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We propose a novel chaos indicator—time-reversed Shannon entropy (TRSE)—that leverages the
interplay between time-reversal symmetry breaking and information entropy in curved spacetimes. By
quantifying statistical discrepancies between forward and backward temporal evolution of particle orbits,
TRSE robustly distinguishes chaotic from regular dynamics in nonintegrable systems. In contrast,
integrable systems exhibit stable, symmetric probability distributions preserved by conserved quantities
such as the Carter constant. We validate the method through high-precision numerical simulations in both
Kerr and Schwarzschild-Melvin black hole geometries, evolving trajectories forward and backward in time.
Furthermore, we refine our previously introduced particle-pair mutual information (MIPP) and perform
comprehensive parameter-space scans, revealing a strong quantitative agreement between MIPP and
TRSE. The two indicators emerge as complementary probes of chaos: TRSE captures symmetry breaking
in orbital evolution, while MIPP measures statistical correlations. Together, they establish a unified
framework for diagnosing chaos in general relativistic systems, paving a new path to understand the
fundamental nature of chaos in nonintegrable systems.
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I. INTRODUCTION

In the vast conceptual architecture of physics, entropy
stands as a cornerstone—a profoundly universal and con-
tinuously evolving notion whose reach extends across
centuries and disciplines. It offers a unifying lens through
which the behavior of systems ranging from microscopic
particles to the cosmos at large can be understood. The
genesis of entropy lies in Carnot’s analysis of ideal heat
engines. Clausius later formalized the concept, explicitly
introducing the termentropy as a state function that quantifies
the irreversibility of thermodynamic processes, whose artic-
ulation of the second law of thermodynamics—that the
entropy of an isolated system never decreases—endows
physical time with a preferred direction, thereby defining
the so-called arrow of time [1]. A profound microscopic
interpretation was subsequently provided by Boltzmann,
who established the statistical mechanical foundation of
entropy through the celebrated formula, S ¼ KlnW, which
revealed a more fundamental statistical truth: entropy is
proportional to the logarithm of the number of microstates
corresponding to a given macrostate. This revolutionary
insight uncovered the statistical origin of the second law
of thermodynamics and grounded the concept of disorder

within a mathematical framework based on microscopic
probabilities [2].
In the 20th century, von Neumann extended the concept

of entropy into quantum mechanics by defining the von
Neumann entropy as a key measure of the purity of quantum
states [3]. Inspired by this development, Shannon introduced
the notion of information entropy in information theory,
using it to quantify uncertainty or average information
content [4]. Shannon’s entropy abstracts away from physical
systems per se, enabling broad applications across diverse
domains—particularly in information science and artificial
intelligence—and laying the cornerstone for quantum infor-
mation science.
This progressive generalization—from thermodynamic

entropy to statistical, quantum, and informational forms—
culminated in one of the most profound revolutions in
theoretical physics during the 1970s. Bekenstein and
Hawking demonstrated that black holes possess an intrinsic
entropy proportional to the area of their event horizon,
thereby establishing black holes as genuine thermodynamic
entities [5,6]. Recent analyses of the GW250114 event have
achieved decisive progress: the results not only confirm
with high confidence the increase in the event horizon area
after merger—directly verifying Hawking’s area theorem
and thus strongly supporting the black hole analog of the
second law of thermodynamics—but also identify the*Contact author: sps_zhanghs@ujn.edu.cn
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rotational properties of the final black hole through spectral
analysis of the ringdown signal [7]. These findings advance
new frontiers in testing general relativity and probing
spacetime structure in strong-field regimes.
Beyond its role in gravitational thermodynamics, the

informational formulation of entropy—particularly Shannon
entropy—has emerged as a powerful diagnostic tool for
analyzing intrinsic randomness in dynamical systems. In
stochastic dynamical systems, trajectory-dependent entropy
can be defined for individual stochastic trajectories, leading to
the proof of a universal fluctuation theorem: he−Δstoti ¼ 1
[8,9]. Recently, Shannon entropy has been creatively applied
to probe chaos in dynamical systems within curved spacetime
[10,11]. In curved spacetime, particle orbits around black
holes are prone to chaotic behavior due to external perturba-
tions [12–17]. By computing the Shannon entropy of orbital
data, one can quantify the degree of uncertainty in motion:
periodic orbits exhibit stable entropy values with small
fluctuations,whereas chaotic orbits display significant entropy
fluctuations. This dynamical entropy fluctuation resonates
conceptually with thermodynamic fluctuation theorems, sug-
gesting a deep structural link between deterministic chaos and
statistical physics.
To improve both the robustness and efficiency in chaos

detection, the notion of pairwise mutual information has
been introduced. Based on the information-theoretic notion
of mutual information, this measure quantifies the statis-
tical dependence between two nearby orbital trajectories:
regular orbits, characterized by strong trajectory correla-
tions, yield pairwise mutual information values close to
unity, while chaotic orbits, exhibiting exponential diver-
gence, result in values approaching zeros. Compared to the
fast Lyapunov indicator (FLI), pairwise mutual information
demonstrates superior consistency in parameter scans and
higher computational efficiency, without requiring renorm-
alization procedures.
Building on several successes achieved in our previous

works, challenges persist in applying Shannon entropy to
identify chaos in complex dynamical systems. First, it
struggles todistinguish true chaos fromcomplexquasiperiodic
motion, as both may produce similarly high entropy values
over the finite observation times. Second, from a methodo-
logical standpoint, the computation of entropy fluctuations
relies on partitioning orbital data into discrete bins, where the
horizontal axis corresponds to bin indices instead of physical
time—an approach that introduces a certain degree of arbi-
trariness. While this method captures entropy fluctuations, it
obscures the temporal continuity of orbital evolution, thereby
limitingour ability to extract fine-grainedphysical information
from the dynamical process. To address these limitations, we
propose and explore a global entropy calculation method—
one that computes a single entropy value for an entire
trajectory, aiming to transcend purely statistical interpretations
and more directly reveal the entropic evolution law of

individual orbits in a more physically clear and coherent
manner.
This article is organized as follows. In Sec. II we introduce

the concepts of the Killing tensor and Carter constant,
analyze the probability distribution of particle orbits based
on these symmetries, and review the characteristics of
Shannon entropy and pairwise mutual information methods.
In Sec. III we develop and apply the time-reversed Shannon
entropy method to probe chaotic motion: first in the Kerr
spacetime, then in the more complex Schwarzschild-Melvin
geometry, focusing on the transition of nonchaotic/chaotic
behaviors of photon orbits. In Sec. IV we summarize our
results, discuss their implications, and outline potential
directions for future research.

II. BACKGROUND: FROM ORBITS TO
CHAOS INDICATORS

In this section, we first introduce the concept of hidden
symmetry in the spacetime of general relativity, then explain
its control over the orbital distribution of particles in the
polar angle (θ) direction, and provide a review of existing
chaos indicators based on Shannon entropy.

A. Separability of Hamilton-Jacobi system

The Hamilton-Jacobi (HJ) equation for a test particle in
curved spacetime is given by

∂S
∂τ

þ 1

2
gab

∂S
∂xa

∂S
∂xb

¼ 0; ð1Þ

based on the symmetry of spacetime, the solution to the HJ
equation is assumed to have a separable form

S ¼ 1

2
μ2τ − Etþ Lzϕþ SrðrÞ þ SθðθÞ; ð2Þ

where E and Lz are conserved quantities arising from the
Killing vector fields, representing the energy and angular
momentum of the test particle, respectively. μ is the rest
mass of the test particle. The functions SrðrÞ and SθðθÞ are
yet to be determined, which are governed by the hidden
symmetries induced by the Killing tensor fields. According
to the Benenti-Francaviglia theorem [18,19], in Boyer-
Lindquist type coordinates ðt; r; x;ϕÞ, the HJ equation of
spacetime locally has a separable structure if and only if the
spacetime possesses two Killing vector fields and two
Killing tensor fields. The two Killing vector fields are well
established. Among the two Killing tensor fields, one is the
trivial metric tensor gab, which corresponds to the conser-
vation of the particle’s rest mass, while the other is nontrivial.
It is the presence of this nontrivial Killing tensor that directly
determines the separability of the HJ equation and gives rise
to a fourth constant of motion. Therefore, spacetimes that
satisfy the above separability conditions must take a specific
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form for their contravariant metric tensor in Boyer-Lindquist
type coordinates ðx ¼ cos θÞ [19]

gμν∂μ∂ν ¼
1

A1ðrÞ þ B1ðxÞ
½ðA5ðrÞ þ B5ðxÞÞð∂tÞ2

þ A2ðrÞð∂rÞ2 þ B2ðxÞð∂xÞ2
þ ðA3ðrÞ þ B3ðxÞÞð∂ϕÞ2
þ 2ðA4ðrÞ þ B4ðxÞÞ∂t∂ϕ�; ð3Þ

while the corresponding nontrivial contravariant Killing
tensor is

Kμν
∂μ∂ν ¼

1

A1ðrÞþB1ðxÞ
½ðB1ðxÞA5ðrÞ−A1ðrÞB5ðxÞÞð∂tÞ2

þA2ðrÞB1ðxÞð∂rÞ2 −B2ðxÞA1ðrÞð∂xÞ2
þðB1ðxÞA3ðrÞ−A1ðrÞB3ðxÞÞð∂ϕÞ2
þ 2ðB1ðxÞA4ðrÞ−A1ðrÞB4ðxÞÞ∂t∂ϕ�; ð4Þ

and satisfies ∇ðcKabÞ ¼ 0. The Hamiltonian of the test
particle(H ¼ 1

2
gabpapb), together with Eq. (3), provides

the on-shell condition

0 ¼ A5E2

A1 þ B1

þ B5E2

A1 þ B1

−
2A4ELz

A1 þ B1

−
2B4ELz

A1 þ B1

þ A3L2
z

A1 þ B1

þ B3L2
z

A1 þ B1

þ A2p2
r

A1 þ B1

þ B2p2
x

A1 þ B1

þ μ2: ð5Þ

The Carter-like constant K is given by

K ¼ Kabẋaẋb ¼ Kabpapb

¼ A5B1E2

A1 þ B1

−
A1B5E2

A1 þ B1

−
2A4B1ELz

A1 þ B1

þ 2A1B4ELz

A1 þ B1

þ A3B1L2
z

A1 þ B1

−
A1B3L2

z

A1 þ B1

þ A2B1p2
r

A1 þ B1

−
A1B2p2

x

A1 þ B1

: ð6Þ

Using Eq. (5), one can simplify Eq. (6) as

K ¼ B5E2 − 2B4ELz þ B3L2
z þ B2p2

x þ B1μ
2; ð7Þ

or equivalently as

K ¼ −A5E2 þ 2A4ELz − A3L2
z − A1μ

2 − A2p2
r : ð8Þ

These four constants of motion ðE;Lz; K; μÞ commute with
each other. According to the Liouville’s theorem, this means
that the motion of the particle is confined to a 4-dimensional
submanifold within an 8-dimensional phase space, thereby
making the geodesic motion integrable [20].
By combining ṫ ¼ gttpt þ gtϕpϕ, ϕ̇ ¼ gtϕpt þ gϕϕpϕ, as

well as Eqs. (3), (7), and (8), one can derive the first-order
equations of motion for the test particle

ðA1 þ B1Þ
dt
dτ

¼ −ðA5 þ B5ÞEþ ðA4 þ B4ÞLz;

ðA1 þ B1Þ
dr
dτ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−A2A5E2 þ 2A2A4ELz − A2A3L2

z − A2ðA1μ
2 þ KÞ

q
;

ðA1 þ B1Þ
dθ
dτ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K − B5E2 þ 2B4ELz − B3L2

z − B1μ
2

q
;

ðA1 þ B1Þ
dϕ
dτ

¼ −ðA4 þ B4ÞEþ ðA3 þ B3ÞLz: ð9Þ

We use the 8th-order Runge-Kutta method to numeri-
cally integrate the system of Eq. (9). The orbits discussed in
this paper all satisfy the condition for bound orbits (E2 ≤ 1)
[21–24]. The accuracy and stability of the numerical
integration are confirmed by monitoring energy conserva-
tion, with the relative energy error maintained at the order
of 10−10 over the entire evolution.

B. Probability distribution of order and chaotic orbits

We begin our analysis with the Schwarzschild black hole.
Its spherical symmetry and the consequent integrability of
particle orbits serve as an ideal starting point, which provides
the clearest possible framework for analyzing orbital prob-
ability distributions. The needed allocations are

A1ðrÞ ¼ r2; A2ðrÞ ¼ r2; A3ðrÞ ¼ 0;

A4ðrÞ ¼ 0; A5ðrÞ ¼ −r2;

B1ðxÞ ¼ 0; B2ðxÞ ¼ sin2θ; B3ðxÞ ¼
1

sin2θ
;

B4ðxÞ ¼ 0; B5ðxÞ ¼ 0: ð10Þ

Inserting Eq. (10) into Eq. (7) yields

ΘðθÞ ¼ Q − cos2θ
L2
z

sin2θ
; SθðθÞ ¼ �

Z
dθ

ffiffiffiffiffiffiffiffiffiffi
ΘðθÞ

p
;

ð11Þ
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where Carter constantQ relates with the Carter-like constant
K throughQ ¼ K − ðLz − aEÞ2 [25]. It is worth noting that
the functionΘðθÞ possesses an intrinsic symmetry within the
interval ð0; πÞ, meaning it remains invariant under the
coordinate transformation θ → π − θ. From a physical
perspective, this transformation is equivalent to a reflection
symmetry with respect to the equatorial plane. This property
leads to the probability density function (PDF) fθðθÞ also
being symmetric about the equatorial plane, implying that
the orbital behavior in the northern and southern hemi-
spheres is statistically indistinguishable. In numerical inte-
gration, due to the cumulative changes in the coordinate θ, its
values may exceed the interval ð0; πÞ. Therefore, using a
bounded variable x≡ cos θð−1 < x < 1Þ to replace the
coordinate θ is useful.
Assume that the PDF fθðθÞ is proportional to 1

pθ
, then the

PDF fxðxÞ is given by

fxðxÞ ¼ fθðθÞ
���� dθdx

���� ∝ 1

pθ

���� dθdx
���� ∝ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Qð1 − x2Þ − L2
zx2

p :

ð12Þ

Although Eq. (12) becomes singular at the boundaries, it
retains qualitative value since it effectively captures the
essential feature of the probability distribution for orbits
along the polar angle θ. To validate the theoretical pre-
diction, we perform a numerical analysis of orbital motions.
The effective potential is critical for analyzing circular

orbits in Schwarzschild spacetime. By examining its
extremum points, one can efficiently determine the orbital
radii and assess their stability conditions, such as identifying
the stable circular orbit (SCO). The effective potential for
particles moving in the plane defined by the angle θ is [15]

Veff ¼ E2 ¼
�
1þ K

r2

��
1 −

2

r

�
;

K ¼ L2
z csc2 θ: ð13Þ

As shown in Fig. 1(a), three order orbits with different
characteristics are obtained through the effective potential
method. Orbit 1 (red) possesses minimal angular momen-
tum, and its orbital plane closely aligned to the polar axis.
The particle covers nearly all latitudes from the North Pole
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FIG. 1. Orbital trajectories and probability distributions in Schwarzschild spacetime. (a) and (b) The system parameters for orbit 1 are
E ¼ 0.983, Lz ¼ 0.1, r ¼ 29.49, and θ ¼ 1°. The system parameters for orbit 2 are E ¼ 0.983, Lz ¼ 4, r ¼ 29.49, and θ ¼ 90°. The
system parameters for orbit 3 are E ¼ 0.983, Lz ¼ 4, r ¼ 6, and θ ¼ 90°. (c) and (d) The system parameters for orbit 4 are E ¼ 0.98,
Lz ¼ 4.6, B ¼ 0.01, r ¼ 16, and θ ¼ 90°.
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to the South Pole during its orbit, but its velocity is slower in
the high-latitude regions, and the residence time is signifi-
cantly longer. Orbit 2 (blue), due to an increase in angular
momentum and initial release at the equatorial plane, forms
an elliptical orbit oscillating near the equator. Orbit 3 (green)
exhibits a regular precessing orbit. As shown in Fig. 1(b),
the probability density functions (PDFs) of these three types
of orbits all exhibit a strict symmetric distribution about
the equatorial plane. This symmetry is highly consistent
with the theoretical formula, and its physical origin lies in
the dynamical symmetry guaranteed by the Carter constant.
When the system experiences an external magnetic field

perturbation, it undergoes a fundamental change. When the
magnetic field strength exceeds a certain threshold, the
particle motion exhibits extreme sensitivity to initial con-
ditions, leading to the onset of chaotic behavior, which then
dominates. At this point, the method of separation of
variables in the HJ equation is no longer applicable, and
it becomes impossible to obtain an analytical solution for
the orbital motion. To study this complex dynamics, we
must instead numerically solve the Hamiltonian canonical
equations [26]

H ¼ 1

2
gμνðpu − qAμÞðpν − qAνÞ;

ẋμ ¼ ∂H
∂pμ

; ṗu ¼ −
∂H
∂ẋμ

; ð14Þ

where Aμ is the electromagnetic potential. Figure 1(c) shows
a chaotic orbit (orbit 4) generated under the influence of a
magnetic field perturbation. Its three-dimensional trajectory
exhibits a highly complex, entangled structure, which folds
and diffuses randomly in space, filling the entire plotting
area. Figure 1(d) further reveals the statistical properties of
the PDF of this orbit. While the overall distribution still
roughly exhibits a “U”-shaped symmetry about the equato-
rial plane, reflecting the system’s residual macroscopic
symmetry, the PDF shows sharp and irregular fluctuations
at a local scale, especially near the equatorial plane. These
local fluctuations are a direct manifestation of the intrinsic
randomness of the chaotic system. This phenomenon indi-
cates that the loss of the Carter constant breaks the dynamical
symmetry, leading to the motion of the orbit in the polar
direction losing its strict constraints. The statistical result
no longer reflects the “perfect symmetry” guaranteed by
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FIG. 2. (a) The Shannon entropy scan plot with respect to the magnetic field parameter B. (b) The MIPP scan plot with respect to the
magnetic field parameter B. (c) The Shannon entropy fluctuation plot of the orbits corresponding to the blue and red marked points. (d)
The dynamic evolution plot of MIPP over time for the orbits corresponding to the blue and red marked points. MIPP and Shannon
entropy scan plots for the magnetic field parameter B in Schwarzschild spacetime. The range of the magnetic field parameter B is from
0.0002 to 0.01, and a total of 50 orbits were calculated. The system parameters are E ¼ 0.99, Lz ¼ 4, r ¼ 16, and θ ¼ 90°.
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conserved quantities in regular orbits, but instead degener-
ates into a mixed state where macroscopic approximate
symmetry coexists with microscopic random fluctuations.

C. Comments on Shannon entropy and MIPP

In the dynamics of curved spacetime, the reliability and
efficiency of chaos detection methods are core issues. In the
scan plot of the magnetic field parameter B, as shown in
Fig. 2(a), the Shannon entropy value of the blue orbit
(regular) is higher than that of the red orbit (chaotic). This
indicates that the entropy value alone is not sufficient to
reliably distinguish between the regular and chaotic states of
the orbits. However, recent studies have shown that the
fluctuation characteristics of the entropy value time series
can serve as a sensitive indicator for identifying chaos. As
shown in Fig. 2(c), the Shannon entropy of the chaotic orbit
(red) exhibits significantly greater fluctuations compared to
the regular orbit (blue). The advantage of this method lies in
its visual assessment, but its effectiveness is highly depen-
dent on the correct construction of the probability distri-
bution. In view of such situations, we propose a significantly
refined approach, in which we utilize the periodicity and
boundaries of the polar angle (θ) to construct the probability
distribution, to replace the conventional approach of arbi-
trarily setting the radial coordinate range.
This approach inherently captures the statistical nature of

orbital motion, thereby improving the reliability of the
results. The cost, however, in order to accurately analyze
the fluctuation characteristics, the orbit must be divided
into multiple intervals for statistical analysis, which may
incur a higher computational power [10].
In contrast, the MIPP method provides more efficient

diagnostics by quantifying the statistical dependence
between the trajectories of neighboring orbits. Its computa-
tional process is flexible: as shown in Fig. 2(b), it can
perform a global calculation to quickly obtain an overall
criterion, or, as shown in Fig. 2(d), it can perform interval-
based calculations to reveal the dynamic evolution of the
MIPP values. The latter clearly indicates that the MIPP
value of the chaotic orbit rapidly decays from 1 and
fluctuates around 0, rather than remaining strictly zero.
This reveals that there exists a weak but dynamic statistical
correlation between the chaotic orbits, indicating that chaos
is not merely a random disorder but a complex dynamic
process with an inherent structure [11].

III. THE TIME-REVERSAL SHANNON ENTROPY

As established in Sec. II, the traditional Shannon entropy
is fundamentally limited in distinguishing between regular
and chaotic motion. To address this limitation, we introduce
a new chaos indicator: TRSE. This section specifically
presents the theoretical formulation of this indicator. We
then validate its efficacy in the Kerr spacetime. Finally, we
apply TRSE to the complex Schwarzschild-Melvin black
hole model to detect chaotic photon orbits.

A. Formulation of the time-reversal
Shannon entropy indicator

The theoretical derivation of the TRSE method is based
on the assumption of small perturbations in the dynamical
evolution. We consider an idealized undisturbed dynamical
system, where the probability density function of the
system’s orbit is denotes as fðxÞ. Although the system’s
dynamical equations have time-reversal symmetry math-
ematically, rounding errors in numerical calculations cause
the time-reversed evolution of chaotic orbits to deviate
exponentially. As a result, the entropy difference for chaotic
orbits becomes more significant than for order orbits. Based
on this, we assume that the PDFs of the particle under
forward and time-reversed evolution are, respectively, [8]

p1ðxÞ ¼ fðxÞ þ gðxÞ; ð15Þ

p2ðxÞ ¼ fðxÞ þ hðxÞ; ð16Þ
in this framework, through mathematical derivation, we can
obtain the approximate expression for the entropy differ-
ence

ΔH ¼ −
Z

ðln fðxÞ þ 1ÞðgðxÞ − hðxÞÞdx

−
1

2

Z
1

fðxÞ ðgðxÞ
2 − hðxÞ2ÞdxþOðkgðxÞk3Þ: ð17Þ

In the discrete form, suppose we divide the sampling space
into N discrete grids. Since the sum of probabilities must
equal 1, this means that the total sum of perturbation terms
must be zero

XN
i¼1

gi ¼ 0;
XN
i¼1

hi ¼ 0; ð18Þ

therefore, the entropy difference in discrete form can be
further expressed as

ΔH ≈ −
XN
i¼1

ðgi − hiÞ ln fi −
1

2

XN
i¼1

g2i − h2i
fi

; ð19Þ

the first-order term in Eq. (19) is linearly dependent on the
perturbation difference between forward and reverse evo-
lutions, directly reflecting the degree of symmetry breaking
in the system under numerical evolution. The second-
order term captures the nonlinear square difference of the
perturbation amplitudes. The exponential sensitivity of
chaotic orbits to initial conditions causes the perturbation
functions gðxÞ and hðxÞ to exhibit significant differences,
whereas the stability of regular orbits results in g ≈ h,
leading to ΔH ≈ 0. In the subsequent calculations, to
calculate the TRSE, we numerically integrate each orbit
both forward (from t → T) and in reverse (from T → t).
The integration time for both cases is T ¼ 107 to ensure
statistical sufficiency. Next, we extract the orbital polar
angle θ and convert it to the variable x ¼ cos θ. We then
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construct the probability distribution for the forward and
backward evolutions, respectively. Ultimately, to enhance
the comparability of entropy differences between different
orbits, we adopt the signed logarithmic scale � log10 jΔHj
as a chaos indicator, where a positive sign indicates that the
complexity of the time-reversed orbit is lower than that of
the forward orbit, and a negative sign indicates that the
complexity of the forward orbit is lower than that of the
time-reversed orbit.

B. Validation in Kerr spacetime

The needed allocations for Kerr spacetime are

A1ðrÞ ¼ r2; A2ðrÞ ¼ Δ; A3ðrÞ ¼ −
a2

Δ
;

A4ðrÞ ¼ −
r2 þ a2

Δ
a; A5ðrÞ ¼ −

ðr2 þ a2Þ2
Δ

;

B1ðxÞ ¼ a2cos2θ; B2ðxÞ ¼ sin2θ;

B3ðxÞ ¼
1

sin2θ
; B4ðxÞ ¼ a; B5ðxÞ ¼ a2sin2θ;

ð20Þ

where Δ ¼ r2 þ a2. Inserting Eq. (18) into Eq. (7) yields

ΘðθÞ ¼ Q − cos2θ

�
a2ðμ2 − E2Þ þ L2

z

sin2θ

�
;

SθðθÞ ¼ �
Z

dθ
ffiffiffiffiffiffiffiffiffiffi
ΘðθÞ

p
: ð21Þ

We assume that in the Kerr spacetime background, the
PDF of the particle in the polar angle direction remains
Eq. (12). Using the effective potential method [27], we obtain
three types of orbits: the polar orbit (orbit 1) and two
quasiperiodic orbits (orbit 2 and orbit 3). As shown in
Figs. 3(a) and 3(b), the order orbits exhibit a regular structure
in three-dimensional space, with the polar angle PDF
displaying a double-peak structure symmetric about the
equatorial plane. This demonstrates the system’s dynamical
integrability and symmetry under undisturbed conditions,
which is in excellent agreement with the theoretical results.
However, when an external magnetic field perturbation is
introduced, although the corresponding PDF still maintains a
macroscopic approximate symmetry, significant fluctuations
appear on the local scale [see Fig. 3(d)].
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FIG. 3. Orbital trajectories and probability distributions in Kerr spacetime. (a) and (b) The system parameters for orbit 1 are
E ¼ 0.946, a ¼ 0.9, Lz ¼ 0, r ¼ 7.535, and θ ¼ 90°. The system parameters for orbit 2 are E ¼ 0.946, a ¼ 0.9, Lz ¼ 3, r ¼ 7.535, and
θ ¼ 90°. The system parameters for orbit 3 are E ¼ 0.95, a ¼ 0.9, Lz ¼ 3, r ¼ 7.535, and θ ¼ 90°. (c) and (d) The system parameters
for orbit 4 are E ¼ 0.998, a ¼ 0.9, Lz ¼ 3, B ¼ 0.01, r ¼ 7.535, and θ ¼ 90°.

TIME-REVERSED SHANNON ENTROPY AS A CHAOS … PHYS. REV. D 113, 076011 (2026)

076011-7



Figure 4 presents a comparative analysis of TRSE, MIPP,
and FLI in response to key system parameters (magnetic
field parameter B, energy E, and angular momentum Lz)
[28–33]. The scan results demonstrate the consistency
among these chaos indicators in identifying chaotic orbit
states. The breakdown of time-reversal symmetry, as mea-
sured by the TRSE value approaching zero, coincides with
the loss of statistical correlation in the orbit (indicated by the
MIPP value tending to zero) across the entire parameter
space. This correspondence is especially evident in loga-
rithmic coordinates: the TRSE values for chaotic orbits
differ from those of order orbits by more than two orders of
magnitude, with chaotic orbit data points concentrated near
the red dashed-line threshold, while order orbit data points
are widely distributed in regions far from the threshold.
Additionally, the sign of the TRSE value provides a more
refined characterization of the orbit’s complexity.

C. Application to the Schwarzschild-Melvin black hole

The Schwarzschild-Melvin solution is an exact solution to
the Einstein-Maxwell equations, describing a Schwarzschild
black hole immersed in a uniform magnetic field. Compared
to the Schwarzschild spacetime, this model is nonintegrable,
resulting in chaotic behavior in the orbits of photons [34],

ds2 ¼ gabdxadxb

¼ Λ2

�
2M − r

r
dt2 þ rdr2

r − 2M
þ r2dθ2

�
þ r2

Λ2
sin2θdϕ2;

ð22Þ

where Λ ¼ 1þ 1
4
B2r2 sin2 θ, B is the magnetic field

parameter. As shown in Fig. 5, we scan the particle energy
parameter E in the nonintegrable Schwarzschild-Melvin
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black hole spacetime, and compare the performance of
Shannon entropy, TRSE, and MIPP in identifying the chaotic
characteristics of photon orbits. Figure 5(a) implies the
limitations of traditional Shannon entropy as a chaos cri-
terion. Although the HðXÞ values for chaotic orbits (red data
points) are generally higher, there is a clear counterexample
near E ≈ 0.61, where the entropy value for chaotic orbits is
lower than that for order orbits (blue data points). This
phenomenon suggests that chaotic motion does not always
correspond to higher statistical uncertainty, and the numeri-
cal value of Shannon entropy alone cannot reliably distin-
guish between dynamic states. The scan results in Figs. 5(b)
and 5(c) demonstrate the high consistency and effectiveness
of the TRSE and MIPP indicators. Together, they capture the
essential characteristics of chaotic motion from the perspec-
tives of information theory and symmetry. Figure 5(d)
provides an intuitive physical explanation for the above
chaos indicators through the PDFs. For order orbits, the PDF
exhibits a perfect symmetric distribution along the equatorial
plane. In contrast, while the PDF for chaotic orbits appears
approximately symmetric on a macroscopic scale, significant
fluctuations occur on a local scale. More significantly,

the distribution deviates notably from theoretical predictions
based on integrable spacetimes. This strongly indicates that
in nonintegrable spacetimes, like the Schwarzschild-Melvin
spacetime, the statistical behavior of particle orbits exhibits a
richer diversity.

IV. CONCLUSIONS

In this work, we introduce the time-reversed Shannon
entropy (TRSE) as a novel and efficiency indicator for
detecting chaotic dynamics in nonintegrable general rela-
tivistic systems. The principal innovation of TRSE lies in
its integration of the fundamental concept of time-reversal
symmetry breaking with information-theoretic entropy,
enabling a robust distinction between regular and chaotic
orbital evolution through quantitative comparison of for-
ward and backward temporal dynamics. Our numerical
validations, conducted in both Kerr and Schwarzschild-
Melvin spacetimes, confirm that TRSE reliably identifies
chaos by capturing significant statistical discrepancies
under time reversal, whereas traditional Shannon entropy
alone may lead to ambiguities in interpretation.
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FIG. 5. (a) The Shannon entropy scan plot with respect to the energy parameter E. (b) The TRSE scan plot with respect to the energy
parameter E. (c) The MIPP scan plot with respect to the energy parameter E. (d) The orbital probability density functions of the orbits
corresponding to the blue and red marked points. MIPP, TRSE, and Shannon entropy scanplots for the parameter E and orbital
probability distributions in Schwarzschild-Melvin spacetime. The range of the parameter E is from 0.561 to 0.61, and a total of 50 orbits
were calculated. The system parameters are B ¼ 0.1, Lz ¼ 4, r ¼ 10.656, and θ ¼ 90°.
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Concurrently, we have refined the mutual information for
a particle pair (MIPP) method, enhancing its applicability as
a complementary chaos probe. Scans across broad parameter
regions reveal a strong quantitative agreement between
TRSE andMIPP, underscoring the consistency and reliability
of both indicators. While TRSE quantifies symmetry break-
ing in single-orbit evolution, MIPP measures statistical
correlations between neighboring trajectories. Together, they
establish a unified and efficient framework for chaos
diagnosis in curved spacetimes.
Looking ahead, the TRSE and MIPP methodologies hold

promise for broader applications. These include extending
their use to black hole solutions in modified gravity theories,
providing new criteria for testing theoretical models, as well
as applying them to gravitational waveform simulations for
extreme mass-ratio inspirals, where chaotic motion may

imprint observable effects. Furthermore, a quantum gener-
alization of these tools could open pathways to probing
quantum chaos in nonintegrable systems. Such develop-
ments would significantly advance our understanding of
chaotic dynamics from classical to quantum regimes.
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