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A particular solution to the three-body problem is the circular Lagrange three-body system, where the
masses move in circular orbits such that they always constitute an equilateral triangle. Such a system has
been found to emit gravitational waves with a waveform similar to that of a binary system. In this work, we
study the gravitational waveform degeneracy between quasicircular binary systems and Lagrange three-
body systems up to 0.5PN order. Assuming we know the parameters of a given binary system, we
determine the parameters of the Lagrange triple that produces the same waveform as that of the binary. We
show that there exists a mass quadrupole degeneracy in both the plus and cross modes, characterized by two
parameters. We also find that there are binary systems and linearly stable Lagrange three-body systems that
can have the same mass quadrupole waveform up to the coalescence time. In such cases, the normalized
overlap of the waveforms with respect to the power spectral density of the advanced LIGO design remains
above 0.97 as long as the binary has nearly symmetric masses. Beyond the mass quadrupole, there is a
unique degeneracy at the 0.5PN. However, the Lagrange triple that satisfies this degeneracy is unstable.

DOI: 10.1103/pm77-mfdb

I. INTRODUCTION

Coalescing binary systems are promising sources of
gravitational waves (GWs) as they radiate large amounts of
energy via gravitational radiation. The first detection of
gravitational waves in 2015 came from a binary system
composed of stellar-mass black holes [1]. Subsequent
detections include GWs from other binary black hole
systems [2–4], neutron star binary systems [5,6], and
binary systems composed of a black hole and a compact
object [3]. These systems can form in isolation or in dense
regions like globular clusters or in the centers of galaxies
[7,8]. The detection of GWs from coalescing binary
systems allowed us to confirm many of the predictions
of general relativity for the dynamics of binary systems.
In the slow, inspiral stage of coalescing binaries, the

orbital evolution and GW emission can be described using
analytic perturbative methods such as the post-Newtonian
(PN) approximation, which is an expansion of the equa-
tions of motion of the system in powers of G and 1=c2

[9–11]. The same formalism can be applied to three-body
systems. However, there is an added complexity: even in
Newton’s theory of gravity, three-body systems are noto-
rious for being sensitive to initial conditions and for lacking
general closed-form solutions [12]. Nonetheless, there are
cases of the three-body problem whose solutions are stable
and have periodic orbits, making them candidates for
gravitational wave studies [13]. Examples include

Moore’s stable figure-eight orbit, where three bodies of
equal masses all move periodically in a single figure eight
[14], and Henon’s crisscross [15,16]. Relativistic correc-
tions to figure-eight orbits have been studied by previous
authors [13,17]. The mass quadrupole GWs of such
systems have also been studied [18–20].
There are also three-body systems that can be described

analytically, like the Lagrange three-body system, where
three bodies of finite masses move in elliptic orbits around
their center of mass (c.m.) so that they always constitute an
equilateral triangle [12,18,21]. Certain combinations of
masses make the system stable under small perturbations in
Newtonian gravity [22–24]. An example of a Lagrange
triple is the system formed by the Sun, Jupiter, and the
Trojan asteroids [25]. One mechanism explaining the
formation of astrophysical systems in a Lagrange triangular
configuration is the capture of a third body at the stable L4

or L5 Lagrange points of a binary; this can be assisted by
resonant trapping. While a binary is still separated by large
distances, gas or dust can also accumulate at the stable
Lagrange points, potentially forming a star at these regions
[26–28]. Numerical simulations also suggest that triple
systems with periodic orbits can form through interactions
among two binary systems or between a triple system and a
fourth body [29].
Torigoe et al. [18] observed that the mass quadrupole

GWs and frequency sweep of binaries and Lagrange triples
have the same form, thereby making it difficult to distin-
guish the two systems using only the mass quadrupole
waveforms. In a following paper, Asada [30] studied how
one can determine the parameters of the Lagrange triple
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assuming that the waveform comes from a Lagrange triple.
In their work, they also established that the presence of
certain observable time lags between the mass quadrupole
waveform and the combined waveform of the mass octu-
pole and current quadrupole should be an indication that
the source is indeed a Lagrange three-body system.
Otherwise, the gravitational waveform may be produced
by other systems.
There have been efforts to describe the dynamics and

stability of three-body triangular configurations at higher PN
orders. Ichita et al. [31] found that an equilateral triangle
configuration satisfies the 1PN equations of motion if and
only if all the masses are equal. Subsequent papers showed
that a triangular configuration for arbitrary masses can exist
at 1PN, but it is not always equilateral due to relativistic
corrections to each side, and is less stable than its Newtonian
counterpart [32,33]. Yamada et al. [34] also showed that the
gravitational radiation reaction force, which appears at
2.5PN, can adiabatically shrink the Lagrange three-body
system while keeping its equilateral triangle configuration.
More recently, it was shown that three masses moving in
elliptic orbits can also form a triangle configuration in the
parametrized post-Newtonian formalism [35,36].
Waveform similarity is crucial for parameter estimation

since we need to match the strain data with a theoretical
model of the waveform. Degeneracies between waveforms
will lead to incorrect descriptions of the GW source. In this
paper, we revisit Asada’s work and provide a detailed
assessment of the degeneracy they first observed. More
specifically, we show analytically that there is still a wave-
form degeneracy between binary systems and Lagrange
three-body systems, even when the time lag between the
mass quadrupole waveform and the 0.5PN waveform
vanishes. Given the parameters of a binary system, we show
that the GWs of a binary and a stable Lagrange triple can be
degenerate up to the mass quadrupole. In such cases, the
system with the larger chirp mass coalesces first, and it is
even possible that a stable Lagrange triple and a binary can
have the same coalescence time. Beyond the mass quadru-
pole, there is a unique waveform degeneracy up to the
0.5PN. However, the Lagrange triple that satisfies this
degeneracy is unstable.
This paper is organized as follows: in Sec. II, we briefly

review the linearized theory of GWs; in Sec. III, we review
the GWs of quasicircular binary systems and Lagrange
three-body systems and provide insights about some subtle-
ties in the waveform of the Lagrange triple. In Sec. IV, we
study the waveform degeneracy of the two systems; finally,
in Sec. V, we summarize our findings. The equations are in
the units G ¼ c ¼ 1, but the plots will be in SI units.

II. REVIEW ON THE LINEARIZED THEORY OF
GRAVITATIONAL WAVES

Let n̂ be the unit vector pointing toward the detector. We
define

Πij ¼ δij − ninj; ð1Þ

Λijkl ¼ ΠikΠjl −
1

2
ΠijΠkl: ð2Þ

The tensor Πij is a projection tensor onto the plane
orthogonal to n̂ while Λijkl projects a tensor onto the
transverse-traceless (TT) gauge. In the linearized theory of
gravity, we separate the spacetime metric gab as
gab ¼ ηab þ hab. The multipole expansion of the solution
to the linearized Einstein equation is

hTTij ¼ hTTij;quad þ hTTij;octþcq þOð1=c2Þ; ð3Þ

where the mass quadrupole hTTij;quad is the leading order
term, and the sum hTTij;octþcq of the mass octupole hTTij;oct and
current quadrupole hTTij;cq is the next-to-leading order con-
tribution. These are given by [37,38]

hTTij;quad ¼
2

r
Λijkl½M̈kl�t0 ; ð4Þ

hTTij;oct ¼
2

3r
Λijklnp½M

…klp�t0 ; ð5Þ

hTTij;cq ¼
4

3r
Λijklnp½P

…klp þ P
…lkp − 2P

…pkl�t0 : ð6Þ

Here, t0 is the retarded time, and we have the multipole
moments of the mass and momentum density:

Mk1k2���kl ¼
Z

d3x T00ðt;xÞxk1xk2 � � � xkl ; ð7Þ

Pik1k2���kl ¼
Z

d3x T0iðt;xÞxk1xk2 � � � xkl : ð8Þ

In the full PN formalism, the mass quadrupole corre-
sponds to the 0PN waveform, while both the mass octupole
and current quadrupole waveforms correspond to the 0.5PN
waveforms. We can calculate both contributions to the
waveform in the linear theory since corrections to the
energy-momentum tensor of the source first appear at
1PN [38].
Starting from n̂, we construct a right-handed orthonor-

mal frame fû; v̂; n̂g. The two independent components of
hab in the TT gauge represent the two polarization states of
the GW called the plus and cross modes:

hþ ¼ 1

2
ðuiuj − vivjÞhTTij ; ð9Þ

h× ¼ 1

2
ðuivj þ ujviÞhTTij : ð10Þ

Far from the source, the (average) rate at which GWs
remove energy from the system is [39]
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dE
dt

¼ r2

32π

I
dΩhḣTTij ḣijTTi; ð11Þ

where h·i is a temporal average over several periods. GWs
also radiate away angular momentum from the system. For
quasicircular orbits, the angular momentum flux is propor-
tional to the energy flux [11]. Thus, the angular momentum
flux does not provide any additional constraint on the
evolution of quasicircular systems.

III. QUASICIRCULAR BINARY SYSTEMS AND
LAGRANGE THREE-BODY SYSTEMS

A. Waveforms of the binary system

Consider a binary system composed of two masses
m1;ð2BÞ and m2;ð2BÞ separated by a distance a, and whose
c.m. is located at a distance rð2BÞ from the observer. Let
Mð2BÞ ¼ m1;ð2BÞ þm2;ð2BÞ be the total mass and
αi ¼ mi;ð2BÞ=Mð2BÞ, i ¼ 1, 2 be the normalized mass.

Note that

α1 þ α2 ¼ 1: ð12Þ

We work in the c.m. frame. In the Newtonian approxima-
tion, the orbital frequency of the binary system is

ω2
ð2BÞ ¼

Mð2BÞ
a3

: ð13Þ

As a simple model, there are five independent parameters
describing the GWof a binary system: the initial separation
distance a0 ¼ að0Þ, masses m1;ð2BÞ and m2;ð2BÞ of the
bodies, distance rð2BÞ to the detector, and the orbital
inclination angle ιð2BÞ. For circular orbits, a0 is the same
as the semimajor axis of the elliptical orbit of the reduced
mass. As it is usual for circular orbits, we set the argument
of pericenter ϕð2BÞ to zero. The plus and cross modes up to
the 0.5PN approximation are [38–40]

hþð2BÞ ¼ Aþ
quad;ð2BÞ cosð2Φð2BÞÞ þ ðAþ

octþcq;ð2BÞÞω cosðΦð2BÞÞ − ðAþ
octþcq;ð2BÞÞ3ω cosð3Φð2BÞÞ; ð14Þ

h×ð2BÞ ¼ A×
quad;ð2BÞ sinð2Φð2BÞÞ þ ðA×

octþcq;ð2BÞÞω sinðΦð2BÞÞ − ðA×
octþcq;ð2BÞÞ3ω sinð3Φð2BÞÞ; ð15Þ

Aþ
quad;ð2BÞ ¼

4M5=3
ð2BÞω

2=3
ð2BÞα1α2

rð2BÞ

½1þ cos2ðιð2BÞÞ�
2

; ð16Þ

A×
quad;ð2BÞ ¼

4M5=3
ð2BÞω

2=3
ð2BÞα1α2

rð2BÞ
cosðιð2BÞÞ; ð17Þ

ðAþ
octþcq;ð2BÞÞω ¼ 1

4

M2
ð2BÞα1α2ðα2 − α1Þωð2BÞ

rð2BÞ
sinðιð2BÞÞ

× ½5þ cos2ðιð2BÞÞ�; ð18Þ

ðA×
octþcq;ð2BÞÞω ¼ 3

4

M2
ð2BÞα1α2ðα2 − α1Þωð2BÞ

rð2BÞ
sinð2ιð2BÞÞ

;ð19Þ

ðAþ
octþcq;ð2BÞÞ3ω ¼ 9

4

M2
ð2BÞα1α2ðα2 − α1Þωð2BÞ

rð2BÞ
sinðιð2BÞÞ

× ½1þ cos2ðιð2BÞÞ�; ð20Þ
ðA×

octþcq;ð2BÞÞ3ω ¼ 9

4

M2
ð2BÞα1α2ðα2 − α1Þωð2BÞ

rð2BÞ
sinð2ιð2BÞÞ:

ð21Þ

Assuming that the binary is evolving adiabatically so that
it remains quasicircular, we have

dωð2BÞ
dt

¼ 96

5
M5=3

ð2BÞω
11=3
ð2BÞ ; ð22Þ

a3
da
dt

¼ −
64

5
M4=3

ð2BÞM
5=3
ð2BÞ; ð23Þ

where the chirp mass of the binary is

Mð2BÞ ¼ Mð2BÞðα1α2Þ3=5: ð24Þ

Generally then, once we consider radiative losses, the
orbital frequency and hence the gravitational wave fre-
quency become time dependent. The finite value at which
ωð2BÞ and a diverge is the coalescence time tc;ð2BÞ:

tc;ð2BÞ ¼
5

256

a40
M4=3

ð2BÞM
5=3
ð2BÞ

; a0 ¼ að0Þ: ð25Þ

For an adiabatic evolution, the waveform has the same form
as that in (14) and (15); the only difference is that factors of
ωð2BÞ appearing in the amplitude are now time dependent,
and the phase is replaced by

Φð2BÞðtÞ ¼ −
�
tc;ð2BÞ − t

5Mð2BÞ

�
5=8

þΦc;ð2BÞ; ð26Þ

whereΦc;ð2BÞ is an integration constant defined as the value
of the phase Φð2BÞ at the coalescence time tc;ð2BÞ. Note that
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the corrections to the phase appear starting only at 1PN,
which is beyond the scope of this work.

B. Waveforms of the Lagrange three-body system

Next, consider a Lagrange three-body system composed
of three masses mi;ð2BÞ, i ¼ 1; 2; 3, each separated by a
distance b (Fig. 1), and whose c.m. is located at a distance
rð3BÞ from the detector. Let Mð3BÞ ¼ m1;ð3BÞ þm2;ð3BÞ þ
m3;ð3BÞ be the total mass and βi ¼ mi;ð3BÞ=Mð3BÞ, i ¼ 1; 2; 3
be the normalized mass. The orbital frequency of this
system is

ω2
ð3BÞ ¼

Mð3BÞ
b3

: ð27Þ

Note also that

β1 þ β2 þ β3 ¼ 1: ð28Þ

Because there are now three masses, we have six
parameters describing the GW of the Lagrange triple: the

initial separation distance b0 ¼ bð0Þ, three masses mi;ð3BÞ,
i ¼ 1; 2; 3, distance rð3BÞ to the detector, and the orbital
inclination angle ιð3BÞ. Following Asada [30], the plus and
cross modes up to the 0.5PN approximation are

hþð3BÞ ¼ Aþ
quad;ð3BÞ cosð2Φð3BÞ þΨquad;ð3BÞÞ þ ðAþ

octþcq;ð3BÞÞω cosðΦð3BÞ þ Ψωc;ð3BÞÞ
− ðAþ

octþcq;ð3BÞÞ3ω cosð3Φð3BÞ þ Ψ3ω;ð3BÞÞ; ð29Þ

h×ð3BÞ ¼ A×
quad;ð3BÞ sinð2Φð3BÞ þΨquad;ð3BÞÞ þ ðA×

octþcq;ð3BÞÞω sinðΦð3BÞ þ Ψω;ð3BÞÞ
− ðA×

octþcq;ð3BÞÞ3ω sinð3Φð3BÞ þ Ψ3ω;ð3BÞÞ; ð30Þ

Aþ
quad;ð3BÞ ¼

4M5=3
ð3BÞω

2=3
ð3BÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1β2 þ β2β3 þ β1β3Þ2 − 3ðβ21β2β3 þ β1β

2
2β3 þ β1β2β

2
3Þ

p
rð3BÞ

1þ cos2ðιð3BÞÞ
2

; ð31Þ

A×
quad;ð3BÞ ¼

4M5=3
ð3BÞω

2=3
ð3BÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1β2 þ β2β3 þ β1β3Þ2 − 3ðβ21β2β3 þ β1β

2
2β3 þ β1β2β

2
3Þ

p
rð3BÞ

cosðιð3BÞÞ; ð32Þ

ðAþ
octþcq;ð3BÞÞω ¼ 1

8

M2
ð3BÞωð3BÞ
rð3BÞ

sinðιð3BÞÞ½5þ cos2ðιð3BÞÞ�

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1 − β2Þ2½ðβ3 − β1Þðβ3 − β2Þ − 3β1β2�2 þ 3β23½β1ðβ1 − β3Þ þ β2ðβ2 − β3Þ�2

q
; ð33Þ

ðA×
octþcq;ð3BÞÞω ¼ 3

8

M2
ð3BÞωð3BÞ
rð3BÞ

sinð2ιð3BÞÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1 − β2Þ2½ðβ3 − β1Þðβ3 − β2Þ − 3β1β2�2 þ 3β23½β1ðβ1 − β3Þ þ β2ðβ2 − β3Þ�2

q
; ð34Þ

FIG. 1. Schematic diagram of the Lagrange three-body system.
Each mass moves in a circular orbit about the c.m..
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ðAþ
octþcq;ð3BÞÞ3ω ¼ 9

4

M2
ð3BÞωð3BÞ
rð3BÞ

sinðιð3BÞÞ½1þ cos2ðιð3BÞÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27β21β

2
2β

2
3 þ ðβ1 − β2Þ2ðβ2 − β3Þ2ðβ3 − β1Þ2

q
; ð35Þ

ðA×
octþcq;ð3BÞÞ3ω ¼ 9

4

M2
ð3BÞωð3BÞ
rð3BÞ

sinð2ιð3BÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27β21β

2
2β

2
3 þ ðβ1 − β2Þ2ðβ2 − β3Þ2ðβ3 − β1Þ2

q
: ð36Þ

Unlike the binary system, the 0.5PN waveform does not
simply depend on the mass differences. Even when all the
masses in the Lagrange triple are equal, the 0.5PN wave-
form does not vanish. Furthermore, the waveform of the
Lagrange triple has phase shifts given by

tanðΨquad;ð3BÞÞ ¼
ffiffiffi
3

p
β3ðβ2 − β1Þ

2β1β2 − β3ðβ1 þ β2Þ
; ð37Þ

tanðΨω;ð3BÞÞ ¼
ðβ1 − β2Þ½3β1β2 − ðβ3 − β1Þðβ3 − β2Þ�ffiffiffi

3
p

β3½β1ðβ1 − β3Þ þ β2ðβ2 − β3Þ�
;

ð38Þ

tanðΨ3ω;ð2BÞÞ ¼
ðβ1 − β2Þðβ2 − β3Þðβ3 − β1Þ

3
ffiffiffi
3

p
β1β2β3

: ð39Þ

These phase shifts give rise to time lags between the mass
quadrupole waveform and the 0.5PN waveform [30]:

Δtω ¼ Ψω;ð3BÞ
ωð3BÞ

−
Ψquad;ð3BÞ
2ωð3BÞ

; ð40Þ

Δt3ω ¼ Ψ3ω;ð3BÞ
3ωð3BÞ

−
Ψquad;ð3BÞ
2ωð3BÞ

: ð41Þ

Phase shifts that cannot be removed by a time translation
are not unique to the Lagrange triple. An overall phase shift
in the mass quadrupole GWs also exists for the circular

restricted three-body system when the test mass sits at one
of the triangular Lagrange points [41].
We argue that the phase shifts, and thus the time lags,

arise from the asymmetry of the triangle configuration. On
the one hand, in a binary system, the initial angular
positions of the masses in the c.m. frame can always be
chosen to be 0 and π. On the other hand, in the Lagrange
three-body system, the c.m. can be located anywhere in the
equilateral triangle. As a result, the initial angular positions
of the masses can take on different values, making the
initial orbital phase important for the waveform. The
identifications m1;ð3BÞ, m2;ð3BÞ, and m3;ð3BÞ will only lead
to the same waveform when the assignment is done under a
cyclic permutation of fm1;ð3BÞ; m2;ð3BÞ; m3;ð3BÞg.
As the Lagrange triple emits GWs, there is a radiation

reaction force on each body due to the mass quadrupole
waveform. Yamada et al. [34] have shown that during the
early stages of the inspiral, the Lagrange three-body system
shrinks adiabatically in a nonchaotic manner. Thus, we can
assume an adiabatic evolution so that

dωð3BÞ
dt

¼ 96

5
M5=3

ð3BÞω
11=3
ð3BÞ ; ð42Þ

b3
db
dt

¼ −
64

5
M4=3

ð3BÞM
5=3
ð3BÞ; ð43Þ

where the chirp mass Mð3BÞ for the Lagrange triple is

Mð3BÞ ¼ Mð3BÞ

�ðβ1β2 þ β2β3 þ β1β3Þ2 − 3ðβ21β2β3 þ β1β
2
2β3 þ β1β2β

2
3Þ

β1β2 þ β1β3 þ β2β3

�
3=5

: ð44Þ

Note that this expression is equivalent to the definition of
Torigoe et al. [18] and Asada [30]. The waveform of the
Lagrange triple with radiative losses has the same form as
in (29) and (30) except that factors of ωð3BÞ in the amplitude
become time dependent, and Φð3BÞ is

Φð3BÞðtÞ ¼ −
�
tc;ð3BÞ − t

5Mð3BÞ

�
5=8

þΦc;ð3BÞ; ð45Þ

where Φc;ð3BÞ is an integration constant and tc;ð3BÞ is the
coalescence time of the triple:

tc;ð3BÞ ¼
5

256

b40
M4=3

ð3BÞM
5=3
ð3BÞ

; b0 ¼ bð0Þ: ð46Þ

Note that the rate at which energy dissipates from each
mass is generally different. This is because the orbital
velocity of each mass depends on Xi;ð3BÞðtÞ, and the energy
of the individual masses depends on the velocity, so each
mass dissipates energy at a different rate. However, what is
relevant for the calculations is the dissipation of the total
energy of the system.
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This definition of the chirp mass was motivated by the
fact that it must be the quantity that plays a direct role in the
time evolution of the GW frequency, which can be
calculated given only the waveform. Once we have the
chirp mass, we can use Eq. (44) to plot the total mass of the
system as a function of two of the normalized masses; this
is shown in Fig. 2. Without additional restrictions to the
normalized mass, the global minimum value ofMð3BÞ is the
trivial value Mð3BÞ ¼ 0. However, if we were to observe
astrophysical Lagrange three-body systems, we can impose
the stability conditions to get a nonzero lower bound for the
total mass Mð3BÞ.

C. Stability of the Lagrange triple

In general, one can determine the stability of a mechani-
cal system by identifying the equilibrium points, perturbing
the equations of motion, and calculating the eigenvalues of
the perturbed system evaluated at the equilibrium points. In
Newtonian gravity, the Lagrange triple is stable if and only
if [24,42]

β1β2 þ β2β3 þ β1β3 <
1

27
: ð47Þ

The stability criterion for the Lagrange three-body system
is generally strict. Linearly stable Lagrange three-body
systems are composed of two very small masses and one
large mass. At 1PN, the equilateral triangle configuration
can only be realized when all the masses are equal [32]. For
arbitrary masses, the triangular configuration is not always
equilateral, and the stability criterion is stricter compared to
the Newtonian one [33].
When it comes to the long-term stability, the radiation

reaction force exerted on each mass will push the initially
stable Lagrange triple to instability [34]. One of the bodies

may become ejected, forming a hierarchical triple system
or an isolated binary. However, to properly describe the
stability of the Lagrange three-body system at long time-
scales [34], one needs to incorporate strong field effects due
to close encounters and high orbital velocities. Thus, as
long as we are in the early stages of the inspiral and any
environmental perturbations are small (e.g., in vacuum),
there will be no strong field effects, and the stability of the
Lagrange triple is dictated by (47).

IV. WAVEFORM DEGENERACY

A. General method for finding degeneracies

Supposewe know all the parameters of the binary system.
In this work, we determine the parameters of the Lagrange
triple so that it has the same plus polarization waveform as a
given binary. We choose fb0;Mð3BÞ; β1; β2; rð3BÞ; ιð3BÞg as
the set of parameters describing theLagrange triple instead of
fb0; m1;ð3BÞ; m2;ð3BÞ; m3;ð3BÞ; rð3BÞ; ιð3BÞg. The two sets are
equivalent, since we can calculate the masses of the indi-
vidual bodies if we know the total mass and use Eq. (28).
First, we equate the amplitudes and phase of the wave-

forms of the binary and the Lagrange triple in the case
where there are no radiative losses. Since the waveforms of
a binary do not have observable time lags between the mass
quadrupole waveform and 0.5PN waveform, waveform
degeneracy occurs when Δtω ¼ Δt3ω ¼ 0. This can be
satisfied when

β1 ¼ β2: ð48Þ

With this, it follows from Eq. (28) that β1 ¼ β2 < 0.5 and
the number of independent parameters characterizing the
Lagrange triple goes down to five: fb0;Mð3BÞ; β1;
rð3BÞ; ιð3BÞg.
Second, using the parameters we found in the case

where there are no radiative losses (if there are any), the
waveforms that include radiative losses can be identical
at short timescales by choosing the phases Φc;ð2BÞ and
Φc;ð3BÞ at coalescence. In this case, we then say that the
binary and Lagrange triple are degenerate at short
timescales. Note that Φc;ð2BÞ and Φc;ð3BÞ are not of
astrophysical interest [43]. For this reason, we arbitrarily
set Φc;ð2BÞ ¼ 0 and choose Φc;ð3BÞ ∈ ½0; 2πÞ. We also
check if it is possible for the waveforms of two systems
to be completely identical up to the coalescence time. If
this is the case, we say that there is a waveform
degeneracy up to the coalescence time.
Finally, after solving for the parameters of the Lagrange

triple, we check if it is stable under linear perturbations
since we will be concerned with Lagrange triples where
β1 ¼ β2 < 0.5. Then, the stability criterion translates to

β1 ¼ β2 <
1

9
ð3 − 2

ffiffiffi
2

p
Þ ≈ 0.01906: ð49Þ

FIG. 2. Plot of the total mass Mð3BÞ in solar masses as a
function of the normalized masses β1 and β2 for a chirp mass
of Mð3BÞ ¼ 5M⊙.
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B. Degeneracy up to the mass quadrupole waveform

For mass quadrupole degeneracy at short timescales, we
have

Aþ
quad;ð2BÞ ¼ Aþ

quad;ð3BÞ; ð50Þ

ωð2BÞð0Þ ¼ ωð3BÞð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Mð3BÞ
b30

s
: ð51Þ

Since we only have two equations for the five unknowns,
we can choose three parameters of the Lagrange triple to be
free parameters and then solve for the remaining two. We
choose ιð3BÞ, Mð3BÞ, and β1 as the free parameters of the
Lagrange triple. The remaining parameters, rð3BÞ and b0,
must then satisfy

rð3BÞ ¼
�
Mð3BÞ
Mð2BÞ

�
5=3 rð2BÞβ1j3β1 − 1j½1þ cos2ðιð3BÞÞ�

½1þ cos2ðιð2BÞÞ�
;

ð52Þ

b0 ¼
�

Mð3BÞ
ðωð2BÞð0ÞÞ2

�
1=3

: ð53Þ

The degeneracy between h×quad;ð2BÞ and h×quad;ð3BÞ proceeds
along the same lines. The relevant amplitudes we need to
equate are A×

quad;ð2BÞ and A
×
quad;ð3BÞ. By doing so, we obtain

rð3BÞ ¼
�
Mð3BÞ
Mð2BÞ

�
5=3 rð2BÞβ1j3β1 − 1j cosðιð3BÞÞ

cosðιð2BÞÞ
; ð54Þ

b0 ¼
�

Mð3BÞ
ðωð2BÞð0ÞÞ2

�
1=3

: ð55Þ

Equations (52)–(53) and (54)–(55) only differ by their
dependence on ιð3BÞ. Thus, there can be degeneracy in the
mass quadrupole waveform in both the plus and cross
modes when

ιð3BÞ ¼ ιð2BÞ; ð56Þ

not necessarily zero. In such a case, the distance rð3BÞ of the
Lagrange triple from the detector must be

rð3BÞ ¼
�
Mð3BÞ
Mð2BÞ

�
5=3

rð2BÞβ1j3β1 − 1j: ð57Þ

Equations (55)–(57) give the parameters of the Lagrange
triple for mass quadrupole degeneracy. Thus, the parameter
space for mass quadrupole degeneracy is two-dimensional,
parametrized by the total mass Mð3BÞ and the normalized
mass β1. From the contour plot of Eq. (57) in Fig. 3, we see
that linearly stable Lagrange triples that satisfy the mass
quadrupole degeneracy are located at a comparable dis-
tance farther from the degenerate binary.

Equations (55)–(57) also define a mapping from the
space of binary systems to the space of Lagrange triples.
However, such a mapping is not one to one in the sense that
there can be multiple binaries that can correspond to the
same Lagrange triple. This is because the binary is only
specified by its initial orbital frequency, distance to the
detector, and the orbital inclination angle.
Now, in general, if a binary and a Lagrange triple are

degenerate at short timescales, the system with the larger
chirp mass coalesces first. Consequently, the two systems
will have the same coalescence time whenMð2BÞ ¼ Mð3BÞ
or equivalently,

Mð2BÞ
Mð3BÞ

¼
�
β1ð1 − 3β1Þ2

2 − 3β1

�
3=5

: ð58Þ

The black points in Fig. 3 are the values of β1 satisfying
Mð2BÞ ¼ Mð3BÞ. When Mð2BÞ=Mð3BÞ ⪅ 0.058, there are
values of β1 within the stability region. If we pick a value of
β1 within such a region, a stable Lagrange triple and a
binary can be degenerate in the mass quadrupole waveform
up to the coalescence time. Moreover, the chirp mass
of the two systems can only be equal when Mð2BÞ=
Mð3BÞ ⪅ 0.435.

FIG. 3. Contour plot of rð3BÞ=rð2BÞ in equation (57) as a
function of Mð2BÞ=Mð3BÞ and β1. The translucent white region
below the white dashed line is the Newtonian stability region of
the Lagrange triple. The black curve corresponds to values of β1
satisfying Eq. (58) for different values of Mð2BÞ=Mð3BÞ, and the
white dash-dot line is approximately the last value of
Mð2BÞ=Mð3BÞ when β1 falls within the Newtonian stability
region. Note also that β1 < 0.5 when Mð3BÞ=Mð2BÞ ⪅ 0.435.
The lower plot enlarges the stability region.
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To illustrate our results, we consider a binary system
with parameters a0 ¼ 1.5 × 10−11 pc, m1;ð2BÞ ¼ 10M⊙,
m2;ð2BÞ ¼ 8M⊙, rð2BÞ ¼ 2 × 106 pc, and ιð2BÞ ¼ 30°, here-
after referred to as SymmetricBinary. For the Lagrange
triple, we choose β1 ¼ 0.015 and Mð3BÞ ¼ 150M⊙; the
smallness of β1 ensures that the resulting Lagrange triple is
linearly stable. Figure 4 shows an example of mass
quadrupole degeneracy at short timescales, while Fig. 5
shows an example of mass quadrupole degeneracy up to the
coalescence time.
Even if only the mass quadrupole waveforms are

degenerate, the total waveforms of the two systems still
look similar at short times. This is because the masses of the

binary are comparable, making the octupolar contribution
small. We can compare the similarity of two waveforms
using the waveform match, which is the normalized inner
product of the waveforms maximized over time and phase
shifts [44]:

Mðh1; h2Þ ¼ max
Δt;Δϕ

hh1jh2i
kh1kkh2k

; ð59Þ

hh1jh2i ¼ 4Re

�Z þ∞

0

df
h̃�1ðfÞh̃2ðfÞ

SnðfÞ
�
: ð60Þ

Here, h̃ðfÞ denotes the Fourier transform of the waveform
hðtÞ, and SnðfÞ is the power spectral density (PSD) of a

FIG. 4. Waveforms of SymmetricBinary and a linearly stable Lagrange triple (b0 ¼ 3.0411 × 10−11 pc,
m1;ð3BÞ ¼ m2;ð3BÞ ¼ 2.25M⊙, m3;ð3BÞ ¼ 145.5M⊙, rð3BÞ ¼ 3.9744 × 106 pc, ιð3BÞ ¼ 30°). Here, the binary coalesces first, and the
matches up to the coalescence time are Mðhþð2BÞ; hþð3BÞÞ ¼ Mðh×ð2BÞ; h×ð3BÞÞ ¼ 0.838.

FIG. 5. Waveforms of SymmetricBinary and a linearly stable Lagrange triple (b0 ¼ 3.0411 × 10−11 pc,
m1;ð3BÞ ¼ m2;ð3BÞ ¼ 2.323M⊙, m3;ð3BÞ ¼ 145.35M⊙, rð3BÞ ¼ 4.5260 × 106 pc, ιð3BÞ ¼ 30°). Here, both systems have the same
coalescence time, and the waveform matches up to the coalescence time are Mðhþð2BÞ; hþð3BÞÞ ¼ 0.994 and Mðh×ð2BÞ; h×ð3BÞÞ ¼ 0.995.
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detector. With the aid of PyCBC [45], we use the simulated
PSD of the advanced LIGO design generated from the LSC
Algorithm Simulation Library [46,47] to calculate the
waveform match of SymmetricBinary and stable
Lagrange triples with different coalescence times. This is
shown in Fig. 6. As expected, the waveform match
eventually decreases when the coalescence time of the
two systems differs. Additionally, the oscillations in the
waveform match come from the fact that at some points, the
waveforms are identical, but eventually slide out of phase
since they have different frequency sweeps.
We highlight that the waveform match when tc;ð3BÞ ¼

tc;ð2BÞ remains above 0.97 even up to the coalescence time.
Even in the case when tc;ð3BÞ only differs slightly from
tc;ð2BÞ, as shown by the orange line in Fig. 6, the waveform
match can remain above 0.97 for several cycles. Since the
matched filtering procedure is also sensitive to phase
variations, it is also important to look at the evolution of
phase differences. As shown in the bottom panel of Fig. 6,
the phase difference reaches 100 earlier when there is a
larger difference between the coalescence times of the
degenerate systems.
Of course, the linearized theory of gravity and the PN

theory fail well before the coalescence time. Nonetheless,
this result still has important implications for GW data
analysis during the inspiral phase since a waveform match
above the standard threshold of 0.97 means that the detector
is sensitive to at least 90% of the signals in the parameter
space [44].

C. Degeneracy up to the 0.5PN waveform

Although the mass quadrupole waveform is the domi-
nant waveform, there are observed binary coalescences like
GW190412 [2] and GW190814 [3] where the higher
multipoles also make significant contributions to the total
waveform due to asymmetric masses [48]. Additionally, the
0.5PN waveforms play a role in the parameter determi-
nation procedure studied by Asada [30]. This leads us to

consider the degeneracy up to the 0.5PN waveform. To this
end, we require that

Aþ
quad;ð2BÞ ¼ Aþ

quad;ð3BÞ; ð61Þ
ðAþ

octþcq;ð2BÞÞω ¼ ðAþ
octþcq;ð3BÞÞω; ð62Þ

ðAþ
octþcq;ð2BÞÞ3ω ¼ ðAþ

octþcq;ð3BÞÞ3ω; ð63Þ

ωð2BÞð0Þ ¼ ωð3BÞð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Mð3BÞ
b30

s
: ð64Þ

Even up to the 0.5PN order, we only have four equations
for five unknowns, hinting at a waveform degeneracy
parametrized by one parameter. To determine the nature
of this degeneracy, we begin by combining equations (62)
and (63), to get

ðAþ
octþcq;ð2BÞÞω

ðAþ
octþcq;ð2BÞÞ3ω

¼ 5þ cos2ðιð3BÞÞ
18½1þ cos2ðιð3BÞÞ�

Fðβ1Þ; ð65Þ

Fðβ1Þ ≔
2

3

j1 − 3β1j
β1

: ð66Þ

Looking back at Eqs. (18) and (20), note that

3

9
≤

ðAþ
octþcq;ð2BÞÞω

ðAþ
octþcq;ð2BÞÞ3ω

≤
5

9
: ð67Þ

We can solve for ιð3BÞ in Eq. (65):

sinðιð3BÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

�
1

4
−
27

4

ðAþ
octþcq;ð2BÞÞω

ðAþ
octþcq;ð2BÞÞ3ω

1

Fðβ1Þ
�
−1

vuut : ð68Þ

This motivates us to choose β1 as the parameter character-
izing the 0.5PN degeneracy in the plus mode. Next, we can
find b0,Mð3BÞ, and rð3BÞ by directly solving Eqs. (61)–(64).
The results are

Mð3BÞ ¼
1

2

� ffiffiffi
3

p ð1−2β1Þ
8

Aþ
quad;ð2BÞ

ðAþ
octþcq;ð2BÞÞω

sinðιð3BÞÞ½5þcos2ðιð3BÞÞ�
1þcos2ðιð3BÞÞ

ðωð2BÞð0ÞÞ1=3
�

−3

þ1

2

�
9

ffiffiffiffiffi
27

p

8

Aþ
quad;ð2BÞ

ðAþ
octþcq;ð2BÞÞ3ω

β1ð1−2β1Þ
j3β1−1j sinðιð3BÞÞðωð2BÞð0ÞÞ1=3

�
−3
; ð69Þ

rð3BÞ ¼
1

Aþ
quad;ð2BÞ þ ðAþ

octþcq;ð2BÞÞω þ ðAþ
octþcq;ð2BÞÞ3ω

f2M5=3
ð3BÞðωð2BÞð0ÞÞ2=3β1j3β1 − 1j½1þ cos2ðιð3BÞÞ�

þ
ffiffiffi
3

p

4
M2

ð3BÞðωð2BÞð0ÞÞβ1ð1 − 2β1Þj3β1 − 1j sinðιð3BÞÞ½5þ cos2ðιð3BÞÞ� þ
9

ffiffiffiffiffi
27

p

4
M2

ð3BÞðωð2BÞð0ÞÞ
× β21ð1 − 2β1Þ sinðιð3BÞÞ½1þ cos2ðιð3BÞÞ�g; ð70Þ
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b0 ¼
�

Mð3BÞ
ðωð2BÞð0ÞÞ2

�
1=3

: ð71Þ

Note that because of the domain of the inverse sine
function and Eq. (67), β1 is bounded between

minðβ1Þ ¼
�
3þ

9ðAþ
octþcq;ð2BÞÞω

ðAþ
octþcq;ð2BÞÞ3ω

�
−1
; ð72Þ

maxðβ1Þ ¼ 5

�
15þ

27ðAþ
octþcq;ð2BÞÞω

ðAþ
octþcq;ð2BÞÞ3ω

�
−1
: ð73Þ

Since sinðιð3BÞÞ scales as β−1=21 , then in general, Mð3BÞ
and rð3BÞ scale as β−3=21 . Equality of the coalescence time
and frequency sweep of the degenerate systems at short
timescales is still dictated by Mð2BÞ ¼ Mð3BÞ. However,
unlike in the previous section where Mð3BÞ is a free
parameter, Mð3BÞ now depends on β1. This makes
Eq. (58) a more complicated equation for β1, but it can
still be solved numerically.
Degeneracy in the cross modes proceeds along the same

lines. Specifically, we require that

A×
quad;ð2BÞ ¼ A×

quad;ð2BÞ; ð74Þ

ðA×
octþcq;ð2BÞÞω ¼ ðA×

octþcq;ð3BÞÞω; ð75Þ

ðA×
octþcq;ð2BÞÞ3ω ¼ ðA×

octþcq;ð3BÞÞ3ω; ð76Þ

along with Eq. (64). For this set of nonlinear equations, it is
difficult to isolate rð3BÞ, Mð3BÞ, and ιð3BÞ in terms of β1 and
the parameters of the binary. Nonetheless, we can still
numerically solve Eqs. (74)–(76).
Ultimately, what we need is degeneracy in both polari-

zation modes—that is, the parameter values such that the
0.5PN waveforms are degenerate in both polarization
modes, making the systems indistinguishable regardless
of the polarization mode detected. To obtain such parameter
values, we begin by observing that Eqs. (75) and (76)
satisfy

ðA×
octþcq;ð2BÞÞω

ðA×
octþcq;ð2BÞÞ3ω

¼ 1

3
¼ 1

9

jβ1 − β3j
β1

: ð77Þ

Using Eq. (28), we get β1 ¼ 1=6. This value will always
satisfy Eqs. (75) and (76) regardless of the value of rð3BÞ
and Mð3BÞ, and as long as sinð2ιð3BÞÞ ≠ 0.
Therefore, β1 ¼ 1=6, along with Eqs. (68)–(71), define a

mapping from the set of binary systems to the set of
Lagrange triples so that there is 0.5PN degeneracy in both
polarization modes. Interestingly, β1 ¼ 1=6 makes the
Lagrange triple have the same orbital inclination angle
as that of the binary (ιð2BÞ ¼ ιð3BÞ). Unlike in the mass
quadrupole degeneracy, the mapping for the 0.5PN degen-
eracy is one to one. To see why this is the case, note that in

FIG. 6. Waveform match (top panels) and phase difference (bottom panel) of the plus and cross waveforms of SymmetricBinary
and stable Lagrange triples with ιð3BÞ ¼ ιð2BÞ ¼ 30° and different coalescence times. The parameters of the Lagrange triple for each case
are chosen in accordance with Eqs. (55)–(57). The black dashed lines in the top panels mark a waveform match of 0.97.
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the 0.5PN degeneracy, we need to specify the binary via its
initial orbital frequency and the amplitude of the wave-
forms up to the 0.5PN. We also note that ιð2BÞ ¼ ιð3BÞ. This
essentially amounts to five equations for the five parameters
of the binary in our simplified model.
As the 0.5PN waveforms play an important role in

binaries with asymmetric masses, the test binary we consider
in this subsection has parameters a0 ¼ 2.0 × 10−11 pc,
m1;ð2BÞ ¼ 50M⊙, m2;ð2BÞ ¼ 2M⊙, rð2BÞ ¼ 2 × 106 pc, and
ιð2BÞ ¼ 5°, hereafter referred to as AsymmetricBinary.
To illustrate, we plot the degenerate waveforms in Fig. 7.
Note that the value β1 ¼ 1=6 is always within the allowed
values for degeneracy, as dictated by Eqs. (72)–(73). On the
one hand, when ðAþ

octþcq;ð2BÞÞω=ðAþ
octþcq;ð2BÞÞ3ω ¼ 3=9,

which corresponds to the case where the detector views the
binary directly face on (ιð2BÞ ¼ 0°), then minðβ1Þ ¼ 1=6.
However, in this case, ιð2BÞ ¼ 0° ¼ ιð3BÞ, and the 0.5PN
waveformof both the binary and the Lagrange triplevanishes.
On the other hand, if ðAþ

octþcq;ð2BÞÞω=ðAþ
octþcq;ð2BÞÞ3ω ¼ 5=9,

which corresponds to the case where the detector is in the
orbital plane of the binary, then maxðβ1Þ ¼ 1=6. In this case,
ιð2BÞ ¼ 90° ¼ ιð3BÞ, and the cross modes of the 0.5PN wave-
forms of both systems also vanish.
We now question the stability of the Lagrange triple

satisfying this degeneracy. Referring back to (49), we see
that β1 ¼ 1=6 corresponds to an unstable Lagrange triple.
In general, even if a binary and a Lagrange triple are
degenerate up to the 0.5PN in either of the polarization
modes, none of these Lagrange triples are stable under
linear perturbations since the range of values of β1 as shown

in Eqs. (72)–(73) is well beyond the stability region in
Eq. (49). This is also shown in the plot of ιð3BÞ in Fig. 8.
In a sense, the amplitude of the 0.5PN waveforms gives a

distinguishability criterion for astrophysical binary systems
and Lagrange three-body systems. Since astrophysical
Lagrange triples must be at least linearly stable, one can
look at the 0.5PN waveforms to determine if the observed
system is a binary or a Lagrange triple. In particular, the
amplitude of the 0.5PN waveform of a Lagrange triple is
usually larger than the amplitude of the 0.5PN waveform of
a symmetric binary since the former does not simply
depend on the mass differences.

D. On degeneracy and orbits of the Lagrange triple

Mathematically, waveform degeneracy exists because
there are solutions to the system of equations dictating the
equality of the amplitudes and phase. We comment on a
deeper reason for waveform degeneracy in terms of the
orbits of the Lagrange triple. In the c.m. frame,
the equations of motion of the Lagrange triple can be
written as

Ẍi;ð3BÞ ¼ −
Meff

i;ð3BÞ
X3
i;ð3BÞ

Xi;ð3BÞ; i ¼ 1; 2; 3; ð78Þ

where Meff
i;ð3BÞ is called the effective mass and the orbital

radius Xi;ð3BÞ of the ith mass is [18,30]

Meff
i;ð3BÞ ¼

ðm2
j;ð3BÞ þm2

k;ð3BÞ þmj;ð3BÞmk;ð3BÞÞ3=2
M2

ð3BÞ
; ð79Þ

FIG. 7. Waveforms of AsymmetricBinary and a Lagrange three-body system (b0 ¼ 1.6641 × 10−11 pc,
m1;ð3BÞ ¼ m2;ð3BÞ ¼ 4.8965M⊙, m3;ð3BÞ ¼ 19.5861M⊙, rð3BÞ ¼ 3.4578 × 106 pc, ιð3BÞ ¼ 5°). Here, the binary coalesces first, but
the coalescence times of both systems are comparable (tc;ð2BÞ ¼ 1.1505 s, tc;ð3BÞ ¼ 1.9963 s). The waveform matches Mðhþð2BÞ; hþð3BÞÞ
and Mðh×ð2BÞ; h×ð3BÞÞ in the specified time window are both around 0.22. This low value is because the dephasing of the two waveforms

occurs early due to the differences in the coalescence times.
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Xi;ð3BÞ ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2j þ β2k þ βjβk

q
; ð80Þ

for i, j, k cyclic. If m1;ð3BÞ ¼ m2;ð3BÞ, then Meff
1;ð3BÞ ¼

Meff
2;ð3BÞ and X1;ð3BÞ ¼ X2;ð3BÞ, meaning that the equal

masses move along the same quasicircular orbit. Owing
to the triangle configuration, the equal masses maintain a
constant angular displacement with each other. Hence, the
constraint m1;ð3BÞ ¼ m2;ð3BÞ not only removes the time lags
between the mass quadrupole and the 0.5PNwaveforms but
also reduces the number of independent orbits describing
the Lagrange triple from three down to two. Since the
waveforms depend on the trajectory of the masses, the fact
that both the binary and the Lagrange triple with m1;ð3BÞ ¼
m2;ð3BÞ being described by two quasicircular orbits then
gives rise to the possibility of waveform degeneracy.

V. CONCLUSION

When considering only binary systems and Lagrange
three-body systems, the observable time lags between the
mass quadrupole waveform and the 0.5PN waveform
disentangle the two systems. In particular, if the observable
time lags satisfy Eqs. (40) and (41), then the source must be
a Lagrange triple [30]. Otherwise, it could have come from
other systems. In this paper, we showed that when these
time lags vanish, the waveform of a binary can still be
confused with that of a Lagrange triple.
Specifically, looking at the mass quadrupole alone, we

found that there are binary systems and linearly stable
Lagrange three-body systems that have the same mass
quadrupole waveform in both the plus and cross modes at
short timescales. The degeneracy space is parametrized by
two parameters, which in this work, we chose to be the total
mass Mð3BÞ and the normalized mass β1. The question of
which system coalesces first depends on the chirp mass. In
particular, the system with the greater chirp mass coalesces
first. We also found that there are linearly stable Lagrange
triples that can have the same chirp mass as that of a given
binary, thus making them have the same mass quadrupole
waveform up to the coalescence time. For binaries whose
mass difference is small, the waveform match with respect
to the noise spectral density of the advanced LIGO design
remains above 0.97. This result further highlights the need
for including higher PN contributions to modeling binaries
and three-body systems. We also showed that there exists
waveform degeneracy up to the 0.5PN order, and that this
degeneracy space consists of only one point. However, the
Lagrange triple that satisfies this degeneracy is unstable.
One immediate extension is to include nonzero eccen-

tricities e to the binary and the Lagrange triple. For an
eccentric binary system, there will be additional terms in

the amplitude of the plus and cross modes that are
proportional to e and e2 [49]. We expect similar terms
in the waveforms of the elliptic Lagrange triple.
Additionally, not only does the semimajor axis of the orbit
of each mass change with time, but also the eccentricity.
Because of these modifications, the analytical expressions
for waveform degeneracy we derived here may not hold for
eccentric systems. Of course, only when the GWs have
circularized the elliptic orbits enough do our results hold. It
will be interesting to analyze waveform degeneracy
between eccentric systems since there are values of the
normalized masses that make the elliptic Lagrange triple
stable even if its circular counterpart is unstable [23]. One
may also study whether there are waveform degeneracies
between elliptic binary systems and other periodic and
linearly stable three-body systems in which the masses
have close encounters, e.g., figure-eight systems.
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FIG. 8. Plot of (68) for different values of
ðAþ

octþcq;ð2BÞÞω=ðAþ
octþcq;ð2BÞÞ3ω. The gray region is the New-

tonian stability region of a Lagrange triple. Observe that for
any value of 3=9 ≤ ðAþ

octþcq;ð2BÞÞω=ðAþ
octþcq;ð2BÞÞ3ω ≤ 5=9, the

plot of ιð3BÞ does not fall within the Newtonian stability region.
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