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Employing the Polyakov chiral SU(3) mean field (PCQMF) model, we investigate how momentum-
space anisotropy, characteristic of quark-gluon plasma (QGP) in ultrarelativistic heavy-ion collisions
(uRHIC), impacts the thermodynamic behavior and transport coefficients of strongly interacting quark
matter. The momentum anisotropy is introduced via a small deformation in the momentum distribution,
quantified by a spheroidal parameter ξ, which deforms the distribution functions and captures anisotropic
effects to linear order. The PCQMF model captures key non-perturbative aspects of QCD, such as chiral
symmetry breaking or deconfinement dynamics through Polyakov loop potential, and is extended here to
accommodate momentum-space anisotropy. We compute the modifications induced by momentum-space
anisotropy to key thermodynamic observables including pressure p, energy density ϵ, entropy density s,
speed of sound squared c2s , and specific heat cv, alongside key transport coefficients such as shear viscosity
η, bulk viscosity ζb, and electrical conductivity σel. These coefficients are derived using the relativistic
Boltzmann equation (RBE) under the relaxation time approximation (RTA). We find that even a weak
anisotropy can lead to significant modifications in the thermodynamic response and transport behavior of
quark matter. This underscores the importance of including momentum anisotropy for realistic modeling of
the QCD medium across all energy regimes, from current studies at RHIC and LHC to future explorations
of the high-density frontier at FAIR, NICA, and J-PARC.

DOI: 10.1103/phyn-xc87

I. INTRODUCTION

Ultrarelativistic heavy-ion collision (uRHIC) experi-
ments, carried out at the Relativistic Heavy Ion Collider
(RHIC) and the Large Hadron Collider (LHC), have been
instrumental in creating and studying the QGP, a state
of matter where quarks and gluons are deconfined [1–4].
The asymmetric initial geometry in noncentral collisions
and rapid expansion of the QGP lead to anisotropic
pressure gradients, and the momentum distribution of
emitted particles becomes anisotropic in the local rest
frame [5,6]. In particular, the medium expands more along
one direction than others, leading to unequal pressures (and
particle yields) in different azimuthal directions, and this
anisotropy may persist through much of the QGP’s evo-
lution [7]. This anisotropy is reflected in the momentum
distribution of produced particles and quantified using

Fourier coefficients vn of the azimuthal distribution of
emitted particles. The second harmonic (elliptic flow v2)
and third harmonic (triangular flow v3) have been measured
extensively at RHIC and LHC, providing direct evidence of
anisotropic collective expansion [8]. This indicates that the
QGP, behaving nearly as an ideal fluid, retains memory of
the initial geometry through much of its evolution.
Momentum anisotropy is expected to influence the

thermodynamic and transport properties of QCD matter,
especially at finite temperature and nonzero chemical
potentials. While lattice QCD (LQCD) calculations indi-
cate that the transition from QGP to hadrons is a smooth
crossover at low baryon density [9–15], the notorious sign
problem limits LQCD at high density [16], so one must
rely on QCD low-energy effective models to explore this
regime. In the literature, these models are widely used to
explore the phase structure of dense matter, and they
generally predict the existence of a first-order chiral phase
transition terminating in a critical end point (CEP) [17–22].
Experimental facilities such as NICA at JINR (Russia)
[23]; FAIR at GSI (Germany), including its CBM [24] and
PANDA [25] experiments; as well as J-PARC (Japan) [26]
aim to provide critical insights into the properties of QCD
matter at high baryon densities. Effective models provide a
controlled framework to include essential QCD features
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such as spontaneous chiral symmetry breaking and confine-
ment. These include the quark–meson coupling (QMC)
model [27,28], the Polyakov-loop extended QMC (PQMC)
model [29], the Nambu-Jona-Lasinio (NJL) model [30,31],
the Polyakov NJL (PNJL) model [32,33], the linear
sigma model (LSM) [34], its Polyakov extended version
(PLSM) [35], the chiral SU(3) quark mean field model
(CQMF) [36], and Polyakov CQMF (PCQMF) model [37].
In addition, other approaches such as the functional renor-
malization group approach [38,39] and Dyson-Schwinger
equation approach [40] have been proposed to probe the
behavior of QCD at finite chemical potentials. These
models have been widely applied to investigate the thermo-
dynamic [41] and transport properties [42,43] of strongly
interacting matter.
Recent model developments account for effects such as

strong magnetic and electric fields [44–51], finite volume
[52–58], nonextensivity [59,60], and vorticity [61,62]
to faithfully capture the complexity of the QCD matter
produced in uRHIC. Conventionally, these models have
relied on the assumption that quark matter remains per-
fectly isotropic in momentum space in the absence of
magnetic fields. However, realistic QGP is inherently
anisotropic due to initial geometric asymmetry and unequal
expansion dynamics along the longitudinal (beam) and
transverse directions of the medium. Initial spatial aniso-
tropy causes significantly lower pressure along the longi-
tudinal direction, resulting in faster expansion and cooling
along the beam direction [7]. As a result, the transverse
momenta of particles dominate significantly over longi-
tudinal momenta, making the parton momentum distribu-
tions anisotropic [63]. Hydrodynamic and AdS/CFT
analyses, as well as classical Yang–Mills simulations
within the color-glass-condensate framework [5,64–66],
all indicate that the momentum anisotropy persists for at
least τ ≲ 2 fm=c, with pressure ratios PL=PT well below
unity. These results show that a realistic phenomenological
analysis of strongly interacting matter must incorporate
momentum anisotropy.
The anisotropic momentum distributions not only

modify the local properties of the QGP but also induce
chromo-Weibel instabilities associated with color collective
modes, driving rapid redistribution of energy and momen-
tum, thereby shaping the QGP’s early-time evolution and
subsequent hydrodynamic behavior [67–70]. In practice,
momentum anisotropy is typically modeled by a para-
meter ξ, which encodes the degree of deformation along a
specified direction, effectively quantifying the extent to
which the distribution is stretched or compressed relative to
isotropy. This approach, first developed by Romatschke
and Strickland [7], has since become a central tool in
kinetic and hydrodynamic treatments of anisotropic QGP.
Numerous studies have explored how momentum
anisotropy alters key observables, from photon and
dilepton yields [71–73] to parton self-energies [74,75],

heavy-quark potentials [76–78], quarkonium states [79–81],
jet-quenching coefficients [82], and fundamental transport
coefficients [83,84], as well as nonequilibrium hydrody-
namic behavior [85].
Momentum anisotropy can significantly modify the

equation of state and the transport properties of the QGP.
Transport coefficients, such as shear viscosity η, bulk
viscosity ζb, and electrical conductivity σel, which govern
the QGP’s response to gradients and external fields, are
known to be particularly sensitive to anisotropic effects.
Recent studies have explored these effects on QCD matter
using various effective models. For instance, a 2þ 1 flavor
quark-meson (QM) model showed that increasing the
anisotropy parameter, ξ, suppresses η and σel and leads
to a nontrivial behavior in ζb [86]. A similar reduction
in viscosity and conductivity was confirmed using a
quasiparticle relaxation time approximation (RTA) to the
Boltzmann equation [87]. Within the PNJL model,
Ref. [84] found that anisotropy amplified baryon-number
fluctuations, enhancing kurtosis and skewness, and
deforming isentropic trajectories. Reference [83] showed
that σel increases with temperature but is suppressed by
anisotropy in a quasiparticle RTA setup. These studies
underscore the importance of incorporating momentum-
space anisotropy for accurately describing the thermody-
namic properties and transport coefficients of QCD matter.
Motivated by this, we aim to examine the influence of

momentum anisotropy on the thermodynamic observables
and transport coefficients of strongly interacting matter
within the Polyakov chiral SU(3) quark mean field
(PCQMF) model across a wide range of temperatures
and chemical potentials relevant to heavy-ion collisions.
The PCQMF model is an effective framework that incor-
porates both chiral and deconfinement dynamics by includ-
ing Polyakov loop variables in a three-flavor chiral mean
field model. It contains quark interactions with scalar and
vector meson fields, which drive chiral symmetry breaking
and its restoration, along with a Polyakov loop potential
that effectively captures gluon dynamics for confinement.
This approach effectively reproduces QCD thermodynam-
ics across a range of temperatures and chemical potentials
[88]. It has been used to study the fluctuations of conserved
charges [89], nonextensive [90] finite-volume effects [91],
and properties of nuclear as well as quark stars [92,93].
The momentum-space anisotropy is incorporated via a
dimensionless parameter ξ, which quantifies the extent
of deformation along a specific direction, thereby capturing
deviations from local isotropy in the medium. Employing
the anisotropic PCQMF framework, we compute key
thermodynamic quantities, including pressure, energy den-
sity, entropy density, speed of sound, and specific heat. We
then calculate transport coefficients, such as shear viscosity,
bulk viscosity, and electrical conductivity, by solving the
relativistic Boltzmann equation (RBE) within the RTA
under anisotropic conditions. We assume an isotropic
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relaxation time τ, following standard practice, and discuss
the implications and limitations of this assumption in
Sec. II C. It should be noted that implementing anisotropy
affects only the momentum dependence within distribution
functions and does not introduce new fundamental inter-
actions. Additionally, we restrict ourselves to a weakly
anisotropic medium, i.e., jξj < 1, allowing us to expand the
anisotropic distribution function linearly around its iso-
tropic equilibrium form. This enables us to decompose the
transport coefficients explicitly into isotropic contributions
and anisotropic corrections [83].
The remainder of this paper is structured as follows. In

Sec. II A, we outline the theoretical framework of the
PCQMF model. The incorporation of momentum-space
anisotropy into the PCQMFmodel is presented in Sec. II B.
Anisotropic expressions of the transport coefficients are
derived in Sec. II C. In Sec. III, we examine the influence of
momentum anisotropy on the thermodynamic and transport
properties of the medium, with comparisons to available
lattice QCD results. Finally, Sec. IV summarizes our
findings and offers physical interpretations of the observed
effects.

II. METHODOLOGY

In this section, we detail the theoretical framework
employed to investigate the impact of momentum aniso-
tropy on the thermodynamic and transport properties
of quark matter and its implications on the QCD phase
diagram. We begin with an overview of the PCQMFmodel.
Then, we outline the procedure for incorporating momen-
tum anisotropy into the model and derive the anisotropic
expressions for shear viscosity, bulk viscosity, and elec-
trical conductivity by employing the RBE within RTA.

A. The PCQMF model

The PCQMF model is an effective QCD-based frame-
work that incorporates key nonperturbative aspects of
QCD, specifically spontaneous breaking of chiral sym-
metry and quark confinement, within a thermodynamically
consistent mean-field approximation [37]. The Lagrangian
density is expressed as

LPCQMF ¼ Lchiral − UðΦ; Φ̄; TÞ: ð1Þ

Here, the term Lchiral contains the interactions between
quarks and mesonic fields, along with self-interaction terms
that govern spontaneous chiral symmetry breaking and its
subsequent restoration at finite temperature and density.
The quantity UðΦ; Φ̄; TÞ denotes the effective Polyakov
loop potential, which encodes the deconfinement transition
dynamics via the traced Polyakov loop variable Φ and its
conjugate Φ̄. The chiral Lagrangian is decomposed as [94]

Lchiral ¼ Lq0 þ Lqm þ LM þ LΔm; ð2Þ

where Lq0 ¼ ψ̄ðiγμ∂μÞψ describes the kinetic part of the
free quark fields ψ ¼ ðu; d; sÞ. The quark–meson inter-
actions are incorporated by the term Lqm, which is given by

Lqm ¼ gs
�
ψ̄LMψR þ ψ̄RMþψL

�
− gv

�
ψ̄Lγ

μlμψL þ ψ̄Rγ
μrμψR

�
; ð3Þ

where gs and gv denote the scalar and vector coupling
constants, respectively, determining the strength of the
quark interactions with the corresponding mesonic fields.
The scalar(pseudoscalar) and vector(axial-vector) meson
nonets are defined as MðMþÞ ¼ 1ffiffi

2
p
P

8
a¼0ðσa � iπaÞλa and

lμðrμÞ ¼ 1

2
ffiffi
2

p
P

8
a¼0ðvaμ � raμÞλa, respectively, with λa being

the Gell-Mann matrices. The dynamics of the meson sector
are described by the term LM ¼ LΣΣ þ LVV þ LSB. The
first term, LΣΣ, details the self-interactions of the scalar
mesons and is written as

LΣΣ ¼−
1

2
k0χ2ðσ2þ ζ2þ δ2Þþ k1ðσ2þ ζ2þ δ2Þ2

þ k2

�
σ4

2
þ δ4

2
þ 3σ2δ2þ ζ4

�
þ k3χðσ2− δ2Þζ− k4χ4

−
1

4
χ4 ln

χ4

χ40
þd
3
χ4 ln

��ðσ2− δ2Þζ
σ20ζ0

��
χ3

χ30

��
; ð4Þ

which includes the scalar dilaton (glueball) field χ to
incorporate the broken scale invariance [95,96]. The second
term, LVV , accounts for the self-interactions among vector
mesons

LVV ¼ 1

2

χ2

χ20

�
m2

ωω
2 þm2

ρρ
2 þm2

ϕϕ
2
�

þ g4
�
ω4 þ 6ω2ρ2 þ ρ4 þ 2ϕ4

�
: ð5Þ

Lastly, the term LSB is included to explicitly break the
chiral symmetry in the model, thereby providing mass to
the pseudoscalar mesons. This term is defined as

LSB ¼ −
χ2

χ20

�
hxσ þ hyζ

�
; ð6Þ

with hx ¼ m2
πfπ and hy ¼ ð ffiffiffi

2
p

m2
KfK − 1ffiffi

2
p m2

πfπÞ. An addi-
tional term, LΔm ¼ −Δmsψ̄Sψ , is introduced in Eq. (2) to
fine tune the strange quark mass, with Δms ¼ 29 MeV and
S ¼ 1

3
ðI − λ8

ffiffiffi
3

p Þ ¼ diagð0; 0; 1Þ. Within the mean-field
approximation, the meson fields are replaced by their
expectation values. The scalar fields, nonstrange σ, strange
ζ, and the isovector scalar δ fields (for isospin asymmetric
matter) and the vector fields, ωμ → ωδμ0, ρμa → ρδμ0δa3,
and ϕμ → ϕδμ0, have nonzero expectation values. The
parameters of Lagrangian (k0; k1;…) and the quark–meson
couplings (gs, gv), are fixed by requiring the model to
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reproduce key properties of QCD in the vacuum. These
constraints include the masses of low-lying scalar and
pseudoscalar mesons (π; K; σ; η; η0) in vacuum. The full
table of parameters of the PCQMF model is provided in
Table I.
The effective Polyakov loop potential UðΦ; Φ̄; TÞ in

Eq. (1) takes the standard logarithmic form [97]

UðΦ; Φ̄; TÞ
T4

¼ −
aðTÞ
2

Φ̄Φþ bðTÞ ln�1 − 6Φ̄Φ

þ 4ðΦ̄3 þΦ3Þ − 3ðΦ̄ΦÞ2�; ð7Þ

where the temperature-dependent parameters aðTÞ and
bðTÞ are given by

aðTÞ ¼ a0 þ a1

�
T0

T

�
þ a2

�
T0

T

�
2

; bðTÞ ¼ b3

�
T0

T

�
3

:

ð8Þ

The parameters a0 ¼ 1.81, a1 ¼ −2.47, a2 ¼ 15.2, and
b3 ¼ −1.75 are determined to reproduce thermodynamic
results from pure-gauge lattice QCD simulations [98]. The
parameter T0 represents the critical temperature and in
the pure-gauge sector is typically ∼270 MeV [99]. How-
ever, when fermions are included, its value depends on
the number of quark flavors Nf [100]. Additionally, the
presence of these dynamical quarks influences the gluons
that shape the effective Polyakov loop potential (quark
backreaction). To account for dynamical quark effects on
the Polyakov loop, an effective glue potential is introduced
[101], with the mapping between glue and pure-gauge
temperatures defined as

TYM − TYM
0

TYM
0

¼ 0.57
Tglue − Tglue

0

Tglue
0

;

UglueðΦ; Φ̄; TglueÞ
T4
glue

¼ UYMðΦ; Φ̄; TYMÞ
T4
YM

; ð9Þ

where Tglue is identified with the system temperature T, and

TYM
0 ¼ Tglue

0 ¼ 200 MeV in this work.

In the mean field approximation, the thermodynamic
potential per unit volume in a grand canonical ensemble at a
given temperature T and chemical potential μ takes the
form [91]

ΩPCQMF ¼ Ωqq̄ þ Ωvac þ UðΦ; Φ̄; TÞ − LM − Vvac; ð10Þ

where Ωqq̄ comprises quark and antiquark thermal con-
tributions and is written as

Ωqq̄ ¼
X

i¼u;d;s

−γiT
ð2πÞ3

Z
d3k
	
lnF−

i ðkÞ þ lnFþ
i ðkÞ



; ð11Þ

with

F−
i ðkÞ ¼ 1þ e−3E

−
i ðkÞ þ 3Φe−E

−
i ðkÞ þ 3Φ̄e−2E

−
i ðkÞ; ð12Þ

Fþ
i ðkÞ ¼ 1þ e−3E

þ
i ðkÞ þ 3Φ̄e−E

þ
i ðkÞ þ 3Φe−2E

þ
i ðkÞ; ð13Þ

and γi ¼ 2 is the spin degeneracy. The dimensionless
energies are defined as E�

i ðkÞ ¼ ðE�
i ðkÞ � μ�i Þ=T with

E�
i ðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm�2

i

p
being the effective energy of a quark

of flavor i and m�
i being the effective quark mass generated

dynamically through its coupling to the scalar fields,
given as

mi
� ¼ −giσσ − giζζ − giδδþ Δmi; ð14Þ

where giσ;ζ;δ are the respective scalar coupling constants and
Δmu;d ¼ 0. Similarly, the effective chemical potential μ�i is
shifted from its vacuum value μi and defined in terms of
vector fields through the relation

μi
� ¼ μi − giωω − giϕϕ − giρρ: ð15Þ

The vector coupling constants giω;ϕ;ρ determine the strength
of the repulsive vector interactions. For asymmetric quark
matter, the quark chemical potentials are related to the
baryon μB, isospin μI , and strangeness μS chemical poten-
tials through the relations μB ¼ 3

2
ðμu þ μdÞ;μI ¼ 1

2
ðμu − μdÞ,

and μS ¼ 1
2
ðμu þ μd − 2μsÞ. The fermionic vacuum term,

TABLE I. The list of parameters used in the present work.

k0 k1 k2 k3 k4 gs gv g4 d ρ0ðfm−3Þ
0.2002 2.3882 −19.4995 −4.7334 −0.06 4.76 4 37.5 0.002 0.15
σ0 (MeV) ζ0 (MeV) χ0 (MeV) mπ (MeV) fπ (MeV) mK (MeV) fK (MeV) mω (MeV) mϕ (MeV) mρ (MeV)
−93 −95.47 254.6 139 93 496 115 783 1020 783
guσ gdσ gsσ guζ gdζ gsζ guδ gdδ gsδ guω
gs=

ffiffiffi
2

p
gs=

ffiffiffi
2

p
0 0 0 gs gs=

ffiffiffi
2

p
−gs=

ffiffiffi
2

p
0 gv=ð2

ffiffiffi
2

p Þ
gdω gsω guϕ gdϕ gsϕ guρ gdρ gsρ Λ0 (MeV)

gv=ð2
ffiffiffi
2

p Þ 0 0 0 gv=2 gv=ð2
ffiffiffi
2

p Þ −gv=ð2
ffiffiffi
2

p Þ 0 600
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Ωvac, in Eq. (10) is given by

Ωvac ¼ −2Nc

X
i¼u;d;s

Z
d3k
ð2πÞ3 E

�
i ðkÞ: ð16Þ

This integral is divergent and regularized using dimensional
regularization as [102]

Ωvac ¼ −
Nc

ð8π2Þ
X

i¼u;d;s

m�2
i ln

�
m�

i

Λ0

�
; ð17Þ

whereΛ0 ¼ 600 MeV is the regularization scale parameter,
determined simultaneously with other model parameters
to reproduce vacuum meson properties at T ¼ 0; μ ¼ 0;
ξ ¼ 0. A constant, Vvac in Eq. (10), is subtracted to ensure
zero vacuum energy. The temperature dependence of the
scalar, vector, and Polyakov fields is determined by solving
the coupled equations of motion obtained by minimizing
ΩPCQMF with respect to each field. The scalar density ρsi
and the vector density ρi for each quark flavor are then
calculated as

ρsi ¼ γiNc

Z
d3k
ð2πÞ3

m�
i

E�
i ðkÞ

�
fiðkÞ þ f̄iðkÞ

�
; ð18Þ

ρi ¼ γiNc

Z
d3k
ð2πÞ3

�
fiðkÞ − f̄iðkÞ

�
; ð19Þ

respectively. The equilibrium distribution functions for
quarks fiðkÞ and antiquarks f̄iðkÞ, which include the effects
of the Polyakov loop, are given by [88]

fiðkÞ ¼
Φe−E

−
i ðkÞ þ 2Φ̄e−2E

−
i ðkÞ þ e−3E

−
i ðkÞ

½1þ 3Φe−E
−
i ðkÞ þ 3Φ̄e−2E

−
i ðkÞ þ e−3E

−
i ðkÞ� ; ð20Þ

f̄iðkÞ ¼
Φ̄e−E

þ
i ðkÞ þ 2Φe−2E

þ
i ðkÞ þ e−3E

þ
i ðkÞ

½1þ 3Φ̄e−E
þðkÞ

i þ 3Φe−2E
þ
i ðkÞ þ e−3E

þ
i ðkÞ�

: ð21Þ

B. Incorporation of momentum-space anisotropy

To phenomenologically account for the effects of local
momentum-space anisotropy, we follow the spheroidal
momentum deformation proposed by Romatschke and
Strickland [7]. This approach is characterized by rescaling
momentum in a preferred direction and introducing a
dimensionless anisotropy parameter, ξ, which is defined
based on the components of momentum parallel (pk) and
perpendicular (p⊥) to the direction of anisotropy (n̂) as

ξ ¼ hp2⊥i
2hp2

ki
− 1; ð22Þ

with −1 < ξ < ∞. The parameter ξ has a value of −1
before the collision when the whole of the system’s

momentum is along the longitudinal direction, implying
a maximally stretched distribution along the direction of
anisotropy. For values of −1 < ξ < 0, the particle distri-
bution is stretched along the anisotropy direction, while
ξ > 0 indicates the particle distribution is squeezed (con-
tracted) along that direction. ξ ¼ 0 corresponds to an
isotropic momentum distribution while ξ ¼ ∞ implies that
all particles are moving along the transverse direction or
maximally squeezed along the anisotropy direction.
For a given anisotropy direction n̂, the quark momentum,

k, is modified to k̃

k̃2 ¼ k2 þ ξðk · n̂Þ2; ð23Þ

which in turn modifies the effective single-particle energy
of a quark of flavor i to

E�
i;anisoðkÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k̃2 þm2

i

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�2
i ðkÞ þ ξk2 cos2 θ

q
; ð24Þ

where θ is the angle between k and the anisotropy axis. For
a weakly anisotropic medium where jξj < 1, we expand
this energy to linear order in ξ as

E�
i;anisoðkÞ ≈ E�

i ðkÞ þ ξ

�
k2 cos2 θ
2E�

i ðkÞ
�
: ð25Þ

This change to the effective energy propagates to the
dimensionless energies E�ðkÞ ¼ ðE�

i ðkÞ � μ�i Þ=T that
appear in the thermodynamic potential. The anisotropic
dimensionless energy can thus be written as

E�
i;anisoðkÞ ¼ E�

i ðkÞ þ δE; ð26Þ

where the dimensionless correction, δE, is given by

δE ¼ ξ

�
k2 cos2 θ
2E�

i ðkÞT
�
: ð27Þ

Thus, introducing momentum anisotropy into the system
leads to the single particle effective energy to become
direction dependent. In particular, particles moving closer
to the anisotropic direction (typically the beam axis in
uRHIC) acquire an additional contribution to their energy
proportional to cos2 θ. This directional deformation of the
effective energy induces anisotropic modification in the
thermodynamic potential density of the PCQMF model.
This results in anisotropic corrections to the thermody-
namic and transport properties. It is important to note that
the ξ affects only the thermal sector of the thermodynamic
potential. It encodes the collective deformation of the
particle’s momentum due to the rapid expansion of the
medium. The fermionic vacuum contribution Ωvac in
Eq. (17) remains isotropic as the vacuum itself does not
undergo kinematic expansion. Consequently, the vacuum
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term is independent of ξ. The anisotropic functions are
obtained by substituting E�

i;anisoðkÞ for E�
i ðkÞ in their

expressions. For any function gðE�
i ðkÞÞ that depends on

the dimensionless quark energy, its anisotropic counterpart,
gðE�

i;anisoðkÞÞ, can be approximated to linear order in ξ as

gðE�
i;anisoðkÞÞ ≈ gðE�

i ðkÞÞ þ
∂gðE�

i ðkÞÞ
∂E�

i ðkÞ
δE: ð28Þ

We apply this linear expansion to the quark–antiquark
contribution in the thermodynamic potential, Ωqq̄, which
gets modified as

Ωqq̄;aniso¼
X

i¼u;d;s

−γiT
ð2πÞ3

Z
d3k
	
lnF−

i;anisoðkÞþ lnFþ
i;anisoðkÞ



:

ð29Þ

Using Eq. (28) for lnF�
i;anisoðkÞ, the Eq. (29) can be

written as

Ωqq̄;aniso ¼ Ωqq̄ þ ξ

 X
i¼u;d;s

γiNc

12π2

Z
k4dk
E�
i ðkÞ

½fiðkÞ þ f̄iðkÞ�
!
:

ð30Þ

Similarly, the anisotropic scalar and vector densities can be
identified by differentiating the above equation with respect
to σ and ω, respectively, as

ρsi;aniso ¼ ρsi − ξ

�
γiNc

12π2T

Z
k4dk

m�
i

E�2
i ðkÞ ½AiðkÞ þ BiðkÞ�

�
;

ð31Þ

ρi;aniso ¼ ρi þ ξ

�
γiNc

12π2T

Z
k4dk
E�
i ðkÞ

½AiðkÞ − BiðkÞ�
�
; ð32Þ

where the terms

AiðkÞ ¼
ðΦe−E

−
i ðkÞ þ 4Φ̄e−2E

−
i ðkÞ þ 3e−3E

−
i ðkÞÞ − 3fiðkÞðΦe−E

−
i ðkÞ þ 2Φ̄e−2E

−
i ðkÞ þ e−3E

−
i ðkÞÞ

F−
i ðkÞ

ð33Þ

and

BiðkÞ ¼
ðΦ̄e−E

þ
i ðkÞ þ 4Φe−2E

þ
i ðkÞ þ 3e−3E

þ
i ðkÞÞ − 3f̄iðkÞðΦ̄e−E

þ
i ðkÞ þ 2Φe−2E

þ
i ðkÞ þ e−3E

þ
i ðkÞÞ

Fþ
i ðkÞ

: ð34Þ

The anisotropic distribution functions, fi;anisoðkÞ and f̄i;anisoðkÞ, are then approximated as

fi;anisoðkÞ ≈ fiðkÞ þ
�
∂fiðkÞ
∂E−

i ðkÞ
�
δE≡ fiðkÞ þ δfiðkÞ; ð35Þ

f̄i;anisoðkÞ ≈ f̄iðkÞ þ
�
∂f̄iðkÞ
∂Eþ

i ðkÞ
�
δE≡ f̄iðkÞ þ δf̄iðkÞ; ð36Þ

which can be split into isotropic and anisotropic parts as

fi;anisoðkÞ ¼ fiðkÞ − ξ

�
k2 cos2 θ
2E�

i ðkÞT
½fiðkÞð1 − 3fiðkÞÞ þ XiðkÞ�

�
; ð37Þ

f̄i;anisoðkÞ ¼ f̄iðkÞ − ξ

�
k2 cos2 θ
2E�

i ðkÞT
½f̄iðkÞð1 − 3f̄iðkÞÞ þ YiðkÞ�

�
; ð38Þ

with

XiðkÞ ¼
2ðΦ̄e−2E

−
i ðkÞ þ e−3E

−
i ðkÞÞ

F−
i ðkÞ

; YiðkÞ ¼
2ðΦe−2E

þ
i ðkÞ þ e−3E

þ
i ðkÞÞ

Fþ
i ðkÞ

: ð39Þ

DHANANJAY SINGH and ARVIND KUMAR PHYS. REV. D 113, 054005 (2026)

054005-6



C. Transport coefficients in anisotropic PCQMF model

The transport coefficients can be derived from the RBE,
which describes the evolution of the single particle dis-
tribution function in phase space. For systems close to the
equilibrium in the presence of an external field, one can use
the RTA to simplify the complex collision term, and the
RBE is then written as [103]

kμ∂μfðx; kÞ þ qFαβkβ
∂

∂kα
fðx; kÞ

¼ C½fðx; kÞ� ¼ −
kμuμ
τ

ðfðx; kÞ− f0ðx; kÞÞ ¼ −
kμuμ
τ

δf;

ð40Þ

where q is the charge of a quark and Fαβ represents the
electromagnetic field strength tensor. The term uμ is the
fluid four-velocity, τ is the relaxation time for the particle
species, and δf ¼ fðx; kÞ − f0ðx; kÞ is the deviation from
the local equilibrium distribution f0ðx; kÞ given in Eq. (20).
The relaxation time τ is given by [104]

τ ¼ 1

5.1Tα2S lnð1=αSÞð1þ 0.12ð2Nf þ 1ÞÞ ; ð41Þ

where αsðT; μÞ is the standard two-loop running coupling
written as [105,106]

αSðT;μÞ

¼ 6π

ð33− 2NfÞ ln
�

T
ΛT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ � μ

πT

�
2

q �

×

0
B@1−

3ð153− 19NfÞ
ð33− 2NfÞ2

ln
�
2 ln T

ΛT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ � μ

πT

�
2

q �
ln
�

T
ΛT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ � μ

πT

�
2

q �
1
CA; ð42Þ

with ΛT being the QCD scale-fixing parameter originating
from the lowest nonzero Matsubara modes [107] and is
fixed at ΛT ¼ 70 MeV [106]. We assume τ to remain iso-
tropic even in the presence of momentum anisotropy in the
distribution functions. This is a simplifying approximation
that allows us to isolate the direct effect of the anisotropic
particle distribution on the transport coefficients. While a
fully self-consistent treatment would involve an anisotropic
relaxation time, this approach is standard in many initial
phenomenological studies [83,86,87].
The transport coefficients quantify the linear response

of a system to small gradients or external fields. They
are extracted from the dissipative parts of the energy-
momentum tensor Tμν and conserved current densities such
as electric current Jμ. The general procedure involves
measuring small perturbations in the local equilibrium
distribution function f0 as δf ¼ f − f0 using the RBE
within RTA, in the presence of appropriate gradients, e.g.,

velocity gradient for shear and bulk viscosities, or electric
field for conductivity. δf is then substituted into the
expressions of Tμν or Jμ, and the transport coefficients
quantify the linear response of a system by relating
dissipative fluxes to their associated thermodynamic gra-
dients. The detailed derivations can be found in
Refs. [104,108,109]. The general expressions in an iso-
tropic medium are given by [110,111]

η ¼ 2Nc

15T

X
i¼u;d;s

Z
d3k
ð2πÞ3 τ

�
k2

E�
i

�
2

×
�
fið1 − fiÞ þ f̄ið1 − f̄iÞ

�
; ð43Þ

ζb ¼
2Nc

T

X
i¼u;d;s

Z
d3k
ð2πÞ3 τ

1

E�2
i

×


�
1

3
− c2s

�
k2 − c2sm�2

i þ c2sm�
i T

dm�
i

dT

�
2

×
�
fið1 − fiÞ þ f̄ið1 − f̄iÞ

�
; ð44Þ

σel ¼
2Nc

3T

X
i¼u;d;s

e2i

Z
d3k
ð2πÞ3 τ

�
k
E�
i

�
2

×
�
fið1 − fiÞ þ f̄ið1 − f̄iÞ

�
: ð45Þ

The term c2s is the squared speed of sound and characterizes
the medium’s response to pressure disturbances. At con-
stant entropy, it is defined as

c2s ¼
�
∂p
∂ϵ

�
s
¼ s

cv
; ð46Þ

where the pressure p, energy density ϵ, entropy density s,
and specific heat at constant volume cv in an anisotropic
medium are expressed as

p ¼ −Ωaniso; ð47Þ

ϵ ¼ Ωaniso þ
X
i

μi
�ρi;aniso þ Ts; ð48Þ

s ¼ −
∂Ωaniso

∂T
; ð49Þ

cv ¼
�
∂ϵ

∂T

�
V
; ð50Þ

where

Ωaniso ¼ Ωqq̄;aniso þΩvac þUðΦ; Φ̄; TÞ−LM −Vvac: ð51Þ

To study the effect of momentum anisotropy in the trans-
port coefficients, the equilibrium distribution function fi
[Eq. (20)] is replaced with fi;aniso [Eq. (37)] in the above
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expressions. The resulting (to linear order in ξ) anisotropic transport coefficients are obtained as

ηaniso ¼ η − ξ
Ncτ

90T2π2
X

i¼u;d;s

Z
dk

k8

E�3
i ðkÞ

�
fið1 − fiÞ þ f̄ið1 − f̄iÞ − 4ðf2i þ f̄2i Þ

þ XiðkÞð1 − 2fiÞ þ YiðkÞð1 − 2f̄iÞ
�
; ð52Þ

ζb;aniso ¼ ζb − ξ
Ncτ

6T2π2
X

i¼u;d;s

Z
dk

k4

E�3
i ðkÞ


�
1

3
− c2s

�
k2 − c2sm�2

i þ c2sm�
i T

dm�
i

dT

�
2

×
�
fið1 − fiÞ þ f̄ið1 − f̄iÞ − 4ðf2i þ f̄2i Þ þ XiðkÞð1 − 2fiÞ þ YiðkÞð1 − 2f̄iÞ

�
; ð53Þ

σel;aniso ¼ σel − ξ
Ncτ

18T2π2
X

i¼u;d;s

e2i

Z
dk

k6

E�3
i ðkÞ

�
fið1 − fiÞ þ f̄ið1 − f̄iÞ − 4ðf2i þ f̄2i Þ

þ XiðkÞð1 − 2fiÞ þ YiðkÞð1 − 2f̄iÞ
�
: ð54Þ

In the isotropic limit (ξ → 0), all anisotropic corrections in
the above equations vanish, and one recovers their standard
expressions in Eqs. (43)–(45). The anisotropic terms are
proportional to ξ and introduce angular integrals (involving
cos2 θ) which result in enhancing or suppressing contribu-
tions from longitudinal modes, depending on the sign of ξ.
Although the overall form of the integrals remains similar
to the isotropic case, the anisotropic components carry
higher powers of momentum, encoding their sensitivity to
directional flow and gradients in the medium. This decom-
position of transport coefficients into isotropic and aniso-
tropic parts enables their systematic numerical analysis.

III. RESULTS

In this section, we present and discuss the impact of
momentum-space anisotropy, characterized by the param-
eter ξ, on the chiral and deconfinement order parameters,
various thermodynamic observables, and key transport
coefficients of strongly interacting QCD matter within
the PCQMF model. The analysis is performed for two
distinct scenarios: one at vanishing baryon chemical poten-
tial (μB ¼ 0 MeV) and another at a finite baryon chemical
potential (μB ¼ 400 MeV). The strangeness chemical
potential μS is chosen to satisfy the condition of global
strangeness neutrality (ρS ≈ 0) imposed by the initial state
[112,113]. Similarly, the negative isospin chemical poten-
tial μI reflects the initial neutron excess (N > Z) of the
colliding nuclei, which leads to an isospin asymmetric
medium [114]. The results are presented for different
values of the anisotropy parameter: the isotropic case
ξ ¼ 0.0, oblate (squeezed) distributions with ξ ¼ 0.2 and
ξ ¼ 0.4, and a prolate (stretched) case with ξ ¼ −0.2. It is
important to note that in a dynamically evolving medium, ξ
relaxes from large values at early times toward zero as the
system thermalizes [5]. In the Navier-Stokes limit of a one-
dimensionally expanding fluid, the anisotropy parameter

is related to the specific shear viscosity η=s and the
proper time τ via ξ ≈ 10ðη=sÞ=ðTτÞ [115,116]. Using
typical parameters for RHIC energies (Tc ≈ 160 MeV,
η=s ¼ 1=4π) at a late evolution time of τ ≈ 6 fm=c, one
obtains a value of ξ ≈ 0.3 [117]. Therefore, the positive
values chosen here (ξ ¼ 0.2, 0.4) correspond to the
physically relevant intermediate to late stages of the
QGP evolution. The negative value (ξ ¼ −0.2) is included
to allow for a comprehensive comparison of squeezed
versus stretched distributions on the medium’s properties.
We begin by examining the effect of momentum

anisotropy on the effective quark masses, which are directly
linked to the chiral dynamics of the system. Figure 1 shows
the effective quark masses m�

u, m�
d, and m�

s as a function
of temperature T. The left panels [(a), (c), (e)] corres-
pond to μB ¼ 0 MeV, while the right panels [(b), (d), (f)]
are for a system at μB ¼ 400 MeV, μI ¼ −30 MeV, and
μS ¼ 125 MeV. For the isotropic case (ξ ¼ 0), all quark
masses exhibit a significant reduction with increasing
temperature, reflecting the gradual restoration of chiral
symmetry. When anisotropy is introduced, this behavior
is modified. For positive values of ξ (oblate), the quark
masses decrease slowly, suggesting that a squeezed
momentum distribution delays chiral symmetry restoration.
Conversely, a negative value of ξ (prolate) results in a faster
decrease of the quark masses, indicating that the chiral
transition is triggered earlier. This behavior can be under-
stood from the modification of single-particle energy due to
anisotropy. An oblate distribution enhances the effective
thermal energy of the quarks, thereby strengthening the
transition. Similar observations were reported in the two-
flavor NJL model [117]. This trend persists at a finite
baryon chemical potential of μB ¼ 400 MeV, although the
overall transition occurs at a lower temperature.
Next, we investigate the temperature dependence of

Polyakov loop fields, Φ and Φ̄, for various values of ξ
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at μB ¼ 0 MeV [(a), (c)] and μB ¼ 400 MeV [(b), (d)] in
Fig. 2. In the isotropic case, both Φ and Φ̄ transition from
values close to zero in the low-temperature (confined)
phase to values approaching unity in the high-temperature
(deconfined) phase. A positive ξ leads to a slight suppres-
sion of Φ and Φ̄ at intermediate temperatures, while a
negative ξ causes a minor enhancement. This may indicate
that the deconfinement of quarks gets delayed for a system
with a squeezed momentum distribution compared to the
isotropic case. Increasing the baryon chemical potential to
μB ¼ 400 MeV leads to unequal enhancement in Φ and Φ̄
at lower temperatures. The effect of ξ is similar to the case
of zero chemical potential.

To more precisely quantify the chiral phase transition,
we compute the subtracted chiral condensate, Δl;s,
defined as [118]

Δl;sðTÞ ¼
hψ̄ψil;T − m̂l

m̂s
hψ̄ψis;T

hψ̄ψil;0 − m̂l
m̂s
hψ̄ψis;0

; ð55Þ

where m̂l and m̂s denote the bare masses of light and
strange quarks, respectively, and are directly related to
the symmetry-breaking parameters hx and hy appearing in
Eq. (6) [21]. Additionally, in the context of the PCQMF
model, the light quark condensate hψ̄ψil;T and strange

FIG. 1. The effective quark massesm�
u; m�

d, andm
�
s plotted as a function of temperature T for anisotropy parameter ξ ¼ 0, 0.2, 0.4, and

−0.2, at baryon chemical potential μB ¼ 0 MeV [in subplots (a), (c), (e)] and baryon chemical potential μB ¼ 400 MeV, isospin
chemical potential μI ¼ −30 MeV, and strangeness chemical potential μS ¼ 125 MeV [in subplots (b), (d), (f)].
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quark condensate hψ̄ψis;T can be replaced with the non-
strange σ and strange ζ fields, respectively. As a result, we
can write the subtracted chiral condensate as

Δl;sðTÞ ¼
σ − hx

hy
ζ

σ0 −
hx
hy
ζ0

; ð56Þ

where σ0 and ζ0 denote the vacuum values of the scalar
fields. This observable provides a clear signal for the chiral
crossover. In Fig. 3, we plot Δl;s as a function of temper-
ature at various values of ξ. The left panel shows the results
at μB ¼ 0 MeV, which are in good qualitative agreement
with lattice QCD data from Ref. [119]. Positive values of ξ
shift the transition curve to higher temperatures, while a
negative ξ shifts it to lower temperatures. This confirms that

FIG. 2. The Polyakov fields Φ and Φ̄ are plotted as a function of temperature T for anisotropy parameter ξ ¼ 0, 0.2, 0.4, and −0.2, at
baryon chemical potential μB ¼ 0 MeV [in subplots (a) and (c)], and baryon chemical potential μB ¼ 400 MeV, isospin chemical
potential μI ¼ −30 MeV, and strangeness chemical potential μS ¼ 125 MeV [in subplots (b) and (d)].

FIG. 3. The subtracted chiral condensate Δl;s is plotted as a function of temperature T with (a) μB ¼ 0 MeV and (b) μB ¼ 400 MeV at
anisotropy parameter ξ ¼ 0, 0.2, 0.4, and −0.2.
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a prolate momentum distribution promotes an earlier chiral
transition, whereas an oblate distribution delays it. At μB ¼
400 MeV (right panel), the transition temperature is low-
ered, as expected, and the separation between the curves for
different ξ values remains significant, highlighting the
persistent role of anisotropy at finite density.
It is important to note the nature of the phase transition

in the presence of momentum anisotropy. For the range of
chemical potentials considered in this work (μB up to
400 MeV), the transition remains a smooth crossover,
irrespective of the value of ξ. This is evidenced by the
continuous and smooth variation of the subtracted chiral
condensates (Fig. 3) and effective masses (Fig. 1). To
demonstrate this explicitly, in Fig. 4, we plot the thermal
susceptibility of the subtracted chiral condensate dΔl;s=dT,
as function of T, for various values of ξ. The left panel
shows the results at μB ¼ 0 MeV, while the right panel
corresponds to μB ¼ 400 MeV. We observe that the sus-
ceptibility exhibits a distinct peak in the transition region
for all cases. It is important to note that these peaks remain
finite and broad, indicating that the transition remains a
smooth crossover rather than becoming first-order. This
confirms that the inclusion of weak momentum anisotropy
(jξj < 1) does not alter the order of the phase transition
within the density regime considered in this work. Further-
more, the position of the peak, which corresponds to the
pseudo-critical temperature (Tc), shifts to higher temper-
atures for positive ξ and lower temperatures for negative ξ.
To quantify this shift in the phase boundary, we plot

the pseudo-critical temperature, Tc, as a function of the
anisotropy parameter ξ in Fig. 5. The results are presented
for both vanishing baryon chemical potential (μB ¼ 0MeV)
and finite value (μB ¼ 400 MeV). We observe a monotonic
linear dependence of the transition temperature on the
anisotropy parameter. For the case of μB ¼ 0 MeV, as the
system becomes more oblate (ξ > 0), Tc shifts to higher
values compared to the isotropic case. Conversely, for
prolate deformation (ξ < 0), the transition temperature
decreases. A similar trend is observed at μB ¼ 400 MeV,
although the overall transition temperatures are lower due

to finite density effects. These findings are qualitatively
consistent with recent investigations [84,117,120], which
have also reported significant modifications to the QCD
phase boundary and critical end point location driven by
momentum-space anisotropy.
The impact of momentum anisotropy on the bulk

thermodynamic properties of the quark matter is presented
in Fig. 6. Here, we plot the scaled pressure p=T4, scaled
energy density ϵ=T4, and scaled entropy density s=T3 as
functions of temperature. The left panels [(a), (c), (e)] at
μB ¼ 0 are compared with lattice data. For all cases, these
quantities remain small in the confined phase and rise with
temperature, finally approaching the Stefan-Boltzmann
(SB) limit at very high T. Our results are in qualitative
agreement with the lattice data. A key finding is that the
equation of state is directly modified by momentum
anisotropy. Positive ξ values lead to a suppression in
pressure, energy density, and entropy density at a given
temperature, while negative ξ values lead to their enhance-
ment. This implies that a system with a stretched momen-
tum distribution is thermodynamically more active than

FIG. 4. The thermal susceptibility of the subtracted chiral condensate, dΔl;s=dT is plotted as a function of temperature T at
(a) μB ¼ 0 MeV and (b) μB ¼ 400 MeV for various values of anisotropy parameter ξ.

FIG. 5. Variation of the pseudo-critical temperature, Tc,
as a function of the anisotropy parameter ξ for μB ¼ 0 MeV
(solid line) and μB ¼ 400 MeV (dashed line). Tc is determined
from the peak of the thermal susceptibility of the subtracted chiral
condensate.
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an isotropic one. At finite baryon chemical potential
μB ¼ 400 MeV, these thermodynamic quantities are larger,
particularly at lower temperatures, due to the finite quark
density, but the qualitative impact of ξ remains the same.
Further insight into the thermodynamic response of the

medium can be gained from the temperature dependence of
the speed of sound squared c2s and the scaled specific heat
cv=T3, which are shown in Fig. 7. At μB ¼ 0 (top row), the
speed of sound exhibits a characteristic dip near the
transition temperature. The location and depth of this

minimum are sensitive to anisotropy. A positive ξ makes
the dip deeper and shifts it towards higher temperatures. In
contrast, a negative ξ shifts the dip to lower temperatures,
consistent with the observed change in the chiral transition.
The specific heat displays a corresponding peak in the
transition region, which shifts to a lower magnitude for
positive ξ and grows for negative ξ. Our results for both
quantities at zero chemical potential capture the essential
trends of the available lattice data [12,14], specifically the
dip in the speed of sound and the peak in specific heat near

FIG. 6. Scaled pressure p=T4, scaled energy density ϵ=T4, and scaled entropy density s=T3 as a function of temperature T for various
values of anisotropy parameter ξ. Subplots (a), (c), (e) correspond to a system at μB ¼ 0 MeV, where the results are compared with
lattice QCD data from the HotQCD [12] and Wuppertal-Budapest (WB) [14] collaborations. Subplots (b),(d),(f) are for a system with
μB ¼ 400 MeV, μI ¼ −30 MeV, and μS ¼ 125 MeV.
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the transition temperature. At μB ¼ 400 MeV (bottom
row), these features are shifted to lower temperatures, with
the softening of the equation of state being particularly
evident.
Before moving on to analyze the transport coefficients,

let us first quantify the relevant timescales. Figure 8

illustrates the temperature dependence of the relaxation
time for μB ¼ 0 and 400 MeV. It is observed that the
relaxation time decreases monotonically as the temperature
increases, dropping from ≈1.47 fm at T ¼ 130 MeV to
≈0.56 fm at T ¼ 300 MeV for the finite density case. This
is consistent with theoretical expectations for a strongly
interacting medium. Specifically, in the high-temperature
regime (T ≳ 200 MeV), the values approach the quantum
uncertainty limit (τ ∼ ℏ=T) and are comparable to estimates
obtained in quasiparticle models [83] and kinetic theory
studies [122]. Furthermore, these values satisfy the phe-
nomenological constraints imposed by ultrarelativistic
heavy-ion collision experiments. Hydrodynamic simula-
tions of RHIC and LHC data typically require a thermal-
ization time of τeq ≲ 1 fm to successfully reproduce the
observed large elliptic flow v2 [123]. Our results show that
as the system evolves deep into the QGP phase, τ becomes
sufficiently small to justify the assumption of local equi-
librium and the application of hydrodynamics. In our
present work, we employ the isotropic relaxation time
approximation, i.e., the τeq is not considered ξ dependent.
In [117], dependence of relaxation time on ξ parameter is
studied. The relaxation time τeq is observed to increase with

FIG. 7. Temperature dependence of speed of sound squared c2s and scaled specific heat cv=T3 for various values of anisotropy
parameter ξ ¼ 0, 0.2, 0.4, and −0.2. The top row [subplots (a) and (b)] corresponds to a system at μB ¼ 0 MeV, while the bottom row
[subplots (c) and (d)] is for a system with μB ¼ 400 MeV, μI ¼ −30 MeV, and μS ¼ 125 MeV. The results at μB ¼ 0 are compared
with lattice QCD data from the HotQCD [12] and WB collaboration [14], as well as with results from CMS ultra-central collisions [121]
for subplot (a).

FIG. 8. Relaxation time τ as a function of temperature for
isotropic case at μB ¼ 0 and 400 MeV.
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anisotropy parameter ξ at low temperatures. However, at
high temperature, the ξ dependence of relaxation time is not
found to be appreciable.
We now turn to the transport properties of the anisotropic

quark matter. Figure 9 presents the specific shear viscosity,
ηaniso=s, and the normalized bulk viscosity, ζb;aniso=s, as
functions of temperature for various ξ. Shear viscosity
characterizes a fluid’s resistance to shear stress, essentially
its internal friction. A low shear viscosity allows the system
to flow collectively with minimal energy loss, a property
often described as “perfect fluidity” [124,125]. The value of
η, especially when normalized by entropy density s as the
specific shear viscosity η=s, provides a direct measure of
the interaction strength within the QGP. The specific shear
viscosity, shown in Figs. 9(a) for μB ¼ 0 and 9(c) for
μB ¼ 400 MeV, exhibits a minimum near the transition
temperature, approaching the Kovtun-Son-Starinets (KSS)
bound of 1=4π [126], which is a hallmark of strongly
coupled, nearly perfect fluid. Below the transition, its value
is large and decreases as temperature rises, while above the
transition, it increases slowly with temperature. This is
consistent with the finding across a wide range of theo-
retical frameworks, including the quasiparticle approach
and various effective models [42,87,127–130]. Momentum

anisotropy has a significant impact; a positive ξ (squeezed)
decreases ηaniso=s, making the fluid less viscous and
pushing the system even closer to the perfect fluid. This
behavior is attributed to the growth of chromo-Weibel
instabilities in the anisotropically expanding plasma.
These instabilities generate turbulent color fields that
provide a highly efficient, noncollisional mechanism for
momentum transport, thereby reducing the effective shear
viscosity [87,131]. In contrast, a negative ξ (stretched)
increases ηaniso=s, resulting in a more viscous fluid. Such a
prolate momentum configuration is expected to arise in the
presence of a strong magnetic field, which constrains the
motion of charged quarks to the lowest Landau level along
the field direction [132]. This is similar to the results
obtained in the quasiparticle model approaches [83,87],
2þ 1 flavor QM model [86], and two flavor NJL model
[117]. At a finite baryon chemical potential of μB ¼
400 MeV [Fig. 9(c)], the overall magnitude of ηaniso=s
increases across the temperature range, indicating that the
system becomes more viscous at higher densities. Similar
observations were reported in Ref. [87]. The normalized
bulk viscosity at μB ¼ 0 MeV is plotted in Fig. 9(b).
This transport coefficient, which is a measure of the
system’s deviation from conformal invariance [133,134],

FIG. 9. Temperature dependence of specific shear viscosity ηaniso=s and normalized bulk viscosity ζb;aniso for various values of
anisotropy parameter ξ ¼ 0, 0.2, 0.4, and −0.2. The top row [subplots (a) and (b)] corresponds to a system at μB ¼ 0 MeV, while the
bottom row [subplots (c) and (d)] is for a system with μB ¼ 400 MeV, μI ¼ −30 MeV, and μS ¼ 125 MeV.
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is significant near the transition and diminishes at high
temperatures, signaling the system’s approach to the
conformal limit where bulk viscosity is expected to vanish
[135]. Our results for μB ¼ 0 MeV (top row), which show a
distinct peak in ζb;aniso=s in the transition region, are in
good agreement with lattice calculations [136,137]. The
introduction of anisotropy has a minimal effect on ζb;aniso=s
beyond the transition temperature. A squeezed momentum
distribution ξ > 0 slightly suppresses it, while a stretched
distribution ξ < 0 enhances it near the transition temper-
ature. At higher temperatures, the effect of ξ on ζb;aniso=s
becomes negligible. As for the case of finite baryon
chemical potential of μB ¼ 400 MeV in Fig. 9(d), we find
that the magnitude of ζb;aniso=s is substantially suppressed
compared to the μB ¼ 0 case, and the effects of anisotropy
become even less significant. This reduction at finite
density is consistent with the general expectation that
the system moves closer to conformality at higher densities
for a given temperature.
The effect of anisotropy on charge transport is examined

via the normalized electrical conductivity, σel;aniso=T,
which is shown as a function of temperature in Fig. 10.
The electrical conductivity increases with temperature as
charge-carrying quarks become deconfined and more
mobile. Our results for μB ¼ 0 MeV (left panel) are in
reasonable agreement with lattice data [138]. The effect of
anisotropy on conductivity is similar to its impact on shear
and bulk viscosity. A positive ξ (squeezed distribution) is
found to suppress the electrical conductivity. This suppres-
sion becomes more significant as the anisotropy increases.
This is consistent with the findings of Ref. [132], where
the authors argue that an oblate momentum distribution
hinders the transport of charge along the direction of the
applied electric field. In contrast, a negative ξ (stretched
distribution) enhances the conductivity. This is similar
to the findings in the 2þ 1 flavor QM model [86]
but contrasts with the results in two flavor NJL model,
where σel=T first increases as ξ increases at low

temperatures but, as temperature rises further, the values
of σel=T for different ξ eventually overlap [117]. At finite
baryon chemical potential (right panel), the overall magni-
tude of the electrical conductivity is higher than at μB ¼ 0.
This is a direct consequence of the increased net charge
carrier density (an excess of quarks over antiquarks) at
finite μB. Importantly, the relative effect of ξ remains the
same as in the vanishing chemical potential case. Similar
findings were reported in quasiparticle model approaches in
Refs. [83,87].
Finally, in Fig. 11, we display the thermal dependence of

two important quantities that characterize the dissipative
nature of the medium: the specific sound channel,
ðηaniso þ 3ζb;aniso=4Þ=s, and the ratio of bulk to shear
viscosity, ζb;aniso=ηaniso, for various ξ values. The behavior
of the specific sound channel (left panel) is largely
governed by the specific shear viscosity, as the bulk
viscosity contribution is negligible in comparison across
most of the temperature range except in the vicinity of the
transition region, as shown in Figs. 9(b) and 9(d).
Consequently, the specific sound channel exhibits a mini-
mum near Tc, and its dependence on ξ directly mirrors that
of ηaniso=s. The bulk-to-shear ratio, ζb;aniso=ηaniso, provides
a measure of the interplay between bulk and shear viscous
effects. This ratio exhibits a prominent peak in the
transition region at μB ¼ 0 MeV [Fig. 11(b)], indicating
that bulk viscosity is most significant during the phase
transition. Momentum anisotropy influences the location of
this peak: positive anisotropy (ξ > 0) shifts this peak to
higher temperatures, while negative anisotropy (ξ < 0)
shifts it to lower T. At μB ¼ 400 MeV [Fig. 11(d)], the
peak becomes less pronounced and shifts to lower temper-
atures. This suppression suggests a faster approach to
conformal symmetry as baryon density increases. This
finding is consistent with the general expectation that
the relative importance of bulk viscosity diminishes as
the system moves away from the crossover region into the
denser, more weakly interacting regime.

FIG. 10. The temperature dependence of normalized electrical conductivity σel;aniso=s for various values of anisotropy parameter
ξ ¼ 0, 0.2, 0.4, and −0.2 at μB ¼ 0 MeV (a) and μB ¼ 400 MeV, μI ¼ −30 MeV, μS ¼ 125 MeV (b).
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IV. SUMMARY

In this work, we have presented a comprehensive analysis
of the impact of momentum-space anisotropy on the thermo-
dynamic equation of state and transport properties of
strongly interacting quark matter. Employing the Polyakov
chiral SU(3) quark mean field (PCQMF) model, which
captures both chiral symmetry dynamics and quark con-
finement through a Polyakov loop potential, we introduce
anisotropy via a spheroidal deformation in the momentum
distribution, quantified by the parameter ξ. A system with a
“squeezed” or oblate momentum distribution (ξ > 0) pref-
erentially populates transverse momentum states, character-
istic of the rapid longitudinal expansion in the early stages
of heavy-ion collisions. While a “stretched” or prolate
distribution (ξ < 0) favors momenta along the anisotropy
axis, a scenario expected to arise in the presence of a strong
magnetic field, with ξ ¼ 0 representing the isotropic case.
Our investigation reveals that even a weak anisotropy
profoundly alters the system’s characteristics. We find
that key thermodynamic observables like pressure, energy
density, entropy density, squared speed of sound, and
specific heat are systematically suppressed for squeezed
systems (ξ > 0) and enhanced for stretched ones (ξ < 0)
when compared to the isotropic case at the same temper-
ature. This demonstrates that the momentum distribution

fundamentally modifies the available phase space and thus
alters the bulk thermodynamic properties and the equation
of state of the medium.
Furthermore, the transport coefficients, calculated by

solving the relativistic Boltzmann equation in the relaxation
time approximation, exhibit a strong and systematic
dependence on this anisotropy. The specific shear viscosity
(ηaniso=s) and electrical conductivity (σel;aniso=T) are sig-
nificantly suppressed for squeezed distributions (ξ > 0),
pushing the system closer to the “perfect fluid” ideal and
hindering charge transport, respectively. Conversely, these
coefficients are enhanced for stretched distributions
(ξ < 0). The bulk viscosity (ζb;aniso=s) shows a similar,
though less pronounced, trend, with its characteristic peak
near the phase transition shifting in temperature and
magnitude according to the value of ξ. At a finite baryon
chemical potential of μB ¼ 400 MeV, the absolute magni-
tudes of ηaniso=s and ζb;aniso=s change, with shear viscosity
increasing while bulk viscosity is suppressed. However, the
qualitative dependence on the sign of ξ remains the same.
Collectively, these results underscore that momentum-
space anisotropy is a crucial physical feature that funda-
mentally reshapes the properties of the quark–gluon
plasma. Even when weak, it induces significant modifica-
tions in both thermodynamic and transport properties
of the QCD medium. The thermodynamic responses are

FIG. 11. Variation of specific sound channel ðηþ 3ζb=4Þ=s and bulk to shear viscosity ratio ζb=η with temperature for various values
of anisotropy parameter ξ ¼ 0, 0.2, 0.4, and −0.2. The top row corresponds to a system at μB ¼ 0 MeV, while the bottom row is for a
system with μB ¼ 400 MeV, μI ¼ −30 MeV, μS ¼ 125 MeV.
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suppressed for positive ξ. The transport coefficients are
modified significantly with ξ, especially near the transition
temperature, highlighting the anisotropic redistribution of
microscopic transport. Its inclusion is therefore essential for
the realistic phenomenological modeling of the early-time,
pre-equilibrium dynamics in ultrarelativistic heavy-ion
collisions at facilities like RHIC, the LHC, FAIR, and
NICA, and for accurately bridging theoretical predictions
with experimental data.
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