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We study theories of the “general relativity and Yang-Mills” type in four-dimensional spacetime with
cosmological constant, focusing on formulations where the basic variables are connections and curvatures
(but no metric). We present a new Lagrangian for general relativity (GR) coupled to Yang-Mills theory,
which uses the same kinds of variables for both sectors and is suggestive of the double-copy structure. This
Lagrangian comes in both nonchiral (real) and chiral (complex) versions. The chiral version makes it easy
to isolate the self-dual sector. The latter lends itself to a higher-spin (HS) generalization, which combines
the HS self-dual GR and HS self-dual Yang-Mills theory of Krasnov et al. We then descend from the
covariant formulation to the light cone gauge and construct a cubic-exact light cone action. For HS self-dual
Yang-Mills theory, we solve the light cone field equations to all orders in perturbation theory. Finally, we
discuss the relation between light cone foliations that share a light ray—a setup relevant for the scattering
problem in the de Sitter space static patch. We derive this relation at the linearized level and argue from
causality and symmetry that it cannot receive nonlinear corrections. We explore the associated gauge

transformations in the nonlinear covariant theory.
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I. INTRODUCTION

A. Scope and motivation

This paper presents a series of results on massless theories
in four-dimensional (4D) spacetime with cosmological con-
stant A # O that combine two-derivative (gravitylike) and
one-derivative (gaugelike) interactions. The example of real-
world relevance is, of course, general relativity (GR) coupled
to Yang-Mills (YM) theory. In addition to GR + YM itself,
we will consider its self-dual sector, as well as the self-dual
sector’s higher-spin (HS) generalization.

The paper originated from exploratory work on using HS
gravity [1] in its capacity as a working model for quantum
gravity in de Sitter space [2]. Specifically, we were
interested in bulk calculations of scattering in the de
Sitter space static patch, in the manner of [3—6]. Higher-
spin gravity is a theory of infinitely many massless fields of
all spins, whose interaction vertices have arbitrary numbers
of derivatives (in the cubic vertices, their number is
determined by the fields’ spins). In this context, the gravity-
and gaugelike interactions with their low number of
derivatives provide a simplified playground, closer to
standard “lower-spin” theories. In their chiral/self-dual
version, these gravity- and gaugelike sectors constitute
self-contained theories, with local and covariant
Lagrangians [7]. The basic variables in these
Lagrangians are connections and curvatures—similar to
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the master fields in Vasiliev’s formalism [1] for full HS
theory, but without the auxiliary towers of derivatives.

What is remarkable about these “connection and curva-
ture” formulations is that GR- and YM-like degrees of
freedom are described by the same kinds of fields and enter
the Lagrangian in almost the same way. Moreover, the
remaining difference in their roles is remarkably reminis-
cent of the “color-kinematics duality” or “double-copy”
structure observed in scattering amplitudes [8,9], closely
related to the Kawai-Lewellen-Tye relations between
closed and open strings [10]. For GR + YM itself, we
present a new Lagrangian formulation suggestive of these
structures. In the higher-spin self-dual context, a similar
formulation will allow us to combine the GR- and YM-like
theories of [7]. In the larger context of HS gravity, this
“unification” of one- and two-derivative interactions may
hold some lessons about the structure of the full theory, or
at least of its chiral version [11-14].

Meanwhile, our original project—scattering HS fields in
the static patch—turned out not to rely on the simplifying
properties of one- and two-derivative interactions [15]. In
particular, we ended up using the light cone formalism of
[16,17], rather than the covariant formalism of [7]. We thus
present the current paper as a stand-alone publication,
focused on gravity- and gaugelike interactions and their
covariant formulations. Still, our list of results retains an
imprint of the static-patch project, gradually flowing
toward higher spins, light cone gauge, and eventually
relations between different light cone gauges that are
relevant to de Sitter space and the static-patch problem.

© 2025 American Physical Society
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Our results on static-patch scattering, for full HS theory to
cubic order, will be published separately [15].

B. Summary and structure of the paper

The paper is structured as follows. In Sec. II, we present
our new Lagrangians (chiral and nonchiral) for GR coupled
to Yang-Mills theory, with structure suggestive of the
double copy. We explain how these Lagrangians arise
from combining the Plebanski and Chalmers-Siegel for-
mulations (of GR and Yang-Mills theory, respectively), go
over the resulting equations of motion, and show how they
relate to more standard formulations. We then show how
the self-dual sector of GR + YM arises as a limit of the
chiral formulation. This sets the stage for Sec. III, where we
construct the higher-spin version of self-dual GR + YM,
which combines the GR- and YM-like theories of [7].
Crucially, we show that the gauge symmetries of both the
GR- and YM-like sectors survive the coupling of the two
sectors to each other.

In Sec. IV, we describe a light cone gauge, which
reduces the covariant theory of Sec. III to a single scalar
variable per physical degree of freedom (i.e., per hel-
icity). This generalizes the previous construction [18] to
include HS self-dual YM alongside HS self-dual GR. Our
light cone gauge is more general than the light cone
formalism of [16,17], in that the leaves of our lightlike
foliation can be the light cones of bulk points, rather than
boundary points. This is essential for using the light cone
formalism in de Sitter space, rather than just in anti—de
Sitter (AdS) space. Along the way, we point out that the
light cone field equation of HS self-dual YM, like that of
self-dual YM itself, has a closed-form solution to all
orders of perturbation theory, despite the presence of a
cosmological constant.

In Sec. V, we turn to the question of mapping between
different light cone gauges, specifically for lightlike
foliations that share a light ray (but not an entire null
hypersurface). As explored in [5,6] for YM and self-dual
GR, this question is key to the kinematics of the de Sitter
space static-patch scattering problem (where the two light
cone gauges are adapted to the past and future horizons
of the static patch). After defining the question carefully
in Sec. VA, we answer it using two approaches. In the
first approach (Sec. V B), we determine the mapping at
linear order using gauge-invariant field strengths, and
then argue from causality and helicity conservation that it
remains unchanged by the interactions. In [15], we will
expand this approach to full HS theory at cubic order,
where causality must be demonstrated rather than
assumed. In the second approach (Sec. V C), we con-
struct the mapping as an explicit gauge transformation
within the nonlinear covariant theory of Sec. III. This
approach is incomplete due to some unjustified assump-
tions, but it reproduces the correct result. Section VI is
devoted to discussion and outlook.

II. DOUBLE-COPY-LIKE LAGRANGIANS
FOR GR +YM

A. Overview

A longtime project of theoretical physics is to make
more explicit the similarities between Yang-Mills theory
and GR. The chief modern incarnation of this project is the
large literature on color-kinematics duality, or double-copy
relations. While the main context of this literature is
scattering amplitudes in flat spacetime [8,9], some work
in AdS space exists as well [19,20]. Roughly speaking, one
finds that GR observables are often given by YM ones,
upon a certain “squaring” procedure that analogizes YM
gauge generators to the 4-momentum (the generator of
diffeomorphisms). In recent years, literature has also
emerged that makes color kinematics and double-copy
structures manifest at the off-shell level of fields and
Lagrangians. For results on free fields, see [21,22]. For
general perturbative arguments at the interacting level, see
[23-25]. These have been made more concrete for Chern-
Simons theory [26] and hence for various Chern-Simons-
matter theories and Chern-Simons-like formulations of
YM-type theories [27], including in twistor space [28,29]
and pure-spinor space [30,31].

In this section, we aim to contribute to the study of
double-copy structures at the level of fields and actions, by
presenting an action for GR + YM (with nonzero cosmo-
logical constant) in which both sectors are described by the
same kinds of fields and enter the Lagrangian in the same
way, up to an appropriate squaring relation. Our main
results (in nonchiral and chiral versions, respectively) are
given in Egs. (5)—(7) and (19)—(21).

Before describing our construction, it is worth discussing
the well-known “hints” of the double copy in the standard
Lagrangian formulation. Indeed, the simplest cartoon of the
double copy is to consider the index structure of the metric
9w Vs the YM potential A,,,. Here, it is useful to think of
spacetime indices u, v, ... as spanning the generators of
translations (or diffeomorphisms), while the YM indices
a, b, ... span the generators of gauge rotations. We immedi-
ately see that the metric g, can be “obtained” from A, by
trading the gauge-generator index a for a second trans-
lation-generator index v. Of course, what breaks this
cartoon and makes color/kinematics duality nontrivial is
that the roles of g,, and A,, in the Lagrangian are quite
different: for instance, A,, is a connection, while g,, is a
tensor.

At the same time, the Einstein-Yang-Mills theory
Lagrangian contains a different hint of double-copy struc-
ture. Let us denote antisymmetric pairs of spacetime indices
[H1fs], [V1vs], ... by 6D indices I, J, ..., which we can think
of as spanning the generators of Lorentz rotations. Then the
Riemann curvature and YM field strength can be written as
R;; and F;,, again exhibiting a color/kinematics pattern.
Moreover, the Lagrangian now takes the form
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where k = 87xG is the GR coupling, and ¢ is the YM
coupling. The two terms in (1) clearly exhibit a double-
copy-like structure, with the YM term involving an extra
(unavoidable) squaring step. However, of course, this is still
a cartoon: we ignored the special role played by the metric
in converting between curved indices u,v,... and flat
Lorentz indices 1, J, ... and in providing the volume form
that must multiply (1).

Our goal in this section is to present a full-fledged
formulation of GR 4+ YM, with double-copy-like structure
both in the choice of fundamental fields and in the structure
of the Lagrangian [which will be built from expressions
of the general form (1)]. As described in the Introduction,
this work arose from the context of higher-spin theory.
There, fields such as g, and A,, are known as “Fronsdal
potentials” [32,33]. They work beautifully up to cubic
vertices [34], but do not appear promising for defining the
full theory. For that job, one uses “unfolded” formulations
[1,13,14], which consist of a 1-form gauge connection and
a O-form field strength. Here, unfolding refers to the fact
that these 1- and O-forms include not only the physical
fields, but also towers of their derivatives. In the self-dual
GR- and YM-like sectors of higher-spin theory [7], which
are the main focus of this paper, one can write standard
Lagrangians without unfolding, but still with the basic
“l-form + O-form” structure. In this section, we apply a
similar approach to GR + YM itself.

After the fact, our formulation follows from a simple
(but overlooked) combination of ideas by Capovilla et al.
[35-38], see also Krasnov [39-42]. The idea is to combine
the Plebanski Lagrangian for GR and the “Chalmers-
Siegel” Lagrangian for YM [43-45] as in [37], and then
integrate out the Plebanski 2-form as in [38]. The simplest
version of the construction is chiral, which is useful for
treating the full theory as a perturbation over its self-dual
sector. However, in Lorentzian signature, this requires us
to use complex fields, making both parity and unitarity
nonmanifest. Fortunately, a real, nonchiral formulation is
also possible. Both versions will make use of the special
properties of the Hodge dual in 4D, so the construction is
specific to four spacetime dimensions. We will present the
nonchiral version first, followed by the chiral one, followed
by an account of their origin from Plebanski and Chalmers-
Siegel.

B. Real, nonchiral Lagrangian

1. Index notations

We work in a framelike formalism, where all coordinate
indices u,v,... are subsumed into differential forms; in
particular, our Lagrangians will be 4-forms. As in the
vielbein formulation, we imagine a local tangent space at

each point of the manifold with indices A, B, ..., subject to
the flat Minkowski metric 7,5. We will always use these
indices in antisymmetric pairs, for which we introduce
composite bivector indices I,J,K, ... = [A|A,], [B|B,],
[C,C5], ..., spanning the 6D space of antisymmetric 4 x 4
matrices. This space is equipped with three structures:

(1) a metric n;; with (3,3) signature (corresponding to
space- and timelike bivectors), which we will use to
raise and lower indices;

(2) a Hodge-dual, parity-odd metric j;;, also with (3,3)
signature;

(3) the structure constants f7,x of the Lorentz group.

In vector indices, these structures are simply %’/IAI[BI’,]BZ] Ay

i €4,A,B,B,>and 45{21 nB,][c, 'éz]] . We denote the Hodge dual of

any tensor (with respect to its first bivector index) as
Tl = i , T/ This satisfies T,0! = T,U' and T' = —T".
Finally, we use indices a,b,... for the YM gauge
algebra, with structure constants f“,.. These indices are
trivially raised/lowered using the Killing metric &,,.

2. Fields and Lagrangian

Our fundamental fields are divided into 1- and O-forms.
The 1-form fields are the YM connection A* and the spin
connection @’. From these, we construct curvature 2-forms
as usual,

1
F = dA" 42 AP A A (2)

1
R! Eda)l—i—iflma)] A ok, (3)

In addition, we introduce the 0-form fields ¢/* and ¥/,
which will be identified (through the equations of motion)
with the YM curvature F* and the Weyl curvature piece
of R!, respectively. The index symmetries we assume for
W are

=0, WY =9 (4)
These are some, but not all, of the symmetries of a Weyl
tensor (in fact, they imply that the “Hodge dual” ¥/ has
precisely the symmetries of a Riemann tensor). The extra,
non-Weyl-like components of W/ (i.e., the Ricci-like
components of ¥//) will vanish under the equations of
motion, but will contribute usefully to the variational
principle.

Our Lagrangian takes the form

1
Llo! WA 1] = =S M VEA VY, (5)

where V/ is a 6D “vector” of 2-forms, and M7} is the inverse
of a 0-form matrix M/, Specifically, M'/ and V/ read
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where x = 872G is the gravitational coupling, g is the YM
coupling, and A is the cosmological constant. Note that both
of the structures (6) and (7) follow a double-copy-like
structure similar to that of (1). As we will see, the metric
in this formalism will be contained in the 2-form M7} V”.

3. Equations of motion

Let us now analyze the equations of motion for the
Lagrangian (5)-(7), to see that it correctly describes
GR + YM. The equations organize neatly in terms of
the 2-form M;}V’/ = —%, (the sign and Hodge dual here
are for later convenience). Varying with respect to all the
fields, we get the equations of motion,

o)
ST - XA~ (8)
: D, Y =0: 9
=D, ©)
0 D FOAE = ¢esV A ED; (10)
ol !
0 . ax I
W' DA(¢IZ):()1 (11)

where D, /D, is the exterior covariant derivative with
respect to the corresponding connection. The undetermined
component of (8) is due to the fact that, according to (4), we
do not vary the trace of P!,

The constraint (8) on X is the door through which metric
geometry enters the present formalism. It has four branches
of solutions [46,47] constructed from a vielbein ¢4, via the
wedge product (e A e)f = et A e,

Y =4(ene) or X=+(enre) (12)
Regardless of the branch, Eq. (9) now becomes a torsion-
free condition, which establishes @’ as the spin connection
compatible with the vielbein ¢4 and R’ as its Riemann
tensor. Now, let us tentatively take £/ = (e A e) as the
“correct” branch of (12) and plug it into the remaining
equations (10) and (11). Equation (10) becomes

= ¢ile ne), (13)

which identifies the 0-forms ¢¢ as the components of the
2-form F“. Equation (11) becomes

Dy(¢i(e A e)l) =0, (14)

which we now recognize via (13) as the YM field equation
D(xF) = 0. The only thing we are apparently missing is
the Einstein equation, but this is actually contained in our
solution T/ = (e A e)! to Eq. (8). Recalling our definition
¥, = —M;}V’, plugging in Egs. (6), (7), and (13) and
solving for the Riemann curvature R’, we have

R = </3\11”+\P”+ 27 (Pl +q3f,</3£)>(e Ae),. (15)

Here, the first term establishes 4A as the Ricci scalar; the
second term establishes W/ as the Weyl curvature, while its
non-Weyl-like extra components (the Ricci-like compo-
nents of ¥'/) are forced to vanish by the index symmetries
of the Riemann tensor R’; and, finally, the third term
establishes the traceless part of the Ricci tensor as x times
the YM stress-energy tensor. Thus, we have precisely the
Einstein equation, along with an identification of ¥/ as the
Weyl curvature.
Now, let us return to the other branches of solutions (12)
to Eq. (8). These amount to minus signs and/or Hodge
duals on the factor of (e A e)! in Egs. (13)—(15). If we pick
one of the Hodge-dual branches X/ = +(e A e)!, then
Eq. (15) does not define a valid Riemann tensor. In
particular, the A term becomes a “Hodge dual of a Ricci
scalar,” which is forbidden by the Riemann’s symmetries
and is not canceled by any other term in (15). Therefore,
these branches do not yield solutions of the entire system.
The remaining branch X/ = —(e A e)! yields a valid
Riemann tensor in terms of its index symmetries, but with
the YM stress-energy contributing to (15) with the wrong
sign (in fact, at the Lagrangian level, it is the kinetic energy
of the graviton that has the wrong sign in this branch [48]).
Unfortunately, we are stuck with this branch as a valid
solution to the equations of motion. Our consolation is that
it is discontinuously separated from the correct branch
¥l = (e A e)!, because the A term in (15) produces a
nonzero constant value for the Ricci scalar, with opposite
signs for the two branches. Overall, we see that a nonzero A
plays three useful roles in this formalism:
(1) It ensures that the matrix (6) is invertible near the
“vacuum” ¢'¢ = P! = 0.

(2) It rules out the unphysical Hodge-dual branches
S =4(ene).

(3) It ensures that the physical branch £/ = +(e A e)!
is discontinuous with the ghostlike branch X/ =
—(ene).

C. Complex, chiral Lagrangian

Let us now present the chiral formulation of the same
GR + YM theory. We separate the 6D space of bivectors
(with indices 7,J,...) into a pair of chiral, complex 3D
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subspaces (with indices i, j, ... and 7/, ', ...), which we will
refer to as left- and right-handed, respectively. These are the
eigenspaces of the Hodge dual, with eigenvalues Fi. For
any bivector 77, the metrics #;; and 7j;;, decompose as

n, TIT = 5ijTiTj + 5i,j/Ti/TjI;
iyT'T! = i(=6;T'T' + 5i’j’Ti/Tj/)’ (16)

where 6;;/6;; is the standard Euclidean metric. The
Lorentz group in this language takes the form SO(3,C),
with structure constants /2¢; jx (and their complex con-
jugates \/Eei/j«k/).

Now, to construct a chiral formulation, we reduce our
fundamental fields (!, ¥, A%, ') to only the compo-
nents along one of the chiral subspaces. The other compo-
nents are not assumed to vanish—they are simply no longer
considered as fundamental variables. Thus, the YM con-
nection A¢ and its curvature (2) stay the same; instead of @'
and ¢'¢, we consider only @' and ¢ (which can be seen as
a rearrangement of six real components into three complex
ones); instead of the full GR curvature (3), we consider

. . 1 . .
R =dw' —l—ﬁe’jka}/ A ok, (17)

finally, in place of W/, we take the symmetric traceless
matrix P,

Y = i Yi=0. (18)
Note that, unlike the case of @’ and ¢, this W" cannot
be viewed as a mere complex rearrangement of W//: it
genuinely has fewer components, since we removed the
mixed components W' from consideration. Specifically,
Wi has five complex components, which (together with
their complex conjugates ¥//') form precisely the ten real

components of the Weyl curvature.
The chiral version of the Lagrangian (5) reads
Llw', W7 A4, ¢'] = =M;'VI A VI, (19)

where
T i /AN .. . i
MU ) = = ( 387+ T ) + il (20)
K 3 g

[
e (21)
Koog

Vi[wi;A“,¢“i]
Denoting M7'V/ =i¥; (so that X; will be the chiral
components of X; from the previous section), the equations
of motion read

o . . B
— XA Y ~ Y, 22
SY (22)

o )
-2 DY = 0; (23)
R TN N (24)
5ty e ’

O DAE) =0 (25)

sAe AT

The simplicity constraint (22) now has only one branch of
solutions X/ ~ (e A e), in terms of a complex vielbein (or,
equivalently, a complex Urbantke metric [49]). The four
real branches (12) can be expressed as X' = c(e A €)',
where the vielbein is now real, and the numerical factor c is
+1 or +i. The correct real branch corresponds to ¢ = 1.
The complete basis of 2-forms X/ is now spanned by X'
together with their complex conjugates X .

With this understanding, Eq. (23) is again the torsion-
free condition that fixes @' to be compatible with the
vielbein. Equation (24) identifies the O-forms ¢!, as the
chiral components of the 2-form F“, as in

Fa = ¢Sl + ¢ox’. (26)

Equation (25) then implies the YM field equation
D(*F) =0, in linear combination with the Bianchi iden-
tity DF = 0. Finally, unpacking the relation M;;'V/ = i%;
and solving for R, we obtain the chiral analog of (15),

N, Koo
Ri = <§5u wv)zj P, @)

which is the correct Einstein equation analogous to (15),
with W identified as the left-handed half of the Weyl
curvature. Note that (27) still encodes the entire Ricci part
of the curvature, with its trace part ~A and traceless part
~@Ldl governed, respectively, by the cosmological con-
stant and the YM stress-energy tensor. The only curvature
piece missing from (27) is the right-handed Weyl ¥/
[again, this does not mean that it vanishes, merely that it is
not captured by (27); to capture it, we would need to
consider R"].

1. Self-dual sector

One virtue of chiral Lagrangians such as (19)—(21) is that
they contain the theory’s self-dual sector as a limit [41]. To
arrive at the self-dual sector, we must complexify the fields,
so that @’ , W'/ ¢ are no longer the complex conjugates
of @', W9, ¢, but rather independent variables. We then
take the limit in which the left-handed field strengths ¥/ and
@' are small. In other words, we expand the Lagrangian
(19)—(21) in powers of W/ and ¢'. The zeroth-order term
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— %Ri A R' is topological and can be discarded. The self-
dual sector is then contained in the first-order terms,

*Cself dual [wi lPij'Aa ¢ia]
9i

R A FA. 28
== i 28)

6i
— ¥ R‘/\R/+
A

This Lagrangian describes right-handed gravitational and
YM fields, encoded in @' and A%, along with linearized left-
handed perturbations, encoded in W and ¢ (note that,
somewhat confusingly, the left-handed spin connection @' is
encoding right-handed degrees of freedom). In this limit, the
left-handed perturbations do not backreact on the nonlinear
right-handed fields. In particular, this implies that the YM
fields do not backreact on the geometry, since the YM stress-
energy tensor contains a factor of ¢'“—see (27). Moreover,
we see from (27) that the curvature 2-form R’ now coincides
with the metriclike 2-form X/, up to a constant factor of A /3.

D. Derivation from a Plebanski-type Lagrangian

Having analyzed the new Lagrangians (5) and (19) on
their own terms, let us now demystify them by “integrating
in” the 2-forms X as independent variables. In the nonchiral
case, this gives the Lagrangian

1l - = .
L ol PV A% Pl = 5M,,z’ AZ 4V A
1. A 1
=-3'A|R —-=%,—=¥,,%/
K (1 6 1 2 JI )

1, - 1
—?4572’ A (F —2¢721>. (29)

Varying this with respect to £/, we obtain X; = —M7} V/ as
a field equation. Plugging this back into the Lagrangian to
eliminate X/, we recover (5). The chiral Lagrangian (19)
arises in the same way from

2i A 1 j
721 R ——Y. ——W¥..>J
< 6 l 2 Y >
2% 1
A (Fa—irﬁ?Z’)- (30)

Unlike our main Lagrangians (5) and (19), the unpacked
versions (29) and (30) take the standard form “GR term and
YM term” [as does the Lagrangian (28) of the self-dual
theory]. In particular, the GR term in (30) is just the
Plebanski Lagrangian, while the YM term is the Chalmers-
Siegel Lagrangian (adapted to curved spacetime, as in
[37]). The corresponding terms in (29) are just the non-
chiral versions of these.

II1. HIGHER-SPIN SELF-DUAL GR + YM

A. Notations, fields, and Lagrangian

We now turn to the paper’s main focus: the higher-spin
extension of the self-dual GR 4+ YM theory (28), which
will combine the higher-spin self-dual GR and YM theories
of [7]. We continue to use differential-form notation on the
4D spacetime, just like in (28). The YM color structure,
described by the indices (a, b, ...), also remains the same.
The higher-spin fields will be characterized by increasing
numbers of the internal left-handed bivector indices
(i,J,...). Thus, the 1-form @’ and O-form ¥" from the
spin-2 GR sector generalize to spin s as @' *=-1 and W1-+'s
Similarly, the spin-1 YM fields A, ¢!, generalize as Al
and ¢, ". The fields will all be totally symmetric and
traceless with respect to the bivector indices (i, j, ...), as we
already saw with the left-handed spin-2 curvature W¥. It is
then very convenient to convert every bivector index into a
pair of left-handed (two-component) spinor indices
(a,p,...). Total symmetry and tracelessness with respect
o (i,J,...) is then simply total symmetry with respect to
the spinor indices. In particular, the spin-2 GR fields
become w® and W%, while the spin-1 YM fields become

A, and (,bffﬂ , with all spinor indices totally symmetric.

We raise and lower spinor indices using the 2 x 2
antisymmetric matrix €,g,

$o = eaﬂgﬂ; e = Cﬂeﬂa' (31)

As a final notational touch, we feed the fields of all the
different spins into generating functions with respect to a
spinor coordinate y*. Thus, the GR- and YM-like fields of
all spins are now packaged into functions of both y* and
spacetime position x*,

0’2; 2

Y.y .
Z 2S _ (Xl S Ohs_n ('x)’
y(ll . .y”z.x
LP(X;)’) = Wwalu.az\.(x); (32)
y .y a2r 2 ]
Z 2S _ !Xl SO z(x)
y ' aZA
Z D0, (%), (33)

where @ = w,dx* and A* = Ajdx" are again 1-forms with
respect to the spacetime coordinates x*, while ¥, ¢, are
0-forms. We can restrict the GR-like fields (32) to even
nonzero spins s, and the YM-like fields (33) to odd spins.
Beyond this, the only possible restrictions are as follows:
(1) Restrict the GR-like fields to s =2, which gives
higher-spin self-dual YM coupled to standard self-

dual GR.
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(i1) Restrict the GR-like fields to s = 2 and restrict the
YM-like fields to s = 1, which takes us back to
standard self-dual GR + YM, described by (28).

As in (28), the connection I-forms w,A, will encode
nonlinearly interacting right-handed degrees of freedom,
while the O-forms W, ¢, encode linearized left-handed
degrees of freedom propagating on top of w, A,.

The left-handed Lorentz commutator in (17) gets
replaced by its higher-spin generalization, which is simply
a Poisson bracket with respect to the spinor y“,

{f(3),9(y)} =50%f0,.9; (34)

T
Sy

o
=

When one or both of the functions f, g are quadratic in y?,
the bracket (34) reduces back to the left-handed Lorentz
commutator. Using (34) and the usual YM gauge algebra,
we can construct 2-form curvatures R = sz,dx” A dx¥

and F* =} F4,dx* A dx” out of the connections @ and A,

1
R=dw+ > {0, 0}; (35)

1
Fo = dA" + {0, A%} + [ A" AAS(36)

Equation (35) reduces to the left-handed Lorentz curvature
(17) when w is purely spin-2; similarly, (36) reduces to (2)
when A, is purely spin-1. Note that the second term in (36)
is nonvanishing only when A“ contains higher spins; its
purpose is to make F', covariant with respect to the GR-like
connection .

The notations above are sufficient to write the equations
of motion for the right-handed degrees of freedom,

RAR=0; (37)
R AF®=0. (38)

To incorporate these into a Lagrangian, we need to
introduce the left-handed degrees of freedom W, ¢“ as
Lagrange multipliers. To write down the appropriate
products, we introduce notations for contracting the spinor
indices inside the Taylor coefficients of two spinor func-

tions f(y), g(v),

f@)»g@)zf(gjg@x (39)
(flg) = (f(y) > 9(¥)|y=0- (40)

Note that the product (39) is the dual of ordinary multi-
plication f(y)g(y) under the pairing (40).

We are now ready to present the Lagrangian for higher-
spin self-dual GR + YM, which straightforwardly general-
izes (28),

Llw, V; A, ¢°] = (‘I‘IR AR) + i{ga|R A F). (41)

[\ |

Here, we subsumed any numerical factors into the defi-
nition of the linearized left-handed fields ¥ and ¢,. The
first term in (41) is just the HS self-dual GR Lagrangian
from [7]. The second term is the HS self-dual YM
Lagrangian of [7], with the dynamical R(x,y) in place
of a fixed spin-2 geometric background. The nontrivial
statement in writing the combined Lagrangian (41) is that
the gauge symmetries discussed in [7] survive the coupling
of the GR- and YM-like sectors to each other. We will
demonstrate this in Sec. III D below.

B. Gauge symmetries

The gauge symmetries of the Lagrangian (41) are para-
metrized by the following quantities [7]:

O(x;y) Zyzs'_
. azs 4
o) = Yl
Zy . az:
(2s —
(%) Zst”—

The parameters (42) and (43) belong to the GR-like sector
and are thus uncolored, with even nonzero spins s. At
s = 2, ©%(x) parametrizes left-handed Lorentz rotations,
while 2#(x) parametrizes diffeomorphisms; as we can see
in (42) and (43), both of these acquire HS generalizations.
The other two gauge parameters (44) and (45) belong to the
YM-like sector and are therefore colored, with odd spins s.
Ats = 1, 6%(x) is the standard YM gauge parameter. The
“colored diffeomorphisms™ &; are a purely higher-spin
phenomenon, appearing only at s > 1.

To specify the transformations of the fields (32) and (33)
under these gauge parameters (42)—(45), we will need to
introduce another product on spinor functions, which is the
dual of the Poisson bracket (34) under the pairing (40),

a»x 2

g (X)s (42)
Ao5—4 (x); (43)

oy (X3 (44)

0!2: 4

~sz—4 ()C) (45)

=2 ((0.) > 0). (46)

We now define the gauge transformations as

() eg(y)
Sew, = 0,0 + {w,.0}; 5P =0 W; (47)
S = © o ¢*; (48)
5% =0, 0 ¢ (49)

5®Aa = {A;w };

5960” = 0,
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8pAY = 0,0 + {w,. 0°} + [ ALO%  Spp® = b pO°;

(50)

— =V .
ozw, =ER,,;

0¥ =2 1> (0, —w, o ¥+ {¢,, A%});
(51)

=AY = EVFY,;

Sz =B > (99" — w, 0 p* + [peAnd): (52)

o:w, =0; o6;¥ = &> (0,0 — @, o ¢* +f“bCA£¢C);
(53)
OA; = EYR,,; o:0p" = 0. (54)

Here, we made the spacetime indices on differential forms
explicit, to show how they contract with the diffeomor-
phism generators Z#, &. When O is purely spin-2, Egs. (47)
and (48) reduce to left-handed Lorentz rotations. Similarly,
when 6 is purely spin-1, Egs. (49) and (50) reduce to a
standard YM gauge transformation. Finally, when E¥ is
purely spin-2, Eqgs. (51) and (52) reduce to a standard
diffeomorphism, covariantized with respect to the connec-
tions w, A°.

Compared with [7], the transformations (47)—(54) con-
tain some new terms, which express the coupling between
the GR- and YM-like sectors. The nontrivial additions are
in the transformation rules for P, specifically 6,¥, 5:'¥, and
the last term in 0z'W. We engineered these to ensure the
overall invariance of the Lagrangian, as we will see below.

C. Hierarchy of fields on backgrounds

Before we prove the gauge invariance of the higher-spin
self-dual Lagrangian (41), we pause to discuss the ways in
which some of its fields act as an inert background for
others. First, as already discussed, the left-handed degrees
of freedom W, ¢¢ behave as linearized perturbations over
the right-handed background defined by @, A* (we revert to
index-free notation for differential forms). In particular, the
field equations (37) and (38) that govern w,A“ are
independent of W, ¢“.

Second, within the right-handed sector, the GR-like
connection @ acts as a background for the YM-like
connection A?. This manifests in two ways:

(1) The field equation (37) that governs w is indepen-

dent of A“.

(2) As we can see in (49) and (53), w is not affected by
the YM-like sector of gauge transformations.
Finally, the low-spin components of the right-handed sector
act as backgrounds for the higher-spin fields. Indeed, as
noted in [18], the following holds for the s =2 spin

connection @(x):

(1) The field equation that governs the spin-2 w is the
fourth-order-in-y* piece of (37). This is the usual
field equation of self-dual GR, without any involve-
ment from higher-spin fields.

(2) The spin-2 w,; is unaffected by the s > 2 compo-
nents of the gauge transformations (47) and (51),
while their s = 2 component acts as in standard GR.

Similarly, we notice the following for the s =1 YM
connection A%(x):

(1) The field equation that governs the spin-1 A“ is the
second-order-in-y* piece of (38). This is the usual
field equation of self-dual YM on the self-dual GR
background defined by the spin-2 w4, without any
involvement from higher-spin fields.

(2) The spin-1 A% is unaffected by the s > 2 components
of the GR-like gauge transformations (48) and (52),
while their s = 2 component acts as in standard GR.

(3) The spin-1 A“ is unaffected by the colored diffeo-
morphisms (54) or by s > 1 components of the YM-
like gauge transformations (50), while the s =1
component of (50) acts as in standard YM.

D. Proof of gauge invariance

1. Rearranging the left-handed degrees of freedom

Let us now demonstrate that the transformations (47)—
(54) are indeed symmetries of the theory (41). This will
become easier after a slight repackaging of the left-handed
degrees of freedom W, ¢p“. Specifically, we Fourier trans-
form ¥ and ¢“ with respect to the spinor y* [18],

2u «
‘f’(x;y) = / (6217[)2 e W (x; u);

¢ (x1y) = / L e (x; u) (55)
V)= (2r)? o

Note that, for any fixed spins in ¥ or ¢“, the Fourier-
transformed fields (55) are distributional with respect to y*.
With the new fields (55), the convolutional products (39),
(40), and (46) are no longer necessary; all operations
become local in y%, just as they are local in x*. The
Lagrangian (41) becomes an integral over spinor space,
reminiscent of superfield Lagrangians (though our spinor
coordinates y* are, of course, commuting),

L(x) =i / d*yL(x;y); (56)

1 - ~
L(x;y) = ElPR AR+ ¢,R N F. (57)

Here, we highlighted the Lagrangian’s dependence on the
coordinates x*, y*, rather than its dependence on the dynami-
cal fields w, P, A4, (13“. We pushed the overall factor of i into
the definition (56) for convenience. The gauge transformations
(47)—(54) can now be expressed compactly as

104013-8



THEORIES OF THE GRAVITY PLUS GAUGE TYPE IN ...

PHYS. REV. D 112, 104013 (2025)

Sew = DO; so¥ = {¥,0};

Sew = 0; 5o = {,.0°);

[1]

5560 =

S:w=0;, 5% =¢, 1D

Here, we again use index-free notation for differential forms and use the .

AR 5V =E (DY A {¢,. A});

oA" = {A%, @) g = {§*.0); (58)
GpA" = DO, 8o = "0 (59)
6zA =E2LF% 520" = ELDg% (60)
SAC=EUR, 84" =0. (61)

@ 9

symbol for their interior product by the

diffeomorphism vectors 2, &;. The covariant exterior derivative D is defined on uncolored/colored objects v/v* as

Dv=dv+ {w,v};

2. Useful identities

We now collect some identities that will be useful for the
gauge invariance analysis. First, we see from (35), (36), and
(62) that the covariant exterior derivatives (62) square as

D*v={R.v}; D= {Rv°}+ f.F" A 1°. (63)

Second, we see that under any infinitesimal variation
ow, 0A% of the connections w,A?, the variation of the
2-forms R, F* reads

SR = D(6w);  6F = D(6A%) + {Sw.A%}.  (64)

Third, the covariant derivatives of R and F* read

DR=0;  DF*={R A"} (65)

Fourth, for any O-form f, 4-form g, and vector £, we have
the following identity, reminiscent of the Leibnitz rule:

D(E4(f9)) = (EDf)g+ fD(Eag).  (66)

To prove this, we note that, for general forms f and g, both
the exterior derivative D(...) and the interior product
= () act as “antiderivations,” i.e., they satisfy a graded
Leibnitz rule,

D(f ng)=Df A g+ (=1)’f A Dg;
Ba(frg=Eaf) Ag+(=1)’f A (Bag), (67)
where p is the rank of f. From (67), it follows that the

anticommutator of D(...) and E . (...) is itself a derivation,
i.e., it satisfies the Leibnitz rule,

DEJ(f A g)+E1D(f A g)
= (D(EJf)+EJDf) ANg+f A (D(EJg) EiDg).

(68)

Do = dv® + {w, v} + f95. AP A 0°. (62)

[

We now specialize back to a O-form f and 4-form g. Since
O-forms have no interior products, and 4-forms have no
exterior derivatives, some of the terms in (68) vanish, and
we arrive at the desired identity (66). In the exact same way,
if we replace D(...) by the Poisson bracket with a 1-form
{w, ...}, we get the identity

{0.B1(f9)} = (Ba{o, fNg+ flw. Eag). (69)

Finally, the identities (66) and (69) maintain their form if
we add color indices to any of the objects.

3. Gauge variations of the Lagrangian

Let us now analyze the variations of the Lagrangian
density (57) under the gauge transformations (58)—(61).
Note that the following variations of L are equivalent to
zero, i.e., signify a symmetry:

(1) As usual, any exterior derivative d(...), since this

will vanish when integrated over spacetime;

(2) any Poisson bracket {f, g}, since this can be written

as a total divergence 5 0*(fd,g) in spinor space and
will vanish when integrated in (56);
(3) any covariant exterior derivative D(...), since this is
a linear combination of the previous two cases.
We will denote expressions equivalent to zero in this sense
by ~0.

Now, consider the HS left-handed Lorentz rotations (58).
From (58) and (62)—(64), we conclude that the 2-form and
O-form field strengths R, P, Fa, gZ“ all transform cova-
riantly (for F¢ this requires some calculation),

SoF? = {F4,0}:

So¥ = {‘f’ 0};
Sod" = {§*. ©}. (70)

Therefore, the same is true of (both terms in) the
Lagrangian integrand (57), and we get

SoL = {L.®} ~0. (71)
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Thus, (58) is indeed a symmetry of the theory. Let us move on to the HS color rotations (59). We see from (59), (63), and
(64) that the field strengths transform as

SR =10; 6% = {$,.0°};  6yF* = {R, 0%} + [ F’0°, 89" = f9,.°6". (72)
If 5,% and the first term in 8,F“ were absent, these would be the standard covariant transformations, and both terms in L
would be invariant. Because of the extra transformation terms, the two terms in L receive nontrivial variations, which

combine as

1. - . 1 . ;
8oL = 565(¥R A R) +8y(BuR A F*) =5 {0 YR AR+ GR A {R.0%)

)

1 -
=5 {#R A R0} 0.

(73)

again giving a symmetry. Now, consider the HS diffeomorphisms (60). From (60) and (64), we see that the field strengths

transform as

8z=R = D(EJR);

6zF* = D(E1F*) +{E.R, A"},

. 02P =24 (DY + {¢,. A)); (74)

5=¢° = E1Dg". (75)

Using this and (65) and (67), we find that the two terms in L transform as

1 -

N =

(B2(DF + (. A)R A R+ 3 FD(E1 (R A R)):

5=(¢uR A F*) = (21D, )R A F* + &, <D(EJ (R A F9)) +%{EJ (R A R),Aa}>. (76)

Using (66) and (69), these combine as

_ (1. y 1(_ /-
SEL—D<:J<§TRAR+¢QRAF0>>+§{:J<¢HRAR>,A“}NO- (77)

Finally, consider the colored diffeomorphisms (61). From (61) and (64), we see that the field strengths transform as

S:R=0; 5P =¢,.D¢

Using this and (65) and (67), we find that the two terms in L
transform as

S0:(FR A R) = 3 (&, 5DJ*)R A R:

S8:(PaR A F?) ==, D(E (R AR)). (79

N = N =

Using (66), these variations combine into

5:L = %D(&” 1(¢R AR)) 0. (80)

This concludes our proof that all the gauge symmetries
identified in [7] survive the coupling of the GR- and YM-
like sectors in our Lagrangian (57) or, equivalently, (41).

8:F* = D(£° JR);

IV. LIGHT CONE GAUGE

In this section, we construct a light cone description of
the covariant HS self-dual GR + YM theory (41). This
extends the result of [18] to include the YM-like sector. The
logic of the construction is as follows. First, we focus on the
right-handed degrees of freedom, encoded in the connec-
tions w, A. These are governed by self-contained (non-
linear) equations of motion (37) and (38), independent of
the left-handed degrees of freedom W, ¢p*. The main step is
to define a light cone Ansatz for w, A, which reduces these
fields with their many components (encoded in their
dependence on the spinor y*) to a single scalar field for
each helicity (which we will encode as dependence on a
scalar parameter u in place of y*). The consistency of this
step will be verified by seeing that the field equations (37)
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and (38) also reduce to a single equation per helicity. In fact,
these will be standard massless wave equations, plus some
quadratic terms (which correspond to cubic interaction
vertices). We then plug our Ansatz for w, A* back into the
covariant Lagrangian (41), which includes the left-handed
fields ¥, ¢“. This will have the effect of removing most of the
Lagrangian’s dependence on ¥, ¢“, except for one scalar
component for each helicity, just like in the right-handed
sector. The result is the desired light cone Lagrangian.

In the light cone formulation, we will treat the dynamical
fields as perturbations over a de Sitter space background
(specializing for concreteness to A > 0). This background
will be encoded as a particular (purely spin-2) value of the HS
spin connection @. We use Poincaré coordinates x*. In these
coordinates, the de Sitter space background metric is 7,/ £,
where 7, is the Minkowski metric, and ¢ is the time
component of x*, normalized as #*“9,t0,t = —1. For the
AdS space (A < 0) case, one should replace ¢ with a spatial
coordinate.

We also introduce spinor indices for the Poincaré coor-
dinates, as x** = o0%x*, where 02% are the Pauli matrices

|

for Minkowski space, satisfying a,‘j"amd = —2n,,. Here,
the left-handed spinor indices (a, 3, ...) are raised/lowered
with the flat spinor metric €,4 as in (31) and likewise for
the right-handed spinor indices (., ...). The spacetime
index on fo‘ will be raised/lowered using the Minkowski
metric 7,,. Finally, we will use an arbitrary fixed spinor ¢*
to define the preferred lightlike direction of our light
cone gauge.

As mentioned above, we encode the (GR- and YM-like)
right-handed degrees of freedom in terms of generating
functions @ (x*; u) and 64 (x*; u), where the “+ signifies
positive helicity, and the dependence on the scalar u
encodes the different spins,

®, (xu) = 3w (1) ot (u) = St (x).

N s

(81)

In terms of these fields, we construct a light cone
Ansatz for the GR-like connection w and the YM-like
connections A%,

. — 1 ad s v S <qy>2 .
a)(x’ y) - _de —Yay a/)’a Inz+ 9q4 aﬂ{'l®+ XU = P > (82)
1 . 2
49(139) = = v, 0t (i = 2). (53)
where 0., = oﬁ;(.,aﬂ is a spacetime gradient, and we defined the shorthand (gy) = ¢,y*. The first term in (82) is the

background connection mentioned above, i.e., the left-handed spin connection of pure de Sitter space. The rest of (82) and

(83) is linear in the deformation parameters @ (x; u) and 64 (x; u). We take the gradients in these deformation terms to act

only on the x* argument of @ (x;u) and ¢4 (x;u); in other words, we set u = (gy)?/t only after taking the gradients.
The curvature 2-form (35) of the GR-like connection (82) reads

1 A
R(x;y) = gdx® A dal? (€ Rap(x:¥) + €apRaj(:));

2y, 29ypd79°
Rop(x;y) = 2 £ 9 qpIP +#@yﬁ In 1054(ud, @ );
Ry (%) = qaqp(—0%.0 y @, + 20%; In 10’y (u9,®@.)). (84)

Here, [J is the flat d’Alembertian (1 = #"*0,0,; the operator ud, = u(d/du) acts on each spin-s component of @, as
multiplication by s — 1; and, as before, we substitute u = (gy)?/t after taking all the derivatives. Similarly, for the curvature
2-form (36) of the YM-like connection (83), we get

1 4
Fo(xsy) = gdx® A dalP(eqFiy(xiy) + eaplf (i y));

1 . 29599
Féy(x:y) = qudp (—Dai + Ef“bcquﬁaﬂoiam) + %aﬁ In 10, (ud, 0%):

FZ/}(X; y) = an[)’(_aadaﬂ/'}Gi + 20«1(0_( In taﬁ/}) (”auai))' (85)
Note that R in (84) depends on the GR-like deformation @ only linearly, while F“ in (85) does not depend on it at all. This

happens because the would-be ~®, @, and ~®, ¢4 contributions to the Poisson brackets {w, @}, {@w, A%} in (35) and (36)
take the form ~gq,g”, which vanishes.
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Let us now plug (84) and (85) into the lhs of the field equations (37) and (38). In Poincaré coordinates, we can write the
4-forms R A R and R A F* as

i, i,
RAR=7 (R*Ryj; — RPR,p)d*x; RAF' =7 (R F4 5= RPFL)dx, (86)
where d*x is the coordinate volume 4-form,
4 1
= ~ 1 Cuvpo .
d*x = ——€,,,dx" N dx’ A dx” A dx° (87)

24

From (84) and (85), we read off the combinations R*/R,; — R¥R,; and R*/F* 5= RVF4, as
g 4 o . ,
RaﬂRa/} - RaﬁRa/} = TM 0o, + qaf]ﬂquaaaaaﬁﬂq’+ (ayaaéﬂq’Jr —49,%In td,;/}(u()u¢>+)); (88)

iy 2 1 ‘ o ‘ <
RPFY 5= R¥FY, = 7” (Dai -5 f“bcq“qﬁaaaaidﬁdai) + 4°94" 4 4° (0,305 ®.(0,%05 6% — 20, In 105 (ud,0%))
— 20,40450%0, In 105 (u0,®,)), (89)
where the explicit factors of u are subject to the substitution u = (gy)?/t, just like the implicit ones inside ®_ (x; u) and

6% (x; u). Crucially, all the y* dependence in (88) and (89) is packaged as dependence on the scalar u. This allows us to write
the field equations (37) and (38) as equations on @ (x;u) and o< (x;u),

aab gt g tr . . .
Do, = TLrL aadaﬂﬁ®+ (_ 4 ayaa&ﬂq)+ + aﬁtagﬂ(uauq>+)> ; (90)
u

1 ; 7 qq° ro o o
(o = 3 f“5ed"4"0,"0" 00, + 7 0uadyp®s ( =50,°0/'0% + 0,410, (u0,0%) | + 9uaypo. 0,10 (u0,®.) ).

o1

This is one scalar field equation per spin, which demonstrates the consistency of our Ansdtze (82) and (83).

Having worked out the right-handed equations of motion, we are ready to reintroduce the linearized left-handed degrees
of freedom ¥ (x; y) and ¢*(x; y). Within the light cone Ansatz, these will enter the Lagrangian only through a single scalar
component per spin. We define these negative-helicity components as

a

q*...q"» " q"...q™
O_(x) = —T‘Pal...ak (x); oly(x) = —Tfﬁal,..% (x). (92)

Plugging (88) and (89) back into the Lagrangian (41) and separating spin by spin, we finally obtain the light cone
Lagrangian as

S = / d*x> (0_,00,, + 0%,0o%,)

1 .
5 facdd Y 0% 0wt 050k
sy+s3=s1+1

r . . p
+ Claqﬁqu& Z <(D—s| a(l(‘laﬂﬁ.'(DJrSz <4 ay(lagﬁq)+s3 - (S3 - l)dy"ta(s/’(DJrs})
Sy+8s3=51+2

t . ) .
+ O"islaaaaliﬁ‘(l)+52 (E dyaagﬁais3 - (S3 — l)ayat05ﬂais3>

— (53 = 1)6%,, 0ua0ppos, a/lta&/”qm}) . (93)
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Here, the first line is the kinetic terms of the GR- and YM-
like fields; the second line is the YM-like cubic vertices,
which only involve YM-like fields; the remaining lines are
the GR-like cubic vertices, which involve both GR- and
YM-like fields. The sums over spins do not make explicit
our restriction to even spins for GR-like fields and odd
spins for YM-like fields, but this should not introduce any
confusion. Note that the sum of helicities in the kinetic
terms and YM- and GR-like interactions is, respectively, 0,
+1, and +2; this is reflected in the powers of the auxiliary
spinor ¢“. Note that the cubic action (93) is exact: there are
not any neglected higher-order vertices.

The variations of the light cone action (93) yield the
following field equations, all with the massless wave
operator [ on the lhs and quadratic interaction terms on
the rhs:

(i) Varying with respect to ®_; yields the field
equation (90) for @, . In it, [J®,  receives GR-
like contributions of the form ~®, ®_ ., with
S + Sy =S + 2.

(i1) Varying with respect to ¢, yields the field equa-
tion (91) for ¢9,. In it, [o¢ receives a YM-like
contribution of the form ~f4,.6% o4, ., with
s; + s, = s+ 1, and GR-like contributions of the
form ~¥, o, , with s; + 5, =5 + 2.

(iii) Varying with respect to @ yields a field equation
for ®_,. In it, (JD_; receives GR-like contribu-
tions of the form ~®_ @, and ~o% 0%, with
s —s; = s+ 2. Note that the last contribution,
which mixes the GR- and YM-like sectors, mirrors
the sector-mixing gauge variations of ¥ in (49)
and (53).

(iv) Varying with respect to o9, yields the field
equation (91) for ¢%,. In it, Lo“ receives a YM-
like contribution of the form ~ f“bcallsloﬁh, with
s, —s; = s+ 1, and GR-like contributions of the
form ~c% W, , with s, —5; = s + 2.

Note that not all fields enter into each other’s field
equations. In fact, we can observe the same field-on-
background hierarchies that we described at the covariant
level in Sec. III C. In particular, the field equation for @,
receives nonlinear contributions only from @, itself and is
just the light cone field equation of self-dual GR from [50].
When this equation is satisfied, the spin-2 component of the
Ansatz (82) becomes the left-handed spin connection of an
Einstein spacetime with cosmological constant and purely
right-handed Weyl curvature. The vielbein of this space-
time reads [50]

aa 1 aa ldﬁﬂ a Y 40 a 2 a
€y :;0—# +§ w 4°49p9"9 ay a&[}’q)-&-Z_?ay taé/}’q)+2 s
(94)

with inverse

l‘z R 2 R
Chi = 104, — Eﬁgﬁ%qﬂqua (ayﬂa&'xq)-ﬂ - ;6yﬁt05a(1>+2).

(95)

The first term in (94) and (95) describes pure de Sitter
space, while the second term describes the self-dual
deformation. Just like in (82) and (84), the deformation
terms are linear in the deformation parameter ®_,(x),
despite the overall nonlinearity of the theory.

A. Solving the field equation of higher-spin
self-dual YM

As an aside, let us consider the field equation (91) in the
case of vanishing GR-like deformation ®, = 0. This gives
the field equation for higher-spin self-dual YM on a pure de
Sitter space background,

1 . .
Dai = Ef“bcqaqﬁaa"aﬁaﬂdai. (96)

This is precisely the field equation of (standard, spin-1)
self-dual YM. In particular, the warping factor ¢ of the de
Sitter space metric never appears; Eq. (96) might as well be
an equation on flat spacetime. The only effect of higher
spins is that 9. depends not only on spacetime position x*,
but also on the auxiliary scalar u [recall (81)]. However, u
does not enter the field equation (96) at all. This means we
can solve (96) as if we are in standard self-dual YM and
simply add in the u dependence at the end. The perturbative
solution of (96) to all orders is well known [51,52]. Let us
recall it, following [5].
We start by rewriting (97) without color indices,

Oo.. = q°¢"9,%0.0ps0-., (97)

where o, is now thought of as a matrix in (the defining
representation of) the YM gauge algebra. Now, consider the
linearized equation Lo, = 0. This will be solved in terms
of lightlike 4-momenta k# = (k', k) with k' = +|k|, which
in spinor indices take the form

ka(‘l = la/l&; /1& = Sigl’l(kt)ﬂ,&. (98)
Integrating over lightlike waves e’ = ¢/** with these
4-momenta with mode coefficients ¢, (A%, A%), we construct
the general solution to Lo = 0 as

. Pk, (A1)
lin — it o Y4 ik-x
o (X) KZ—O 2kt <q/1>2 ¢ ’

where the integration range is understood to include both
positive- and negative-frequency modes,

e s
=0 Jk=k| Jk'=—|k|

(99)

(100)
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Now, the statement of [51,52] is that the nonlinear
equation (97) can be solved by augmenting the linearized
solution (99) with nonlinear perturbative corrections at all
orders n, as

S o)

n=1 m=1

1
" ah) ) oot (nl)

Higher spins can now be trivially incorporated by intro-
ducing u dependence, as

o n d3km . .
_Z </¢§nomc+(/{m’lmv u)e )

n=1 m=1

(101)

1
@) ) oo o) (nl)

Of course, the full field equations from the light cone action
(93), including the GR-like sector, can also be solved
perturbatively. However, due to the factors of 7 and d, in
the GR-like interactions, a closed-form solution such as
(102) seems much more difficult to find.

(102)

V. COMPARING LIGHT CONE GAUGES
WITH A SHARED LIGHT RAY

In this section, we consider how different light cone
gauges of the form described in Sec. IV can be related to
each other. This question naturally arises when we compute
scattering amplitudes in the de Sitter space static patch [5,50].
Here, we will describe and solve it as generally as we can,
without direct reference to the static-patch problem. The
more specific static-patch setup will come up in Sec. V C.

A. Geometric picture and problem statement

As discussed in Sec. III C, the higher-spin theory (41) can
be separated into the s = 2 spin connection w,4(x) and all
other fields, namely, A%, ¥, ¢“ and the higher-spin compo-
nents of w. In this separation, the spin connection @ is
governed by standard self-dual GR, while the other fields are
tensors living on this geometric background. In the light cone
gauge of Sec. IV, the vielbein of the geometric background is
given explicitly by (94) and (95). Alternatively, we can set
pure de Sitter space—the first term in (82)—as background
and treat the spin-2 deformation term in (82) as yet another
tensor propagating on top of it. The background vielbein is
then given by just the first term in (94) and (95). Our
statements in this section will hold equally well in both
pictures: as detailed in [50] for self-dual GR, all the relevant
differences will involve contractions of the spinor g% with
itself and thus vanish. For simplicity of notation, regardless
of which picture we choose, we will denote the background
vielbein as ef* with inverse ef,;, and the nonbackground
piece of the connection w as Q, i.e., ® = Wyackground T £2-

With a background geometry in hand, we can now make
precise our claim that the Ansdtze (82) and (83) defines a
“light cone gauge.” To do this, we must gradually back away
from the Poincaré coordinates of (82) and (83), toward more
covariant statements. First, we rescale the spinor ¢*, which
was spacetime independent in the Poincaré coordinates, into

¢4

<

w

(103)

We thus rewrite the Ansdtze (82) and (83) for the right-
handed fields Q, A? as

1 . N
Q(X;y) = _deﬂezuzya, "-yaz’\_zgal...azly,zafl(x); (104)
1
Aa(x y = _deﬂeaazym . aZA ZAZI NoT za(x(x). (105)
Qo rae(X) = Wy . Wy WewPel0,®. (x);  (106)
A;;] (X)) = twal...WO,ZHWawﬂe;aﬁya‘}rs(x), (107)

where we now take care to use spinor indices only for
the internal flat tangent space. Similarly, we rewrite the
left-handed components (92) as

wo L ow%s
1
wr s

Ggs(x) = _f gl...ak(x>'

Yoo, (X);
(108)

The Ansdtze (106) and (107) is adapted to a foliation of
spacetime into lightlike hypersurfaces with respect to the
background vielbein e/‘j"‘. In the Poincaré coordinates, these
hypersurfaces appear as flat hyperplanes G;j"qacjdx” =
const. However, in the actual geometry defined by e4*, they
are the light cones of ordinary points inside the spacetime
(which, in the Poincaré coordinates, appear as points at
lightlike infinity; see, e.g., [50]). Along each light ray within
one of these light cones, we may consider the coordinate  asa
null time (even though the full gradient d,7 is timelike). The
rate of this null time is fixed geometrically, up to a constant,
by the fact that its inverse 1/¢ is an affine null time, with
1/t = 0 marking the light cone’s origin point [50]. The
tangent vector to the light cone’s light rays, whose scaling is
fixed with respect to 7 as £#d,t = const, reads

= —eh Wt (109)

In the Poincaré coordinates, this is just the constant vector
" = —0,,9*q". We can further normalize £#d,t to unity,
by fixing

0req”q0,t = —1.

a

(110)

With these ingredients, we can state the light cone gauge
conditions geometrically, without referring to the Poincaré
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coordinates. The conditions can be stated with respect to a
single light cone hypersurface, rather than the entire folia-
tion. Moreover, we can consider just the components of

A

Qo pais Agl .a,_,ac that are tangential to the light cone,

i.e., along the w*(...)* or (...)*w* directions. For these
components, the Ansdtze (106) and (107) reads

Waéal oty pai(X) = 0
W“Qal_.azs_zm-,,(x) — W, o Wy Wl 0, @ ((x);  (111)
W”Agl...ah_zaa (x) =05
WOAL o aa(X) = =W o Way Wat¥0,0%(x).  (112)

The gauge conditions can now be stated as follows.

1. Geometric statement of light cone gauge conditions

Consider a light cone within the background geometry
defined by the vielbein eza (either pure de Sitter space or its
self-dual deformation). Along each light ray within this
light cone, define a null coordinate ¢ such that 1/ is affine,
with 1/t = 0 being the light cone’s origin. Define a tangent
null vector along the light rays via £#d,t = 1. Define its
spinor square root w* via (109). Fix the complex phase of
w® along each light ray by demanding that the covariant
derivative £#V,w* is a real multiple of w”. In terms of these
quantities, the light cone gauge is defined by imposing the
Ansdtze (111) and (112) throughout the light cone. The
individual light cone fields with positive helicities @ , 64
are then defined via (81), while the negative-helicity fields
O_,, 0% are defined via (108).

In fact, the light cone gauge of Sec. IV is slightly more
specific than this, as it implies some relationships between
the scaling of 7 across different light rays and similarly for the
phase of w*. However, this subtlety will not be important in
the following. The use of actual light cones of bulk points
makes our class of light cone gauges (which originated in
[50]) more general than the usual ones in the literature, which
use either null hyperplanes in Minkowski space or the light
cones of boundary points in anti—de Sitter space (e.g., [16]).
This greater generality enables us to ask a question that never
arises in the more usual, constrained setup and is relevant for
the scattering problem in the de Sitter space static patch.

2. Problem statement

Consider two light cone gauges as above, defined with
respect to two different light cones that share a light ray. On
the shared light ray, what is the relationship between the
light cone fields @, 09 in these two gauges?

The relevant case for static-patch scattering [5,50] is the
limit where one of the two light cones is a cosmological
horizon, i.e., its origin point is at the spacetime’s conformal
boundary. In fact, solving this limiting case is equivalent to
solving the more general problem above. This is because
the general case can be obtained by first relating the fields

between one light cone and a cosmological horizon, and
then again between the horizon and a second light cone. We
will work with the general case in Sec. V B and with the
limiting case in Sec. V C.

B. Solution via gauge-invariant field strengths

In [5,50], we solved the problem of comparing light
cone gauges by passing from gauge potentials to gauge-
covariant field strengths (which are actually gauge invariant
at linearized order), namely, the YM field strength and the
GR Weyl tensor. In the present higher-spin context, this
approach runs into a problem: we do not know how to
define the analogous field strengths for the right-handed
degrees of freedom encoded in the potentials Q, A“. In
particular, these desired field strengths are not just the
curvature 2-forms (35) and (36) (except in the s =1 YM
case). Indeed, those carry 25 — 2 left-handed spinor indices
at each spin s and transform nontrivially under the gauge
transformations (47)—(54), already at the linearized level.
The desired field strengths should instead be generaliza-
tions of the right-handed Weyl tensor, with all right-handed
indices, removed from the 2-forms (35) and (36) by a tower
of 25 —2 spacetime derivatives.

Fortunately, we can use a workaround. First, if we stay at
linearized order, the gauge-invariant field strengths are
trivial to write down, and we can proceed as in [5,50].
Second, we can use causality and angular momentum
conservation, along with the simple helicity structure of
our self-dual theory (41), to argue that the linearized
prescription does not receive nonlinear corrections.

We will denote quantities in the “second” light cone
gauge with a tilde. Recalling that 1/¢ is an affine coordinate
on the shared light ray, its rate of flow d/d(1/t) must be the
same in both gauges, up to a constant,

d(1/f) ~di

— =" — const.
d(jn) " Bar O™

(113)

We fix the phase of the spinor w” on the shared ray to be the
same in both gauges. Then the values of ## and its square
root w* in the two gauges are related as

dt
W =y [, (114)

~ dt
fﬂ = —A,fll,
dt dt

Let us now focus on the linearized theory, working at
linearized order in the deformations @, (, 6 (in particular,
this means we take the background geometry to be pure de
Sitter space). Since the GR- and YM-like sectors are fully
equivalent at the linearized level, we will focus on the GR-
like sector for brevity. Let us consider first the left-handed
fields W, as these are already field strengths that are gauge
invariant at the linearized level,

Yo, () = Yoy, (%) (115)
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Together with (108) and (114), this implies a proportion-
ality between the light cone fields @_,(x) on the shared ray

in the two gauges,
~ t (dt\s
¢_ ==\ 5= @_ .
Yo (dt) '

Let us now turn to the right-handed degrees of freedom. At
the linearized level, it is straightforward to write the gauge-
invariant right-handed field strengths corresponding to the
light cone Ansditze (81) and (82). In flat spacetime (see, e.g.,
[13]), one would simply apply 2s — 1 spacetime derivatives
0%, ...0"2, 0% to the potentials (106), contracting all
the left-handed spinor indices and symmetrizing the right-
handed ones. Since the linearized field strengths are
conformal, we can just use the flat-spacetime prescription
in the Poincaré coordinates and apply appropriate powers
of the conformal factor 7. The result reads (with sign factors
chosen for convenience)

(116)

\P(x] Qg T (_t)s+1qa1 . _q%saaldl . 'aazxdzsq)+sv (1 17)

where the spinor indices on the lhs are understood to live in
the internal flat tangent space. Contracting with w% analo-
gous to (108), we get an expression that no longer requires
Poincaré coordinates and can be written in the more
covariant language of Sec. VA,

- 4\
w "'W(IZY‘P(ZI...K'ZQX = —t(f"a”)“‘(l)*g - _t<d[) ®+S

_ 1 d 2 q)Jrs
e \ayy) A

Here, in the second equality, we treat ¢ as a coordinate along
the shared light ray, so that ##9, becomes d/dt. In the last
equality, we used a differential identity for functions f(¢) of
one variable, which is easy to prove by induction,

@) = <d<1d/r>>n =

Now, the components (118) in the two gauges should again
be proportional to each other via (114), so that

1 d \=d,, [(d\*1 d \»®,,
> \d(1/7)) &' \di) > \d(1/t)) ="

Using the constant ratio (113) between d(1/¢) and d(1/7),
this simplifies into

(@im) i = (awn) () =

Again using d(1/7)/d(1/t) = const, this can be integrated
trivially as

(118)

(119)

(120)

(121)

b, d(1/D)\* @,
== (i) = 1
- &, %(%) o, (123)

Thus, despite the appearance of spacetime derivatives in the
intermediate steps, we find that @_ ; is simply proportional
to @ at the same point, just as with the left-handed fields
(116). In fact, (116) and (123) combine nicely into a unified
result (along with its YM-like analog),

- t[df\*s N t(di\*
‘bisz;<a> Dy Uisz;<a’> Oy

Our next claim is that the linearized result (124) persists at
the nonlinear level without corrections. This follows from
an argument in several steps:

(1) The covariant theory (41) inherits the standard two-
derivative structure from self-dual GR + YM. As a
result, initial data on a light cone determine the fields
throughout the spacetime as usual. The light cone
fields @, 6 inherit this property from the covar-
iant fields via the relations (108), (111), and (112).
Therefore, the fields on the shared light ray in one
gauge must be determined somehow by the fields
throughout the light cone in the other gauge.

(2) Again due to the standard two-derivative structure,
the covariant theory (41) is causal. As a result, the
fields on the shared light ray in one gauge must be
determined by the fields on the same light ray in
the other gauge, since all the other light rays on the
light cone are spacelike separated from the shared
one. This is again inherited by the light cone fields
@, 04, since the relations (108), (111), and (112)
involve derivatives only along the light ray.

(3) Any nonlinear corrections to (124) must conserve
angular momentum. However, since the corrections
must be localized on the light ray, this angular
momentum cannot be orbital; i.e., it cannot arise from
spatial derivatives. Thus, the nonlinear corrections
must preserve helicity.

(4) The nonlinear corrections must arise from the inter-
actions in the theory. Therefore, any such corrections
require interactions with a vanishing sum of helicities.

(5) However, the theory (41) and (93) does not contain
such interactions. Specifically, all the vertices in (93)
have a positive sum of helicities (+1 for YM-like,
+2 for GR-like). Therefore, there can be no non-
linear corrections to (124).

(124)

C. Exploring the gauge transformation directly

In this subsection, we take a different approach to the
gauge-comparison problem defined in Sec. VA, which
will reproduce the result from Sec. V B. This alternative
approach is incomplete, as it will include some assumptions

104013-16



THEORIES OF THE GRAVITY PLUS GAUGE TYPE IN ...

PHYS. REV. D 112, 104013 (2025)

we cannot justify. The idea is to explicitly construct the gauge
transformation from one light cone gauge to the other, by
ensuring in a “minimal” way that the necessary gauge
conditions hold, not on the entire light cone, but on the
shared light ray and on a light ray infinitesimally displaced
from it, to first order in the displacement. We manage to do
this on the deformed background geometry (94) and without
any linearization in the fields. However, we were unable to
prove (aside from some simple cases, which we will mention
briefly) that this “greedy” procedure is, in fact, consistent
with fixing the correct gauge on the entire light cone.

1. Geometric setup

For simplicity, we focus on the GR-like sector. Thus, the
only fields are the connection ® = @packground 1 €2 and the
O-form V¥, and the only gauge transformations are the HS
Lorentz rotations (47) and the HS diffeomorphisms (51).
For the “first” of the two light cone gauges, we use the
explicit Ansatz (82) and use its associated Poincaré coor-
dinates throughout. Without loss of generality, we focus on
the specific light cone hypersurface,

GZQQaq&xM =0. (125)
For the second light cone gauge, we take the limit relevant for
static-patch scattering, namely, we take its origin to lie at
conformal infinity, so that the light cone itself is a cosmo-
logical horizon. In pure de Sitter space, the location of this
horizon can be taken as the light cone 7,,x*x” = 0 of the
boundary point x* = 0 (recall that, in Poincaré coordinates,
the conformal boundary is at ¢ = 0). Here, we do not assume
apure de Sitter space geometry, and we do not have a closed-
form expression for the horizon’s location. However, the
shared light ray between the horizon and the light cone (125)
can be fixed, without loss of generality, as

X~ g g, (126)
where the “0” subscript indicates that we are on the
shared ray.

In the first gauge, adapted to the light cone (125), the ¢
coordinate from Sec. V A, whose inverse is affine along the
light rays, is, by construction, the same as the Poincaré
coordinate 7. In the second gauge, adapted to the horizon,
we are effectively always “focused” in on a relatively tiny
interval of affine time, since the horizon’s origin on the
conformal boundary is at infinite affine distance from us. In
this regime, the inverse of an affine coordinate can be
approximated linearly as simply affine, shifted by a very
large constant. Thus, as the horizon’s analog of the ¢
coordinate from Sec. VA, we can use

f:const—;, (127)

with the understanding that the constant term is much larger
than the 1/7 term. The lightlike tangent to the shared light
ray (126) that is scaled with respect to d,7 reads

Oy = 100 q". (128)
On the shared ray, the tangent space to both the light cone
and the horizon consists of the lightlike vector (128), along
with two (complex) spatial vectors,

t

W= T = (129)

t

2
where we introduced a second constant spinor y* that is
normalized with respect to g% as g,x* = 1 and likewise for
)Z(l and q—('x.

In pure de Sitter space, the two basis vectors (129)
are both null, with the totally null bivectors ?0 A mand ?0 A
m left- and right-handed, respectively. Moreover, we can
define totally null planes along these bivectors, as x* =
0heq(...)% and X = o, (...)*q%, respectively. Like the
original ray (126), these totally null planes are also shared
between the light cone (125) and the horizon. Under the
right-handed deformation (94) of the de Sitter space geom-
etry, all this remains true of m* and the left-handed plane
X = o, q%(...)% which remains undeformed, but not of
their right-handed analogs m* and x* = o, (...)*q".

Along the shared left-handed plane, the light cone gauge
with respect to the light cone (125) also functions as a light
cone gauge with respect to the horizon, with no need for
any gauge transformation. Thus, we will focus on finding a
gauge transformation that satisfies the horizon’s light cone
gauge conditions at points removed from the shared light
ray infinitesimally along m#. In pure de Sitter space, we can
just focus on points of the form x* = x{j + hm* + hi,
where h, h are infinitesimal constants; in the pure de Sitter
space geometry, these points form a light ray, neighboring
(126), along the horizon #,,x*x” = 0. In the deformed
geometry (94), this neighboring light ray will itself get
deformed. However, if we assume that the ray is unde-
formed at some initial point (e.g., at infinity or at the static
patch’s bifurcation sphere as in [50]), then the deformed ray
will be of the form

X = xfy + hm* + hit + holyq®(..)%  (130)
This is because the deformation to the Christoffel symbols
I, from (94) is always along the ¢%,¢%(...)% plane, in at
least one of the indices u, v, p. The lightlike tangent to the
horizon ray (130) reads

om dx* H AP S a a
o= — =y + htm! + htm* + holy,q°(...)%

(131)

The hoty,q%(...)* term in (130) can be decomposed into a

piece along xfj and a piece along m*. At any single point,
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the first of these can be absorbed into the definition of x{,
while the second can be canceled against the hm* term, by
appropriately tuning % in proportion to 4. Thus, even in the
deformed geometry, we can simply focus on points
removed from the shared ray along the r* direction,

x* = xpy + himt, (132)
while being mindful that the set of such points may not
form a light ray. Instead, we read off from (131) that the
tangent to the horizon light ray passing through (132) takes
the form

' = 2 + htit" + hotiq?(...)%,

(04

(133)

where we absorbed the Atm* term into hol,q%(...)%. From
now on, we work to first order in small /. The spinor square
root w* of the lightlike tangent (133) reads

- _. h
= =ity = i{ (1 O )

(134)

2. Computing the gauge transformation

Let QM (x;y) denote the gauge-transformed version of the
I-form Q,(x;y), i.e., its value in the gauge adapted to the
horizon [while ,(x;y) itself refers to the original gauge,
adapted to the light cone (125)]. We write the gauge
conditions (111) in the horizon-adapted gauge as

e, Q, (x;y) = 0; (135)
Wa,(Wieh,Q,(x;y)) =0, (136)

where we recall that d, is a derivative with respect to the
spinor y* Note that (135) and (136) capture all the
restrictions on Qﬂ implied by (111). The only additional
content of (111) is the definition of the light cone fields
&, which we will get to in Sec. V C3.

On the shared left-handed plane and, in particular, on the
shared ray (126), the conditions (135) and (136) already
hold in the original gauge. We will thus choose the gauge-
transformation parameters ©(x;y),Z#(x;y) on the shared
left-handed plane to vanish. As an immediate consequence,
the left-handed field W(xy;y) on the shared ray remains
invariant under the gauge transformation, since its trans-
formation law does not involve gradients of ®,E¢. We
therefore focus purely on the 1-form Q,/ Q,,, whose gauge
transformation does involve a gradient 9,0. Since we took
the transformation parameters ®, E¥ to vanish on the shared
ray, their values at the neighboring points (132) will be
infinitesimal of order O(h). This allows us to use the gauge
transformations in their infinitesimal form (47) and (51).

Out of the gauge conditions (135) and (136), we focus on
enforcing the following components at the neighboring
points (132):

Q- (xy) = 0; (137)

W40, (x;y) = 0, (138)
where we introduce the shorthand Q, = U”QM for con-
tracting vectors with 1-forms. Note that on the deformed
geometry, the condition (138) is not a component of (136),
but it is a linear combination of (135) and (136). In our
greedy gauge-transformation procedure, the components
(137) and (138) will be sufficient to determine the field
component Qn—q on the shared ray, which, in turn, will be
sufficient for the desired comparison of the light cone fields
@, in the two gauges. Writing (137) and (138) in terms of
the original gauge €2, and the gauge transformations (47)
and (51), we get

Q; + 'ER,, + V;0 = 0; (139)

W0,(Qy5 + m*'E'R,, + V;0) =0, (140)
where V0 denotes the covariant derivative with respect to
the full GR-like connection w,,

V,0=0,0 + {0, 0}. (141)

Our goal is to solve (139) and (140) for the gradients
V,:0(=0;0) and 0;E* on the shared ray; since ©,E
themselves vanish on the shared ray, this will determine the
desired component €, in the new gauge.

Let us now start by expanding Eq. (139) to first order in
h. Plugging in (132) and (133), the V;0 piece reads

V:0(x;y) = V;0(xq + hiii; y)
= V;,0(x0;y) + hd; V7 0(xp;y)
+ htV 3 0(x0; y) + holeq® (... )*V,0(x03 ).
(142)

Here, the first term vanishes, since ® vanishes on the shared
ray. The fourth term, with derivatives along ¢%(...)%, also
vanishes, because ® vanishes along the entire shared left-
handed plane. We are left with the second and third terms.
In the second term, since ® vanishes on the shared ray, we
can trade the partial derivative d,; for a covariant one and
then commute the derivatives,

angOQ = vvaOQ = VZOVWI@ +{Ryz, O} + v[’ﬁjo]G'

mey’
=0 at x,

(143)
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Computing the Lie bracket [, Z,], we find a cancellation
between the two surviving terms in (142), as

m, 6y = —tm = V;@(x; y) = th; V:0(x05y).
0
(144)

We now plug this back into the gauge condition (139).
Recalling that Q, vanishes when contracted with vectors
0h;,q%(...)* along the shared left-handed plane, and that Z¥
vanishes at x,, Eq. (139) reduces to (discarding a common

factor of h)

1Q,(x05 ¥) + £5(07E (03 ¥)) Ry (03 ¥)
+ V; V,:0(x;y) = 0. (145)
0

We now perform a similar expansion for the second gauge
condition (140). Using the vanishing of ®, Z* on the shared
ray, we get

W90,(Q + h0; Qs + hiit* (0,5°)R,, + V0

+ hd;V,;:0) =0, (146)
where everything is again evaluated at x,. Using our
expansion (134) of w”, together with the property
470,82, = 0, which holds everywhere in the original
gauge, Eq. (146) becomes (discarding a common factor

of \/1)
hq®d,(m* (a,ﬁE”)RW +0;:V;9)
4 ((1 +O(h))g" — g xa) 0,V,0 — g 470,2, = 0.
(147)

The term with ¢%d, acting on V;0 can be discarded.
This is because we are on the shared ray, where V,0
defines the difference between the old and new gauges
Qﬂ —Q,, both of which satisfy the gauge condition
qaaafzﬂ:qaaag,,:o. We are left with (discarding a
common factor of h)

1
4“0, (mﬂ(a,ﬁav)Rw n a,ﬁvm(a) 540, (Q,ﬁ n v,,-,(a).
(148)

We can now guess the form of the solution to Egs. (145)
and (148). We write the following Ansatz for the unknown
derivatives of ©®, 2" along m”, in terms of some functions
f. 91,9, depending on ¢ and on helicity ud, — 1,

Via®(x0;y) = f (1, u0,) P, (xo; ) (149)

u=(qy)?/t’

_ mt 1
07! (x03y) = _Tau g9:(t.uo,) —;gz(t, “au>a;0

x ©_ (x;u)

. 150
x=xou=(qy)*/1t (150
This Ansatz immediately gives us some simplifications. Let
us focus first on the £{)(9,;2")R,,, term in Eq. (145). In our
Ansatz (150), we have

2LOE ~ 2Ymh) ~ qogP ot o, (151)

which vanishes upon contraction with all the @, -dependent
deformation terms in our expression (84) for R,,. This
leaves only the pure de Sitter space term R,‘fﬁ, and Eq. (145)
simplifies to

197 (x05 y) + %wmay(xo;)’))RSﬁ(xoZY)
+ V; V,i0O(xp;y) = 0. (152)
0

Plugging in the light cone Ansdtze (82) and (84) and our
Ansdtze (149) and (150) for the gauge parameters, this
becomes

1
(5 + (0. 00,)u0, = 1(0.10,) )7, (50
= (tgl (tv uau)uau + tzatf(tv uau)

= 20 (1,40, )u,) P, (xp; )

x=xo:u=(qy)*/1

u=(qy)2/t’ (153)

Turning to our second equation (148), we can similarly
simplify the ¢“d,(m"(0;Z")R,,) term. Since the vector
0;E" ~ m! points along the left-handed plane o’,,q°(...)%,
all contributions to 7*(9,;Z")R,, from the @, deformation
in (84) depend on y* only via (gy). These contributions
then vanish when acted on by ¢“d,, leaving just the de
Sitter contribution ¢“9d,(m*(0;E)RS;). Equation (148)
then becomes

1
9°0u(11" (07 =" )R + 07V 0) = 57"04(Qn + V20).
(154)

Frustratingly, this includes a term that depends on
0;:V,09(xo;v), i.e., on the value of ® at points removed
to order O(h?) from the shared left-handed plane. This is a
problem, since solving the gauge-fixing equations to second
order in h appears very cumbersome. Furthermore, the
second-order equations end up depending on the third
order in much the same way. On a pure de Sitter space
geometry, this tower of equations is tractable and continues
until order 25 — 1 for every spin s in the gauge parameters
®, Z*. For small values of s, we managed to solve the full
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tower and found that the second-order piece ¢%0,(0,;,V,:0)
in (154) actually vanishes. Let us therefore assume that it
vanishes in the general case; as we will see, this will
reproduce the correct answer from Sec. V B. Without this
term, plugging our Ansdtze (82), (84), (149), and (150) into
Eq. (154) gives

(th(tv uau) — 19 (t’ Mau)

+ (QZ(t’ Mau) - 1)6;0)<I>+(x; u)‘x:xmu:(qy)z/t' (155)

Equations (153) and (155) can now be solved, giving

gi(t,ud,) = 2f(t,ud,);  g(t,ud,) =1;

F(t.ud,) = ud, + (156)

Plugging this into (149) and recalling the original light cone
gauge (82), we obtain the desired field component Q,; on the
shared light ray in the new gauge,

Qi (x0:y) = Qi (x0:y) + V;z0(x0: y)
1 1
- <_Za;0 + uau +§> (D+(xo; u)|u:<qy>2/t'
(157)

‘We emphasize that this result is unaltered by the interactions:
any interaction terms encoded in V,, or R,,, as well as any
terms coming from spin-2 deformations to the pure de Sitter
space geometry, have dropped out.

3. Comparing to the result of Sec. VB

Let us now rewrite the field component (157) in the
horizon-adapted gauge in a way that will allow comparison
to the result of Sec. V B. This requires finding the analog
@, (x;u) in this gauge of the light cone fields ®_ (x;u).
From now on, we evaluate everything on the shared light
ray and drop the O subscript on x’é,?’g. In the horizon-
adapted gauge, the Ansatz (111) expresses the component
(157) as

Qu(xy) = —%2”0},‘11(36; u) (158)

u=t(qy)*

Here, we used 7 from (129) and w* = \/tg® on the shared
ray from (134), and the deformation terms in the vielbein
again do not contribute. Now, recall from (127) that the
coordinate 7 in (158) should be understood as an infinite
constant, with its gradient negligible compared to its value.
The light cone field @, (x; u) is therefore vanishing, with
the finite quantity of interest being the product 7®_ (x; u)
(this is the usual situation for light cone fields in a horizon
limit; see, e.g., [50]). We thus rewrite (158) as

Gp(x:y) = =570, (x:)) (159)

u=t{qy)’
Comparing with (157) and decomposing into spins s via
(81), we get the relationship between ®_ (x) and i®, (x)
on the shared ray,

~ - 1 1~
£, (lfbﬂ (x)) == <;fﬂaﬂ —2s+ 1> @, (x). (160)

Using t as a coordinate along the shared ray, so that
20, = 1*(d/dt), this can be packaged as

d . d ®
- qu) _ - +s ,
dt (7®..) dt 17!

(161)
which integrates trivially into a proportionality relation

between ®_, and 7®D.  at the same point,

7R (I)Jrs
10, = 251"

(162)

Recalling (127), we see that this agrees with the result (123)
of Sec. VB.

VI. DISCUSSION

In this paper, we presented a number of results on
(GR + YM)-type theories in four spacetime dimensions
with cosmological constant. In Sec. II, we considered GR +
YM theory itself, presenting two novel Lagrangians (5)—(7)
and (19)—(21) that employ the same kinds of variables in both
sectors, playing maximally similar roles. It would be
interesting to see whether the double-copy-like structure
of these Lagrangians leads to some interesting consequences
in scattering problems, such as the usual S matrix in the
A — 0 limit [53] or de Sitter space static-patch amplitudes
directly at A # 0 [5,50]. In this context, we expect the chiral
formulation (19)-(21) to be superior. This is because it
structures the full theory as a perturbative expansion over
its self-dual sector (28), which corresponds to organizing all
scattering amplitudes as perturbations around the Maximally
Helicity Violating (MHV) sector.

It would be interesting to extend the formalism of
Sec. II to include spin-% matter, perhaps by way of super-
symmetry. Indeed, arguably the most complete unifica-
tion of GR and YM occurs in N =2 supergravity. It
would be nice to make contact with it. In the context of
the Plebanski-type Lagrangian (30), some steps in this
direction were made in [37,38], but it appears that new
ideas are needed.

In Sec. III, we considered the higher-spin self-dual
version of GR + YM. Our construction shows how inter-
actions of higher-spin fields with total helicity +1 (YM-
like) and +2 (GR-like) can be combined in a single
covariant framework, as well as how to descend from this
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covariant framework into a light cone gauge. It would be
interesting to see if this unification holds some lessons for
the structure of full HS gravity or at least its chiral sector [14]
(whose interactions have arbitrary positive total helicity).
In Sec. IVA, we wrote down and solved the light cone
field equations for higher-spin self-dual YM, showing that
the structure is a trivial extension of self-dual YM itself. In
particular, the equations and their solution are unaffected
by the cosmological constant or, equivalently, by the
conformal factor ¢ in Poincaré coordinates. In self-dual
YM, this is a well-known consequence of conformal
symmetry. It would be interesting to understand whether
a similar symmetry governs the higher-spin theory as well.
In Sec. V, we studied the problem of comparing two light
cone gauges in the higher-spin self-dual theory, which is
relevant for the static-patch scattering problem [5,50]. The
linearized portion of our analysis should extend directly
into full HS gravity. Moreover, a key step in showing that
the linearized result persists nonlinearly (Sec. V B),
namely, the positive total helicity of the interactions,
remains valid in the full chiral theory of [14]. On the

other hand, another key step in our argument was causality,
whose status is unclear in the context of HS gravity’s
higher-derivative interactions. We will take up this problem
in our next paper [15].

Finally, in Sec. VC, we studied the explicit gauge
transformation between two light cone gauges. Our con-
struction involved some unjustified greedy assumptions,
i.e., that only the first derivatives of the gauge parameters
on the shared light ray are important. Nevertheless, these
assumptions led to the correct result, obtained by other
means in Sec. V B. There might be some structure worth
exploring behind this happy coincidence.
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