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We assess dataset agreement and late-time predictive adequacy in A cold dark matter (ACDM) and its
sign-switching extension, A;CDM, using a suite of Gaussian and exact non-Gaussian consistency
diagnostics. Both models are constrained with cosmic microwave background (CMB) measurements
from Planck, Atacama Cosmology Telescope, and South Pole Telescope, baryon acoustic oscillation
(BAO) data from Dark Energy Spectroscopic Instrument Data Release 2, and low-redshift Type Ia
supernova data from Pantheon Plus + SHOES. We find that commonly used Gaussian tension metrics can
significantly overstate inconsistencies when broad, non-Gaussian posteriors are combined with tightly
constrained datasets. In contrast, the exact non-Gaussian parameter shift indicates excellent consistency
between the full CMB and BAO observations in both models. The A;CDM extension modestly improves
geometric compatibility at intermediate redshifts, although reductions in parameter-level tension do not
necessarily imply improved predictive consistency. These results highlight the importance of exact, non-
Gaussian, and predictive diagnostics for robust assessments of cosmological model consistency.
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I. INTRODUCTION

In the past twenty-five years, the amount and precision
of cosmological data have increased significantly. The
wide range of independent early- and late-Universe probes
constrains correlated cosmological parameters with un-
precedented accuracy. Multiple independent probes [1],
observations of the cosmic microwave background (CMB)
anisotropies [2-5], baryon acoustic oscillations (BAOs)
[6-10], Type Ia supernovae (SNe Ia) [11,12], and weak
gravitational lensing [13-18] collectively establish the
spatially flat six-parameter A cold dark matter (ACDM)
model as a remarkable successful baseline description of
the Universe on large scales and confirm the accelerated
expansion of the Universe. The standard ACDM model is
identified with a cosmological constant, corresponding to a
constant equation of state w = —1. Despite its remarkable
success in describing a wide range of cosmological obser-
vations, the physical origin of dark energy remains as one
of the most preferred puzzles in modern physics [19-22].
Again, when the predictions of ACDM are compared with
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late-time data, a number of enduring tensions have arisen as
the accuracy of cosmological observations has gradually
increased over time. One of the most urgent issues in
modern cosmology is the difference between early- and
late-Universe estimates of the Hubble constant H,,, which
is still statistically significant at the level of ~5-7¢. The
measurement of the present-day expansion rate, i.e., the
Hubble constant Hy), is one of the fundamental yet debated
aspects of modern cosmology. Discrepancies in the mea-
surements of H( from the early Universe (e.g., CMB) and
late Universe (e.g., SNe Ia and BAO) have led to the
Hubble tension [4,23-30]. This has motivated a rich
spectrum of theoretical extensions beyond the ACDM
model, refer to [30-35] and the references therein.
Among these proposals are models in which the vacuum
energy density deviates from strictly constant behavior at
late times. Sign-switching or transitional vacuum energy
scenarios, inspired by the graduated dark energy framework
[36] and related phenomenological considerations, enable
the effective cosmological constant to grow from a negative
value at earlier epochs to a positive value at later eras. Such
models, like the A,CDM model, are one of the concrete
realizations of the idea, in which the cosmological constant
experiences an abrupt sign change at a characteristic tran-
sition redshift z;. This model has already been proposed
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and investigated in the literature [37-39], and it has been
demonstrated to partially alleviate various late-time anoma-
lies, notably tensions in H, and Sg, while remaining
consistent with early-Universe observables.

In the present work, we aim to provide a detailed and
systematic assessment of the statistical consistency of the
A,CDM framework when constrained using current cos-
mological datasets. As precision improves, it has become
increasingly clear that apparent tensions between datasets
can depend sensitively on the statistical tools used to
quantify them. In particular, Gaussian approximations to
posterior distributions can be misleading when posteriors
are non-Gaussian, highly correlated, or when one dataset
provides substantially weaker constraints than another
[40,41]. In such cases, simple comparisons based on
parameter means and covariances may overstate or mis-
characterize the degree of inconsistency between datasets.

To address these issues, we adopt a comprehensive suite
of dataset consistency diagnostics discussed in Sec. V. In
addition to standard parameter shift estimators based on
differences in posterior means (DM (difference in mean))
and their updated variants (UDM (updated difference in
mean)), we consider goodness-of-fit-based statistics, such
as the difference in maximum a posteriori values (DMAP
(difference in maximum a posteriori)). We also employ the
exact non-Gaussian parameter shift statistic, which is
explicitly designed to remain valid in the presence of non-
Gaussian posterior shapes. Complementing these param-
eter space diagnostics, we perform posterior predictive
consistency (PPC) tests [42,43]. Posterior predictive dis-
tributions (PPDs) have also been used to assess the internal
consistency of cosmological probes. For example, Dark
Energy Survey collaboration applied PPD-based tests to
evaluate the mutual consistency of different probes in their
joint cosmological analysis [44]. This combination of
methods allows us to disentangle genuine physical incon-
sistencies from artifacts arising from posterior geometry or
dataset dominance. However, we restrict the PPC analysis
to the low-redshift observables (Hg,u) for clarity and
interpretability. The main motivation is the late-time
Hubble tension, for which a one-dimensional PPC on H,,
is the most direct predictive test. Furthermore, the low-
redshift distance modulus x(z = 0.01) serves as a compact
proxy for supernova distance information at the calibration
end of the distance ladder, enabling a supplemental dis-
tance-based check without the difficulty of fully duplicating
supernova datasets [42]. This targeted method allows us to
determine whether models calibrated using CMB+large-
scale structure data can accommodate both local expansion
rate and nearby distance limitations.

By applying this multipronged statistical analysis to both
ACDM and its sign-switching extension A;CDM, we
hope to clarify to what extent reported tension alleviations
in the literature correspond to genuine improvements in
predictive adequacy, rather than changes in parameter

volume or posterior shape. This work establishes a reliable
standard for evaluating late-time extensions of ACDM
using present cosmological data.

The paper is organized as follows. In Sec. II, we outline
the cosmological framework adopted in this work and
describe the ACDM model together with its sign-switching
extension, A(CDM. Section III summarizes the observa-
tional datasets used, including CMB measurements from
Planck, Atacama Cosmology Telescope (ACT), and South
Pole Telescope (SPT), BAO constraints from Dark Energy
Spectroscopic Instrument (DESI) Data Release 2 (DR2),
and low-redshift supernova data from Pantheon Plus +
SHOES (PPS). In Sec. IV, we detail the statistical meth-
odology and consistency diagnostics employed to quantify
the agreement of the dataset. Section V presents the results
of the tension metrics and posterior predictive consistency
tests for both models. Finally, Sec. VI discusses the
implications of our findings, and Sec. VII summarizes
the main conclusions.

II. COSMOLOGICAL FRAMEWORK AND
MODELS

We work within the standard relativistic framework
of cosmology, assuming a homogeneous and isotropic
universe described by the Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime [19,45,46]. The cosmic expan-
sion in the FLRW metric is governed by FEinstein’s field
equations [47], which reduce to the Friedmann equation in
a spatially flat universe (with ¢ = 1) as

87G
= Tptot’ ( 1 )

HZ
where H is the Hubble expansion rate, and p,, denotes the
total energy density of the cosmic fluid, including baryonic
matter, cold dark matter, radiation, and a cosmological
constant or dark energy, also represented as A.

It is convenient to express the expansion rate in terms of
redshift as

HZ(Z> = H% [Ser(1 +Z)4 + QmO(l +Z)3 +QdeOf(Z)} ’ (2)

where Q, Q9. and Qg denote the present-day density
parameters of radiation, matter, and dark energy, respec-
tively, and the function f(z) encodes the redshift evolution
of the dark energy component [19,48]. For a cosmological
constant, corresponding to an equation of state, w = —1,
one has f(z) = 1(constant).

The standard ACDM model is obtained by identifying
dark energy with a constant A and assuming spatial
flatness. Despite its minimal assumptions, ACDM provides
an excellent description of a wide range of cosmological
observations, as stated in Sec. I. The model is convention-
ally specified by six parameters describing the physical
matter densities, the primordial perturbation spectrum, and
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the reionization history, and it assumes adiabatic initial
conditions and a standard neutrino sector [4].

The other model considered in this work is the A(\CDM
model. This model is a minimal extension of the standard
ACDM cosmology, introducing only a single additional
parameter, z;, at which the cosmological constant (A)
undergoes an abrupt sign switch [49]. All other standard
cosmological components, including baryons, cold dark
matter, prerecombination physics, and the inflationary
paradigm, remain unaltered. The sign-switching behavior
is motivated by recent conjectures, such as the graduated
dark energy framework [36], which suggests a transi-
tion in the nature or behavior of dark energy across
cosmic time. Motivated by recent observational tensions,
particularly in measurements of the Hubble constant
[50,51], the model introduces a phenomenological frame-
work where the vacuum energy density is negative in
the early Universe and becomes positive at z; ~ 2. This
transition phenomenologically resembles an AdS-to-dS
(anti—de Sitter to de Sitter) phase shift, a behavior that has
been discussed in various theoretical contexts, including
effective descriptions motivated by high-energy frame-
works [52]. In its simplest realization, the cosmo-
logical constant is modeled as an abrupt sign-switching
quantity [37,38,53],

A - As = Asosgn(ZT - Z)* (3)

where Ay >0 and sgn denotes the signum function,
implying that the cosmological constant switches sign
across the transition redshift z;. In the present work, we
focus explicitly on this abrupt sign-switching realization of
the A,CDM model [37-39,53,54]. It is important to note,
however, that the A,CDM scenario can be readily realized
within the vacuum metamorphosis cold dark matter frame-
work [55], where the background dynamics are well defined
over most redshift ranges, even though an exact description
across all redshifts is not possible in the abrupt limit. In this
broader context, smooth realizations of the sign transition
can be constructed, as discussed, for example, in [39]. See
Refs. [36-39,54,56-64] for explicit physical realizations of
both abrupt and smooth versions of this framework.

Throughout this work, ACDM serves as the reference
cosmology against which the statistical and physical
performance of A(CDM is evaluated. This enables us to
determine if the late-time sign-switching change enhances
the internal consistency of cosmological datasets without
sacrificing the standard ACDM framework’s empirical
success.

III. DATASETS

The datasets employed in this analysis are outlined

below
(1) Planck 2018: we use the full Planck 2018 temper-
ature and polarization measurements across both low

and high multipoles] [65]. The high-# likelihoods
include the Planck TT (temperature-temperature an-
gular power spectrum), TE (temperature-E-mode
polarization cross spectrum), and EE (E-mode polari-
zation auto spectrum) spectra, covering the ranges
30 <7 <2508 for TT and 30 < <1996 for TE
and EE. At large angular scales, we incorporate the
low-¢ temperature likelihood from Commander
(2 £ <£29) and the low-Z polarization likelihood
from SimAll (2 < Z < 29). Additionally, we include
the Planck lensing likelihood [66] based on the
spectral matching independent component analysis
reconstruction of the CMB lensing potential. These
combined datasets provide a comprehensive set of
temperature, polarization, and lensing constraints
across the full multipole range probed by Planck
[4,65,66]. The Planck dataset serves as the primary
anchor for our cosmological constraints.

(ii) ACT DR6: we use the ACT DR6 ACT-lite like-
lihood,2 which provides high-resolution TT, TE, and
EE measurements over approximately 40% of the
sky and extends the small-scale sensitivity beyond
Planck. In our analysis, we adopt the act dr6_
lenslike® configuration with multipole cuts of £, =
1000 for TT and & ,,x = 600 for TE and EE. These
data improve constraints in the damping-tail regime,
complementing Planck’s full-sky coverage with supe-
rior small-scale precision. The ACT-lite likelihood
focuses on small angular scales, thereby extending
the multipole range probed by Planck. The DR6 also
includes Plik-lite likelihood cut at £ > 1000 in TT,
and 7 > 600 in TE and EE [5,67].

(iii) SPT-3G: we use the SPT3G_DI1_TnE_lite_candl
likelihood* based on temperature and E-mode polari-
zation power spectra from the SPT-3G experiment.
The analysis employs the light compressed covari-
ance without CMB lensing, along with internal priors
and default data selection. This dataset complements
Planck by improving sensitivity to small-scale CMB
anisotropies, using publicly available TT, TE, and EE
band-power data from Refs.’ [68-70].

This combined compilation of aforementioned
CMB datasets is collectively referred to as the
CMB in forthcoming text. Along with the full CMB
dataset, two more datasets are used.

(iv) DESI DR2: we use BAO measurements from DESI
DR2, including galaxy, quasar, and Lyman-a forest
tracers across 0.295 <z <2.330, with distances
reported as Dy;/rq, Dy/rq, and Dy /ryq [71,72].

1http@ //github.com/benabed/clik.

https //github.com/ACTCollaboration/DR6-ACT-lite.

https //github.com/ACTCollaboration/act_dr6_lenslike.

https //github.com/SouthPoleTelescope/spt_candl_data/tree/
main.

5https://pole.uchicago.edu/public/data/.
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(v) PPS: we use the recently released Pantheon Plus
compilation of SNe Ia. This release allows for the
inclusion of low-redshift Cepheid calibration data
from SHOES collaboration, which play a key role in
the absolute calibration of SNe Ia and are, therefore,
directly relevant to studies of the Hubble tension.
For clarity, we refer to this combined dataset as PPS.
The Pantheon Plus sample contains 1,701 SNe Ia
spanning the redshift range 0.0012 < z < 2.26, as
presented in® [23].

IV. METHODOLOGY

We employ multiple consistency diagnostics because
Gaussian tension measures can be biased by posterior
non-Gaussianity and dataset dominance. The exact non-
Gaussian shift and PPC analysis’ [43] provide robust cross-
checks that quantify genuine parameter space inconsistency
and predictive adequacy, respectively. We restrict the PPC
analysis to H, and a low-redshift distance-modulus proxy
u(z =0.01) because these observables directly probe
the late-time expansion history and encapsulate the dominant
information relevant to the Hubble tension. Including higher-
dimensional or early-Universe observables in the PPC would
largely reproduce the constraints already imposed by the
CMB likelihoods and would, therefore, not provide an
independent test of late-time predictive adequacy. Now, in
order to perform the Markov chain Monte Carlo (MCMC)
analysis for both ACDM and A;CDM, we use the cosmic
linear anisotropy solving system (CLASS) Boltzmann solver
[73]. For the standard ACDM model, the publicly available
CLASS implementation is employed.® For the A,CDM
scenario, we modify the CLASS background module to
implement a nonclustering, sign-switching cosmological
constant. In this framework, in addition to the six baseline
ACDM parameters, we introduce a new parameter z, which
denotes the redshift at which the effective cosmological
constant changes sign. Specifically, the cosmological con-
stant is negative at early times and positive at late times,
corresponding to an AdS-like and a dS-like effective back-
ground evolution, respectively. The choice of the cosmo-
logical constant in the A;,CDM model modifies only the
homogeneous background expansion history and assumes
that dark energy does not cluster. The step function behavior
serves as a simplifying approximation to a rapid but
continuous sign transition. With this modification, the
Friedmann equation takes the form

H?(2)
Hj

= Q14 2)* + Quo(1 + 2)* + Q) osgn(zs — 2),

4)

6https:// github.com/PantheonPlusSHOES/DataRelease.
7https ://github.com/sfeeney/hh0.
8https:// github.com/lesgourg/class_public.

where €, €, and Q, o denote the present-day density
parameters for radiation, matter, and the sign-switching
cosmological constant, respectively. All present-day density
parameters retain their standard definitions, with the critical
density given by p.o = 3H3/(872G) and

Qo = pﬁ, Qpo = PAD, (5)

Pco Pco Pco

On subhorizon scales, since dark energy perturbations
are neglected, the growth of matter density perturbations
remains governed by the standard equation

6+ 2H5 — 47xGpd = 0, (6)

ensuring that structure formation is affected only indirectly
through the modified background expansion [74-76].

The MCMC chains generated using this modified
CLASS implementation are subsequently analyzed using
the Tensiometer’ framework to quantify dataset con-
sistency and statistical tensions [41]. The cosmological
constraints are obtained by running MCMC simulations
using the CLASS Boltzmann solver interfaced with the
MONTEPYTHON framework.'® We explore the full parameter
space of both the ACDM and A;CDM models using the
Metropolis-Hastings sampling algorithm [77]. The con-
vergence of the chains is verified using the Gelman-Rubin
criterion, R — 1 < 0.01 [78,79]. We perform independent
MCMC analyses for the three datasets employed in this
work: CMB, DESI DR2, and PPS. The resulting posterior
samples are used to compute a range of statistical tension
metrics, including the parameter difference (DM), update
difference in mean (UDM), maximum a posteriori differ-
ence (DMAP), the exact non-Gaussian parameter shift, and
the PPC consistency test. The tension metrics are evaluated
using the Tensiometer package, which operates directly
on the MCMC chains. The analysis is performed on the full
shared parameter set to assess the robustness of Gaussian
approximations. We additionally evaluate the effective
number of constrained parameters and goodness-of-fit
statistics [80] to diagnose posterior non-Gaussianities
and dataset dominance effects, ensuring that apparent
tensions are not driven by mismatched posterior shapes.
We do not perform a separate prior-only MCMC run. All
tension metrics are computed directly from the posterior
chains obtained from the data analyses, assuming standard,
weakly informative priors on the sampled parameters. Since
our analysis focuses on posterior-level dataset consistency
rather than prior-posterior volume effects, a dedicated prior-
only chain is not required. We adopt uniform (flat) priors on
the full set of cosmological parameters: the physical baryon
density w, €[0.018,0.024], the physical cold dark matter

9https ://github.com/mraveri/tensiometer.
1Ohttps:// github.com/brinckmann/montepython_public.
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density w, €10.10,0.14], the angular size of the sound
horizon at recombination parametrized by 1006, €
[1.03,1.05], the logarithmic amplitude of the primordial
scalar power spectrum In(10'°A,) €[3.0,3.18], the scalar
spectral index ng €[0.9, 1.1], the optical depth to reioniza-
tion 7., € [0.04,0.125], and the additional redshift param-
eter z; € [1, 3]. All prior ranges are chosen to be sufficiently
large to ensure that the resulting parameter constraints are
dominated by the data rather than by prior volume effects.

V. STATISTICAL ANALYSIS AND RESULTS FOR
VARIOUS TENSION METRICS

In this section, we describe the different tension metrics
and present the results of our analysis. The datasets
compared are CMB, DESI DR2, and PPS for the two
models, ACDM and A,CDM. Before presenting the final
results and discussion, we first summarize the general
behavior and results of all the metrics.

A. Rule of thumb

This section describes the different tension metrics, as
proposed by [40,81], on the basis of Bayesian inference.
The metrics are discussed based on the posterior distribu-
tions P(9|D2 for model M, which is implemented in the
tensiometer.'' All the findings are reported in terms of the
effective number of standard deviation N, for a two-sided
Gaussian probability, described by [81] as

P—erf <%) (7)

where P is the likelihood of agreement or disagreement
across datasets. Furthermore, P = 1 — PTE [41], where PTE
is the probability to exceed a certain observed value of the
estimator Q noted as O for all different metrics, respectively.

In current cosmology, measurements from distinct data-
sets (for example, CMB vs. large-scale structure PPS)
might result in somewhat different values for the same
cosmological parameter, such as the Hubble constant.
Simple rules of thumb are often used to evaluate these
“tensions” before more robust statistical tests are performed
[28,82,83]. The thumb rule given in [82,84] states that in
order to compare two independent measurements of a para-
meter 6, just calculate the difference in their mean values,
normalized by the quadratic sum of their errors. Therefore,
the tension metric is given by

_ 16, -6
\/6% —1—0%

A value of T| more than 3¢ (standard deviations) generally
causes alarm and needs additional study into the data,

T (8)

"https://github.com/mraveri/tensiometer.

or underlying physics. Another way to determine if two
distinct datasets can be defined by the same set of cosmo-
logical parameters using their posterior distributions is
by determining various tension metrics, as discussed in
[41,81]. These essentially compare the odds of two distinct
statements: (1) the two datasets D; and D, are consistent,
i.e., they are defined using the same set of parameters, or
(2) the two datasets D; and D, are not consistent for the
given model, respectively.

B. Posterior means of two datasets in standard form

The difference between the posterior means of the two
datasets D (6) and D,(6) for the inferred parameters is
determined using the quadratic form, defined as [41,81]

Opm = (9D1 - 9132)TC_l (9D1 - 9D2)7 )

where C = Cp, + Cp, is the covariance matrix of

(9]3] — @Dz). 0, and C; are the mean and covariance matrix
on the parameter space for datasets D; and D,. With the
Gaussian choice of posterior distribution, the quadratic form
of Qpy follows a y? distribution with v = rank[Cp, + Cp ]
degrees of freedom (dof) [81], respectively.

According to Table I, the ACDM shows a weak to
moderate tension between DESI DR2 and CMB, consistent
with the moderate mean differences seen in Fig. 1(a).
From Table II, the strongest tension arises between the
joint CMB + DESI DR2 dataset and PPS, which means
the two datasets assume two different parameter values in
this model.

In the A,CDM model, DESI DR2 and CMB represent
the lowest tension among all analyses [Table III and
Fig. 2(a)]. The comparison between CMB + DESI DR2
and PPS yields an extremely large tension of 7.7¢, driven
primarily by the Gaussian approximation assumed in the
DM metric. We point out that although the Gelman-Rubin
criterion R — 1 <« 0.01 is satisfied, we reinforce that R is a

TABLE 1. Parameter shift consistency results for the ACDM
model using the CMB + DESI DR2 dataset combination in the
full shared parameter set. In the table below, UDM, refers to
UDM cmp-pEsipr2) and UDM, refers to UDM pgsipra—cmB)»
respectively. P is truncated to two decimals in the tables. PTE and
N, are the authoritative values.

Metric v o P PTE N,
DM 4 112 098 0.022 2.25
UDM; 2 45 09 0.1 1.6
UDM, 3219 099 67x107 398
DMAP 4 6.4 0.83 0.17 1.4
Exact parameter shift --- --- 097 0.026 2.2

Rule of thumb: Ng, =0.0914 Ng =2.00

Ny, =2495 N, = 05931
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Triangular plots for the ACDM model. Left: comparison between CMB (red), DESI DR2 (blue), and their combination

(black). Right: comparison between the combined CMB + DESI DR2 dataset (black), PPS (blue), and the full combination (red).
Diagonal panels show 1D posteriors, and off-diagonal panels show 68% and 95% contours.

necessary but not sufficient condition for full exploration,
particularly for extended cosmological models where
posteriors can be highly non-Gaussian and exhibit long
degeneracy directions. In such cases, multiple Metropolis-
Hastings chains may show small between-chain variance
(hence R ~ 1) while still mixing slowly along weakly
constrained directions, leading to residual Monte Carlo
noise visible in marginal/triangle plots. This behavior is
consistent with the observation that DESI DR2 in A,CDM
is comparatively less convergent and that DR2 alone
does not fully converge when used independently. To
ensure robustness of our results, we additionally verified
stability of the constraints with adequate -effective
sample sizes (ESSs) for the parameters. The bulk ESS

TABLE II. Parameter shift consistency results for the ACDM
model using the DESIDR2 + CMB + PPS dataset combina-
tion in the full shared parameter set. In the table below
UDM; refers to UDMcwme + pEsipr2—pps) and UDM, refers to
UDM pps—.cMmB + DESIDR2)» Tespectively. P is truncated to two
decimals in the tables. PTE and N, are the authoritative values.

Metric v QO P PTE N,
DM 4 398 1 46x10% 5.5
UDM, 2 12 045 06 058
UDM, 2 11.35 0.99 34x1073 292
DMAP 4 20 0.99 0.0005 35
Exact parameter shift - - <2x 1077 0999 >51

Rule of thumb: Ng, = 02678 Ng = 1.33

Np, = 56784 N, =3.7417

is ~6x10>—-8x 10> and tail ESS is ~I1.1 x10° -
1.4 x 103, indicating that medians and 68% C.1. are stable
to Monte Carlo error. The largest rank-split R we find is
~1.014 for w4y, consistent with mild residual slow mixing
but not affecting our results.

It is important to note that DM accounts for parameter
correlations, while the rule of thumb does not, leading to
different tension estimates [81].

C. Posterior means of two datasets in updated form

This quantity is referred to as the updated difference in
mean since it quantifies the differences in parameters of one
dataset D; and the joint dataset D1,, referred to as the UDM

TABLE III.  Parameter shift consistency results for the A,CDM
model using the CMB + DESI DR2 dataset combination in the
full shared parameter set. In the table below UDM; refers to
UDM (cvs—pEsipr2) and UDM, refers to UDM pgsipr2—cums)»
respectively. P is truncated to two decimals in the tables. PTE and
N, are the authoritative values.

Metric v o P PTE N,
DM 6 1.6 0.05 0.95 0.061
UDM;, 3 095 0.185 0.81 0.23
UDM, 4 0.33 0.0125 0.99 0.016
DMAP 6 298 0.19 0.81 0.24

Exact parameter shift --- e 0.66 034 095
Rule of thumb: Ng, =0.0328 Ng =0.50

Ny, =070 N, =0.133

Npy =075 Ng, =0.098

123538-6



STATISTICAL CONSISTENCY OF A SIGN-SWITCHING ...

PHYS. REV. D 113, 123538 (2026)

N CMB
I DESI-DR2
Il CMB+DESI-DR2

IS

Wedm
o o
e
N

Zt
1 G 1

Holkm/s/Mpc]
~
o
I ‘C T L
—

7~
LWEN

;g - Y R ———

< 140}
22 23 0.13 2 3 024 032 70 80 140 150
1072wy Wedm zt Qm  Holkm/s/Mpcl rqlMpc]

(@)

I CMB+DESI-DR2
. PPS
I CMB+DESI-DR2+PPS

0.18}
§ 0.16¢
3 0.14t

Zt
- N w

/|

m
o
w
v

%ozl Le ¥

751

Holkm/s/Mpc]

0 o T T -
e R
=

145} T 1 T

140

135}

%
hr

rqlMpcl

1 2 3 030037 70 75 135 145
Holkm/s/Mpc] rqlMpcl

22 23 0.15
102wy Wedm 2zt Qm

(b)

FIG. 2. Triangular plots for the A,CDM model. Left: comparison between CMB (red), DESI DR2 (blue), and their combination
(black). Right: comparison between CMB + DESI DR2 (red), PPS (blue), and the full combination (black). Diagonal panels show 1D
posteriors, and off-diagonal panels show 68% and 95% credible regions.

metric [41]. The updated difference in the mean quadratic
form is

Qupm = (éDl - éDlz)Tc_l (éDl - 9D12)’ (10)

where C = Cp, —Cp, is the covariance matrix of

(9]31 - 9]312). 9]312 and éDlz are the mean and covariance
matrix obtained from the statistical analysis with the joint
dataset D,.

All these quadratic forms are central and can be degene-
rate, depending on the covariance rank. For Gaussian
posteriors of both the datasets D; and D1,, Qupwm follows
a chi-squared distribution with rank v = rank[C‘Dl - CDI )
dof. The UDM statistic is directional in principle, as it
measures how much the updated dataset shifts the posterior
mean of the base dataset, and this depends on which dataset
plays each role [85]. It has applications in non-Gaussian
metrics.

In the ACDM model, updating CMB with DESI DR2
yields a weak tension of 1.60 and indicates a smaller shift,
whereas when DESI DR2 is updated with CMB, the
obtained tension increases to 3.98¢, which implies that
the CMB dataset is more consistent internally. According to
Eq. (10), the tension is higher if the mean shift is higher or
|Cp, — Cp,,| is small. Here, the covariance matrix is quite
small, and the posterior mean is non-negligible, making the
Q* estimator (or Qupy estimator) and corresponding N,
higher. Furthermore, UDM, in Table I has 3 effective
degrees of freedom. Since DESI DR2 alone is relatively
weak, CMB data add a lot of information and significantly

tighten three independent combinations of parameters. A
similar behavior appears with the PPS dataset. Updating
CMB + DESI DR2 with PPS gives a negligible tension of
0.580, while updating PPS with the combined data
increases the tension to 2.92¢. This asymmetric tension
arises because PPS has an extremely large posterior—it
covers almost the entire region of the combined dataset’s
posterior, and the updated dataset (CMB + DESI DR2)
forces PPS into a much narrower parameter region.

In the A,CDM model, we first consider the case of
CMB + DESI DR2. Updating CMB with DESI DR2
yields a tension of 0.23¢, while updating DESI DR2 with
CMB gives 0.0160, thus it substantially decreases. Both
tensions are negligible, consistent with Fig. 2(a), where the
contours overlap closely, with DESI DR2 appearing less
convergent. Next, we analyze the CMB + DESI DR2 and
PPS comparison. Updating CMB + DESI DR2 with PPS
gives a tension of 0.13¢, whereas updating PPS with the
combined dataset results in an extremely strong tension of
7.60, which means the posterior mean is dragged a long
distance, far beyond what PPS would “expect” statistically,
inducing tension in between the datasets. In this case, the
difference between the means of the two distributions
becomes significant.

D. Goodness-of-fit type test

Using this metric, we evaluate the difference of log-
likelihoods at the maximum a posteriori (MAP) point for
two datasets considered jointly and separately in statistical
analysis using the estimator defined in [41,81],
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QDMAP =-2 1H£12(9}72) + 211'151(0[1,) + 21In £2(9f,),
(11)

where 9; denotes the MAP parameters for dataset
i = (1,2,12). This statistic quantifies the loss in goodness
of fit when two independent datasets are combined [81].
The normalization factors of the likelihoods cancel for the
independent datasets, ensuring that Qpyap depends only
on the shape of the likelihood surfaces and not on their
absolute normalization. Therefore, the resulting value of
OpMmap Mmeasures how much statistical tension exists
between the two datasets. Under the assumption of

Gaussian priors, the distribution of Qpyap can be approxi-

mated as Opyiap ~ 1 (N gf) + Ng) - Ngfz ), where the sum

of N is the number of dof [81], and the effective number
of constrained parameters for each dataset is defined as

N = N - t[CHiC,.]. (12)

where N is the number of sampled parameters. Cp;
and C,; are the covariance matrices of the posterior
and prior distributions for the i datasets, respectively
[40,41,81,82,85,86]. Therefore, Qpymap serves as a useful
tool to measure how well the data fit the theoretical
predictions, though it does not provide a direct estimate
of the inconsistency between individual parameters. DMAP
cannot be compared to DM because, unlike DM, DMAP
does not take the covariance matrix into account.

In the ACDM model, for the joint CMB + DESI DR2
dataset, DMAP gives 1.4¢ tension, while FDESIDR2 +
CMB —+ PPS gives 3.4¢ tension, indicating that the broad
posterior of PPS pulls the best-fit value away from the
CMB + DESI DR2 solution. The results are in agreement
with Figs. 1(a) and 1(b). Since flat uninformative priors
are used, the effective degrees of freedom reported in
Tables [-IV correspond to the numerical rank of the
parameter difference covariance matrix and, therefore,
may be smaller than the total number of sampled para-
meters. We also point out that with bounded priors, N
depends on how much the posterior shrinks relative to those
bounds, thus, it will not be equal to the dimension.

In the A,CDM model, in Fig. 2(a), we can see that the
maximum of the joint posterior is located in the 16 contour
of the corresponding posteriors obtained considering only
one dataset. Similarly, in Fig. 2(b), we can see that the
maximum of the joint posterior is located in the 16 contour
of the CMB + DESI DR2 posterior, except for the H and
r, values, which lie in the 20 contour. Thus, this gives rise
to a mild tension, as quantified in Table IV. Both the
observations are in agreement with the results quantified in
Tables III and IV. Note that the tensions obtained in all the
above cases, for both models, remain lower than the H,,
tension estimated by the rule of thumb. This indicates that

TABLE IV. Parameter shift consistency results for the A,CDM
model using the NDESIDR2 + CMB + PPS dataset combi-
nation in the full shared parameter set. In the table below
UDM,; refers to UDM(cwmg + pEsiDrR2—pps) and UDM, refers to
UDMpps—.cmB + DESIDR2)> Tespectively. P is truncated to two
decimals in the tables. PTE and N, are the authoritative values.

Metric v QF P PTE N,
DM 6 774 1 1.24 x 107 7.7
UDM;, 3 06 0.103 0.9 0.13
UDM, 3 67.59 1 1.40 x 1071% 7.6
DMAP 6 15.7 0.98 0.015 2.42
Exact parameter shift - - - <2x1077 0999  >5.1

Rule of thumb: Ng, =0.0378 Ng_ = 1.1430
Ny, =3.9508 N, =2.8155

Npi = 09159 Ng, =2.7893

the overall tension decreases when the full shared param-
eter space is taken into account.

It is important to point out that in our analysis, we adopt
weakly informative uniform priors over ranges that are sub-
stantially broader than the final posterior support. Because
the posterior distributions are strongly data-dominated
within these bounds, prior volume effects are subdominant
for the primary tension estimators. That said, we emphasize
that N should not be interpreted as the literal dimension-
ality of the parameter space, but as a measure of posterior
contraction relative to the adopted prior domain. Moreover,
due to the fact that the priors are chosen to be sufficiently
broad and encompass regions far beyond the posterior
bulk, the resulting N values primarily reflect data-driven
constraints. Thus, while prior-only chains could in princi-
ple refine the interpretation of N, their omission does not
affect the parameter shift or posterior predictive conclu-
sions presented here. The core tension diagnostics are
computed directly from posterior samples and remain
robust under variations of prior width within reasonable
bounds.

E. Exact parameter shift in non-gaussian metrics

To robustly quantify dataset consistency, we employ the
non-Gaussian exact parameter shift statistic introduced
in [81] and further used in [40]. This method evaluates
the parameter difference probability density P(A#), where
Af = 60, — 0, is the difference between the means of
the posterior parameters that correspond to datasets 1/2.
The general expression for two uncorrelated datasets is
given by [41]

P(A6) = / PA(0)Py(0 — AG)dO. (13)

The probability to identify tension or statistical significance
of the shift is calculated corresponding to the probability
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that the parameter shift exceeds zero, A@ = 0. Therefore,
A= P(26)>P(0) P(A@)dA@. Here, the assigned probability
to identify the tension is P = A [41] and the equivalent N,,
is calculated by inverting Eq. (7). Unlike Gaussian tension
metrics, which rely on linear approximations and can be
highly biased by skewed results, the non-Gaussian exact
parameter shift metric incorporates the full parameter space
structure and asymmetric support to produce a conservative
and model-independent measurement of tension. In prac-
tice, the probability A is estimated numerically from
Monte Carlo samples of the shift distribution. Since the
estimator is based on a finite number of samples, cases in
which no samples fall below the no-shift density corre-
spond to an upper bound on A rather than a vanishing
probability. In such cases, we report conservative bounds
using a count-based estimator, A ~ (k + 1)/(n + 1), where
k is the number of samples with density lower than P(0) out
of n total test samples. This procedure avoids numerical
artifacts and ensures a well-defined finite-sample interpre-
tation of the shift significance.

In Tables I and I, it is clearly seen that for the CMB and
DESI DR2, the values of the non-Gaussian exact parameter
shift and that of Q* for the DM metric are almost similar,
indicating very small tension between the dataset combi-
nations. Also, the lower values of DM in A;CDM indicate
that the model agrees more between shared space datasets.
Again, in Tables II and IV, in earlier Gaussian and update-
based metrics, the apparent tensions involving PPS appear
exaggerated due to extreme posterior broadness and co-
variance compression. However, when applying the exact
non-Gaussian parameter shift with finite-sample control,
we find that the no-shift point lies in a very-low-density
region of the shift distribution. Using batched Monte Carlo
estimation totaling 5 x 10° test samples, we find zero
samples with density lower than the no-shift point, imply-
ing a conservative bound pg;; < 2 x 1077, corresponding
to ognire = 5.1. As a result, this indicates that the posteriors
occupy disjoint regions of parameter space once their full
non-Gaussian structure is accounted for. As an independent
Gaussian cross-check, we also compute the Mahalanobis
distance [87—-89] d,; of the shift distribution and obtain
dy ~5.12, consistent with a substantial joint displacement
in the correlated parameter space. Also, this bound is
stable under variations of the Kernel density estimation
bandwidth by a factor of 4 (0.5-2.0), indicating that our
result is not driven by smoothing choices or numerical
artifacts.

To clarify the relationship between Gaussian and exact
non-Gaussian tension estimators, we emphasize that agree-
ment or disagreement between these metrics depends
sensitively on the geometry of the posterior distributions
in the shared parameter space. Gaussian estimators such as
DM and UDM approximate the shift between datasets
using only the first two moments of the posterior, implicitly
assuming local quadratic behavior of the log-likelihood

around the posterior mean. This approximation can mis-
represent tension when posterior distributions are highly
skewed, nonelliptical, truncated by priors, or dominated by
one dataset.

For the CMB + DESI DR2 comparison, both Gaussian
and exact non-Gaussian parameter shift statistics yield
consistent results, indicating substantial posterior overlap.
This agreement arises because both posteriors are compact
and approximately elliptical in the shared parameter sub-
space, such that the quadratic approximation remains valid.
On the other hand, when comparing CMB + DESI DR2
with PPS, Gaussian estimators yield large apparent ten-
sions, and the exact non-Gaussian shift confirms that the
no-shift point lies in a region of extremely low probability
density. The agreement between Gaussian and exact esti-
mators in this case does not contradict our earlier caution
regarding Gaussian metrics. That said, it reflects the fact
that the dominant effect is not posterior skewness alone,
but a genuine displacement of high-probability support in
correlated parameter directions.

F. Posterior predictive consistency tests

The posterior predictive distribution describes the prob-
ability distribution of future or replicated data conditioned
on the observed data through the posterior over model
parameters [44,90,91]. Formally, it is defined as

p(rly) = / PO p@)de,  (14)

where y™P denotes data that could be generated under the
model, y represents the observed data, and 0 is the set of
model parameters [90,91]. The integrand consists of the
sampling distribution for the replicated data conditioned on
the parameters and the posterior distribution of the param-
eters given the observed data. This construction provides a
way to assess model adequacy: if a model offers a good
description of the observed data, then replicated data drawn
from the posterior predictive distribution should resemble
the observations. Consequently, model checking can be
performed by generating replicated datasets and comparing
them to the observed data using suitable discrepancy mea-
sures. To quantify this comparison, one may define a test
statistic 7'(y) that captures a relevant feature of the data, and
evaluate the same statistic 7(y"P) on the replicated data. A
Bayesian posterior predictive p-value is then given by

Pppec = Pr [T(yrep) 2 T(y)b)] ’ (15)

which represents the probability that the test statistic
computed from replicated data exceeds that obtained from
the observed data [42,91,92]. Values of Pppe close to zero or
unity indicate a potential mismatch between the model and
the observed data, while values near the middle of the unit
interval suggest adequate model consistency.
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In this work, PPC tests are performed for both the
ACDM and A,CDM models using posterior samples
obtained from CMB and DESI DR2 and large-scale
structure data. From each posterior draw, replicated observ-
ables are generated for the Hubble constant H, and a low-
redshift supernova distance modulus u(z) evaluated at
z = 0.01. To quantify discrepancies, we consider multiple
statistics: a one-dimensional statistic for H,, a correspond-
ing statistic for y, a joint y? statistic constructed from
(Hg,u), and a maximum joint discrepancy statistic
designed to capture worst-case deviations. Posterior pre-
dictive p-values are computed as the fraction of repli-
cated discrepancies exceeding the observed value, with
Monte Carlo uncertainties estimated from repeated draws.

For the ACDM model, the PPC analysis reveals a severe
inconsistency with the local measurement of the Hubble
constant. The posterior predictive distribution yields a
Planck-like expansion rate, and the observed value H, =
73.04 4 1.04 kms~! Mpc~! [24] lies deep in the tail of the
predictive distribution (refer to Fig. 3), resulting in
Pppe(Ho) =5 % 1073, This inconsistency is reinforced by
the joint statistics, for which both the joint y? and maximum
discrepancy yield ppp. =5 X 1073, These results indicate
that the observed combination of expansion rate and
distance information is highly atypical under ACDM. In
contrast, the low-redshift supernova distance modulus is
well reproduced, refer to Fig. 3, with pppc(,u) ~ (.81,
demonstrating that the tension does not originate from
supernova distance calibration or luminosity systemat-
ics alone.

However, introducing the sign-switching cosmological
constant in the A(CDM model leads to a modest but
systematic shift in the posterior predictive distributions
toward higher values of H,. Quantitatively, this manifests
as an increase in the joint posterior predictive p-value to

Te' =4 x 107, indicating partial alleviation of the ten-
sion relative to ACDM. Nevertheless, the observed H

Posterior predictive: Hg™

Posterior predictive: u™P(z=0.01)

remains in the tail of the predictive distribution, and the
joint discrepancy statistics continue to signal a statistically
significant inconsistency. Importantly, the A;CDM model
preserves consistency with the low-redshift supernova
distance observable, showing that the extension does not
compromise the successful distance predictions of the
standard model.

The corresponding PPC figures further illustrate this
behavior. From Fig. 4, it is clear that the H, observed
residual histogram is sitting around a large positive value,
while the observed vertical line is far out in the tail. This
means that ACDM predicts a lower value of H, than what
is observed. Similarly, in Fig. 5, the observed residual H,,
still lies in the far tail, but the histogram peak appears
slightly closer to what was observed for ACDM, indicating
partial alleviation. Thus, A;CDM shifts the late-time
behavior enough to move predictions modestly toward
the local H,, but the observed H, remains an outlier.

In Figs. 6 and 7, we can see that in both cases the
observed vertical line is far to the right, showing that the
data generate a discrepancy far larger than what ACDM
typically predicts. However, for A;CDM, the maximum
discrepancy is less extreme than in ACDM. This is
consistent with some improvement: A(.CDM reduces the
most severe inconsistency but does not remove it.

Again, from the replicated distributions shown in Figs. 3
and 8 for the ACDM and A;CDM models, it is clearly seen
that H;" is centered around a Planck-like value, with the
observed value lying in the extreme right tail of the
distribution. The replicated x'P distribution is tightly
centered near the observed value, with the observed line
lying well within the bulk. In addition, the replicated joint
chi-squared distribution is heavily weighted toward low
values, while the observed joint statistic lies far to the right,
showing that the combined mismatch is very unlikely under
ACDM. Similar behavior is seen in the A;CDM replicated
distributions, however, the joint chi-squared remains incon-
sistent, though the discrepancy is visually less stark than

Replicated joint chi-square
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FIG. 3. Posterior predictive replicated distributions for ACDM showing Hy, u(z = 0.01), and the joint y? statistic. Replicated values

are generated from posterior samples, and vertical lines mark the observed quantities.
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FIG. 4. Posterior predictive residual distributions for the ACDM model. Histograms show replicated discrepancies in H, and
u(z =0.01) generated from posterior samples constrained by CMB and DESI DR2 data. The vertical line denotes the observed

value in each case.
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FIG. 5. Posterior predictive residual distributions for the A;CDM model. Histograms show replicated discrepancies in H, and
u(z =10.01) derived from posterior samples constrained by CMB and DESI DR2 data. Vertical lines denote the observed values.

Replicated max-residual discrepancy

0.7

0.6

0.5

0.4

Density

0.3 1

0.2 1

0.1 1

0.0 T T T T

Tjoint, max

FIG. 6. Posterior predictive distribution of the maximum joint
discrepancy statistic for ACDM. Replicated values are obtained
from posterior draws, and the vertical line indicates the observed
statistic.
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FIG. 7. Posterior predictive distribution of the maximum joint
discrepancy statistic for A(CDM. Replicated values are computed
from posterior draws, with the observed statistic indicated by the
vertical line.
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Posterior predictive: Hy?

Posterior predictive: u™P(z=0.01)
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FIG. 8. Posterior predictive replicated distributions for A,CDM showing H,, u(z = 0.01), and the joint y? statistic. Replicated

samples are generated from the posterior, and vertical lines indicate the observed values.

in ACDM. Thus, while the replicated distributions for u
encompass the observed value, the observed H|, and joint
discrepancy statistics consistently lie far outside the bulk of
the posterior predictive distributions.

Overall, the PPC diagnostics demonstrate that while
A,CDM softens the Hubble tension compared to ACDM, it
does not fully reconcile local expansion rate measurements
with CMB and large-scale structure-anchored posteriors.
The persistence of the inconsistency across multiple dis-
crepancy statistics and its stability against Monte Carlo
uncertainty indicate that the residual tension reflects a
genuine mismatch in late-time expansion dynamics rather
than a statistical fluctuation or posterior-shape artifact. Thus,
since A;CDM does not effectively decouple the CMB and
DESI DR2 ruler calibration in a way that permits a higher
H, it does not make SHOES + calibrated low-z SN clearly
consistent with the CMB + DESI-DR2 posterior, and these
PPC results are consistent with the tension-metric analysis:
A,CDM reduces the severity of the late-time discrepancy
relative to ACDM, but the observed H|, (and joint discrep-
ancy statistics) remain extreme under the posterior predictive
distribution, while the low-redshift distance-modulus proxy
is well reproduced.

VI. DISCUSSION

The statistical analyses presented in Sec. V show that
apparent dataset inconsistency depends sensitively on the
diagnostic employed, particularly when combining tightly
constrained datasets with weakly informative and strongly
non-Gaussian ones. In all configurations considered here,
the combined CMB + DESI DR2 dataset yields a compact
posterior that tightly constrains the shared parameter space,
while the PPS dataset exhibits a substantially larger and
highly non-Gaussian posterior. As a result, comparisons
involving PPS are inherently asymmetric and require
careful interpretation.

Gaussian tension metrics applied to ACDM indicate
moderate disagreement between CMB and DESI DR2, and
a much stronger discrepancy once PPS is included. When
assessed using the exact non-Gaussian parameter shift
statistic, the CMB + DESI DR2 comparison shows sub-
stantial posterior overlap, confirming excellent mutual con-
sistency between early- and intermediate-redshift probes.
In contrast, comparisons involving PPS yield large exact
parameter shifts, indicating statistically disjoint posterior
support relative to the CMB + DESI DR2 constraints.

When PPS is updated with the highly constrained
CMB -+ DESI DR2 posterior, this effect is more notice-
able. Here, the accurate non-Gaussian parameter shift
statistic shows that the PPS posterior fills a specific region
of parameter space, whereas updated Gaussian metrics
enhance directional mean shifts caused by covariance
compression. This shows that PPS-driven Gaussian ten-
sions are not numerical variations of posterior geometry but
rather reflect actual late-time inconsistencies, and thus
Gaussian metrics alone cannot be used to reliably evaluate
datasets with very large and non-Gaussian posteriors.

The A,CDM model systematically reduces Gaussian
and MAP-based tension measures across all dataset com-
binations. In particular, the CMB and DESI DR2 com-
parison exhibits tensions well below the 0.30 level,
indicating excellent mutual consistency once additional
late-time flexibility is introduced. This improvement arises
because ACDM allows expansion along degeneracy
directions already present in the CMB data, thereby
improving geometric compatibility without altering
early-Universe physics. In comparisons involving PPS,
however, large Gaussian update tensions and significant
exact non-Gaussian parameter shifts persist, confirming
that the apparent inconsistency is driven by conflicting late-
time parameter preferences rather than by posterior-shape
effects alone. Relative to ACDM, A;CDM shows smaller
MAP displacements and reduced rule-of-thumb tensions,
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indicating a statistically improved but not fully consistent
joint description of all datasets.

Concerning the posterior predictive consistency test, it
provides an independent assessment of model adequacy
that is insensitive to posterior geometry alone. For ACDM,
the observed local value of H, lies deep in the tail of
the posterior predictive distribution derived from CMB +
DESI DR2 data, yielding extremely small predictive
p-values for both one-dimensional and joint discrepancy
statistics. In contrast, the low-redshift distance-modulus
proxy is well reproduced, indicating that the dominant
tension originates from the late-time expansion rate rather
than from supernova distance calibration.

In the A;CDM case, the posterior predictive distributions
shift modestly but systematically toward higher values
of Hy, leading to an increase in joint posterior predictive
p-values and hence a partial alleviation of the discrepancy.
However, the joint discrepancy statistics continue to
show significant inconsistency, and the observed H,, is
still statistically unusual. Importantly, consistency with the
low-redshift distance-modulus observable is preserved,
demonstrating that the late-time modification does not
compromise the successful distance predictions of the
standard ACDM framework.

A key insight emerging from the posterior predictive
analysis is the distinction between marginal and joint
predictive adequacy. The A;CDM modification alters the
late-time background expansion in a way that preferentially
affects one-dimensional observables such as H, shifting
the corresponding posterior predictive distribution toward
higher values. However, this localized modification does
not sufficiently reorganize the joint structure of expan-
sion rate and distance predictions required to render the
combined (Hy, u) discrepancy statistically typical. Conse-
quently, improvements in marginal posterior predictive
performance do not translate into full joint consistency.
This explains why A;CDM systematically softens but does
not resolve the Hubble tension. Thus, the model modifies
the late-time expansion history enough to shift H,, but not
sufficiently to reconcile the global distance ladder implied
by the CMB and BAO calibrated posterior.

VII. CONCLUSION

In this work, we have explored the internal consistency
of current cosmological datasets and the late-time predic-
tive performance of the standard ACDM framework and its
sign-switching extension, A(CDM, by confronting them
with a large combination of early-, intermediate-, and
low-redshift observations. Our analysis combines Gaussian
and non-Gaussian parameter space diagnostics with pos-
terior predictive consistency tests to robustly evaluate
cosmological tensions. It emphasizes that the interpretation
of cosmological tensions depends sensitively on the stat-
istical diagnostics employed, particularly when datasets

with very different constraining powers and posterior geo-
metries are combined.

We find that Gaussian tension metrics can substantially
overstate inconsistencies when datasets with very different
constraining powers and non-Gaussian posteriors are com-
bined. We have shown that the exact non-Gaussian para-
meter shift statistics reveal excellent consistency between
CMB and BAO datasets in both ACDM and A,CDM
models, with the A,CDM model further improving geo-
metric compatibility at intermediate redshifts. In contrast,
comparisons involving PPS data yield large exact para-
meter shifts in both models, indicating disjoint posterior
support to CMB and BAO constraints.

Our posterior predictive tests show that ACDM strongly
disfavors the observed local value of the Hubble constant,
while A;CDM shifts late-time predictions toward higher H,,
values and partially alleviates the tension. Nevertheless, the
observed expansion rate remains statistically atypical under
the predictive distribution, and joint late-time discrepancies
still persist. In summary, A;CDM improves parameter
space compatibility and softens several late-time tensions
relative to ACDM, but does not fully reconcile local
expansion rate measurements with CMB and BAO cali-
brated posteriors. Hence, our results suggest the necessity
of exact, non-Gaussian, and predictive diagnostics for
reliably assessing cosmological model consistency, provid-
ing a robust benchmark for assessing future cosmological
models and datasets. The analysis pipeline followed in this
work is flexible and can be extended to a wide range of
cosmological models. In a forthcoming work, we will
extend this statistical framework to dynamical dark energy
parametrization via energy density [93] and other extended
cosmological scenarios, to further assess their internal
consistency and predictive performance across current
cosmological datasets.
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