen-
surability via commutativity might be obstructed. As we will
see, this can be avoided in Yang-Mills theories, but it seems to
become unavoidable in gravity. We review the situation in
QED and gravity following [21,22].

A. QED
Consider QED coupled to a complex scalar field ¢ of
charge ¢,

1

1
‘CQED = _ZFW/FW - Z (aﬂAﬂ)z - |Du¢|2 - m2|¢|27

(4.1)

with D, =9, —iqA,, and «a the gauge fixing parameter.
The theory is invariant under the gauge transformations

d(x) = e M h(x),

where we assume A(x) — 0 at spatial infinity.

The matter field ¢ is not gauge invariant and therefore
does not define a physical observable in the interacting
theory. Gauge-invariant operators can be constructed by
dressing the field

A, (x) = A,(x) = 0,A(x), (4.2)

(4.3)

where the dressing V(x) transforms oppositely to ¢(x). A
convenient class of dressings is given by

V(x) = exp (iq / d“x’f”(x,x’)A,,(x’)), (4.4)

with 0], f*(x,x’) = 8% (x — x’). Different choices of f*
correspond to different physical dressings (Coulomb, line,
or Lorenz dressings), and describe different photon clouds
accompanying the charged excitation.

Although ®(x) is gauge invariant, it is not strictly local:
typical dressings extend to infinity. Accordingly, gauge-
invariant charged operators generally do not satisfy micro-
causality in the strict AQFT sense. For example, for Dirac/

Coulomb-type dressings one finds nontrivial commutators
once one considers unequal-time commutators (equiva-
lently, [®,®] at equal time), with the leading behavior
controlled by the Coulomb interaction energy [21,22].

By contrast, genuinely local gauge-invariant operators
with compact support (e.g., Wilson loops, or neutral
“mesonic” operators with both endpoints contained in a
bounded region) can be associated with commuting sub-
algebras for spacelike separated supports. This result
follows from the fact that the dressing is constructed from
the gauge field A, which is itself the canonically quantized
variable. Consequently, at equal times, all contributions to
the commutator vanish. In this sense, QED/Yang—Mills
admits local observable algebras obeying microcausality,
but single-charge dressed fields are intrinsically nonlocal
and need not commute at spacelike separation.21

B. Gravity

We now turn to gravity coupled to a scalar field ¢ of
mass m,

2L
R \f lgl
-3 LV + mg?,

L=

g (7 (Vi)
(4.5)

where x> = 322G, gu 18 the spacetime metric, and a the
gauge fixing parameter. Working in perturbative quantum
gravity, we expand around a fixed Minkowski background,

9w = Mw =+ Kh;w (46)

Asin QED, the scalar field ¢ is not gauge invariant under
diffeomorphisms and therefore does not by itself define an
observable. Gauge-invariant operators can be constructed
by gravitationally dressing ¢, i.e., by defining a relation-
ally localized field:

@ (x) = P(x) + VF(x)d,p(x) + O(V?),  (4.7)

where V#(x) is chosen so that ®(x) is invariant under
linearized diffeomorphisms. At the linearized level one
may formally write

*'In [44), the authors explore the link between boundary
conditions and microcausality. For local boundary conditions,
one can include charged observables that, despite touching the
asymptotic boundary, belong to algebraic nets obeying micro-
causality; for nonlocal boundary conditions, one can include
certain charged observables localized in the bulk in a manner
consistent with microcausality. It would be interesting to inves-
tigate analogous constructions in perturbative gravity.
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VH(x) = K/d“x’f””’l(x, xVhy, (X)),

20, 1 (x, &) = 8 (x — X' ), (4.8)
which guarantees that V¥ transforms as the required
spacetime displacement. However, unlike in QED, the
kernel f** cannot in general be taken to be strictly local:
diffeomorphism-invariant dressings necessarily involve
nonlocal functionals of the metric perturbation, reflecting
the fact that gravitationally dressed operators must carry
their associated long-range field.

A concrete illustration is provided by the (linearized)
gravitational Wilson-line dressing [21],

Vul) =3 / " dx [h,w(x') +2 / h dx”amh,,]l(x”)} ,
(4.9)

where the integration is along an arbitrary curve from x to
spatial infinity. Physically, this dressing corresponds to a
“gravitational string” extending to infinity. The crucial
structural difference with Yang—Mills dressings is the
appearance of derivatives of the metric perturbation in
V,. As a result, gravitationally dressed fields generically
have nonvanishing equal-time commutators even for space-
like separated arguments [21-23]. Indeed, already at order
k>, one finds for the Coulomb dressing (obtained by
averaging the Wilson line over all directions) that [21]

iK*h . ,

- L B0 + 0 ()]

xl _ x/l

[@(x), ®(x)] =

Similarly, the commutator between the field and its time
derivative,

iK*h
32xct|x — x|

®(x)] = Ppx)p(x),  (4.11)

is nonvanishing at equal times. We emphasize that this
holds for representative dressings: while some commutator
structures can be modified by changing the dressing, in
particular, the first commutator can be made to vanish, no
dressing can make the second commutator vanish.

The physical consequence is that the gauge-invariant
algebras generated by dressed mass operators associated
with spacelike separated regions fail to satisfy microcau-
sality. As a result, the commensurability required to define
independent subsystems through the split property fails, and
the factorization of the Hilbert space, as well as the existence
of uncorrelated states assumed in gravitationally induced
entanglement experiments, becomes problematic.

There is substantial evidence that genuinely gauge-
invariant local observables are generically unavailable in
quantum gravity beyond the context of the linearized
theory. In closed universes, diffeomorphism-invariant
observables cannot be built as local functions of the
canonical variables [45]. Even when classical gravitational
observables can be arranged to be microcausal, this
property is expected to fail once quantum effects are
included [46]. Moreover, operators carrying nonzero
Poincaré charges must be gravitationally dressed, rendering
the corresponding gauge-invariant operators intrinsically
nonlocal and obstructing sharply localized subsystem
definitions [22,47]. For further references, see [48] (section
Observables and references therein) and [49].

C. Failure of the split property
in linearized gravity

The results of the previous section have consequences
that go beyond the failure of microcausality for specific
dressed observables. They directly affect the algebraic
implementation required to model the two test masses as
independent quantum subsystems in the sense presupposed
by the BMV/GIE protocols. Importantly, the dressed
operators we considered are not strictly localized in
bounded regions (they are relationally defined with an
asymptotic anchor). The point is therefore not that the
abstract AQFT net axioms fail, but that the gauge-invariant
subalgebras naturally associated with these dressed degrees
of freedom need not commute at spacelike separation,
obstructing their use as commuting “local” subsystem
algebras in the BMV/GIE sense.

As reviewed in Sec. III, the existence of a TPS for a
bipartite (or tripartite) system is not a primitive notion in
quantum field theory. In the algebraic setting, a TPS
compatible with the observable content of the theory can
be recovered if the relevant subsystem algebras satisfy the
split property. Only then can one represent the global
algebra as a tensor product in a Hilbert space, allowing for
product states, and the standard quantum-information-
theoretic description of subsystems.

The breakdown of microcausality for gravitationally
dressed observables therefore has immediate consequences:
they cannot form a split pair. As a result, no Hilbert-space
tensor factorization exists that is compatible with the gauge-
invariant observable algebras. In particular, the notion of a
product state of the form p; ® p,—or, equivalently, a normal
product state extending arbitrary local preparations—seems
to be obstructed at the fundamental level. Thus, once
gravitational dressing is taken into account, subsystem
independence becomes, at best, an approximate notion,
valid only insofar as violations of commutativity can be
neglected; this dovetails with the effective-gravity viewpoint
that diffeomorphism-invariant observables are intrinsically
nonlocal and reproduce local QFT only approximately in
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suitable states/limits (“pseudolocality”) [42]. We will come
back to this point in Sec. VI.

1. Consequences for Bell-type reasoning

Much of the quantum-information-theoretic interpreta-
tion of BMV/GIE-style experiments is phrased in terms of
entanglement generation between two parties and, more
broadly, in terms of LOCC/Bell-style constraints that
presuppose a clean bipartite subsystem structure. Since
the split property and exact commutativity are precisely the
ingredients that underwrite such a structure in the algebraic
setting, it is natural to ask what becomes of Bell-type
correlation bounds once these ingredients fail.

At this point, the standard Bell framework no longer
strictly applies. Bell inequalities, and in particular the
Clauser—Horne—Shimony—Holt (CHSH) inequality, presup-
pose a bipartite structure with well-defined local observ-
ables acting on commuting subalgebras, as well as the
existence of product states and independent local measure-
ments. When these assumptions fail, Bell inequalities
cannot be interpreted in their usual way as constraints
on correlations between independent subsystems.

Nevertheless, one may still ask whether meaningful
bounds on observable correlations survive once commu-
tativity is relaxed. Rather than diagnosing nonlocality in the
sense of local hidden variable theories, such generalized
Bell-type inequalities probe the algebraic structure of
correlations themselves, and the extent to which non-
commutativity modifies their maximal strength. This moti-
vates a careful re-examination of Bell inequalities—and in
particular of Tsirelson’s bound—from the perspective of
noncommuting observable algebras, which we undertake in
the next section.

V. BELL INEQUALITIES: THE CHSH CASE

BM V-type experiments are not designed as Bell tests: they
aim to detect entanglement via suitable entanglement wit-
nesses, i.e., observables whose expectation values certify
nonseparability without necessarily excluding local hidden-
variable (LHV) models. Hence, entanglement witnesses are
(in general) strictly weaker than Bell inequalities: a Bell
violation implies entanglement, but not conversely.

That said, Bell inequalities and entanglement witnesses
are structurally close. In particular, every Bell inequality
can be associated with an entanglement witness [50], and
both may be viewed as constraints separating separable
from entangled correlations. For our purposes, the CHSH
inequality provides a clean benchmark: it comes with a
sharp classical bound (for LHV models) and a sharp
quantum bound [Tsirelson’s bound [51]].

The point of this section is therefore diagnostic, not
interpretive: we do not reinterpret BMV as a Bell experiment.
Rather, we ask which steps in the CHSH/Tsirelson analysis
rely on the algebraic implementation of commensurability,

namely, commutativity ([A;, B;] =0), and what remains
meaningful once this assumption is relaxed, as suggested
by gravitational dressing. This will later inform how robust
standard entanglement-witness bounds are beyond the usual
tensor-product assumption.

A. CHSH inequality and Tsirelson’s bound
under commensurability

Consider two parties A and B with two observables
each, Ay, A, and B, B, (typically taken self-adjoint with
spectrum in {£1}, or more generally contractions with
lA;]| <1, ||B;|| < 1). If the observed correlations admit
an LHV model [52], then they satisfy the CHSH
inequality [53],

[(A1B)) + (A1By) + (A2B)) — (A2By)| <2 (5.1)
Quantum mechanics can violate this bound for suitable
choices of measurements on entangled states, thereby
excluding LHV models [see, e.g., [S3-55]].

On the quantum side, it is convenient to package the
CHSH expression into the CHSH operator:

E = A]B] +A1B2 +A2B1 —AQBQ. (52)

Under the standard subsystem assumptions, in particular,

that A-observables commute with B-observables, E is self-

adjoint whenever the A; and B; are, and one can derive
Tsirelson’s bound

IE|| <2V2, (5.3)

equivalently (E) <22 for all quantum states. This

derivation uses commutativity in an essential way (both

algebraically and conceptually): it guarantees that joint

observables such as A;B; are well-defined as observables of

the composite system, and it matches the usual tensor-
product picture (where A; =A; ® I and B; =1 ® B)).

B. Loss of commutativity and a symmetrized
CHSH observable

As discussed in Sec. IV, gravitational dressing generi-
cally obstructs exact commutativity even for spacelike
separated degrees of freedom. In that situation, the usual
CHSH expression is no longer guaranteed to define a self-
adjoint observable: if A; and B; are self-adjoint but do not
commute, the products A;B; need not be self-adjoint.

A minimal way to retain the CHSH structure while
ensuring self-adjointness is to replace operator products by
their Jordan (symmetrized) product,

1
XoY =2 (XY +YX), (5.4)
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which is self-adjoint whenever X and Y are.”” This leads to
the symmetrized CHSH observable

E+FE
2 b
(5.5)

where E' = B1A, + B,A, + BjA, — B,A, is the CHSH
expression with reversed ordering. By construction, E,
is self-adjoint for self-adjoint A;, B;, and reduces to the
usual CHSH operator E in the commuting case.

The key question is then whether the usual Tsirelson
bound survives in this noncommuting setting. The follow-
ing proposition shows that it does: once the CHSH
expression is reformulated in terms of observables via
the Jordan product, violations of commutativity do not
generate stronger-than-quantum correlations.

Proposition 7. Let A;, A,, B, B, be self-adjoint
observables satisfying A} = B} = I. Without assuming
commensurability (i.e. without requiring [A;, B;] = 0),
the symmetrized CHSH operator

Eo ::A10B1+A1032+A20B1_A2032:

E,=AoB|+AoB,+A,oB|—A,0B, = E—;E/
(5.6)
satisfies the bound
E, <2V2I, (5.7)
where E=A,B, +AB,+A,B;—AB, and E =

BIAI + BZAI + B1A2 - BzAz.
Proof. We rewrite E, as a difference of Jordan squares.
A direct algebraic rearrangement yields

Eo :AIOBI +AIOBZ +A2081 _AZOBZ

1
:—(AloAl +A20A2+Bl OBl +BQOBz)

V2
21
V22N R,
k=1

- (5.8)

where Fy=(v2+1)(A;=B;)+A,—B,, F, = (V2 + 1)x
(A1 = By) —Ay = By, F3 = (V2+1)(A = By) + A, + By,
Fy=(V2+1)(A,+B,)—A =B, are the sum of
observables and therefore observables themselves.

For any self-adjoint X, one has X o X = X? > 0. Using
A} = B = I, we therefore obtain

2For bounded operators A, B€ B(H), the Jordan product
AoB is self-adjoint whenever A and B are self-adjoint, and
reduces to the ordinary product when [A, B] = 0. Here it is used
purely as a formal symmetrization to build self-adjoint expres-
sions from noncommuting factors; we do not assume any specific
operational measurement protocol for A o B in the generic non-
commuting case.

1

E. = (Al + 43+ B1 + B))
2-1¢ 1
V2 Y Fi<—(@)=2v21. (59
8 = 2
|

Proposition 7 shows that the Tsirelson limit is robust:
even when [A;, B;] # 0, the symmetrized CHSH observable

E. cannot exceed 2v/2 in quantum theory. This is not a
trivial recovery of the commuting case, however. When the
subsystem algebras commute, £, = E and we recover the
standard CHSH operator. When they do not commute, by
contrast, neither ordering A;B; nor B;A; defines a joint
observable in general; only their symmetrized combination
does. In this sense, the Jordan product implements a formal
“average” over incompatible orderings enforced by the
algebraic structure itself.

This feature invites comparison with frameworks of
indefinite causal order [56,57]: noncommutativity makes
the very notion of a definite measurement ordering prob-
lematic, and E, is the self-adjoint expression obtained by
symmetrizing the two orderings. The comparison should
nevertheless be handled with care: here the symmetrization
is not introduced as an operational superposition of causal
orders, but as a purely algebraic device to recover an
observable expression from noncommuting factors.

Finally, we stress an important limitation for the BMV
context. While CHSH-type correlation bounds remain
mathematically meaningful in this symmetrized form, the
resulting observable E, does not by itself provide an
operationally clear entanglement witness in the sense
required by BMV: it is not, in general, implementable as
a sequence of local measurements nor as a spacelike
separated measurement protocol, and we do not assume
any measurement prescription for A o B beyond formal self-
adjointness. Thus, the persistence of Tsirelson’s bound
does not automatically guarantee the robustness of the
specific entanglement witnesses used in BMV proposals
once commensurability fails.

This shifts the emphasis of what is experimentally
significant. If gravitational dressing obstructs the very
definition of standard local correlation observables, then
the most direct signature is not an exotic modification of
CHSH bounds, but the violation of commutativity (and
hence of microcausality) itself. In the next section, we
therefore turn to the possibility of probing dressing-induced
violations of microcausality and to estimating their mag-
nitude in realistic parameter regimes.

VI. TOWARD EXPERIMENTAL BOUNDS
ON MICROCAUSALITY VIOLATION

The previous section showed that relaxing commensu-
rability does not, by itself, lead to stronger-than-quantum
correlations: once the CHSH expression is reformulated as
an observable via the Jordan product, Tsirelson’s bound
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remains 21/2. The upshot is not a recovery of the standard
subsystem picture, but a separation of issues. Correlation
bounds can be mathematically robust under noncommuta-
tivity, whereas the operational meaning of entanglement
witnesses in BMV-type proposals relies on the availability
of commuting subalgebras (and, effectively, a tensor-
product subsystem structure) to interpret measured spin
correlations as joint local observables.

This motivates a shift in emphasis. If gravitational
dressing obstructs microcausality at the algebraic level,
then a more direct probe of the underlying structure is the
violation of microcausality itself, i.e., the appearance of
nonvanishing commutators between gauge-invariant
observables associated with spacelike separated regions.
Unlike standard entanglement-witness reasoning, such a
diagnostic does not presuppose a tensor factorization or
preparation independence.

In what follows, we estimate the size of dressing-induced
microcausality violations using parameters relevant for
current BMV-type proposals.

A. Parametric estimate for Coulomb dressing

We consider the Coulomb dressing introduced in Sec. I'V.
Following [4], we adopt a nonrelativistic regime in which a
scalar field ¢ can be written as

j. )
¢(x) —_ = pmimc t/hl//(X),

- (6.1)

where A is a renormalization constant and w/(x)~

(27zL%) 34 exp (— LXL‘Q) is a slowly varying spatial wave-

function of unit norm. In this approximation,

imc?

h

o) =-"Cg). ab)~1h). (62)

Using the experimental values proposed in [4], namely,
L =107% m and m = 10~'* kg, the dressed-field commu-
tators evaluated in Sec. IV can be expressed as relative
estimates by factoring out the local field amplitudes. Using
the nonrelativistic scalings d;¢p ~ L™'¢ and, if one keeps

the fast rest-energy phase, ¢ ~ (mc?/h)¢, we obtain

[@c(x), Bc()]|  Gm

pge] L~ 6
x mmc mc?
W GZ—LTN 10736 —=~10s7!, (6.4)

up to factors of order unity. Here the ratios should be
understood as order-of-magnitude estimates for matrix
elements in wave packet states.

The first commutator is therefore extremely suppressed,
and moreover can be made to vanish altogether by an

appropriate choice of relational observable/dressing [21],
as discussed in Sec. I'V. At this level one may thus expect
the approximation of commuting subalgebras—and
with it the use of split-type reasoning and product-state
idealizations—to remain adequate for many practical pur-
poses, despite being strictly invalid for the fully gauge-
invariant dressed observables.

The second commutator is qualitatively different. First,
the quantity in Eq. (6.4) is a rate: whether it is “large” or
“small” must be assessed relative to a characteristic time-
scale 7 of the protocol (e.g., the interferometric hold time),
through the dimensionless combination

[@e(x). Pe(x)]]
| (x)p(x")]

Second, the order-of-unity-per-second estimate in Eq. (6.4)
hinges on keeping the fast rest-energy phase in ¢,

e., ¢p~—(imc*/h)¢p with mc?/h~8.5x10% s~! for
m = 107" kg. In a strictly nonrelativistic effective des-
cription, one typically factors out the rest-energy phase
and works with slowly varying fields; heuristically, the
relevant time dependence is then governed by slow
frequencies wyr ~ Exg/h. For instance, a wave packet
of width L has a kinetic scale Ey, ~ h%/(2mL?) and hence
Oin ~ 1/ (2mL?*) ~5x 107 s7! for m = 10" kg and
L = 107% m, which would instead yield

€(z) = (6.5)

|p(x)p(x')]| L

Oy ~ 4 x 1074 571,

(6.6)

Even adopting a much larger slow scale wyg ~ 1/7 with 7
of order seconds yields only ~1073¢ s~ In either case, the
violation is entirely negligible in magnitude, which is
consistent with the excellent validity of linearized quantum
gravity in this regime.

Crucially, however, unlike the first commutator, this
second commutator cannot in general be made to vanish by
a choice of dressing: it reflects the structural nonlocality
enforced by the gravitational constraints for gauge-invari-
ant observables. Thus, even if its numerical size is
minuscule, it represents a formal obstruction to exact
microcausality, and hence to the strict microcausal inclu-
sion A(O,) c A(Op)’ required to even formulate a split
inclusion for spacelike separated regions. This leaves open
the question of how best to formulate an effective split
property, and recovering effective notions of statistical
independence.

Finally, we emphasize that microcausality violation in
the present sense does not, by itself, necessarily imply
superluminal signaling: a weak version of no-signaling can
remain satisfied even when microcausality fails. We discuss
different notions of no-signaling and their connection to
commutativity in the Appendix B.
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VII. DISCUSSION

A central message of this paper is that the standard
quantum-information narrative behind BMV-style infer-
ence is not conceptually automatic once one insists on
gauge-invariant observables for gravity. In the bipartite and
tripartite idealizations, the two masses are treated as
independently addressable subsystems, with well-defined
“local” operations and (at least approximate) factorization
or commensurability. By contrast, in a diffeomorphism-
invariant setting, the relevant observables must be gravi-
tationally dressed, and the resulting gauge-invariant
subalgebras need not commute even at spacelike separation.
This obstructs implementing exact commensurability
and blocks the usual route from microcausality to split
inclusions, tensor-product factorization, and statistical
independence.23

Recent “quantumness of gravity” proposals continue to
frame the key inference in explicitly or implicitly LOCC
terms. In [10], the authors adopt the familiar entangle-
ment-witness/Bell-style rationale in which the two masses
(and their spins) function as independently addressable
parties coupled only through a gravitational mediator,
while [59] goes further by defining “classical gravity” as
dynamics simulable by LOCC and proposing an LOCC
inequality test that does not rely on entanglement gen-
eration. Meanwhile, [60] is complementary in spirit: they
stress that Newton-potential GIE alone leaves loopholes
and propose targeting genuinely field-theoretic quantum
signatures tied to the gravitational canonical commutator
structure. Nonetheless, in all three cases, the storyline still
presupposes an exact subsystem structure. This does not
undermine the practical viability of these schemes in the
weak-field regime (the induced noncommutativities may
be parametrically tiny), but it does qualify the logical
force of the step “observation = gravity is quantum”: the
inference is made within an effective truncation whose
subsystem-independence assumptions are not automatic
once diffeomorphism-invariant observables and con-
straints are treated carefully.

While our main emphasis has been on how gravitational
dressing induces violations of microcausality, thereby
obstructing exact commensurability and undermining the
usual route to the split property and product-state inde-
pendence, one might still hope that a weaker form of
statistical independence remains viable. Raju’s [61] analy-
sis suggests that this hope might fail. In a diffeomorphism-
invariant theory, Gauss-law—type constraints already cor-
relate “inside” and “outside” data for any bounded region:

“We thank the anonymous referee for bringing our attention
to other ways in which the factorization of the kinematical
Hilbert space is obstructed: in [58], it is also shown that by
imposing the constraints between gravity and matter, unavoid-
ably, physical states have matter-gravity entanglement as an
inherent feature.

global charges measured at infinity (notably the ADM
charges) are not merely boundary bookkeeping devices but
constrain the admissible bulk configurations. Unlike in
electromagnetism, where compensating charges can be
localized in a collar region to support an effective sepa-
ration, gravity admits no negative-energy charges that
could be used to screen local excitations in this way. As
emphasized in [61], this leads to a sharp obstruction
to independent state preparation in full generality: because
the gravitational constraints tie bulk data to asymptotic
charges, one cannot in general specify fine-grained
“inside” and “outside” data independently in the way
the split-property intuition would suggest. If statistical
independence breaks down at this level, then the stronger
product form of independence invoked in GIE-style infer-
ence schemes is a fortiori untenable, and any operational
use of subsystem independence must be understood as an
effective, regime-dependent apgroximation rather than a
fundamental structural feature.”

That regime dependence is borne out by our explicit
estimates. In the parameter ranges relevant for current
BMV-type proposals, the dressing-induced commutators
are numerically extremely small, which supports the prac-
tical adequacy of modeling the experiment with approx-
imately commuting subalgebras and split-type reasoning
at the quantum-information level. At the same time, the
field-theoretic analysis shows a qualitative distinction:
while some commutator structures can be eliminated by
an appropriate choice of dressing, others cannot. Even
when their magnitude is minuscule, such nonvanishing
commutators therefore represent a formal obstruction to
exact microcausality and hence to the strict split-type
inclusions that would underwrite product states and
subsystem-independence at the fundamental level. This
tension motivates treating notions such as “split property”
and “independent subsystems” as effective concepts in
weak-field gravity, and it leaves open the question of how
best to formulate and justify an effective split property in
general.

In this sense, the present results simultaneously support
and qualify the mainstream viewpoint on GIE: they
support it by showing that, for realistic parameters, the
induced violations of microcausality are tiny enough that
the quantum-information modeling can remain an excel-
lent approximation; and they qualify it by stressing that

*Recent crossed-product constructions provide a complemen-
tary perspective. In semiclassical black-hole and de Sitter set-
tings, incorporating gravitational constraints and the relevant
Hamiltonian or observer degrees of freedom leads from the type
III algebras familiar from QFT to type II—which admit a trace
and an associated notion of entropy [62,63]. These results support
the broader point that gravity modifies the algebraic structure of
subsystems, but do not by themselves resolve the split-property
issue considered here: the type of an individual algebra is distinct
from whether a pair of spacelike-separated dressed algebras
commute and admit an intermediate type I factor.
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strong ontological conclusions (e.g., about “superposed
spacetime” or fundamental subsystem structure) rely on
formal properties—exact factorization, strict commensu-
rability, and robust independence assumptions—that are
not preserved once gauge-invariant gravitational observ-
ables are taken seriously. More speculatively, the fact that
factorization itself is undermined suggests that gravity
may affect not only how we fest quantumness, but also
how we should think about subsystems and measurement
in regimes where diffeomorphism constraints are
inescapable [23]. This strengthens the motivation to
complement entanglement-witness logic with more direct,
subsystem-agnostic probes of the underlying algebraic
structure, such as experimentally bounding dressing-
induced violations of microcausality themselves.

Finally, it is worth stressing that the conceptual lessons
drawn here are not specific to tabletop gravity-induced
entanglement experiments, but extend to other settings
where gravity is treated as a perturbative quantized field.
In particular, the field-theoretic structures probed in GIE
proposals are closely analogous to those underlying the
standard treatment of cosmological perturbations during
inflation [2,23]. In both cases, one works with quantized
fluctuations around a classical background and with
gauge-invariant, dressed observables, for which strict
microcausality and exact Hilbert-space factorization are
subtle and, at best, approximate notions; indeed, the same
algebraic scrutiny applied here would be expected to yield
violations of commutativity that are at least as (if not
more) significant in the early Universe regime, given the
fully relativistic character and larger amplitudes of the
perturbations. This invites a provocative rereading of the
usual “causal disconnection” premise behind the horizon
problem: if spacelike separated, gauge-invariant observ-
ables need not strictly commute, then the sharp subsystem
picture in which distinct Hubble patches are taken to be
independent is itself an idealization, and part of what
inflation is meant to explain—the persistence of correla-
tions across apparently causally disconnected regions—
may already be conceptually softened within perturbative
quantum gravity. At the same time, and as stressed by our
discussion of no-signaling vs commutativity (see
Appendix B), nonvanishing spacelike commutators do
not by themselves furnish an operational influence chan-
nel or an equilibration mechanism, so they might not
simply replace inflation as a mechanism; rather, they
highlight that the locality assumptions underwriting the
horizon-problem narrative are effective, regime-depen-
dent approximations whose status should be assessed
within the same framework used to model cosmological
perturbations.
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APPENDIX A: EXTRA THEOREMS
AND DEFINITIONS

This Appendix collects a small number of additional
notions used to relate subsystem independence to opera-
tional preparation procedures. Throughout, A C B(H)
denotes a von Neumann algebra acting on a Hilbert space
‘H, and A’ its commutant.

Definition 7 (factor). A von Neumann algebra A is a
facror iff its center is trivial, i.e., AN A = CI.

Definition 8 (type I factor). A factor A is type I iff A ~
B(KC) for some Hilbert space K.

Definition 9 (type Il factor). A von Neumann algebra M
is type I iff it has no nonzero finite projections.25 If
moreover M is a factor, we call it a type Il factor.
Equivalently, for a factor M this means that for every
nonzero projection P € M there exists a partial isometry
W e M such that WW* = P and W*W =1.

In nonrelativistic quantum mechanics one typically
encounters type I factors, whereas local algebras in rela-
tivistic AQFT are generically type III [34].

We now recall the operational language used to for-
mulate local preparation procedures. An operation on a von
Neumann algebra A is a normal completely positive (CP)
map 7:A — A satisfying T(I) <1 (subunital). The case
T(I) = I corresponds to a nonselective operation (no post-
selection). A state is a positive normalized linear functional
®: A — C with w(I) = 1; it is normal iff it is ultraweakly
continuous (equivalently, w(A) = tr(pA) for some density
operator p when A = B(H)).

Operational “local preparation” strengthens mere stat-
istical independence: statistical independence only asks for
the existence of joint extensions of prescribed marginal
states, whereas local preparability asks that a marginal state
can be implemented by an operation localized on one
subsystem while leaving the other subsystem unaffected.

PA projection P € M is infinite iff there exists a nonzero
subprojection 0 # Q < P such that Q ~ P; i.e., there is a partial
isometry Ve M with V*V = P and VV* = Q.
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Definition 10 (nonselective operation). A (normal)
nonselective operation on a vN algebra A is a normal
completely positive map 7: .4 — A satisfying 7(I) = L.

Definition 11 (local preparability of a normal state). Let
A, A, be commuting type IIT vN factors on a Hilbert space
‘H, and let ¢ be a normal state on 4;. We say that ¢ is
locally preparable on A, independently of A, if there
exists a normal positive map 7: B(H) — B(H) such that

T(A) = ¢(A)T(I)
VBeA,.

VAeA,,
(A1)

We say that some normal state is locally preparable if there
exists at least one normal state ¢ on A; with this property.
Definition 12 (nonselective local preparability of all
normal states). Let A;, A, be commuting type III VN
factors on a Hilbert space H. We say that all normal states
on A, are nonselectively locally preparable (independently
of A,) if for every normal state ¢ on A; there exists a

(normal) map T:B(H) — B(H) of the form
= ZW;FCWZ‘,

1

W, e A, (A2)

such that

T(A) =¢(A)T(I) VAeA, TIM) =1 (A3)

The following theorem states their equivalence to the
split property:

Theorem 8 ([26], Theorem 5.1). Let A;, A, be commut-
ing type III vN factors on the Hilbert space H. Then the
following are equivalent:

(1) The pair (A, A,) is split;

(2) Local preparability of some normal state;

Nonselective preparability

%A

for all normal states
(Def. 12)

Y

(3) Nonselective local preparability of all normal states.

We include one additional criterion linking uncorrelated
states to commutativity, since it cleanly separates “lack of
correlations” from “algebraic separability”.

Definition 13 (uncorrelated state, Definition 5.3 of [26]).
A normal state ¢ on A,V A, is A—A,-uncorrelated if
P(ENF)=¢(E)p(F), VY projections EE A, F € A,.

Theorem 9 ([65]). Let A, and A, be vN subalgebras of a
W*-algebra A. If an A;—A,-uncorrelated state exists on
A VA,, then A, and A, commute elementwise. The
relations between the different notions of independence
introduced above and in the text are summarized in Fig. 2.

APPENDIX B: NO-SIGNALING VS
COMMUTATIVITY OF SUBALGEBRAS

In this Appendix, we clarify the logical relation between
no-signaling and commutativity of subsystem algebras in
quantum theory. The essential point is that no-signaling
admits inequivalent operational formulations of different
strength, depending on which local interventions are taken
to be physically admissible. While elementwise commu-
tativity of subalgebras is sufficient for all reasonable
notions of no-signaling, it is necessary only for the
strongest (“maximal”) ones. This distinction is crucial in
constrained gauge theories, and in particular for gravity,
where the set of physically implementable operations may
be strictly smaller than the set of algebraically definable
operations.

Let H be a Hilbert space and let A;, A, C B(H) be von
Neumann subalgebras, representing the observables acces-
sible to two parties Alice and Bob. We identify normal
states with density operators p €7 (H) (positive trace-
class operators with trp = 1), so that expectation values are
(X), = tr(pX) for X € B(H).

Funnel Property
(Def. 5)

Tensor Product Structure | Thm. 6 Split property Commutativity
(Def. 4) (Def. 6) (Def. 3)
‘ ? A
Thm. 5 If type III/factor

Y

Y

of some normal state

Local preparability
(Def. 11)

in the product sense
(Def. 2)

Statistical independence

Statistical independence
(Def. 1)

FIG. 2. Summary of all the properties, and their respective relations, introduced in the text and Appendix A.
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1. Operational no-signaling and restricted
local interventions

We denote by Opsa(A;) a chosen set of physically
admissible local operations for Alice. Concretely, we take
elements of Ops,(.A;) to be normal completely positive,
trace-preserving (CPTP) maps E,: 7,(H) - 7,(H). A
standard sufficient algebraic criterion for “localization on
A,” is that £, admits a Kraus decomposition with Kraus
operators in A;:

Ealp) =) KipK]. Ki€A. > KIK;=I1.  (Bl)

In unconstrained quantum mechanics, one often idealizes
Opsa(A;) as all such Kraus maps. In constrained systems
(e.g., gauge theories), this identification is generally too
strong: not every algebraically definable Kraus map cor-
responds to a physically admissible intervention, so
Opsa (A, ) should be regarded as a (possibly strict) subset.”

We denote by &4: B(H) — B(H) the normal unital
dual map defined by tr(Ex(p)X) = tr(p€i (X)) for all
p€T (H) and X € B(H).

Definition 14 (operational no-signaling). We say that
operational no-signaling from Alice to Bob holds (relative
to Opsa(A;)) if, for all normal states pe7(H), all
admissible CPTP maps £, € Opsa(A4,), and all X € A,,

tr(pX) = tr(Ea(p)X). (B2)

This notion of no-signaling is explicitly relative to the
allowed class of local operations. In particular, if Ops, (A, )
is severely restricted, then (B2) may hold even when the
algebras fail to commute.

a. Commutativity implies operational
no-signaling, but the converse fails

If [4,, A,] = 0, then Eq. (B2) holds for all states and for
all admissible local operations that admit a Kraus decom-
position with K; € A;. Indeed, if £, admits Kraus operators
{K;} € A, asin (B1), then [K;, X] = O for all X € A,, and
hence

w(Ex(p)X) = D (pK[XK;) = Y tr(pXK[K;) = tr(pX).

Commutativity is therefore a sufficient condition for opera-
tional no-signaling.

The converse implication fails in general: operational no-
signaling (B2) does not, by itself, imply commutativity.
The reason is that (B2) constrains only those disturbances

**Equivalently, in the Heisenberg picture, one may characterize
“local” operations by requiring that the dual map acts trivially on
the commutant, &3 (X) = X for all X € A/. Kraus locality (B1)
implies this, but the physically admissible set may still be smaller.

that can be effected by admissible operations in Opsy (A, ).
Even if [A;, A,] # 0, signaling may be impossible because
the physically admissible operations attributed to Alice are
too restricted to change expectation values of Bob-observ-
ables in A,.

Example 10. Let H = Ha; @ Ha g @ Hp and define

Ay = B(Har @ Har) @15,
Ay =Tp; ® Up gp(Ia g ® B(Hg))Uh g

where Uy g is an entangling unitary on Ha zx ® Hp. In
general, [A;, A;] # 0 because operators acting nontrivially
on Hu g fail to commute with A,.

Now suppose that Alice’s admissible control is restricted
to the tensor factor H, ;; i.e., take Ops,(A;) to consist
of CPTP maps of the form €5 = @5, @ I5xr ® Ig. Then
EL(X) = X for all X € A, and hence

tr(pX) = r(Ea(p)X) V.

Thus, noncommuting subalgebras can coexist with opera-
tional no-signaling once the admissible class of “local”
operations is restricted, for instance by having the algebra
of accessible observables and the algebra of operationally
controllable interventions not coincide.

Elementwise commutativity expresses commensurabil-
ity, whereas operational no-signaling expresses the absence
of causal influence relative to the physically admissible
class of local interventions. The latter need not imply the
former in general, unless one assumes a sufficiently rich (in
a sense, maximal) class of local operations. This motivates
considering a strictly stronger notion of no-signaling, often
called macrocausality, defined by invariance under all non-
selective sharp measurements.

VXeA,.

2. Macrocausality and maximal no-signaling
Given a (finite or countable) projection-valued measure
(PVM) {P;}, € A, the associated nonselective Liiders
update of a normal state p is

pr—p' =Y PpP; (B3)

with the sum understood in trace norm (equivalently
ultraweakly on expectation values). We say that Alice
cannot signal to Bob by nonselective measurements if
for every normal state p, every PVM {P;} C A;, and every
projection Q € A,,

tr(pQ) = tr(p'Q).

Theorem 11 ([24,66]). Condition (B4) holds for all
normal states, all PVMs in A, and all projections in A,
if and only if

(B4)

[Al’ AQ] =0.
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The equivalence in the theorem relies on a maximal
operational assumption: invariance under all non-selec-
tive Liiders measurements associated with arbitrary
PVMs (equivalently, under a very rich family of local
interventions). While mathematically natural, this
assumption is too strong for constrained gauge theories
and gravity, where not every algebraic measurement

corresponds to a physically admissible local interven-
tion. With respect to the weaker operational notion of
no-signaling in Eq. (B2) (relative to the chosen set
Opsa(A;)), violations of commutativity induced by
gravitational dressing do not necessarily imply super-
luminal signaling, but rather the breakdown of algebraic
separability between subsystems.
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