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We present a blind time-delay cosmography measurement of the Hubble-Lemaître constant H0

based on the quadruply imaged quasar SDSSJ1433 + 6007. Our analysis combines deep Hubble
Space Telescope imaging, extended time-delay monitoring from the Wendelstein and Maidanak
Observatories, and spatially resolved stellar kinematics from the Keck Cosmic Web Imager and
Reionization Mapper. We build a robust lens model to reconstruct the mass distribution and
high-signal-to-noise kinematic maps to break the mass-sheet degeneracy, explicitly accounting for the
lens galaxy’s oblateness, rotation, and anisotropy. Furthermore, we constrain the external con-
vergence (κext) by characterizing the line-of-sight environment using wide-field photometry from the
Dark Energy Spectroscopic Instrument (DESI) Legacy Survey data release 10. We incorporate
these constraints into our joint lensing and dynamical model, running multiple iterations to esti-
mate random and systematic uncertainties. Accounting for maximal flexibility of the mass-sheet
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transformation, and assuming a flat Λ cold dark matter cosmology and an Ωm;0 prior from DESI data

release 2, we infer H0 ¼ 73.2þ4.8
−4.7 km s−1 Mpc−1 (a 6.5% precision) and an internal mass-sheet para-

meter λint ¼ 1.12þ0.05
−0.06. Notably, λint is 2σ away from unity for this system, highlighting the importance

of treating it as a free parameter. Our H0 measurement is consistent with the result from our 2025
milestone paper, and it will be included in our next hierarchical analysis to improve the overall
precision. Moving forward, the comprehensive pipeline demonstrated herein establishes a robust framework
that can be readily applied to future strongly lensed systems to further refine cosmological constraints.

DOI: 10.1103/rlrr-pzck

I. INTRODUCTION

The standard cosmological model, Λ cold dark matter,
provides a remarkably consistent description of the
Universe, successfully linking the temperature fluctua-
tions of the cosmic microwave background (CMB) to the
formation of large-scale structure. However, the precision
of modern cosmology has revealed a discrepancy in this
picture: the “H0 Tension.” This refers to the statistically
significant discrepancy between the value of the Hubble-
Lemaître constant (H0) predicted by early-Universe
physics and the value measured directly in the local
(“late”) Universe [1].
On the one side, the Planck Collaboration infers H0 ¼

67.4� 0.5 km s−1 Mpc−1 by fitting the Λ cold dark
matter (CDM) model to CMB power spectra [2]. This
measurement is incredibly precise but is model depen-
dent; it relies on the assumption that standard physics
(e.g., standard recombination, fixed number of relativistic
species) holds true from the epoch of recombination to the
present day. Other such early-Universe methods include
using baryon acoustic oscillations [3] or big bang nucleo-
synthesis [4], both of which yield measurements compa-
rable to the Planck measurement.
On the other side, the local distance ladder, anchored

by Cepheid variables and Type Ia supernovae (SNIa),
provides a direct, geometric measurement of the expan-
sion rate. The SH0ES Collaboration, utilizing Hubble
Space Telescope (HST) photometry, reports a value of
H0 ¼ 73.04� 1.04 km s−1Mpc−1 [5]. This value is
approximately 5σ higher than the Planck prediction.
Other local probes, such as those using the Tip of the
Red Giant Branch (TRGB) to calibrate SNIa, have yielded
values that sit between these two extremes [6,7]. Yet
another set of measurements based on megamasers and
surface brightness fluctuations are in agreement with the
SH0ES value [8,9]. An up-to-date review of recent
measurements is given by Valentino et al. [1].
The persistence of this tension, despite exhaustive

searches for systematic errors in both the CMB and distance
ladder analyses, suggests the exciting possibility of new
physics [10]. Theoretical solutions range from early dark
energy and additional relativistic species to modifications of
General Relativity on cosmological scales [11,12]. To

distinguish between residual systematics and genuine
physical anomalies, independent probes ofH0—completely
disjoint from the systematics of the CMB and the calibration
of the Cepheid distance ladder—are critically needed.
Strong gravitational lensing of time-variable sources

serves as exactly such an independent arbiter. As first
proposed by Refsdal [13], the arrival time difference
between multiple images of a lensed quasar depends on
the “time-delay distance,” DΔt, which is inversely propor-
tional to H0. This method is geometric, independent of the
sound horizon scale used in CMB and baryon acoustic
oscillations measurements, and does not require the rung-
by-rung calibration of the distance ladder. Consequently,
time-delay cosmography has matured into a competitive
cosmological probe, providing constraints on H0 with
precision comparable to the traditional methods (e.g.,
Refs. [14–20]). This is most commonly achieved by
identifying and studying the time delays of strongly lensed
quasar systems (e.g., Refs. [21–23]) or, more rarely,
strongly lensed supernovae (e.g., Refs. [24–28]).
In this paper, we showcase a comprehensive “soup-to-

nuts” analysis to determine H0 using a quadruply lensed
quasar system SDSSJ1433 + 6007 (hereafter J1433þ 6007),
developing a pipeline for future lensed quasar studies built
upon previous work by members of our team [29,30]. This
encompasses a remeasurement of the excess time delays
between quasar images (Sec. IV), inspection of the nearby
field imaging and line-of-sight measurement (Sec. V),
reconstruction of the HST imaging with lens modeling
(Sec. VI), reduction and analysis of the spatially resolved
kinematic information (Sec. VII) that is used to break the
mass sheet degeneracy [31–33], and finally the construction
of the full dynamical model of the lens galaxy to constrain
cosmology (Sec. VIII). Before the analysis, we briefly
review the lensing formalism used throughout the manu-
script (Sec. II), then discuss the previous literature regarding
this system (Sec. III). In Sec. IX, we display and discuss our
final cosmological results. Finally, in Sec. X, we summarize
our results and offer concluding remarks.
In keeping with our collaboration protocol and to avoid

potential experimenter biases, we blind our cosmological
parameters throughout our analysis; only after we com-
pleted our analysis did we unblind these factors and reveal
our results in Sec. IX, without modification. To enforce
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blindness, we abstained from printing and showing
unblinded values prior to the set unblinding date,1 only
displaying blinded values (by multiplying the sample by a
random number) to probe relative uncertainties. The
parameters we blinded were H0, DΔt, and Dd.

II. LENSING FORMALISM

We adopt the standard formalism of strong gravitational
lensing. The mapping from the source plane position β to
the image plane position θ is governed by the lens
equation,

β ¼ θ − αðθÞ; ð1Þ

where αðθÞ ¼ ∇ψðθÞ is the deflection angle and ψðθÞ is
the deflection potential. The deflection potential ψðθÞ
is fundamentally related to the dimensionless surface mass
density, or convergence, by

κðθÞ≡ 1

2
∇2ψðθÞ: ð2Þ

The excess time delay of an image at position θ relative to
the case of no lensing is given by

ΔtðθÞ ¼ DΔt

c

�
1

2
ðθ − βÞ2 − ψðθÞ

�
; ð3Þ

which consists of geometric and gravitational time-delay
components within the square brackets. The time-delay
distance DΔt combines the angular diameter distances to
the lens (Dd), to the source (Ds), and between them
(Dds):

DΔt ≡ ð1þ zlÞ
DdDs

Dds
: ð4Þ

In observations of a source with variable luminosity, we
can only measure the excess time delay between images
(positioned at θA and θB):

ΔtAB ¼ ΔtðθBÞ − ΔtðθAÞ ∝ DΔt: ð5Þ

Because each angular diameter distance in DΔt
is inversely proportional to H0, it follows that
DΔt ∝ H−1

0 ; therefore, measuring excess time delays
alongside a robust model of κðθÞ yields H0. Imaging
information is used to model the convergence profile of
the lensing galaxy by reconstructing source structures
within the lensed images.

A. Mass-sheet degeneracy

While time-delay cosmography is conceptually
robust, it is subject to specific systematic uncertainties.
By far the most important of these is the mass-sheet
degeneracy (MSD) [33,34]. The MSD arises from a
transformation of the lens mass profile wherein the
surface mass density κðθÞ can be scaled by a factor λ
and supplemented by a constant mass sheet (1 − λ),
such that

κλðθÞ ¼ λκðθÞ þ ð1 − λÞ: ð6Þ

This mass-sheet transform (MST), in conjunction with a
linear scaling of the source plane position by βλ ¼ λβ,
leaves all imaging observables identical. However, it
rescales the predicted time delays and time-delay dis-
tance by 1=λ, and thus the inferred H0 is scaled by a
factor λ. In other words, lens modeling alone is
completely degenerate with this theoretical and often
unphysical mass-sheet parameter λ. However, stellar
kinematic information, such as the velocity dispersion
and the root-mean-squared velocity, is not subject to the
MSD, making it an invaluable tool in breaking the
degeneracy.
As shown by Shajib et al. [30], the true galaxy

convergence profile κgal, while accounting for the MSD,
can be described as

κgalðθÞ ≈ ð1 − κextÞ½λintκmodelðθÞ þ ð1 − λintÞκSðθÞ�: ð7Þ

Here, κext represents the external convergence contribu-
tion from line-of-sight mass structures, λint is the
internal mass-sheet transform parameter that rescales
the convergence profile κmodel recovered from lens
modeling, and κS describes a predetermined “variable”
mass-sheet profile. This profile behaves like a true mass
sheet within the regime constrained by strong lens
modeling but rapidly approaches zero at larger radii.
An appropriate functional form we adopt in this paper
is given by

κsðθÞ ¼
θ2S

θ2 þ θ2S
; ð8Þ

where the scale radius θS should be large enough such
that it is indistinguishable from an exact mass sheet
with the images used to constrain the lens model
[30,31,35].
A useful parametrization of the mass-sheet variables is

λtotal ≡ λintð1 − κextÞ; ð9Þ
1Unblinding took place during a collaboration-wide telecon-

ference held on April 7, 2026.

TDCOSMO XXV: MEASURING H0 TO 6.5% PRECISION… PHYS. REV. D 114, 063509 (2026)

063509-3



which represents the linear transformation of the lens
model convergence due to the total mass-sheet contri-
bution [see Eq. (7)]. The external convergence can be
constrained using a ground-based photometric survey of
the galaxies in the lens galaxy’s environment or along
the line of sight [36,37], while the internal mass-sheet
component can be constrained by kinematic information,
as previously stated. Only by restricting these two
contributions to the overall manifestation of a mass
sheet can one achieve an accurate measurement of H0.
In this paper, we will account for the MSD in our
dynamical modeling of J1433þ 6007, using spatially
resolved kinematic measurements.

III. SDSSJ1433 + 6007

The quadruply imaged quasar system J1433þ 6007 was
initially discovered by Agnello et al. [38] through an
outlier-selection algorithm searching the Sloan Digital
Sky Survey (SDSS) [39] DR12 catalog. Since its discovery,
observations have been made with the HST Wide Field
Camera 3 through programs 15320 (Principal Investigator:
Tommaso Treu; in the F160W, F814W, and F475X filters)
and 15177 (Principal Investigator: Anna Nierenberg; in the
F105W and F140W filters). See Fig. 1 for a color HST
image of J1433þ 6007 and our labeling scheme. The
system displays a classic quadruply imaged cusp lensing
orientation, despite the presence of a satellite galaxy S near

image C. The source galaxy hosting the lensed quasar can
be seen in a faint arc between images B and C, which is
visible in all HST F160W, F814W, and F475X bands. We
find that the source galaxy light profile is very prominent in
the F160W band after accounting for and subtracting out the
lens galaxy light (see Fig. 6). J1433þ 6007 has a lens
redshift of zl ¼ 0.407 and a source redshift of zs ¼ 2.737,
with an aperture-integrated velocity dispersion of 261�
6ðstatisticalÞ � 7ðsystematicÞ km s−1 measured with the
Echellette Spectrograph and Imager at the W. M. Keck
Observatory [40]. From the kinematic information in
Sec. VII, we find that the satellite galaxy shares the same
redshift as the main perturber. Queirolo et al. [41] (hereafter
Q25) present over three years’ worth of monitoring obser-
vations from the Wendelstein Observatory, resulting in a
marginalized time-delay measurement uncertainty of 3.9%.

A. Improvements from literature

Using their time-delay measurements and the HST
imaging, Q25 performed a time-delay cosmography analy-
sis on J1433þ 6007, recovering a measurement of H0 ¼
71.7þ3.9

−3.6 km s−1Mpc−1. In this paper, we independently
revisit this measurement, equipped with more data, the
detailed analysis required to leverage it, and a maximally
flexible model to account for MSD systematics. Q25 did
not utilize kinematic information nor line-of-sight infor-
mation in their measurement of H0, relying solely on their
lensing model and time-delay information. As previously
discussed in Sec. II A, this may result in a value degenerate
with the MSD, from both internal and external sources. In
contrast, we use high-resolution spatially resolved kin-
ematics from the Keck Cosmic Web Imager (KCWI) [42]
instrument to build a dynamical model which jointly fits the
kinematic and lensing/imaging data. Additionally, we use
wide-field imaging of the environment around J1433þ
6007 (up to 120 arcseconds) to probe line-of-sight sub-
structures and to identify possible perturbers that could
contribute a significant flexion to the lens model. We also
offer an improved lens model by accounting for a more
complex source light structure in the IR range.
Furthermore, we introduce an improved measurement of
the time delays using additional observations from the
Maidanak telescope (see Ref. [43]). Finally, by combining
these advancements with an MSD-robust dynamical model,
we can more accurately constrain H0.

IV. TIME-DELAY MEASUREMENTS

Q25 presented high-cadence light curves for the lensed
quasar images in J1433þ 6007, derived from three years
of monitoring at the Wendelstein Observatory (February
2020 to June 2023, with a mean cadence of roughly four
nights). We augment that dataset with observations from
the Maidanak Observatory [44] spanning May 2019 to
June 2025. While the Maidanak light curve is more

FIG. 1. HST imaging of J1433þ 6007, with the lens galaxy
(L), satellite galaxy (S), and the lensed quasar images (A, B, C,
and D) labeled. The faint background galaxy (f) is discussed in
Sec. VA. The colored image is generated using the HST F160W,
F814W, and F475X bands for the red, green, and blue channels,
respectively.
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sparse—with observations approximately every seven
nights—and offers only a marginal improvement to the
statistical constraint, it provides crucial confirmation that
microlensing was not significant during the shorter
Wendelstein baseline. This allows us to make further
informed constraints on the microlensing effects of the
spline light curve modeling in Q25. See Fig. 2 for the
light curve coverage provided by the Maidanak and
Wendelstein Observatories.
We adopt the methodology presented by Dux et al. [45],

which is based on high-cadence r-band monitoring cam-
paigns conducted with the 2.6 m European Southern
Observatory Very Large Telescope Survey Telescope and
the Max-Planck-Gesellschaft 2.2 m telescope. Photometric
calibration and data preprocessing are performed using the
LIGHTCURVER

2 pipeline [46]. We then use STARRED [47,48]
to forward-model the quasar point sources and deblend the
extended lensing galaxy emission. This method processes
all epochs simultaneously by fitting a high-resolution
pixelated model of the background and point sources
convolved with epoch-specific point source function
(PSF) kernels derived from field stars. Time delays are

estimated using the PyCS3
3 toolbox by simultaneously

aligning the light curves with free-knot splines to represent
intrinsic quasar variability, while polynomials or splines are
employed to model extrinsic microlensing variations
[49–51]. Final uncertainties and covariance matrices are
determined by applying this procedure to mock light curves
containing injected red noise, thereby accounting for the
degeneracies between intrinsic and extrinsic variability.
Because of differences in the filters used at the two
observatories, we do not directly combine the light curves;
instead, we treat them as independent datasets and combine
their time-delay constraints at the likelihood level.
In Fig. 3, we present the Maidanak, Wendelstein, and

combined observatories’ posteriors for the time delays
relative to quasar image A. The total time-delay precision
of each image relative to image A is 11.1%, 3.9%, and 3.6%,
respectively. Assuming purely independent Gaussian errors,
this yields a nominal combined precision of 2.6% (compared
to 3.8% in Q25), which improves a key component of theH0

uncertainty budget [Eq. (3)]. The true joint precision
depends on the covariance between the relative delays,
which we utilize in our lens model (see Sec. VI).

FIG. 2. The full light curve for the quasar images of J1433þ 6007. The lensed images’ photometries are stacked after accounting for
time delay and magnification differences (given in the top-right legend). We label measurements from the Maidanak Observatory with a
cross (×) and measurements from the Wendelstein Observatory with a dot (·). As stated in the main text and shown in Fig. 3, we do not
directly combine the different observatories’ light curves in our analysis. For this figure, we add a flux (additive) and magnitude
(multiplicative) shift to match their photometries. The light curve (in black) is then fit to the combined data, with respectively colored
microlensing trends shown as dashed line for each lensed image. The purpose of this figure is to illustrate the overall coverage across
both sets of observatory observations, highlighting the additional span provided by the new observations from the Maidanak
Observatory.

2https://duxfrederic.github.io/lightcurver/. 3https://cosmograil.gitlab.io/PyCS3/.
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V. LINE-OF-SIGHT MEASUREMENTS

The external convergence κext, when not accounted
for, acts as an external mass sheet to bias our cosmo-
logical values. Therefore, we constrain κext by inves-
tigating nearby galaxies along the line-of-sight (LOS) to
approximate their contribution to the MST. We use the
Dark Energy Spectroscopic Instrument (DESI) Legacy
Imaging Surveys data release 10 to probe structures up
to 120 arcseconds away from J1433þ 6007 in the g, r,
and z bands [52]. The g and r bands were observed with
the 90Prime instrument (on the Bok telescope, as part of
the Baryon Oscillation Spectroscopic Survey) [53] over
four exposures each filter, and the z band was observed
with Mosaic-3 instrument (on the Mayall telescope, as
part of the Mayall z-band Legacy Survey) [54] over three
exposures. From the stacked imaging, the g, r, and z
bands’ extended sources limiting magnitudes (5σ) are
24.23, 23.62, and 22.89, respectively [52]. These authors’
source extraction algorithm Tractor photometrically catalogs
these objects of interest, identifying 177 objects within the
120 arcseconds radius (and outside a 3 arcseconds radius)
of J1433þ 6007 (excluding stars identified by Gaia) [55].
All the objects have photometric redshift estimates from
Zhou et al. [56].

A. Identifying perturbers

From the stellar mass (M�) versus velocity dispersion
(σv) relation in the work by Zahid et al. [57], K-correcting
the photometry according to their respective photometric
redshifts, and assuming a constant M�=L across the field
(calibrated using the lens galaxy of J1433þ 6007), we
estimate the velocity dispersion and uncertainty for each
galaxy. If we additionally assume a spherical isothermal
sphere (SIS) lens profile, the Einstein radius can be
approximated through

θE ≈ 4π
σ2v
c2

Dps

Ds
; ð10Þ

where σv is the velocity dispersion, Ds is the angular
diameter distance from the observer to the source, and Dps

is the angular diameter distance between the perturber
and the source. We estimate these distance values using
the photometric redshift distribution of the object and a
fiducial Λ cold dark matter (CDM) cosmology of H0 ¼
70 km s−1Mpc−1 and Ωm;0 ¼ 0.3. Our choice of a reason-
able cosmology is negligible compared to the uncertainties
of the photometric redshifts, when calculating their effec-
tive Einstein radius. The second-order lensing distortion
(i.e., the flexion shift Δ3x) can then be calculated through

Δ3x ¼ fðξÞ θ
2
E;mainθ

2
E;pert

δ3
; ð11Þ

where θE;main is the Einstein radius of the primary lens,
θE;pert is the estimated Einstein radius of the perturber, and δ
is the 2D angular separation between the two objects [58].
The distance ratio ξ is defined as

ξ≡DdpDs

DpDds
; ð12Þ

where Ddp and Dp are the angular diameter distances
between the lens and perturber and the observer and
perturber, respectively. Finally, fðξÞ in Eq. (11) is a
piecewise function defined as

fðξÞ≡
(
1 if Dp < Dd;

ð1 − ξÞ2 otherwise:
ð13Þ

From this analysis, we find that four objects exceed a
conservative flexion shift threshold of Δ3x ≥ 10−4 [58]
and are therefore included in the lens model (see
Fig. 4). Their broad Einstein radius uncertainties from
this procedure are also incorporated into the lens model
likelihood function. Although several assumptions are
made in these measurements, this procedure allows for
the identification of any possible perturbers that may

FIG. 3. The time-delay measurement (relative to quasar image
A) posteriors from the Maidanak Observatory (this work; blue),
Wendelstein Observatory (Q25 with more informed microlens-
ing assumptions; orange), and the combined likelihood distri-
bution (green). Both independent probes are consistent with
each other, and the resulting combined posterior yields an
uncertainty improved by an average factor of 1.5 compared to
previous results.
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cause slight Fermat potential shifts in the data, which
the lens model then more accurately constrains. Because
three of them are in close spatial proximity to one
another (contained within a 2 arcseconds radius aper-
ture, 10 arcseconds from the main perturber) and
possess similar photometric redshifts (zs ¼ 0.79, 0.83,
and 0.71), their combined effect on the lens model
would be highly degenerate. Therefore, we choose to
aggregate these three objects before explicitly adding
them into the lens model. Their combined center is
calculated as an average weighted by their respective
flexion shifts, and their combined Einstein radius prior
is estimated by aggregating the total flexion shift
contribution of the three perturbers.
Aside from these perturbers, there is also a faint

galaxy 3:006 North of the main galaxy (labeled as f in
Fig. 1). While visible in the HST imaging (m ¼ 25.0,
24.1, 23.7 in the F475X, F814W, and F160W bands,
respectively), it is undetected in the DESI Legacy
imaging. While this galaxy is relatively close to the
lens, we do not expect this galaxy to significantly affect
our Fermat potential measurements. The color, magni-
tude, and morphology are consistent with that of a
background galaxy, which would contribute little to no
flexion to our model. However, even if it were at the
lens redshift, we expect it to have a much lower M�=L

compared to the lens and other nearby galaxies simply
due to its size and dimness. Therefore, we do not model
any potential contributions from this object and mask
out its light profile in the lens model.

B. Measuring external convergence

Using the catalog of galaxies identified by the Tractor

algorithm within the 120 arcseconds radius field, we
follow the pipeline by Ref. [37] to probe the LOS
substructures. Succinctly, the algorithm performs a count
of galaxies within the catalog (weighted by criteria such
as the redshifts, inverse distance, and potential) and
utilizes the Millennium Simulation [59] to generate fields
similar to the weighted counts observed. In the pipeline
and catalog, we impose a 23-magnitude cutoff to
improve completeness, as it is well below the detection
magnitudes for the 90Prime filters. From these simula-
tions, we can infer the total convergence contribution of
these LOS structures as κext, where for J1433þ 6007 we
calculate a posterior of κext ¼ −0.041þ0.047

−0.030 (see Fig. 5
for the full posterior). We find that J1433þ 6007 lies in
a field that is slightly underdense compared to the
average cosmic density (κext ¼ 0), though our measure-
ment is still consistent within 1σ of being underdense,
average, and overdense.

FIG. 4. Ground-based imaging of the field surrounding J1433þ 6007, from the DESI Legacy Surveys DR10. The color image is
generated using the stacked Mosaic-3z, 90Prime r, and 90Prime g band imaging for the red, green, and blue channels, respectively. Left:
the 12000 field around J1433þ 6007, with all objects detected by Tractor labeled. Stars are labeled with green stars, and galaxies are
labeled with circles, with the area of the circle being proportional to the logΔ3x. Galaxies with a flexion shift ≥ 10−4 are colored red.
Right: the 4000 field, following the same color scheme as the left image. However, the galaxies with a flexion shift ≥ 10−4 are labeled
with a square, whereas the galaxies with a flexion shift < 10−4 are labeled with a cross symbol (×). The four perturbers with flexion
shifts ≥ 10−4 (captured in both fields) are accounted for in our lens model.
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VI. LENS MODEL

Using HST imaging in the F160W, F814W, and F475X
filters (Program ID: 15320, Principal Investigator:
Tommaso Treu), we construct a precise model of the lens
galaxy 2D potential via flux based reconstruction. While
there are also F105W and F140W band exposures publicly
available for this system (Program ID: 15177, Principal
Investigator: Anna Nierenberg), we choose to focus only on
the three aforementioned bands because they have signifi-
cantly higher exposure times (1500 to 2000 sec, compared
to< 500 sec), and any additional features revealed in these
IR bands are already emphasized in the F160W band. The
source galaxy light profile, which is important in con-
straining the lens model, is prominent within the F160W
band (after accounting for the lens light profile; see Fig. 6),
whereas it is faintly visible in the F814Wand F475X bands.
The F160W band is then Nyquist subsampled to a pixel size
of 0:00065 (from a native pixel size of 0:0013), as the four
well-dithered exposures allowed for this higher resolution.
The F814W and F475X bands were left at a pixel size of
0:0004, as these bands do not contribute nearly as much
lensing information compared to the F160W band. We use
the software Lenstronomy

4 [60,61] to construct our lens
model. It has been shown to be robust in the Time-
Delay Lens Modeling Challenge (TDLMC) [62], where
two independent teams used Lenstronomy to recover lens
model parameters within statistical consistency (in Rung
2). Lenstronomy has since been instrumental for its reliable
lens modeling capabilities within the TDCOSMO

Collaboration and has been extensively tested both inter-
nally and externally (e.g., Refs. [63–66]).

A. Model specifications

We construct a model that jointly fits for all three HST
bands, using Lenstronomy to constrain the same deflection
model while varying certain light profile parameters
between bands. All flux normalization amplitudes are
linearly fit after the nonlinear parameters (e.g., deflection
profile parameters and light profile parameters related to
position and shape) are sampled. For the deflection profile,
we use an elliptical power-law (EPL) [67] profile for each
of the main deflectors and the satellites, an external shear
component, and an SIS profile for the perturbers with
flexion shifts ≥ 10−4. We also include broad priors on the
satellite and perturbers’ Einstein radii estimated from their
luminosities (K-corrected from the HST F160W and the
90Prime photometry, respectively; see Sec. VA). As we are
allowing for a flexible mass sheet in our dynamical
analysis, we only account for a power-law profile in our
lens model. The systematics introduced by a composite lens
profile are already accounted for by our implementation of
a maximally conservative mass sheet (e.g., Refs. [17,29].
The lens galaxy and satellite are positioned at the same
redshift (as confirmed by our integral field spectroscopy
data in Sec. VII) of zl ¼ 0.407.
As discussed in Sec. VA, we use two SIS profiles to

account for the nearby perturbers that have exceeded the
flexion shift threshold of ≥ 10−4. The aggregated perturber
is set at the average photometric redshift (weighted by their
inverse variance) of zp ¼ 0.76, and the isolated perturber is
set at its measured photometric redshift of zp ¼ 0.48. We
incorporate the uncertainty of their photo-z measurements
into the Einstein radius prior uncertainty, which dominates
the error budget compared to the photometry uncertainties.
To model the lens-plane light of the main deflector, we

employ two elliptical Sérsic profiles [68] in each band: an
exponential profile (Sérsic index of 1) and a de Vaucouleurs
[69] profile (Sérsic index of 4). Because the deflector’s
emission in the F814W and F475X bands is significantly
fainter and less complex than in the F160W band and since
the F160W center is masked due to correlated noise
(discussed below), we jointly constrain the lens light
centroids across all bands and fix them to the center of
the main deflector’s EPL profile. Furthermore, we tie the
axis ratios of the two Sérsic components together for the
F814W and F475X bands, as their simpler light distribu-
tions do not warrant an additional degree of freedom.
Although the F160W band provides the strongest lensing
constraints, we adopt the F475X light model for our
dynamical analysis; its wavelength range (∼4000 to
6000 Å) closely matches our spectral coverage (see
Sec. VII A). For the satellite galaxy, we fit a single
Sérsic profile per band, fixing its center and ellipticity to
its corresponding EPL profile. Finally, the lensed quasar

FIG. 5. The probability density function of the κext posterior.
This was obtained by using the 120 arcseconds LOS field
imaging to measure a weighted count of galaxies of the nearby
region, and generating different realizations from the cosmologi-
cal N-body simulation Millennium simulations to probe the
external convergence posterior.

4https://lenstronomy.readthedocs.io/en/latest.
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images are modeled using a PSF. For each band, this PSF is
initially constructed by stacking nearby stars in the HST
field and then iteratively reconstructed at the pixel level.
Our choice to Nyquist subsample the F160W band allows
us to achieve higher resolution within the arcs and reduce
large-scale aliasing artifacts. However, this in turn intro-
duces correlated noise within the brightest regions of the
image. Therefore, we opt to add masks near the center of
the lens galaxy in the F160W model. We note that the
F160W band is most informative to the lens model because
of its ability to resolve the source arcs (as the arcs are
inherently brighter in the observed IR band); a robust
model is achieved by combining this with the astrometry-
constraining power of the optical F814W and F475X
bands; this is achieved by iteratively aligning the astrom-
etry between all three filters.
We use an exponential profile to describe the source light

for each band. Because the F160W band holds the most
information regarding the source galaxy light, we also
include a component modeled using a shapelet basis set for
its source galaxy light profile [70,71]. This allows us to
reconstruct and incorporate subfeatures within the source
galaxy profile, providing a more accurate and constraining
fit. We use shapelet orders of nmax ¼ 9, 10, and 11 (see
Sec. VI C), which we find are sufficiently complex to

capture the details within the source. The center of the
shapelets basis is fixed to the center of the exponential
profile, which is shared across all three of the source
exponential profiles (across filters).
We fit for the lensed quasar images individually on the

image plane and include Gaussian priors (on the source
plane) to ensure that the lensed image positions, when
traced back to the source plane, are close (σ ¼ 0:000003) to
the center of the exponential light profile. We also allow a
deviation from the predicted quasar image position on the
image plane (with a prior of σ ¼ 0:00001) for each image to
account for slight instrumental or systematic differences.

B. Incorporating time delays

To better inform our lens model, we include the time-
delay measurements into the modeling process as an
additional multivariate Gaussian prior into the likelihood
function, derived from the time-delay covariance matrix
(see Fig. 3). However, as the time delays are expected to be
directly proportional to DΔt in addition to the Fermat
potential, we must also sample and constrain DΔt in our
pipeline. The resulting posterior on DΔt from our lens
model is then marginalized over in the dynamical model
(Sec. VIII).

FIG. 6. Representative plots illustrating the lens model of J1433þ 6007 and its reconstruction of the HST F160W filter data. The top
left panel shows the HST F160Wobserved image. The top middle panel shows the reconstructed image from our best-fit model. The top
right panel shows the normalized residuals that are minimized in fitting for the model. The bottom left panel shows the reconstructed
source of the best-fit model, with a star denoting the location of the point source. The bottom middle panel shows the HST observed
image subtracted by the best-fit light profiles of the lens and satellite galaxies, illustrating the lensed arcs. The bottom right panel shows
the magnification map of the lensing profile of the best-fit model, with the lensed point source locations labeled. We measure a χ2ν¼8813 of
0.76 for the best-fit model to the F160W data.
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Our procedure for lens modeling consists of using a
particle swarm optimization operation [72] to locate a
maximum of the lens likelihood function that is likely close
to the global maximum, followed by a Markov chain
Monte Carlo (MCMC) pipeline to obtain the posterior
of the model parameters [73]. The chains are then run
until convergence is reached, before extracting the final
posteriors.

C. Systematic tests

We run the pipeline modeling with the three different
shapelets orders of the F160W source light profile
(nmax ¼ 9, 10, and 11). We also test two marginally
different masks for the F160W image to probe additional
systematics, varying the full aperture radius of the imaging
data (from the lens galaxy center) from 60 to 61 pixels
(Δr ≈ 0:00065) while slightly increasing the masked region
North of image A to ensure that the total number of
unmasked pixels is conserved. These tests result in six
different model configurations. We find that the models are
consistent with each other within the uncertainties. To
account for these different choices in the error budget, the
distribution used in our dynamical fit is a simple combi-
nation of the resulting chains of each model. We generate
our final posterior distributions by sampling each set of
these systematic chains, using their Bayesian information
criteria (BIC) to calculate their respective weights.
From our lens modeling, we pass the six parameter

posteriors (ω∈ fθE; γ; qm; Reff ; ql; D̃Δtg) into our dynami-
cal modeling to describe the mass model, as well as the
best-fit variables describing the F475X lens light profile
shape. In Table I, we present the lens model posterior
results for these parameters. The full lens model posteriors
are provided in Appendix A (Tables V–VII). The lens
model and residuals for the best-fit model (with shapelets
order of nmax ¼ 10 in the F160W filter) are shown in Fig. 6,
resulting in a reduced chi-square of χ2ν¼52695 ¼ 1.06. We
also show the lens modeling results in the F814W and
F475X filters in Appendix A (Figs. 12 and 13).

VII. INTEGRAL FIELD SPECTROSCOPY

The KCWI instrument [42] on the W. M. Keck
Observatory is a powerful integral field spectrograph
located on the summit of Maunakea, Hawaii. The main
KCWI instrument can be concurrently processed by a blue
channel (KCWI-blue) and red channel [the Keck Cosmic
Reionization Mapper (KCRM)] [74]. Our configuration
uses a 1 × 1 binning, a dual amp readout, and the smallest
integral field unit (IFU) slicer size to maximize its spatial
resolution. The KCWI-blue channel has a wavelength
range from 3600 to 5600 Å, while the KCRM channel
has a range of 5600 to 8850 Å. The red channel has the
added disadvantage of being more susceptible to cosmic
ray contamination; therefore, KCRM observations are
taken three at a time and median-coadded to compensate.
KCRM also suffers from a slightly lower signal-to-noise
ratio (S/N) compared to the KCWI-blue channel.
However, despite this, the KCRM data constrain well
prominent absorption lines outside of the KCWI-blue
coverage (see Fig. 7). We choose to mask a region
between the two channels (from 5569 to 5834 Å observer
frame) to avoid any distortions in the vicinity of the
dichroic Over two nights on May 7 2024 and June 8 2024,
we observed J1433þ 6007 for 8 h on KCWI-blue and
7.25 h on KCRM excluding overhead times (Program ID:
U077, Principal Investigator: Tommaso Treu).
While the KCWI slicer (with 1 × 1 binning) has a native,

rectangular pixel size of 0:0035 × 0:00147, we drizzle and
subsample to a square pixel size of 0:001334 using our well-
dithered observing pattern. The KCWI-blue side has a
spectral resolution of R ¼ 3600, while the KCRM side has
a spectral resolution of R > 2000. We also truncate the full
spectral range to 5000 to 6750 Å in the observed frame
(3554 to 4797 Å rest frame) to avoid telluric lines and
dichroic uncertainties at the edges of the instruments’
wavelength ranges. This 1750 Å observed range captures
plenty of prominent absorption lines used for constraining
the lens galaxy kinematics. In Fig. 7, we present the 1
arcseconds diameter aperture spectrum of the lens galaxy,

TABLE I. Description and posteriors of the parameters sampled by the lens model, which are passed into the dynamical model in
Sec. VIII. The lens model is constrained by the HST F160W, F814W, and F475X imaging data (DI), as well as with the time-delay
information (DT). The DΔt parameter in our lens model was blinded during our analysis.

Parameter Description Lens model posterior pðωjDI;DTÞ
θE [ 00] Einstein radius 1.538þ0.005

−0.007

γ Logarithmic slope of the power-law convergence profile 1.954þ0.015
−0.015

qm Minor-to-major axis ratio of the power-law convergence profile 0.754þ0.006
−0.006

Reff [ 00] Effective radius of the HST F475X light profile 3.03þ0.17
−0.13

ql Minor-to-major axis ratio of the HST F475X light profile 0.70þ0.01
−0.01

DΔt [Mpc] Time-delay distance 2317þ111
−111
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along with the fitted model, masked region, and strong
absorption lines present.

A. Spectral reduction and fitting

In Fig. 7, we show the integrated spectra and fit of
J1433þ 6007 within an aperture of 1 arcseconds diameter.
We use the pPXF

5 package [75,76] for all kinematic fitting
of the spectra in this analysis; an example is illustrated in
Fig. 7. Additionally, because some spaxels are in close
proximity to the lensed quasar images, we use the brightest
spaxels of quasar images A, B, and C as additional stellar
templates to fit for the quasar contribution to the spectra,
following Shajib et al. [30]. We mask out >3σ outliers in
the spectral fit, as well as the Hγ, Hδ, and Hκ lines, to avoid
contamination from nebular gas emission and thermal
broadening. We allow Hθ and Hη to remain in the fit, as
they are useful stellar absorption lines and their nebular
emission should be negligible. From probing a 0:005
diameter aperture of the satellite galaxy using this pro-
cedure, we have also confirmed that it lies at the same
redshift as the main perturber.
To analyze the data while properly accounting for both

statistical and systematic uncertainties of the velocity
dispersion σv, we follow the procedures laid out by
Knabel et al. [77]. As the line-of-sight velocity vLOS

measurement is expected to be fairly simple and robust
(i.e., the centers of absorption features), we do not probe the
systematic uncertainties for vLOS. Knabel et al. [77] has
shown that the main systematic uncertainty contribution
comes from differences in stellar libraries. Therefore, we
experiment with different stellar libraries (Indo-US [78];
X-Shooter [79]; and MILES [80]), in addition to different
additive polynomial orders (from four to eight) and
multiplicative polynomial orders (from zero to four) in
our pPXF fits. We note that each of these stellar libraries has
been “cleaned” of irregular spectra which would contribute
to nonphysical features in the fit. First, we vary different
combinations of additive and multiplicative polynomial
orders, and measure the BIC-weighted variance of σv
across the three stellar libraries on the 1 arcseconds aperture
spectra. We find that an additive polynomial order of 7 and
a multiplicative polynomial order of 1 minimize the scatter
across libraries (see Fig. 8). The overall effect on the BIC-
weighted mean value of σv (with respect to an additive
polynomial order of 7 and a multiplicative polynomial order
of 1) ranges from −0.25% to þ1.88%, with the higher end
attributed to an overfitted regime at an additive polynomial
order of 8. If we exclude the plausible overfitted regime of an
additive polynomial order of 8, this range shrinks to −0.25%
to þ1.08%, a percent-level accuracy.
The analysis of the data cube involves binning the

spaxels into Voronoi bins such that their total S/N are

FIG. 7. The 1 arcseconds aperture spectrum of the lens galaxy of J1433þ 6007. The data are in black, the pPXF fit (using the MILES

stellar library) is in red, and the residuals are in green. The shaded region represents the wavelength ranges excluded from the fit, and the
blue shows the data points that are being masked out. Prominent absorption lines in the spectra have been annotated in orange. The pPXF

model fits the data remarkably well (χ2ν¼2755 ¼ 0.98), and there are strong absorption lines to tightly constrain the velocity dispersion at
σv ¼ 260� 5 km s−1 (statistical).

5https://pypi.org/project/ppxf.

TDCOSMO XXV: MEASURING H0 TO 6.5% PRECISION… PHYS. REV. D 114, 063509 (2026)

063509-11

https://pypi.org/project/ppxf
https://pypi.org/project/ppxf


FIG. 8. Comparison plots to gauge the effects of different additive and multiplicative polynomial orders on the measurement of σv
across three stellar libraries. Left: the effect of different polynomial orders on the BIC-weighted scatter of σv across stellar libraries. We
find that additive and multiplicative degrees of 7 and 1, respectively, best reduce the scatter between stellar libraries. Hence, we use this
configuration moving forward. Right: the effect of different polynomial orders on the BIC-weighted mean of σv across stellar libraries,
relative to the measurement at the smallest-scatter configuration. We observe a clear overfitting regime at an additive degree of 8. If we
exclude this regime, Δσv between different polynomial degrees ranges from −0.25% to þ1.08%.

FIG. 9. Plots describing the KCRM/KCWI integral-field data. Left: the white-light image integrated from 5000 to 6750 Å (observer
frame). The solid black outline describes the full extent of our kinematic map, and the dashed red and orange outlines denote specific
bins from our final kinematic map for which we show their spectra to the right. Right: the 1D spectra integrated over the spaxels in their
respective region on the left. Both spectra plots follow the same layout as Fig. 7, using pPXF and the MILES stellar library. The red bin (top
right) shows the spectrum near the lens galaxy center, relatively isolated from the quasar light, while the orange bin (bottom right) shows
the spectrum near quasar image B. Despite the quasar light contamination in the orange bin, a decent fit to the lens galaxy kinematics is
achieved.
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comparable between bins. This is done using the Python

package Vorbin
6 [81]. However, to assess the systematic

variance and covariance between bins, we first only use six
bins each with a S=N ≈ 30 Å−1. This way, the statistical
contribution to the uncertainties becomes negligible, and
the systematic contribution can be accurately probed. Using
the additive and multiplicative polynomial orders that
minimize σ scatter (7 and 1, respectively), we measure
the ΔBIC between the different stellar libraries by boot-
strapping these six bins and calculate the libraries’ asso-
ciated weights w, as described by Knabel et al. [77]. For the
Indo-US, X-Shooter, and MILES stellar libraries, we measure
ΔBIC values of 3.4� 16.9, 18.9� 25.5, and 0.0� 16.6
and weights of 0.39, 0.16, and 0.45, respectively. Using w
to weight each library’s measurements of σ, we calculate
the covariance matrix between the six Voronoi bins and find
an average off-diagonal square root covariance of 0.88%
and an average diagonal standard deviation of 1.20%.
Using the white-light image of the datacube (see Fig. 9),

we fit for the KCWI/KCRM PSF, which needs to be
accounted for in our dynamical model (e.g., see Ref. [82],
for the potential uncertainties associated with errors on the
PSF). From the white-light image, we forward model a
simulated image using an exponential and a de Vaucouleurs
profile to model the lens and four point sources for the
quasar images. We do not subtract the source galaxy flux
because, based on the HST F475X band (which shares a
very similar wavelength coverage to the KCWI/KCRM
region we are probing), the source flux is negligible (see
Fig. 13). We also mask out any flux contribution from the
satellite galaxy, and fit for the PSF with two concentric 2D

Gaussian distributions. This configuration should replicate
well a Moffat PSF profile [83], capturing the core and
wings of the light as distinct Gaussian profiles.

B. Kinematic maps

In our final kinematic maps, we bin to an S=N ≈ 10 Å−1,
up to approximately the elliptical Einstein radius, resulting
in 55 Voronoi bins. We also exclude spaxels near quasar
images B, C, and D to avoid cases where the quasar light
and associated Poisson noise overwhelm the lens galaxy
signal. Additionally, we also exclude spaxels near the
satellite galaxy, which may bias kinematic measurements.
See Fig. 9 for the full binned region, as well as a set of
representative binned-spectra fits. We also exclude four
outlier bins with σRMS > 300 km s−1 measurements, which
we ascribe to a combination of quasar light contamination,
a low signal-to-noise ratio in the deflector, and spurious
noise spikes coinciding with critical absorption lines.
Figure 10 illustrates our final kinematic maps for σv,
vLOS, and σRMS, where σRMS ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2v þ v2LOS

p
.

We add in quadrature the systematic uncertainties and
covariance we measured previously to the statistical uncer-
tainties, measured from pPXF, for each bin. Most remarkable
is the vLOS map, which shows that the J1433þ 6007 lens
galaxy is a rotating elliptical galaxy. By measuring the
specific angular momentum of λR ¼ 0.149 (defined in
Ref. [84]), we find that this system is very near the nominal
border distinguishing fast from slow rotating galaxies in
Cappellari [85]. However, given that J1433þ 6007 is a
massive elliptical galaxy lens (suggesting a density-sup-
ported rather than rotationally supported structure), strong
evidence indicates that this is likely a slow-rotating system
with a large inclination angle [86]. From measuring the

FIG. 10. Kinematic map for J1433þ 6007 using KCRM/KCWI. Left and middle: the velocity dispersion and the line-of-sight velocity
maps, respectively. There is clear rotation displayed in the vLOS map which aligns well with the light profile major axis
(ΔPA ¼ 15.7� 8.5 degrees), indicating an oblate symmetry. Right: the root-mean-squared velocity versus the distance between
the flux-weighted bin center and the center of the lens, circularized to account for its light profile ellipticity. The red horizontal line
denotes the 1 arcseconds aperture velocity dispersion measurement of 260 km s−1. The kinematic map for σRMS is utilized in our
dynamical model described in Sec. VIII.

6https://pypi.org/project/vorbin.
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kinematic position angle using the Python package PaFit,7 we
find that it aligns well with the light position angle
(ΔPA ¼ 15.7� 8.5 degrees) and hence has an oblate
symmetry, with a 99.97% certainty [87]. The σRMS map,
which tracks the second moment of the line-of-sight
velocity, is the constraint used in our dynamical model.

VIII. DYNAMICAL MODEL

Using the Python package Jampy,8 we construct a dynami-
cal model for J1433þ 6007, constrained by both the
lensing model and kinematic maps from the previous
sections [88,89]. Given a 2D convergence profile, a 2D
light profile, inclination angle, anisotropy parametrization,
and angular diameter distance to the lens, our model
generates kinematic measurement predictions at a given
position relative to the lens galaxy. We assume a constant
anisotropy for our analysis and hence sample the radius-
independent anisotropy parameter; see Table II for defi-
nitions. The likelihood function we maximize is

pðπjDÞ ¼ pðπÞ
pðDÞpðDjπÞ; ð14Þ

where D represents the superset of data used for our
analysis (kinematic data DK, HST imaging DI, time-delay
measurements DT, and LOS data DE) and π represents the
parameters that we fit for in our dynamical model. These
parameters are listed and described in Table II. By
expanding D to components, we arrive at

pðπjDÞ ∝ pðπÞ
pðDÞpðDKjπÞpðDEjπÞpðDI;DTjπÞ: ð15Þ

Note that, while the datasets should be independently
measured, they are still marginally dependent due to
observing the same system. Therefore, the r.h.s. is propor-
tional, not equal, to pðπjDÞ. This does not affect our log-
likelihood maximization, only resulting in an additional
additive constant. Further simplifying the r.h.s. via Bayes’
theorem results in

pðπjDÞ ∝ pðπÞjpðπjDKÞpðπjDEÞpðπjDI;DTÞ; ð16Þ

where pðπÞ represents the prior on π shown in Table II and
pðπjDXÞ is the dynamical model posterior based on its fit to
the respective dataset(s). The exponent j is to ensure that
the prior is not applied multiple times. As we only use these
priors in the dynamical modeling likelihood (i.e., uniform
priors are assumed for relevant parameters in π in the
posteriors from the lens model and LOS analysis), j ¼ 1.
DE constrains only κext in our dynamical model, whileDI

and DT (i.e., the lens model) constrain the parameter set ω.

All parameters in ω, with the exception of DΔt, are in π
(π ∩ ω ¼ ω − fDΔtg), and thus these posteriors can be
probed directly in our likelihood function. The constraint
on DΔt can be translated to a constraint on the fitted
cosmology (Ωm;0 and H0). Therefore, we can further
transform the r.h.s. as

pðπjDÞ ∝ pðπÞpðπjDKÞpðκextjDEÞ
× pðπ ∩ ω;Ωm;0; H0jDI;DTÞ; ð17Þ

and finally

pðπjDÞ ∝ pðπÞpðπjDKÞpðκextjDEÞpðπ ∩ ωjDI;DTÞ
× pðDΔtjDI;DTÞpðΩm;0; H0jDΔtÞ: ð18Þ

pðπjDKÞ represents the likelihood constraints provided by
fitting our dynamical model to the kinematic data,
pðκextjDEÞ represents the posterior on κext from the LOS
measurements (see Sec. V B), pðπ ∩ ωjDI;DTÞ represents
the posterior from our lens model using both the imaging
and time-delay information (see Sec. VI), and finally
pðΩm;0; H0jDΔtÞ is the likelihood of a cosmology param-
eterization for a given DΔt value.
When building our dynamical model within the Jampy

framework, we must provide a 2D surface profile of the
tracer stellar population and a 2D surface potential profile
of the mass profile (alongside other secondary parameters
such as i, the kinematic PSF, the anisotropy configuration,
black hole mass, etc). The 2D surface profile distribution is
taken from our F475X light profile in the lens model, where
we fix the best-fitting profile and vary its expansion/
contraction by the total effective radius Reff posterior
(see Sec. VI for more details on the light model configu-
ration). The 2D surface potential profile is parametrized as
Eq. (7), accounting for a power-law convergence, an
external convergence, and a variable mass-sheet contribu-
tion. To convert the unitless convergence profile into
physical mass units [ΣðθÞ],

ΣgalðθÞ ¼
c2

4πG
DΔt

D2
dð1þ zlÞ

κgalðθÞ; ð19Þ

where DΔt and Dd are derived from the sampled cosmol-
ogy. Internally, Jampy converts the provided 2D light and
density profiles into 3D profiles, which cannot be analyti-
cally done with an arbitrary parametrization. Therefore, we
first decompose these 2D profiles through multi-Gaussian
expansion (using MgeFit

9 [90]), since each individual 2D
Gaussian component can be analytically converted into a
3D component. For both mass and light, we fit 20 Gaussian
components to the 2D surface profile, logarithmically
sampled up to 50Reff .

7https://pypi.org/project/pafit.
8https://pypi.org/project/jampy. 9https://pypi.org/project/mgefit.
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Throughout our fitting process, we implement an iter-
ative process to prune Voronoi bins that result in over-
whelming χ2 contributions > 3σ (or a 0.28% statistical
outlier) to the overall likelihood function. This is to ensure
that our dynamical model is not being overfitted by these
outlying bins, which could be caused by isolated velocity
features in the lens galaxy. MCMC chains are well
converged before extracting the model posteriors.
We take many precautions to prevent any possible source

of bias in our dynamical model. Using toy models, Forés-
Toribio et al. [82] demonstrated where these systematics
may arise in the process. They showed that it is necessary to
properly model the PSF kinematic data, which we accu-
rately account for in Sec. VII A. Based on real data and
simulations, constant anisotropy is a better description than
Osipkov-Merritt [82,91], which is what we adopt in this
analysis. Recent Schwarzschild modeling [92] indicates
that orbital distributions are nearly isotropic [93]. This
evidence effectively addresses the concerns raised by
Forés-Toribio et al. [82], which were predicated on more
extreme orbital scenarios. We agree with Forés-Toribio
et al. [82] that inconsistencies may occur from a radial color
gradient within the tracer population profile, which is why
we build the tracer profile using observations from a similar
wavelength range as the kinematic measurements. Modern
analysis techniques, high-fidelity data, and refined stellar
libraries (see Sec. VII and the work by Knabel et al. [77])
keep our kinematic systematics low, including spatial bin
covariance. This methodology has been thoroughly tested
(see the work by Knabel et al. [77] and Birrer et al. [17]),
superseding the overly simplified scenarios presented in
Forés-Toribio et al. [82].

A. Intrinsic axis ratio prior

The inclination angle (i), or the orientation of the lens
galaxy relative to our LOS, can be defined in the following
equation

ql;intðql; iÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2l − cos2i

sin2i

s
; ð20Þ

where ql is the observed minor-to-major axis ratio of the 2D
light profile and ql;int is the intrinsic axis ratio of the 3D
galaxy. We use the posterior of ql;intðql; iÞ ∼N ð0.74; 0.08Þ
from Li et al. (See the first row of Table 1 in Ref. [94]) as a
joint prior on our sampled values ql and i, which was
derived using a sample of slow rotator early-type galaxies
in SDSS-IV DR14 MaNGA. While formally i∈ ½0°; 90°�,
we allow for i∈ ½0°; 180°� as this is analytically identical
and allows for the Markov chains to better capture the
expected posterior.

B. Scale radius prior

We sample scale radii θS [which defines our variable
mass sheet in Eq. (8)] such that the variable mass sheet is
large enough to be agnostic of the lensing information.
Through simulations, Birrer et al. [31] find that at
θS ≥ 5θE, the variable mass sheet follows very closely to
a true mass sheet, which we use as lower bound for θS. We
also set an upper bound of θS ≤ 10θE, as unreasonably high
values θS result in an artificially tighter, physically moti-
vated constraints on λint (see Sec. VIII E). Since the error of
the Einstein radius from the lens model is negligible
compared to the range spanned by these bounds, we
essentially sample θS ∼ Uð7:0072; 15:0043Þ.

C. Anisotropy parameter prior

We use constant anisotropy, which has been found to be
a good description of both observed [93] and simulated
galaxies [91], and is more accurate than the Osipkov-
Merritt model [95,96] used a few years ago by our
collaboration. Because J1433þ 6007 is a rotating elliptical
galaxy (see Fig. 10), a cylindrically aligned velocity
ellipsoid is more appropriate as a solution for the Jeans

TABLE II. Description and priors of the parameters sampled by our dynamical model.

Parameter Description Dynamical model prior pðπÞ
θE [ 00] Einstein radius of the convergence profile ∼Uð0; 10Þ
γ Logarithmic slope of the convergence profile ∼Uð0; 5Þ
qm Minor-to-major axis ratio of the convergence profile ∼Uð0.05; 1Þ
Reff [ 00] Effective radius of the HST F475X light profile ∼Uð0; 20Þ
ql Minor-to-major axis ratio of the HST F475X light profile ql;intðql; iÞ ∼N ð0.74; 0.08Þ
i [°] Inclination angle
κext External convergence ∼Uð−0.2; 0.4Þ
θS [ 00] Scale radius of the variable mass-sheet ∼Uð7.72; 15.43Þ
βani;cyl Cylindrically aligned, constant anisotropy parameter σz=σR ∼ Uð0; 1Þ
βani;sph Spherically aligned, constant anisotropy parameter σr=σθ ∼N ð1; 0.07Þ
logðMBHÞ [logM⊙] Logarithmic central black hole mass ∼N ð8.78; 0.35Þ
λint Internal mass-sheet parameter ∼Uð0.88; 1.21Þ
Ωm;0 Matter density parameter DESI-DR2 or Pantheon+
H0 [km s−1 Mpc−1] Hubble-Lemaître constant ∼Uð0; 150Þ
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equation in our dynamical model [88]. However, as an
additional systematics check, we fit for two different
models: with a cylindrically aligned or spherically aligned
velocity ellipsoid solution. These different orientations also
necessitate a slightly different definition of the constant
anisotropy parameter βani. For the cylindrically aligned case
βani is defined as

βani;cyl ≡ 1 − ðσz=σRÞ2; ð21Þ

and for the spherically aligned case,

βani;sph ≡ 1 − ðσθ=σrÞ2: ð22Þ

σz and σR are the LOS and radial velocity dispersions in a
cylindrical coordinate system, and σθ and σr are the
tangential and radial velocity dispersions in a spherical
coordinate system. We include a prior of σz=σR ∼ Uð0; 1Þ
for the cylindrically-aligned model, based on physically
and empirically motivated bounds [97].
For the spherically aligned model, we establish a

Gaussian prior on the velocity dispersion ratio of
σr=σθ ∼N ð1; 0.07Þ. This prior was derived empirically
by analyzing a sample of 13 representative early-type
galaxies from Cappellari (see Ref. [93], Fig. 10). For each
galaxy, the ratio σr=σtang (which is equivalent to σr=σθ in
our spherical model) was averaged across the radial range
Re=30 < r < Re. This specific radial annulus was chosen
because it exhibits relatively low scatter, meaning the
residual radial variation is primarily driven by data or
numerical noise rather than intrinsic physical features.
Crucially, this selection intentionally excludes the very
center of the galaxy, where the dynamics can be signifi-
cantly influenced by the supermassive black hole and
would necessitate a logistic Jeans anisotropic model rather
than the constant anisotropy assumed here.
Averaging the values across these 13 galaxies yields a

mean of 0.98 and a standard deviation of 0.07. Given the
remarkable proximity of the mean to isotropy, we adopt a
rounded mean of 1.0. We do not derive separate priors for
fast versus slow rotators, as the resulting subsamples would
be too small for reliable statistics and the anisotropy values
are comparable between the two populations.

D. Central black hole mass prior

In our dynamical model, we also include a prior on the
central black hole mass MBH, as it has been found that it
may significantly affect the kinematics near the center of
the elliptical galaxy (see, e.g., Refs. [17,98]). As such, we
include a prior on logðMBHÞ, calculated using the well-
studied linear scaling relation between the logðMBHÞ
and aperture velocity dispersion for our lens galaxy
(σv ¼ 260 km s−1; see Fig. 7):

log

�
MBH

M⊙

�
¼ αBH þ βBH log

�
σv

200 km s−1

�
: ð23Þ

We use the zero point (αBH ∼ 8.23� 0.05), slope
(βBH ∼ 4.86� 0.50), and intrinsic root-mean squared scat-
ter (ΔlogðMBHÞ ¼ 0.34) distributions of this linear relation
from Graham and Scott [99], derived from their sample of
28 massive elliptical galaxies. And so, we include a prior
of logðMBH=M⊙Þ ∼N ð8.78; 0.35Þ.

E. Internal mass-sheet parameter prior

As shown in Sec. II A, accounting for the internal mass-
sheet parameter is paramount in recovering an unbiased
measurement of cosmology. Therefore, we set a physical
upper bound for λint to ensure that the sampled κgalðθÞ
realization must be monotonic. We find that when
λint ≥ 1.21, there exists no reasonable sampling of the
θE, γ, and θS such that the true galaxy convergence
maintains monotonicity. We also ensure that the total mass
of the variable mass-sheet within a three-dimensional
radius does not exceed the mass of the NFW profile in
the same sphere [31]. For our posteriors and range of scale
radii, this effectively sets a lower limit of λint ≥ 0.88.
Previous analyses show that λint is close to unity and well
within this range [17,30,100,101].
To facilitate comparison with analyses that break theMSD

by enforcing a power-law model without the parameter λint
[20,41,102] in Appendix B, we also run a set of dynamical
modeling configurations where we fix λint ¼ 1. This check
highlights the importance of allowing it to be free for this
system and provides a lower bound on the precision
attainable with this system alone using present data.

F. Matter density parameter prior

We include a prior on the matter density parameter of
Ωm;0 ¼ 0.3169� 0.0065 in the Λ cold dark matter (CDM)
cosmology, from the DESI data release 2 (DESI-DR2),
derived using baryon acoustic oscillation measurement [3].
As an additional test for systematics, we also impose an
alternative prior of Ωm;0 ¼ 0.334� 0.018, from the
Pantheon+ analysis of 1550 Type Ia supernovae from
redshifts 0.001 ≤ z ≤ 2.26 and also assuming a Λ cold
dark matter (CDM) cosmology [103]. Both priors are
measurements from only using relative distances and
hence are independent of potential distance ladder biases.
Although the time-delay distance DΔt for a relatively low-
redshift lens system such as J1433þ 6007 (zl ≈ 0.407) is
only weakly sensitive toΩm;0 (with the effect suppressed by
higher-order terms in the Taylor expansion of redshift), we
explicitly marginalize over Ωm;0 rather than assuming a
fixed value. This ensures that any minor residual depend-
ency is fully accounted for and its uncertainty is correctly
propagated to our final H0 error budget. Additionally,
comparing results across different independent priors
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for Ωm;0 (i.e., DESI-DR2 vs Pantheon+) serves as a crucial
sanity check to demonstrate the robustness and insensi-
tivity of our H0 measurement to the assumed matter
density prior.
We first run a given dynamical model with a uniform

prior of Ωm;0 ∼ Uð0.05; 0.5Þ, then impose either the DESI-
DR2 or Pantheonþ prior on Ωm;0 by importance sampling
the converged chains. This is effectively equivalent to
rerunning the model with the normal prior established
beforehand (assuming a sufficient number of samples).

IX. COSMOLOGICAL RESULTS

For our primary results, we run four different dynamical
model configurations, with different assumptions on cos-
mology and anisotropy. See Table III for our labeling
scheme moving forward. We aggregate our models to
generate a final set of posteriors by using the ΔBIC
(relative to the model with the lowest BIC) of each model
to weight each individual distribution according to
wBIC ∝ expð− 1

2
ΔBICÞ. For each model, the BIC will be

calculated using the median value for a given sampled
parameter. Hereafter, whenever we combine dynamical
model results, it is assumed we weight each result by
wBIC, which is given in Table VIII.
We present a table of our cosmological results in

Table IV. We also show the full directly sampled posteriors
for our dynamical models in Table VIII.

A. Discussion

In DyM1+2 (combining our anisotropy-alignment model
and assuming a DESI-DR2 prior onΩm;0, which we treat as
a baseline), we measure H0 ¼ 73.2þ4.8

−4.7 , a 6.5%-level
precision. Our result is most in line with late-Universe
measurements, such as those from the SH0ES team (from
the Cepheid-calibrated distance ladder [5]). However, given
our uncertainty, we remain in approximate 1σ agreement
with measurements from the CCHP team (derived from the
TRGB-calibrated distance ladder [104]), and even with
early-Universe measurements (derived from the CMB
power spectrum [2]).
Our results highlight aspects we expect to see in a

dynamical model such as this. For example, we see that H0

is positively correlated with λint and/or λtotal, corresponding
to the mass-sheet degeneracy. Additionally, we find that our
constraints on H0 are robust against Ωm;0 (e.g., comparing

DyM1 and 2 with DyM3 and 4), as expected, since time-
delay cosmography for a single system should only be
weakly dependent on cosmology outside of H0.
We note some particularities that are more specific to

J1433þ 6007 compared to other analyses of time-delay
lenses. First, we find that cylindrically aligned anisotropic
models are heavily preferred over spherically aligned ones
for J1433þ 6007 (comparing the wBIC values of DyM1 and
3 versus DyM2 and 4 in Table VIII). We attribute this to
J1433þ 6007 being better described as a cylinder in the
dynamical model, as evidenced by its significant rotation.
We do not believe the spherically aligned model priors on
anisotropy are overly constraining and therefore causing
this preference, because the βani constraints in Table VIII
are very similar between the alignment models.
Another feature to note is that we find that J1433þ 6007

prefers an internal mass-sheet parameter greater than one
(λint ¼ 1.14þ0.05

−0.06 ) at the 2σ level, implying the presence of a
negative mass sheet. This is not unrealistic, as some
systems have been found to have λint > 1 using kinematics
[105]. Birrer et al. [17] measure a population mean of λint ¼
1.06þ0.06

−0.06 (population σ ≈ 0.11) from eight lensed quasars,
the Sloan Lens ACS (SLACS), and the Strong Lensing
Legacy Survey (SL2S) lens datasets, which is in agreement
with our measurement for J1433þ 6007.

B. Comparison with previous work

The most comparable analysis to the one presented here is
that carried out by Shajib et al. [30] using KCWI data of the
lens RXJ1131-1231 (henceforth RXJ1131). While many
elements of the analyses are similar, we highlight the
differences here to gain insight intowhyour analysis achieves
higher precision. The main differences are the following:
(1) We exploit the superior stellar velocity dispersion

techniques introduced by Knabel et al. [77],

TABLE III. Our labeling scheme different dynamical model
configurations.

Dynamical model ID Anisotropy model Ωm;0 prior

DyM1 Cylindrical DESI-DR2
DyM2 Spherical DESI-DR2
DyM3 Cylindrical Pantheon+
DyM4 Spherical Pantheon+

TABLE IV. Our final cosmological results for our dynamical models, aggregated by the anisotropy configurations (cylindrically and
spherically aligned). Left of the dashed line are cosmological parameters directly sampled from the dynamical modeling pipeline; right
of the dashed line are informative parameters derived directly from the left parameters.

Dynamical model ID H0 [km s−1 Mpc−1] Ωm;0 λint κext λtotal DΔt ½Mpc� Dd ½Mpc�
DyM1+2 (DESI-DR2) 73.2þ4.8

−4.7 0.30þ0.01
−0.01 1.12þ0.05

−0.06 −0.02þ0.04
−0.04 1.14þ0.05

−0.06 2032þ141
−125 1072þ74

−68

DyM3+4 (Pantheon+) 72.6þ5.0
−4.7 0.33þ0.02

−0.02 1.11þ0.06
−0.06 −0.02þ0.04

−0.03 1.13þ0.05
−0.05 2046þ142

−133 1069þ75
−67
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developed after the Shajib et al. [30] analysis. As a
result, the covariance between stellar kinematics
measurements is reduced from a few percent to
subpercent levels, improving overall accuracy. This
is the main factor improving our ability to break
the MSD.

(2) While the overall precision of the time delays is
comparable between J1433þ 6007 and RXJ1131,
the latter is a cusp configuration with only one time
delay measured to percent-level precision. In the
lens analyzed here, the long delay is the most
precise, but the other two are still measured with
6%–7% precision, providing some information to
break degeneracies in the models.

(3) The clear detection of a kinematic axis aligned
with the galaxy major axis allows us to constrain
the intrinsic axis ratio of light, the inclination,
and oblateness (versus prolateness) probability of
J1433þ 6007 much more tightly than RJX1131. In
the case of RXJ1131, Shajib et al. [30] find a
probability of oblateness of 65%, compared to a
probability of oblateness of 99.97% in J1433þ
6007 (see Sec. VII B).

(4) Following Cappellari [93], we have imposed an
informative prior on the anisotropy. Because of
the clear rotation in J1433þ 6007, we are able to
test the systematics between two different anisotropy
alignments (cylindrical and spherical), whereas a

FIG. 11. Our dynamical modeling results, illustrating our cosmological constraints. See Table III for our labeling scheme, denoting
different dynamical model configurations. The dotted line indicates λint ¼ 1. We find that our measurement of H0 is robust against
different assumptions of Ωm;0, and we report a significant measurement of λint > 1.
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spherically aligned model was most suited for
RXJ1131. In the work by Shajib et al. [30], the
authors use priors of σθ=σr ∼ Uð0.78; 1.14Þ [97],
whereas we use updated constraints of σr=σθ ∼
σθ=σr ∼N ð1; 0.07Þ [93].

(5) We have allowed for the presence of a supermassive
black hole in the center of the deflector, which was
not considered in the analysis of RXJ1131.

X. CONCLUSIONS

We present a blind time-delay cosmography measure-
ment of the Hubble-Lemaître constant H0 using the
quadruply imaged quasar system SDSSJ1433 + 6007. To
achieve this, we develop a comprehensive soup-to-nuts
pipeline that combines data from multiple independent
observations to reconstruct the lens and constrain cosmology.
Our analysis incorporates deep high-resolution HST imag-
ing, extended time-delay monitoring from the Wendelstein
and Maidanak Observatories, spatially resolved stellar kin-
ematics from KCWI/KCRM, and wide-field photometry
from the DESI Legacy Survey DR10.
By combining these datasets, we construct a robust lens

model and incorporate high signal-to-noise kinematic maps
to break the mass-sheet degeneracy. We lay out our
reduction and analysis procedure for the IFU data, where
we measure the lens galaxy’s specific physical character-
istics, identifying it as a rotating elliptical galaxy with
significant inclination and oblate symmetry. The inclusion
of Maidanak Observatory data alongside the Wendelstein
data yields a time-delay measurement uncertainty improved
by a factor of 1.5 when compared to previously published
results. Furthermore, by characterizing the local environ-
ment and line-of-sight structures using wide-field photom-
etry, we successfully constrain the external convergence
to κext ¼ −0.041þ0.047

−0.030 .
We integrate these components into a highly flexible

dynamical model to constrain cosmology while explicitly
accounting for the mass-sheet transform. Assuming a flat
Λ cold dark matter (CDM) cosmology and utilizing an
Ωm;0 prior from DESI data release 2, our maximally
flexible baseline models (which sample the internal mass-
sheet parameter λint) measure H0¼73.2þ4.8

−4.7 kms−1Mpc−1,
with 6.5% precision.
Extensive systematic testing prior to unblinding reveals

several key physical insights about J1433þ 6007. We find
that our cosmological constraints on H0 are remarkably
robust against the choice of matter density priors. The
system prefers a value greater than one for the mass-sheet
parameter (λint ¼ 1.14þ0.05

−0.06 for our baseline model) at the
2σ level. This implies the presence of a negative mass sheet,
which is physically consistent with the galaxy being
baryon-dominated at the Einstein radius. Additionally,
the kinematic data heavily prefer a cylindrically aligned
anisotropic model over a spherically aligned one, which

aligns with the clear rotational velocity profile observed in
the lens.
J1433 + 600714 is expected to receive further improve-

ments, with cycle-5 observations by the James Webb Space
Telescope Near-Infrared Spectrograph to better assess the
spatially resolved kinematics of the lens galaxy at higher
angular resolution. Furthermore, adaptive-optics-assisted
IR imaging from the Keck Observatory OSIRIS instrument
may further improve the resolution of arc features and
hence better constrain the lens model.
Ultimately, this work demonstrates the efficacy of our

comprehensive, multiprobe pipeline in delivering a robust
and independent measurement of the Hubble-Lemaître
constant. Explicitly accounting for the mass-sheet trans-
form and breaking the mass-sheet degeneracy requires a
highly integrated approach; our precise H0 constraints rely
equally on the synthesis of deep HST imaging, extended
time-delay monitoring, careful environmental characteri-
zation, and high-resolution spatially resolved kinematics.
Looking forward, by combining this fully integrated
analysis of SDSSJ1433 + 6007 with the broader
TDCOSMO dataset, we aim to drive down systematic
uncertainties even further and achieve tighter constraints on
H0 to help resolve the current cosmological tension.
Furthermore, while the absolute distance scale measured
via time-delay cosmography is primarily sensitive to H0

and is robust to the choice of the Ωm;0 prior, the latter
parameter becomes highly significant when combining
these results with other cosmological datasets. Joint analy-
ses of time-delay constraints with CMB anisotropy, galaxy
clustering, and weak lensing measurements from forth-
coming surveys (such as DESI, Euclid, Rubin, and Roman)
will break the degeneracies between H0 and Ωm;0, yielding
tighter simultaneous constraints on both parameters and
offering a powerful test of the standard Λ cold dark matter
(CDM) framework and dark energy models.

ACKNOWLEDGMENTS

We thank all the friends of the TDCOSMO Collaboration
for useful feedback that improved this manuscript. The
authors wish to recognize and acknowledge the very
significant cultural role and reverence that the summit of
Maunakea has always had within the Native Hawaiian
community and are most fortunate to have had the oppor-
tunity to conduct observations from this mountain. M.M.
acknowledges support by the SNSF (Swiss National Science
Foundation) through return CH Grant No. P5R5PT_225598
and Ambizione Grant No. PZ00P2_223738. S. B. is sup-
ported by Grant No. JWST-GO-07184 and acknowledges
support by the Department of Physics and Astronomy, Stony
Brook University. Support for US investigators in program
#07184 was provided by NASA through a grant from the
Space Telescope Science Institute, which is operated by the
Association of Universities for Research in Astronomy, Inc.,
under NASA contract NAS 5-03127. K. C.W. is supported

TDCOSMO XXV: MEASURING H0 TO 6.5% PRECISION… PHYS. REV. D 114, 063509 (2026)

063509-19



by JSPS KAKENHI Grants No. JP24K07089 and
No. JP24H00221. This research is based on observations
made with the NASA/ESA Hubble Space Telescope
obtained from the Space Telescope Science Institute, which
is operated by the Association of Universities for Research in
Astronomy, Inc., under NASA Contract No. NAS 5–26555.
These observations are associated with Program No. HST-
GO-15320. Support for US investigators in program #15320
was provided by NASA through a grant from the Space
Telescope Science Institute, which is operated by the
Association of Universities for Research in Astronomy,
Inc., under NASA contract NAS 5-26555. Some of the data
presented herein were obtained at Keck Observatory, which
is a private 501(c)3 nonprofit organization operated as a
scientific partnership among the California Institute of
Technology, the University of California, and NASA.
The observatory was made possible by the generous
financial support of the W.M. Keck Foundation. We
acknowledge support by NSF through Grants No. NSF-
AST-2407277 and No. NSF-AST-1836016 and from the
Moore Foundation through Grant No. 8548. The authors
are grateful to the staff and observers of the Maidanak
Observatory for supporting the observations. The
Uzbekistan team acknowledged the support provided by
the Departments of Galactic and Extragalactic Astronomy
at the Astronomical Institute of the Academy of Sciences of
Uzbekistan. The Wendelstein telescope project was funded

by the Bavarian government and by the German Federal
government. Part of the instrumentation was funded by the
Excellence Cluster ORIGINS, funded by the Deutsche
Forschungsgemeinschaft (DFG) under Germany’s
Excellence Strategy (Grant No. EXC-2094-390783311).
This work was supported by the Agencia Estatal de
Investigación (AEI), Ministerio de Ciencia, Innovación y
Universidades, Spain, under Project No. PID2024-
155455NB-I00, within the 2024 Call for Knowledge
Generation Projects. Lastly, we thank the anonymous
referee for their insightful comments and discussion.

DATA AVAILABILITY

The Hubble Space Telescope data used for the modeling
in this work are publicly available under the dataset title
"Data for 17916 HST modeling" and can be accessed via
[106]. The modeling was performed using the publicly
available Lenstronomy software package [3,5].

APPENDIX A: ADDITIONAL FIGURES AND
DATA REGARDING THE LENS MODEL

Here, we present the lens modeling results for the
F814W and F475X filters (Figs. 12 and 13, respectively).
We use the F475X fitted light profile of the main lens for
our dynamical model in Sec. VIII.

FIG. 12. Representative plots illustrating the lens model of J1433þ 6007 and its reconstruction of the HST F814W filter data. The
layout of this figure (with the exception of the bottom right panel) is described in Fig. 6. The bottom right panel shows the convolved and
lensed source light (excluding the point source) of our best-fit reconstruction. We measure a χ2ν¼21941 of 1.16 for the F814W data fit.
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FIG. 13. Representative plots illustrating the lens model of J1433þ 6007, and its reconstruction of the HST F475X filter data. The
layout of this figure (with the exception of the bottom right panel) is described in Fig. 6. The bottom right panel shows the convolved and
lensed source light (excluding the point source) of our best-fit reconstruction. We measure a χ2ν¼21941 of 1.10 for the F475X data fit.

TABLE V. Full lensing parameter posteriors derived from our modeling procedures (see Sec. VI). θE represents the Einstein radius, γ
represents the logarithmic power-law profile slope, q represents the minor-to-major axis ratio, ϕ represents the east-of-north position
angle of the major axis, γext represents the total external shear strength, and ϕext represents the position angle of the external shear.

Parameter Lens Satellite Aggregated perturber Isolated perturber External shear

θE [ 00] 1.538þ0.005
−0.007 0.159þ0.003

−0.002 1.17þ0.08
−0.07 0.64þ0.08

−0.09 …

γ 1.954þ0.015
−0.015 2 2 2 …

q 0.754þ0.006
−0.006 0.756þ0.016

−0.015 1 1 …

ϕ [°] −8.2þ0.3
−0.3 18.5þ2.0

−2.1 … … …

γext … … … … 0.053þ0.004
−0.004

ϕext [°] … … … … −77.1þ1.2
−1.2

TABLE VI. Full lens light parameter posteriors derived from our modeling procedures (see Sec. VI). For each filter, we give the
distributions for the bulge (B) and disk (D) components of the lens, and the satellite. A represents the relative amplitude, Reff represents
the effective (half-light) radius, n represents the Sérsic index, q represents the minor-to-major axis ratio, and ϕ represents the east-of-
north position angle of the major axis.

F160W F814W F475X

Parameter Lens (B) Lens (D) Satellite Lens (B) Lens (D) Satellite Lens (B) Lens (D) Satellite

A 112.7þ7.5
−7.9 2.61þ0.16

−0.16 46.5þ1.2
−1.4 34.2þ1.2

−1.1 1.92þ0.08
−0.08 5.88þ0.10

−0.10 9.54þ0.71
−0.67 1.29þ0.07

−0.08 2.03þ0.03
−0.04

Reff [ 00] 0.73þ0.03
−0.03 4.92þ0.24

−0.22 0.31þ0.01
−0.01 0.48þ0.01

−0.01 2.56þ0.08
−0.08 0.42þ0.01

−0.01 0.52þ0.03
−0.03 3.36þ0.19

−0.15 0.48þ0.01
−0.01

n 4.48þ0.19
−0.18 1 4 4 1 4 4 1 4

q 0.597þ0.002
−0.002 0.37þ0.02

−0.02 0.76þ0.02
−0.02 0.628þ0.004

−0.004 0.628þ0.004
−0.004 0.76þ0.02

−0.02 0.702þ0.009
−0.009 0.702þ0.009

−0.009 0.76þ0.02
−0.02

ϕ [°] −9.1þ0.1
−0.2 1.5þ0.8

−0.7 18.5þ2.0
−2.1 −8.2þ0.3

−0.3 −8.2þ0.3
−0.3 18.5þ2.0

−2.1 −8.2þ0.3
−0.3 −8.2þ0.3

−0.3 18.5þ2.0
−2.1

TDCOSMO XXV: MEASURING H0 TO 6.5% PRECISION… PHYS. REV. D 114, 063509 (2026)

063509-21



We also present the constraints for all relevant lens
model parameters, including the lensing parameters
(Table V), the lens light parameters (Table VI), and the
source light parameters (Table VII).

APPENDIX B: ANALYSIS WITHOUT
ACCOUNTING FOR THE INTERNAL

MASS SHEET

To illustrate the importance of the MSD for this system,
we run additional dynamical models where λint ¼ 1 (i.e.,
removing the effect of an internal mass sheet). This is
equivalent to enforcing a pure power-law model. In
Table VIII, we present the full posteriors of our final
dynamical models (for both our primary models DyM1–4,
as well as for models where we fix λint ¼ 1, denoted with a
“—λint ¼ 1” suffix in the dynamical model identification).
All parameters sampled are described in Table II.
We see that by removing the internal mass sheet

altogether we get a tighter constraint on H0 (from 6.5%
to 5.2%, while also shifting the median by −7%). This is to
be expected, as H0 is to first order linearly dependent on
λtotal. The increase in precision is appreciable but not
dramatic, since other terms in the error budget (time delay,
Fermat potential, κext) are comparable to the residual MSD
and set an effective floor.
Despite the tension between our models with free and

fixed λint, we observe a compensating effect with κext (and
to a lesser extent γ, which we address in Appendix C) in
Fig. 14. Without the freedom provided by an internal mass
sheet, the model compensates by manifesting an external
mass sheet such that the total mass sheet (λtotal) is some-
what conserved. This counterbalancing phenomenon
decreases the effect of fixing λint on cosmology and H0.

TABLE VII. Sérsic source light parameter posteriors derived
from our modeling procedures (see Sec. VI). A represents the
relative amplitude, Reff represents the effective (half-light)
radius, n represents the Sérsic index, q represents the minor-
to-major axis ratio, and ϕ represents the east-of-north position
angle of the major axis.

Parameter F160W F814W F475X

A 339þ88
−99 21þ11

−8 74þ140
−62

Reff [ 00] 0.099þ0.016
−0.017 0.038þ0.006

−0.004 0.031þ0.025
−0.008

n 1 1 1

q 0.64þ0.03
−0.03 0.64þ0.03

−0.03 0.64þ0.03
−0.03

ϕ [°] −27þ3
−3 −27þ3

−3 −27þ3
−3
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FIG. 14. Our dynamical modeling results, with our primary and λint ¼ 1model shown. See Table III for our labeling scheme, denoting
different dynamical model configurations. The dotted line indicates λint ¼ 1. By fixing λint ¼ 1, we observe a compensating effect on
κext (and γ to a lesser extent), leading to a smaller discrepancy with λtotal and H0. All models have measurements of H0 consistent with
each other.
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APPENDIX C: ROBUSTNESS TESTING WITH
THE CONVERGENCE SLOPE

Our results show that when the dynamical model is
allowed additional freedom by not fixing λint, it shifts the γ
distribution slightly higher (by 0.5%; see Fig. 11 and
Table VIII). This indicates that the kinematic data prefer a
somewhat higher γ than what is predicted by the lens
model. To test whether this has an appreciable impact on
H0, we rerun DyM1+2 with double the uncertainty on γ

from the lens model posteriors. This is done by multiplying
the row and column corresponding to γ in the lens model
covariance matrix by 2.
We find that even with double the lensing uncertainty

on γ, the resulting γ dynamical posterior peak only
shifts 1% (from γ ¼ 1.96þ0.02

−0.01 in DyM1+2, to γ ¼
1.98þ0.03

−0.02 in case 1). The measured H0 posterior peak
only shifts by −0.9%, a subpercent level, much less than
our estimated errors.
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