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We revisit QCD-induced little inflation in which the Universe starts with a large baryon chemical
potential and undergoes a strong first-order QCD phase transition, generating an observable
stochastic gravitational-wave background in the nano-Hz range relevant for pulsar timing array
(PTA) observations. We point out that the conventional homogeneous transition from the quark-gluon
plasma phase to the hadronic gas phase faces an unavoidable difficulty in achieving the required
strength of supercooling for the observed baryon density. This motivates us to explore whether a
qualitatively different phase structure at a large baryon chemical potential can alter the relation
between the baryon density and the chemical potential, and thereby modify the supercooling history
of the transition. Using the nucleon-meson model with isoscalar vector mesons, we determine the
critical and spinodal structure of the chiral density wave (CDW) phase in the ðμB; TÞ plane. We find
that the CDW phase exhibits a nontrivial structure and can remain metastable down to a low baryon
density in a certain region of the parameter space. Taking into account the subsequent liquid-gas
transition and phase separation, however, the released latent heat is too small to realize a viable
QCD-induced little inflation scenario and its associated PTA-scale gravitational-wave signal. Our
analysis sharpens the conditions under which QCD phase transitions may act as cosmological
sources of nano-Hz gravitational waves, while clarifying the possible cosmological relevance of
inhomogeneous QCD phases.

DOI: 10.1103/px47-qkxm

I. INTRODUCTION

Strong evidence of a stochastic gravitational-wave
(GW) signal was recently observed in various pulsar
timing array (PTA) collaborations, NANOGrav [1],
EPTA [2], PPTA [3], and CPTA [4], with frequency
range 1–10 nHz. While the signal can be explained by
binary supermassive black hole inspirals, it is slightly
favored that the signal is from other sources, such as
first-order phase transitions, cosmic strings, domain
walls, etc. (see, e.g., Ref. [5] and references therein).

The possibility of a first-order phase transition scenario
is especially interesting because the frequency range
roughly coincides with the Hubble length scale of the
phase transition of quantum chromodynamics (QCD).
Therefore, whether the QCD transition in the early
Universe can be first order and generate an observable
GW signal is an important question, and has been
studied for a long time [6–20].
In standard cosmology with a tiny baryon-to-photon

ratio ηB ¼ nB=nγ ∼ 10−9, the QCD transition is known to
be a crossover [21], which seems to immediately rule out
the idea of explaining the PTA GW signal by the QCD
phase transition. However, as argued in Refs. [7,8], one
can consider a little inflationary scenario driven by the
QCD phase transition, where the Universe begins with a
large baryon number density after the primary inflation
and undergoes a strong supercooling period before the
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first-order QCD phase transition terminates.1,2 The large
baryon density could be sufficiently diluted by the latent
heat released during the transition in such a way that it
explains the baryon density of the current Universe. If the
transition is strong and slow enough, it can also generate
stochastic GWs compatible with PTA observations.
In this work, we study this QCD-induced little infla-

tionary scenario in more detail. To have a large dilution
factor for the observed ηB of the current Universe, it is
required that the potential barrier separating the quark-
gluon plasma (QGP) phase and the hadronic phase persists
down to a very low temperature and density. It implies a
very low spinodal temperature of the QGP phase for a tiny
baryon chemical potential, and we find that this is incon-
sistent with the known fact that the QCD transition is a
crossover at a small baryon chemical potential and
T ≃Oð100Þ MeV, unless the potential barrier appears
below the pseudocritical temperature, which is highly
unlikely. We discuss this point in more detail in Sec. II.
We consider an alternative phase, the chiral density

wave (CDW) phase, given that a simple picture of the
QCD transition between the QGP and hadronic phases at
finite temperature and density fails to accommodate the
little inflationary scenario. Unlike the conventional chiral
condensate in the hadronic phase (homogeneous quark-
antiquark pairing), chiral condensation in the CDW phase
takes the form of particle-hole pairing and is inhomo-
geneous and anisotropic, forming a standing wave with a
finite momentum—the chiral density wave (see Ref. [26]
for a comprehensive review). It was suggested that such
states could exist in QCD at low temperature in a certain
range of large baryon density, and be favored over the
color superconducting phase, arising from the formation
of Cooper pairs of quarks, in the large-Nc limit [27,28] or
at finite Nc with large pairing energies [29]. More
specifically, a modulation between scalar and pseudosca-
lar condensates has been considered as a realization of the
CDW in various model studies [30–41], inspired by the
chiral spiral in the two-dimensional Gross-Neveu model
[42]. The CDW also provides a consistent picture of
quarkyonic matter in which the confinement persists while
bulk thermodynamics is dominated by a dense quark
Fermi sea, with baryonic degrees of freedom governing
the physics near the Fermi surface [43,44]. Although there
have been extensive discussions on its phenomenological
implications on compact stars [37,40,45–47], to the best

of our knowledge, this is the first work studying the
CDW phase in the context of cosmology and gravita-
tional waves.
The primary goal of this work is to determine the region

in the ðμB; TÞ plane where the CDW phase is (meta)stable
(see Fig. 1 for a schematic result), with μB the baryon
chemical potential and T the temperature. If the metastable
CDW phase can exist even for small enough μB and T (i.e.,
the spinodal line of the CDW phase lies at sufficiently low
baryon number density), it may provide a large dilution
factor that is required in the QCD-induced little inflationary
scenario. This is one of the key issues we investigate in
this work.
The CDW phase lies in the regime that is beyond

perturbative control due to the strong interaction, and
first-principles lattice simulations would be required, but
are not available because of the infamous sign problem, see,
e.g., Ref. [48] for the current status of the QCD phase
diagram from the lattice perspective. Therefore, a model
study is currently the only available approach, and we
employ the nucleon-meson model including (isoscalar)
vector mesons [49–52], which has been extensively studied
at zero temperature for the CDW phase that may appear in
the cores of a neutron star [39–41]. For other models, such
as the quark-meson and the Nambu-Jona-Lasinio models,
see Refs. [30–38].
As we will show, although the transition associated with

the CDW phase can become strongly first-order and remain
metastable down to sufficiently low density in a certain
parameter region, the resulting latent heat is too small to
realize a viable QCD-induced little inflationary scenario.
This in turn requires an unrealistically low reheating
temperature unable to reproduce the observed baryon yield,
in tension with constraints from big bang nucleosynthesis
(BBN) and cosmic microwave background (CMB).
Consequently, we conclude that the PTA GW signal is
difficult to be explained by a first-order QCD phase

Critical 
end point

QGP

Hadronic
gas

CFLCDWLiquid-gas
transition

FIG. 1. The schematic QCD phase diagram in the T − μB plane
proposed in this work. CDW, QGP, and CFL denote the chiral
density wave, quark-gluon plasma, and color-flavor locking
(color superconducting) phases, respectively.

1See also Refs. [22–24] for the early precursors in which the
idea of QCD-driven mini/little inflation with dilution of a large
initial baryon asymmetry was first discussed, and Ref. [25] for a
review.

2Alternatively, a large lepton asymmetry can induce large
chemical potentials of up and down quarks individually while
keeping the net baryon density small [16,18]. This can lead to a
first-order QCD phase transition and generate a gravitational-
wave signal [17,19]. We do not discuss this scenario in this work.
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transition unless a more exotic phase than the CDW phase
exists in the dense region of the QCD phase diagram.
This paper is organized as follows. In Sec. II, we revisit

the QCD-induced little inflationary scenario and discuss
why the required phase structure is difficult to reconcile
with expected properties of the conventional QCD tran-
sition at large baryon densities. In Sec. III, we introduce the
nucleon-meson model with vector mesons and discuss the
realization of the CDW phase in dense matter. In Sec. IV,
we analyze the phase structure and identify the parameter
region in which the CDW phase becomes (meta)stable. We
also study the transition from the CDW phase to the
homogeneous chiral condensate and examine its implica-
tions for the little inflationary scenario. Finally, in Sec. V
we conclude with a summary and discussion.

II. REVISITING QCD-INDUCED LITTLE
INFLATIONARY SCENARIO

The QCD-induced little inflationary scenario [7,8] can
be summarized as follows:
(1) A large ηðiÞB is generated before the QCD phase

transition.
(2) The Universe undergoes a strong supercooling

associated with a QCD phase transition at a large
baryon density. The supercooling dilutes the large
baryon density.

(3) Stochastic GWs can be produced via the first-order
QCD phase transition with a peak frequency
fpeak ∼ 1–10 nHz, which may explain the GW
signal observed in PTA collaborations [1–4].

For the first item to be fulfilled, the authors of Ref. [7]
considered the Affleck-Dine mechanism. It is still ques-
tionable whether it is actually realizable, but we do not
discuss this aspect because, as we argue throughout this
paper, the second item does not seem to be realized by
QCD in the standard model.
One may wonder if such a large ηðiÞB could be consistent

with BBN and CMB constraints. Assuming that a

large ηðiÞB was generated in the early Universe, the
QCD phase transition can become first order below
T ≃Oð100Þ MeV, and a period of supercooling is expected
until the bubble nucleation rate becomes comparable to the
Hubble expansion rate. During the supercooling period, the
baryon density decreases as a−3, where a is the scale factor.
After the phase transition, the Universe is reheated to the
reheating temperature TRH, producing large entropy and
photon number densities of order T3

RH. If TRH is of the QCD
scale, one may naively expect that a sufficiently long
supercooling period can dilute the initially large baryon
asymmetry. However, the actual condition is more restric-
tive once the baryon density at the end of the transition is
compared directly with the entropy density after reheating.
For massless quarks with baryon chemical potential μB

in the QGP phase, one finds

nB ¼ NcNf

�
μBT2

27
þ μ3B
243π2

�
; ð2:1Þ

where we used μq ¼ μB=3 for each quark flavor. The
entropy density receives contributions both from the
relativistic thermal bath and from the μB-dependent quark
sector,

s ¼ 2π2

45
gð0Þ�s T3 þ NcNf

27
μ2BT; ð2:2Þ

where gð0Þ�s denotes the effective number of relativistic
degrees of freedom at μB ¼ 0. Writing

y≡ μB
T
; ð2:3Þ

the ratio can be expressed as

nB
s

¼ NcNf

� y
27
þ y3

243π2

�
2π2

45
gð0Þ�s þ NcNf

27
y2

: ð2:4Þ

This shows that, in the QGP phase, μB=T acts as the
relevant variable characterizing the conserved baryon
asymmetry during the cosmological evolution. In
particular,

nB
s
∼Oð10−2Þ μB

T
; ð2:5Þ

up to a numerical coefficient of order unity.
The quantity relevant for the observed baryon asymme-

try is not the ratio before reheating, but the ratio after the
latent heat has been converted into the radiation bath. After
reheating, the entropy density is reset to

sRH ¼ 2π2

45
g�sðTRHÞT3

RH; ð2:6Þ

where TRH is the reheating temperature. By baryon number
conservation, the baryon density immediately after reheat-
ing can be approximated as the baryon density at the end of
the supercooled stage,

nB;RH ¼ nB;end; ð2:7Þ

if the reheating process is short. Assuming that the system
remains in the QGP phase until the end of the transition,
with

μB;end ≳ Tend; ð2:8Þ

one finds in the large-μB=T regime
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nB;end ≃
NcNf

243π2
μ3B;end: ð2:9Þ

For Nc ¼ Nf ¼ 3, this becomes

nB;end ≃
1

27π2
μ3B;end ≈ 3.75 × 10−3μ3B;end: ð2:10Þ

Therefore, the baryon-to-entropy ratio after reheating is

nB
s

����
RH

¼ nB;end
sRH

¼ 5

6π4g�sðTRHÞ
�
μB;end
TRH

�
3

: ð2:11Þ

This is the quantity that should be compared directly with
the observed baryon asymmetry.
Taking the observed value ðnB=sÞobs ≃ 8.6 × 10−11, a

typical reheating temperature TRH ∼ 100 MeV, and
g�sðTRHÞ ≃ 17.25, the above equation implies

μB;end ≃ 5.6 × 10−3TRH ∼ 0.5 MeV: ð2:12Þ

Thus, in the conventional homogeneous quark-gluon
plasma phase, reproducing the observed baryon asymmetry
after reheating requires μB;end to be far below the typical
scale of the QCD critical end point (CEP). The crucial point
is whether such a strong supercooling can be realized
within standard model QCD. As a necessary condition for
this, a potential barrier between the false and true vacua in
the effective potential must be maintained down to a
sufficiently low T and μB. In other words, the spinodal
temperature and the corresponding chemical potential, at
which the potential barrier disappears, must be extremely
small compared to the QCD scale.
In Ref. [7], the authors considered the dilaton-quark-

meson model [53] as an example of realizing such a case,
and investigated it in more detail in Ref. [8]. The key idea
of the model is to introduce a dilaton field χ as an order
parameter for the gluon condensate, incorporating classical
scale invariance and the scale anomaly. A classically scale-
invariant potential at zero temperature and density is given
by the Coleman-Weinberg potential ∼χ4 logðχ=χ0Þ, and it
leads to its spinodal temperature zero. At finite temperature
and density, the χ field at the origin receives a quadratic
correction of the form T2χ2 or μ2Bχ

2 localized around the
origin, and therefore the potential barrier can persist even at
a tiny T or μB.
We point out that this scenario is highly unlikely because

the model fails to reproduce a crossover transition at
μB=T < Oð1Þ. Lattice studies disfavor a first-order phase
transition in the low μB=T region, suggesting that the CEP,
the end point of the first-order critical line in the phase
diagram (see Fig. 1), would be placed at μB=T ≳ 2 [54] or
μB > 450 MeV [55]. A finite-size scaling analysis in
heavy-ion colliders also puts a lower bound on μB of the
CEP, μB ≳ 450 MeV [56], while a recent work in Ref. [57]
found evidence for a CEP near μB ≃ 625 MeV and T ≃

140 MeV (see also Ref. [58] for a related discussion). The
phase structure implied by the classical scale invariance in
the dilaton-quark-meson model conflicts with the above
indications.
Furthermore, a strong supercooling in the transition from

QGP to the hadronic phase seems incompatible with the
existence of CEP at μB=T ≳ 2. This is because, in general,
the spinodal and critical lines are expected to merge at the
CEP, as schematically drawn in Fig. 1. Consequently, the
region between the spinodal and critical lines, where
supercooling is allowed, cannot extend to a sufficiently
small T and μB.
This is essentially the tension of the QCD-induced little

inflationary scenario. A strong first-order transition
requires the trajectory of

μB
T

≳Oð1Þ; ð2:13Þ

and it forces μB;end extremely small, as in Eq. (2.12), while
the potential barrier at such a small μB is highly nontrivial.
This clarifies why it is natural to look beyond the

conventional QGP-to-hadronic transition. In the QGP
phase, the final baryon density is directly related to
μ3B;end, as in Eq. (2.9), so a successful dilution ultimately
requires μB;end itself to become tiny. By contrast, in a phase
with a mass gap or threshold structure, the baryon density
does not need to scale simply by μ3B, and it may become
strongly suppressed even when μB is not parametrically
small. This motivates us to consider qualitatively different
dense-QCD phases.
In particular, we focus on the regime μB=T ≫ 1, where

inhomogeneous chiral condensation may become relevant.
More specifically, we consider the CDW phase as a
candidate initial state, where chiral condensation takes
the form of fermion-hole pairing. The system is then
already in the regime of broken chiral symmetry. Our
question is whether the potential barrier that locally
stabilizes such an inhomogeneous phase can persist down
to the hadronic liquid-gas transition surface, across which
the baryon number density drops sharply, thereby allowing
the strong supercooling required in the QCD-induced little
inflationary scenario.

III. CHIRAL DENSITY WAVE IN NUCLEON
MESON MODEL

To study phase transition properties of the CDW
phase at μB=T ≫ 1, we consider the nucleon-meson
model [49–52] (see also [59,60]) and follow the treatment
in Refs. [39–41]. In this section, we briefly review and
summarize the model, while we consider isospin-sym-
metric nuclear matter with the isovector vector meson
ρμ ¼ 0 for simplicity.
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A. Model setup

The Lagrangian density of the model is decomposed into
nucleonic, mesonic, and interaction terms,

L ¼ Lbar þ Lmes þ Lint: ð3:1Þ

The baryonic term is given by

Lbar ¼ ψ̄ðiγμ∂μ þ γ0μψÞψ ; ð3:2Þ

where ψ denotes the isospin doublet nucleon (neutron ψn
and proton ψp),

ψ ¼
�
ψp

ψn

�
: ð3:3Þ

For simplicity, we only consider an isospin-symmetric
state, so the baryon chemical potential is given by

μψ ¼
�
μp 0

0 μn

�
¼
�
μB 0

0 μB

�
: ð3:4Þ

Note that the nucleon mass term does not appear here, since
it is dynamically generated by a phase transition order
parameter, and thus will be induced from the interaction
term, Lint.
The mesonic term is described by

Lmes ¼
1

2
∂μσ∂

μσ þ 1

4
Tr½∂μπ∂μπ�

−
1

4
ωμνω

μν þ 1

2
m2

ωωμω
μ þ d

4
ðωμω

μÞ2 − Uðσ; πÞ;
ð3:5Þ

where σ is the isospin singlet meson, π ¼ πaτa (a ¼ 1, 2,
and 3) are pions with τa the Pauli matrices, and ωμν ¼
∂μων − ∂νωμ denotes the field strength tensor of the
isoscalar vector meson field ωμ. We take its mass
mω ¼ 782 MeV, and the self-quartic interaction coupling
d ≥ 0. Uðσ; πÞ describes the effective potential of pseudo-
scalar (pion) and scalar mesons, π and σ, and takes the form

Uðσ; πÞ ¼
X4
n¼1

an
n!

ðσ2 þ πaπa − f2πÞn
2n

− ϵðσ − fπÞ; ð3:6Þ

where fπ ¼ 93 MeV is the pion decay constant and ϵ is a
(explicit) chiral symmetry breaking parameter. The coef-
ficients an will be fixed later in Sec. III D.
Finally, the interaction between baryons and mesons is

given as

Lint ¼ −ψ̄ ½gσðσ þ iγ5πÞ þ gωγμωμ�ψ ; ð3:7Þ

with gσ and gω, respectively, being the coupling constants
of the scalar and vector mesons with nucleons.

B. Order parameters and the CDW ansatz

Chiral condensate proceeds with developing a back-
ground expectation value of the σ field. While the conven-
tional hadronic phase is given by a homogeneous σ
expectation value, a modulation exists in the isospin space
for the CDW phase. A simple ansatz to describe the CDW
phase has the form

σ ¼ ϕ cosð2q⃗ · x⃗Þ;
π3 ¼ ϕ sinð2q⃗ · x⃗Þ;
π1 ¼ π2 ¼ 0; ð3:8Þ

where q⃗ is spontaneously chosen, and we take ϕ as an order
parameter of chiral symmetry breaking. As one can see
later, q⃗ is given by a microscopic scale, and therefore we
average over the space and obtain the effective potential in
terms of q ¼ jq⃗j.
The vector meson ωμ also develops its background field

value when μB is large. Assuming spatial isotropy in the ωμ

sector (i.e., no chiral current), we only consider the ω0

component to have its background expectation value, while
ωi ¼ 0. In the following, we denote the background field
value ω0 as ω for simplicity.
Neglecting mesonic fluctuations and applying the chiral

rotation to the fermionic fields,

ψ → e−iγ
5τ3q⃗·x⃗ψ ; ð3:9Þ

one finds the mean-field effective Lagrangian of the form

Leff ¼ ψ̄ðiγμ∂μ þ γ0μ� −M þ γ5q⃗ · γ⃗τ3Þψ

þm2
ω

2
ω2 þ d

4
ω4 −U − ΔU; ð3:10Þ

where the effective nucleon mass is given by

M ¼ gσϕ; ð3:11Þ

and the effective chemical potential reads

μ� ¼ μB − gωω: ð3:12Þ

The mesonic vacuum potential is decomposed into an
isotropic part and a q-dependent correction,

UðϕÞ ¼
X4
n¼1

an
n!

ðϕ2 − f2πÞn
2n

− ϵðϕ − fπÞ; ð3:13Þ

ΔUðϕ; qÞ ¼ 2ϕ2q2 þ ð1 − δq0Þϵϕ: ð3:14Þ
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The term 2ϕ2q2 in ΔU originates from the scalar kinetic
term in Eq. (3.5), whereas the term ð1 − δq0Þϵϕ arises from
the spatial average of the chiral symmetry breaking term in
Eq. (3.6) with the CDW ansatz Eq. (3.8), which yields

σ̄ ¼
	
ϕ; q ¼ 0 ðhomogeneousÞ;
0; q ≠ 0 ðCDW; cos ¼ 0Þ: ð3:15Þ

This treatment is valid when q is much larger than the
Hubble scale, which is always the case in this work. As one
can see later, the Kronecker delta term plays an important
role in determining the CDW phase structure.

C. Effective potential

Now, let us compute the effective potential of the order
parameters ϕ, q, and ω. The baryonic contribution can be
expressed as

Ωbar ¼ −2
X
e¼�

X
s¼�

Z
d3k⃗
ð2πÞ3

	
Es
k

2
þ T ln½1þ e−ðE

s
k−eμ�Þ=T �




ð3:16Þ

with

E�
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2l þM2

q
� q
�

2

þ k2⊥

s
; ð3:17Þ

k⃗l ¼ ˆq⃗ ˆq⃗ ·k⃗; k⃗⊥ ¼ k⃗ − ˆq⃗ ˆq⃗ ·k⃗: ð3:18Þ

The summation indices e and s run for fermion/antifermion
and the spin along the q⃗ direction, respectively. The first
term of Eq. (3.16) corresponds to the Coleman-Weinberg
potential, while the second term is the free energy density
in the medium, which is effectively the negative pressure of
the plasma for a given order parameterM ¼ gσϕ. Thus, the
baryonic contribution can be rewritten as

Ωbar ¼ −2ðPvac þ PmatÞ: ð3:19Þ

The prefactor 2 comes from the isospin degree (i.e., proton
and neutron).

Pvac can be obtained by the integral,

Pvac ¼
1

2π2
X
s¼�

Z
∞

0

dkl

Z
∞

0

dk⊥k⊥Es
k; ð3:20Þ

and can be further decomposed into q-dependent and q-
independent contributions,

½−2Pvac�q−indep¼
m4

N

96π2

�
1−8

ϕ2

f2π
−12

ϕ4

f4π
ln
ϕ2

f2π
þ8

ϕ6

f6π
−
ϕ8

f8π

�
;

ð3:21Þ
½−2Pvac�q−dep ¼−

q2M2

2π2
ln
M2

l2
−

q4

2π2
FðM=qÞ; ð3:22Þ

where the nucleon vacuum mass is mN ¼ 939 MeV, and

FðyÞ≡ 1

3
þ Θð1 − yÞ

"
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

q
·
2þ 13y2

6

þ 2y2
�
1þ y2

4

�
ln

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

p
y

�#
: ð3:23Þ

Here, we take the renormalization scale l in a q-dependent
way,

lðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ ð2qÞ2
q

; ð3:24Þ
adopting the choice taken in Ref. [39].
To obtain Pmat, we take two different approaches for the

cases with T ¼ 0 and T ≠ 0. In the latter, we numerically
integrate the second term of Eq. (3.16). On the other hand,
when T ¼ 0, the Fermi-Dirac distribution becomes a
simple step function and, therefore, analytic formulas are
available. We present its expressions below.
At zero temperature and finite density, there is no

antiparticle in matter, and the logarithm in Eq. (3.16) is
nonzero only for e ¼ þ1. Thus, Pmat is given by

Pmat ¼
1

2π2
X
s¼�

Z
∞

0

dkl

Z
∞

0

dk⊥k⊥ðμ� − Es
kÞΘðμ� − Es

kÞ:

ð3:25Þ

We evaluate the double integral analytically and find

Pmat ≡ Θðμ� − q −MÞ
16π2

	
M2½M2 þ 4qðq − μ�Þ� ln

�
μ� − qþ k−

M

�
þ k−

3
½2ðμ2� − q2Þðμ� − qÞ −M2ð5μ� − 13qÞ�




þ Θðμ� þ q −MÞ
16π2

	
M2½M2 þ 4qðqþ μ�Þ� ln

�
μ� þ qþ kþ

M

�
þ kþ

3
½2ðμ2� − q2Þðμ� þ qÞ −M2ð5μ� þ 13qÞ�




þ Θðq − μ� −MÞ
16π2

	
M2½M2 þ 4qðq − μ�Þ� ln

�
q − μ� þ k−

M

�
−
k−
3
½2ðμ2� − q2Þðμ� − qÞ −M2ð5μ� − 13qÞ�




−
Θðq −MÞ

8π2

"
M2ðM2 þ 4q2Þ ln

 
qþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −M2

p
M

!
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −M2

p
3

qð2q2 þ 13M2Þ
#
; ð3:26Þ
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where k� ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ� � qÞ2 −M2

p
. Recall that M ¼ gσϕ.

In summary, the effective potential is given by

Ωðϕ;ω; q; μ�Þ ¼
m2

ω

2
ω2 þ d

4
ω4 þ U þ ΔU

− ½2Pvac�q−dep − ½2Pvac�q−indep − 2Pmat:

ð3:27Þ

When T ¼ 0, we take Pmat from Eq. (3.26), while we
numerically integrate the second term of Eq. (3.16)
for T ≠ 0.

D. Model parameters

1. ϵ, a1, and gσ
We first consider the vacuum state (μB ¼ 0 and T ¼ 0),

where we must have ϕ ¼ fπ , q ¼ 0, and ω ¼ 0, which
implies

U0ðϕÞjϕ¼fπ ¼ a1fπ − ϵ ¼ 0: ð3:28Þ

In addition, after taking account of the isospin symmetry,
we may reinstate the meson fluctuation by replacing
ϕ2 → ðfπ þ σÞ2 þ π2, and find

a1 ¼ m2
π and ϵ ¼ fπm2

π: ð3:29Þ

Throughout this work, we use the physical pion mass,
mπ ¼ 139 MeV. Since the nucleon mass mN is given by
gσfπ , it also fixes

gσ ¼ mN=fπ; ð3:30Þ

which implies gσ ≃ 10, numerically.

2. gω and d

We now fix the baryon onset chemical potential, below
which the baryon number density vanishes at zero temper-
ature,

μ0 ¼ mN þ EB ¼ 922.7 MeV; ð3:31Þ

with the binding energy EB ¼ −16.3 MeV. At saturation
(μB → μ0þ), the baryon density is given by nB → n0
with n0 ¼ 0.153 fm−3.
Although not fixed, there are empirically expected satu-

ration values of physical quantities: the effective nucleon
mass M → M0 ≃ ð0.7 − 0.8ÞmN [61], and the incompress-
ibility (or compression modulus) K ≃ ð200–300Þ MeV

[61–63], where K ¼ limμ→μ0þ9n
2
B
d2ðρ=nBÞ

dn2B
for the energy

density ρ. These two quantities, M0 and K, are taken as
free parameters in our study.

From the gap equation along the ω field with
μ� ¼ μB − gωω,

∂

∂ω
Ωðϕ;ω; q; μB − gωωÞ ¼ 0; ð3:32Þ

one can find

m2
ωωþ dω3 − gωn0 ¼ 0; ð3:33Þ

where we have used the relation

∂Ω
∂μB

¼ nB; ð3:34Þ

and we take nB ¼ n0. Let us denote the solution of (3.33) as
ω0, whose analytic expression will appear shortly.
Since we consider the Fermi-Dirac distribution at T ¼ 0

with q ¼ 0, μ�0, the saturation value of μ�, is solely
determined by M0 as

μ�0 ≡ μ0 − gωω0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2F0 þM2

0

q
; ð3:35Þ

where kF0 ¼ ð3π2n0=2Þ1=3 ≃ 259 MeV is the Fermi
momentum at saturation. Inserting ω0 ¼ ðμ�0 − μ0Þ=gω
into (3.33), we obtain an equation for gω, whose solution
is given by

g2ω ¼
m2

ω

2n0
ðμ0−μ�0Þ

2
41þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4dn0ðμ0−μ�0Þ

m4
ω

s 3
5: ð3:36Þ

This fixes gω for each M0 and d. To make gω real, we need
μ�0 < μ0, implying an upper bound of M0,

M0 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ20 − k2F0

q
≃ 0.943mN; ð3:37Þ

which restricts our choice of M0.
The solution of (3.33) in ω is given by

ω0 ¼
gωn0
m2

ω
fðx0Þ; ð3:38Þ

where

fðxÞ≡ 3

2x

1 −
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p

− x
�
2=3� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ x2
p

− x
�
1=3

; ð3:39Þ

x0 ≡ 3
ffiffiffiffiffiffi
3d

p
gωn0

2m3
ω

: ð3:40Þ

As fðxÞ ≃ 1 − 4
27
x2 þOðx4Þ for a small x, we have

ω0 ≃
gωn0
m2

ω
ð1 − g2ωn20

m6
ω
dþOðd2ÞÞ. Given that the coefficient
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of d is numericallyOð10−4Þ, we may restrict d less than 104

such that the condensate ω should not be disturbed by d too
much [40].

3. a2, a3, and a4
To fix the coefficients that appear in the σ potential in

Eq. (3.6), we take the following three conditions. First of
all, we use the gap equation ∂Ω

∂ϕ ¼ 0,

0 ¼ U0ðϕ0Þ þ
gσM0

π2

�
kFμ�0 −M2

0 ln
kF þ μ�0

M0

�
ð3:41Þ

with ϕ0 ¼ M0=gσ. Second, we require the free energy of
saturated nuclear matter to coincide with that of the
vacuum,

0¼m2
ω

2
ω2
0þ

d
4
ω4
0−Uðϕ0Þ

þ 1

4π2

��
2

3
k3F−M2

0kF

�
μ�0þM4

0 ln
kFþμ�0

M0

�
: ð3:42Þ

Finally, we use the definition of K and obtain

0¼U00ðϕ0Þþ
g2σ
π2

�
k3F þ 3kFM2

0

μ�0
− 3M2

0 ln
μ�0þ kF

M0

�
−
3k2F
μ�0

þ 6g2σk3F
π2

�
M0

μ�0

�
2=
�
K−

6k3F
π2

g2ω
m2

ω
ðfðx0Þþ x0f0ðx0ÞÞ

�
:

ð3:43Þ

Note that all these equations are linear in a2, a3, and a4
because UðϕÞ or U00ðϕÞ appear linearly. Hence, we solve
them analytically and fix the coefficients, although we do
not present their expression due to its complexity.
In summary, we have fixed the model parameters, ϵ, a1,

and gσ , using the vacuum values of mπ , fπ , and mN . The
other parameters, gω, a2, a3, and a4, are also determined
from the gap equations with respect to ϕ and ω, as well as
certain conditions at the nuclear saturation density. The
latter involves three physical quantities, M0, d, and K,

which are not well constrained by experiments. We,
therefore, take these as free input parameters, appropriately
chosen to realize the CDW phase without spoiling the
physics of dense nuclear matter much. We are particularly
generous with the upper bound of M0, because it turns out
that a wider parameter space for the CDW phase opens up
as M0 increases.
In Table I, we present the typical values of the input

parameters considered in this work and the deduced values
of the model parameters, gω, a2, a3, and a4. The values in
the third and fourth rows match some benchmark param-
eters used in Ref. [39]. In the last two columns, we also
report two physical quantities that can be determined in our
model setup, which might be used as an indication for the
limitation of the nucleon-meson model with the mean-field
approximation. Following Ref. [39], we first calculate the
slope parameter L at the fixed value of the nuclear
symmetry energy S ¼ 32 MeV, and find that the resulting
values are within a typical range of the experimental
bounds, L ≃ 40–140 MeV for S ≃ ð30–34Þ MeV. The
other quantity we show in the table is the mass of the σ
meson, which is nothing but the curvature of the potential
U at the vacuum expectation value of hσi ¼ fπ ,

m2
σ ¼ U00ðfπÞ ¼ m2

π þ a2f2π: ð3:44Þ

The resulting values of mσ vary widely with the model
parameters, from a few hundreds to a few thousands in
MeV, which is in the right range compared to the
experimental results with an order-of-magnitude estima-
tion. Note that mσ is poorly determined by experiments,
even its identification is elusive: in the Particle Data
Group [64], the pole mass ranges in ð400–550Þ MeV−
ið200–350Þ MeV, while the Breit-Wigner resonance
mass ranges in 400–800 MeV with the decay width
100–800 MeV.
In the following, we are not going to pay much attention

to the experimental constraints onM0 andmσ . The reason is
that the primary purpose of this work is testing whether the
QCD-induced little inflationary scenario can be realized by
the CDW phase transition, but it is not whether the CDW

TABLE I. Model parameters, appearing in the effective Lagrangian of Eq. (3.10), determined from given sets of selected input
parameters,M0; d; K, andmπ ¼ 139 MeV. For each set of parameters we also present the resulting values of the σ-meson mass,mσ , and
the slope parameter, L, at the nuclear symmetry energy of S ¼ 32 MeV.

Input parameters Model parameters Model output

M0=mN d K [MeV] gω a2 a3 [MeV−2] a4 [MeV−4] L [MeV] mσ [MeV]

0.81 0 250 7.87 52.39 −2.64 × 10−2 6.19 × 10−5 87.66 687.35
0.81 104 250 12.45 128.48 4.34 × 10−1 7.84 × 10−4 53.85 1063.26
0.81 104 300 12.45 168.26 5.94 × 10−1 9.99 × 10−4 53.85 1214.33
0.70 104 250 18.83 67.59 1.55 × 10−1 2.00 × 10−4 56.41 777.13
0.89 104 250 6.73 376.87 2.24 5.81 × 10−3 55.77 1810.76
0.93 104 250 2.81 2451.31 24.69 8.77 × 10−2 64.92 4606.60
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phase is possible or not. As can be seen in the next section,
the CDW phase in this model appears in a large M0 and d
region, which are already in tension with the experimental
constraints on M0 or mσ. Moreover, we would like to
emphasize that any model description cannot be fully
realistic. For instance, the vector meson potential does
not have to be in the polynomial form, as ω is a composite
state (i.e., we could include higher-dimensional operators,
or use an arbitrary special function in terms of ωμωμ). Since
the potential shape determines the existence of the CDW
phase as well as mσ, e.g. see Eq. (3.42), one could design
the potential to be consistent with favorable values. This
would be meaningless for the purpose of our study. Instead
of putting effort into it, we simply release the constraints on
M0 and mσ , and focus on the CDW phase transition
properties and their implications in the cosmological
context. Our conclusion at the end of the day is that the
CDW phase cannot realize the QCD-induced little infla-
tionary scenario even without these constraints. This
justifies our relaxation.

IV. PHASE STRUCTURE AND
TRANSITION PROPERTIES

A. CDW phase

The wave number q serves as an order parameter for the
CDW phase—the CDW phase exists when a local mini-
mum of the free energy density Ω is located at a nonzero q.
We investigate it by solving the gap equation with respect
to the wave number q,

∂Ω
∂q

¼ 0; ð4:1Þ

while simultaneously solving the other gap equations
∂Ω
∂ϕ ¼ ∂Ω

∂ω ¼ 0.
On the other hand, the homogeneous chiral conden-

sate (q ¼ 0) always exists due to the Kronecker delta

term in Eq. (3.14). Thus, we compare local minima at
q ¼ 0 and q ≠ 0 (if it exists) to see the stability of the
CDW phase.
Let us first investigate the zero-temperature case, which

was also studied in Refs. [39–41] in various contexts. Later,
we will consider finite temperature and obtain the CDW
phase diagram in the ðμB; TÞ plane for the first time in
this model.
In Fig. 2, we show the potential behavior in the q

and ϕ plane at zero temperature for M0 ¼ 0.81mN,
K ¼ 250 MeV, and d ¼ 104. Here, we take ω to minimize
Ω at each value of q and ϕ, while we do not depict the
potential values at q ¼ 0 due to the visualization issue of
the Kronecker delta. As one can see in the middle and right
panels (μB ≳ 1 GeV), a local minimum at a nonzero q
emerges. Note that in these local minima, ϕ values are also
slightly lowered.
To compare these minima with the potential value at

q ¼ 0, we define the reduced effective potential as

ΔΩðqÞ¼ΩðϕminðqÞ;ωminðqÞ;qÞ−Ωðϕminð0Þ;ωminð0Þ;0Þ;
ð4:2Þ

where ϕminðqÞ and ωminðqÞ are field values of ϕ and ω,
minimizing the potential for each q. We present the
results in Fig. 3 at three representative values of μB
denoted by different colors. We find that the critical
chemical potential is around μcB ¼ 1106 MeV corre-
sponding to the purple curve. At μB > μcB, the CDW
phase is energetically more favored than the hadronic
phase with the homogeneous chiral condensate. Even
for μB < μcB, the CDW phase can exist but becomes
metastable (see the orange curve for μB ¼ 1050 MeV).
When the (meta)stable CDW phase exists, the potential
barrier between the two minima is provided by the
Kronecker delta term in Eq. (3.14) and the decreasing
behavior of the potential with q > 0.

FIG. 2. Contour plots of the thermodynamic potential ΩðT; μB;ϕ; qÞ in the ðϕ; qÞ plane for various values of μB and T ¼ 0, with
M0 ¼ 0.81mN ,K ¼ 250 MeV, and d ¼ 104. The middle and right panels show the emergence of a local minimum at a nonzero q. These
plots do not depict the potential at q ¼ 0.
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Following the discussion above about the identifica-
tion of a stable CDW phase, we scan the parameter
space by varying M0 while keeping the other input
parameters fixed. The results at zero temperature are
shown in Fig. 4. We have considered three represen-
tative values of d ¼ 0 (green), 102 (blue), and 104 (red)
to illustrate its dependence of the CDW phase, while we
have fixed K ¼ 250 MeV. In the figure, we also present
the baryon onset chemical potential μ0 ¼ 922.7 MeV by
a solid black line below which nB ¼ 0. We find that the
CDW phase exists over a wide range of parameter space
and the corresponding region expands as the d value
increases. The latter indicates that the isoscalar vector
meson plays a crucial role in stabilizing the CDW
vacuum, and thus should be carefully taken account of
for dedicated studies of the CDW phase, which is

beyond the scope of this work. Our results agree well
with Ref. [39].
Now, let us discuss the behavior when the temper-

ature is nonzero. In Fig. 5, we show the temperature
dependence of the reduced effective potential ΔΩ at a
fixed μB ¼ 1200 MeV. As the temperature increases, it
shows that the CDW phase becomes less stable, i.e., the
local minimum of the potential at q ≠ 0 is lifted up. The
critical temperature can be determined from the con-
dition, ΔΩðqminÞjT¼Tc

¼ ΔΩð0Þ ¼ 0 with qmin satisfying
ΔΩ0ðqminÞ ¼ 0, which yields Tc ≃ 106 MeV in this
example. By extending this analysis to the region
of 900 MeV ≤ μB ≤ 1250 MeV and 0 MeV ≤ T ≤
120 MeV, while keeping the other input parameters
fixed by M0 ¼ 0.81mN, K ¼ 250 MeV, and d ¼ 104, we
find the phase diagram in the μB-T plane, as shown in
Fig. 6. There are two reasons why we restrict ourselves
to the aforementioned region of the parameter space.
First of all, this is the region in which the validity of
the nucleon-meson model is guaranteed. More impor-
tantly, we recall that our interests are in the transition
between the CDW and hadronic phases with μB=T ≪ 1,
as discussed in Sec. II.
The critical line depicted in the figure is one of the most

distinct features of our model, which is significantly
different from the typical results in the literature. For
instance, the quark-meson (QM) model without a vector
meson contribution has an opposite tendency, and the
CDW phase is more stable when the temperature increases
in a similar range of μB, e.g., see Refs. [31,34–36]. Even if
we do not show the results, we should note that the
NM model with dω ¼ 0 exhibits a qualitatively similar
behavior to the QM model. We can, therefore, conclude
that the ω meson with a large d is responsible for this
distinguishable feature.

0 50 100 150 200 250
–5.0 107

0

5.0 107

1.0 108

1.5 108

2.0 108

2.5 108

FIG. 3. The reduced effective potential ΔΩ, defined in
Eq. (4.2), as a function of the wave number q for various values
of the chemical potential μB at T ¼ 0. The other input parameters
are fixed to M0 ¼ 0.81mN , K ¼ 250 MeV, and d ¼ 104.

FIG. 4. Zero-temperature phase structure as a function of the
model parameter M0. We fix K ¼ 250 MeV and use three
representative values of d, as shown in the legend. The black
solid line denotes the baryon onset chemical potential μ0 ¼
922.7 MeV below which nB ¼ 0.

FIG. 5. Free-energy difference of the CDW phase with respect
to the thermodynamically stable isotropic phase, ΔΩ in Eq. (4.2),
as a function of temperature T at fixed μB ¼ 1200 MeV. The
input parameters are fixed to M0 ¼ 0.81mN , K ¼ 250 MeV, and
d ¼ 104.
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B. Spinodal line of the CDW phase

We now consider a cosmological evolution starting from
a CDW phase.3 As the Universe expands, μB and T
decrease. When they fall below the critical line of the
first-order phase transition, the hadronic phase at q ¼ 0
becomes more stable, enabling thermal/quantum tunneling
via bubble nucleation. Initially, the bubble nucleation rate is
low, so the phase transition does not proceed because the
spacetime expansion in the metastable CDW phase is more
rapid than the bubble’s nucleation and its growth. Thus,
supercooling will last until the bubble nucleation rate
becomes comparable to the Hubble rate.
Estimating the bubble nucleation rate is highly chal-

lenging because we do not know how the order parameter q
behaves as a field. Moreover, there is a subtlety in treating
the Kronecker delta term—this should actually be a smooth
function connecting from zero to one with a macroscopic
length scale, such as the size of the CDW domain. This
scale is completely unknown to us.
Instead, we first check whether the potential barrier can

last until a sufficiently low baryon density, which is a
necessary condition for the QCD-induced little inflationary
scenario. For instance, in Fig. 6, we have depicted the
spinodal line (yellow dashed line) above which the poten-
tial barrier exists. As shown in the figure, we find that the
CDW phase can only exist at μB ≳ 960 MeV, which is
larger than μ0, implying that the transition ends before the
baryon density becomes sufficiently reduced. Therefore,
the QCD-induced little inflation cannot be realized for the

given parameter set of M0 ¼ 0.81mN , d ¼ 104, and
K ¼ 250 MeV.
In the following, we investigate further by taking a larger

value of M0, which makes the CDW phase more stable,
e.g., see Fig. 4. We first discuss the case of T ¼ 0, followed
by our main results with T ≠ 0. In the former, we are not
only able to maximize the (meta)stable CDW phase, but
also provide insights on the nature of the spinodal decom-
position with a certain level of analytical calculations.
As discussed in Sec. IVA, the potential barrier exists as

long as there is a local minimum at q ≠ 0, because the
Kronecker delta term always makes the homogeneous
chiral condensate (q ¼ 0) local minimum (see Figs. 3
and 5). To have a minimum at q ≠ 0, the curvature of
the smooth part of ΔΩ at q ¼ 0 should be negative.
Expanding ΔΩðqÞ around q ¼ 0, we define A, the

curvature of the potential, as

ΔΩðqÞ ¼ ð1 − δq0Þϵϕ̃0 þ Aq2 þOðq4Þ; ð4:3Þ

and we find

A ¼ 2ϕ̃0
2

�
1 −

g2σ
4π2

ln
Mðϕ̃0Þ2
m2

N

�

− Θðμ̃�0 −Mðϕ̃0ÞÞ
Mðϕ̃0Þ2

π2
ln

�
μ� þ kF
Mðϕ̃0Þ

�
; ð4:4Þ

whereMðϕ̃0Þ ¼ gσϕ̃0 with ϕ̃0 ≡ limq→0 ϕminðqÞ, and μ̃�0 ¼
μB − gωω̃0 with ω̃0 ¼ limq→0 ωminðqÞ. The coefficient of
the quartic term q4 is positive and, therefore, a local
minimum at q ≠ 0 exists only when A < 0. Thus, A ¼ 0
determines the spinodal line.
A in Eq. (4.4) has two contributions. The first term is

always positive because we have a relation of Mðϕ̃0Þ ¼
ðϕ̃0=fπÞmN < mN , which makes logðMðϕ̃0Þ=mNÞ negative.
The second termisnegative, andactivatedonly for thepositive
value of μ̃�0 −Mðϕ̃0Þ, which is equivalent to μB > μ0, due to
thediscontinuity inϕmin atq ¼ 0.Toobtainanegativevalueof
A, it is therefore necessary to have a large μB, which explains
what we have seen in Figs. 2 and 3.
In the left panels of Fig. 7, we show the first and second

terms in Eq. (4.4) by blue and orange lines, respectively,
while the whole A term is depicted by the green lines. From
top to bottom, M0=mN is taken to increase as 0.81, 0.89,
and 0.93. Again, we fix the other input parameters as K ¼
250 MeV and d ¼ 104. When μB is below μ0, we find that
A is always positive due to the absence of the second term
in Eq. (4.4). As shown in the figures, however, for μB > μ0
the fact that the first and second terms are opposite with
comparable magnitudes leads to a small value of A. We
note that both terms scale with ϕ̃2

0 multiplied by the Oð1Þ
coefficients. In particular, the value of A still remains
positive just above μ0 in the cases withM0=mN ¼ 0.81 and
0.89, but becomes negative for the higher values of M0, as

FIG. 6. Phase diagram of dense nuclear matter in the μB-T
plane. The blue solid and orange dashed lines denote the critical
and spinodal curves below which the CDW phase is stable and
metastable, respectively. We also present the liquid-gas transition
by the black solid line. The input parameters are fixed to
M0 ¼ 0.81mN , K ¼ 250 MeV, and d ¼ 104.

3One may consider an even larger initial chemical potential
and start from a color superconducting phase, and transition into
the CDW phase. But, this is beyond the scope of this work.
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illustrated in the bottom panel for M0=mM ¼ 0.93. This
indicates that a sufficiently large supercooling of the
CDW phase may be possible if M0 is larger than
0.9mN , where the sign flip of A is expected to occur
abruptly at μB ¼ μ0.
The location of the localminimum at q ≠ 0 is depicted in

the right panels of Fig. 7. In these plots, we convert μB in
terms of nB=n0, while the upper ticks indicate the μB values
corresponding to nB=n0, e.g., μ0 ¼ 922.7 MeV corre-
sponds to nB=n0 ¼ 1. In each panel, as expected, the q ≠
0 minimum disappears when the A term becomes positive.

More importantly, as discussed above, this happens at
μB ¼ μ0 when M0 ≳ 0.9mN , and therefore the CDW phase
can be supercooled until the baryon onset. In other words,
the CDW phase can directly transition into the hadronic gas
state where nB ¼ 0.
Such a behavior still holds for nonzero (low) temper-

ature. In the left panel of Fig. 8, we show the evolution of a
local minimum at q ≠ 0 for three different temperatures,
T ¼ 0 (blue), 10 MeV (red), and 20 MeV (green). We find
that the local minimum at q ≠ 0 survives until the liquid-
gas transition surface as long as T ≲ 10 MeV. The

FIG. 7. Left: the dependence of the parameter A and its two terms in Eq. (4.4) on the baryon chemical potential μB at zero temperature
for three different values ofM0. We fix the other input parameters asK ¼ 250 MeV and d ¼ 104. Right: the wave number qlocalmin at the
local minimum of ΩðqÞ in the vicinity delineated by the left figure.
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corresponding phase diagram in the μB-T plane is shown in
the right panel.

C. Hadronic liquid-gas transition

To see what happens during the transition between the
CDW and hadronic phases for M0 ≳ 0.9mN, we first need
to understand the nature of the hadronic liquid-gas tran-
sition. The baryon number density can be expressed as

nB ¼ 4

Z
d3k
ð2πÞ3

�
1

eðE−μ�Þ=T þ 1
−

1

eðEþμ�Þ=T þ 1

�
; ð4:5Þ

where E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p
> M andM ¼ gσhϕi. In the limit of

T → 0, if μ� < M, both exponents of baryon and anti-
baryon distributions become positive infinity for any k.
Thus, nB drops down to zero discontinuously when
μB < μ0, which leads to the transition from the liquid to
the gas state. The discontinuity in nB from n0 to zero across
μ0 suggests that the liquid-gas transition is first order.
The liquid-gas transition keeps being first order even

when we consider a small, nonzero temperature. In Fig. 9,
we depict nB=n0 as a function of μB for different temper-
atures. As shown in the figure, the transition is first order
when T ≲ 20 MeV, and becomes a crossover at higher
temperature.
It is interesting to consider how the liquid-gas transition

proceeds cosmologically, assuming that it exists. Let us
imagine T ¼ 0 for simplicity. In the cosmological aspect,
since the Universe expands, the baryon number density
scales as a−3 continuously, denoting a as the scale factor.
Thus, at some point, the baryon density must be smaller
than n0. However, Fig. 9 suggests that there is no chemical
potential that can describe nB below n0. Taking a small but
nonzero T does not help as long as there is a range of nB in

which the baryon chemical potential is not thermodynami-
cally well defined.
This apparent contradiction can be resolved by the

formation of hadronic liquid droplets (e.g., see
Ref. [65]), breaking the homogeneity spontaneously.
Each droplet maintains the baryon number density
nB ¼ n0. The space between droplets is filled by the
hadronic gas state (nB ¼ 0 for T ¼ 0), while the distances
among droplets get farther proportionally to a. Therefore,
the net baryon density can be scaled as a−3.

D. Cosmological implication

Let us come back to the CDW phase with M0 ≳ 0.9mN ,
which is the only remaining setup that may provide a strong
supercooling of the CDW phase, putting aside the fact that
such a large M0 value is disfavored. We showed that the
CDW phase can last until the liquid-gas transition surface,

FIG. 8. Left: the wave number q at the local minimum of the thermodynamic potential ΩðqÞ as a function of the normalized baryon
number density nB=n0 for three different temperatures, T ¼ 0; 10; 20 MeV. Right: the corresponding phase diagram in μB-T, for the
benchmark parameter M0 ¼ 0.93mN, illustrating the regions of the CDW phase as a metastable state (false vacuum) and a stable state
(true vacuum). The liquid-gas transition is denoted by a black solid line.
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FIG. 9. Baryon number density as a function of the chemical
potential for different temperatures. The input parameters are
fixed by M0 ¼ 0.81mN, K ¼ 250 MeV, and d ¼ 104.
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and we now need to consider a transition from the CDW
phase to the hadronic gas state.
Recall that, as described in Sec. IV C, the hadronic

liquid-gas transition proceeds with the formation of liquid
droplets whose density is n0. The same picture must be
applied here—when the net baryon density touches the
saturation density, droplets form, while the space between
them is filled by the hadronic gas state. As the Universe
expands, the distance among droplets scales linearly in a,
and the net baryon density decreases as a−3.
Each droplet can either stay in the CDW phase if the size

of the droplet is sufficiently large, or be forced to transition
into the homogeneous chiral condensate. When the CDW
phase makes the transition inside a droplet, the potential
energy difference between q ≠ 0 and q ¼ 0 minima is
released as latent heat. Assuming the simultaneous tran-
sition and instantaneous thermalization of the released heat,
the reheating temperature TRH after the transition can be
estimated as

ρplðTRHÞ ¼ ΔΩðq̃0ÞVdnd; ð4:6Þ

where ρpl is the plasma energy density, Vd is the volume of
each droplet, nd is the number density of droplets, and q̃0 is
the wave number at the local minimum in the limit of
μB → μ0þ. Since the potential energy difference mostly
comes from the Kronecker delta term in Eq. (3.14), we
approximate ΔΩðq̃0Þ ≃ ϵfπ ¼ m2

πf2π , which is actually an
optimistic estimate for the upper bound of ΔΩðq̃0Þ.
The net baryon density becomes

nnetB ¼ n0Vdnd ¼ n0
ρplðTRHÞ
ΔΩðq̃0Þ

; ð4:7Þ

and therefore, taking the entropy density s ¼ 4
3

ρpl
T , the final

baryon yield after the transition can be estimated as

YB ¼ nnetB

s
¼ 3

4

n0TRH

ΔΩðq̃0Þ
; ð4:8Þ

≃10−2
TRH

2 MeV
: ð4:9Þ

As YB ∼ 10−10 requires the reheating temperature to be
significantly lower than the neutrino decoupling temper-
ature ∼2 MeV, this scenario is severely ruled out by BBN
and CMB.
We thus conclude that the little inflationary scenario

associated with the CDW phase transition is incompatible
with the observed Universe. Although this conclusion has
been derived within a specific nucleon-meson model, we
do expect that the qualitative conclusion would not be
substantially altered in other models. The suppression in
Eq. (4.6) by the factor Vdnd < 1 follows from the nature of
the liquid-gas transition, which is model independent.

A different model may slightly increase ΔΩðq̃0Þ, but not
by several orders of magnitude.

V. SUMMARY

In this work, we have revisited the QCD-induced little
inflationary scenario, which may explain the GW signal
observed from PTA experiments. We mainly focused on the
maximally allowed strength of the supercooling in first-
order QCD phase transitions, and investigated whether any
of such phase transitions can sufficiently dilute the initial
large baryon density to be consistent with the observation
of the current Universe.
We first pointed out that the originally suggested

scenario, based on the transition from the QGP to the
hadronic phase, cannot realize this scenario. This is because
the existence of the CEP at μB=T > Oð1Þ conflicts with the
assumption that a potential barrier separating two phases
lasts until a very low temperature and chemical potential.
For instance, the dilaton-quark-meson model studied in the
original work predicts a first-order transition even at μB ¼
0 and thus is unrealistic.
Then we considered the transition between the inhomo-

geneous CDW phase and the homogeneous hadronic phase
with a nonzero chiral condensate. Although the existence of
the CDW phase in QCD matter has not yet been fully
established and still remains a theoretical possibility, we
find that, in the nucleon-meson model, its phase transition
can be strongly first order when the saturation mass M0 is
large and the self-interaction of the ω meson is strong.
Especially, when M0 ≳ 0.9mN and d ∼ 104, the potential
barrier separating q ¼ 0 and q ≠ 0 can last until the liquid-
gas transition surface, making a large dilution of baryon
density possible. However, the net latent heat is suppressed
by the nature of the liquid-gas transition, and thus, the
reheating temperature turns out to be as small as the
electronvolt scale to successfully explain the observed
baryon yield of the current Universe. Such a low reheating
temperature is incompatible with the BBN and CMB, and
thus it closes the possibility of realizing the QCD-induced
little inflationary scenario and explaining the GW signal
observed at PTAs. We do not expect that this conclusion
would change in a different model because the crucial
difficulty comes from the model-independent nature of the
liquid-gas transition that is accompanied by the strongly
supercooled CDW/hadronic phase transition. It is still
conceivable that a color-superconducting phase at much
higher baryon density could undergo sufficiently strong
supercooling, though we consider this unlikely.
Introducing an additional dilution mechanism, such as

early matter domination, may help dilution of the baryon
density to be consistent with the observation. In this case,
the GWs produced by a first-order QCD phase transition
must also be weakened by the same dilution mechanism,
predicting the GW signal to be hidden behind the GW
observed at PTAs.
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In short, we conclude that it is difficult to realize the
QCD-induced little inflationary scenario within standard
model QCD, and that a first-order QCD phase transition is,
therefore, unlikely to account for the observed stochastic
GW signal. More general scenarios involving additional
dynamics in the QCD era may nevertheless lead to
qualitatively different possibilities, which deserve further
investigation.
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