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We introduce a new factorized and resummed waveform for circularized, nonspinning, compact binaries
that leverages on the solution of the Teukolsky equation once mapped into a confluent Heun equation. The
structure of the solution allows one to identify new resummed factors that completely absorb all test-mass
logarithms and transcendental numbers via exponentials and Γ-functions at any post-Newtonian (PN) order.
The corresponding residual relativistic and phase corrections are thus polynomial with rational coefficients,
that are in fact PN-truncated hypergeometric functions. Our approach complements the recent proposal of
Ivanov et al. [Phys. Rev. Lett. 135, 141401 (2025)], notably recovering the corresponding renormalization
group scaling of multipole moments from first principles and fixing the scaling constant. In the test mass
limit, our approach (pushed up to 10PN) yields waveforms and fluxes that are globally more accurate than
those obtained using the standard factorized approach of Damour et al. [Phys. Rev. D 79, 064004 (2009)].
The method generalizes straightforwardly to comparable mass binaries implementing the new concept of
universal anomalous dimension of multipole moments and might be eventually useful to improve current
state of the art effective-one-body waveform models for coalescing binaries.

DOI: 10.1103/s4tk-z574

I. INTRODUCTION

The GWTC-4 catalog paper [1], together with the special
events papers [2–4], collects all the recently analyzed
gravitational wave signals emitted from coalescing compact
binary (CBC) sources (composed by either black holes or
neutron stars) and mirrors our continuously growing knowl-
edge of the gravitational wave universe. The analysis of
CBC gravitational data, and in particular the measurement
of the binary intrinsic parameters, relies on gravitational
waveform models. The effective-one-body (EOB) approach
to the general relativistic two-body dynamics [5–13], once
informed by Numerical Relativity (NR) simulations, is
currently the only existing analytical method that is flexible
enough and physically complete so as to allow one to
accurately compute CBC waveforms for any orbital con-
figuration [14–17]. In particular, the TEOBResumS wave-
form model can deal with both eccentricity and spin-
precession at the same time [14], dynamical capture and
scattering [18], and tidal interactions [19], although com-
parisons with NR simulations indicate that the model
accuracy should be improved in certain corners of the
parameter space [20]. The EOB approach relies on three
building blocks: (i) a Hamiltonian that accounts for the
conservative part of the dynamics; (ii) a radiation reaction

force, that accounts for dissipative effect related to the
backreaction on the system of the emission of gravitational
waves; and (iii) a waveform computed on the aforemen-
tioned dynamics. Elements (ii) and (iii) have to be con-
sistent, since the radiation reaction is built starting from the
waveform. The waveform and thus the radiation reaction
rely on a certain factorization and resummation procedure
that was introduced in the nonspinning case by Damour and
Nagar [21] and Damour, Iyer, Nagar [22] (DIN hereafter)
and then generalized to the case of spin-aligned binaries by
Pan et al. [23]. The crucial new element of this factorization
strategy, introduced by DIN, was the tail factor, a closed-
form expression that resums all leading order logs that
appear in the post-Newtonian (PN)-expanded waveform
phase. This procedure was highly successful and is pivotal
for the accuracy of EOB-based waveformmodels. Although
various attempts were pursued to further improve the
accuracy of the waveform, that mostly focused on additional
Padé-type resummations of the residual amplitudes [24–27],
no important conceptual improvement has occurred since.
Recently, two different investigations appeared that

suggest that times might be mature for a new leap forward.
On one hand, Ref. [28] revisited the calculation of the
waveform emitted by a test mass on circular orbits around
Schwarzschild and Kerr black holes using some tools
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mediated from the conformal field theory/gravity correspon-
dence. In particular, the fact that the Teukolsky equation can
be mapped into a confluent Heun equation [29] allows one
to resum all logs and transcendental numbers into expo-
nential and expressions involving Γ-functions. Despite the
idea of having this information encapsulated in closed form
is already expressed in Refs. [28,30], no attempt to compute
a new waveform factorization was pursued there. By
contrast, Ivanov et al. [31] (ILPZ hereafter) used an EFT
approach to clarify the role of the renormalized angular
momentum of black hole perturbation theory and connect it
to the anomalous dimension of multipole moments. This
yielded the introduction of the concept of universal anoma-
lous dimension of the gravitational multipole moments of a
gravitating system in general relativity. This new concept
prompted ILPZ to propose a new factorization of the PN
waveform that absorbs all universal logs. Here we combine
the results of Refs. [28,30] and ILPZ and propose a new
factorized and resummed multipolar waveform that: (i) uses
the approach of [28,30] in the test-mass to define closed-
form analytical expressions (based on exponentials and
combinations of Γ-functions) that incorporate all the uni-
versal logs and transcendental numbers usually present in
PN calculations. This allows us to propose a new, factorized
and resummed multipolar waveform where, at given PN
order, the nonresummed residual information in amplitude
and phase in the test-mass limit presents only rational
coefficients; (ii) builds upon the concept of universal
anomalous dimension of multipole moments introduced
by ILPZ to generalize this approach to the comparable mass
case, notably factorizing the 4.5PN-accurate waveform of
Ref. [32,33].
The paper is organized as follows. In Sec. II we report the

basics of black-hole perturbation theory via the Teukolsky
formalism. In particular, we present in detail the techniques
used to analytically solve the Teukolsky equation once its
homogeneous form is mapped into a confluent Heun
equation. This method gives us access to closed-form,
nonperturbative analytical expressions for the logs (tails)
and transcendental numbers that are exploited in Sec. III
once specified to the case of circular orbits to introduce the
factorized and resummed waveform in the test-mass limit.
This approach is then generalized to the case of comparable
mass binaries in Sec. IV. In Sec. V we build on the
knowledge gained so far to propose an improved version
of the ILPZ factorization. The quality of the various
resummation schemes is evaluated in Sec. VI, notably
comparing with waveforms and fluxes obtained numerically
in the test-mass limit. Our concluding remarks are collected
in Sec. VII. The paper is then completed by various
technical appendixes. In Appendix B we report the PN-
expanded multipolar waveform in radiative coordinates to
the current 3PN accuracy. In Appendix C we report some
useful formulas needed to efficiently expand expressions at
high PN order. Appendix D reports the full expressions,

at 10PN accuracy, of the renormalized angular momentum
both in the test-mass and in the comparable mass case, once
using the universal anomalous dimension of multipole
moments. In Appendixes E–G we explicitly list the residual
amplitude and phase corrections for different waveform
factorizations discussed in the text. If not otherwise stated,
we used units with G ¼ c ¼ 1.

II. MULTIPOLAR WAVEFORM FOR A
TEST-PARTICLE ORBITING AROUND A

SCHWARZSCHILD BLACK HOLE

A. Teukolsky equation and basic formulas

Let us review the basics of the Teukolsky formalism to
describe the gravitational perturbation of a Schwarzschild
black hole.1 Since our interest here is computing the gravi-
tational waveform at infinity, we will work with the Weyl
scalar Ψ4 that satisfies the Teukolsky master equation [35]
within the Newman-Penrose formalism using the Kinnersley
tetrad [36]. This implies that the relation at infinity between
the aforementioned Weyl scalar and the strain is

Ψ4 ¼ −
1

2
ðḧþ − iḧ×Þ≡ −

1

2
ḧ; ð1Þ

where the dot denotes d=dt. The Weyl scalar is decom-
posed in s ¼ −2 spin-weighted spherical harmonics

−2YlmðΘ;ΦÞ as

Ψ4 ¼
1

R4

Z
dω
2π

X
l;m

e−iωTRlmωðRÞ−2YlmðΘ;ΦÞ; ð2Þ

where ω is the waveform frequency and ðT; R;Θ;ΦÞ are the
coordinates of the observer at infinity. The spherical har-
monics are defined as

sYlmðθ;ϕÞ ¼ eimϕsin2l
�
θ

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þðl −mÞ!ðlþmÞ!

4πðl − sÞ!ðlþ sÞ!

s

×
Xl−s
r¼0

ð−Þlþmþr−s
�
l − s

r

��
lþ s

rþ s −m

�
× cot2rþs−m

�
θ

2

�
: ð3Þ

The function RlmωðrÞ entering Eq. (2) is here the solution of
the s ¼ −2 version of the Teukolsky equation specialized to
the case of a nonspinning black hole with mass M in the
presence of an external source:

1Another application for the determination of the radiated
energy from a radially infalling particle released from rest in a
Schwarzschild spacetime is studied in [34].
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ΔðrÞ2 d
dr

�
1

ΔðrÞ
dRlmω

dr

�
þ
�
ω2r4 þ 4iðr −MÞωr2

ΔðrÞ

þ −8iωr − ðlþ 2Þðl − 1Þ
�
RlmωðrÞ ¼ TlmωðrÞ; ð4Þ

with ΔðrÞ≡ rðr − 2MÞ. The solution of this equation is
formally constructed following three steps: (i) solving the
homogeneous equation, Eq. (4) with Tlmω ¼ 0, with given
boundary conditions; (ii) defining the Green’s function;
(iii) computing the complete solution using the Green’s
function method. The homogeneous equation has two
solutions,2 RinðrÞ and RoutðrÞ, obtained imposing ingoing
boundary conditions at the horizon and outgoing boundary
condition at infinity, respectively. From them, one obtains
the Wronskian (divided by ΔðrÞ in order to construct a
constant in r)

W ¼ ΔðrÞ−1
�
Rin

dRout

dr
−
dRin

dr
Rout

�
; ð5Þ

and from this the Green’s function reads

Gðr; r1Þ ¼
1

W

�
Rinðr1ÞRoutðrÞ r1 < r;

RinðrÞRoutðr1Þ r < r1:
ð6Þ

The solution of the inhomogeneous equation Eq. (4) then
reads

RlmωðrÞ ¼
Z

∞

2M
Gðr; r0ÞTlmωðr0Þ

Δðr0Þ2 dr0: ð7Þ

Evaluating this function in r ¼ R → ∞, from the asymp-
totic behaviors of the two homogeneous solutions in (54),
we obtain the following form of Ψ4 from Eq. (2)3:

Ψ4 ≈
R→∞

1

R

Z
dω
2π

X
l;m

e−iωðT−R�ÞZlmω−2YlmðΘ;ΦÞ; ð8Þ

where r� ¼ rþ 2M log ð r
2M − 1Þ and

Zlmω ≡
Z

∞

2M

Rinðr0ÞTlmωðr0Þ
Δðr0Þ2 dr0: ð9Þ

From (6), we realize that the ingoing solution RinðrÞ is
obtained dividing the previous one RinðrÞ by a factor that
enters the Wronskian W. This will be explicit in Sec. II B,
Eqs. (67) and (68). At this point, from Eq. (1), we can obtain
the form of the waveform at infinity:

hðT;R;Θ;ΦÞ ≈
R→∞

1

R

Z
dω
2π

X
l;m

e−iωðT−R�Þhlmω−2YlmðΘ;ΦÞ;

ð10Þ
with the Fourier components of the strain hlmω related to
Zlmω as

hlmω ≡ 2

ω2
Zlmω ¼ 2

ω2

Z
∞

2M

Rinðr0ÞTlmωðr0Þ
Δðr0Þ2 dr0: ð11Þ

B. Recasting the homogeneous Teukolsky equation
as a confluent Heun equation and its solution

Let us thus start by solving the homogeneous Teukolsky
equation. We do so following the procedure of Ref. [30]
that we report here in detail for completeness. The homo-
geneous Teukolsky equation can be recast into a Confluent
Heun Equation (CHE) [29,37–41] that is then solved
applying the method of undetermined coefficients. This
CHE reads

G00
1ðZÞ þ G0

1ðZÞ
�
1 −m1 −m2

Z − 1
−
2ðm3 − 1Þ

Z
þ X
Z2

�
þ G1ðZÞ

�1
4
− uþm3ðm3 − 1Þ

Z2
þ uþ 3

4
þ δ

ðZ − 1ÞZ
�

¼ 0;

ð12Þ
and the prime here denotes d=dZ. Here, Z is the indepen-
dent variable of the equation while ðX; u;m1; m2; m3Þ are
the parameters of the equation, with the shorthand
δ≡m1m2 þm1m3 þm2m3 −m1 −m2 −m3. For a gen-
eral CHE these parameters are independent among them-
selves. However, the identification with the homogeneous
Teukolsky equation makes them linearly dependent, as we
will see below. The identification with Eq. (4) stems from

Z≡ 2M
r

; ð13Þ

Rhom
lmωðZÞ ¼ G1ðZÞe− X

2Zð1 − ZÞ1−m1þm2
2

�
X
Z

�
1þm3

; ð14Þ

and the physical range r∈ ð2M;∞Þ is thus mapped into
Z∈ ð0; 1Þ. Finally, one has to connect the parameters of the
CHE, ðX; u;m1; m2; m3Þ, to the other two physical quan-
tities appearing in Eq. (4), i.e. ðl;MωÞ. This is done using
the following dictionary between parameters:

X ¼ 4iMω; ð15Þ

m1 ¼
X
2
; ð16Þ

m2 ¼ −2þ X
2
; ð17Þ

2Please note that from time to time we will drop the indices
ðl; mÞ to lighten the notation.

3Notice that this expression coincides with (6) of [23], once we
specialize on circular orbit.
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m3 ¼ −2 −
X
2
; ð18Þ

u ¼
�
lþ 1

2

�
2

þ 5X
2

þ X2

4
: ð19Þ

It can be shown that Eq. (12) has two regular singular
points in Z ¼ f1;∞g and an irregular one in Z ¼ 0. The
u-dependence of the solutionG1ðZÞ of Eq. (12) turns out to
be simpler once u is replaced by a different quantity, called
a, that we assume to be related to u as

uðaÞ ¼ a2 þ
Ximax;a

i¼1

uiðaÞXi: ð20Þ

Note that the upper limit of the series, imax;a, is a priori
infinite, but in practice we will always consider a finite
truncation. Once imax;a is fixed, the coefficients ui are
determined recursively as described in Sec. II B 1 below.
Equation (12) can be solved all over the full Z-domain

under the condition X ¼ 4iMω ≪ 1 (soft limit), i.e. work-
ing perturbatively in X. The two independent solutions can
be obtained recursively in terms of hypergeometric func-
tions. More precisely, at leading order in X, i.e. when the
term X=Z2 in Eq. (12) is neglected, the two solutions are
called H1

αðZÞ, with α ¼ �, and read4

H1
αðZÞ ¼ Z−5

2
þαa−X

2

× 2F1

�
1

2
þ αa −

X
2
;
5

2
þ αa −

X
2
; 1þ 2αa;Z

�
:

ð21Þ

Following Ref. [30], the generalization of this leading-
order solution to higher order in X is obtained by assuming
it to have the following structure:

G1
αðZÞ ¼ P1ðZÞH1

αðZÞ þ P̂1ðZÞZH10
α ðZÞ; ð22Þ

where H10
α ðZÞ≡ dH1

αðZÞ=dZ are their first derivatives and
P1 and P̂1 are polynomials in X and 1=Z, with a-dependent
coefficients. Their structure reads

P1ðZÞ ¼ 1þ
Xjmax

j¼1

Xj−1
i¼0

dijXjZi−j; ð23Þ

P̂1ðZÞ ¼
Xjmax

j¼1

Xj
i¼0

d̂ijXjZi−j; ð24Þ

where jmax is the order of truncation of our solutions in
powers of X. The leading-in-X solution, Eq. (21), corre-
sponds to jmax ¼ 0 (also for what said before).
By inserting Eqs. (22)–(24) together with Eq. (20) into

Eq. (12), one finally finds the coefficients ðdij; d̂ij; uiðaÞÞ
that can be expressed5 as explicit functions of ðMω; aÞ. In
particular, for jmax ¼ 1 one finds

d01 ¼
1

2
þ 12þ 20iMω − 8ðMωÞ2

1 − 4a2
; ð25Þ

d̂01 ¼ −d̂11 ¼
4þ 4iMω

1 − 4a2
; ð26Þ

u1 ¼
5þ 30iMωþ 32iðMωÞ3 þ a2ð8iMω − 20Þ

8a2 − 2
: ð27Þ

Notice how the monodromy of the solutions coming from
Eq. (21) around the irregular singular point Z ¼ 0 is
codified by the quantity a, as it can be seen under the
rotation Z → e2πiZ.
The solution G1ðZÞ is determined perturbatively in X

keeping Z∈ ð0; 1Þ, that corresponds to the physical domain
of the original Teukolsky equation. Because of this, the
quantity Y ≡ X=Z ¼ 2iωr is also very small. The physical
meaning of this is that G1ðZÞ is in fact the PN representa-
tion of the solution of the CHE, being exact in all the
separations but perturbative in the velocities. Since our aim
is to eventually compute the gravitational waveform at
infinity, it is useful to work with the post-Minkowskian
representation of the same CHE solution, i.e. a solution
which is exact for all the velocities but is perturbative in
1=r. This means that this solution is determined perturba-
tively in ðX; ZÞ, while Y is kept finite. This solution is
obtained from Eq. (12), replacing Z ¼ X=Y and denoting
the corresponding solution as G0ðYÞ:

G00
0ðYÞ þG0

0ðYÞ
�
1−m1 −m2

Y −X
þm1 þm2 þ 2m3 − 1

Y
− 1

�
þG0ðYÞ

�
uþ 3

4
þ δ

ðX − YÞY þ 1þ δþm3ðm3 − 1Þ
Y2

�
¼ 0: ð28Þ

In the following we will thus only use the two independent
solutions of this, denoted as G0

αðYÞ, with α ¼ �. Following
the same reasoning as discussed forG1

αðZÞ, at leading order
in X [i.e., neglecting the X-dependence in the coefficients
of Eq. (28) ], the two solutions are now called H0

αðYÞ
and read

H0
αðYÞ ¼ Y

5
2
−αaþX

2
1F1

�
5

2
− αaþ X

2
; 1 − 2αa;Y

�
: ð29Þ

4Note that the equation obtained neglecting the term X=Z2 in
fact only depends on the parameters ðm1; m2; m3; aÞ and so do the
solutions. However, in writing Eq. (21) we have rewritten the
mi parameters in term of X using Eqs. (16)–(18).

5Evidently, these coefficients are determined as functions of
ðm1; m2; m3; aÞ, but one uses Eqs. (15)–(18) to have them as
functions of X or ω.

CIPRIANI, NAGAR, FUCITO, and MORALES PHYS. REV. D 114, 024015 (2026)

024015-4



To go beyond the leading order and include the full
X-dependence (perturbatively) we proceed as above for
the other solution, assuming thus the following ansatz:

G0
αðYÞ ¼ P0ðYÞH0

αðYÞ þ P̂0ðYÞYH00
α ðYÞ; ð30Þ

with H00
α ðYÞ≡ dH0

αðYÞ=dY being their first derivatives
and P0 and P̂0 being polynomials in X and 1=Y with
a-dependent coefficients. In particular they are

P0ðYÞ ¼ 1þ
Ximax

i¼1

Xi−1
j¼0

cijXiYj−i; ð31Þ

P̂0ðYÞ ¼
Ximax

i¼1

Xi−1
j¼0

ĉijXiYj−i; ð32Þ

where imax is the order of truncation of our solutions in
powers of X. The leading-in-X solution, Eq. (29), corre-
sponds to imax ¼ 0. By plugging Eqs. (30)–(32) together
with Eq. (20) into Eq. (28), one finally finds the coefficients
ðcij; ĉij; uiðaÞÞ, that can be expressed as explicit functions
of ðMω; aÞ. In particular, for imax ¼ 1 one finds

c10 ¼
5þ 30iMωþ 32iðMωÞ3 þ a2ð8iMω − 20Þ

8a2 − 2
¼ u1;

ð33Þ

ĉ10 ¼
1 − 4a2 þ 16ðMωÞ2 þ 16iMω

8a2 − 2
: ð34Þ

Notice how the monodromy of the solutions coming from
Eq. (29) around the irregular singular point Y ¼ ∞ is
codified by the quantity a, as it can be checked under the
rotation Y → e−2πiY.
Since the functions G0

αðYÞ and G1
αðZÞ are solutions of

the same differential equation (just written in two different
variables) and display the same monodromy around the
irregular singular point, they have to be proportional to
each other. Their ratios are defined as

gαðXÞ ¼
G1

αðXYÞ
G0

αðYÞ
; ð35Þ

and turn out to depend only on X. For example, if we
truncate the two couples of solutions G0

α and G1
α at the first

order in X, it turns out that

gαðXÞ ¼ Xαaþm3−1
2

�
1þX

�
1

4
þ 8αm1m2m3

ð4a2 − 1Þ2

þ−
m3ðm1þm2þ 2m3 − 2Þ−m1m2

4a2 − 1

�
þOðX2Þ

�
;

ð36Þ

and then using the dictionary in Eqs. (16)–(18) everything
becomes a function of X, a and of the order of trunca-
tion imax. The value of imax is determined by requiring a
certain PN accuracy of the waveform once PN-expanded.6

For example, as we will see below, it is necessary to fix
imax ¼ 13 in order to compute a waveform that, once PN
expanded, is correct at 10PN accuracy.

1. Computation of a

The solutions G0
αðYÞ depend on two separate quantities,

X and a. It turns out that also a can be expressed as a
function of X. This can be done exploiting Eq. (20), that
can be written as

u ¼ a2 þ
Ximax;a

i¼1

uiðaÞXi ¼
�
lþ 1

2

�
2

þ 5X
2

þ X2

4
; ð37Þ

and that can be inverted order by order in X using the
expressions of the coefficients ui ¼ ci;i−1 obtained above.
Although this can be done using standard algebraic manip-
ulators, the usual inversion of the series can be computa-
tionally inefficient, especially when imax;a increases so to go
to high orders in X. An alternative route is then possible. In
Ref. [42] it was shown that a satisfies the following equation:

XMðaþ 1Þ
Pðaþ 1Þ − XMðaþ2Þ

Pðaþ2Þ−…
þ XMðaÞ
Pða − 1Þ − XMða−1Þ

Pða−2Þ−…
− PðaÞ ¼ 0;

ð38Þ
with

PðaÞ ¼ a2 þ aX þ 2X −
3

4
X2 −

�
lþ 1

2

�
2

; ð39Þ

MðaÞ ¼
�
a −

X
2
−
1

2

��
a −

X
2
þ 3

2

��
aþ X

2
þ 3

2

�
: ð40Þ

At this point7 Eq. (38) can be solved for a order by order
in X. In particular, we use the following expression for a

a ¼ lþ 1

2
þ
Ximax;a

i¼1

aiXi; ð43Þ

6As anticipated, our method is such to obtain some parts of the
solution in resummed, nonexpanded form.

7The two equations are actually rewritten using the dictionary
from

PðaÞ ¼ a2 − uþ x

�
aþ 1

2
−m1 −m2 −m3

�
; ð41Þ

MðaÞ ¼
Y3
i¼1

�
a −mi −

1

2

�
ð42Þ

to perform the actual calculation.
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and we set imax;a to the order in X at which we want to
determine a. For example, for l ¼ 2, 3 one finds, by setting
imax;a ¼ 10 and X ¼ 4iMω≡ 4iω̂:

að2Þ ¼ 5

2
−
214ω̂2

105
−
3390466ω̂4

1157625
−
153440219802466ω̂6

15021833990625

−
71638806585865707261481ω̂8

1520451676706008921875

þ −
270360664939833821554899493653643ω̂10

1099244369724415858768042968750

þOðω̂12Þ; ð44Þ

að3Þ ¼ 7

2
−
26ω̂2

21
−
21842ω̂4

33957
−
381415329076ω̂6

481821815475

−
47254211021655226ω̂8

35059764403038375

þ −
225004388212297377065114ω̂10

80542621464278043695625

þOðω̂12Þ: ð45Þ

The quantity a that we are computing here has an inter-
pretation both within the gauge theory context and in the
Effective Field Theory (EFT) one as well. For the former, it
turns out that the CHE Eq. (28) can be seen as the quantum
version of the Seiberg-Witten (SW) curve of the N ¼ 2
supersymmetric extension of QCD, with gauge group SU(2)
and with three massive fundamental flavors [whose masses
are exactly m1, m2, m3 that appear in Eq. (28)] and a is the
quantum period of this curve [43–46]. In other words, for the
gauge theory we are considering, the classical SW curve is a
torus and the quantity a is the period of a specific 1-form, the
SW-differential, along one of the two nontrivial homological
1-cycles of the torus itself. The higher-order corrections that
characterize it, as reported in Eq. (44), are computed
following the procedure we depicted above once the classical
SW curve is promoted to the quantum one [29,38,47–50].
For what concerns the connection to the EFT side, we are
going to see it in Sec. III, inspired also from the results
of [31].

C. Solving the homogeneous Teukolsky equation

Let us go back now to the determination of the functions
Rin;outðYÞ, solutions of the homogeneous equation. To obtain
them we proceed as follows. From Eq. (14), that defines the
relation between the solution of the Heun equation and the
solution of the homogeneous Teukolsky equation, we have

Rhom
� ðZÞ ¼ G1

�ðZÞe−
X
2Zð1 − ZÞ1−m1þm2

2

�
X
Z

�
1þm3 ð46Þ

(where we dropped the l; m;ω indices in Rhom
lmω;� to ease

the notation). For what was discussed in the previous
Sec. II B, it is convenient to work with G0

�ðYÞ. For this
reason we are going to use as independent variables X and
Y and, remembering the proportionality relation between
G0

�ðYÞ and G1
�ðX=YÞ in Eq. (35) and the dictionary in

Eqs. (16)–(18), the relation Eq. (46) becomes

Rhom
� ðYÞ ¼ g�ðXÞG0

�ðYÞe−
Y
2

�
1 −

X
Y

�
2−X

2

Y−1−X
2

≡ g�ðXÞR�ðYÞ: ð47Þ

In this way the incoming and outgoing solutions are
linear combinations of these two last ones:

Rin;outðYÞ ¼
X
α¼þ;−

cin;outα gαðXÞRαðYÞ; ð48Þ

where cin;out� are coefficients that are determined by impos-
ing incoming boundary conditions at the horizon and
outgoing ones at infinity, as we explain next. In order to
reach the boundaries and establish the behavior of Rin;out,
we need to use the standard asymptotic formulas of the
hypergeometric functions that enter RαðYÞ as expressed in
Eq. (47), that is [see e.g. Ref. [30] and references therein]

H0
αðYÞ ≈

Y→∞

X
β¼�

BαβYð2þX
2
Þð1þβÞe

Yð1þβÞ
2 ; ð49Þ

H1
αðZÞ ≈

Z→1

X
β¼�

Fαβð1 − zÞðX2−1Þð1þβÞ; ð50Þ

with

Fαβ ¼
Γð1þ 2αaÞΓð2βð1 − 4iω̂ÞÞ

Γð1
2
þ αa − β2iω̂ÞΓð1

2
þ αaþ βð2 − 2iω̂ÞÞ ; ð51Þ

Bαβ ¼
e
π
4
ðβ−1Þð4ω̂þ2iαa−5iÞΓð1 − 2αaÞ
Γð1

2
− αaþ βð2þ 2iω̂ÞÞ : ð52Þ

The behavior of the two functions Rin;outðrÞ for r → ∞ and
r → 2M is

RinðrÞ ≈

8><>:
Bin
−e−iωr

	
2M
r



1þ2iMω þ Binþeiωr

	
2M
r



−3−2iMω

r → ∞

Din
−e−iωr

	
1 − 2M

r



2−2iMω þDinþeiωr

	
1 − 2M

r



2iMω

r → 2M
; ð53Þ
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RoutðrÞ ≈

8><>:
Boutþ eiωr

	
2M
r



−3−2iMω þ Bout

− e−iωr
	
2M
r



1þ2iMω

r → ∞

Dout
− e−iωr

	
1 − 2M

r



2−2iMω þDoutþ eiωr

	
1 − 2M

r



2iMω

r → 2M
; ð54Þ

where Bin;out
� ; Din;out

� are some coefficients to be specified.
At this point, the incoming condition at the horizon r ¼ 2M
for Rin and the outgoing one at infinity for Rout are respec-
tively equivalent to impose

Dinþ ¼ 0; ð55Þ

Bout
− ¼ 0; ð56Þ

which eventually yield

cinþ
cin−

¼ −
F−þ
Fþþ

; ð57Þ

cout−

coutþ
¼ −

gþðXÞ
g−ðXÞ

Bþ−

B−−
: ð58Þ

All the details concerning the asymptotic expressions of
the hypergeometric functions and how we obtain the ratios
(57)–(58) through the computation of the coefficients Bout

−
and Dinþ are reported in Appendix A. Note that the
boundary conditions determine only the ratios of the
coefficients cin;out� , while the overall normalization of
Rin;out in Eq. (48) is left undetermined. It turns out that
the ratio gþ=g− entering (58) can be easily evaluated order
by order in X. We write

gþðXÞ
g−ðXÞ

¼ X2aλNSinstðXÞ; ð59Þ

with

λNSinstða; XÞ≡ e−∂aF
NS
instða;XÞ ð60Þ

and

FNS
instða; XÞ ¼ −

Ximax;F

j¼1

ujðaÞ
j

Xj: ð61Þ

Likewise the case of ðimax; imax;aÞ, the value of imax;F is
arbitrary and it is chosen accordingly to the PN accuracy
that one desires to recover once the solution is fully
PN-expanded. The quantity defined here as FNS

inst is
interpreted as the instantonic part of the Nekrasov-Sha-
tashvili (NS) prepotential [30] of a N ¼ 2 supersymmetric
SU(2) gauge theory with three massive fundamental
flavors [43–50]. In this framework, a is the scalar vacuum

expectation value (i.e., the quantum SW period), u the
Coulomb branch parameter and Eq. (61) the quantum
version of the Matone relation [51,52]. The function λNSinst is
given by the exponential of a complicated rational
function of a and ω̂. Formally it can be written as

λNSinst ¼ e∂au1Xþ1
2
∂au2X2þ…; ð62Þ

and the first two contributions, i.e. imax;F ¼ 2, explicitly
read

∂au1X ¼ −
512aω̂2ð1þ ω̂2Þ

ð1 − 4a2Þ2 ;

1

2
∂au2X2 ¼ að3871 − 6392a2 þ 496a4Þω̂2

8ð1 − 4a2Þ2ða2 − 1Þ2

þ −
p1ðaÞω̂4 þ p2ðaÞω̂6 þ p3ðaÞω̂8

ð1 − 4a2Þ4ða2 − 1Þ2 ; ð63Þ

where p1ðaÞ; p2ðaÞ and p3ðaÞ are the following poly-
nomials in a:

p1ðaÞ ¼ 6að−9471 − 4112a2 þ 20576a4

− 256a6 þ 256a8Þ; ð64Þ

p2ðaÞ ¼ 96að−1199 − 368a2 þ 2128a4 þ 384a6Þ; ð65Þ

p3ðaÞ ¼ 1536að−37 − 16a2 þ 80a4Þ: ð66Þ

We stress that the overall rescalings of the homogenous
solutions are irrelevant, since they cancel against the
rescaling of W in the definition of the Green’s function
in Eq. (6). Using the asymptotic behaviors of Eq. (54) one
can evaluate the constant W at r ¼ ∞. It reads

W ¼ X
8M3

Bin
−Boutþ : ð67Þ

We find it convenient to normalize incoming and outgoing
solutions such that W ¼ 1. This can be done by taking

RinðYÞ≡ RinðYÞ
XBin

−
; ð68Þ

RoutðYÞ≡ 8M3RoutðYÞ
Boutþ

; ð69Þ

that are invariant under rescalings of the solutions.
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In the end, we get the following expressions for RinðYÞ
and RoutðYÞ:

RinðYÞ ¼
X

X
2

B−−

1

1 − X2aλNSinstðXÞ F−þBþ−
FþþB−−

×

�
R−ðYÞ − X2aλNSinstðXÞ

F−þ
Fþþ

RþðYÞ
�
; ð70Þ

RoutðYÞ ¼
8e

∂m3
FNS

instjm3¼−2−X
2

X3þX
2Bþþ

1

1 − B−þBþ−
BþþB−−

×

�
RþðYÞ −

Bþ−

B−−
R−ðYÞ

�
: ð71Þ

We notice, in passing, that X2a ¼ e−∂aF
NS
tree and F−þBþ−

FþþB−−
¼

e−∂aF
NS
1−loop , where FNS

tree;1−loop respectively correspond to the
tree level and 1-loop contributions to the same NS
prepotential mentioned above. Let us stress that functional
dependence on a of Eqs. (70) and (71) is exact. By contrast,
the quantum period a, the polynomials ðP0; P̂0Þ from
Eqs. (31) and (32) entering the definitions of R�ðYÞ as
well as the NS prepotential FNS

inst are computed perturba-
tively. In other words, if ða; P0; P̂0;FNS

instÞ were known with
infinite accuracy, Eqs. (70) and (71) would formally look
the same.

D. Solving the Teukolsky equation in the presence
of a point-particle source

Let us finally present the solution of the Teukolsky
equation in the presence of a point-particle source, a
solution that is formally given by Eq. (7). Since waves
are extracted far away from the black hold (BH), Eq. (7) can
be approximated as

RlmωðrÞ ≈
r→∞

Z
∞

2M
Rinðr1ÞRoutðrÞ

Tlmωðr1Þ
Δðr1Þ2

dr1

¼ RoutðrÞ
Z

∞

2M

Rinðr1ÞTlmωðr1Þ
Δðr1Þ2

dr1; ð72Þ

and further using the asymptotic behavior of RoutðrÞ when
r → ∞ from Eq. (54), i.e.

RoutðrÞ ≈
r→∞

r3eiωr� ; ð73Þ

we obtain that

RlmωðrÞ ≈
r→∞

r3eiωr�Zlmω; ð74Þ

where Zlm is the following integral

Zlmω ¼
Z

∞

2M

Rinðr1ÞTlmωðr1Þ
Δðr1Þ2

dr1: ð75Þ

Once we specialized the harmonic components of the stress-
energy tensor Tlmω to be those of a point-particle source,
described by a δ-function, and moving along a trajectory
characterized by rðtÞ and dimensionless conserved specific
energy Ê≡ E=μ and angular momentum pφ ¼ Pφ=ðMμÞ
(with μ the mass of the particle) we have

Zlmω ¼
Z

dt
rðtÞ2 e

iωt−imϕðtÞX2
n¼0

bnlmL
n½RinðrðtÞÞ�; ð76Þ

where the coefficients bnlm are defined as

b0lm ¼ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 1Þlðlþ 1Þðlþ 2Þ

p
0Slm

�
π

2

�
; ð77Þ

b1lm ¼ 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 1Þðlþ 2Þ

p
−1Slm

�
π

2

�
; ð78Þ

b2lm ¼ 2π−2Slm

�
π

2

�
: ð79Þ

The functions sSlmðθÞ are related to the spherical harmonics
via sYlmðθ;ϕÞ ¼ eimϕ

sSlmðθÞ, and we are assuming that the
particle’s motion takes place on the equatorial plane. For
what concerns Li, these are the following multiplicative and
differential operators:

L0 ¼ Ê
A

�
1þ ṙ

A

�
2

; ð80Þ

L1 ¼ iMpφ

r

�
1þ ṙ

A

��
2 − r∂r þ

iωr
A

�
; ð81Þ

L2 ¼ M2p2
φA

Êr2

�
A−2
�
−iωrþ 1

2
ðωrÞ2 þ iMω

�
þ
�
1þ iωr

A

�
r∂r −

1

2
r2∂2r

�
; ð82Þ

where AðrÞ≡ 1 − 2M
r .

III. MULTIPOLAR WAVEFORM FOR CIRCULAR
ORBITS AND ITS FACTORIZED FORM

A. Structure of the strain waveform

Let us now specialize the general formulas derived above
to the case of circular orbits. These orbits are defined by the
condition ṙ ¼ 0, the phase is ϕðtÞ ¼ Ωt, Ω is the orbital
frequency and r≡ rΩ ¼ ðMΩÞ−2=3 is the orbital radius.
The integral in Eq. (76) thus becomes trivial, as it amounts
in identifying ω ¼ mΩ. Equation (76) is then recast as

Zlmω ¼ 1

r2
½C0Rin þ C1r∂rRin þ C2r2∂2rRin�jr¼rΩ ; ð83Þ
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that is related to the waveform Fourier modes as

hlmω ¼ 2

ω2
Zlmω: ð84Þ

In Eq. (83) it is intended that the derivatives of Rin are
evaluated at r ¼ rΩ after differentiation and the coefficients
ðC0; C1; C2Þ read

C0 ¼
Êcirc

A
b0lm þ 2iMpcirc

φ

r

�
1þ imΩr

2A

�
b1lm

þ −pcirc
φ MΩ

imΩr
A2

�
1 −

M
r
þ imΩr

2

�
b2lm; ð85Þ

C1 ¼
�
−
iM
r
b1lm þMΩ

�
1þ imΩr

A

�
b2lm

�
pcirc
φ ; ð86Þ

C2 ¼ −
1

2
pcirc
φ MΩb2lm; ð87Þ

where ðÊcirc; pcirc
φ Þ are the energy and angular moment of a

test-particle on circular orbits that expressed in terms of the
frequency parameter x≡ ðMΩÞ2=3 ¼ r−1Ω read

Êcirc ¼
1 − 2xffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3x

p ; ð88Þ

pcirc
φ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − 3xÞp : ð89Þ

The structure of the solution in Eq. (83) is standard, see e.g.
Eq. (2.11) of Ref. [53] (and references therein), that is
completely equivalent to ours once the notations are

matched. However, Refs. [53,54] solved the Teukolsky
equation using the Mano-Suzuki-Takasugi (MST) method,
that relies on hypergeometric and Coulomb functions, and
expressed the solution in fully PN-expanded form. Our
approach based on the solution of the confluent Heun
equation will allow us to identify new knowledge in the
form of closed-form, non-PN expanded, analytical struc-
tures that account, by themselves, for all logarithmic terms
and transcendental numbers appearing in the PN-expanded
waveform of Ref. [53]. Let us remember in fact that,
although the MST procedure can be easily pushed to high
PN order [e.g. 22PN [54] ], it is then crucial to resum the
PN-expanded results in order to make them reliable and
predictive in the strong-field, fast velocity regime. At a
conceptual level, Refs. [21,22] [see also [55] ] pointed out
that it is useful to recast the PN-expanded waveform
multipoles in a special factorized and resummed form,
notably factorizing out closed-form analytical expression.
More precisely, Ref. [22] identified these closed-form
factors to be the source of the field (i.e. the energy or
the angular momentum, depending on the parity of the
waveform mode) and the tail factor that resums the infinite
series of leading logarithms in the waveform phase. The
solution of the Teukolsky equation as CHE will allow us to
identify new, closed-form, resummed structures that incor-
porate all logs (both leading and subleading, in either the
waveform amplitude or phase) as well as the transcendental
numbers. In practice, awise use of the CHE allows one to
reduce the residual PN-expanded information to just poly-
nomials with rational coefficients. Our starting point to
identify these analytical structures is given by the solution
Rin in Eq. (70). Since Y ¼ 2iωr and X ¼ 4iω̂, it rewrites as

RinðrÞ ¼
ð4iω̂Þ2iω̂e−iπð52þaþ2iω̂ÞΓða − 2iω̂ − 3

2
Þ

Γð1þ 2aÞ
1

1 − ð4iω̂Þ2aλNSinst e
−2iaπΓð1−2aÞ2Γð5

2
þa−2iω̂ÞΓð1

2
þa−2iω̂ÞΓð−3

2
þa−2iω̂Þ

Γð1þ2aÞ2Γð5
2
−a−2iω̂ÞΓð1

2
−a−2iω̂ÞΓð−3

2
−a−2iω̂Þ

×

�
R−ðrÞ − ð4iω̂Þ2aλNSinst

Γð1 − 2aÞΓð5
2
þ a − 2iω̂ÞΓð1

2
þ a − 2iω̂Þ

Γð1þ 2aÞΓð5
2
− a − 2iω̂ÞΓð1

2
− a − 2iω̂Þ RþðrÞ

�
: ð90Þ

The functions R�ðrÞ contain, respectively, the factors ð2iωrÞ−1−2iω̂ð2iωrÞ52∓aþ2iω̂ ¼ ð2iωrÞ32∓a [see Eq. (47) ]. These
factors, once PN-expanded, generate logarithmic and transcendental contributions. It is thus useful to separate this
contribution from the rest and define the function without it as

S�ðrÞ≡ ð2iωrÞ−3
2
�aR�ðrÞ: ð91Þ

In this way these functions contain only (truncated) hypergeometric functions. At this point we collect the factor ð2iωrÞ32þa

in front of the square brackets, so to recast the above expression as

RinðrÞ ¼ ð4ω̂Þ2iω̂ð2ωrÞ32þa e
πω̂e−i

π
2
ð7
2
þaÞΓða − 2iω̂ − 3

2
Þ

Γð1þ 2aÞ
1

1 − λNSinstð4ω̂Þ2a e−iaπΓð1−2aÞ2Γð5
2
þa−2iω̂ÞΓð1

2
þa−2iω̂ÞΓð−3

2
þa−2iω̂Þ

Γð1þ2aÞ2Γð5
2
−a−2iω̂ÞΓð1

2
−a−2iω̂ÞΓð−3

2
−a−2iω̂Þ

×

�
S−ðrÞ − λNSinst

�
2M
r

�
2a Γð1 − 2aÞΓð5

2
þ a − 2iω̂ÞΓð1

2
þ a − 2iω̂Þ

Γð1þ 2aÞΓð5
2
− a − 2iω̂ÞΓð1

2
− a − 2iω̂Þ SþðrÞ

�
: ð92Þ
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Note that, although this expression formally looks to be
in closed form, in fact it intrinsically involves the trunca-
tion indices ðimax; imax;a; imax;F Þ needed to determine
ðS�; a; λNSinstÞ recursively. As a reminder, the functions
S�, Eq. (91), are related to R� via Eq. (47), that in turn
are connected to G0

�, Eq. (30) where the polynomials
ðP0; P̂0Þ defined in Eqs. (31) and (32) appear with their
explicit dependence on the truncation index imax. Similarly,
a comes from Eq. (37) and λNSinst from Eq. (61). Assuming
that we want the solution above to be accurate at a given
PN order, labeled with NPN, we have

imax ¼ NPN þ 3; ð93Þ

imax;a ¼ imax;F ¼ b2imax=3c; ð94Þ

where bc denotes the integer part. The reason for this is
that a involves only even powers of ω̂, implying that it
contributes every three PN orders, starting from 3PN (i.e.,
3PN, 6PN, 9PN etc). Note however that, given the modular
structure of the solution, in principle the three orders of
truncation can be independent and one can inject more
(or less) analytical information in each of the three building
blocks ðS�; a; λNSinstÞ depending on the impact of each one
on the accuracy ofRin when compared to numerical results
(see in particular Sec. VI A 1 below).
By taking two derivatives with respect to r of Eq. (92)

one finally gets the strain from Eqs. (83) and (84). Note that
inRin we kept explicit the dependence on r so to avoid the
introduction of mistakes in getting the waveform, because
one has first to derive with respect to r and then impose
the Kepler’s relation between radius and frequency holding
on circular orbits and have r → rΩ so that effectively the
final waveform only depends on the frequency parameter x.
Inspecting the analytical structure ofRin, Eq. (92), one sees
that the final solution is given by a complicated combina-
tion of transcendental and algebraic pieces. As it is well
known [see e.g. Ref. [23] ] the PN-expanded waveform,
obtained ab initio with a different method, presents logs,
transcendental numbers (e.g. π, γE etc.) together with
rational coefficients. The origin of these different contri-
butions stems from the analytical, closed-form expressions
of Eq. (92), that remain unchanged under the action of the
r-derivatives necessary to obtain the waveform strain. More
precisely:

(i) All logs come from terms like ð4ω̂Þ2iω̂, i.e. sche-
matically of the from ω̂Pn

0
ðω̂Þ where Pn

0 generically
indicates a polynomial in ω̂ of order n. Once PN-
expanded these terms bring ωpðlogðω̂ÞÞq-type cor-
rections in both the waveform amplitude and phase.
These types of corrections are generically denoted
as tails.

(ii) The π’s come from the eπP
m
0
ðω̂Þ and eiπP

n
0
ðω̂Þ func-

tions, while the γE from the expansion of the many
Γ functions present (see Sec. III C below).

(iii) All the other functions present in Eq. (92) eventually
lead to purely rational contributions.

The strain depends on the quantity a, that, as we mentioned
above, can be interpreted as the quantum period of the
Seiberg-Witten curve of a certain supersymmetric gauge
theory. Actually, within the current context of black hole
perturbation theory, Refs. [28,56] pointed out that a is
related to the so-called renormalized angular momentum,
introduced in Ref. [57] [see also Ref. [58] ], which depends
on the black hole mass M and its dimensionless spin
χ ≡ J=M2. Here we address this quantity as l̂ (instead of
the commonly used ν notation8), and it is related to a:

l̂ ¼ a −
1

2

≃ l −
15l2ðlþ 1Þ2 þ 13lðlþ 1Þ þ 24

ð2lþ 1Þlðlþ 1Þð4lðlþ 1Þ − 3Þ ω̂
2

þOðω̂3Þ: ð95Þ

The explicit expression of l̂, in PN-expanded form up to
ω̂10 is listed in Appendix D. The physical meaning of l̂ is to
capture the scale dependence of the BH multipole moments
in the near zone. Note that the computation of a we
performed solving Eq. (37) [or Eq. (38)] is one of the three
possible methods of having access to this quantity, the other
being the MST recursive relation or the Monodromy matrix
method [59,60]. See also Ref. [56] or Supplemental
Material of Ref. [31] for additional information. More
recent developments in the study of this quantity for several
geometries in the eikonal limit are reported in Refs. [61,62].
In this respect, it is important to mention that Ref. [31]
showed that l̂ precisely determines the anomalous dimen-
sion of BH multipole moments, γBHlm , defined as

γBHlm ¼ l̂ðω̂; χÞ − l: ð96Þ

This quantity will be important, following the insights of
Ref. [31], to modify l̂ into a more general quantity to be
used for comparable mass binaries. We will come back to
this in Sec. IV below. From now on, the a-dependence in
all formulas mentioned above has actually to be intended as
l̂-dependence.

B. Factorized multipolar waveform

Let us turn now to presenting a new factorization of the
waveform stemming from the analytic structure ofRin so to
improve the original DIN proposal [22]. The multipolar
waveform is first factorized in a Newtonian prefactor and a

post-Newtonian correction ĥðϵÞlm:

8To avoid confusion with the symmetric mass ratio
ν≡m1m2=ðm1 þm2Þ2.
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hlm ¼ hðN;ϵÞ
lm ĥðϵÞlm: ð97Þ

Note that in the test-mass limit, hðN;ϵÞ
lm is simply given by the

test-mass reduction of Eq. (4) of DIN. We propose to
factorize the PN correction as

ĥðϵÞlm ¼ ŜðϵÞTlmzlm

�
1þ T̃lm

�
−
lþ 1

l

�
ϵ

z̃lm

�
; ð98Þ

where ϵ indicates the parity of lþm, so that ϵ ¼ 0 for
lþm even, while ϵ ¼ 1 for lþm odd. The source of the
field, ŜðϵÞ, corresponds to either the energy (ϵ ¼ 0) or the
Newton-normalized angular momentum (ϵ ¼ 1):

Ŝð0Þ ¼ Êcirc; ð99Þ

Ŝð1Þ ¼ ffiffiffi
x

p
pcirc
φ : ð100Þ

We will refer to the functions Tlm and T̃lm as tail factors,
i.e. take into account logarithmic as well as transcendental
terms, while ðzlm; z̃lmÞ are the remainder (purely rational
and complex) contributions. Note that the internal tail,
T̃lm, starts contributing at 5PN order, as we will explicitly
see below. The two tail factors can be written in a
convenient form that separates the contributions according
to their behavior under PN-expansion, as already hinted
above in the discussion around Eq. (92). In particular, for
each tail term, one can separate factors that generate only
the logarithmic terms from factors that generate the
transcendental numbers and no logs. More precisely,

we write

Tlm ¼ Γð2lþ 2Þ
Γðl − 1Þ

T1;log
lm T1;trnsc

lm

1 − λNSinstT
2;log
lm T2;trnsc

lm

; ð101Þ

T̃lm ¼ −λNSinstT̃
log
lmT̃

trnsc
lm : ð102Þ

Here, the superscript log refers to the fact that the
corresponding term produces, once PN expanded, loga-
rithmic contributions, while by trnsc we mean that the
factor generates transcendental numbers. The functions
T2;log
lm ; T̃ log

lm; T
2;Tr
lm ; T̃ trnsc

lm can be read from Eq. (92) (setting

explicitly r ¼ rΩ), while T1;log
lm and T1;trnsc

lm are obtained
from the same expression after multiplying for some
factors in such a way that Tlm starts with 1. The tail
contributions are thus given by

T1;log
lm ¼ ð2ωrΩÞl̂−lð4ω̂Þ2iω̂ ¼ eðl̂−lÞ logð2ωrΩÞe2iω̂ log ð4ω̂Þ;

ð103Þ

T2;log
lm ¼ ð4ω̂Þ2l̂þ1 ¼ eð2l̂þ1Þ logð4ω̂Þ; ð104Þ

T̃ log
lm ¼

�
2M
rΩ

�
2l̂þ1

¼ eð2l̂þ1Þ logð2MrΩ Þ; ð105Þ

while the transcendental contributions read

T1;trnsc
lm ¼ Γðl̂ − 1 − 2iω̂Þ

Γð2l̂þ 2Þ eπω̂e−i
π
2
ðl̂−lÞ; ð106Þ

T2;trnsc
lm ¼ e−iðl̂þ1

2
Þπ Γð−2l̂Þ2Γðl̂þ 3 − 2iω̂ÞΓðl̂þ 1 − 2iω̂ÞΓðl̂ − 1 − 2iω̂Þ
Γð2l̂þ 2Þ2Γð2 − l̂ − 2iω̂ÞΓð−l̂ − 2iω̂ÞΓð−2 − l̂ − 2iω̂Þ ; ð107Þ

T̃ trnsc
lm ¼ Γð−2l̂ÞΓðl̂þ 3 − 2iω̂ÞΓðl̂þ 1 − 2iω̂Þ

Γð2l̂þ 2ÞΓð2 − l̂ − 2iω̂ÞΓð−l̂ − 2iω̂Þ : ð108Þ

Let us make here the following remark. The two T1;Ta
lm and

T1;trnsc
lm factors precisely show the functional dependence on

l̂ − l in the amplitude and phase predicted by Ivanov et al.
[31] (once specified to the test-mass limit) by running
renormalization group evolution of the multipoles up to the
orbital scale 1=rΩ, see their Eqs. (32) and (33). It is
interesting to note that the analysis in the test-mass limit
predicts the presence of the 2 in the first log of Eq. (103), a
number that could not be obtained by the RG evolution of
Ref. [31]. We will also see that the presence of this 2
and the precise combination of the Γ-functions given by
Eq. (101) are important ingredients also to obtain a

factorized waveform for comparable mass binaries that
improves the proposal of Ref. [31].
Let us finally turn to discuss the structure of the

remainder functions ðzlm; z̃lmÞ. In the current context they
are represented in closed form as infinite power series with
rational (complex) coefficients, after being PN expanded.
They read

zlm ¼ 1

ŜðϵÞbϵlmð−ilx
1
2Þϵ
X2
n¼0

CnR−
n ; ð109Þ

z̃lm ¼
�
−
lþ 1

l

�
−ϵ
P

2
n¼0 CnRþ

nP
2
n¼0 CnR−

n
; ð110Þ

with
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Rα
n ¼ ð2iωrÞ−ð32−αaÞrn∂nrRαðrÞjr¼rΩ;ω¼mΩ;a¼l̂þ1

2
; ð111Þ

and R�ðrÞ are the functions we obtained above stemming
from the solution of the CHE. The term ð− lþ1

l Þϵ is
factorized from z̃lm in such a way that, once PN-expanded
when lþm is odd, this quantity starts with 1. We stress
that Eqs. (109) and (110) as they are give access to the
complete analytic representation of the multipolar wave-
form for a test-mass orbiting a Schwarzschild black hole
around circular orbits. This solution needs, however, that
we specify a certain order of truncation for the recursion
that allows us to determine the quantity a from Eq. (37). In
practice, to compute the waveform analytically one has to
(i) solve Eq. (37) at a given order, determining thus λNSinst
from Eq. (60); and (ii) explicitly compute ðzlm; z̃lmÞ from
R�

n of Eq. (111). This approach gives an analytical solution
to the problem with an accuracy that can be arbitrarily high
depending on the PN order of computation of l̂. This fact
was already pointed out in Ref. [30] by pointwise compar-
isons with the energy flux computed numerically.
Here we want to follow a different approach and work

instead with PN-expansions of ðzlm; z̃lmÞ, retaining up to
10PN order. The hope is that the fact that all the logarithmic
and transcendental contributions are packaged in the new tail
factors will eventually allow for an analytical representation

of the waveform (and of the related energy flux) that is more
accurate than the standard approach of DIN [22] at the same
PN order. It is convenient to write the remainders as
amplitude and phase as

zlm ¼ flmeiδlm ≡ ðρlmÞleiδlm; ð112Þ

z̃lm ¼ f̃lmeiδ̃lm: ð113Þ

Note that the current flm coincide, at 1PN accuracy, with the
corresponding ones obtained by DIN [22]. As such, the same
reasoning of DIN holds and it is thus useful to 1=l resum the
residual amplitudes. From Eq. (98) the final factorized form
reads then

ĥðϵÞlm ¼ ŜðϵÞTlmðρlmÞleiδlm
�
1þ T̃lm

�
−
lþ 1

l

�
ϵ

f̃lmeiδ̃lm
�
;

ð114Þ

where it is intended that the amplitude corrections
ðρlm; f̃lmÞ are polynomials in x, the phase corrections
ðδlm; δ̃lmÞ are polynomials in x and all involve only rational
coefficients. Expanding ðzlm; z̃lmÞ up to 10PN, as men-
tioned above, for ρ22 we obtain

ρ22 ¼ 1 −
43

42
x −

20555

10584
x2 −

4296031bv
4889808

x3 þ 9228174993589

800950550400
x4 −

8938613036677

2116091577600
x5

þ −
1060700697798333909671

24231643979185843200
x6 þ 3567168919606240724303840051

43991338062012939037440000
x7

þ 8339316227220569285816625738049

279101750471556914871889920000
x8 þ −

522338057689474511990262498143822507399

857097472947610731676894961786880000
x9

þ 1523513000214555169284583871085138536795675131

1333729377653777059562416250036563968000000
x10; ð115Þ

for f̃22 we have

f̃22 ¼ 1þ 4391

2247
xþ 53185

2646
x2 þ 17096210

305613
x3 þ 4747421406107252

71641272277575
x4 þ 8197825650198689

18747248820300
x5

þ 93413981315288045717

265033606022345160
x6 −

84886593520942215307406177173

115729970007349756213155000
x7

þ 12091990099120207716578842317287

2316762577156478297276430000
x8 þ −

18745458158059179828839098304527937

5506639808719744112850116685000
x9

−
12907954629421965590241825710607690689624960837

465999378807314866788638416951557033375000
x10; ð116Þ

while for the residual phases we obtain

δ22 ¼ −
17

3
x
3
2 −

259

81
x
9
2 −

58940243

3539025
x
15
2 ; ð117Þ

δ̃22 ¼
25

3
x
3
2 þ 12077

567
x
9
2 þ 159283133

694575
x
15
2 : ð118Þ
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This procedure is then applied to all multipoles up to
l ¼ 8, where each residual function is truncated at 10PN
accuracy. The complete analytical information is reported
in Appendixes E and F. We recall that, as already said in
Sec. II B, in order to determine the expressions of ρlm and
f̃lm at 10 PN order, we have to set at least imax ¼ 13

inside the polynomials P0 and P̂0 in (31). In this way the
results that come out are consistent at that PN order.

C. Comparison with the PN-expanded waveform

We have mentioned above that each factor Ti;k
lm with

i ¼ 1, 2 and k ¼ ðlog; trnscÞ gives different a logarithmic
or transcendental contribution entering at various PN order.
For illustrative purposes, let us consider only the l ¼
m ¼ 2 case and show here explicitly the PN-expansion of
the various factors:

T1;log
22 ¼ 1þ 6i½2 logð2Þ þ logðxÞ�x3=2 − 2

105
½856 logð2Þ þ 3780 logð2Þ2 þ 214 logðxÞ þ 3780 logð2Þ logðxÞ

þ þ945 logðxÞ2�x3 − 4i
35

½1712 logð2Þ2 þ 2520 logð2Þ3 þ 1284 logð2Þ logðxÞ þ 3780 logð2Þ2 logðxÞ þ 214 logðxÞ2

þ1890 logð2Þ logðxÞ2 þ 315 logðxÞ3�x9=2 þOðx6Þ; ð119Þ

T2;log
22 ¼ 32768x15=2 −

28049408

35
½2 logð2Þ þ logðxÞ�x21=2 þ 1048576

385875
½−3390466 logð2Þ þ 14425740 logð2Þ2

þ −1695233 logðxÞ þ 14425740 logð2Þ logðxÞ þ 3606435 logðxÞ2�x27=2 þOðx33=2Þ; ð120Þ

T̃ log
22 ¼ 32x5 −

54784

105
½logð2Þ þ logðxÞ�x8 þ 2048

1157625
½−1695233 logð2Þ þ 2404290 logð2Þ2

þ −1695233 logðxÞ þ 4808580 logð2Þ logðxÞ þ 2404290 logðxÞ2�x11 þOðx14Þ; ð121Þ

T1;trnsc
22 ¼ 1

120
þ 1

60
ð2iγE þ πÞx3=2 þ ½29318 − 6300γ2E þ γEð−6420þ 6300iπÞ þ 3210iπ þ 525π2�x3

94500

þ 1

47250
½−4200iγ3E þ 29318π þ 5350iπ2 − 525π3 − 60γ2Eð214iþ 105πÞ þ 2iγEð29318þ 6420iπþþ 525π2Þ

þ 4200iΨð2Þð1Þ�x9=2 þOðx6Þ; ð122Þ

T2;trnsc
22 ¼ 49

732736x3=2
þ 7i
17120

þ
�

121258243

17640619200
−

7γE
6420

þ 7iπ
12840

�
x3=2 þ

�
423318901i
8655444000

−
iγE
150

−
π

300
þ 7iπ2

3210

�
x3

þ
�
2423925578234843

5722804300059000
−
569063γE
4808580

þ 2γ2E
225

þ 569063iπ
9617160

−
2iγEπ
225

−
7π2

450
þ 14Ψð2Þð1Þ

535

�
x9=2 þOðx11=2Þ; ð123Þ

T̃ trnsc
22 ¼ −

7

214
þ 149i
1070

x3=2 −
5956078

3606435
x3 þ

�
240034898i
30053625

−
32iπ2

45

�
x9=2 þOðx6Þ: ð124Þ

It is also useful to report the PN expansion of the quantity λNSinst, which turns out to be a polynomial in x, but it is important in
order to understand how the denominators of Eq. (101) and (102) start. Hence we always consider the (2, 2) mode

λNSinst;l¼m¼2 ¼ 1 −
500

49
x3 −

45098078528

318087567
x6 −

2024036734584885289408

953484714476442225
x9 þOðx12Þ: ð125Þ

From these expressions we clearly see how, for this mode,
the denominator of the external tail (101) starts to con-
tribute from 6PN, while the internal one (102) becomes
relevant from 5PN. Notice also that T22 in (101) starts
with 1 because Γð6Þ ¼ 120 which cancels the 1=120 that
appears inside T1;trnsc

22 .

D. Refactorizing existing analytical information

Our approach based on the mapping of the Teukolsky
equation into a CHE proposes a new way of computing
the circularized waveform emitted by a test mass on a
Schwarzschild black hole that can fully replace the stan-
dard PN expansion in the MST formalism since certain
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expressions (notably what we called the tail and transcen-
dental parts) are not PN-expanded ab initio, but are kept in
closed form during the full procedure. The functions
ðzlm; z̃lmÞ can be obtained at (a priori) arbitrary PN
accuracy (or even evaluated in closed form in terms of
hypergeometric functions), eventually yielding more ana-
lytical information than the one available with the standard
MST approach. In this respect, let us recall that the test-
mass waveform (and fluxes) is currently known at global
22PN order [54] for the Schwarzschild case.9

By contrast, the well-known factorization approach to the
waveform of DIN [22] (see also Sec. IVA below for a
reminder) is conceptually different with respect to the one
we discussed so far in that it (i) starts from the PN-expanded
waveform at a given global PN accuracy and (ii) factorizes
closed form functions, like the tail factor and the source, so
to obtain residual amplitudes and phases for each waveform
mode. Since PN-results are available in the DIN-factorized
form at high-order, i.e. 22PN for Schwarzschild [54] and
11PN for Kerr [63] it is meaningful to wonder whether it is
possible to simply recast them in the new factorized format,
without the need of recomputing everything from the
beginning. Note in this respect that this information is
available in DIN factorized form, with the ðρDINlm ; δDINlm Þ of
Refs. [54,63] freely available in electronic form [65]. It is
possible to map these results in our form by simply equating
the elements of the factorized waveforms as

TDIN
lm ðρDINlm ÞleiδDINlm ¼ Tlmzlm

�
1þ T̃lm

�
−
lþ 1

l

�
ϵ

z̃lm

�
ð126Þ

under the hypothesis that ðzlm; z̃lmÞ are complex polyno-
mials of the form

zlm ¼
XNz

n¼0

bninx
n
2; ð127Þ

z̃lm ¼
XNz̃

n¼0

dninx
n
2; ð128Þ

where ðNz;Nz̃Þ are the respective PN orders of the two
functions (that a priori may differ) and all coefficients
fbm; dmg are real. For pedagogical purposes, let us focus
only on the l ¼ m ¼ 2 mode. To determine z̃22 at, say,
2PN order we need to start from DIN factorized results at
10PN order because the internal tail, T̃22, starts at 5PN. As a
result, z22 can be fully determined at 7PN order. So, starting
with DIN results at 10PN yields Nz ¼ 14 and Nz̃ ¼ 4

because of the structure of the PN-expansions of ðT22; T̃22Þ
explicitly shown above.10 By expanding Eq. (126) at 10PN
one can solve for the coefficients ðbm; dmÞ and eventually
obtain

z22 ¼ 1 −
43

21
x −

17

3
ix3=2 −

536x2

189
þ 731

63
ix5=2 −

201356x3

14553
þ 9112

567
ix7=2 þ 6107384702x4

99324225
þ 635344ix9=2

43659

þ 1617025696474x5

95649228675
−
64867320634ix11=2

297972675
−
257475652476904x6

1926228312855
þ 24471767655142ix13=2

286947686025

þ −
4258865347928184866512x7

16235937670515688125
; ð129Þ

z̃22 ¼ 1þ 4391x
2247

þ 25

3
ix3=2 þ 53185

2646
x2; ð130Þ

that, once written as amplitude and phase, precisely
coincide with Eqs. (115)–(117) at 7PN and Eqs. (116)
and (118) at 2PN. This is a practical algorithmic procedure
to recast already available analytic information in the new
factorized and resummed form without the need of ab initio
calculations. Although in this paper we will content
ourselves to keep ðzlm; z̃lmÞ at 10PN accuracy, that is
enough for our purposes, if the need comes to go to higher
order one can exploit already calculated information

instead of resorting to the full solution of the Heun
equation.

IV. COMPARABLE-MASS BINARIES

Building upon the knowledge gained in the test-mass
case we can now propose a new factorized and resummed
EOB waveform that is valid also for comparable mass
binaries. We have that M ¼ m1 þm2 is the total mass of
the system, and we adopt the convention that m1 ≥ m2. We
define the reduced mass of the system as μ≡m1m2=M and
the symmetric mass ratio as ν≡ μ=M. We use some
dimensionless phase-space variables, pφ ≡ Pφ=ðμMÞ

9For the Kerr case we are limited to 11PN global accuracy in
full analytic form [63], although the knowledge was pushed up to
21.5PN with high-order analytical terms extracted from high-
precision numerical data [64].

10Technically speaking, the system of equations in the coef-
ficients ðbm; dmÞ can be solved only if Nz ¼ Nz̃ ¼ 14, but at the
end only the coefficients that impact at global 7 PN order must be
retained, i.e. all the dm with m ¼ 0;…; 4.
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and u≡M=r, where r is the relative separation between the
two objects. To construct this new analytic proposal we
blend together the (i) new tail and transcendental factors
defined above with (ii) the factorized structure of the
waveform of DIN for comparable mass binaries and (iii) the
finding of ILPZ [31] that the renormalized angular momen-
tum l̂ can be generalized to comparable mass binaries
using the new concept of universal anomalous dimension of
the gravitational multipoles. Let us remember that ILPZ
pointed out that from the anomalous dimension of BH
multipole moments introduced above, γBHlm , Eq. (96), one
can compute an universal anomalous dimension γunivlm that is
valid for a general system (e.g., like the case of a binary
with comparable masses) that is obtained suitably expand-
ing the BH anomalous dimension around χ ¼ 0 and then
replacing the mass of the black hole, M, with the energy of
the system E and the dimensionless black hole spin, χ, with
J ≡ Pφ=E2, where Pφ is addressing the orbital angular
momentum of the system. The universal dimension (note
that we reinserted the gravitational constant G) is then
given by

γunivlm ¼ ½γBHlmðGEω; 0Þ þ ∂χγ
BH
lmðGEω; 0ÞJ �G2lþ1 ; ð131Þ

where ½…�Gn denotes an expansion through order n.
Following in spirit the proposal of Ref. [31] we will then
use the so-computed universal anomalous dimension to
define the quantity

ˆ̂l ¼ lþ γunivlm : ð132Þ

We then propose to generalize the l̂ dependence of test-
mass formulas discussed above to the comparable mass
case by the simple replacement

l̂ → ˆ̂l ð133Þ

in the various tail (and transcendental) factors introduced
above for the test-mass case, Eqs. (101)–(108).
Let us introduce the various building blocks of the

factorized waveform that now incorporates all available
corrections in ν. It is intended that in the ν → 0 limit our
formulas reduce to the test-mass ones discussed above. The
PN correction to the multipolar waveform is factorized as

ĥlm ¼ ŜðϵÞeffTlmðρlmÞleiδlm
�
1þ T̃lm

�
−
lþ 1

l

�
ϵ

f̃lmeiδ̃lm
�
;

ð134Þ

where ŜðϵÞeff is the effective source computed along a sequence
of EOB circular orbits, i.e. either the effective EOB energy,
when lþm is even, ϵ ¼ 0, or the Newton-normalized
orbital angular momentum of the binary, when lþm is odd,
ϵ ¼ 1. The effective EOB Hamiltonian for circular orbits is

defined as Ĥeff ¼ Heff=μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Að1þ p2

φu2Þ
q

, where A is the

full EOB (resummed) interaction potential that is taken at a
given PN accuracy. The effective Hamiltonian is related to
the real Hamiltonian of the system as

Hreal ¼ M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðĤeff − 1Þ

q
: ð135Þ

Circular orbits are determined by the condition ∂u½AðuÞð1þ
p2
φu2Þ� ¼ 0, which leads to the following representation of

the squared angular momentum:

½pcirc
φ ðuÞ�2 ¼ −

A0ðuÞ
ðu2AðuÞÞ0 ; ð136Þ

where the prime stands for d=du. From one of the Hamilton
equations we obtain the orbital frequency for circular orbits
as function of u:

MΩðuÞ ¼ MAðuÞpcirc
φ ðuÞu2

ErealÊeff
; ð137Þ

where with Ereal and Êeff we indicate the real and effective
energies obtained evaluating the HamiltoniansHreal and Ĥeff
along the sequence of circular orbits characterized by the
angular momentum of Eq. (136). Along circular orbits
we have x≡ ðMΩÞ2=3, and from Kepler’s constraints,
Ω2r3 ¼ M, we have x≡ ðMΩÞ2=3 ¼ M=rΩ, where we
indicate with rΩ the orbital radius as related to the orbital
frequency. One can then invert numerically Eq. (137) so
to obtain a parametric relation between x and u and

have ŜðϵÞeff ðxÞ. The tail factors Tlm and T̃lm are now given by

Tlm ¼ Γð2lþ 2Þ
Γðl − 1Þ

T1;log
lm T1;trnsc

lm

1 − λNSinstT
2;log
lm T2;trnsc

lm

; ð138Þ

T̃lm ¼ −λNSinstT̃
log
lmT̃

trnsc
lm ; ð139Þ

but with the l̂’s replaced by ˆ̂l. To do so, we need the
universal anomalous dimension of multipole moments γunivlm ,
that can be obtained from the renormalized angular momen-
tum (e.g. as obtained using the MSTmethod) using Eq. (131)
above. Specifically, for the quadrupole we have [31]

γuniv2m ¼ −
214

105
ˆ̂k
2 þ 2mJ

3
ˆ̂k
3
−
3390466

1157625
ˆ̂k
4 þ 381863mJ

99225
ˆ̂k
5
;

ð140Þ

where J ≡ pcirc
φ =E2

real and ˆ̂k≡ ErealmΩ, using here the
notation introduced in Ref. [22]. The various tail factors
now read

T1;log
lm ¼ eð

ˆ̂l−lÞ logð2krΩÞe2i
ˆ̂k log ð4MkÞ; ð141Þ

FROM THE CONFLUENT HEUN EQUATION TO A NEW … PHYS. REV. D 114, 024015 (2026)

024015-15



T2;log
lm ¼ eð2

ˆ̂lþ1Þ logð4MkÞ; ð142Þ

T̃ log
lm ¼ eð2

ˆ̂lþ1Þ logð2MrΩ Þ; ð143Þ

where we defined k≡mΩ. Let us recall that Ref. [22]

introduced the use of ˆ̂k to promote the tail factor found in the
test-mass to the comparable mass case in order to take into
account tail effects linked to the propagation of the multipolar

wave in a Schwarzschild background of massMADM ¼ Ereal
[22,66]. In the equations above we follow precisely the same
rationale to rise our new test-mass tail factor to the compa-
rable mass case. Similarly, the test-mass transcendental
factors now read

T1;trnsc
lm ¼ Γð ˆ̂l − 1 − 2i ˆ̂kÞ

Γð2 ˆ̂lþ 2Þ
eπ

ˆ̂ke−i
π
2
ð ˆ̂l−lÞ; ð144Þ

T2;trnsc
lm ¼ e−ið

ˆ̂lþ1
2
Þπ Γð−2 ˆ̂lÞ2Γð ˆ̂lþ 3 − 2i ˆ̂kÞΓð ˆ̂lþ 1 − 2i ˆ̂kÞΓð ˆ̂l − 1 − 2i ˆ̂kÞ
Γð2 ˆ̂lþ 2Þ2Γð2 − ˆ̂l − 2i ˆ̂kÞΓð− ˆ̂l − 2i ˆ̂kÞΓð−2 − ˆ̂l − 2i ˆ̂kÞ

; ð145Þ

T̃ trnsc
lm ¼ Γð−2 ˆ̂lÞΓð ˆ̂lþ 3 − 2i ˆ̂kÞΓð ˆ̂lþ 1 − 2i ˆ̂kÞ

Γð2 ˆ̂lþ 2ÞΓð2 − ˆ̂l − 2i ˆ̂kÞΓð− ˆ̂l − 2i ˆ̂kÞ
: ð146Þ

We are now left to determine the residual amplitudes and phases in Eq. (134). We do so by factoring out the PN-expanded
waveform multipole by multipole. For the l ¼ m ¼ 2 multipole it is fully known at 4PN accuracy [32,33,67–72], while
subdominant modes are known up to (global) 3.5PN accuracy [66,73–75]. For convenience the analytically known
PN-expanded ĥlm’s are listed in Appendix B. Because of the global 4PN accuracy of the train waveform, in the factorization
we only have to take into account the external tail Tlm, since the internal one starts at 5PN order. Furthermore, since the
denominator of Eq. (138) contributes from 6PN, we don’t need to consider it, so in the following we are going to denote as
Tlm only Γð2lþ 2Þ=Γðl − 1ÞT1;log

lm T1;trnsc
lm . We report here explicitly the factorization of the l ¼ m ¼ 2 mode, while all

others, up to the currently known l ¼ 5 ones, are listed in Appendix E. The l ¼ m ¼ 2 PN-correcting factor at 4PN accuracy,
expressed in radiative coordinates [32,33,71], reads11

ĥ4PN22 ¼ 1þ
�
−
107

42
þ 55

42
ν

�
xþ 2πx3=2 þ

�
−
2173

1512
−
1069

216
νþ 2047

1512
ν2
�
x2 þ

�
−
107π

21
þ
�
34π

21
− 24i

�
ν

�
x5=2

þ
�
27027409

646800
−
856γE
105

þ 428iπ
105

þ 2π2

3
−
�
278185

33264
−
41π2

96

�
ν −

20261

2772
ν2 þ 114635

99792
ν3 −

428

105
logð16xÞ

�
x3

þ
�
−
2173π

756
þ
�
−
2495π

378
þ 14333i

162

�
νþ

�
40π

27
−
4066i
945

�
ν2
�
x7=2 þ

�
−
846557506853

12713500800
þ 45796γE

2205
−
22898iπ
2205

þ −
107π2

63
þ
�
256450291

7413120
−
1025π2

1008

�
ν2 −

81579187

15567552
ν3 þ 26251249

31135104
ν4 þ 22898

2205
logð16xÞ þ

�
−
336005827477

4237833600

þþ 15284γE
441

−
219314iπ
2205

−
9755π2

32256
þ 7642

441
logð16xÞ

�
ν

�
x4: ð147Þ

We use the following 4PN accurate energy and 4PN accurate angular momentum along circular orbits:

E4PN
real

M
¼ 1 −

1

2
νx

�
1þ

�
−
3

4
−

ν

12

�
xþ

�
−
27

8
þ 19

8
ν −

ν2

24

�
x2 þ

�
−
675

64
þ
�
34445

576
−
205

96
π2
�
ν −

155

96
ν2þ

−
35

5184
ν3
�
x3 þ

�
−
3969

128
þ
�
−
123671

5760
þ 9037

1536
π2 þ 896

15
γE þ 448

15
logð16xÞ

�
νþ

�
−
498449

3456
þ 3157

576
π2
�
ν2þ

þ 301

1728
ν3 þ 77

31104
ν4
�
x4
�
; ð148Þ

11Note that following [32] the argument x should be half the gravitational wave frequency, while, as in Ref. [26], we approximate it
with the orbital frequency, neglecting hereditary effects [see Ref. [76] for details]. We made this choice for consistency with our previous
work. This choice does not change conceptually the results presented here, though the EOB waveform models of Refs. [26,27] will have
to be correctly updated accordingly.
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p4PN
φ;circ ¼

1ffiffiffi
x

p
�
1þ

�
3

2
þ ν

6

�
xþ

�
27

8
−
19

8
νþ ν2

24

�
x2 þ

�
135

16
þ
�
−
6889

144
þ 41

24
π2
�
νþ 31

24
ν2þ

þ 7

1296
ν3
�
x3 þ

�
2835

128
þ
�
98869

5760
−
128

3
γE −

6455

1536
π2 −

64

3
logð16xÞ

�
νþ

�
356035

3456
−
2255

576
π2
�
ν2þ

−
215

1728
ν3 −

55

31104
ν4
�
x4
�
; ð149Þ

and from them we compute Ŝð0Þeff ¼ E4PN
eff and Ŝð1Þeff ¼ffiffiffi

x
p

p4PN
φ;circ to be factored out. For what concerns the tail,

there is one important subtlety we need to face correctly, i.e.
the fact that ĥ4PNlm is expressed using radiative coordinates,
while the test-mass expressions presented above were
obtained in Schwarzschild coordinates. These two coordi-
nate systems differ for the choice of the origin of time, and
this translates into a difference in the overall phase of the
waveform. In radiative coordinates12 we have

hlm ¼ hN;radiative
lm ĥradiativelm e−imψ ; ð150Þ

and, according to [66], the change from the Schwarzschild
coordinates to the radiative ones implies that the phase
variable ψ is related to the actual orbital phase of the binary
φ by

ψ ¼ φ − 2ErealΩ log

�
Ω
Ω0

�
; ð151Þ

where Ω0 is a constant frequency related to a length scale in
a way we are about to see. ĥradiativelm is the normalized
waveform in radiative coordinates. By inserting the term
e−imφ inside the Newtonian part in radiative coordinates
and 2ErealΩ logðΩΩ0

Þ inside the PN-expanded waveform, we
obtain the ingredients in the Schwarzschild coordinates of
the previous section:

hlm ¼ hN;Schwarzschild
lm ĥSchwarzschildlm ; ð152Þ

meaning that

ĥSchwarzschildlm ¼ ĥradiativelm e2iErealmΩ log ðΩ=Ω0Þ: ð153Þ

In order to match the PN results of ĥSchwarzschildlm and ĥradiativelm
known in literature, we have to fix

Ω0 ¼
e
11
12
−γE

4r0
; ð154Þ

where, following Ref. [23,53], the scale r0 is fixed to
r0 ¼ 2M=

ffiffiffi
e

p
. At this point, using the phase factor

e2iErealΩ log ðΩ=Ω0Þ in front of the tail part, we can write

TSchwarzschild
lm ¼ Tradiative

lm e2iErealmΩ log ðΩ=Ω0Þ: ð155Þ

This is valid for all the factorization proposals we are going
to investigate also in the following sections. From all this
reasoning it is clear that the residual phase δlm is the same
in the two coordinate systems. In our scenario, using for
TSchwarzschild
lm what is written in (138) with all the simpli-

fications due to the fact we are at 4PN, i.e.

TSchwarzschild
lm ¼¼ Γð2lþ 2Þ

Γðl − 1Þ
Γð ˆ̂l − 1 − 2i ˆ̂kÞ
Γð2 ˆ̂lþ 2Þ

eπ
ˆ̂kð2krΩÞ

ˆ̂l−l

× e2i
ˆ̂k logð4MmΩÞe−iπ2ð

ˆ̂l−lÞ; ð156Þ

we obtain that

Tradiative
lm ¼ Γð2lþ 2Þ

Γðl − 1Þ
Γð ˆ̂l − 1 − 2i ˆ̂kÞ
Γð2 ˆ̂lþ 2Þ

eπ
ˆ̂kð2krΩÞ

ˆ̂l−l

× e2i
ˆ̂k logð4MmΩ0Þe−iπ2ð

ˆ̂l−lÞ; ð157Þ

and using the expression of Ω0 coming from (154), we have

Tradiative
lm ¼ Γð2lþ 2Þ

Γðl − 1Þ
Γð ˆ̂l − 1 − 2i ˆ̂kÞ
Γð2 ˆ̂lþ 2Þ

eπ
ˆ̂kð2krΩÞ

ˆ̂l−l

× e2i
ˆ̂k logð2mϕ0Þe−iπ2ð

ˆ̂l−lÞ; ð158Þ

where the value of ϕ0 is

ϕ0 ¼
e
17
12
−γE

4
: ð159Þ

With this choice, the residual phase extracted from the
(radiative-coordinates) 4PN waveform coincides with the
one obtained in the test-mass limit that we computed above.
The residual amplitude at 4PN then reads

12Note that the definition of the Newtonian factor hN;radiative
lm

follows Ref. [66] that omits the factor e−imφ.
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ρ22 ¼ 1þ
�
−
43

42
þ 55ν

84

�
xþ

�
−
20555

10584
−
33025ν

21168
þ 19583

42336
ν2
�
x2 þ

�
−
4296031

4889808
þ
�
41π2

192
−
48993925

9779616

�
ν

−
6292061

3259872
ν2 þ 10620745

39118464
ν3
�
x3 þ x4

�
9228174993589

800950550400
þ ν

�
−
2487107795131

145627372800
−
9953π2

21504
þ 464

35
eulerlog2ðxÞ

�
þ
�
10815863492353

640760440320
−
3485π2

5376

�
ν2 −

2088847783

11650189824
ν3 þ 70134663541

512608352256
ν4
�
; ð160Þ

where eulerlogmðxÞ≡ γE þ logð2m ffiffiffi
x

p Þ, and the residual
phase is

δ22 ¼ −
17

3
y3=2 − 24νy5=2

þ
�
30995

1134
νþ 962

135
ν2
�
y7=2 − ν

4976

105
πy4; ð161Þ

with y ¼ ðErealΩÞ2=3. The ν ¼ 0 limit of this function
coincides with Eqs. (115)–(117). Note that ν-dependent
logs are still present in Eq. (160) as well as ν-dependent
terms that are proportional to π2. As pointed out in
Ref. [31], the residual logs come from the tails of the
memory effect that are not universal and not present in the
test-mass case.
Let us finally stress that our procedure, though inspired

by ILPZ, is technically different as it stems from the
l̂-dependence found in the test-mass solution. In ILPZ,
they proposed to replace all l’s appearing in the prefactor
resumming the infinite number of leading (infrared) log-

arithms into ˆ̂l. In our case, instead, we systematically

promote each l̂ to ˆ̂l, as it seems a rather natural procedure,
without modifying the Γð2lþ 2Þ=Γðl − 1Þ factor in
Eq. (138). In this respect, in Eq. (158) we could have

used the combination Γðl̂ − 1 − 2i ˆ̂kÞ=Γð2l̂þ 2Þ instead.
When this is done, one finds that all terms in ρ22 are
unchanged except for the

464

35
eulerlog2ðxÞ ¼

464

35

�
γE þ 2 logð2Þ þ 1

2
logðxÞ

�
ð162Þ

term, that is instead replaced by

52

3
γE þ 928

35
logð2Þ þ 232

35
logðxÞ: ð163Þ

This results suggests that the replacement l̂ → ˆ̂l in the
Γ-dependent factor seems to be a good practice, because it
yields a coefficient of γE to reconstruct the full eulerlog2ðxÞ
function.

A. Comparison with Damour-Iyer-Nagar

To have a better understanding of the effect of the new
factorized terms it is useful to compare ðρ22; δ22Þ of the
above with those obtained with the standard DIN factori-
zation [21–23,53]. The result of this calculation was
reported in Ref. [26] since the 4PN-accurate ρDIN22 is already
incorporated within the state-of-the-art waveform model
TEOBResumS-Dalí [26,27] as well as in the Lagrange
EOB model [13] for coalescing black hole binaries. Here
we repeat in detail the calculation of [26] for completeness.
The DIN factorized waveform is formally written as

ĥlm ¼ ŜðϵÞeffT
DIN
lm ðρDINlm ÞleiδDINlm ; ð164Þ

where the superscript DIN allows us to distinguish these
functions from the new ones. In particular, the tail factor
TDIN
lm reads

TDIN
lm ¼ Γðlþ 1 − 2i ˆ̂kÞ

Γðlþ 1Þ eπ
ˆ̂ke2i

ˆ̂k logð2kr0Þ; ð165Þ

where r0 ¼ 2M=
ffiffiffi
e

p
[53]. As above, to match the compa-

rable-mass results in radiative coordinates with the ones in
the test-mass limit, in Schwarzschild coordinates, the tail
factor we have to factor out from Eq. (164) is obtained from
the previous one in Eq. (165) via Eq. (155) with Ω0 given
by (154)

TDIN;radiative
lm ¼ Γðlþ 1 − 2i ˆ̂kÞ

Γðlþ 1Þ eπ
ˆ̂ke2i

ˆ̂k logð2mϕDIN
0

Þ; ð166Þ

where the phase here is

ϕDIN
0 ¼ e

11
12
−γE

4
ð167Þ

as pointed out in Ref. [66]. One eventually gets the
following residual amplitude ρDIN22 :
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ρDIN22 ðxÞ ¼ 1þ
�
−
43

42
þ 55

84
ν

�
xþ

�
−
20555

10584
−
33025

21168
νþ 19583

42336
ν2
�
x2

þ
�
1556919113

122245200
−
428

105
eulerlog2ðxÞ þ

�
41π2

192
−
48993925

9779616

�
ν −

6292061

3259872
ν2 þ 10620745

39118464
ν3
�
x3

þ
�
−
387216563023

160190110080
þ 9202

2205
eulerlog2ðxÞ þ

�
−
6718432743163

145627372800
−
9953π2

21504
þ 8819

441
eulerlog2ðxÞ

�
ν

þ
�
10815863492353

640760440320
−
3485π2

5376

�
ν2 −

2088847783

11650189824
ν3 þ 70134663541

512608352256
ν4
�
x4: ð168Þ

The residual phase reads

δDIN22 ¼ 7

3
y3=2 − 24νy5=2 þ 428

105
πy3 þ

�
30995

1134
νþ 962

135
ν2
�
y7=2 −

5536

105
πνy4; ð169Þ

with y ¼ ðErealΩÞ2=3. Comparing Eq. (168) with Eq. (160)
one sees that, on top of the obvious simplification of the test-
mass contributions, all ν-dependent terms are unchanged
except the coefficient of νeulerlog2ðxÞ that from 8819=441 ∼
19.997 is reduced by less of a factor two to 464=35 ∼ 13.26.
For what concerns the residual phases δ22 and δDIN22 , they
differ in the contributions proportional to π because of the

factor ei
π
2
ðl− ˆ̂lÞ that is absent in DIN and that thus yields the

absence of the test-mass term in Eq. (161). In Appendix G
we report the expression of ρDIN22 up to 10 PN, where from
5PN order we only have test-mass terms.

V. REVISITING THE FACTORIZATION
OF IVANOV ET AL. [31], ILPZ

Now that we have discussed our new waveform factori-
zation proposal let us go back to the ILPZ proposal [31]. As
mentioned above, ILPZ has the merit of having pointed out,
for the first time, the possibility of resumming the universal
(test-mass) logs in the waveform amplitudes using the RG
evolution as well as of introducing the concept of universal
anomalous dimension of multipole moment, that we used
above. However, we are going to show that the factorization
proposed there (with some minor modifications) turns out
to be less powerful than the one we presented above: when
analyzing the test-mass limit, one finds that the transcen-
dental numbers appear again starting from 5PN order, while
the logðxÞ dependence pops up again at 8PN.
It is thus useful to critically revisit the ILPZ proposal.

The waveform is factorized as

ĥlm ¼ ŜðϵÞeffT
ILPZ
lm ðρILPZlm ÞleiδILPZlm ; ð170Þ

where the tail factor, expressed in radiative coordinates, is
written as

TILPZ;radiative
lm ¼ Γð ˆ̂lþ 1 − 2i ˆ̂kÞ

Γð ˆ̂lþ 1Þ
eπ

ˆ̂ke2i
ˆ̂k logð2mϕILPZ

0
Þ

× e−i
π
2
ð ˆ̂l−lÞðαkrΩÞ

ˆ̂l−l; ð171Þ

with k ¼ mΩ, ˆ̂k ¼ ErealmΩ, ϕILPZ
0 ¼ ϕDIN

0 ¼ e11=12−γE=4
and13 α being a constant to be fixed. In particular, in
ILPZ it was fixed to ðmϕILPZ

0 Þ−1, but the EFT procedure
employed there does not allow one to uniquely determine
it. For this reason, inspired from our result in Eq. (157), we
have restored a general constant, expected to be different
from 2 due to the fact that the ratio of Γ functions between
Eq. (171) and Eq. (157) is different. This constant can be
fixed arbitrarily, so we proceed as follows. We start with
the (2,2) mode. The residual amplitude at 4PN turns out
to be

13In ILPZ, Ref. [31], there is a typo in the argument of the
logarithm at the exponent of the tail factor, both in their Eq. (31),
where they recall the DIN factorization, and in their Eq. (33).
In Schwarzschild coordinates the correct argument is 2kr0, and in
the radiative ones it is 2mϕDIN;ILPZ

0 . We thank J. Parra-Martinez
for confirming this aspect.
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ρILPZ22 ðxÞ ¼ 1þ
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þ 9202γE
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2205
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9202 logðαÞ
2205

�
x4; ð172Þ

and we choose to fix α in such a way that no transcendental, or logarithmic, factors explicitly appear at 3PN,
which yields

γE þ logð2Þ − logðαÞ ¼ 0 ⇒ α ¼ 2eγE : ð173Þ

Since this constant is different with respect to the one originally computed by ILPZ we indicate the corresponding
quantities with a tilde. Thus ρ̃ILPZ22 at 8PN accuracy (see Appendix G for 10PN) reads

ρ̃ILPZ22 ¼ 1−
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þ
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þ
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þ
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−
91592

11025
π2 −
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105
Ψð2Þð3Þ− 6848

105
ζð3Þ

�
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þ
�
−
38460677967545998977786359

411134000579560177920000
þ 1969228

231525
π2 þ 73616

2205
Ψð2Þð3Þ þ 147232
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�
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−
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15
logð2xÞ þ 1759508

27783
Ψð2Þð3Þ þ 3519016

27783
ζð3Þ

�
x8;

ð174Þ

where the test-mass logs appear again at 8PN and Ψ indicates the polygamma function. At this stage we stress that the
rational numbers that are independent of ν, π, logarithms and other transcendental terms are the same as the DIN ones.
This is valid only up to 8 PN, and we can use the fact that Ψð2Þð3Þ and ζð3Þ are related. In particular

Ψð2Þð3Þ ¼ 9

4
− 2ζð3Þ; ð175Þ

and by doing so we arrive at
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ρ̃ILPZ22 ¼ 1 −
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π2
�
x6 þ

�
−
7576963083194058102522359

411134000579560177920000
þ 1969228

231525
π2
�
x7

þ
�
−
11831416136632492005314654903

24377827799070391726080000
þ 47066839

2917215
π2 −

128

15
logð2xÞ

�
x8: ð176Þ

From this expression one sees that (i) up to 5PN order
included the ν ¼ 0 contributions are fully rational; (ii) the
logarithms are still absent up to 7PN included, though
transcendental numbers are found; (iii) at 8PN the logðxÞ
appears again but not squared as it was the case of ρDIN22 . The
structure of the function remains analogous for higher modes
always with the choice of α ¼ 2eγE , with logðxÞ and
transcendental numbers appearing after a certain PN order;
see AppendixG. Note however that the (nonuniversal) logðxÞ
terms appear at 8PN only for the l ¼ 2 modes, while for
l ¼ 3 they are present starting from 10PN. The use of test-
mass PN knowledge allows us to complement the finding of
ILPZ and to state clearly that at higher PN the transcendental
complexity of the residual amplitudes increases. This in the
end shows that the factorization procedure, though being an
improvement with respect to DIN, is actually suboptimal
with respect to the one discussed in previous sections. For
completeness, we also quote the corresponding residual
phase:

δ̃ILPZ22 ¼ 7

3
y3=2 − 24νy5=2

þ
�
30995

1134
νþ 962

135
ν2
�
y7=2 −

4976

105
πνy4: ð177Þ

VI. PERFORMANCE: FLUX AND WAVEFORM
FOR CIRCULAR ORBITS

A. Test-mass

Let us turn now to evaluate the performance of our new
factorized waveform. We do so first in the test-mass limit,
comparing the analytical expressions (either the waveform
or the full flux) with numerical data. These numerical data
are obtained by solving the Teukolsky equation numeri-
cally and were kindly given to us by S. Hughes [77].
We consider two types of data: either the modulus of the

l ¼ m ¼ 2 relativistic correction to the waveform jĥ22j or
the reduced flux function (i.e. the flux divided by the
Newtonian quadrupole) f̂ obtained summing together all
multipoles up to l ¼ 8. In particular, the use of jh22j allows
us to discriminate between some choices, that a priori are
arbitrary, concerning the values of imax;a and imax;F , that
enter the NS-quantity λNSinst and the truncation of l̂. We recall
that, since we are keeping the functions ρlm and f̃lm at
10 PN, then imax is always kept to 13, according to what
was already said in (93) and below (36).

1. Impact of l̂ and λNSinst: l=m=2 mode

We start with ρ22 and f̃22 at 10PN. With this fixed, there
are two residual arbitrariness orders, that is: (i) the order at
which λNSinst is computed, i.e. the value of imax;F in Eq. (60)
and (ii) the order at which l̂ is computed starting from
Eqs. (43). As a first exploratory study, we consider λNSinst at
the highest order available, i.e. imax;F ¼ 10 and explore the
effect of truncating l̂ at various orders. The explicit
expression of l̂ for l ¼ 2 up to 15PN reads

2̂ ¼ 2 −
214

105
ω̂2 −

3390466

1157625
ω̂4 −

153440219802466

15021833990625
ω̂6

−
71638806585865707261481

1520451676706008921875
ω̂8

þ −
270360664939833821554899493653643

1099244369724415858768042968750
ω̂10

þOðω̂12Þ: ð178Þ

Since ρ22 and f̃22 are truncated at 10PN, and they enter
other resummed expressions, it is a priori not evident what
order of 2̂ should be retained. Pragmatically, we compare
the exact jĥ22j with three analytical expressions where
2̂ is truncated at 9PN (imax;a ¼ 6), 12PN (imax;a ¼ 8) and
15PN (imax;a ¼ 10). We see in Fig. 1 that the best
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agreement up to the last stable orbit (LSO) is obtained at
12PN accuracy. For simplicity we thus choose to keep l̂ at
12PN accuracy for all modes up to l ¼ 8.
We move now to analyze the impact of λNSinst so to

understand the importance of its complicated structure,
Eq. (62). We consider the following cases: (i) we keep the
functional form with the exponential as given in Eq. (62)
with imax;F ¼ 10; (ii) we fix imax;F ¼ 2, expand the
exponential Eq. (62) at first order and work with

λNSinst ≃ 1þ ∂au1X þ 1

2
∂au2X2; ð179Þ

exploring the effect of keeping either both terms (imax;F ¼ 2)
or just the first one (imax;F ¼ 1); (iii) we also consider the
same first-order expression with instead imax;F ¼ 4.
The performance of the four different choices is illus-

trated in Fig. 2 in terms of Δjh22j. Remarkably, one finds
that the differences between using the full expression and
the truncated one with imax ¼ 2 are practically negligible
for our purposes, yielding thus an important analytical
simplification. It seems thus that the full structure of λNSinst is
not relevant in the present context.
As a best compromise between complexity and accuracy,

we thus work with: (i) l̂ at 12PN and (ii) λNSinst from
Eq. (179) with imax;F ¼ 2. We will also see below that the
accuracy is maintained when considering the full flux of a
test particle around circular orbits.

2. Newton-normalized energy flux

A more comprehensive comparison is given by studying
the accuracy of the Newton-normalized energy flux around
circular orbits, f̂ obtained by summing all multipoles up to
l ¼ 8. As a target observable we consider, as usual, the
reduced flux function f̂ emitted by a test-mass around
circular orbits, considering all multipoles summed up to
l ¼ 8. Figure 3 evaluates the performance of the resum-
mation in terms of the fractional difference between the
analytical and numerical Newton-normalized flux func-
tions. We contrast the well-established DIN resummation
with our new procedure, considering three different PN
orders of the residual functions, 8PN, 9PN and 10PN.
Evidently, for DIN this is the PN order of the ρDINlm
functions. For our procedure this refers instead to the order
of ðρlm; f̃lmeiδ̃lmÞ. From Fig. 3 it is evident that the new
procedure is superior with respect to the standard DIN
approach, though the actual gain seems to be reduced as the
PN order is increased. The fractional difference at LSO with
the new procedure is 4.78 × 10−6 working at 10PN. The
DIN approach at 10PN is less accurate by almost a factor of
two, yielding 7.09 × 10−6. In this respect, let us recall that
Fig. 8 of Ref. [78] showed that pushing the ρDINlm accuracy
to 22PN allows one to lower the fractional difference to
∼4 × 10−6 at the LSO, though it is larger than what we
obtain here at intermediate values of x, say x ∼ 0.1. We
recall that the use of the DIN 22PN-accurate resummed flux
was probed to be sufficient to have consistency between
state-of-the-art GSF waveforms [79–81] and EOB-based
waveform models for large-mass-ratio binaries [78,82–85].
With the new resummation approach proposed here we
expect to produce a similarly accurate model, or even better,

FIG. 1. Choosing the PN accuracy of 2̂ from Eq. (178) in the test-
mass limit. Top panel: jĥ22j for a test-mass on circular orbits on a
Schwarzschild black hole. Bottom panel: fractional difference
between the exact jĥ22j, obtained numerically, and the analytical
jĥ22j obtained retaining both ðρ22; f̃22Þ at 10PN accuracy, λNSinst in
closed form with imax;F ¼ 10 but truncating 2̂ from Eq. (178) at
9PN (imax;a ¼ 6), 12PN (imax;a ¼ 8) and 15PN (imax;a ¼ 10). The
12PN truncation is the closest one to the numerical data.

FIG. 2. Effect of various approximations to the function λNSinst
while keeping 2̂ at 12PN and both ðρ22; f̃22eiδ̃22Þ at 10PN
accuracy. The red line is the same as Fig. 1, and it is very well
represented by approximating λNSinst via Eq. (179) with imax;F ¼ 2.
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with the advantage of relying on relatively low-PN infor-
mation for the residual polynomials. Evidently, if the need
occurs, it is straightforward to push our 10PN results to even
higher orders.

B. Equal-mass case

Let us move now to evaluate the performance of our new
approach in the comparable mass case, in particular focusing
on the equal-mass case. Note that any conclusive statement
about the performance of the new resummed waveform
would require its implementation within a waveform model,
e.g. in TEOBResumS-Dalí, and assess its phasing per-
formance with NR simulations. This analysis requires more
work that is postponed to the future. Here, to get a first
impression of the effects of the new resummation with
respect to what implemented in TEOBResumS-Dalí [27],
we consider the EOB adiabatic dynamics along circular
orbits up to the LSO and evaluate jĥ22ðxÞj on top of it. The
adiabatic EOB dynamics is defined formally in Sec. IV.
Here we specify the EOB AðuÞ potential to be taken from
Eq. (6) of Ref. [27] and resummed as in Eq. (8) therein,
i.e. by taking separate Padé approximants for the rational
terms and for the logarithmic terms. The AðuÞ we use is
analytically complete at 4PN, but depends on the effective
5PN function ac6ðνÞ that is informed by NR simulations as
ac6ðνÞ ¼ 208.19ν2 − 318.26νþ 34.85; see Eq. (36) of [27]

and related discussion. One then specifies a grid of
numerical values of x, from which u is obtained solving
numerically Eq. (137), and then finally one gets pφ;circ that
give the effective energy Êcirc

eff ¼ Ĥeffðu; pφ;circÞ and real
energy along the adiabatic sequence of circular orbits.
The adiabatic dynamics is stopped at the LSO, defined by
the condition ∂uĤeff ¼ ∂

2
uĤeff ¼ 0.

On this EOB adiabatic dynamics we compute the
resummed jĥ22j in two ways at 4PN accuracy. One the
one hand, we use the prescription of Ref. [27], i.e. the DIN
tail factorization with a 4PN-accurate ρDIN22 function
resummed as in Eq. (23) therein. On the other hand, we
use our new factorization, but including only the external tail
for consistency with the global 4PN order we are starting
from. In doing so, we still have the arbitrariness of exploring

(i) the effect of the PN accuracy of ˆ̂l; (ii) the importance of
λNSinst. To do so, we consider an equal-mass binary, for which
we have uLSO ¼ 0.1956 and pLSO

φ ¼ 10.7906, that yield
MΩLSO ¼ 0.0845 and xLSO ¼ 0.1926. In Fig. 4 we show the

various jĥ22j (top panel) obtained truncating ˆ̂l at ˆ̂k
3
, ˆ̂k

4
or ˆ̂k

5

and either setting λNSinst ¼ 0 or not. The bottom panel shows
the fractional differences with respect to TEOBResumS-

Dalí, where Δjĥ22j≡ jh22j − jh22jTEOBResumS-Dalí and we
omitted the superscript TEOBResumS-Dalí at the denom-
inator in the label for simplicity. The figure conveys two
messages: (i) the effect of λNSinst is irrelevant in this case;

(ii) whatever choice of truncation of ˆ̂l is chosen, the new
approach always leads a waveform amplitude that is visibly

FIG. 3. Performance of the new resummation for the full flux
with all modes summed up to l ¼ 8 contrasted with the DIN
procedure [22]. The plot shows the relative differences with the
exact flux obtained numerically for various analytical representa-
tions. We compare the effect of 8PN, 9PN or 10PN truncation of the
residual amplitude corrections. The relative difference at xLSO is
4.78 × 10−6 at 10PN for the new procedure versus 7.09 × 10−6

of DIN. Compare also with Fig. 8 of Ref. [78] that implements the
DIN procedure at 22PN accuracy, that yields just 4 × 10−6 at xLSO.

FIG. 4. Performance of the new resummation with different

truncations of ˆ̂2, taken from Eq. (140) with l ¼ 2, with respect to
the DIN (resummed) function implemented in the state-of-the-art
model TEOBResumS-Dalí. The effect of λNSinst is always
negligible.
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smaller than jĥDIN22 j implemented in TEOBResumS-Dalí.
This fact has consequences at the level of radiation reaction,
since the fractional difference of ∼10−3 will gain an addi-
tional factor two. In conclusion, we can already predict that
on TEOBResumS-Dalí the straightforward change of the
l ¼ m ¼ 2 mode in radiation reaction will, by itself, yield a
longer inspiral and a delayed plunge once all the other
elements entering the EOB dynamics are kept fixed. With
this understanding, the remaining open question is whether,
once that such a new radiation reaction (and waveform) is
implemented in the TEOBResumS-Dalí, the model still
retains the current flexibility that eventually allows it to make
it highly faithful to NR simulations via calibration as it is the
case with DIN-like factorizations. This is a priori nontrivial
given the rather large differences highlighted in the figure,
but a precise question will require more dedicated work that
is postponed to the future. For completeness, we performed a
similar analysis using the (upgraded) ILPZ proposal intro-
duced in Sec. V; see Fig. 5. It is interesting to note that in this
case the differences are much smaller than the other case and

their signs depend on the truncation order of ˆ̂
2. Thus, we

expect, a priori, that the implementation of this kind of
waveform should yield a waveform model with comparable
analytical flexibility and performance to the DIN-based one.
This also will be explored in the future.

VII. CONCLUSIONS

The main finding of this paper is a new factorized and
resummed form of the PN gravitational waveform for

circularized nonspinning binaries. The factorization is such
that all logarithmic contributions and transcendental num-
bers that are present in the PN-expanded waveform, and
that are independent of the symmetric mass ratio ν, are
completely resummed via exponentials and Γ-functions.
The reminder of the ν-independent waveform (written as
amplitude and phase), still written in PN-expanded form, is
thus fully rational. By contrast, ν-dependent logs, repre-
senting the tail of memory effects, and residual π2 con-
tributions are still present in the 3PN and 4PN residual
contributions. Our approach builds upon the findings and
proposals of Refs. [22,28,30,31] but improves our current
knowledge by taking ideas and procedures from each
reference and blending them together synergically. In
particular, (i) from Ref. [22] we take the idea of factoring
out the source of the field, the leading tail contributions
(in the phase) and the transcendental numbers and
(ii) improve it using the closed form analytical structures
that appear when the Teukolsky equation is solved once
mapped into a confluent Heun equation, as suggested in
Refs. [28,30]. This yields the complete factorization of all
test-mass logs (including the subleading ones) and test-
mass transcendental contributions in both waveform ampli-
tude and phase; (iii) the approach is then generalized to the
comparable-mass case, ν ≠ 0, by blending together a
proposal of Refs. [21,22] [see also Ref. [23] ] with the
new approach of Ref. [31], that connects the renormalized
angular momentum of black holes, l̂, known from black-
hole perturbation theory, with the universal part of the
anomalous dimension of BH multipole moments. Our main
analytical findings can be summarized as follows.

(i) The solution of the CHE entails that the logarithmic
and transcendental contributions come as two, dif-
ferent, tail-transcendental factors, that we dubbed as
external and internal, with the internal one contrib-
uting starting from 5PN order. As such, the structure
of the factorized waveform is richer than the one
proposed by Ref. [22] based on the solution of the
Coulomb wave equation.

(ii) We found that the factors involving Γ-functions are
different and more involved than the leading order
one introduced in Ref. [22], although the structure of
the argument of the Γ-function is similar. It is
interesting to note that the renormalized angular
momentum of black holes l̂ appears naturally in
these functions, thus supporting a posteriori the
guess of Ref. [31] that is proposed to systematically

replace l → ˆ̂l when it appears in the argument of
the Γ functions.

(iii) Reference [31] used renormalization group running
of the multipole moments to predict the existence of

a factor of type eð
ˆ̂l−lÞ logðαrmΩÞ in the waveform

amplitude and e−iπð
ˆ̂l−lÞ=2 in the waveform phase,

where α is an arbitrary scale that was fixed in

FIG. 5. Performance of the revisited ILPZ factorization de-
scribed in Sec. V: it is much closer to the DIN choice of
TEOBResumS-Dalí, although the effect of the truncation ofb̂l with l ¼ 2 is not negligible.

CIPRIANI, NAGAR, FUCITO, and MORALES PHYS. REV. D 114, 024015 (2026)

024015-24



Ref. [31] according to a reasonable prescription. The

analytical structures of these factors, with ˆ̂l replaced
by l̂ are those that appear naturally in the factorized
test-mass solution. An important novelty, though, is
that the solution of CHE predicts that α ¼ 2.
Similarly, the fact that the renormalized angular

momentum of black holes l̂ is present in precise
places gives us a rationale to promote it to the

quantity ˆ̂l introduced in Ref. [31] involving the
anomalous universal dimension of black holes. Our
analytical results allow one then to put on a more
rigorous basis some of the well motivated guesses
of Ref. [31].

The factorized waveform is computed up to all the l ¼ 8
modes included. In the test-mass limit, each residual function
in the amplitude and phase is retained up to 10PN order. For
the ν ≠ 0 case each residual function, ðρlm; δlmÞ, is kept at a
PN order compatible with the maximal analytical knowledge
currently available, i.e. 4PN for the l ¼ m ¼ 2 mode and
global 3PN accuracy for the other modes. In the ν ¼ 0 case,
the performance of the new analytical factorization is
assessed comparing the (Newton-normalized) energy flux
along circular orbits obtained analytically versus the exact
one obtained numerically. We find that at 10PN accuracy
(in the sense described above) the fractional difference at
the LSO is below 10−5, a value that is comparable to the one
obtained using the factorization of Ref. [22] but working
with 22PN accurate residual amplitudes. This indicates that
the new procedure is promising to efficiently improve the
analytical description of the waveform and radiation force
implemented within state-of-the-art EOB models for com-
puting extreme mass ratio inspirals waveforms [83–85] that
currently rely on 22PN accurate results in DIN-resummed
form. In this respect, the extension of the factorization and
resummation procedure discussed here to the case of a
central Kerr black hole is expected to overcome the lack of
accuracy of the flux in DIN form [78]. This study is
currently in progress and will be presented elsewhere.
For comparable mass binaries, in principle our factor-

ized and resummed procedure should eventually yield a
more accurate description of the radiation reaction force
for EOB waveform models like TEOBResumS-Dalí or
SEOBNRv5HM. The assessment of this statement would
require the implementation of the new waveform and flux
in some complete EOB model and perform the usual NR-
calibration and comparison with NR data, a work that for
the moment is postponed to the future. As a first, prelimi-
nary, analysis we focussed only on the adiabatic EOB
dynamics for circular orbits and found that, for an equal-
mass binary, the amplitude of the l ¼ m ¼ 2 relativistic
correction jĥ22j is always smaller than the corresponding
DIN one. This entails a reduction of the corresponding
radiation reaction force and thus a delayed merger time
while keeping the conservative part unchanged with respect

to the current implementation of TEOBResumS-Dalí. As
a consequence, the NR-calibration (or other changes in the
conservative part of the model) should be such to suitably
compensate for this effect so to yield a new version of the
model as NR-faithful as the current one.
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APPENDIX A: HYPERGEOMETRIC
CONNECTION FORMULAS AND IMPOSITION

OF BOUNDARY CONDITIONS

In this appendix we report the relevant steps concerning
the application of the boundary conditions for the deter-
mination of the solutions of the homogeneous Teukoslky
equation, as exposed in Sec. II C. First of all, we have to use
the connection formulas for the hypergeometric functions
that allow them to go to the boundary of the spatial interval,
i.e. r ¼ ∞ and r ¼ 2M. Let us start with the first case.
As already explained in the text, the functions G0

αðYÞ,
defined in Eq. (30), are exact in Y at the kth post-
Minkowskian order. This allows one to extrapolate them
to the region of large Y (where the infinity is located) using
the following hypergeometric connection formula:

H0
αðYÞ ¼

X
β¼�

BαβH̃0
βðYÞ; ðA1Þ

where the braiding matrix is defined as in Eq. (52), but now
we write its elements without using the dictionary from
Eqs (15)–(19):

Bαβ ¼
e
iπ
2
ð1−βÞð1

2
−αa−m3ÞΓð1 − 2αaÞ

Γð1
2
− αa − βm3Þ

ðA2Þ

and

H̃0
βðYÞ ¼ Y−m3ð1þβÞeY

2
ð1þβÞ

× 2F0

�
1

2
− aþ βm3;

1

2
þ aþ βm3;

β

Y

�
: ðA3Þ
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In this way it is to define an equivalent basis of solutions of
the same equation that is naturally defined very close to
infinity, i.e.

G̃0
αðYÞ ¼ P0ðYÞH̃0

αðYÞ þ P̂0ðYÞYH̃00
α ðYÞ; ðA4Þ

related to the previous one by the connection formula

G0
αðYÞ ¼

X
β¼�

BαβG̃
0
βðYÞ: ðA5Þ

At this point, using the leading order contribution of H̃0
βðYÞ

for Y → ∞, which is simply

H̃0
βðYÞ ≈

Y→∞
Y−m3ð1þβÞeY

2
ð1þβÞ; ðA6Þ

and the fact that the coefficients ĉi;i−1 satisfy the relation

1þ
X∞
i¼1

ĉi;i−1xi ¼ e−∂m3
FNS

inst ; ðA7Þ

it can be shown that

G̃0
βðYÞ ≈

Y→∞
Y−m3ð1þβÞeY

2
ð1þβÞe−

1þβ
2
∂m3

FNS
inst : ðA8Þ

We can move now to the asymptotic behavior at infinity
of Rin;outðrÞ. From Eqs. (47) and (48), the dictionary
of Eqs. (15)–(19) and the relations derived above, we
obtain that

Rin;outðrÞ ≈
r→∞

X
α

cin;outα gαðXÞe−iωrð2iωrÞ−1−2iω̂
X
β

Bαβð2iωrÞð2þ2iω̂Þð1þβÞeiωrð1þβÞe−
1þβ
2
∂m3

FNS
instjm3¼−2−2iω̂

¼
X
αβ

cin;outα gαBαβeβiωrð4iω̂Þ1þð2þ2iω̂Þβe−
1þβ
2
∂m3

FNS
instjm3¼−2−2iω̂

�
2M
r

�
−1−ð2−2iω̂Þβ

: ðA9Þ

Comparing now with the asymptotic behavior at infinity of
the two solutions in Eq. (54), we see that

Bin;out
β ¼ ð4iω̂Þ1þð2þ2iω̂Þβe−

1þβ
2
∂m3

FNS
instjm3¼−2−2iω̂

×
X
α

cin;outα gαBαβ: ðA10Þ

Imposing the outgoing boundary condition at infinity con-
sists of taking Bout

− ¼ 0, as already written in Eq. (56). This
condition yields X

α

coutα gαBα− ¼ 0 ðA11Þ

and then

cout−

coutþ
¼ −

gþðXÞ
g−ðXÞ

; ðA12Þ

that precisely coincides with Eq. (58).
We can move now to the horizon. We are going to follow

the same procedure explained above, but using now the
other basis of solutions, i.e.G1

αðZÞ. These functions, defined
in Eq. (22), are exact in Z at the kth PN order. This allows us
to extrapolate them to the region of Z close to 1 (where the
horizon is located) using the following hypergeometric
connection formula:

H1
αðZÞ ¼

X
β¼�

FαβH̃1
βðYÞ; ðA13Þ

where the fusion matrix is defined as in Eq. (51), but now
we write its elements without using the dictionary from
Eqs. (15)–(19):

Fαβ ¼
Γð1þ 2αaÞΓ½−βðm1 þm2Þ�

Γð1
2
þ αa − βm1ÞΓð12 þ αa − βm2Þ

ðA14Þ

and

H̃1
βðZÞ ¼ Zaþm3−1

2ð1 − ZÞ12ðm1þm2Þð1þβÞ

× 2F1

�
1

2
þ aþ βm1;

1

2
þ aþ βm2;1

þ βðm1 þm2Þ; 1 − Z

�
: ðA15Þ

In this way it is possible to define an equivalent basis of
solutions of the same equation and that is naturally defined
very close to the horizon, i.e.

G̃1
αðZÞ ¼ P1ðZÞH̃1

αðZÞ þ P̂1ðZÞZH̃10
α ðZÞ; ðA16Þ

related to the previous one by the connection formula

G1
αðZÞ ¼

X
β¼�

FαβG̃
1
βðZÞ: ðA17Þ

At this point, using the leading order contribution of H̃1
βðZÞ

for Z → 1, which is simply
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H̃1
βðZÞ ≈

Z→1
ð1 − ZÞ1þβ

2
ðm1þm2Þ; ðA18Þ

it can be shown that

G̃1
βðZÞ ≈

Z→1
ð1 − ZÞ1þβ

2
ðm1þm2Þhβ; ðA19Þ

where

hβ ¼ P1ð1Þ þ
1þ β

2
ðm1 þm2ÞP̃0

1ð1Þ: ðA20Þ

At this point, we can move to the asymptotic behavior at
the horizon of Rin;outðrÞ; indeed from Eqs. (46)–(48), the
dictionary in Eqs (15)–(19) and together with the relations
derived in this appendix, we obtain that

Rin;outðrÞ ≈
r→2M

X
α

cin;outα e−iωr
�
1 −

2M
r

�
2−2iω̂

ð4iω̂Þ−1−2iω̂
X
β

Fαβ

�
1 −

2M
r

�ð1þβÞð2iω̂−1Þ
hβ

¼
X
αβ

cin;outα eβiωrFαβ

�
1 −

2M
r

�ð1þβÞð2iω̂−1Þ
ð4iω̂Þ−1−2iω̂hβe−ð1þβÞ2iω̂: ðA21Þ

Comparing now with the asymptotic behavior at the horizon of the two solutions in Eq. (54), we have

Din;out
β ¼ ð4iω̂Þ−1−2iω̂hβe−ð1þβÞ2iω̂X

α

cin;outα Fαβ: ðA22Þ

Imposing the incoming boundary condition at the horizon consists of taking Dinþ ¼ 0, as already written in Eq. (55). This
condition implies X

α

cinα Fαþ ¼ 0; ðA23Þ

eventually yielding

cinþ
cin−

¼ −
F−þ
Fþþ

; ðA24Þ

that precisely coincides with Eq. (57).

APPENDIX B: THE PN-EXPANDED MULTIPOLAR WAVEFORM ĥlm

In this appendix we report the PN expansions of the waveforms ĥlm in radiative coordinates with 2 ≤ l ≤ 4; 1 ≤ m ≤ l,
and for l ¼ 5 we only report the cases of m ¼ 1, 3, 5, at most at 3 PN. In particular, the quantity ĥ22 has already been
written in the text in Eq. (147) up to 4PN, the 3PN expressions of ĥ33 and ĥ31 are taken from Eqs. (4.18a) and (4.18b) of
Ref. [66], the one of ĥ21 at the same order from Eq. (4.11) of Ref. [74], and for all the other modes we consider their
expansions at the order reported in Sec. III A of Ref. [75]:

ĥ3PN21 ¼ 1þ
�
−
17

28
þ 5

7
ν

�
xþ x3=2

�
π þ i

�
−
1

2
− 2 logð2Þ

��
þ
�
−

43

126
−
509

126
νþ 79

168
ν2
�
x2 þ

�
17i
56

−
17π

28

þþν

�
3π

14
− i

�
353

28
þ 3 logð2Þ

7

��
þ 17

14
i logð2Þ

�
x5=2 þ

�
15223771

1455300
−
214γE
105

þ π2

6
þ
�
−
102119

2376
þ 205π2

128

�
ν

þ −
4211

8316
ν2 þ 2263

8316
ν3 þ iπ

�
109

210
− 2 logð2Þ

�
− logð2Þð1þ 2 logð2ÞÞ − 107

105
ð2 logð2Þ þ logðxÞÞ

�
x3; ðB1Þ

ĥ3PN33 ¼ 1þ ð−4þ 2νÞxþ x3=2
�
3π þ i

�
−
21

5
þ 6 log

�
3

2

���
þ
�
123

110
−
1838

165
νþ 887

330
ν2
�
x2 þ

�
−12π þ 9π

2
ν

þþi

�
84

5
− 24 log

�
3

2

�
þ ν

�
−
48103

1215
þ 9 log

�
3

2

����
x5=2 þ

�
19388147

280280
þ 492

35
log

�
3

2

�
− 18log2

�
3

2

�
−
78

7
γE

þþ 3

2
π2 þ 6iπ

�
−
41

35
þ 3 log

�
3

2

��
þ
�
−
7055

429
þ 41π2

8

�
ν

8
−
318841

17160
ν2 þ 8237

2860
ν3 −

39

7
logð16xÞ

�
x3; ðB2Þ
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ĥ3PN31 ¼ 1þ
�
−
8

3
−
2

3
ν

�
xþ x3=2

�
π þ i

�
−
7

5
− 2 logð2Þ

��
þ
�
607

198
−
136

99
ν −

247

198
ν2
�
x2 þ

�
−
8

3
π −

7π

6
ν

þþi

�
56

15
þ 16

3
logð2Þ þ ν

�
−

1

15
þ 7

3
logð2Þ

���
x5=2 þ

�
10753397

1513512
− 2 logð2Þ

�
212

105
þ logð2Þ

�
−
26

21
γE

þþ π2

6
− 2iπ

�
41

105
þ logð2Þ

�
þ
�
−
1738843

19305
þ 41π2

8

�
ν

8
þ 327059

30888
ν2 −

17525

15444
ν3 −

13

21
logðxÞ

�
x3; ðB3Þ

ĥ2.5PN32 ¼ 1þ
�
−
193

90
þ 145

18
ν −

73

18
ν2
�

x
1 − 3ν

þ x3=2

1 − 3ν

�
2π − 6πνþ i

�
−3þ 66

5
ν

��
þ
�
−
1451

3960
−
17387

3960
νþ 5557

220
ν2 −

5341

1320
ν3
�

x2

1 − 3ν

þ
�
193

30
i −

193

45
π þ ν

�
−
258929

5400
iþ 136

9
π

�
þ ν2

�
33751

450
i −

46

9
π

��
x5=2

1 − 3ν
; ðB4Þ

ĥ2.5PN44 ¼ 1þ
�
−
593

110
þ 1273

66
ν −

175

22
ν2
�

x
1 − 3ν

þ x3=2

1 − 3ν

�
4π − 12πνþ i

�
−
42

5
þ
�
1193

40
− 24 logð2Þ

�
νþ 8 logð2Þ

��
þ
�
1068671

200200
−
1088119

28600
νþ 146879

2340
ν2 −

226097

17160
ν3
�

x2

1 − 3ν

þ
�
12453

275
i −

1186

55
π −

2372

55
i logð2Þ þ ν

�
−
31525499

140800
iþ 2480

33
π þ 4960

33
i logð2Þ

�
þþν2

�
4096237

21120
i −

284

11
π −

568

11
i logð2Þ

��
x5=2

1 − 3ν
; ðB5Þ

ĥ2PN43 ¼ 1þ
�
−
39

11
þ 1267

132
ν −

131

33
ν2
�

x
1 − 2ν

þ x3=2

1 − 2ν

�
3π − 6πνþ i

�
−
32

5
þ
�
16301

810
− 12 log

�
3

2

��
ν

þþ 6 log

�
3

2

���
þ x2

1 − 2ν

�
7206

5005
−
82869

5720
νþ 104839

3432
ν2 −

2987

572
ν3
�
; ðB6Þ

ĥ2.5PN42 ¼ 1þ
�
−
437

110
þ 805

66
ν −

19

22
ν2
�

x
1 − 3ν

þ x3=2

1 − 3ν

�
2π − 6πνþ i

�
−
21

5
þ 84

5
ν

��
þ x2

1 − 3ν

�
1038039

200200
−
606751

28600
νþ 400453

25740
ν2 þ 25783

17160
ν3
�

þ x5=2

1 − 3ν

�
9177

550
i −

437

55
π þ ν

�
−
83029

880
iþ 772

33
π

�
þ ν2

�
93081

1100
iþ 14

11
π

��
; ðB7Þ

ĥ2PN41 ¼ 1þ
�
−
101

33
þ 337

44
ν −

83

33
ν2
�

x
1 − 2ν

þ x3=2

1 − 2ν

�
π − 2πνþ i

�
−
32

15
þ
�
1661

30
þ 4 logð2Þ

�
ν − 2 logð2Þ

��
þ x2

1 − 2ν

�
42982

15015
−
513989

51480
νþ 196957

10296
ν2 −

1195

572
ν3
�
; ðB8Þ

ĥ2PN55 ¼ 1þ
�
−
263

39
þ 688

39
ν −

256

39
ν2
�

x
1 − 2ν

þ x3=2

1 − 2ν

�
5π − 10πνþ i

�
−
181

14
þ
�
105834

3125
− 20 log

�
5

2

��
ν

þþ 10 log

�
5

2

���
þ x2

1 − 2ν

�
9185

819
−
188765

3276
νþ 54428

819
ν2 −

10567

819
ν3
�
; ðB9Þ
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ĥ2PN53 ¼ 1þ
�
−
69

13
þ 464

39
ν −

88

39
ν2
�

x
1 − 2ν

þ x3=2

1 − 2ν

�
3π − 6πνþ i

�
−
543

70
þ
�
83702

3645
− 12 log

�
3

2

��
ν

þþ 6 log

�
3

2

���
þ x2

1 − 2ν

�
12463

1365
−
56969

1820
νþ 2172

91
ν2 −

365

273
ν3
�
; ðB10Þ

ĥ2PN51 ¼ 1þ
�
−
179

39
þ 352

39
ν −

4

39
ν2
�

x
1 − 2ν

þ x3=2

1 − 2ν

�
π − 2πνþ i

�
−
181

70
þ
�
626

5
þ 4 logð2Þ

�
ν − 2 logð2Þ

��
þ x2

1 − 2ν

�
5023

585
−
49447

2340
νþ 68

9
ν2 þ 287

117
ν3
�
: ðB11Þ

APPENDIX C: SIMPLIFIED REWRITING OF TAIL FACTORS

The evaluation of the Γ functions could be computationally expensive. We thus note that T2;trnsc
lm and T̃ trnsc

lm can be
conveniently rewritten with a reduced number of Γ functions using the relation Γðzþ 1Þ ¼ zΓðzÞ and ΓðzÞΓð1 − zÞ ¼
π= sinðπzÞ so that

T2;trnsc
lm ¼ e−iðl̂þ1

2
Þππ2Γðl̂ − 1 − 2iω̂Þ3ðl̂ − 2iω̂Þ2ðl̂ − 1 − 2iω̂Þ2ðl̂þ 1 − 2iω̂Þðl̂þ 2 − 2iω̂Þ

ð2l̂þ 1Þ2 sinð2πl̂Þ2Γð2l̂þ 1Þ4Γð−2 − l̂ − 2iω̂Þ3ð−1 − l̂ − 2iω̂Þ2ð−2 − l̂ − 2iω̂Þ2ð−l̂ − 2iω̂Þð1 − l̂ − 2iω̂Þ ;

ðC1Þ

T̃ trnsc
lm ¼ πΓðl̂þ 1 − 2iω̂Þ2ðl̂þ 1 − 2iω̂Þðl̂þ 2 − 2iω̂Þ

ð2l̂þ 1Þð− sinð2πl̂ÞÞΓð2l̂þ 1Þ2Γð−l̂ − 2iω̂Þ2ð1 − l̂ − 2iω̂Þð−l̂ − 2iω̂Þ : ðC2Þ

When we expand the Γ-functions that contain l̂ in order to
obtain the PN expansions of the waveform, using the
formulas reported above and in the text is not very efficient,
especially when we want to go to high order. A more
convenient approach is to exploit again the properties of the
Γ-function, together with the fact that its derivatives always
yield polygamma functions. Hence we use the following
representation for the function ΓðxÞ, for x close to 0:

ΓðxÞ ¼ 1

x
Exp

 X∞
m¼0

Ψðm−1Þð1Þ x
m

m!

!
; ðC3Þ

where ψ ðm−1Þð1Þ is the (m − 1)th derivative of the digamma
function evaluated in 1, and it is related to the Riemann ζ
function by the relation

Ψm−1ð1Þ ¼ ð−1Þmþ1m!ζðmþ 1Þ: ðC4Þ

Obviously, we have to truncate the series to a given order nΓ,
and, for getting the h22 waveform at 10 PN, we took
nΓ ¼ 16. We call the truncated summation as Γ̃ðxÞ

Γ̃ðxÞ ¼ 1

x
Exp

 XnΓ
m¼0

Ψðm−1Þð1Þ x
m

m!

!
: ðC5Þ

At this point, using the recursive relation we already
mentioned above, we can define the function that is obtained
from the original ΓðxÞ through a shift by an integer n. In
particular,

Γ̃nðxþ nÞ ¼
 Yn

k¼1

ðxþ n − kÞ
!
Γ̃ðxÞ for n > 0; ðC6Þ

Γ̃nðxþ nÞ ¼
 Yjnj−1

k¼0

ðxþ nþ kÞ
!−1

Γ̃ðxÞ for n < 0:

ðC7Þ

In this way we rewrite T1;trscn in (106) and in (C1) and (C2)
in the following way:

T1;trnsc
lm ¼ Γ̃l−1ðl̂ − 1 − 2iω̂Þ

Γ̃2lþ2ð2l̂þ 2Þ eπω̂e−i
π
2
ðl̂−lÞ; ðC8Þ
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T2;trnsc
lm ¼ e−iðl̂þ1

2
Þππ2Γ̃l−1ðl̂−1−2iω̂Þ3ðl̂−2iω̂Þ2ðl̂−1−2iω̂Þ2ðl̂þ1−2iω̂Þðl̂þ2−2iω̂Þ

ð2l̂þ1Þ2 sinð2πl̂Þ2Γ̃2lþ1ð2l̂þ1Þ4Γ̃−2−lð−2− l̂−2iω̂Þ3ð−1− l̂−2iω̂Þ2ð−2− l̂−2iω̂Þ2ð−l̂−2iω̂Þð1− l̂−2iω̂Þ;

ðC9Þ

T̃ trnsc
lm ¼ πΓ̃lþ1ðl̂þ 1 − 2iω̂Þ2ðl̂þ 1 − 2iω̂Þðl̂þ 2 − 2iω̂Þ

ð2l̂þ 1Þð− sinð2πl̂ÞÞΓ̃2lþ1ð2l̂þ 1Þ2Γ̃−lð−l̂ − 2iω̂Þ2ð1 − l̂ − 2iω̂Þð−l̂ − 2iω̂Þ : ðC10Þ

APPENDIX D: EXPLICIT EVALUATION

OF l̂ AND ˆ̂l UP TO l= 8

Let us list explicitly the PN-expansion of l̂ ¼ a − 1=2 up to l ¼ 8 as a function of ω̂≡Mω, where ω is the gravitational
wave frequency. For each multipole, we retain terms up to ω̂10, that corresponds to 15PN. For circular orbits
ω̂ ¼ mΩ ¼ mx3=2.

2̂ ¼ 2 −
214ω̂2

105
−
3390466ω̂4

1157625
−
153440219802466ω̂6

15021833990625
−
71638806585865707261481ω̂8

1520451676706008921875

þ −
270360664939833821554899493653643ω̂10

1099244369724415858768042968750
þOðω̂12Þ; ðD1Þ

3̂ ¼ 3 −
26ω̂2

21
−
21842ω̂4

33957
−
381415329076ω̂6

481821815475
−
47254211021655226ω̂8

35059764403038375
−
225004388212297377065114ω̂10

80542621464278043695625
þOðω̂12Þ;

ðD2Þ

4̂ ¼ 4 −
3142ω̂2

3465
−
136964836738ω̂4

540820405125
−
13932003344124287414ω̂6

84411749090784740625
−
6515321108662855725628955741ω̂8

44795217188455810394959265625

þ −
769810485256571907180627931975005951024593ω̂10

5068298023848664664410731441360435855468750
þOðω̂12Þ; ðD3Þ

5̂ ¼ 5 −
1546ω̂2

2145
−
2934884558ω̂4

23028130125
−
5931370713515016362ω̂6

113475665579372971875
−
20361021135584219709260016691ω̂8

708286794070019020577861765625

þ −
585354059401551019020912248530563931279ω̂10

31578210440387429769654744808490378906250
þOðω̂12Þ; ðD4Þ

6̂ ¼ 6 −
1802ω̂2

3003
−
169547733896ω̂4

2301891887295
−
82446690884152932671ω̂6

3944111533764126174450
−
18568771026973098936173491476839ω̂8

2343648850762937006487915050934600

þ −
1387078951025544741383806648117966366402577ω̂10

395829226692071252556053586517985515259220000
þOðω̂12Þ; ðD5Þ

7̂ ¼ 7 −
11948ω̂2

23205
−
486532547934943ω̂4

10446023432344500
−
7620497202213615148920871ω̂6

783734867119804415490675000

þ −
316031621931666007014822597904807050533ω̂8

116850054511874382038316120275255124000000

þ −
59734177894542379514105203127666538672120603497653ω̂10

68223783535780518923889918622775685235766757000000000
þOðω̂12Þ; ðD6Þ

8̂ ¼ 8 −
1312ω̂2

2907
−
1403375484947ω̂4

44710186690260
−
109429312446368161130707ω̂6

21746955660952413168827550

þ −
2906196929563736466118451550378731629ω̂8

2707886268776170104684184599532920864000

þ −
12511597984300589057255659344921316318815343747ω̂10

47039681702851577180201823360757423055889737940000
þOðω̂12Þ: ðD7Þ
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For the expression of ˆ̂lwe rely on the expression of l̂ for a Kerr black hole, since, following Ref. [31] (see also our Sec. IV),
we need explicitly the dependence on the black hole spin. These quantities can be (partly) found explicitly in Ref. [31],
though we recomputed explicitly from our method and the quantum period a from a Kerr background, following a
procedure that will be detailed elsewhere. Beyond Eq. (140), we have

ˆ̂
3 ¼ 3þ γuniv3m ¼ 3 −

26

21
ð ˆ̂kÞ2 þ 7mJ

45
ð ˆ̂kÞ3 − 21842

33957
ð ˆ̂kÞ4 þ 286631mJ

935550
ð ˆ̂kÞ5; ðD8Þ

ˆ̂
4 ¼ 4þ γuniv4m ¼ 4 −

3142

3465
ð ˆ̂kÞ2 þ 53mJ

825
ð ˆ̂kÞ3 − 136964836738

540820405125
ð ˆ̂kÞ4 þ 17165882093mJ

257533526250
ð ˆ̂kÞ5; ðD9Þ

ˆ̂
5 ¼ 5þ γuniv5m ¼ 5 −

1546

2145
ð ˆ̂kÞ2 þ 7486mJ

225225
ð ˆ̂kÞ3 − 2934884558

23028130125
ð ˆ̂kÞ4 þ 470191444829mJ

21761582968125
ð ˆ̂kÞ5; ðD10Þ

ˆ̂
6 ¼ 6þ γuniv6m ¼ 6 −

1802

3003
ð ˆ̂kÞ2 þ 2053mJ

105105
ð ˆ̂kÞ3 − 169547733896

2301891887295
ð ˆ̂kÞ4 þ 8470028811857mJ

966794592663900
ð ˆ̂kÞ5; ðD11Þ

ˆ̂7 ¼ 7þ γuniv7m ¼ 7 −
11948

23205
ð ˆ̂kÞ2 þ 4867mJ

389844
ð ˆ̂kÞ3 − 486532547934943

10446023432344500
ð ˆ̂kÞ4 þ 1082205751733021mJ

263239790495081400
ð ˆ̂kÞ5; ðD12Þ

ˆ̂8 ¼ 8þ γuniv8m ¼ 8 −
1312

2907
ð ˆ̂kÞ2 þ 3449mJ

406980
ð ˆ̂kÞ3 − 1403375484947

44710186690260
ð ˆ̂kÞ4 þ 3349089392933mJ

1564856534159100
ð ˆ̂kÞ5: ðD13Þ

APPENDIX E: THE RESIDUAL WAVEFORM AMPLITUDES ρlm AND f̃lm

In this appendix we list the 10PN accurate functions ρlm and f̃lm up to l ¼ 8. Note that we also include the terms
dependent on the symmetric mass ratio ν, up to the corresponding order known in the literature, that is obtained as explained
in the main text factorizing the ĥlm modes listed in Appendix B.

ρ22 ¼ 1þ x

�
−
43

42
þ 55ν

84

�
þ x2

�
−
20555

10584
−
33025ν

21168
þ 19583ν2

42336

�
þ x3

�
−
4296031

4889808
þ
�
−
48993925

9779616
þ 41π2

192

�
ν

þ−
6292061ν2

3259872
þ 10620745ν3

39118464

�
þ x4

�
9228174993589

800950550400
þ
�
10815863492353

640760440320
−
3485π2

5376

�
ν2 −

2088847783ν3

11650189824

þþ70134663541ν4

512608352256
þ ν

�
−
2487107795131

145627372800
þ 464γ

35
−
9953π2

21504
þ 928 logð2Þ

35
þ 232 logðxÞ

35

��
−
8938613036677x5

2116091577600

þ−
1060700697798333909671x6

24231643979185843200
þ 3567168919606240724303840051x7

43991338062012939037440000

þ 8339316227220569285816625738049x8

279101750471556914871889920000
þ−

522338057689474511990262498143822507399x9

857097472947610731676894961786880000

þ 1523513000214555169284583871085138536795675131x10

1333729377653777059562416250036563968000000
þOðx11Þ; ðE1Þ
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ρ21 ¼ 1þ x

�
−
59

56
þ 23ν

84

�
þ x2

�
−
47009

56448
−
10993ν

14112
þ 617ν2

4704

�
þ x3

�
−
252637559

521579520
þ
�
1024181

17385984
−
41π2

768

�
ν

þþ 622373ν2

8692992
þ 2266171ν3

39118464

�
þ 52482698065069x4

22782593433600
−
402632667232813x5

1772899998105600
−
55196138528767137659521x6

18380150692360224768000

þ 101595027514125796087705740847x7

26694595659556296044052480000
þ 11469905672332070115751134880510891x8

1279632137536490607167699681280000

þ 43091271838801491480129834661226441842151x9

13869318515332004175599256349546905600000

þ 58845426920265862565878145589551391900988791691x10

1918404137040722817568889138269327982592000000
þOðx11Þ; ðE2Þ

ρ33¼1þx

�
−
7

6
þ2ν

3

�
þx2

�
−
6719

3960
−
1861ν

990
þ149ν2

330

�
þx3

�
3375943

4633200
þ
�
−
129509

25740
þ41π2

192

�
ν

þ−
274621ν2

154440
þ12011ν3

46332

�
þ76091363683x4

8562153600
−
209877220896767x5

30566888352000
−
10477588355364136967x6

427115497640832000

þ37752180939909783102121x7

627859781532023040000
þ60686120786493671963280239x8

13959119588370179198976000
−
478820074436573768980537201143457x9

1728876844218470608590888960000

þ3481966952168645181645222016443568249x10

5082897922002303589257213542400000
þOðx11Þ; ðE3Þ

ρ32 ¼ 1þ xð328− 1115νþ 320ν2Þ
270ð−1þ 3νÞ þ x2ð−1444528þ 8050045ν− 4725605ν2− 20338960ν3þ 3085640ν4Þ

1603800ð1− 3νÞ2

þ 36836452x3

134336475
þ 1655232970982x4

438877263825
−
368441088146531152x5

176264081083715625
−
7823394309761517497643574x6

1357708456043130926109375

þ 145905104121530562581027648x7

14099280120447898078828125
þ−

4486340035923020870882627246806x8

29798989266360005695641340828125

−
10151083533213254195947791183849086813144x9

312998898582333932825165560622855859375
þ 8331545419888807518348040643491314189335456x10

211274256543075404656986753420427705078125

þOðx11Þ; ðE4Þ

ρ31 ¼ 1þ x

�
−
13

18
−
2

9
ν

�
þ x2

�
101

7128
−
1685ν

1782
−
829ν2

1782

�
þ x3

�
52932229

125096400
þ
�
−
9688441

2084940
þ 41π2

192

�
ν

þþ 174535ν2

75816
−
727247ν3

1250964

�
þ 1116965355763x4

693534441600
þ 84898244211959x5

59422030956288
þ 1193868859143706092923x6

435914076892233139200

þ 8920956949869915872083867x7

1373129342210534388480000
þ 112201791409697214826977244735x8

9524921496406861555346079744

þ 26378952364648431230144036956143416383x9

1191031902366325494611306358988800000
þ 765331488484898455876880257974326109761x10

17655296435077295567179364850892800000

þOðx11Þ; ðE5Þ
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ρ44¼1þxð1614−5870νþ2625ν2Þ
1320ð−1þ3νÞ þx2ð−511573572þ2338945704ν−313857376ν2−6733146000ν3þ1252563795ν4Þ

317116800ð1−3νÞ2

þ24690609991x3

17441424000
þ17020275511082521x4

2158550634240000
−
510946845905859837493x5

63159191557862400000
−
28535698529573645952120671x6

1540153506978358272000000

þ978273446431624777735697604185239x7

17620372621147024348139520000000
−
15680384351704357459403788529334974083x8

1191544415579005354941388554240000000

þ−
17487670055656300353621437544938173920755633309x9

79004719075039773851279036087599104000000000

þ382857189755878843975847634249673771736872582848516356683x10

681515061517115582488468008822487480137154560000000000
þOðx11Þ; ðE6Þ

ρ43 ¼ 1þ xð222 − 547νþ 160ν2Þ
176ð−1þ 2νÞ −

6894273x2

7047040
þ 506924181x3

620139520
þ 26781110777273x4

6139877359616
−
28768376380442572667x5

8982640577118208000

þ −
5669316100034808751407049x6

924852673820090695680000
þ 299611836851443183912839431461x7

17135101200431674199900160000

þ −
21268794191597811953895555624437143x8

271142551456200329657773751009280000
−
336865316122289780748845499803912441189725229x9

8434105977086276214268778744144461824000000

þ 28686781774593283181871565750327261318744729306834027x10

306335878405937495294679282758508501359866675200000
þOðx11Þ; ðE7Þ

ρ42 ¼ 1þxð1146−3530νþ285ν2Þ
1320ð−1þ3νÞ þ x2ð−114859044þ295834536νþ1204388696ν2−3047981160ν3−379526805ν4Þ

317116800ð1−3νÞ2

þ1523288561x3

3488284800
þ4985601363054409x4

2158550634240000
þ4641602014445914289x5

7017687950873600000
þ38419606505272976130955243x6

29262916632588807168000000

þ145058623694284996827653984925973x7

17620372621147024348139520000000
þ28631337402878870733335998802795474191x8

2331282552219793085754890649600000000

þ31788515917506624732022490108579280412370671459x9

1501089662425755703174301685664382976000000000

þ39730267245587636539364034402243138450376132405595215123x10

681515061517115582488468008822487480137154560000000000
þOðx11Þ; ðE8Þ

ρ41 ¼ 1þ xð602 − 1385νþ 288ν2Þ
528ð−1þ 2νÞ −

7775491x2

21141120
−
2639236841x3

16743767040
þ 756631624067659x4

4144417217740800

−
9886295843201751293x5

18656253506322432000
þ −

60281579848409508278066009x6

74913066579427346350080000

−
31070286422874133517320026060091x7

32477870815298195278490763264000
þ −

122314296664176349124913244342128750421x8

65887640003856680106839021495255040000

−
20774409877077429802225089670680044495266041349x9

6148463257295895360201939704481312669696000000

þ −
58553041735688248975694376316532124661587569538152493001x10

10049348491106779533141953870892871387110426279936000000
þOðx11Þ; ðE9Þ
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ρ55 ¼ 1þ xð487 − 1298νþ 512ν2Þ
390ð−1þ 2νÞ −

3353747x2

2129400
þ 178480932157x3

98825454000
þ 21607314190081609x4

2929186456560000

−
3853382562691891616251x5

439817346452484000000
þ −

14351664402623276428715235427x6

938948460247549992240000000

þ 592982855291865037119711733345769x7

10933384142111114266783200000000
þ −

408020694009589851775646530433754459227x8

18386453444105418640163971776000000000

−
8565825351697101879212948148444655068785476699x9

43781639076569381811772047953293440000000000

þ 582716042044653399715960479647006675247244582205014897x10

1106278834350662796558037284888613971264000000000000
þOðx11Þ; ðE10Þ

ρ54 ¼ 1þ xð−17448þ 96019ν − 127610ν2 þ 33320ν3Þ
13650ð1 − 5νþ 5ν2Þ −

16213384x2

15526875
þ 23907047147974x3

19816562390625
þ 3760125034976608x4

799786096484375

þ −
51404108646315165422368x5

12527349549020947265625
−
74089274875278791686646685725474x6

12135152371668622488819580078125

þ 84717988285768787787337675831275187208x7

3671793728857633449554584442138671875
−
38954287305412322519905252750338181095184x8

25059992199453348293210038817596435546875

þ −
2488682065054446388634785298772309212618963458881404x9

54152887064065308968245247191355754146575927734375

þ 53389045824413257119522042108423331533938716978843738949344x10

362817574218354561923622125526184633312790393829345703125
þOðx11Þ; ðE11Þ

ρ53 ¼ 1þ xð375 − 850νþ 176ν2Þ
390ð−1þ 2νÞ −

410833x2

709800
þ 2363770999x3

3660202000
þ 10508152047048587x4

3580116780240000
−
401450585712686173x5

3257906270018400000

þ 441984540599627084261833x6

2318391259870493808000000
þ 23594980327555218075118994943313x7

2078692787512483453190880000000

þ 190984192472829048613111096320795163x8

15132883493090879539229606400000000
þ 209195276474917254773516793817406424031097x9

12011423614971023816672715487872000000000

þ 260252264560418527510988831422707763777911698582999x10

3338564383499942595922746264410083315200000000000
þOðx11Þ; ðE12Þ

ρ52 ¼ 1þ xð−15828þ 84679ν − 104930ν2 þ 21980ν3Þ
13650ð1 − 5νþ 5ν2Þ −

7187914x2

15526875
þ 3687844215413x3

39633124781250
þ 1839059977566593x4

1942337662890625

þ −
27080815463058154841x5

38784363928857421875
−
94646988016901552664228745857037x6

97081218973348979910556640625000

þ 7563780090736269853904808183789887747x7

14687174915430533798218337768554687500
þ −

83798029998498621460241150434226649988291x8

100239968797813393172840155270385742187500

−
2243158390827967605967018890175160986344596269408349x9

866446193025044943491923955061692066345214843750000

þ 4099599609326793470635329972775224204805740335875194721423x10

2902540593746836495388977004209477066502323150634765625000
þOðx10Þ; ðE13Þ
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ρ51 ¼ 1þ xð319 − 626νþ 8ν2Þ
390ð−1þ 2νÞ −

31877x2

304200
þ 7644117109x3

98825454000
þ 12434529945101507x4

32221051022160000
þ 15788148943867940459x5

62831049493212000000

þ 29825384176217937274318621x6

55232262367502940720000000
þ 1011659203961901985836599087085037x7

841870578942555798542306400000000

þ 5981016583096207127479332693999504691x8

2626636206300774091451995968000000000
þ 194694053752885604371116858964284344972136941x9

43781639076569381811772047953293440000000000

þ 107227341527224178345273875870653477415995987655216043x10

12169067177857290762138410133774753683904000000000000
þOðx11Þ; ðE14Þ

ρ66 ¼ 1þ xð−106þ 602ν − 861ν2 þ 273ν3Þ
84ð1 − 5νþ 5ν2Þ −

1025435x2

659736
þ 1627273547x3

789703992
þ 114168486108508411x4

16126071398236800

þ −
1574036212967171426017x5

171355634677664236800
−
919173135098090560682410699x6

69738316201115791092864000

þ 146953358169336276155911735316717x7

2722514126175359368474317696000
þ −

1864716560214036044086534607425523950127x8

67116289442995335266626791623454720000

−
13434996648252344775338680008002415754324959049x9

74714524570836837172161610703146028851200000

þ 102719304818904051111464796394418007988761044900866333x10

198341062081021151472753164176328011781895782400000
þOðx11Þ; ðE15Þ

ρ65 ¼ 1þ xð−185þ 838ν − 910ν2 þ 220ν3Þ
144ð1 − 4νþ 3ν2Þ −

59574065x2

54286848
þ 8657995830811x3

5792623828992
þ 21530564223492384535x4

4367545685078704128

þ −
5375486196497271710568217x5

1113828970791511441539072
−
2176198626047627791581107566390985x6

367721920108950029638606019100672

þ 16019848709450202549793808488474808585x7

582471521452576846947551934255464448
−
126005227243759942526206577870950649250917177x8

34462258410565894213300976399723211169726464

þ −
1575111162607453652075575640156430324736648915265053229x9

31120658331855379139639538285653582535150970997833728

þ 324720281805042623060753243420680740358292464587253339808825x10

1676034175120403298944426973912159341013090694059333255168
þOðx11Þ; ðE16Þ

ρ64 ¼ 1þ xð−86þ 462ν − 581ν2 þ 133ν3Þ
84ð1 − 5νþ 5ν2Þ −

476887x2

659736
þ 1385165879x3

1579407984
þ 4229377153108507x4

1240467030633600

þ −
22359580333328900731x5

24479376382523462400
−
45344566934390941710358429x6

69738316201115791092864000
þ 6176785620187710739430421252263x7

418848327103901441303741184000

þ 816994182204267268625341809021785062193x8

67116289442995335266626791623454720000
þ 48569278118055972634976041398186147184113319x9

3932343398465096693271663721218212044800000

þ 2841014621135065712399612734522969959847335715991x10

27689663839316089832856786845780819737804800000
þOðx11Þ; ðE17Þ

FROM THE CONFLUENT HEUN EQUATION TO A NEW … PHYS. REV. D 114, 024015 (2026)

024015-35



ρ63¼1þxð−169þ742ν−750ν2þ156ν3Þ
144ð1−4νþ3ν2Þ −

152153941x2

271434240
þ51586722827411x3

144815595724800
þ175122971512190296447x4

109188642126967603200

þ−
10829698501758916984877689x5

10709893949918379245568000
−
283718550047151325867884589375929689x6

229826200068093768524128761937920000

þ1045200261351012276786959851724092331401x7

364044700907860529342219958909665280000
þ2540982735596923171164018613039703020522538687x8

8284196733309109185889657788395002685030400000

þ−
1148374696461470846979928631877103217672448735046307450437x9

486260286435240299056867785713337227111733921841152000000

þ156361119625394281735446698257853981792745918687338825116453x10

18429299075479452178752055923559106054419100699983872000000
þOðx11Þ; ðE18Þ

ρ62 ¼ 1þ xð−74þ 378ν − 413ν2 þ 49ν3Þ
84ð1 − 5νþ 5ν2Þ −

817991x2

3298680
þ 685764011x3

3948519960
þ 13781815719703963x4

16126071398236800

þ 32029128714544374911x5

171355634677664236800
þ 36812330527951150296634997x6

69738316201115791092864000
þ 1119149788217510433763578329381x7

544502825235071873694863539200

þ 6341786996944807503294843179503298491x8

1917608269799866721903622617812992000
þ 27169468775463900930633544102161844094878007x9

4394972033578637480715388864890942873600000

þ 2647626554883558575890732334755753676979804972645853x10

198341062081021151472753164176328011781895782400000
þOðx11Þ; ðE19Þ

ρ61¼1þxð−161þ694ν−670ν2þ124ν3Þ
144ð1−4νþ3ν2Þ −

79192261x2

271434240
−
27314166599861x3

144815595724800
−
181709504508887713x4

1679825263491809280

þ−
64866662002972297454068253x5

139228621348938930192384000
−
157010360117387018183797863431034089x6

229826200068093768524128761937920000

þ−
300369765056177772932142289748156789x7

294773037172356703920825877659648000
−
184665498019232228264348136106613385088306822669x8

107694557533018419416565551249135034905395200000

þ−
1414165612424505478412395849261428695007018508826886065693x9

486260286435240299056867785713337227111733921841152000000

þ−
347140144927021252743790052222963714998721568561459034612199x10

69464281130653319750680826173415092051271994946093056000000
þOðx11Þ; ðE20Þ

ρ77 ¼ 1þ xð−906þ 4246ν − 4963ν2 þ 1380ν3Þ
714ð1 − 4νþ 3ν2Þ −

32358125x2

20986602
þ 2417601440573x3

1078879235616
þ 5528558650842721713007x4

802300883523265526400

þ −
88210686912309264592171853x5

9308696001078688270056000
−
12486670741638741400197571136971x6

1069680874875954226488675072000

þ 45989028721489063619400467219656391933087x7

849886838616106439339046920963458560000

−
14673195200298480999117846123477461247588080684783x8

464641463562443828229762474350548236645888000000

þ −
167793384822059840577494615632956060087271939153385261x9

995262014950754680068151220058874322895492096000000

þ 15352121877483004480583063788584347936801974932787398932681693x10

29604781242312902698978086836924778888541605567860736000000
þOðx11Þ; ðE21Þ
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ρ76 ¼ 1þ xð2144 − 16185νþ 37828ν2 − 29351ν3 þ 6104ν4Þ
1666ð−1þ 7ν − 14ν2 þ 7ν3Þ −

195441224x2

171390583
þ 3674137194436x3

2141525334585

þ 946986560439949477346x4

185795179527330297925
−
54457189205362162598715837x5

10059879995507298981149125

−
1275209335896771690176000049467x6

224777958619615088434796049000
þ 2429258085241577361478337724665141517218x7

78133747170605976162028633155324961875

−
24497758098484671252388796475018499500416987087x8

4152991625308998802006001269254827109608640625

þ −
3675574239242162169459751653055328928964879902440371x9

67930861559872503313394163306771139288878499125000

þ 4557212424377173046821902060655574739663903857970770184256249x10

19448776612604613117779337111140538667977934762230548062500
þOðx11Þ; ðE22Þ

ρ75 ¼ 1þ xð−762þ 3382ν − 3523ν2 þ 804ν3Þ
714ð1 − 4νþ 3ν2Þ −

17354227x2

20986602
þ 1175826860213x3

1078879235616
þ 120944989240326271063x4

32092035340930621056

þ −
123353734363929325730879x5

74469568008629506160448
−
10789670516660767939133815751x6

8557446999007633811909400576

þ 24483664498826454932668376595898634183x7

1359818941785770302942475073541533696
þ 327578252367522212094173267481043399474615865x8

29737053667996405006704798358435087145336832

þ 432284730469099180791217385102239805437733135683x9

63696768956848299524361678083767956665311494144

þ 244516357553978806118185063657119714687583808863864382093x10

1894705999508025772734597557563185848866662756343087104
þOðx11Þ; ðE23Þ

ρ74 ¼ 1þ xð17756 − 131805νþ 298872ν2 − 217959ν3 þ 41076ν4Þ
14994ð−1þ 7ν − 14ν2 þ 7ν3Þ −

2995755988x2

4627545741
þ 16442111460952x3

27388981910745

þ 2606604306485596127760496x4

1219002172878814084685925
−
8398739013306566134647316112x5

6000261150047580783210855375

−
35724718138029692768043706630094x6

24045133475597194487293970828625
þ 78160311142026706323920266626470169518986916x7

13841158910031336859174886277566351021270625

þ 704931738675914666790960014196215100308398799230904x8

601928187912501717910055814691105792897506977015625

þ −
1317041709208439955364910434316964781737252922696099210328x9

446752906853222512537997155831182792805908370861927921875

þ 4848689906147544773286561230100462086457401422188295682509207951856x10

209301515158528966048496816047053189957539447966484935030882015625
þOðx11Þ; ðE24Þ

ρ73¼1þxð−666þ2806ν−2563ν2þ420ν3Þ
714ð1−4νþ3ν2Þ −

7804375x2

20986602
þ39039452957x3

119875470624
þ40071461417809707661x4

29714847537898723200

þ 33993287863873347431633x5

1034299555675409807784000
þ5641700867271007980534850949x6

13205936726863632425786112000

þ12287674768596443789121822439479700349x7

3497476702123894812094843296145920000
þ26496306450213349105417381814984837836294720337x8

5736314364968442323824228078401830082048000000

þ10937666510038480768456575866186616629459869081091x9

1365242818862489273070166282659635559527424000000

þ284061581330479993100185966614224071721365694068940081839x10

13536708386974349656597204772256414672401282838528000000
þOðx11Þ; ðE25Þ
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ρ72 ¼ 1þ xð16832 − 123489νþ 273924ν2 − 190239ν3 þ 32760ν4Þ
14994ð−1þ 7ν − 14ν2 þ 7ν3Þ −

1625746984x2

4627545741
−
1714105203716x3

40030050484935

þ 367401703087127453011714x4

1219002172878814084685925
−
33272026750411719803604199213x5

66002872650523388615319409125

þ −
227576724781159396029375218244293x6

340331119962298752743237740959000
−
7418751670492904875699767659468040614961184x7

13841158910031336859174886277566351021270625

þ −
8292519424967403642246238490122506180896385513154811x8

6621210067037518897010613961602163721872576747171875

þ −
619340400734377998141895637562403591436428242347703170101x9

274924865755829238484921326665343257111328228222724875000

þ −
2885680423472576962277776444734794704139221393744810506249700270207x10

837206060634115864193987264188212759830157791865939740123528062500
þOðx11Þ; ðE26Þ

ρ71 ¼ 1þ xð−618þ 2518ν − 2083ν2 þ 228ν3Þ
714ð1 − 4νþ 3ν2Þ −

1055091x2

6995534
−
52111064275x3

1078879235616

þ 55948333649900034703x4

802300883523265526400
þ −

50319685880557431724273x5

1034299555675409807784000

þ 3692567644786828116118138613x6

1069680874875954226488675072000
þ 118739450850098509971130520632900320527x7

849886838616106439339046920963458560000

þ 19711898690463763439818791170617786170840147113x8

51626829284715980914418052705616470738432000000

þ 83769722740149343977138430254415666195156596720137x9

90478364995523152733468292732624938445044736000000

þ 61972581228530138869408209034899874927799293636354218421517x10

29604781242312902698978086836924778888541605567860736000000
þOðx11Þ; ðE27Þ

ρ88 ¼ 1þ xð3482 − 26778νþ 64659ν2 − 53445ν3 þ 12243ν4Þ
2736ð−1þ 7ν − 14ν2 þ 7ν3Þ −

9567401x2

6238080
þ 6994167352063x3

2944124236800

þ 1324395872659094084407x4

195820062297919488000
−
42377713606135758737056277x5

4375403471984713039872000

−
19396231408830185467690920493889x6

1842629146353823071465897984000
þ 57107372272416480500837297460787595577751351x7

1049549603468503614466006292301663436800000

−
139277139147775794323417896196237845334550465283x8

4060802829419955802879384345487163260928000000

þ −
3911545725831905541593420613528417792905432999087943983x9

24455005783040020267675936047482511266727906508800000

þ 290409219389711309120651089076609909167725765796536603595767691246517x10

555033516885242119350503403449734748241752085352462795407360000000
þOðx11Þ; ðE28Þ
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ρ87 ¼ 1þ xð23478 − 154099νþ 309498ν2 − 207550ν3 þ 38920ν4Þ
18240ð−1þ 6ν − 10ν2 þ 4ν3Þ −

195527087x2

166348800
þ 44847192774761x3

23727460515840

þ 3234485022267774075143x4

618888098126757888000
−
499312774703090880001192471x5

84663891823740479078400000

−
4836741975445393086759059408550804473x6

893033999460789216201223962624000000
þ 45532622927086057554091771713152836736628767x7

1337201327512602547786319834665451520000000

−
4260729361268659008086620487617542426942676064627x8

526835927818725202187045433740833251655680000000

þ −
2425342339212821992617000177896359858765013069248653581687x9

42746621652073054452947756454044320135883217960960000000

þ 3736895433245882001297548100800648014495989287023347559830675991507811x10

13854415012869476741707641267625235583623217755313049436160000000000
þOðx11Þ; ðE29Þ

ρ86 ¼ 1þ xð1002 − 7498νþ 17269ν2 − 13055ν3 þ 2653ν4Þ
912ð−1þ 7ν − 14ν2 þ 7ν3Þ −

376847x2

415872
þ 46405282477x3

36347212800
þ 9783772540250729687x4

2417531633307648000

þ −
41977425301170767125213x5

18005775604875362304000
−
55899135842021735882399182429x6

32858955970644307172917248000

þ 124359369957766462165284766751401921007x7

5924738231347432440097807427174400000
þ 575397439221284455013877513167229873295153943x8

61274116767653654090086732236431818752000000

þ 49748319315014356704012915119583863163630052871x9

40078806802398697201737762974570345240985600000

þ 190613877004247835365013506223805980660471211874481388582748521x10

1226027131966102108309097904944975134670952168727511040000000
þOðx11Þ; ðE30Þ

ρ85 ¼ 1þ xð4350 − 28055νþ 54642ν2 − 34598ν3 þ 6056ν4Þ
3648ð−1þ 6ν − 10ν2 þ 4ν3Þ −

4804679x2

6653952
þ 190097528771365x3

232529113055232

þ 624110733686390081251x4

242604134465689092096
−
185444148840350898737207x5

102117678753557747073024

−
232581574768768666209006265126226705x6

137227176493142714118344878992654336
þ 1051939072286046472493406110588438081806705x7

123287822874537934741822230644419165421568

þ 26482785694332631195469340189534169794047002433x8

16191143202467317893774029906070280156483682304

þ −
3501401713126568590234990336138850998100374600126949360167x9

836841789179925199146919139683893540552509711725526777856

þ 6879718426573587912342032163873937876821540132737064373286569142699x10

166907706557345901484560618239471753336595245639150075198954274816
þOðx11Þ; ðE31Þ

ρ84 ¼ 1þ xð2666 − 19434νþ 42627ν2 − 28965ν3 þ 4899ν4Þ
2736ð−1þ 7ν − 14ν2 þ 7ν3Þ −

1387201x2

2911104
þ 10153126272529x3

20608869657600

þ 2462334195606104843809x4

1370740436085436416000
−
103538033652943893682741x5

486155941331634782208000

þ 72269516570650762726364447863x6

281813869442349410930078515200
þ 39241168264288473786524541023384623623906553x7

7346847224279525301262044046111644057600000

þ 258752365309146016064951498983149164278404045727x8

44668831123619513831673227800358795870208000000

þ 60037037845449314773882636807628632905106425837853x9

6509184397934527619823246219718528418080358400000

þ 2477177039690846680278395700132978633355193239841215886162103179027x10

79290502412177445621500486207104964034536012193208970772480000000
þOðx11Þ; ðE32Þ
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ρ83 ¼ 1þ xð20598 − 131059νþ 249018ν2 − 149950ν3 þ 24520ν4Þ
18240ð−1þ 6ν − 10ν2 þ 4ν3Þ −

7756983x2

18483200
þ 5499964522491x3

43060946862080

þ 275767970968712359847x4

374389096397668352000
−
31057368287764656198571159x5

51216428387201030553600000

−
1421966033677346414273632820025134381x6

2036253212445731156789305540608000000
þ 1148836240779786307640988945823184787635743x7

2948228087564516728406752913711431680000000

−
984888507583447229640584799155855288299270316363x8

1735161951567570933403423986847380846673920000000

þ −
42990430864192773582595886014178221278582939125186886660913x9

29894039679781278547486537625882113788598455065640960000000

þ −
15135797809549718648951142381952977652240740910671738399342630434773x10

67754003901113233952078907906008286202672317649533397893120000000000
þOðx11Þ; ðE33Þ

ρ82 ¼ 1þ xð2462 − 17598νþ 37119ν2 − 22845ν3 þ 3063ν4Þ
2736ð−1þ 7ν − 14ν2 þ 7ν3Þ −

9876487x2

43666560
þ 634049806651x3

20608869657600

þ 70401540746476908487x4

195820062297919488000
þ −

16966826976534286320197x5

397763951998610276352000

þ 68381401748054600733128608771x6

958167156103987997162266951680
þ 32700325002382756840771843212439482531067x7

60717745655202688440182182199269785600000

þ 41928264097308069280209974408841883351995035647x8

44668831123619513831673227800358795870208000000

þ 46860305034538364463168079558048840018205529936064411x9

24455005783040020267675936047482511266727906508800000

þ 210890927187523979065576537521985537193351515027078418864144948167x10

50457592444112919940954854859066795294704735032042072309760000000
þOðx11Þ; ðE34Þ

ρ81 ¼ 1þ xð20022 − 126451νþ 236922ν2 − 138430ν3 þ 21640ν4Þ
18240ð−1þ 6ν − 10ν2 þ 4ν3Þ −

44651567x2

166348800

−
1217603285743427x3

5813227826380800
þ −

6078495033445038459049x4

30325516808211136512000

−
1865859202236857382751848871x5

4148530699363283474841600000
−
9977384137433732209377556805840281111x6

14994228200736747609084886253568000000

þ −
9927997941551779487113652607478804451599119491x7

9631861162073276151704861769095247298560000000

þ −
429330521421570328318485889671010845649516543469239x8

252986612538551842090219217282348127445057536000000

þ −
931515065686357247631661312349476534275650528984976113993082727x9

326891323898408280916765288939020914278324106142783897600000000

þ −
7942760153876491020500405029001238710864020671889639177696341219373316461x10

1629958071849081069185162287494841341177687945694824953114787840000000 000

þOðx11Þ: ðE35Þ

For what concerns the functions f̃lm, we only consider the terms deriving from the test-mass regime since the ν-dependent
PN knowledge stops at 4PN. Hence we always report the expressions at 10 PN.
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f̃2;2 ¼ 1þ 4391x
2247

þ 53185x2

2646
þ 17096210x3

305613
þ 4747421406107252x4

71641272277575
þ 8197825650198689x5

18747248820300

þ 93413981315288045717x6

265033606022345160
−
84886593520942215307406177173x7

115729970007349756213155000

þ 12091990099120207716578842317287x8

2316762577156478297276430000
þ −

18745458158059179828839098304527937x9

5506639808719744112850116685000

−
12907954629421965590241825710607690689624960837x10

465999378807314866788638416951557033375000
þOðx11Þ; ðE36Þ

f̃2;1 ¼ 1þ 30209x
8988

þ 67505x2

7056
þ 731322941x3

32598720
þ 2569593492526159x4

61751399673600
þ 102953731748008727x5

1599765232665600

þ 3503605123952056862449x6

41881853791185408000
þ 8488851720112108422701257701971x7

149231653176884781937674240000

þ −
13371545762185209389010195172133x8

117153821185591791427706880000
−
123525354334206981063755635013970833759x9

211629005666076723870838262169600000

þ −
3049386805706348159208619032193343388549694519x10

1642848666694434337118276838717407232000000
þOðx11Þ; ðE37Þ

f̃3;3 ¼ 1þ 7xþ 154109x2

4290
þ 4448633x3

28600
þ 1094520121x4

2202200
þ 351681057505831x5

306612306000
þ 378170389349492431x6

122060898960000

þ 2104918379257053487x7

543725822640000
−
165316579227648026308503643x8

42136259902880663520000
−
301151351979811613862416479x9

254155218461819875200000

þ −
198078160021185703918032455281171x10

2054844941263813690992000000
þOðx11Þ; ðE38Þ

f̃3;2 ¼ 1þ 553x
90

þ 7924298x2

289575
þ 16736640773x3

182432250
þ 44795102939779x4

180607927500
þ 1772758878836270623x5

3143255218228125

þ 1662997766186668904247953x6

1655489658336388875000
þ 191842084036371760940408129x7

148994069250274998750000

þ 211558979044604598085003381272869x8

656043049776761797902314062500
−
7622399141835252594237010120372504573x9

1427788237423243403798308968750000

þ −
333502373626151926062090409882416866407969x10

15548613905539120667363584669687500000
þOðx11Þ; ðE39Þ

f̃3;1 ¼ 1þ 7xþ 43119x2

1430
þ 25868633x3

257400
þ 50015328017x4

178378200
þ 5683227511324613x5

8278532262000
þ 45027198734556529453x6

29660798447280000

þ 13461109263357330532301x7

4360137371750160000
þ 33282286045940516784104263363x8

5688395086888889575200000

þ 827776812642718129525245705317x9

79405351825142866723200000
þ 236590668694363070389235082821742149x10

13481837659631881626598512000000
þOðx11Þ; ðE40Þ

f̃4;4¼1þ3753x
385

þ18023949x2

275275
þ9876808931021x3

30580889625
þ35556067418327333x4

27052148248125
þ74425041474465790907x5

16961696951574375

þ142176034924362610623531901354259x6

12122235997267490151197765625
þ48034592009600594147142098413913x7

1725220606267701307686796875

þ2921778795647832282045363249840625783x8

70311365808440166794775406640625
−
970188649919722941796880230833283271602074958177x9

71441880301468810343738993778784316548828125

þ−
12833662638076722274593348623980008443731839555627467x10

65163597137751554265136565614903390371005859375
þOðx11Þ; ðE41Þ
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f̃4;3 ¼ 1þ 3411x
385

þ 2853027x2

55055
þ 8689112827201x3

38056218200
þ 11665664103047303x4

14427812399000
þ 180587241207746167x5

75385319784775

þ 4560588914814596401660018507787x6

766245040814932710791760000
þ 297986951636393568702496721317x7

25165611122765329616400000

þ 870333136973744852798887232883373x8

52286738262776129845933200000
þ 36815391502136834453394781498703459894916515759x9

13647849133475654874774303469970670864000000

þ −
198486736623328222916847333876290264532169758542839x10

2196790896100661450781887841634932402960000000
þOðx11Þ; ðE42Þ

f̃4;2 ¼ 1þ 3537x
385

þ 14205393x2

275275
þ 18817349868677x3

85626490950
þ 41558767503358199x4

54104296496250

þ 390827960831726717963x5

169616969515743750
þ 589372295742161523579690824044123x6

96977887978139921209582125000

þ 39390962097053294038969178501413x7

2760352970028322092298875000
þ 16815868891673891199151819138720699313x8

562490926467521334358203253125000

þ 82579184676571932368942126806739871530918534398627x9

1494783957076885877961308177525333392406250000

þ 90156006023415488161061169196777347026435076854194793x10

1042617554204024868242185049838454245936093750000
þOðx11Þ; ðE43Þ

f̃4;1 ¼ 1þ 3151x
385

þ 6700637x2

165165
þ 7623098572823x3

48929423400
þ 593293552751569067x4

1168652804319000

þ 54051094394424155111x5

36637265415400650
þ 244722149644639622697113383628107x6

62065848306009549574132560000

þ 2359677722621816352599949134217949x7

238494496610447028774622800000
þ 1999474342544188944892656769273379653x8

84520375733554510067041323600000

þ 6692498757090918922475725488850293312869649041119x9

122830642201280893872968731229736037776000000

þ 1756557486754788236703118870875147587204872678329212069x10

14413145069316439778579966128966791495820560000000
þOðx11Þ; ðE44Þ

f̃5;5 ¼ 1þ 484x
39

þ 1057496x2

10647
þ 25930445123x3

43922424
þ 159819541996278523x4

56606528273022
þ 415851780776392085x5

36651445537707

þ 57961576764061338079533425x6

1502317536396079987584
þ 200801064446286339933020124762102205x7

1829243946054423359080675639584

þ 1200988246877357656477324784089081x8

4596613361026354660040992944
þ 392399723058789399270205316586732052836493x9

910658092792643141684858597428503552

þ 468700486175900711022800739936338825880921293591802239x10

8856970008936129391951115271468525864824268648192
þOðx11Þ; ðE45Þ
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f̃5;4 ¼ 1þ 47102x
4095

þ 51590132x2

621075
þ 70935355830826x3

158532499125
þ 18538514296100710265924x4

9534662105987143125

þ 39747201415399738623464x5

5612252597961384375
þ 23879067623663605533437306761858x6

1087309652501508574998234375

þ 2922112209221789500287130830396193667292916x7

50549834534643598636313885655398671875
þ 1593526410591781186709346301091700236504x8

12830716006120114326123539874609375

þ 13766420352599877769868251251901093941591640569452x9

72088323259683739298528073061132779919921875

þ 4224941939644954280315812158713971754960475425647009902071650952x10

80310551229633675397391820866119275266375115715278251953125
þOðx11Þ; ðE46Þ

f̃5;3 ¼ 1þ 748x
65

þ 7055752x2

88725
þ 450996994459x3

1098060600
þ 876980828878925401x4

508718799839250
þ 284658766538640587x5

46277077699125

þ 664822757657191282281955283x6

34775868898057407120000
þ 53159880021120705287637126069347587x7

1014770606723485886684389980000

þ 10223155954608133840867112672288771x8

80608399288481247545612250000
þ 15682166390341161437003285159560323589447271x9

58555690122983741106279488003376000000

þ 153557644661470371110259045442527260714132429012006157197x10

325150950550193780008030658567997967238385060000000
þOðx11Þ; ðE47Þ

f̃5;2 ¼ 1þ 43307x
4095

þ 41065937x2

621075
þ 98754948996887x3

317064998250
þ 23084752481539077182803x4

19069324211974286250

þ 45789668091314423355523x5

11224505195922768750
þ 106887226138061020350063691209869x6

8698477220012068599985875000

þ 13657289810548211782995994335209665663706453x7

404398676277148789090511085243189375000
þ 8822790917318015966631192420724800500767x8

102645728048960914608988318996875000

þ 12435967951882391906201094707696057093907210920783x9

60705956429207359409286798367269709406250000

þ 592537805511418875443561952593896015212200633515836434173158740087x10

1284968819674138806358269133857908404262001851444452031250000
þOðx11Þ; ðE48Þ

f̃5;1 ¼ 1þ 2156x
195

þ 2645192x2

38025
þ 1075080268009x3

3294181800
þ 14091620530884480289x4

11119139482200750
þ 2817143441554814803x5

654490098887625

þ 12418789799338640515546824497x6

938948460247549992240000
þ 67577749525412697949213646287824852503x7

1796578875589165799097092146020000

þ 1032438000617436514089378655019805187x8

10260297680862398794734359250000
þ 3646507484757557062242630188589668947420564717x9

14229032699885049088825915584820368000000

þ 227293485483052250913510946752138318334851724684472293977623x10

362450409591880295057523318400869734051588374740000000
þOðx11Þ; ðE49Þ

f̃6;6 ¼ 1þ 1157x
77

þ 5118789x2

36652
þ 234124821879x3

243735800
þ 145686247932896729x4

27374503916760

þ 577971531705261825521191x5

23358664192171308000
þ 178773536069908389256841471x6

1811798961869616720000

þ 415144797831107890924761330133811x7

1222632740051969146140240000
þ 38099177830792358368291572999375469013945987x8

38163534638528761871609096131435200000

þ 1367892175780997073885390898786293333047540249x9

560157541170003863284600581523344000000

þ 17714683795689417621512806332630969718877202111529019x10

4089314176700591013109526633090797539792000000
þOðx11Þ; ðE50Þ
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f̃6;5¼1þ26065x
1848

þ30355351x2

251328
þ23964796616153x3

31287320064
þ14100775855815374545x4

3604048972812288
þ5313459217145746856999309x5

316320170245788893184

þ44004922137350367980484041021x6

710818626409888644071424
þ219598883907493402694652818766394819x7

1112613119899836659464660844544

þ459556210913449030487271275301665495221059341x8

850514873947747015190650516546630189056

þ6196651026665998684982241790838826707787916952027x9

5063390879089459304865627353275700757921792

þ1179939505433223851151564270773290517177114044893592387x10

583262122144072996246081346078534521706527064064
þOðx11Þ; ðE51Þ

f̃6;4 ¼ 1þ 3211x
231

þ 112781903x2

989604
þ 758329189033x3

1096811100
þ 1690222087839881x4

498725779860

þ 949917993609971196308767x5

67573278555924141000
þ 1915730810998935767102818946x6

37835458008417855410625

þ 42259911044368955247597202202269x7

263119723029908845848247500
þ 2351854276255948140333669285983955807080081749x8

5216478140903900138325568327465548900000

þ 42621022523893502521860527569032652334967738919x9

38283266954337451531356920993486041500000

þ 2667390614692753973844933449414928922854627880673527x10

1131494193376036506284227574211737628988500000
þOðx11Þ; ðE52Þ

f̃6;3 ¼ 1þ 120133x
9240

þ 370459193x2

3769920
þ 430895162535553x3

782183001600
þ 3395845335003988840423x4

1351518364804608000

þ 387290038754936980878127753x5

39540021280723611648000
þ 164267073690295858717722251224079x6

4886878056567984427991040000

þ 359875492448536219471467508091258434639x7

3476915999686989560827065139200000

þ 769691100175032732089404146006900951085679279537x8

2657858981086709422470782864208219340800000

þ 1067343482359616523475721064929353496068445861870101x9

1438463317923141847973189588998778624409600000

þ 90315855792594906802826570877697045972116545389281076193x10

51683198441405334024640951034841787722104832000000
þOðx11Þ; ðE53Þ

f̃6;2 ¼ 1þ 3055x
231

þ 489225763x2

4948020
þ 1194907039079x3

2193622200
þ 3016315348600170989x4

1231852676254200

þ 275896381765976604595103x5

29108489224090399200
þ 158175329065817204295273074623x6

4842938625077485492560000

þ 4349010371379356114619475405883999x7

42442822261804071787439760000
þ 1909796688132434844042617363396218870829675413x8

6420280788804800170246853326111444800000

þ 990929043524015602473040611481965964578850558427x9

1225064542538798449003421471791553328000000

þ 18603058765548549450547167697480724954098534521514461569x10

8943330104444192545670534746569574219525104000000
þOðx11Þ; ðE54Þ
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f̃6;1 ¼ 1þ 115037x
9240

þ 7327853x2

83776
þ 356554101639401x3

782183001600
þ 883178380488410890861x4

450506121601536000

þ 58193875045423494522821549x5

7908004256144722329600
þ 11084159091048065551969800022301x6

444261641506180402544640000

þ 14303707208776420809074699503001845949x7

182995578930894187411950796800000

þ 611178010362329177529580895613352507122419693233x8

2657858981086709422470782864208219340800000

þ 50857621812689307886025616358860742544553274931326187x9

79115482485772801638525427394932824342528000000

þ 209368580834681502416171565809626728245345329334178891329x10

121512942113348540884600280433028025355526471680000
þOðx11Þ; ðE55Þ

f̃7;7 ¼ 1þ 7785x
442

þ 1170771595x2

6281704
þ 351427951165x3

241955424

þ 1098422561526712992659x4

120666290501671200
þ 389617496526219452458165529x5

8123254676572505184000

þ 73713105787670031168841799519614607x6

338572406961151037598026188800
þ 208166280728875233728820824528473942157x7

241343323404378634449190642176000

þ 401362730647593870837169898041740997552182217x8

134253927624891292596652550006016000000

þ 1091025392133532587237569971948899899375531969934344141723x9

121624854363484200405335358837512308800274636800000

þ 3109795886267670565967910213328619921373128699138806049341x10

137868308768244537090696640093276854513259008000000
þOðx11Þ; ðE56Þ

f̃7;6 ¼ 1þ 103225x
6188

þ 6344008980x2

38475437
þ 179710992882133x3

149844338280
þ 2031585981981604204555691x4

289719763494512551200

þ 1362284392438346535587033197x5

39504496918158013491750
þ 67419242530982116232019093095687910697x6

461026679474218268777432674608000

þ 4486160829201350049616412997215930596801757x7

8281525191100508072924575376231232000

þ 2656966552961215941891705104075719457988629241431x8

1511615578566212789946240658060998130500000

þ 520212760571259679495217891928382336596265466217020414801411x9

105195506996233637128475303792287134923459451849600000

þ 139835806063784919915478765442324559843340177920848479019697911x10

12019871866826777440612428701793753921163460520460800000
þOðx11Þ; ðE57Þ

f̃7;5¼1þ50535x
3094

þ47677576435x2

307803496
þ166257824151505x3

154125605088
þ1429658189332616312155x4

236505929383275552

þ4460919780449899718124889741x5

156031475827604679574272
þ3814026624002132208159000149285060375x6

32516493964548945650914435172352

þ1966437522810913040244499393697178814265x7

4635722555951304810500053854916608
þ539099356688544784106135125445976941346545399x8

395557740466831363184228682298212139008

þ2543937386667341264620561570737809997332776362952853034625x9

654127656731865265987990840314262199681989062623232

þ353900649397196708561913890376324370437954857894164424621863x10

36332953794536451458970746583148000190852116232110080
þOðx11Þ; ðE58Þ
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f̃7;4 ¼ 1þ 860425x
55692

þ 426660846980x2

3116510397
þ 2702878604183197x3

3034347850170
þ 247009936034237361706287731x4

52801426896874912456200

þ 8103554970866197929553145376538x5

388783506420052089779057625
þ 15342549979104094943291413746203406467257x6

189049752751896628840545986131443000

þ 8599544768735233157448935372600702396216681213x7

30563486313080868824882703211942376148000

þ 132391856479983567440961018073189669568740522130427133x8

150625217754151254619091265292611545150821968750

þ 2175183388499004368049619106251360565337197301638816279408704939x9

873518834899771880456156936291826051107159602350051150000

þ 5755042877566562029836279844620611711526701295417040427597061890191x10

898291789421946951067946679615465146852394931282623001800000
þOðx11Þ; ðE59Þ

f̃7;3 ¼ 1þ 47895x
3094

þ 372905507995x2

2770231464
þ 4881950119315x3

5708355744
þ 77908220241168549243433x4

17737944703745666400

þ 375111514228329401396345835929x5

19503934478450584946784000
þ 744513952523350790423953591531254127x6

10035954927329921497195813324800

þ 149273258467553522306568701054070715495237x7

579465319493913101312506731864576000

þ 3522731468347286944415840911443190110810289526569x8

4307683726674773368010066142452120832000000

þ 1519725572510330014700259371983182611273756153398435261573x9

633171489491108132815049322176843471748462796800000

þ 9206159644443354833252385093276190639693274498464314736931123x10

1401734328492918651966463988547376550572998311424000000
þOðx11Þ; ðE60Þ

f̃7;2 ¼ 1þ 819265x
55692

þ 376667798420x2

3116510397
þ 8826939874499197x3

12137391400680
þ 752219576377547459363390171x4

211205707587499649824800

þ 11671923108878048980049416765199x5

777567012840104179558115250
þ 170460410374325847033330208250113993854457x6

3024796044030346061448735778103088000

þ 94326592819053058674071189291982372479050659221x7

489015781009293901198123251391078018368000

þ 1475197055823876164689951820314812170030701925442926293x8

2410003484066420073905460244681784722413151500000

þ 20391823003149848112928180049400876594870878273347087173488128847x9

11181041086717080069838808784535373454171642910080654720000

þ 1481071780820937764653074510818724742058603436352933698130357555601267x10

287453372615023024341742937476948846992766378010439360576000000
þOðx11Þ; ðE61Þ

f̃7;1 ¼ 1þ 46575x
3094

þ 38377086795x2

307803496
þ 115788697675225x3

154125605088
þ 2416901507277622387531x4

656960914953543200

þ 162567999562047281768096767x5

10469100632555332768000
þ 47613277969241272946195516848536886991x6

812912349113723641272860879308800

þ 1446900561155184516262261056428295659693x7

7153892833258186435956873232896000
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þ 1141551959991352461062830181219252954002479515137x8

1754982259015648409189286206184197376000000

þ 1486108801872753255040846577651688778247704238631539643268697x9

753107499526818562815121033256551874633868986572800000

þ 2877421101562376966635140717919923180371541929598768729508331x10

504624358257450714707927035877055558206279392112640000
þOðx11Þ; ðE62Þ

f̃8;8 ¼ 1þ 3451x
171

þ 151692071x2

633555
þ 3225640796171681x3

1549690394175
þ 607527211191466073021x4

41831678347333875

þ 3698213386973843188333451x5

43396183117524161925
þ 6649636233609242135903565338555293x6

15391471896769092395021375625

þ 85012390917747141863907134470729479964757x7

44222056600768656764674040761865625

þ 4773755598385750742019894769665442533655041913x8

630949877241219046010676729466867078125

þ 6526845214015698532463049936750024448774227891134437x9

247880646724531489182464133770289745815898125

þ 196890357153877123858256279813979635370526574864045266598435276251x10

2457923629640037068345494737599135153176493091328514296875
þOðx11Þ; ðE63Þ

f̃8;7 ¼ 1þ 65807x
3420

þ 3638052173x2

16894800
þ 11235437299456679x3

6372120744000
þ 9841450209953218040167x4

849913464834720000

þ 268514905754507375039498933x5

4198572516283516800000
þ 715003422458468338758257351889158941x6

2342074869649095863870016000000

þ 169374616699257410613633578571725072607625801x7

132347512503545077478837018338560000000

þ 75707666804300655232052308199680293349886080739x8

15946261262622260554767191965670400000000

þ 138592171823229654130712445066192876350439520757518451053x9

8895246568494544461677329924610003624448000000000

þ 11360804209292324722508643873897415069918943948787813714213070349287x10

254177629940025403660662541051839300228355158251520000000000
þOðx11Þ; ðE64Þ

f̃8;6 ¼ 1þ 357x
19

þ 17086207x2

84474
þ 243213102379567x3

153055841400
þ 41365335628660127393x4

4131523787391000

þ 759259470659140290108329x5

14286809256798078000
þ 38882220629180460258807095335391x6

158969450721088019572560000

þ 4461078185894672353861193902861966053173x7

4490661284100581827243698291600000

þ 2390790294699208637749232228904762043541650651x8

664704397422848048472153262319004000000

þ 957465567007020163923600471162643381287992599460137x9

82179684499238498435421094662909495312000000

þ 121206174287198059795334029605067646004465406163319151094091251x10

3603791628200591660698051073941008596987674408080000000
þOðx11Þ; ðE65Þ
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f̃8;5 ¼ 1þ 85765x
4788

þ 860783219x2

4730544
þ 3365516613797827x3

2497871331648
þ 3736582445909466620161x4

466432509501294336

þ 18542203076627325809506615x5

460835319387278803968
þ 63322761013750729657102331661195493x6

359892592769758666825722138624

þ 19442072556877833842417216173793978435984123x7

28471867425882651099991216220367077376

þ 8167480956512819288828178677702007109578054841x8

3430512806923421864242844100697886883840

þ 4023563463150273999928426153123803932603973569527454585x9

535816634130849106622400608409826466003293569024

þ 20005639436647088777290626810139798218048862009822451961492645263x10

931956682100639570395995318741503522851440604791903879168
þOðx11Þ; ðE66Þ

f̃8;4 ¼ 1þ 3043x
171

þ 52261757x2

295659
þ 3949949777516053x3

3099380788350
þ 4322691784676697038419x4

585643496862674250

þ 36677863128465866227855901x5

1012577606075563778250
þ 19156959521617456061521636759754723x6

123131775174152739160171005000

þ 300385565890432585958215123242951866074742759x7

502716339437538090100814495380888425000

þ 220760033175959556112760329664609404631219510389x8

105999579376524799729793690550433669125000

þ 8580952313263413694028834799767257761551183789773771039x9

1288979362967563743748813495605506678242670250000

þ 156936567207894881400910056810741459392678903465516858555524580258171x10

7983335949070840397986166907721990977517249560635014436250000
þOðx11Þ; ðE67Þ

f̃8;3 ¼ 1þ 407609x
23940

þ 2112041699x2

13140400
þ 12738857230058133x3

11564219128000
þ 197187697209893886235849x4

32391146493145440000

þ 509825891259953130901413299x5

17779140408459830400000
þ 1181452213518685671907089242974923643x6

9917675065304196065523648000000

þ 85766016936441983946702140431340939740898849x7

192037006185537608321403243306240000000

þ 188260472867049606992031055500421248649721273359x8

122546325121578570253302329843174400000000

þ 2349004053245805196155829890682977501925479861593315506391x9

478517084378973324815672696982369600554496000000000

þ 1152217956192499429338282660612878055484149288292268748168496344666817x10

78311338531125454922152267506717131622880767711160320000000000
þOðx11Þ; ðE68Þ

f̃8;2 ¼ 1þ 2941x
171

þ 1435835759x2

8869770
þ 13641743576064103x3

12397523153400
þ 14119277535187271121391x4

2342573987450697000

þ 137058169560073210069966633x5

4860372509162706135600
þ 230125666321184498511759522196887239x6

1970108402786443826562736080000

þ 320934292356163353029079832113056970867296431x7

731223766454600858328457447826746800000

þ 178043960998390777750635124515087825907273703057x8

116965053105130813494944761986685428000000
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þ 81457006445409360118019589660174260059408481581415992949x9

16498935845984815919984812743750485481506179200000

þ 702676639205494172518921840144112078359383816308789908032170654195737x10

46448500067321253224646789281291583869191270170967356720000000
þOðx11Þ; ðE69Þ

f̃8;1¼ 1þ397001x
23940

þ17788768091x2

118263600
þ308437579871754359x3

312233916456000
þ1531119983862043674063841x4

291520318438308960000

þ3140931189982529675846238121x5

130919124825931478400000
þ549118562449578285789724907710268759581x6

5623321762027479169151908416000000

þ807252837361432968995319324132527363394507380383x7

2224364642647082117186813767216177920000000

þ335837931521113458232717480651672166854763570585333x8

268008813040892333143972195367022412800000000

þ4261185012515345206849484565724839904861817080692305078239933x9

1046516863536814661371876188300442316412682752000000000

þ2632100422587109755961072528377034706271736302075036401108585033955896641x10

209326207893698341006913011045454892827960292091931535360000000000
þOðx11Þ: ðE70Þ

APPENDIX F: RESIDUAL PHASES

In this appendix we report the phases associated to the
remainder functions ρlm and f̃lm, whose PN expansions up
to 10 PN are written in the previous appendix. Since the
results for these quantities, in the comparable-mass case,
are usually expressed in terms of y ¼ ðErealΩÞ3=2 instead of
x ¼ ðMΩÞ3=2, we are going to separate these results for the
test-mass scenario, in which such phases are reported up to
l ¼ 8 and up to 10PN in terms of x, from the comparable-
mass one, where we consider only up to the case with l ¼ 5
for the ρlm’s and with the full ν dependence accessible in
literature [23].

1. Test-mass case

We have

δ22 ¼ −
17x3=2

3
−
259x9=2

81
−
58940243x15=2

3539025
; ðF1Þ

δ̃22 ¼
25x3=2

3
þ 12077x9=2

567
þ 159283133x15=2

694575
; ðF2Þ

δ21 ¼ −
10x3=2

3
−
29x9=2

81
−
3728003x15=2

7078050
; ðF3Þ

δ̃21 ¼
25x3=2

6
þ 12077x9=2

4536
þ 159283133x15=2

22226400
; ðF4Þ

δ33 ¼ −
67x3=2

10
þ 54211x9=2

21000
þ 87343796839x15=2

1886500000
; ðF5Þ

δ̃33 ¼
77x3=2

10
þ 370189x9=2

21000
þ 277058043161x15=2

1886500000
; ðF6Þ

δ32 ¼ −
14x3=2

3
þ 2176x9=2

2835
þ 139748608x15=2

22920975
; ðF7Þ

δ̃32 ¼
77x3=2

15
þ 370189x9=2

70875
þ 277058043161x15=2

14325609375
; ðF8Þ

δ31 ¼ −
67x3=2

30
þ 54211x9=2

567000
þ 87343796839x15=2

458419500000
; ðF9Þ

δ̃31¼
77x3=2

30
þ370189x9=2

567000
þ277058043161x15=2

458419500000
; ðF10Þ

δ44 ¼ −
116x3=2

15
þ 5474624x9=2

779625

þ 53161630989358592x15=2

608422955765625
; ðF11Þ

δ̃44 ¼
38x3=2

5
þ 1195976x9=2

70875
þ 60849825332512x15=2

457117171875
;

ðF12Þ

δ43 ¼ −
59x3=2

10
þ 45627x9=2

15400
þ 1661300808174373x15=2

80121541500000
;

ðF13Þ
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δ̃43 ¼
57x3=2

10
þ 149497x9=2

21000
þ 1901557041641x15=2

60196500000
;

ðF14Þ

δ42 ¼ −
58x3=2

15
þ 684328x9=2

779625
þ 1661300968417456x15=2

608422955765625
;

ðF15Þ

δ̃42 ¼
19x3=2

5
þ 149497x9=2

70875
þ 1901557041641x15=2

457117171875
;

ðF16Þ

δ41 ¼ −
59x3=2

30
þ 15209x9=2

138600
þ 1661300808174373x15=2

19469534584500000
;

ðF17Þ

δ̃41 ¼
19x3=2

10
þ 149497x9=2

567000
þ 1901557041641x15=2

14627749500000
;

ðF18Þ

δ55 ¼ −
184x3=2

21
þ 44804315x9=2

3972969

þ 5089851079303303x15=2

39809189109690
; ðF19Þ

δ̃55 ¼
319x3=2

42
þ 532744699x9=2

31783752

þ 248981199300097213x15=2

1910841077265120
; ðF20Þ

δ54 ¼ −
106x3=2

15
þ 58520552x9=2

10135125

þ 7597678556920544x15=2

181346524734375
; ðF21Þ

δ̃54 ¼
638x3=2

105
þ 4261957592x9=2

496621125

þ 7967398377603110816x15=2

186605573951671875
; ðF22Þ

δ53 ¼ −
184x3=2

35
þ 8960863x9=2

3678675

þ 15269553237909909x15=2

1535848345281250
; ðF23Þ

δ̃53 ¼
319x3=2

70
þ 532744699x9=2

147147000

þ 248981199300097213x15=2

24573573524500000
; ðF24Þ

δ52 ¼ −
53x3=2

15
þ 7315069x9=2

10135125

þ 237427454903767x15=2

181346524734375
; ðF25Þ

δ̃52 ¼
319x3=2

105
þ 532744699x9=2

496621125

þ 248981199300097213x15=2

186605573951671875
; ðF26Þ

δ51 ¼ −
184x3=2

105
þ 8960863x9=2

99324225

þ 5089851079303303x15=2

124403715967781250
; ðF27Þ

δ̃51 ¼
319x3=2

210
þ 532744699x9=2

3972969000

þ 248981199300097213x15=2

5971378366453500000
; ðF28Þ

δ66 ¼ −
137x3=2

14
þ 13051301x9=2

840840

þ 4525656132452421x15=2

26736047994656
; ðF29Þ

δ̃66 ¼
533x3=2

70
þ 225159199x9=2

13377000

þ 40965008675217057x15=2

313862321500000
; ðF30Þ

δ65 ¼ −
172x3=2

21
þ 71374423x9=2

7945938

þ 184149419420544737x15=2

2707024859458920
; ðF31Þ

δ̃65 ¼
533x3=2

84
þ 225159199x9=2

23115456

þ 4551667630579673x15=2

86776654648320
; ðF32Þ

δ64 ¼ −
137x3=2

21
þ 13051301x9=2

2837835

þ 1508552044150807x15=2

67675621486473
; ðF33Þ

δ̃64 ¼
533x3=2

105
þ 225159199x9=2

45147375

þ 4551667630579673x15=2

264821333765625
; ðF34Þ
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δ63 ¼ −
172x3=2

35
þ 71374423x9=2

36786750

þ 552448258261634211x15=2

104437687479125000
; ðF35Þ

δ̃63 ¼
533x3=2

140
þ 225159199x9=2

107016000

þ 40965008675217057x15=2

10043594288000000
; ðF36Þ

δ62 ¼ −
137x3=2

42
þ 13051301x9=2

22702680

þ 1508552044150807x15=2

2165619887567136
; ðF37Þ

δ̃62 ¼
533x3=2

210
þ 225159199x9=2

361179000

þ 4551667630579673x15=2

8474282680500000
; ðF38Þ

δ61 ¼ −
172x3=2

105
þ 71374423x9=2

993242250

þ 184149419420544737x15=2

8459452685809125000
; ðF39Þ

δ̃61 ¼
533x3=2

420
þ 225159199x9=2

2889432000

þ 4551667630579673x15=2

271177045776000000
; ðF40Þ

δ77 ¼ −
389x3=2

36
þ 612182119x9=2

30932928

þ 65625416145752217259x15=2

310015161999129600
; ðF41Þ

δ̃77 ¼
275x3=2

36
þ 524535701x9=2

30932928

þ 449219027964262603447x15=2

3410166781990425600
; ðF42Þ

δ76 ¼ −
65x3=2

7
þ 809765x9=2

64974

þ 16878965057800103x15=2

172341800735650
; ðF43Þ

δ̃76 ¼
275x3=2

42
þ 524535701x9=2

49120344

þ 449219027964262603447x15=2

7370714133862279200
; ðF44Þ

δ75 ¼ −
1945x3=2

252
þ 76522764875x9=2

10609994304

þ 8203177018219027157375x15=2

208416993108774847488
; ðF45Þ

δ̃75 ¼
1375x3=2

252
þ 65566962625x9=2

10609994304

þ 56152378495532825430875x15=2

2292586924196523322368
; ðF46Þ

δ74 ¼ −
130x3=2

21
þ 3239060x9=2

877149

þ 270063440924801648x15=2

20939528789381475
; ðF47Þ

δ̃74 ¼
275x3=2

63
þ 524535701x9=2

165781161

þ 449219027964262603447x15=2

55971360454016682675
; ðF48Þ

δ73 ¼ −
389x3=2

84
þ 612182119x9=2

392962752

þ 65625416145752217259x15=2

21442077480326630400
; ðF49Þ

δ̃73 ¼
275x3=2

84
þ 524535701x9=2

392962752

þ 449219027964262603447x15=2

235862852283592934400
; ðF50Þ

δ72 ¼ −
65x3=2

21
þ 809765x9=2

1754298

þ 16878965057800103x15=2

41879057578762950
; ðF51Þ

δ̃72 ¼
275x3=2

126
þ 524535701x9=2

1326249288

þ 449219027964262603447x15=2

1791083534528533845600
; ðF52Þ

δ71 ¼ −
389x3=2

252
þ 612182119x9=2

10609994304

þ 65625416145752217259x15=2

5210424827719371187200
; ðF53Þ

δ̃71 ¼
275x3=2

252
þ 524535701x9=2

10609994304

þ 449219027964262603447x15=2

57314673104913083059200
; ðF54Þ
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δ88 ¼ −
532x3=2

45
þ 14889375968x9=2

618100875

þ 129467292695005941248x15=2

507826038729515625
; ðF55Þ

δ̃88 ¼
2414x3=2

315
þ 517746006968x9=2

30286942875

þ 301716560973469525235168x15=2

2264396306694910171875
; ðF56Þ

δ87 ¼ −
373x3=2

36
þ 3647897461x9=2

226048320

þ 2220364069714984597x15=2

16980044527641600
; ðF57Þ

δ̃87 ¼
1207x3=2

180
þ 64718250871x9=2

5651208000

þ 9428642530420922663599x15=2

137962861787088000000
; ðF58Þ

δ86 ¼ −
133x3=2

15
þ 465292999x9=2

45785250

þ 252865806044933479x15=2

4179638178843750
; ðF59Þ

δ̃86 ¼
1207x3=2

210
þ 64718250871x9=2

8973909000

þ 9428642530420922663599x15=2

298192106231428500000
; ðF60Þ

δ85 ¼ −
1865x3=2

252
þ 91197436525x9=2

15506914752

þ 277545508714373074625x15=2

11415344335042894848
; ðF61Þ

δ̃85 ¼
1207x3=2

252
þ 64718250871x9=2

15506914752

þ 9428642530420922663599x15=2

741997381777788165120
; ðF62Þ

δ84 ¼ −
266x3=2

45
þ 1861171996x9=2

618100875

þ 4045852896718935664x15=2

507826038729515625
; ðF63Þ

δ̃84 ¼
1207x3=2

315
þ 64718250871x9=2

30286942875

þ 9428642530420922663599x15=2

2264396306694910171875
; ðF64Þ

δ83 ¼ −
373x3=2

84
þ 3647897461x9=2

2871650880

þ 2220364069714984597x15=2

1174418141465318400
; ðF65Þ

δ̃83 ¼
1207x3=2

420
þ 64718250871x9=2

71791272000

þ 9428642530420922663599x15=2

9542147399405712000000
; ðF66Þ

δ82 ¼ −
133x3=2

45
þ 465292999x9=2

1236201750

þ 252865806044933479x15=2

1015652077459031250
; ðF67Þ

δ̃82 ¼
1207x3=2

630
þ 64718250871x9=2

242295543000

þ 9428642530420922663599x15=2

72460681814237125500000
; ðF68Þ

δ81 ¼ −
373x3=2

252
þ 3647897461x9=2

77534573760

þ 2220364069714984597x15=2

285383608376072371200
; ðF69Þ

δ̃81 ¼
1207x3=2

1260
þ 64718250871x9=2

1938364344000

þ 9428642530420922663599x15=2

2318741818055588016000000
: ðF70Þ

2. Comparable-mass case

In this scenario we obtain the following results for the
phases of the remainder functions ρlm starting from the results
of the PN-expanded waveforms we wrote in Appendix B:

δ22 ¼ −
17

3
y3=2 − 24νy5=2

þ
�
30995

1134
νþ 962

135
ν2
�
y7=2 − ν

4976

105
πy4; ðF71Þ

δ21 ¼ −
10

3
y3=2 −

25

2
νy5=2; ðF72Þ

δ33 ¼ −
67

10
y3=2 −

80897

2430
νy5=2; ðF73Þ

δ32 ¼ −
7ð10 − 39νÞ
15ð1 − 3νÞ y3=2; ðF74Þ

δ31 ¼ −
67

30
y3=2 −

17

10
νy5=2; ðF75Þ

CIPRIANI, NAGAR, FUCITO, and MORALES PHYS. REV. D 114, 024015 (2026)

024015-52



δ44 ¼ −
928 − 3339ν

120ð1 − 3νÞ y
3=2; ðF76Þ

δ43 ¼ −
4779 − 15491ν

810ð1 − 2νÞ y3=2; ðF77Þ

δ42 ¼ −
58 − 237ν

15ð1 − 3νÞ y
3=2; ðF78Þ

δ41 ¼ −
59 − 1651ν

30ð1 − 2νÞ y
3=2; ðF79Þ

δ55 ¼ −
575000 − 1675639ν

65625ð1 − 2νÞ y3=2; ðF80Þ

δ53 ¼ −
134136 − 458339ν

25515ð1 − 2νÞ y3=2; ðF81Þ

δ51 ¼ −
184 − 12971ν

105ð1 − 2νÞ y3=2: ðF82Þ

APPENDIX G: RESIDUAL AMPLITUDE AND
PHASE CORRECTIONS FOR DIN AND

ILPZ FACTORIZATIONS

Here we report, for more completeness, the expressions of
the residual amplitude corrections ρDINlm and ρ̃ILPZlm coming
from the DIN or (modified) ILPZ factorizations, taking into
account both the ν-dependent terms and the ones that are
valid in the test-mass regime. We write also the residual
phases. We only reports the modes up to l ¼ 3 for simplicity.

1. Residual amplitude corrections

ρDIN22 ðxÞ ¼ 1þ
�
−
43

42
þ 55

84
ν

�
xþ

�
−
20555

10584
−
33025

21168
νþ 19583

42336
ν2
�
x2

þ
�
1556919113

122245200
−
428

105
eulerlog2ðxÞ þ

�
41π2

192
−
48993925

9779616

�
ν −

6292061

3259872
ν2 þ 10620745

39118464
ν3
�
x3

þ
�
−
387216563023

160190110080
þ 9202

2205
eulerlog2ðxÞ þ

�
−
6718432743163

145627372800
−
9953π2

21504
þ 8819

441
eulerlog2ðxÞ

�
ν

þ
�
10815863492353

640760440320
−
3485π2

5376

�
ν2 −

2088847783

11650189824
ν3 þ 70134663541

512608352256
ν4
�
x4

þ
�
−
16094530514677

533967033600
þ 439877

55566
eulerlog2ðxÞ

�
x5 þ

�
313425353036319023287

1132319812111488000

−
241777319107

3208936500
eulerlog2ðxÞ þ

91592

11025
eulerlog2ðxÞ2 þ −

91592π2

11025
−
6848ζð3Þ

105

�
x6

þ
�
−
38460677967545998977786359

411134000579560177920000
þ 711515082916633

21024951948000
eulerlog2ðxÞ

þ −
1969228

231525
ðeulerlog2ðxÞ2 − π2Þ þ 147232

2205
ζð3Þ

�
x7 þ

�
−
15305094710902555724554334903

24377827799070391726080000

þþ 262214117676911

1557403848000
eulerlog2ðxÞ −

47066839

2917215
eulerlog2ðxÞ2

þ 47066839π2

2917215
−
128

15
logð2xÞ þ 3519016

27783
ζð3Þ

�
x8

þ
�
2029025757272342692216458472843784453

374311063388772264685516185600000
þ 33915179364161

168469166250
eulerlog2ðxÞ2

−
39201376

3472875
eulerlog2ðxÞ3 þ −

33915179364161π2

168469166250
−
1465472π4

165375
−
8128 logð2xÞ

315
−
1474218276364

802234125
ζð3Þ

þ eulerlog2ðxÞ
�
−
263263957513705951767409

148616975339632800000
þ 39201376π2

1157625
þ 2930944

11025
ζð3Þ

�
þ 109568

105
ζð5Þ

�
x9
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þ
�
−
46049549007414696098131742635031094769709

116493089147853704215426347282432000000
−
130098015593907827

1103809977270000
eulerlog2ðxÞ2

þ 842829584

72930375
eulerlog2ðxÞ3 þ

130098015593907827π2

1103809977270000
þ 31507648π4

3472875
−
474640 logð2xÞ

3969

þ eulerlog2ðxÞ
�
1707101181083798880486383129

2158453503042690934080000
−
842829584π2

24310125
−
63015296

231525
ζð3Þ

�
þ 312387375161861

262811899350
ζð3Þ þ −

2355712

2205
ζð5Þ

�
x10; ðG1Þ

ρDIN21 ðxÞ¼ 1þ
�
−
59

56
þ23ν

84

�
xþ
�
−
47009

56448
−
10993ν

14112
þ617ν2

4704

�
x2

þx3
�
7613184941

2607897600
−
107eulerlog1ðxÞ

105
þ
�
1024181

17385984
−
41π2

768

�
νþ622373ν2

8692992
þ2266171ν3

39118464

�
þ
�
−
1168617463883

911303737344
þ6313eulerlog1ðxÞ

5880

�
x4þ

�
−
63735873771463

16569158860800
þ5029963eulerlog1ðxÞ

5927040

�
x5

þ
�
490932833660765885657

34355421854878924800
−
1215607983439eulerlog1ðxÞ
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2. Phases

Here instead we report the phases of the same residual
functions we have just considered with the two methods
in the comparable-mass case, at the PN order which is
accessible in the literature.
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3=2; ðG14Þ
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3
y3=2 − 24νy5=2 þ

�
30995

1134
νþ 962

135
ν2
�
y7=2

−
4976

105
πνy4; ðG16Þ
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δ̃ILPZ21 ¼ 2

3
y3=2 −

25

2
νy5=2; ðG17Þ

δ̃ILPZ33 ¼ 13

10
y3=2 −

80897

2430
νy5=2; ðG18Þ

δ̃ILPZ32 ¼ 10þ 33ν

15ð1 − 3νÞ y
3=2; ðG19Þ

δ̃ILPZ31 ¼ 13

30
y3=2 −

17

10
νy5=2: ðG20Þ

We outline that the coefficient of the term y3=2 of δDIN21

in (G12) is different with respect to the one of [22] [see
Eq. (21) of that reference], but it is the same as that of the
more recent paper [86] [see Eq. (B2c) of that reference].
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