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Recent studies have shown that a secondary potential barrier, forming a potential well outside the event
horizon, can destabilize the quasinormal mode (QNM) spectrum of black holes. We find that spectral
instability may persist even after the potential well vanishes, giving rise to a distinct family of spectrally
unstable QNMs that differ from the spectrally stable modes localized near the potential peak and associated
with the photon sphere. Nevertheless, time-domain simulations reveal that early-time ringdown waveforms
remain dominated by stable modes, while unstable modes have only a subdominant contribution. These
results highlight the robustness of black hole spectroscopy, as the observable ringdown signal is primarily
governed by the most stable QNMs.
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Introduction. The direct detections of gravitational waves
by the LIGO-Virgo-KAGRA Collaboration have opened a
newera of black hole (BH) physics [1–5], allowing us to probe
the nature of strong gravity through BH spectroscopy, which
measures the characteristic quasinormal modes (QNMs)
emitted by a perturbed remnant BH [6–18]. Each QNM
encodes information about the mass, spin, and possible
deviations from the Kerr solution, providing a powerful test
of general relativity in the nonlinear regime [19–32]. The
success of theBHspectroscopyprogramcrucially relies on the
assumption that the QNM spectrum is physically robust and
stable under small perturbations to the underlying spacetime.
Recent investigations, however, have revealed intriguing

signs that this assumption may not always hold. Several
studies have shown that when a small “bump” is introduced
into the curvature potential governing BH perturbations,
the resulting QNM spectrum can undergo drastic rearrange-
ments or migrations, signaling spectral instability [33–43].
Complementary analyses based on the pseudospectrum
have further demonstrated that the QNM operator is highly
non-normal, so that even tiny perturbations in the potential
can induce large spectral shifts [44–56]. These develop-
ments have raised important questions about the math-
ematical stability and physical interpretability of QNMs,
which form the theoretical foundation of BH spectroscopy.
To assess the significance of this issue, it is essential to

examine not only the frequency-domain spectrum but also
the time-domain response of the system. Indeed, time-domain
studies have provided reassuring evidence that the ringdown
waveforms themselves remain stably perturbed even in cases
where the QNM spectrum appears unstable [46,57–60].

Moreover, alternative frequency-based characterizations of
BH perturbations, such as graybody factors and ringdown
filters, have been shown to remain robust against the same
types of perturbations that trigger spectral instability in the
QNM spectrum [61–70]. These findings suggest that spectral
instability may primarily reflect the mathematical sensitivity
of the QNM eigenvalue problem rather than a physical
instability in the observable ringdown signal.
Despite these insights, the physicalmechanismunderlying

spectral instability remains to be clarified. From a physical
perspective, spectral instability often arises in systemswhere
the effective potential develops a potential well induced by
the addedbump.The appearance of thiswell can give rise to a
new family of long-livedmodes thatmay eventually overtake
the fundamental QNM, leading to apparent spectral insta-
bility. One might thus expect that when the potential well
disappears, the QNM spectrum should recover its spectral
stability. However, as we will show, the situation is more
subtle: evenwhen the potential well vanishes, a residual scale
inherited from the potential well can still produce a family of
spectrally unstable QNMs.
This observation naturally raises a deeper question: if

both spectrally stable and unstable QNM families coexist
within the same system, does the presence of spectrally
unstable modes necessarily lead to observable instabilities
in the time-domain ringdown signal, thereby threatening
the reliability of BH spectroscopy? In this Letter, we
explore this question in a toy yet physically viable model:
a test scalar field propagating on a static, spherically
symmetric BH background in the Einstein-Maxwell-scalar
(EMS) model [71–74]. By combining frequency- and time-
domain analyses, we demonstrate how spectral (in)stability
manifests in such systems and assess its physical impact on
ringdown signals.
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Setup. In this Letter, we exam the QNM spectrum of a test
scalar field in the static, spherically symmetricBHbackground
in an EMS model. The EMS model describes a scalar field ϕ
minimally coupled to the metric field and nonminimally
coupled to electromagnetic field Aμ, with the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p h
R − 2ð∂ϕÞ2 − eαϕ

2

FμνFμν

i
: ð1Þ

Here,Fμν ¼ ∂μAν − ∂νAμ is the electromagnetic field strength

tensor, and eαϕ
2

is the coupling function between ϕ and Aμ.
Interestingly, adopting the spherically symmetric and asymp-
totically flat BH ansatz

ds2 ¼ gμνdxμdxν ¼ −NðrÞe−2δðrÞdt2 þ dr2

NðrÞ þ r2dΩ; ð2Þ

hairy BH solutions with a nontrivial scalar field profile can be
numerically constructed via the shooting or spectrummethods
[71,75].We briefly discuss in SupplementalMaterial [76] how
to compute BH solutions using the spectral method.
For simplicity, we consider the perturbation of a massless

neutral scalar field Ψ in the hairy BH background, which is
governed by

□Ψ ¼ 1ffiffiffiffiffiffi−gp ∂μðgμν
ffiffiffiffiffiffi
−g

p
∂νΨÞ ¼ 0: ð3Þ

By decomposing the perturbation into spherical harmo-
nics Ylmðθ;φÞ, the field can be expressed as Ψ ¼
r−1

P
l;m ψðt; rÞYlmðθ;φÞ. Equation (3) then reduces to

the Regge-Wheeler-Zerilli-type wave equation,

�
−
∂
2

∂t2
þ ∂

2

∂x2
− VeffðxÞ

�
ψðt; xÞ ¼ 0; ð4Þ

where the tortoise coordinate x is determined by
dx=dr≡ eδðrÞN−1ðrÞ, and the effective potential is given by

VeffðxÞ ¼
e−2δN
r2

�
lðlþ 1Þ þ 1 − N −

Q2

r2eαϕ
2

�
; ð5Þ

withQ being BH chargeQ. To analyze the QNM spectrum,
one typical preforms a Fourier transform ψðt; xÞ ¼R
dωψ̃ðω; xÞe−iωt that reduces the wave equation to a

master equation for QNMs,

�
d2

dx2
þ ω2 − VeffðxÞ

�
ψ̃ðω; xÞ ¼ 0: ð6Þ

Subsequently, QNMs are determined by imposing purely
ingoing waves at the horizon and purely outgoing waves at
infinity, yielding a discrete set of QNMs with complex
frequencies ωn ¼ ωR þ iωI , where n ¼ 0; 1; 2… denotes
the overtone number.

Nevertheless, computingQNMs—especially overtones—
of BHs is numerically challenging when the background BH
solution is constructed numerically. To minimize numerical
errors, we employ spectral methods with identical resolu-
tions to compute both the background BH solution and its
associated QNMs. The metric functions are evaluated
directly at the spectral grid points, and these values are
subsequently used to construct the coefficients of the QNM
master equation (6) on the same grid, thereby ensuring
consistency and reducing interpolation errors. Alternatively,
one can evolve the wave equation (4) in time and extract
QNMs from the resulting waveform. All technical details of
our numerical implementation, additional calculations, and
supplementary physical discussions are presented in
Supplemental Material [76] (see also Refs. [77–84] therein).

QNM spectrum. For hairy BH backgrounds with α ¼ 0.8
and varying charge-to-mass ratio Q=M, we compute the
QNMs of the scalar fieldΨ for l ¼ 2 and l ¼ 10, as shown in
Figs. 1 and 2, respectively. The left panels display the
trajectories of the first few QNM frequencies in the complex
plane as Q=M varies, illustrating how the QNM spectrum
migrates with respect toQ=M. The upper-right panels show
the square of the real part of the QNM frequency, ω2

R, as a
function of Q=M, together with the effective potential Veff
for several representative values of Q=M. The relative posi-
tion of ω2

R with respect to Veff provides insights into the
physical origin of the QNMs. For instance, modes with ω2

R
near a potential peak or within a potential valley correspond,
respectively, to oscillations around the photon sphere and to
quasibound states trapped inside the valley [85–88].
Interestingly, unlike Schwarzschild or Reissner-

Nordström BHs, the effective potential Veff of hairy BHs
can develop a double-peaked structure when Q=M is
sufficiently large. The portion of the frequency trajectories
lying beyond (upper right of) blue triangles in the left
panels, along with the QNMs in the cyan-shaded regions of
the right panels, correspond to this double-peaked regime.
Moreover, the upper-right panels reveal that Veff transitions
from a double-peaked to a single-peaked profile as Q=M
decreases.
We first examine the QNM spectrum of the scalar field

with l ¼ 10, as shown in Fig. 1. Tracing the QNM frequency
trajectories from the upper-right corner, we observe that the
spectrum bifurcates into two distinct families once the
effective potentialVeff becomes single peaked. By analyzing
the behavior of ω2

R, these two families can be identified as
follows:

(i) Peak modes: These modes are localized near the
potential peak and are associated with the photon
sphere situated near that peak. In the eikonal limit,
the real part of the QNM frequency approximately
equals

ffiffiffiffiffiffiffiffi
Veff

p
at the peak, which also determines the

angular velocity of photons on the unstable circular
orbit at the photon sphere [85]. The modes are
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indexed by np according to their decay rates, starting
from the most slowly decaying mode ðnp ¼ 0Þ. This
family resembles the QNMs found in Schwarzschild
and Kerr BHs and is represented by diamonds
in Fig. 1.

(ii) Off-peak modes: These modes are found at an
appreciable distance from the potential peak and
are marked by plus signs in Fig. 1. Unlike the peak
modes, they cannot be attributed to photon spheres.
Remarkably, as Q=M increases and Veff develops a
double-peaked structure, the low-lying modes evolve
into long-lived modes trapped within the potential
valley between the two peaks. This behavior suggests
that the off-peak modes in the single-peaked regime
retain a residual imprint of the valley configuration
present in the double-peaked regime. Similar diffrac-
tion-trapped states near the single-/double-peaked
transition were recently found in a hairy Schwarzs-
child background [89]. The index no is used to label
these modes in order of their decay rates, from the
slowest ðno ¼ 0Þ to the fastest decaying.

Remarkably, in the single-peaked regime, the off-peak
modes are noticeably more sensitive to variations in Q=M
than the peak modes, as indicated by their larger frequency
migration distances in the complex plane. This observation is
further supported by the upper-right and lower-right panels of
Fig. 1, which show that both the real and imaginary parts of
the peak-mode frequencies exhibit much weaker spectral
shifts compared to the pronounced changes of the off-peak
modes. Moreover, the migration rate δω, defined in
Supplemental Material [76], confirms that δω of the
off-peak modes is significantly higher than that of the
peak modes. It is also noteworthy that, near and within

the double-peaked regime, the fundamental peak mode
ðnp ¼ 0Þ remains spectrally stable, whereas its overtones
become increasingly unstable.
Furthermore, as Q=M increases, the imaginary part of

the off-peak modes decreases at a rate substantially faster
than that of the peak modes. This contrasting behavior
results in a level crossing, during which the fundamental
QNM—initially identified as the np ¼ 0 peak mode—is
overtaken by the no ¼ 0 off-peak mode. The QNMs at the
point of this overtaking are indicated by red triangles in the
complex frequency plane. Notably, this transition is accom-
panied by a clear discontinuity in the real part of the
fundamental QNM frequency and by the onset of destabi-
lization of the fundamental mode itself.
Figure 2 illustrates the spectral migration of the QNM

spectrum as Q=M varies for the l ¼ 2 case. Similar to the
l ¼ 10 case discussed earlier, the spectrum in the single-
peaked regime consists of two distinct families: the peak
modes and the off-peak modes, between which a funda-
mental QNM overtaking occurs. However, a notable differ-
ence arises for l ¼ 2: the residual influence of the potential
valley, a remnant of the double-peaked structure, exerts a
much stronger effect on the QNMs in the single-peaked
regime. This enhanced influence renders the np ¼ 2 over-
tone of the peak-mode family spectrally unstable, resem-
bling the behavior of the off-peak modes. In contrast, the
np ¼ 0 and np ¼ 1 peak modes remain spectrally stable,
provided that Q=M stays sufficiently far from the range
associated with the double-peaked Veff . Moreover, in the
double-peaked regime, the potential valley is considerably
shallower in the l ¼ 2 case, so that only a single off-peak
mode, no ¼ 0, forms a quasibound state trapped within the
valley.

FIG. 1. QNM spectrum of the scalar field with l ¼ 10 for hairy BHs with varying charge-to-mass ratioQ=M. Diamonds and plus signs
denote the peak and off-peak mode families, respectively. Left: QNM trajectories in the complex-frequency plane, with the color bar
indicating Q=M. Blue triangles mark the transition between the single-peaked and double-peaked regimes of Veff ; the portions below
and to the left of these triangles correspond to the single-peaked regime, where the off-peak modes show much larger spectral migration.
Upper right: ω2

R as a function of Q=M, together with representative profiles of Veff . The cyan-shaded region denotes the double-peaked
regime. Lower right: Imaginary parts of the QNM frequencies. The white and green regions indicate where the fundamental QNM
belongs to the peak and off-peak families, respectively, and red triangles mark the overtaking event.
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QNM extraction. We now examine how spectral (in)
stability affects time-domain QNM extraction. We focus
on two representative cases: Q=M ¼ 1.04436 with l ¼ 10,
where the peak modes are much more spectrally stable and
a fundamental-mode overtaking occurs, and Q=M ¼
1.03507 with l ¼ 2, where the stability gap between the
two families is smaller.
To obtain the scalar field waveforms, we numerically

solve the wave equation (4) in the time domain, using a
Gaussian pulse located near the potential peak as the initial
data. The numerical integration procedure and the resulting
waveforms are presented in Supplemental Material [76]. At
late times, the waveform decays as a linear combination of
exponentially damped sinusoids, whose frequencies and
damping rates can be extracted by fitting the signal with an
N-mode template,

ψðtÞ ¼ Re
XN−1

n¼0

Ane−iðωnt−ϕnÞ; ð7Þ

where An and ϕn denote the amplitude and phase of the nth
mode, respectively.
We employ two fitting schemes for QNM extraction:

(i) Strong (agnostic) fit model: All parameters fAn;ϕn;ωng
are treated as free, and we use the NonlinearModelFit
function in Mathematica to determine them. The extracted
QNM frequencies can serve as an independent cross-check
of the frequency-domain results. (ii) Weak fit model: The
frequencies are fixed, and the notation ðNp;NoÞ specifies the
number of modes selected from the peak and off-peak
families, respectively. Only fAn;ϕng are treated as fitting
parameters, and the fitting is performed using the
LinearModelFit function in Mathematica. The resulting
amplitudes quantify the relative contributions of each
QNM to the time-domain signal. Both fitting models are
applied over the time window ½t0; tpeak þ 300M�, where the

start time t0 varies within ½tpeak; tpeak þ 300M�, and tpeak
denotes the time corresponding to thewaveform’s maximum
amplitude. If the waveform accurately follows the QNM
model, a stable plateau region emerges in which the fitted
parameters remain nearly constant across a range of start
times [31,90]. More details regarding the weak fit model are
provided in Supplemental Material [76].
Figure 3 presents the fitting results for the case Q=M ¼

1.04436 with l ¼ 10, where the waveform is analyzed using
the strong fit model with three QNMs and the weak fit model
with ðNp;NoÞ ¼ ð3; 1Þ. The left panel shows the QNM
frequencies extracted from the strong fitmodel in the complex
plane, with dots of varying shades representing results
obtained at different start times. For reference, diamonds
and plus signs indicate the frequency-domain QNMs belong-
ing to the peak and off-peak families, respectively. Within
13≲ ðt0 − tpeakÞ=M ≲ 26, the first three peak modes are
successfully extracted, and their frequencies exhibit good
agreement with the frequency-domain results. Furthermore,
as shown in the upper-right panel, the extracted amplitudes
display a clear plateau as functions of t0, providing additional
confirmation of the robustness of the fitting.
However, the strong fit model fails to extract the off-peak

modes from the waveform, indicating that the peak modes
dominate the QNM contribution to the time-domain signal.
To assess the influence of the off-peak modes, we apply the
weak fitmodel using then0 ¼ 0 off-peakmode togetherwith
the first three peak modes. The extracted amplitudes are dis-
played in the lower-right panel, where an amplitude plateau
for all four modes appearswithin the range 12≲ ðt0 − tpeakÞ=
M ≲ 16. Notably, the amplitude of the n0 ¼ 0 off-peakmode
is approximately Oð10−4Þ smaller than those of the peak
modes, further confirming that the off-peak modes make a
negligible contribution to the time-domain signal.
Figure 4 presents the fitting results for the case l ¼ 2

with Q=M ¼ 1.03507, where the waveform is analyzed

FIG. 2. QNM spectrum of the scalar field with l ¼ 2 for hairy BHs. Compared with the l ¼ 10 case, the remnant of the double-peaked
structure has a stronger effect in the single-peaked regime, making the np ¼ 2 peak-mode overtone spectrally unstable while leaving the
np ¼ 0 and np ¼ 1 modes stable away from the double-peaked regime.
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using the strong fit model with two QNMs and the weak fit
model with ðNp;NoÞ ¼ ð2; 2Þ. The left panel shows the
QNM frequencies extracted from the strong fit model in the
complex plane, with dots and crosses representing results
obtained from early-time windows 9≲ ðt − tpeakÞ=M ≲ 23

and late-time windows 60≲ ðt − tpeakÞ=M ≲ 80, respec-
tively. For early-time windows, only the peak modes are
successfully extracted, indicating that the early portion of
the waveform is dominated by these modes. Using the weak
fit model with the first two peak and off-peak modes, we
find that the extracted amplitudes exhibit a clear plateau
around ðt − tpeakÞ=M ∼ 25, as shown in the lower-right
panel. The amplitudes of the n0 ¼ 0 and n0 ¼ 1 off-peak
modes are approximately Oð10−3Þ and Oð10−1Þ smaller
than those of the peak modes, respectively. For late-time
windows, the strong fit model captures both the np ¼ 0

peak mode and the no ¼ 0 off-peak mode, which are the
two slowest-decaying QNMs and thus dominate the late-
time waveform. The upper-right panels further show that
the np ¼ 0 peak mode provides the most significant
contribution to the late-time signal.

Conclusions. In this Letter, we studied the QNM spectrum
of a test scalar field on hairy BH backgrounds using both
frequency- and time-domain methods. As Q/M increases,
the effective potential changes from a single-peaked to a
double-peaked profile. The secondary barrier introduces an
additional scale associated with the potential valley. We
found that its residual imprint persists even in the single-
peaked regime, producing a spectrally unstable off-peak
family, while the peak modes localized near the potential
maximum remain much more spectrally stable.

FIG. 4. QNM fitting results for Q=M ¼ 1.03507 and l ¼ 2. Left: Frequencies extracted from the two-mode strong fit. Dots and
crosses denote early and late fitting windows, respectively. The early signal recovers only peak modes, while the late signal also recovers
the no ¼ 0 off-peak mode. Upper right: Corresponding strong-fit amplitudes. Lower right: Weak-fit amplitudes for ðNp;NoÞ ¼ ð2; 2Þ,
showing that the off-peak contributions are suppressed by Oð10−3Þ–Oð10−1Þ relative to the peak modes.

FIG. 3. QNM fitting results for Q=M ¼ 1.04436 with l ¼ 10. Left: Frequencies extracted from the three-mode strong fit as the start
time is varied. The color bar indicates the start time. Diamonds and plus signs denote the frequencies of the peak and off-peak families
computed in the frequency domain, respectively. Only the peak modes are reliably recovered. Upper right: Corresponding strong-fit
amplitudes. Lower right: Weak-fit amplitudes for ðNp;NoÞ ¼ ð3; 1Þ, showing that the off-peak contribution is suppressed by Oð10−4Þ
relative to the peak modes.
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We then extracted QNMs from time-domain signals for
l ¼ 10 and l ¼ 2. In the l ¼ 10, the waveform remains
dominated by the spectrally stable peak modes even when
the fundamental QNM is overtaken by the off-peak family,
whose contribution is negligible. For l ¼ 2, the smaller
spectral-stability gap enhances the off-peak contribution,
allowing the no ¼ 0 off-peak mode to be recovered at
late times.
Our results show that, when distinct QNM families

coexist, the spectrally more stable family can dominate
the ringdown waveform, while the less stable family
remains subdominant, with its suppression increasing
with the stability gap. This provides a concrete time-
domain link between spectral stability and observational

dominance, supporting the robustness of black hole
spectroscopy.
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