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We derive an extended expression for the relaxation time of a barotropic Israel-Stewart (IS) fluid (BISF)
using the nonlinear causality constraint, and propose a new formulation for modeling causal bulk viscous
dissipation in barotropic fluids in the full nonlinear regime. With this generalized relaxation time, the
covariant nonlinear IS equation reduces to a first-order nonlinear differential equation relating the bulk
viscous pressure and the energy density, which remains valid in any homogeneous and isotropic spacetime.
In a spatially flat Friedmann universe, adopting this extended relation within the generalized nonlinear IS
theory yields a new class of analytical solutions in both the linear and certain truncated nonlinear regimes.
We also find that the resulting effective equation of state in the linear regime naturally reproduces the
generalized polytropic form often introduced phenomenologically in the literature. The dynamical
implications of adopting the causal relaxation time for BISF are investigated in the linear, truncated
nonlinear, and full nonlinear far-from-equilibrium regimes, and the constraints required to ensure
physically viable evolution of the viscous fluid are derived. A detailed dynamical systems analysis of
the coupled Einstein-Israel–Stewart (EIS) system is also performed. Finally, we solve the coupled EIS
equations numerically in the full nonlinear regime and show that the model can support a transient Hubble
slow-roll expansion phase with a smooth exit to a radiation-dominated universe, which is challenging to
obtain in standard inflationary models.
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I. INTRODUCTION

Relativistic dissipative hydrodynamics provides the
theoretical foundation for describing and modeling non-
equilibrium processes in relativistic fluids, encompassing
applications from the early Universe to relativistic heavy-
ion collisions and compact astrophysical objects [1–3]. In
cosmology, it has been shown that, bulk viscous stresses
can contribute to entropy generation [4], particle creation
[5], and the damping of anisotropies in the early Universe
[6,7]. Moreover, it was also shown that, under suitable
conditions, an interacting multicomponent medium can be
recast as an effective bulk viscous fluid [8,9]. These
profound cosmological implications of bulk viscosity have
attracted considerable attention, particularly its ability to
drive acceleration expansion of the Universe [10–13].
The theoretical formulation of relativistic dissipative fluid

dynamics has undergone substantial development over the
past decades. The earliest approaches, due to Eckart [14] and
later Landau and Lifshitz [15], were based on first-order
constitutive relations connecting the thermodynamic fluxes
to gradients of macroscopic variables. However, in spite of

being a direct relativistic extension of the standard Navier-
Stokes relation, these formulations were shown to violate
causality [16] and predict solutions with unstable final
equilibrium states [17]. To overcome these drawbacks,
Israel and Stewart generalized the above approach by
considering second-order corrections with additional relax-
ation type degree of freedoms in the entropy flux equation
[16,18]. The resulting formulation, called the Israel-Stewart
theory (IS), forms a thermodynamically consistent frame-
work with relaxation-type equations for viscous pressure,
which ensures causality within the near-equilibrium limit.
However, the IS theory did not provide a general proof of
causality and stability for fluids, that are driven far from
equilibrium, or when nonlinear dissipative effects are dom-
inant. This long-standing problem was recently solved in
[19], where the authors derived the necessary and sufficient
conditions underwhich causality, stability, and hyperbolicity
are satisfied in general nonlinear IS theories that are
dynamically coupled to Einstein equations. This established
the mathematical consistency of relativistic hydrodynamics
beyond the linear regime, and provided a robust foundation
for studying strongly nonequilibrium phenomena in relativ-
istic hydrodynamic systems. Accordingly, an interesting
phenomenological dissipative fluid model was recently
proposed, which is argued to be viable even the system
undergoes rapid expansions and contractions [20].
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Even though the causality conditions can ensure the
mathematical consistency of nonlinear IS theories, a valid
realization of the framework requires specifying the func-
tional form of the non-linear dissipative contribution. This
choice is particularly important when relativistic fluids
undergo large departures from local equilibrium, since
nonlinear dissipative effects can play a significant role in
governing the dynamics of the fluid in the far from
equilibrium regime. In the relativistic settings, where rapid
expansion/contraction can both influence and be influenced
by the evolution of dissipative stresses, a consistent treatment
of nonlinearities is therefore essential. This motivates the
adoption of generalized, nonpolynomial formulations of the
IS equations that remain well defined for arbitrarily large
deviations from equilibrium while reducing smoothly to the
standard IS structure in the near-equilibrium limit. In this
article, we implement such a formulation by introducing an
explicit exponential nonlinear dissipative contribution.
Despite its wide ranging applications, in most cases, IS

framework in its standard formulation requires phenom-
enological prescriptions for the relaxation time (τ) and the
viscous coefficient (ζ), particularly in cosmological set-
tings. In most cases, the dissipative variables are considered
to be barotropic, and are hence modeled as a function of the
fluid’s energy density [21–23]. While these basic assump-
tions greatly simplify analytical and numerical calculations,
it generally does not ensure that the resulting theory
respects causality. The first explicit causal relation for
the relaxation time was derived by Maartens in [24], which
established a direct connection between dissipative varia-
bles within the near-equilibrium regime. However, since
this relation is obtained under the assumption of small
deviations from equilibrium, adopting the same relation in
far-from-equilibrium regimes may not ensure causality. In
cosmological contexts, where rapid expansion and signifi-
cant departures from local equilibrium may occur, these
simplifications can affect the accurate modeling of bulk
dissipative processes [25–27]. Furthermore, it is to be noted
that viscous driven accelerated expansion of the Universe is
an inherently far-from-equilibrium behavior. Hence, relax-
ation dynamics of relativistic dissipative fluids in cosmol-
ogy necessarily requires a reexamination subject to the
general causality framework derived in [19].
In this work, we derive an extended expression for the

relaxation time of a barotropic, nonlinear IS fluid directly
from the general causality condition proposed in [19], such
that the resulting formulation guarantees causality under
arbitrary departures from equilibrium. We will show that,
for a barotropic fluid, adopting the aforementioned expres-
sion for relaxation time reduces the IS equation into a first-
order nonlinear ordinary differential equation connecting
the bulk viscous pressure and the energy density, which is
valid in any homogeneous and isotropic spacetimes. This
reduction renders the theory analytically tractable while
also preserving the necessary causal structure. We will then

apply this IS equation in the context of spatially flat FLRW
spacetime, and show that this formulation yields new class
of exact analytical solutions that resembles the generalized
polytropic equations of states, which are often introduced
phenomenologically [28–32]. Finally, we will also show
that, the resulting dynamical equation can also enable a
transient viscous driven early-inflationary phase that nat-
urally transitions into radiation-dominated epoch and
remains observationally consistent.

II. NON-LINEAR ISRAEL-STEWART THEORY
WITH CAUSAL RELAXATION TIME

In homogeneous and isotropic spacetimes, one defines
the energy momentum tensor and particle flux density of
dissipative fluids with energy density “ρ,” nonequilibrium
pressure “P,” particle number density “n,” as,

Tμν ¼ ρuμuν þ ðpþ ΠÞΔμν ∶ nμ ¼ nuμ: ð1Þ

Here, p is the equilibrium pressure, Π represents the bulk
viscous pressure, uμ is the particle four-velocity in the
instantaneous comoving frame, Δμν ¼ gμν þ uμuν is the
projection tensor orthogonal to uμ, and gμν is the space-time
metric. In general relativity, the equations of motion that
govern the dynamics of such a fluids are [19],

uμ∇μρ ¼ −ðρþ pþ ΠÞ∇μuμ; ð2Þ

uμ∇μuν ¼ −
½ωρΔ

μ
ν∇μρþ ωnΔ

μ
ν∇μnþ Δμ

ν∇μΠ�
ρþ pþ Π

; ð3Þ

uμ∇μn ¼ −n∇μuμ; ð4Þ

uμ∇μΠ ¼ −
1

τΠ
½ΠeλΠ þ ζΠ∇μuμ�: ð5Þ

Here, ðωρ;ωn; ζΠ; τΠ; λÞ are free parameters of the model
that depend on the nature of the fluid. To be precise, ωρ ¼
ð∂p=∂ρÞn is the squared adiabatic speed of sound in the
medium, ωn ¼ ð∂p=∂nÞρ quantifies the dependence of
pressure on particle number density, “τΠ” represents the
relaxation time of the fluid, “ζΠ” is the coefficient of bulk
viscosity, and “λ” is the constant nonlinear coupling
parameter (Note that “λ” has the dimension of inverse
energy density). In general, the parameters τΠ and ζΠ can
have explicit dependence also on ðρ;n;ΠÞ.
Transport equation (5) represents a fully nonlinear

generalization of the standard Israel-Stewart relation, char-
acterized by the explicit inclusion of an exponential
function of Π in addition to the standard IS structure.
This formulation effectively captures all the higher-order
dissipative contributions within a closed functional form,
thereby enabling the theory to be consistently extended to
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arbitrarily far-from-equilibrium regimes. In the near-
equilibrium limit, the above equation reduces to,

uμ∇μΠ ¼ −
1

τΠ
½Πþ λΠ2 þOðΠ3Þ…þ ζΠ∇μuμ�: ð6Þ

If you truncate this relation by considering up to second order
inΠ, then the resulting relation exactlymatches the nonlinear
formof IS equationproposed in [19].Hence, Eq. (5) becomes
an extended form of the nonlinear Israel-Stewart relation
proposed therein. Notably, the above equation exactly
reduces toMaxwell-Cattaneo relationwhen λ ¼ 0, andwhen
λ ≠ 0, it becomes a fully nonlinear extension of the same. In
addition to this, if the limit τΠ → 0 is also satisfied, the
proposed relation approaches the relativistic Navier-Stokes
relation. This extended form of IS equation (5) not only
captures the necessary physical characteristics of the system,
but can also provide exact analytical solutions in Friedmann-
Lemaître-Robertson-Walker (FLRW) spacetime in the linear
cases, and also in certain truncated nonlinear cases, which is
discussed in the next section. Finally, one can show that in the
Minkowski spacetime, this extended, fully nonlinear Israel-
Stewart relation offers a stable equilibrium solution, refer to
Appendix A.
To complete the system, one must then express the

dissipative variables ðωρ;ωn; ζΠ; τΠÞ in terms of the inde-
pendent variables. Ideally, these relations should be derived
from underlying microscopic interactions in the fluid.
However, in most cases such a description is not readily
obtained, and consequently one can postulate these rela-
tions phenomenologically.
In the general case of a barotropic bulk viscous fluid

both, the equilibrium pressure, and the viscous pressure,
depend only on the energy density of the fluid (and not on
the particle number density), and hence one often adopts
the relations; Π ¼ ΠðρÞ, and p ¼ w0ρ. Here, w0 is con-
sidered to be a constant free parameter (related to adiabatic
speed of sound in the medium, i.e., w0 ¼ c2s), though in
general, it can also vary with energy density. It is then easy
to see that, owing to this choice of pressure we get,ωρ ¼ w0

and ωn ¼ 0. However, obtaining the form of ζΠ and τΠ is
not that straightforward. In the linear regime, authors most
often consider two different approaches in choosing ζ and
τ; One either treats them as independent barotropic vari-
ables [33,34], or alternatively, one relates them via the
causality constraint in the linear regime [24], and sub-
sequently, postulates a barotropic bulk viscous coefficient
[35]. Regardless, in the nonlinear regime, or in the cases
where when τ and ζΠ are allowed to depend also onΠ, both
these cases may fail to satisfy causality. This is because, the
linear constraint may not be applicable in the nonlinear
regime. Hence, in such cases one must replace the linear
causality constraint with the nonlinear version derived in
[19]. In that manuscript, authors proved that the set of
equations (2)–(5), coupled to the Einstein’s field equation,

represents a first-order symmetric hyperbolic system that is
causal, stable, and hyperbolic in the nonlinear regime,
provided the constraint given below is satisfied;

�
ζΠ
τΠ

þ nωn

�
1

ρþ pþ Π
þ ωρ ≤ 1: ð7Þ

The left-hand side of the above inequality represents the
effective squared speed of sound in the dissipative fluid, and
hence the constraint basically suggests that c2acoustic ≤ c2,
where “c” is the cosmic speed limit. For the barotropic case
considered here, with p ¼ w0ρ, we have ωn ¼ 0 and
ωρ ¼ w0. The causality constraint then reduces to a bound
on the viscous contribution to the total acoustic speed,
analogous to the analysis performed in the linear regime
[24,36]. To implement this constraint in a simple and
transparent manner, we parametrize the bound by introduc-
ing a dimensionless constant 0 < ϵ0 ≤ 1, which quantifies
how close the system operates to the causal limit. This
directly determines the relaxation time as,

τΠ ¼ ζΠ
ϵ0ð1 − w0Þðρþ pþ ΠÞ ; 0 < ϵ0 ≤ 1: ð8Þ

For a detailed derivation, see Appendix B. Since the above
definition of the relaxation time is directly derived from the
causality constraint, the transport equation for bulk vis-
cosity will remain causal at all times, even when fluid is far
from equilibrium, i.e., jΠj ≈ ðρþ pÞ. Consequently, we
will refer to this version of relaxation time as the “causal
relaxation time” (τc) and the associate fluid as BISF, i.e.,
barotropic Israel Stewart fluid. Interestingly, this equation
exactly reduces to standard relation in the linear regime
when the fluid is in a near-equilibrium state, i.e., when
jΠj=ðρþ pÞ ≪ 1, and can hence be considered as an
extended version of the linear relation. The fully nonlinear
IS equation proposed in Eq. (5), can show both pseudo-
plastic as well as viscoelastic behavior in the appropriate
regimes, for details refer to Appendix C.
In the far from equilibrium regime, jΠj → ρþ p, and as

a result τc increases significantly and may even diverge if
jΠj ¼ ρþ p. To bypass this singularity, one must propose a
suitable initial condition for the fluid, and constrain the free
parameters in the model, such that the obtained solution
predicts an acceptable causal evolution for the viscous fluid
(i.e., jΠj < ρþ p at all times). Therefore, adopting the
causal relaxation time given in Eq. (8) directly leads to the
following results:

(i) Viscous driven de-Sitter expansion is a theoretical
impossibility since ρþ pþ Π ¼ 0 is nonachievable.
However, a quintessence solutionmimicking a quasi–
de Sitter phase is plausible when, Π ≈ −ðρþ pÞ.

(ii) Phantom viscous fluids are also theoretically non-
feasible. This is because, in the present case, the
fluid must satisfy the constraints, ρþ pþ Π ≥ 0,
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w0 ≥ 0, and ζΠ ≥ 0, at all times to ensure causality
and uniqueness of solution [19].

Combining the equations (2), (5), and (8), we obtain the
following nonlinear ordinary differential equation (ODE)
for a barotropic fluid,

dΠ
dρ

¼ ϵ0ð1 − w0Þ
�
1þ ΠeλΠ

ζΠ∇μuμ

�
: ð9Þ

This ODE is quite general as it is independent of the choice
of space-time metric, and was obtained as a direct conse-
quence of the two assumptions; (a) the bulk viscous
pressure is barotropic (b) the relaxation time is given by
Eq. (8). In the upcoming section, we will analyze the
behavior of this equation in the cosmological setting by
considering both linear and nonlinear effects.

III. FLRW UNIVERSE WITH BISF

Consider a spatially flat, homogeneous and isotropic
universe, in which the ideal fluid is replaced by the BISF
modeled in the above section. Substituting the standard
Friedmann-Lemaître-Robertson-Walker metric given as,

ds2 ¼ −dt2 þ aðtÞ2½dx2 þ dy2 þ dz2�; ð10Þ

in the Einstein’s field equations, and using Eqs. (1), (10),
we get the modified Friedmann equations,

3H2 ¼ ρ; ð11Þ

2Ḣ þ 3H2 ¼ −ðpþ ΠÞ: ð12Þ

Since we are considering a barotropic viscous pressure, the
dissipative coefficient ζΠ must also be barotropic, i.e.,
ζΠ ∼ ζΠðρÞ. The simplest, most straightforward ansatz that
one could consider is then, ζΠðρÞ ¼ ζ0

ffiffiffiffiffiffiffiffiffiffiffi
ρ2nþ1

p
, which is a

popular form often considered in literature [24].1 Adopting
this relation in Eq. (9), we obtain,

dΠ
dρ

¼ ϵþ η

�
ΠeλΠ

ρnþ1

�
: ð13Þ

Here, we have denoted ϵ ¼ ϵ0ð1 − w0Þ, η ¼ ϵ=
ffiffiffi
3

p
ζ0, and

ϵ0 and ζ0, are constant positive real numbers. Also it is
evident from Eq. (8) that for satisfying the causality;
0 < ϵ ≤ 1 if w0 ¼ 0, and 0 < ϵ ≤ 2=3 if w0 ¼ 1=3.
To solve this nonlinear ODE, one needs to impose a

suitable initial condition, and in cosmological context,
the natural intuition is that the fluid starts off from an

out-of-equilibrium state, and later approaches a stable
equilibrium as it evolves in time. Therefore, it is expected
that the end phase solution is a stable equilibrium statewhere
the bulk dissipative fluxes necessarily vanish. In this article
we will adhere to this intuitive picture. Hence, we consider
the fluid to evolve from an initial far-from-equilibrium state
with ρ ¼ Λe andΠe ¼ −wΛe toward a late-time stable state
in which both ρ andΠ vanish. Physical consistency demands
that acceptable solutions satisfy, Π=ρ → −κ, with κ≊0, as
a → ∞ and ρ → 0. Here, the parameter “w” measures the
initial deviation from equilibrium, and its value is bounded
within the limits 0 ≤ w < 1þ w0, as dictated by the null
energy condition, ρþ pþ Π ≥ 0.
Wewill now investigate the evolution of the BISF in both

the linear and nonlinear regime and determine the physi-
cally acceptable solutions, which predict a fluid that is
relaxing to its equilibrium state. In the linear regime we will
consider both n ¼ 0 and n ≠ 0 cases, while in the nonlinear
regime we will confine our analysis to the n ¼ 0 case only,
this reduces the number of free parameters and significantly
simplifies the nonlinear equation.

A. BISF in the linear regime

In the linear regime (λ ¼ 0, or when jλΠj → 0), the
nonlinear IS equation reduces to the Maxwell-Cattaneo
relation,

dΠ
dρ

¼ ϵþ η

�
Π

ρnþ1

�
: ð14Þ

This simple equation can be exactly solved to obtain the
analytical solutions for cases (a) n ¼ 0, and (b) n ≠ 0,
(a) For n ¼ 0: In this case we get,

Π ¼
�

ϵ

1 − η

�
ρþ Cρη: ð15Þ

Interestingly, the above equation connecting the viscous
pressure with energy density is identical to the equation of
state of a generalized polytroic fluid [28–32]. Applying the
initial condition Πe ¼ −wΛe at ρ ¼ Λe, we get the exact
solution as,

Π
ρ
¼ ϵ

1 − η
−
�
wþ ϵ

1 − η

��
ρ

Λe

�
η−1

; η ≠ 1: ð16Þ

By analyzing this equation, significant inferences can be
drawn regarding the possible behaviors that the fluid could
show, and one can assess which among them are physically
viable ones. As mentioned earlier, the acceptable solutions
are those in which the fluid is seen evolving toward the
equilibrium state as the energy density dilutes. This means,
as ρ evolves from Λe to zero, jΠj=ρ must decrease from its
initial value, and therefore,Π=ρmust tend to zero as ρ → 0.
To visualize this clearly, we make a 4D plot of the above

1Since n is an unspecified constant real number, one has the
freedom to choose the power of ρ in the ansatz for viscous
coefficient for better representation. Here we adopted

ffiffiffiffiffiffiffiffiffiffiffi
ρ2nþ1

p
so

that final expression looks less tedious.
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equation by considering ϵ, η and ρ as the three axes of a
coordinate system, and plotting Π=ρ as a color gradient
depicted via the color bar, as seen in Fig. 1. In the plot, we
have fixed2 Λe ¼ 1 and w ¼ 1.33. Based on the color map
that we have used in the figures, the acceptability criterion
stated above directly implies the following; as energy
density (ρ) evolves from one to zero, the viable solutions
are those for which the color gradates from dark blue to
bright yellow. According to Fig. 1 we see that for having
viable solutions, ηmust be sufficiently large, while ϵ should
be necessarily small. As the value of ϵ increases, the value
of η required for obtaining an acceptable solution becomes
larger. At the same time, we also see that if the value of η
becomes smaller than one, no value of ϵ (however small it
may be), will yield a solution that is evolving toward
equilibrium. Furthermore, if we consider η < 1, then from
Eq. (15), we will obtain the scenario where, Π=ρ → −∞ as
ρ → 0, which is unacceptable. Hence in this case, for
having a physically viable evolution for the bulk viscous
fluid, it is mandatory that, η > 1 and ϵ ≪ 1. Also, in this
domain of η and ϵ values, one can show that,

lim
ρ→0

Π
ρ

����
η>1

¼ ϵ

1 − η
: ð17Þ

Therefore, “ϵ ≪ 1” is also essential to ensure that the
viscous fluid is close to equilibrium state in the late phase.
(b) For n ≠ 0: Surprisingly, Eq. (14) also offers an

analytical solution for any arbitrary value of “n” except
zero (in which case one uses the solution obtained in the

previous case). This can be derived via the method of
integrating factors, which yields,

Π
ρ
¼ e−η=ðnρnÞ

�
E −

�
wΛe

ρ

�
eη=ðnΛn

eÞ
�

where; E ¼ ϵ

ρ

Z
ρ

Λe

eη=ðnρ̃nÞdρ̃: ð18Þ

Here we have used the same initial condition, as in the
previous case, and have integrated within the limit ðΛe; ρÞ.
The exact behavior of this solution can be studied with the
help of the plots in Fig. 2. To plot Fig. 2(a) we have taken
the values, Λe ¼ 1, w ¼ 1.33, ϵ ¼ 0.01, and allowed
“ðn; η; ρÞ” to vary. And for plotting Fig. 2(b) we fix
Λe ¼ 1, w ¼ 1.33, n ¼ 0.50 and vary “ðϵ; η; ρÞ.”

FIG. 1. 4D scatter plot depicting the evolution of Π=ρ for n ¼ 0
case of BISF in the linear regime.

(a)

(b)

FIG. 2. 4D scatter plots showing the evolution of Π=ρ, for
n ≠ 0 linear case of BISF. (a) For different n and ϵ ¼ 0.01.
(b) For different ϵ and n ¼ 0.50.

2We have considered the case where fluid is initialized near to
its maximum possible out-of-equilibrium state w ≈ 1þ w0.
Recall that maximum value of w0 is 1=3, which implies w ≈ 4=3.
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By analyzing the Figs. 2(a) and 2(b), we arrive at the
following inferences;

(i) For n < 0, the viscous fluid initially evolves toward
the equilibrium state [as indicated by a change in
color from dark blue to bright yellow in Fig. 2(a)]
but later, as ρ tends to zero, it is driven away from
equilibrium state (as indicated by a color shift from
bright yellow to dark-blue). This fact is true irre-
spective of the values of η and ϵ. Consequently, in
this case, the dissipative fluid totally fails to ap-
proach equilibrium state in the late phase.

(ii) For n > 0, fluid can evolve toward equilibrium state,
provided ϵ ≪ 1 and “η” is above a particular thresh-
old, which in turn depends on the value of “n.” From
Figs. 2(a) and 2(b) it is clear that for ϵ ≪ 1; larger
positive values of “n” can ensure viable solutions
even for small η values. Hence, η > 1 is not a strict
requirement to predict viable solutions in the cases
where n > 0.

(iii) As n → 0, the plot begins to align closely with the
previous case in which n ¼ 0, i.e., Fig. 1. As
expected, from Fig. 2(a), we see that the inferences
drawn in the earlier case will apply here also, i.e.,
viable solutions are obtained when, η > 1 and ϵ ≪ 1.

B. BISF in the truncated nonlinear regime

By truncating the nonlinear IS equation in Eq. (13) by
considering only up to second order in Π, we obtain the
reduced ODE (for n ¼ 0),

dΠ
dρ

¼ ϵþ η

�
Πþ λΠ2

ρ

�
: ð19Þ

The reduced nonlinear ODE (19) can be exactly solved and
the following analytical solution can be obtained;

Π
ρ
¼ −

2ϵ

A

�Γ½η�Jη−1½A� þ CΓ½−η�J−ðη−1Þ½A�
Γ½η�Jη½A� − CΓ½−η�J−η½A�

�
; ð20Þ

C ¼ Γ½η�
Γ½−η�

�
BwJη½B� − 2ϵJη−1½B�

BwJ−η½B� þ 2ϵJ−ðη−1Þ½B�
�

ð21Þ

where we have denoted,

A ¼ 2
ffiffiffiffiffiffiffiffiffi
ϵηλρ

p
and B ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
ϵηλΛe

p
ð22Þ

Γ½z� ¼
Z

∞

0

kz−1e−kdk ðgamma functionÞ ð23Þ

and, Jx½y� represents the Bessel function of the first kind.
Analysis of this equation leads to the following inferences;

(i) Presence of the gamma functions Γ½η� and Γ½−η�
imposes a restriction on the parameter η, as the

gamma function is undefined for negative integers.
This is not that problematic since η represents a
combination of ϵ0, w, and ζ0, rather than a single
parameter, and it is highly improbable that η
assumes integer values.

(ii) To ensure that A, B, and consequently Π=ρ, remain
real valued, it is necessary that λ > 0.

As done in the previous cases, additional constraints on the
model parameters are deduced by analyzing the conditions
for viable solutions. This is done by referring to the plots 3(a)
and 3(b). The arrows shown in the contour plot 3(b) represent
the evolution trajectory of “Π=ρ” for given values of ϵ,w, η,
and a particular λ: the blue arrow is for λ ¼ 0.6, the red arrow
is for λ ¼ 0.4, and the purple arrow corresponds to λ ¼ 0.2.
For λ ≪ 1, results obtained in the linear (n ¼ 0) case become
exactly applicable, i.e., acceptable solutions require, ϵ ≪ 1

(a)

(b)

FIG. 3. These are contour and scatter plots showing the
evolution of Π=ρ for truncated nonlinear case by considering
Λe ¼ 1, w ¼ 1.33, and ϵ ¼ 0.01. (a) 4D scatter plot. (b) Contour
plot obtained by slicing the above 4D scatter plot at η ¼ 1.50.
Here, phantom barrier is depicted as a solid black line.

VISHNU A PAI and TITUS K MATHEW PHYS. REV. D 113, 063560 (2026)

063560-6



and η > 1. When λ is large and approaches unity, the fluid,
whose evolution begins in an out-of-equilibrium state,
initially evolves even farther away from equilibrium before
ultimately achieving the equilibrium state in the later phase,
as illustrated in all three figures. In certain instances, the fluid
may even exit the acceptable regime and enter the phantom
era where, Π=ðρþ pÞ < −1 (as is the case of olive curve in
Fig. 4), before attaining equilibrium. While this kind of
behavior implies the interesting scenario where the bulk
viscous fluid crosses the phantom divide twice, such cases
are plagued by causality violations. A similar case occurs
when the values of η and ϵ are fixed, and λ is increased
significantly (above unity). Here, it was observed that, at
some finite energy density, viscous pressure diverges in the
negative side, undergoes sign switching, and approaches zero
from positive side, as seen from Fig. 4. As a result, this case
also does not respect causality and should therefore be
neglected.
In addition to pathological behaviors discussed above,

which may only arise in certain regions of the parameter
space, truncated generalized IS equation (19) also possess
an unstable equilibrium point in Minkowski spacetime as
shown in Appendix A. Assessing and resolving such
instabilities is important, since relativistic dissipative
hydrodynamics is locally governed by Minkowskian phys-
ics and instabilities in flat spacetime could persist even in
cosmological backgrounds. In the present case, one can
show that such an unstable equilibrium point exists at
Π⋆ ¼ −1=λ. However, if we constrain the bulk viscous
pressure within the limit Π > −1=λ, then the present case
permits stable acceptable evolutionary behavior for the
fluid within a bounded region of λ values. This can be seen
as follows; if we initialize Π such that w≲ 4=3, we see that
for Λe ¼ 1 we will get Π≲ −4=3 and to satisfy the stability
condition Π > −1=λ, we must constrain the nonlinear
parameter within the limit, 0 ≤ λ < 3=4.

Hence, the simplest way to ensure viable solutions in this
truncated nonlinear regime is to constrain the fluid param-
eters with the limit; ϵ ≪ 1, 0 ≤ λ < 3=4, and η ≥ 1.

C. BISF in the full nonlinear regime

In the full nonlinear regime, the extended IS relation (13)
becomes (for n ¼ 0),

dΠ
dρ

¼ ϵþ η

�
ΠeλΠ

ρ

�
: ð24Þ

This ODE in general does not offer analytical solution, and
therefore one must solve this numerically by employing
suitable initial condition. In the present case we consider;
ΠðΛeÞ ¼ −wΛe at ρ ¼ Λe and then set Λe ¼ 1. Sampling
the parameter space of the model and solving the ODE
numerically in each case, one can construct scatter and
contour plots similar to those obtained in the previous
cases. Doing this, we obtain all the plots provided in
Figs. 5–7.
Looking at the Figs. 5(a) and 5(b), we infer that the BISF

in the full nonlinear regime is guaranteed to evolve from a
far-from-equilibrium state to a near-equilibrium regime
with the dilution of energy density when η > 1, ϵ ≪ 1,
and for both λ > 0 and λ < 0. At first glance, Fig. 5(b)
might suggest that negative values of λ permit physically
acceptable fluid evolution even when η < 1. However, a
more careful examination of the contour plot obtained by
slicing the 4D scatter plot 5(b) at η ¼ 0.50 [see Fig. 6(b)]
reveals that, even though the viscous fluid initially
approaches equilibrium as the energy density decreases,
it subsequently departs from equilibrium beyond a certain
point. This feature is also evident in Fig. 7(b), where
the evolution of Π=ρ is shown for λ ¼ −1, ϵ ¼ 0.01, and
w ¼ 1.00 for different values of η. Notably, even when the
fluid is initialized sufficiently away from the admissible
upper bound (w < 4=3), it eventually evolves toward an
out-of-equilibrium state as the energy density decreases.
This behavior violates the acceptability criterion defined
earlier. To obtain a physically viable evolution for the fluid
in this case, one must therefore have η > 1.
Figures 5(a), 6(a), and 7(a) further show that viable fluid

behavior at large values of λ demands correspondingly
larger values of η. In such cases, the fluid evolves slowly
while remaining far from equilibrium and subsequently
undergoes rapid relaxation toward near equilibrium once
the energy density becomes sufficiently small. Moreover,
for sufficiently large values of λ, the fluid is driven even
farther away from equilibrium, into the phantom regime,
before approaching equilibrium, as illustrated in Figs. 6(a)
and 7(a). Evidently, the crossing of the phantom divide
appears to be a generic feature of both truncated and fully
nonlinear regimes at large values of nonlinear coupling
parameter. However, the pathological sign-switching
behavior observed in the truncated case is absent in the

FIG. 4. Plot depicting the evolution of “Π=ρ” with energy
density, for Λe ¼ 1; ϵ ¼ 0.01; η ¼ 2.50 and four different λ
values. Solid black line represents the phantom divide,
Π=ρ ¼ −4=3. To better visualize the fluid evolution we have
considered w ¼ 1.0.
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(a) (b)

FIG. 5. 4D scatter plots illustrating the evolution of Π=ρ as a function of three parameters for ϵ ¼ 0.01 and w ¼ 1.33 in the full
nonlinear regime of a BISF. (a) ϵ ¼ 0.01 and λ > 0. (b) ϵ ¼ 0.01 and λ < 0.

(a) (b)

FIG. 6. These are contour plots showing the evolution of Π=ρ with ρ in the full nonlinear regime, for w ¼ 1.33, ϵ ¼ 0.01 and two
different η values. Phantom divide is depicted as a solid black line. (a) For η ¼ 1.50. (b) For η ¼ 0.50 and λ < 0.

(a) (b)

FIG. 7. Evolution of Π=ρ with ρ for w ¼ 1.00, ϵ ¼ 0.01 and different values of η and λ in the full nonlinear regime. (a) For η ¼ 2.50
and different λ. (b) For λ ¼ −1.0 and different η.
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fully nonlinear scenario. Additionally, the IS equation in
the full nonlinear regime, i.e., Eq. (5) admits only a single
stable fixed point in Minkowski spacetime and is therefore
free from the instabilities encountered in the previous case
(see Appendix A). This implies that, unlike the truncated
regime, the fully nonlinear framework does not impose
stringent theoretical bounds on the nonlinear coupling
parameter λ.
In the full non-linear regime, viable solutions require:

ϵ ≪ 1, η ≥ 1 with both, 0 < λ ≪ 1, and λ ≤ 0.

IV. DYNAMICAL SYSTEM ANALYSIS OF THE
COUPLED EINSTEIN-ISRAEL-STEWART

SYSTEM IN THE FULL NONLINEAR REGIME

Evolution of bulk viscous fluid and the expansion of the
Universe can be studied by solving the Israel-Stewart
equation (5), which is coupled to the Einstein equations
via the continuity relation (2). These two expressions
together form the coupled Einstein-Israel-Stewart system
(EIS). By recasting these equations in terms of the
dimensionless variables Ωρ ¼ ρ=Λe and ΩΠ ¼ Π=Λe, we
obtain the 2D nonlinear autonomous system,

Ω0
ρ ¼ −3½ð1þ w0ÞΩρ þΩΠ�; ð25Þ

Ω0
Π ¼ Ω0

ρ

�
ϵþ η

�
ΩΠeλ̃ΩΠ

Ωρ

��
: ð26Þ

Here, we have denoted λ̃ ¼ λΛe and overhead “prime”
signifies derivative with respect to the number of e-folds N,
which is defined as N ¼ ln ða=aiÞ, with “ai” being scale
factor at the beginning (which we set to 1), and “a” is the
scale factor at some later time.
Even though the dynamical variables ðΩρ;ΩΠÞ provide a

convenient representation of the system in terms of bulk
energy density and viscous pressure, the resulting 2D
autonomous system defined by Eqs. (25) and (26) becomes
singular at Ωρ ¼ 0 due to the appearance of Ωρ in the
denominator of Eq. (26). As a result, the fixed point
ðΩρ;ΩΠÞ ¼ ð0; 0Þ becomes ill defined unless a physically
motivated limiting condition is imposed on the system that
can ensure that the ratio Π=ρ remains finite as ρ → 0.
Physically, such a condition can arise from the expectation
that, in the late phase of the universe, the dissipative fluid
approaches its near-equilibrium state. In this regime, the
bulk viscous pressure should at least scale in proportion
with the energy density, i.e., Π=ρ → −κ, where κ is a finite
constant. From the result that we have derived in the linear
near-equilibrium regime, i.e., Eq. (17), one can confirm that
this is indeed true. By this consideration, it is natural to
reformulate the phase space in terms of the ratioΠ=ρ, rather
than Π, which will then remove the singular behavior
at vanishing energy density and allow us to perform

a well-defined stability analysis. Accordingly, we introduce
the phase-space variables,

x ¼ Ωρ ; y ¼ Π=ρ ¼ ΩΠ=Ωρ: ð27Þ

Note that this change of variables does not modify the
physical content of the EIS equations, but only provides a
well-defined representation of the autonomous system for
better analyzing the stability of fixed points. In terms of the
new variables ðx; yÞ defined above, we can rewrite the 2D
autonomous system in Eqs. (25) and (26) as follows;

x0 ¼ f ¼ −3x½1þ w0 þ y�; ð28Þ

y0 ¼ g ¼ −3½1þ w0 þ y�fϵþ y½ηeλ̃xy − 1�g: ð29Þ

Importantly, notice that in the above formulation, the EIS
system remains regular at x ¼ 0. This autonomous set of
equations admits (a) isolated fixed point “P” at which
x ¼ 0 and y ¼ ϵ=ð1 − ηÞ and (b) a line of fixed points “L”
along which y ¼ −ð1þ w0Þ. Notably, at the fixed point
where the energy density vanishes, y attains the same finite
value as obtained in the linear regime of IS equations when
fluid nears its equilibrium state, i.e., Eq. (17). Furthermore,
one should also keep in mind that, the line of equilibrium
points “L” corresponds to regimes where the fluid is far
from equilibrium, and therefore if one expects the fluid to
evolve from a far-from-equilibrium state in the early
Universe to a stable equilibrium state in the late phase,
then L must be a line of unstable equilibrium points, and P
must be a stable fixed point.
To determine the nature of fixed points, we construct the

Jacobin matrix (J ) of the autonomous system (28) and (29)
and then determine its eigenvalues. For the system that we
are considering, J is defined as,

J ¼
�
∂xf ∂yf

∂xg ∂yg

�
ð30Þ

and by using Eqs. (28) and (29) we get,

∂xf ¼ −3ð1þ w0 þ yÞ ; ∂yf ¼ −3x ð31Þ

∂xg ¼ −3ð1þ w0 þ yÞλ̃ηy2eλ̃xy ð32Þ

∂yg ¼ −3ð1þ w0 þ yÞfηeλ̃xy½1þ λ̃xy� − 1g
− 3fϵþ y½ηeλ̃xy − 1�g: ð33Þ

To analyze the stability of the system near the fixed points,
we only need to determine the nature of eigenvalues of J at
those fixed points. We do this as follows:
(a) Isolated fixed point “P”: Here, the fixed point occurs

at, ðx; yÞ ¼ ð0; κÞ, where κ ¼ ϵ=ð1 − ηÞ. At this fixed
point the Jacobian can be simplified to form a 2D
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triangular matrix with one of-diagonal element going
to zero (i.e., ∂yfjx¼0 ¼ 0). This means, the eigenvalues
of the Jacobian matrix at “P” are just the diagonal
elements evaluated at “P,” given as,

χðiÞP ¼ −3½1þ w0 þ ϵ=ð1 − ηÞ�; ð34Þ

χðjÞP ¼ −3½1þ w0 þ ϵ=ð1 − ηÞ�ðη − 1Þ: ð35Þ

From the above equations, we find that the eigenvalues
at P are real numbers that are guaranteed to be
negative if η > 1 and jϵ=ð1 − ηÞj ≪ 1, indicating
linear stability of this point. This means, small
perturbations from this equilibrium solution decay
with time and approach the fixed point P in an
monotonic fashion, and the EIS system is driven
toward P at late times. It is interesting to note that
late-time stability of the system is independent of the
value of nonlinear parameter λ, and depends only on
the model parameters governing the evolution of the
fluid in the near-equilibrium state, i.e., ðw0; η; ϵÞ.
Therefore, P represents a stable late-time attractor

of the EIS system, corresponding to the relaxation of
BISF toward the near-equilibrium state as energy
density dilutes. Note that this is true only if the ratio
Π=ρ remains finite, or vanishes altogether in the late
phase. This is exactly the condition that one requires
for having a physically acceptable hydrodynamic
behavior, i.e., the bulk viscous fluid retains its near-
equilibrium state, as the coupled EIS system evolves
toward its stable late-time fixed point.

(b) Line of fixed points “L”: At the line of fixed points “L”
we have y ¼ −ð1þ w0Þ. Consequently, among the
four terms in the Jacobian, i.e., Eqs. (31)–(33), only
the second equation in (31), and the second term in
Eq. (33) survive. Therefore, the determinant of the
resulting Jacobian at the line of fixed point vanishes,
which in turn results in the vanishing of one of its
eigenvalues. The stability of the system near the line of
fixed points is then determined by the sign of the
remaining eigenvalue, which is simply the trace of the
Jacobian itself, given by the expression,

χL ¼ −3fϵþ ð1þ w0Þ½1 − ηe−λ̃ð1þw0ÞΩρ �g: ð36Þ

Note that the eigenvalue χL can assume both positive and
negative values depending on the model parameters. To
examine the stability of the line of fixed points, we evaluate
χL for w0 ¼ 1=3 andΩρ ¼ 1, and display its behavior in the
Figs. 8(a) and 8(b), according to which, we observe that χL
becomes positive in the region λ ≪ 1 and η > 1 when
ϵ ¼ 0.01. However, when ϵ ¼ 2=3, the instability region
shifts toward larger values of η, with χL > 0 typically
requiring η≳ 1.5 for λ ≪ 1. This indicates that larger ϵ

values can suppress the instability introduced by weak
nonlinear coupling and reduce the parameter space that
admits unstable fixed points. In the regime of negative
nonlinear coupling (λ < 0), the line of fixed points can
become unstable for any η > 1, provided that λ is suffi-
ciently negative. The degree of negativity required for λ
increases with ϵ. In particular, when ϵ ¼ 2=3, small
negative values of λ are insufficient to render the line of
fixed points to be unstable. Instead, large negative values of
λ are required to ensure χL > 0.
The region of parameter space where we have χL < 0

may correspond to attractorlike behavior. However, a
rigorous assessment of stability in this regime requires a
center manifold analysis. However, if one adopts the
physical expectation that the EIS system should exhibit
an unstable fixed point when the dissipative fluid is far from
equilibrium, then it is sufficient to restrict the parameter
space to the regime λ ≪ 1, η > 1, and ϵ ≪ 1, (note that
λ < 0 is also allowed).3 This particular region of parameter
space can offer unstable early time fixed points, which in

(a)

(b)

FIG. 8. Plot of the eigenvalue χL that determines the stability of
the system at the line of fixed points “L.” Parameter spaces
offering unstable fixed points are the ones with positive χL values,
i.e., yellow → blue region. (a) ϵ ¼ 0.01. (b) ϵ ¼ 2=3.

3To determine the parameter space where L becomes unstable,
a center manifold analysis is not necessary. Presence of a positive
nonzero eigenvalue is sufficient to establish instability [37].
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turn allows the universe to evolve away from an early time
viscous driven quasi–de Sitter phase and evolve toward the
stable fixed point P at late times. However, since the sign of
χL depends on the precise values of the model parameters,
which are generally correlated, ensuring the instability of
the line of fixed points requires imposing the inequality
constraint χL > 0, expressed in terms of model parameters
using Eq. (36) as given below (recall that we have
initialized Λe ¼ 1),

λ <
1

1þ w0

ln

�
ηð1þ w0Þ
1þ w0 þ ϵ

�
: ð37Þ

Fixing the values, w0 ¼ 1=3, ϵ ≪ 1, we can get an upper
bound on nonlinear parameter λ as λ < 3 lnðηÞ=4. This
inequality constraint can guarantee that χL > 0 and should
therefore be imposed in numerical investigations, while
comparing the model with observational data.

A. Slow-roll expansion driven by viscous cosmic fluid

Considering the cosmic fluid in the early Universe to be
in a far from equilibrium state (jΠj ≈ ρþ p), and the EIS
system to be initialized very close to the unstable fixed
point, we numerically solve the coupled Eqs. (25) and (26)
by adopting a set of parameter values in the unstable region
in the plot 8(a) where χL > 0. Then by using the obtained
solution, we study the evolution characteristics of the
Hubble parameter of the universe and its derivatives.
In the far from equilibrium regime, the bulk viscosity

associated with the effective cosmic fluid can be large
enough to cause a violation of one of the strong energy
conditions, i.e., ρþ 3p > 0, for a very small time and
hence cause an accelerated expansion of the universe for a
brief period. This can be visualized from the plot of
deceleration parameter “q” depicted in Fig. 9. There, we
have expressed q in terms of the number of e-folds
“N ¼ lnðaÞ” as, q ¼ −ð1þ d lnðHÞ=dNÞ. An e-fold (N)

is the time interval during which the scale factor aðtÞ of the
Universe increases by a factor of “e” (≈2.718).
As the fluid relaxes from its initial out-of-equilibrium

phase in the early Universe to stable equilibrium in the late
phase, the Universe transitions from an accelerated to
decelerated expansion phase. Furthermore, the exact tran-
sition point and the time interval of this accelerating phase
depends on both, the value of model parameters, and the
initial conditions applied on the model. Also, to produce a
quasi–de Sitter expansion driven by a viscous fluid having
c2s ¼ w0 ¼ 1=3, the initial conditions must be such that the
value of the nonequilibrium parameter “w” is close to 4=3.
In addition to this, in Fig. 9 we also see that in the case
where ϵ ¼ 0.035, η ¼ 1.10, λ ¼ 0.05, and w0 ¼ 1=3, the
value of nonequilibrium parameter w must tend to 4=3 for
sustaining an accelerated expansion that spans 50 e-folds or
greater. Hence, as w ≈ 4=3, (a) the duration of the early
accelerated expansion will be longer, and (b) it will more
closely resemble the de Sitter phase.
The dynamics of the early Universe, in particular the

inflationary background, is better characterized using the
Hubble slow-roll parameters, which forms a hierarchy, and
is defined as the successive derivatives of the Hubble
parameter with respect to the number of e-folds,

ϵnþ1 ≡ d ln jϵnj
dN

; ð38Þ

with the first one defined as, ϵ1 ≡ −Ḣ=H2. These model
independent parameters are significant as they directly
determine the value of cosmological observables such as
the scalar spectral tilt (ns) and its running (αs) [38,39]. To
solve the coupled EIS system we consider,4 ϵ ¼ 0.01,
η ¼ 1.50, w0 ¼ 1=3, λ ¼ 0.2975 along with the initial
condition, w ¼ 1.333 with Λe ¼ 1, and investigate the
cosmological dynamics in the early Universe. Note that this
sample set of parameter values leads to χL ¼ 0.005, which
guarantees an unstable fixed point in the early Universe,
and predicts a “50 − e-fold” inflationary scenario.
The evolution of ϵ1, ϵ2, and ϵ3 with the number of e-folds

for acceptable values of free parameters mentioned earlier,
is provided in Fig. 10. In addition to this, we have also
plotted the evolution of deceleration parameter “q” and the
near-equilibrium condition Π=ðρþ pÞ, to better asses the
evolution of the viscous fluid in conjunction with expan-
sion of the Universe. Clearly, the parameter ϵ1 remains well
below unity until N ≈ 50, confirming a background evo-
lution that is deep in the accelerating regime. Then, its
subsequent monotonic rise with the number of e-folds
indicates a gradual approach toward the end of inflation.
Notably, in Fig. 10 we also infer that the dissipative cosmic
fluid is indeed evolving toward equilibrium as the Universe

FIG. 9. Contour plot of deceleration parameter with number
of e-folds “N” for different values of w in the full nonlinear
regime. For better visualization of the early transition point,
we have considered the values ϵ ¼ 0.035, l ¼ 0.05 η ¼ 1.10,
w0 ¼ 1=3 ⇒ χL ¼ 0.01.

4We choose this particular set of parameter values because they
predict an accelerated expansion era that spans 50 e-folds.
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expands, i.e., jΠj=ðρþ pÞ decreases with increase in N.
The higher-order parameters ϵ2 and ϵ3 exhibit no particular
oscillations/fluctuations around zero and therefore do not
introduce unwanted instabilities. Hence, the scalar spectral
tilt remains stable over the observable window, which can
therefore yield predictions consistent with the Planck 2018
constraints [40]. Furthermore, the smallness of ϵ3 implies
that the running of the spectral index is naturally negligible,
which is also in agreement with current upper limits. The
absence of abrupt jumps or sign-changing excursions in ϵ2
and ϵ3 indicates a smooth evolution that is free from
transient dynamical effects such as steps and turns. Overall,
the present model provides a coherent, observationally
viable slow-roll trajectory, equivalent to a stable single-
field inflation and consistent with CMB constraints [40].
Finally, the evolution in Fig. 10 clearly shows that ϵ1 rises
smoothly from its inflationary value ϵ1 ≪ 1, reaches the
end-of-inflation condition ϵ1 ¼ 1, and then approaches
ϵ1 ¼ 2. This final value corresponds to a radiation-domi-
nated Universe with equation of state ω ¼ 1=3. Thus, the
model provides a smooth and natural transition from
inflation to radiation domination, which is consistent with
the expected thermal history of the early Universe.
Similar evolutionary behaviors for the Universe are also

possible in truncated EIS equations within the acceptable
region of parameter space determined in Sec. III B; we have
provided a detailed analysis in Appendix D.

V. RESULTS AND CONCLUSION

In this work, we derived a generalized expression for the
relaxation time of a BISF by using the nonlinear causality
constraint, and examined its dynamical consequences in an
extended fully nonlinear version of the IS equation with an
explicit exponential nonlinear dissipative term. This particu-
lar extension of the IS equation incorporates higher order
viscous corrections within the exponential functional form
and therefore remains valid when fluid goes arbitrarily far
from equilibrium. A central outcome of adopting the causal
relaxation time is that the nonlinear Israel-Stewart evolu-
tion equation reduces to a first-order nonlinear differential

relation connecting the bulk viscous pressure and the energy
density. Remarkably, this relation holds in any homogeneous
and isotropic spacetime. Furthermore, since the relaxation
time is fixed directly by the causality requirement, the
resulting formulation guarantees causal evolution even in
regimes far from equilibrium. As a result, dynamical
description of dissipative fluids becomes significantly sim-
plified without sacrificing the causal structure.
When applied to a spatially flat FLRW background, this

formulation of the IS equation admits new class of exact
analytical solutions for BISF in both linear and certain
truncated nonlinear regimes. These solutions then lead to
an effective equation of state exhibiting a generalized
polytropic form, which is often adopted phenomenologi-
cally in the literature. A dynamical systems analysis of the
coupled EIS equations was performed, which revealed that
the dynamical system contains a line of unstable fixed
points and a stable late-time attractor. This structure allows
the cosmological evolution to originate from an early far-
from-equilibrium phase and subsequently relax toward
equilibrium at late times. We further show that the present
framework can support an observationally consistent tran-
sient viscous-driven slow-roll expansion that smoothly
exits into a radiation-dominated epoch, a feature that is
difficult to realize within standard inflationary scenarios.
Moreover, under the parameter constraints derived in
this work, the EIS system exhibits an intuitive and physi-
cally consistent hydrodynamic evolution, wherein the fluid
evolves from a far-from-equilibrium state to a near-
equilibrium state as the dynamical system transitions from
an unstable early-time fixed point to the stable late-time
attractor.
Beyond the specific cosmological scenario considered

here, the formalism developed in this work provides a
flexible framework for constructing a broad class of infla-
tionary models and for investigating dissipative dynamics in
relativistic systems. In the context of early-universe cosmol-
ogy, the causal relaxation time introduced here may enable a
more realistic description of viscous effects and particle
production during the quark-gluon plasma epoch and the
reheating phase. In astrophysical settings, the extended
relaxation-time formulation may improve the modeling of
bulk-viscous damping, thermalization, and other far-from-
equilibrium processes in neutron-star interiors, proto-neu-
tron–star evolution, and postmerger dynamics, where sig-
nificant departures from equilibrium are expected [41–45].
Since the formof relaxation time is determinedaprioriby the
causality constraint, the exact formulation of IS equations
requires fewer phenomenological assumptions and therefore
becomes more robust. For this reason, the framework
presented here is especially well suited for studying far-
from-equilibrium regimes, where the choice of dissipative
variables and transport coefficients becomes ambiguous.

FIG. 10. Evolution of Hubble slow-roll parameters for,
ϵ ¼ 0.01, η ¼ 1.50, w0 ¼ 1=3, λ ¼ 0.2975, and w ¼ 1.333.
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APPENDIX A: STABILITY OF TRUNCATED AND
FULLY NONLINEAR ISRAEL-STEWART
EQUATION IN MINKOWSKI SPACETIME

In Minkowski spacetime we have ∇μuμ ¼ 0, in this limit
the nonlinear Israel-Stewart equation (5) exactly reduces to
the autonomous first-order ODE,

Π̇ ¼ −
1

τΠ
ΠeλΠ; ðA1Þ

where the relaxation time τΠ is allowed to depend also on
Π. Equation (A1) represents a nonlinear relaxation law with
a fixed point solution, Π⋆ ¼ 0. Evidently, no additional
stationary solution exists. Since Eq. (A1) defines a one-
dimensional autonomous dynamical system of the form,
Π̇ ¼ fðΠÞ, the linear stability of the fixed point Π⋆ is
determined solely by the sign of the derivative f0ðΠ⋆Þ,
where “prime” denotes derivative with respect to Π.
Differentiating fðΠÞ with respect to Π, we obtain,

f0ðΠÞ ¼ eλΠ

τΠ

�
Π
τ0Π
τΠ

− ð1þ λΠÞ
�
: ðA2Þ

Evaluating this expression at the fixed point Π⋆ ¼ 0, we
obtain the equation,

f0ðΠ⋆Þ ¼ f0ð0Þ ¼ −
1

τΠð0Þ
: ðA3Þ

Since the relaxation time at equilibrium state should be
positive, τΠð0Þ > 0, we have f0ð0Þ < 0 irrespective of the
value of λ. Therefore, in the full nonlinear regime, the
equilibrium solution becomes asymptotically stable.
Truncated nonlinear case: If we truncate the nonlinear

IS equation given in Eq. (5), by considering only up to
second power of Π, in Minkowski spacetime we obtain the
ODE of the form;

Π̇ ¼ −
1

τΠ
Πð1þ λΠÞ: ðA4Þ

Here, we see that there can be two equilibrium points, one
at, Πa

⋆ ¼ 0 and other one at Πb
⋆ ¼ −1=λ. To determine the

stability we consider the same approach as in the previous
case. Here, f0ðΠÞ becomes,

f0ðΠÞ ¼ Πð1þ λΠÞ τ
0
Π
τ2Π

−
1

τΠ
ð1þ 2λΠÞ: ðA5Þ

(i) For the equilibrium solution Πa
⋆ ¼ 0, we once again

obtain a stable point, since f0ð0Þ ¼ −1=τΠð0Þ and
τΠð0Þ > 0 at all times.

(ii) For the second equilibrium point Πb
⋆ ¼ −1=λ, we

see that f0ðΠb
⋆Þ ¼ 1=τΠðΠb

⋆Þ, which has a positive
definite value at all times. Consequently, this is an
unstable fixed point of the system. As a result, the
viable solutions that converge to Π ¼ 0 are obtained
only within the limit, Π > −1=λ.

APPENDIX B: DERIVING THE EXPRESSION
FOR CAUSAL RELAXATION TIME

The causality constraint derived in [19] is given by

�
ζΠ
τΠ

þ nωn

�
1

ρþ pþ Π
þ ωρ ≤ 1; ðB1Þ

where ωn ¼ ∂p=∂n and ωρ ¼ ∂p=∂ρ. The left-hand side of
Eq. (B1) represents the effective squared speed of sound in
the dissipative medium, c2acoustic [19]. The above inequality
therefore ensures that the total signal propagation speed
does not exceed the speed of light. For a barotropic fluid
having, ωn ¼ 0 and ωρ ¼ w0, Eq. (B1) reduces to,

c2acoustic ¼ c2s þ c2b ≤ c2; ðB2Þ

where

c2s ¼ w0c2 ; c2b ¼
ζΠ

τΠðρþ pþ ΠÞ c
2: ðB3Þ

Here, we have denoted “cs” as the adiabatic speed of sound,
while “cb” represents the propagation speed of bulk viscous
perturbations.
In causal relativistic thermodynamics, the relaxation time

τΠ ensures that dissipative signals propagate with finite
speed, thereby removing the acausal behavior present in
first-order theories. As discussed by Maartens [24], the
ratio “ζΠ=τΠ” may be governed by microscopic transport
processes such as interaction times and mean free paths,
and can hence determine the characteristic propagation
speed of bulk viscous stresses. Using the above definitions,
the causality condition becomes,
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c2b
ð1 − w0Þc2

≤ 1: ðB4Þ

If we therefore define the dimensionless parameter,

ϵ0 ≡ c2b
ð1 − w0Þc2

; ðB5Þ

then, the expression for relaxation time of the fluid is
exactly given by the relation,

τΠ ¼ ζΠ
ϵ0ð1 − w0Þðρþ pþ ΠÞ : ðB6Þ

This is a physically motivated causality based expression
for the relaxation time of the viscous fluid. The constant
parameter ϵ0 measures how strongly viscous disturbances
contribute to the total signal propagation speed in the fluid.
Very small values of ϵ0 indicate that bulk viscous pertur-
bations propagate slowly, whereas values of ϵ0 close to
unity imply that viscous signals propagate close to the
maximum speed allowed by causality.

APPENDIX C: VISCOELASTIC AND
PSEUDOPLASTIC REGIMES OF FULLY

NONLINEAR ISRAEL-STEWART THEORY

According to relativistic bulk rheology framework of
[46], a pseudoplastic fluid is described as the one whose
effective bulk viscosity can be expressed as the function of
expansion rate, i.e., Π ¼ −fðθÞ, while viscoelastic fluids
evolve dynamics in which the evolution of bulk viscosity
follows a relaxation type equation, leading to time-depen-
dent stress response even for fixed expansion rate, i.e.,
τΠ̇þ Π ¼ −ζθ. Here, our aim is to analyze these behaviors
for the fully nonlinear Israel-Stewart equation proposed in
this article.
Viscoelastic regime: When the bulk viscous pressure

becomes relatively small and close to zero, i.e., jλΠj ≪ 1,
the exponential relation can be Taylor expanded as,

ΠeλΠ ≃ Πþ λΠ2 þ λ2

2!
Π3 þ � � � ; ðC1Þ

and as a result, Eq. (5) reduces to,

τΠuμ∇μΠþ Π ≃ −ζθ: ðC2Þ

This is precisely the causal relaxation equation of the Israel-
Stewart type, in which Π relaxes toward the Navier-Stokes
value on a finite timescale τΠ. Hence, the dynamics in this
scenario is analogous to a viscoelastic fluid, in which stress
relaxes over a characteristic time and displays combined
viscous and elastic features.
Pseudoplastic regime: To investigate the possibility of a

pseudoplastic behavior,wemust consider the quasistationary

limit where juμ∇μΠj ≈ 0 and τΠ has a small and finite value.
With this approximation, the evolution equation (5) yields
the algebraic relationship

ΠeλΠ ¼ −ζθ: ðC3Þ

This relation can be inverted using “LambertW function” to
obtain the bulk viscous pressure as,

Π ¼ 1

λ
Wð−λζθÞ: ðC4Þ

In the small theta limit, jλζθj ≪ 1, one finds

Π ≃
1

λ

�
−λζθ − ðλζθÞ2 þ 3

2
ðλζθÞ3 þO½ðλζθÞ4�

�

≃ −ζθ − λζ2θ2 þ 3

2
λ2ζ3θ3 þOðθ4Þ · · ðC5Þ

To leading order, the standard relativistic Navier-Stokes
relation Π ≃ −ζθ is recovered, while higher-order terms
encode nonlinear pseudoplastic corrections.

APPENDIX D: STABILITY ANALYSIS AND
SLOW-ROLL EXPANSION IN THE TRUNCATED

NON-LINEAR REGIME

For truncated nonlinear BISF considered in Sec. III B,
the coupled EIS equations become,

Ω0
ρ ¼ −3½ð1þ w0ÞΩρ þΩΠ�; ðD1Þ

Ω0
Π ¼ Ω0

ρ

�
ϵþ η½1 − λ̃ΩΠ�

ΩΠ

Ωρ

�
: ðD2Þ

We can express this equation in terms of the dynamical
variables, x ¼ Ωρ and y ¼ ΩΠ=Ωρ as;

x0 ¼ −3x½1þ w0 þ y�; ðD3Þ

y0 ¼ −3½1þ w0 þ y�fϵþ y½ηð1 − λ̃xyÞ − 1�g: ðD4Þ

This 2D autonomous system, like the full nonlinear case,
has an isolated fixed point, ðx; yÞ ¼ ð0; ϵ=ð1 − ηÞÞ and the
line of fixed points y ¼ −ð1þ w0Þ. If we then determine
the Jacobian matrix at the isolated fixed point and derive the
eigenvalues at that point, we will indeed obtain the same
result as in the full nonlinear regime. That is, the isolated
fixed point becomes stable if η > 1 and jϵ=ð1 − ηÞj ≪ 1.
This is indeed because of the fact that the eigenvalue of the
Jacobian at this point is independent of λ. Parameter spaces
offering an unstable fixed point at the line are then
determined by the sign of the nonzero eigenvalue;
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χL ¼ −3fϵþ ð1þ w0Þ½1 − ηð1 − λð1þ w0ÞxÞ�g: ðD5Þ

A contour plot of this expression is shown in Fig. 11(a).
The figure indicates that the line of fixed points becomes
unstable for η > 1 in the regime λ ≪ 1 and ϵ ≪ 1. In this

limit, one obtains an upper bound on λ, slightly different
from the one obtained in the full nonlinear case, namely
λ < 3ðη − 1Þ=ð4ηÞ. Numerical solutions of the ODEs (D1)
and (D2), illustrated in Fig. 11(b), demonstrate that the
resulting cosmological evolution is dynamically equivalent
to the full nonlinear regime.
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