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We develop tools of Bayesian inference on the moduli space of Calabi–Yau (CY) manifolds. We sample
from the invariant Weil–Petersson (WP) measure using Markov Chain Monte Carlo and normalizing flows
on Kähler moduli space with dimension up to h1;1 ¼ 30, and present results on the spectrum of the CY
volume and properties of divisors when the measure is restricted in physically meaningful ways. We
furthermore present a theory-informed prior on axion masses and decay constants ðma; faÞ marginalized
over the WP measure for all inequivalent CYs constructable from the Kreuzer–Skarke database with
h1;1 ≤ 5. We then impose likelihoods based on axion physics. We demonstrate how detection of a relatively
heavy QCD axion at small h1;1, e.g., by the Axion Dark Matter Experiment, provides detailed information
about CY geometry and topology. Finally, we compute a full forward model incorporating likelihoods from
the cosmic microwave background and Lyman-alpha forest and find the maximum posterior probability
region on the moduli space of a given CY favored by a resolution of the tension in these data by an
ultralight axion composing Oð1%Þ of the dark matter. This demonstration serves as a blueprint for future
statistical analyses within string phenomenology.
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I. INTRODUCTION

String theory compactified on Calabi–Yau (CY) orienti-
folds is one of the best candidate theories to describe
quantum gravity and particle physics in a unified manner
[1]. Recent years have seen great advances in our ability to
study CY manifolds, and the resulting physics, numerically
[2]. Axions [3–5] are a ubiquitous feature of string theory
compactifications [6–8], known as the axiverse [9–11], and
the hunt for axions in the laboratory and in cosmology is

currently undergoing intense progress [12–14]. Advances
in the explicit constructions of CYs have led to similar
progress in our detailed understanding of the axiverse
[15–25]. The basic C4 axion effective field theory (EFT)
in type IIB string theory is well understood: its kinetic
matrix is polynomial in subvariety volumes and its poten-
tial is dominated by exponentials of divisor volumes.
Divisor volumes are not, however, independent free param-
eters: in explicit CY geometries they are often strongly
correlated, meaning that not all things possible from an
EFT perspective are realized in string theory at the
ensemble level. Outside specific CY models and beyond
type IIB, other important recent progress includes
Refs. [26–29].
The progress on axions in explicit CY ensembles has

identified important general principles. Axion masses are
approximately log-uniformly distributed and axion decay
constants are approximately log-normally distributed. The
scale of the largest mass and mean decay constant are set by
theHodge number h1;1 of the CY (which also sets the number
of axions), with both decreasing as h1;1 increases [19].
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To date, most of this research has been performed at a
canonical but specific region in the moduli space: namely,
along the ray generated by the “tip of the stretched Kähler
cone” (see Sec. II) and relatively close to the origin
(e.g., [15–21]). In this work we lay the groundwork for a
systematic and statistically rigorous approach to studying C4

axion models in the full stretched Kähler cone.
A central challenge arising from such a program of study

is the problem ofmoduli. The Kähler and complex structure
moduli are scalar fields representing geometric deforma-
tions of the CY that preserve the defining property of Ricci
flatness [30]. They are massless in the classical theory, but
are believed to be stabilized, i.e., given masses and vacuum
expectation values (VEVs), by quantum effects (see
Ref. [31] for a review). There has also been significant
progress in understanding moduli stabilization in explicit
examples [32–38], yet even the most advanced models are
still far from answering key questions about supersym-
metry breaking and the cosmological constant in phenom-
enologically acceptable ways.
The values of the stabilized moduli fields (moduli VEVs)

can be seen as constant parameters of the four-dimensional
EFT. The physics giving rise to moduli stabilization, such
as fluxes [39] and D-brane instantons [40] is, however,
fundamentally discrete, meaning that the true spectrum of
allowed vacua must also be discrete. Nevertheless, it has
long been appreciated that the available choices are so
numerous that this discrete spectrum can effectively be
treated as continuous, or more precisely, as forming a dense
“discretuum” [41,42]. Following this reasoning, we
approximate the vacuum expectation values of the
Kähler moduli, hTii, as continuous variables. There exist
physical effects that may contribute to moduli stabilization
but cannot currently be computed with reliability, i.e.,
known unknowns, such as loop corrections to the Kähler
potential; see, however, [43,44]. In addition, there may be
mechanisms for moduli stabilization that remain entirely
undiscovered, i.e., unknown unknowns.
Given the formidable challenge of determining where

acceptable vacua populate moduli space, it may seem
fruitless to address further questions of physics. In this
work, however, we take the “modular approach” to phe-
nomenology [31]. Althoughwe are presently unable to solve
the problemof vacuumdistributions acrossmoduli space for
large ensembles of CYs, we can nevertheless compute
certain features of low energy EFTs throughout moduli
space. Our aim is therefore to statistically sample the
physical properties of string compactifications. Provided
that such a sampling is computationally efficient, as well as
fair and unbiased (in the Bayesian sense), moduli stabiliza-
tion may then be imposed ex post facto, allowing the
resulting phenomenological consequences to be inferred.
We thus set aside the problem of explicit moduli

stabilization and instead endeavor to map out Kähler
moduli space and the resulting physics statistically, for

which we introduce tools of Bayesian inference and
machine learning.1 The Weil–Petersson (WP) measure,
induced by the WP metric for Kähler moduli, is the natural
measure on Kähler moduli space (see Appendix C for some
details). This metric exhibits several useful features for our
purposes. For example, in addition to being diffeomor-
phism invariant, the WP measure is also scale invariant, as
expected for an uninformative prior in the absence of a
preferred scale, as parametrized by, e.g., the CY volume V
(which could later be set by, for example, a particular
moduli stabilization scheme). The WP measure is thus
similar to the Jeffreys prior, and is therefore attractive from
a purely Bayesian perspective. Consequently, in this work
we develop efficient methods for sampling the WP mea-
sure. Using the sampling techniques of Markov Chain
Monte Carlo (MCMC) and normalizing flows (NF), our
goal is to compute axion physics observables, compare
them with experimental or observational likelihoods, and
perform Bayesian inference.
To have a computational handle, we impose extra restric-

tions on top of the WP prior. In particular, we impose
stretching: i.e., the constraint that all holomorphic submani-
folds have volume larger than unity in string units, thereby
controlling the EFT. In this sense, the stretched Kähler cone
should not be understood as a proposed physical support for
the full compactification measure. Rather, it defines the
controlled region in which the tree-level geometric quantities
entering our prior and likelihoods admit a uniform computa-
tional treatment. Incorporating regions near walls, including
controlled flop regimes and more general corrected EFT
parameters, would require extending the present framework
and is left for future work. We also impose that the Kaluza–
Klein (KK) scalemust be above somephysical energy scale to
ensure consistency with observations, which implies a
maximum CY volume. These two EFT restrictions break
WP scale invariance, but have the welcome property of
rendering theWPmeasure a proper (normalizable) prior. The
shape of the region in moduli space satisfying our upper and
lower bounds on the overall volume as well as our stretching
conditions is sensitive to the topology of the CY manifold
(such as its fibrations, see Sec. II C). In particular, this region
features limits near the boundary of the Kähler cone where
divisorswith particular topological properties have distinctive
volume spectra (see Sec. IV), which wewill connect to axion
physics in Sec. V B. This also extends prior work
relating divisor topology to statistics of volumes (see,
e.g., [11,23,49]).
We assume that the Standard Model gauge group, and in

particular quantum chromodynamics (QCD), is realized by
a stack of D7-branes on some prime toric divisor—
distinguished divisors on toric hypersurface Calabi–Yau

1We note that the complex structure moduli, at our level of
approximation, do not affect the physics likelihoods studied here,
see however Refs. [45–48] for progress in this direction.
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threefolds—and we demand that the volume distribution of
this divisor is relatively sharply peaked at 40. This ensures
that the running of the SM gauge couplings to the KK scale
is not drastically altered compared to that implied by the
observed particle content [50]. Allowing any such choice of
prime toric divisor implicitly assumes the existence of an
orientifold projection and a tadpole-canceling D7/O7
configuration; given the variety of gauge realizations in
F-theory, this is a reasonable idealization. In this work we
assume h1;1− ¼ 0 and therefore restrict to the orientifold-
even sector. This assumption should not be taken to imply
that superpotential-relevant O(1) instantons are generically
available: their existence is subject to consistency require-
ments arising from fermionic zero modes and the Freed–
Witten condition [51–53]. For the purposes of this work we
remain agnostic about these details and focus on develop-
ing and testing tools for efficiently sampling Kähler moduli
space for Bayesian inference. A systematic treatment of
fluxed instantons and the general case with h1;1− ≠ 0 will be
presented in forthcoming work [54].
We develop tools to efficiently sample the WP measure

in geometries with h1;1 as large as 30, and show that modest
computational resources could extend this sampling to
much larger values. We furthermore construct a theory-
informed prior on axion parameters ðma; faÞ from an
exhaustive treatment of CYs from the Kreuzer–Skarke
(KS) database with h1;1 ≤ 5 under the WP measure.2 We
impose model likelihoods for future QCD axion detection

in the laboratory, and demonstrate how this can restrict CY
topology and the distribution on moduli space.
As a representative of our results, Fig. 1 summarizes a

key achievement of this work. The figure shows the
posterior probability on CY moduli space derived from
three separate combinations of priors and likelihoods for a
specific model with h1;1 ¼ 7 (see Sec. 4.2.3 in Ref. [16] for
more details of the CY). Sampling from only the WP prior
gives a log-flat spectrum for the Calabi–Yau volume
V—scale invariant—between a minimum value set by
control over the EFT, and a maximum set by the KK
scale. The second set of samples adds to this a prior that
there exists at least one prime toric divisor with volume in a
range around 40 in string units, such that it is possible in
principle to host the QCD gauge group on a stack of
D7-branes with a realistic gauge coupling in the UV, which
further restricts V ≲ 103. Finally, we show the result of
imposing cosmological likelihoods from the CMB and the
Lyman-alpha forest in a full forward model. The preference
in this data combination for an ultralight axion dark matter
(DM) component (favored overΛCDM at high significance
[58]) strongly restricts the region in moduli space, leading
to a sharply peaked posterior, visible here as a preferred
value of the marginal distribution on the CY volume, and
even more strikingly in the joint posterior on the CY
volume and a selected divisor volume.
This paper is organized as follows. In Sec. II we discuss

the Kähler cone and WP metric of CY threefolds, as well as
other relevant aspects of Calabi–Yau topology and geom-
etry. In Sec. III we develop efficient sampling methods for
the WP measure, including MCMC and normalizing flows.
In Sec. IV we present geometric results under the WP prior,
including the behavior and distribution of volumes of the
various divisor classes across different geometries. In
Sec. V we apply our sampling methods to axion physics,

lo
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FIG. 1. Joint posterior distribution of log10 V and log10ðτfuzzyÞ obtained by sampling the Kähler moduli of a Calabi–Yau with h1;1 ¼ 7,
where τfuzzy is the volume of the prime toric divisor hosting the instanton associated with the ultralight (fuzzy) axion. We show three
cases: (i) the Weil–Petersson prior alone (with IR/UV cutoffs from EFT control and the KK scale), (ii) the Weil–Petersson prior
supplemented by the requirement that at least one prime toric divisor attains a volume suitable for a QCD-like gauge coupling, and
(iii) the same prior further weighted by CMB and Lyman-α forest likelihoods. The inset enlarges into the small region where the
cosmology-selected posterior concentrates. The right panel shows the corresponding marginal posterior of log10 V for all three cases,
illustrating how cosmological data lead to a sharply peaked posterior and a strongly localised region in moduli space.

2The Kreuzer–Skarke database of CY threefolds arising from
fine, regular, star triangulations (FRSTs) of four-dimensional
reflexive polytopes is quite degenerate, in that many FRSTs
induce the same CY manifold. Using the methods of [55], we can
efficiently remove a large fraction of this degeneracy, but not all
of it. Removing all degeneracy is a difficult problem [56,57] that
we will not undertake in this work.
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construct theory-informed priors for ðma; faÞ, incorporate
QCD-like and cosmological likelihoods, and analyze the
resulting constraints on CY topology and moduli space. We
summarize our findings in Sec. VI. The Appendixes
contain technical material on the axion EFT, the normal-
izing-flow architecture, aspects of the WP measure, and
Calabi–Yau topology and geometry. All CY computations
in this work employ CYTOOLS [2]. Our results are publicly
available on GitHub [30].

II. KÄHLER MODULI SPACES OF CALABI–YAU
THREEFOLDS

A. Kähler moduli and the Kähler metric

We are here concerned with the question of how physics
varies across the moduli space of CY compactifications of
string theory [30]. We consider the Kähler moduli space of
a CY orientifold X given by the Kähler parameters ti of
dimension h1;1 ¼ h1;1þ . These parameters take values in the
Kähler cone KX ⊂ H2ðX;RÞ corresponding to the region
where volumes of subvarieties are positive. The complexi-
fied Kähler moduli space of type IIB string theory can be
parametrized by coordinates

Ti ¼ τi þ iϕi ¼
1

2

Z
X
J ∧ J ∧ ωi þ i

Z
X
C4 ∧ ωi; ð2:1Þ

where C4 is the four-form with the associated axions ϕi,
J ¼ tiωi is the Kähler form on X in a basis ωi ∈H2ðX;ZÞ
and

τi ¼
1

2
κijktjtk; κijk ¼

Z
X
ωi ∧ ωj ∧ ωk: ð2:2Þ

Here, τi correspond to the volumes of the 4-cycles Poincaré
dual to the ωi and κijk are the triple intersection numbers
of X.
The classical Kähler potential for the Kähler moduli is3

K ¼ −2 lnðVÞ; V ¼ 1

6
κijktitjtk ð2:3Þ

where V is the CY volume in string units [59]. From the
Kähler potential, the Kähler metric is given by

Kij ¼ ∂
2K=∂Ti∂T̄j,

4 and the four-dimensional kinetic term
for the divisor volumes τi is

Lkin ⊃ Kijdτi ∧ ⋆dτj: ð2:4Þ

The classical metric on moduli space is independent of
the axions; see also Appendix A. Using (2.2), the kinetic
terms for the Kähler parameters ti become

Lkin ⊃ Mijdti ∧ ⋆dtj; where

Mij ¼ Kabκaciκbdjtctd ¼
1

4V2
ð2τiτj − VκijktkÞ: ð2:5Þ

Therefore, a natural metric defined on the space of Kähler
parameters ti is simply Mij referred to as the WP metric
(see also Appendix C),5 giving the following probability
measure

DWP ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detMj

p Y
i

dti: ð2:6Þ

This natural measure on the Kähler cone KX is known as
the WP measure.

B. Parametrizing the Kähler moduli space

Let us begin by parametrizing the Kähler cone KX. It can
be constructed as

KX ¼ ftijti ¼ αμGi
μ; α

μ > 0g; ð2:7Þ

where Gi
μ is the ðNg × h1;1Þ-dimensional matrix whose

rows are the extremal generators of KX with Ng denoting
their total number. The measure induced by WP on the
space of α coefficients becomes

DG
WP ¼ j detGj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detMj

p YNg

μ¼1

dαμΘðαμ > 0Þ: ð2:8Þ

For the purposes of traversing the cone efficiently, we
further reparametrize the positive α coefficients space,R

Ng
þ ,

into reals, RNg , by exponentiation αμ ¼ expðθμÞ. Such a
parametrization and scanning in the space of θ’s results in
robust and efficient sampling of the Kähler cone, since far
away points that are deep within the cone—points with
exponentially large CY volumes—are easily accessible: in
particular, multiplicative separations in the α’s become
additive separations in the θ’s, so that regions

3The Kähler potential in Eq. (2.3) and the real parts of the
Kähler coordinates in Eq. (2.1) receive both perturbative and
nonperturbative corrections, see, e.g., [37] for a discussion. These
effects modify the classical WP metric, yielding a quantum-
corrected geometry which becomes essential once the moduli are
taken outside the strict geometric regime, i.e., outside the
stretched Kähler cone (SKC). We will at points consider values
of tree-level (i.e., purely geometric) quantities outside of the SKC
(such as when diagnosing the existence of fibrations), but this is
merely to infer topological properties of the geometry rather than
physical quantities.

4We note that this convention differs from other references,
such as [16,17], which denote the Kähler metric with lowered
indices and its inverse with upper indices.

5The WP metric can be shown to be equivalent to other more
fundamental metrics like the Zamolodchikov metric [60] which is
a special case of the information metric; see, e.g., [61].
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corresponding to exponentially large αμ lie only a linear
distance jΔθμj away. This parametrization also removes the
hard boundary at αμ ¼ 0 and allows proposal steps to
explore large-volume interior regions with uniform numeri-
cal efficiency. The WP measure in terms of the target
variables θμ is therefore

DG
WP ¼ j detGj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detMj

p YNg

μ¼1

dθμαμ: ð2:9Þ

In general, especially as h1;1 increases, the majority of
Kähler cones are nonsimplicial (Ng > h1;1). Thus, due to
the large number of additional parameters, it becomes
computationally difficult to sample nonsimplicial, and
consequently narrow, cones. Furthermore, it becomes
computationally challenging to even determine all of the
cone generators. Finally, for fibered CY manfolds, the
support of the WP measure has noncompact regions (as we
discuss in Sec. II C) which can be narrow depending on the
choice of basis, which also poses a challenge for sampling.
To circumvent these issues, we make use of the dual

parametrization of Kähler cones, i.e., using their extremal
facets (extremal codimension-one faces, or extremal rays of
the dual cone known as the Mori cone). Let H be the
ðNh × h1;1Þ-dimensional matrix whose rows are the
extremal facet normal vectors that carve out the Kähler
cone; that is,

KX ¼ ftijHμ
iti > 0g: ð2:10Þ

By extremal we mean that for any h1;1 × h1;1 sub-block that
is a full rank square matrix, no other rows are expressible as
positive linear superpositions of the rows of this block. We
pick the first such full rank h1;1 rows of H, call it H̄j

i, and
perform a change of basis:

t̄j ¼ H̄j
iti: ð2:11Þ

In the new basis, the hyperplane matrix takes the form

H̄μ
i ¼ Hμ

j½H̄−1�ji ¼
�
Ih1;1

B

�
ð2:12Þ

where B is a ðNh − h1;1Þ × h1;1 dimensional matrix withNh
being the number of extremal facets, rendering the Kähler
cone as

K̄X ¼ ft̄ijt̄i > 0 and Ba
it̄i > 0g: ð2:13Þ

That is, the transformed Kähler cone is guaranteed to be
contained within the positive orthant Rh1;1þ . As before, we
can then parametrize the Kähler parameters using an
exponential map, t̄i ≔ expðθ̄iÞ, in order to efficiently
traverse it. The WP measure in the new basis, and after

using dt̄i ¼ dθ̄it̄i, is simply

DH
WP ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detMjp
j det H̄j

YNh−h1;1

a¼1

ΘðBa
it̄iÞ
Yh1;1
i¼1

dθ̄it̄i: ð2:14Þ

With the above parametrizations of the Kähler cone and
the associated WP measures (priors), we can impose
additional constraints for physical/phenomenological con-
siderations. In the context of a string compactification, we
restrict ourselves to the SKC [15]: the region of moduli
space where volumes of all holomorphic curves are larger
than unity (in string units). In fact, we shall also require that
we remain within the divisor stretched Kähler cone
(DSKC): the region of moduli space where all prime toric
divisor volumes are also larger than unity (in string units). It
is within this divisor stretched cone that we can be most
confident that the four dimensional EFTs (see Appendix A)
are under perturbative control. From the Kähler cone KX,
the DSKC can be obtained as

KX;s ¼ KX ∩ ftijHa
i t

i ≥ 1g ∩ fτI > 1g; ð2:15Þ

where H is the matrix of hyperplane normal vectors
associated with all holomorphic curve constraints (not
only the extremal facets), and the index I runs over all
prime toric divisors (1 to h1;1 þ 4). The inequalities Ha

i t
i ≥

1 enforce that the volumes of all effective curves exceed
unity, thereby converting the conical region into an affine
polyhedron.
In the absence of explicit extremal generators, we take

K̄X;s ¼ ft̄ijt̄i > 0; Ba
it̄i > 1g ∩ fτI > 1g; ð2:16Þ

where B is the equivalent of Eq. (2.12), but comprising all
the nonbasis hyperplane vectors. That is, the nonidentity
(and nonsquare) matrix contained in Ha

j½H̄−1�ji.
The restriction of τI > 1 in both parametrizations can be

imposed as an extra condition on top of the WP measure
[Eqs. (2.9) and (2.14) respectively].
The above discussion extends directly to K∪, a cone

contained in the Kähler cone of a toric hypersurface CY
threefold and often used as an approximation to the true
Kähler cone (which is generally difficult to compute). In
particular, K∪ for a CY hypersurface X in a toric variety V
is defined as the union of the toric Kähler cones of all toric
varieties V 0 related to V by birational operations which do
not affect X [62]. In what follows, all CY threefolds
we study are toric hypersurfaces, and we work exclusively
with K∪ (in CYTOOLS, K∪ can be constructed from a
CalabiYau object cy as cy.mori_cone_cap
(in_basis=True).dual()).
How does the WP measure scale within the stretched

Kähler cone of a CY compactification of type IIB string
theory? Using K ¼ −2 lnðVÞ, the entries of the Kähler
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metricKij scale like ∼τ−2 ∼ t−4. Using Eq. (2.5), the entries
of the M matrix scale like ∼t−2, giving

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detMjp
∼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij detMjp

∼ t−n where n ¼ h1;1. With this, we see that
the WP measure scales with the CY volume in the
following fashion:

DWP ∼ dΩn−1
dV
V

∼ dΩn−1dK; ð2:17Þ

where dΩn−1 is some angular measure that we need not
compute explicitly. An important point to note is that the
WP measure enforces scale-invariance in the CY volume.
While this means that the WP prior is not normalizable
a priori, there are lower and upper cutoff CY volumes that
can be imposed on practical grounds. The lower cutoff of
Vmin can simply come from the tip of the stretched Kähler
cone (TSKC), at which point the CY volume may even be
larger than unity [15]. On the other hand, the upper cutoff
of Vmax could be imposed by, e.g., an experimental lower
bound on the SuperSymmetry (SUSY) scale, or upper
bound on the size of extra dimensions. The scale and
diffeomorphism invariance properties of the WP measure
appear to be attractive from a Bayesian perspective due to
the relation with the Jeffreys prior.

C. Topological and geometric prerequisites

Upon computing the parameter space for our Kähler
moduli—the Kähler cone—and the axion EFT (see
Appendix A), one might be tempted to set aside the
geometric interpretation of the subvariety volumes which
determine the kinetic matrix and potential and just treat
them as free independent parameters. However, the
topology and geometry of the CY furnishes important
constraints and correlations on the free parameters in the
EFT—namely, volumes of cycles. In particular, these will
also be exploitable, enabling us to both engineer specific
physical scenarios using topology, as well as constrain
topology with phenomenology.
Three particular geometric phenomena will be of interest

to us in this work: boundaries of the Kähler cone where the
overall CY volume vanishes (which correspond to fibra-
tions), boundaries where divisor volumes vanish (which
include but are not restricted to boundaries of the former
kind), and how the dichotomy between divisors with and
without normal bundle deformations imprints itself on axion
decay constants. We summarize these three ideas in this
section, but include a longer discussion in theAppendixC 3.
Let us begin with the two types of Kähler cone

boundaries. The classical, geometric moduli space of a
Calabi–Yau threefold decomposes as a union of Kähler
cones, forming the extended Kähler cone. The faces of a
Kähler cone where the CY volume or individual divisor
volumes vanish are boundaries not only of that Kähler cone
but of the entire extended Kähler cone. Even when our
stretching condition is imposed, if one approaches these

faces of the Kähler cone, there are imprints on the axion
physics. In this way, the near-boundary regions of Kähler
moduli space feature interesting axion phenomenology that
can be dissimilar from the “bulk” phenomenology near a
typical TSKC ray.
Boundaries where the CY volume vanishes are important

to us first because they control the support of the WP
measure. As highlighted earlier, the WP measure is
normalized only upon imposing bounds on the
overall CY volume V. The support of the WP measure—
i.e., the region where the CY volume V satisfies
Vmin ≤ V ≤ Vmax—is compact if and only if V does not
vanish on any face of the Kähler cone. In particular, the
support of the WP measure asymptotically and noncom-
pactly approaches any face where V vanishes. Such faces
are in correspondence with fibrations of X, and correspond
to limits where both the fiber volume and V vanish. While
imposing stretching constraints will cut off this noncom-
pactness, fibered geometries will still feature long, narrow
regions in the Kähler cone near the faces where V vanishes,
corresponding to the limit of small fiber volume and large
base volume. Beyond giving rise to qualitatively distinct
axion physics compared to the interior of moduli space,
these regions are additionally difficult to sample and thus
pose computational challenges.
Fibrations of CY manifolds must have generic fibers that

are themselves CY, so the fiber can either be a genus-one
curve (i.e., a torus T2) if the fiber is one-dimensional, or a
four-torus T4 or K3 surface if the fiber is two-dimensional
[63]. When a one-dimensional fiber admits a section the
fibration is elliptic; otherwise it is genus-one with a
multisection. For brevity we will still say “elliptic” unless
the distinction matters. Likewise, we will abuse notation
and refer to the two-dimensional fiber case as a K3
fibration.
Now we turn our attention to Kähler cone faces where

divisors D attain zero volume, τ ¼ 0. Inverse divisor
volumes set important scales in string compactifications:
for example, 1=

ffiffiffi
τ

p
sets the gauge coupling on worldvo-

lume gauge theories arising from stacks of D7-branes
wrapped on R1;3 ×D. Similarly, the limit in which divisors
shrink to points is also considered in constructions of
Standard Model-like physics on D-branes located at the
resulting singularities [33,64–68]. Analogous to our dis-
cussion of the overall volume for fibrations, ifD shrinks on
a face of the Kähler cone, then the region in moduli space
where D has volume less than a certain value—i.e., the
region where a phenomenologically realistic gauge theory
can be realized—is noncompact, which is interesting and
relevant for phenomenological purposes.
Additionally, while the scale of divisors volumes are often

set by the overall volume, τ ∼ V2=3 [23,25], some divisors
can shrink along Kähler cone faces where the CY volume is
finite, and thus their volume can be characteristically smaller
than the overall volume. Such divisors are known in the
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literature as blowup divisors. We distinguish between
divisors which shrink to points and to curves, distinguished
by whether their quadratic volume polynomials vanish
quadratically or linearly on a face. The decoupling with
the overall volume is more prominent for the former, as we
will see in Sec. IV. By contrast, we will refer to divisors that
shrink near faces where V does vanish (due to a shrinking
fiber) as fibration divisors. Fibration divisors can also be
small at large overall volume, but must be compensated by a
large base volume, while blowup divisors do not require
such a compensation. Divisors with volume τ decoupled
from the overall volume are important, as then τ behaves
more like a free parameter, yielding useful freedom when
engineering the axion EFT. Shrinkability at large overall
volume will prove important when implementing QCD
axions within our constructions in Sec. V B.
In summary, then, wewill find it useful to distinguish five

categories of divisors, organized by their shrinking behavior.
(i) Nonshrinkable divisors, which have finite volume

everywhere in the Kähler cone.
(ii) Fibration divisors, which can shrink in the limit that

the CY volume vanishes (i.e., the fiber shrinks).
(iii) K3 fiber divisors, which (up to overall scaling) are

the fibers of K3 fibrations.
(iv) Curve blowup divisors, which can shrink to curves

while the CY remains at finite volume (i.e., their
volume vanishes linearly).

(v) Point blowup divisors, which can shrink to points
while the CY remains at finite volume (i.e., their
volume vanishes quadratically).

Divisors can belong to more than one of these categories
(e.g.,K3 divisors are a special case of fibration divisors, and
divisors shrinking linearly along some face can shrink
quadratically along another, etc.), sowewill assignmember-
ship by iterating over this list from bottom to top and
applying the first label whose condition is satisfied. This
categorization refines and extends previous discussions of
the role played by divisor topology in statistics of geometric
volumes and axion observables [11,49].
It is not an accident that this list resembles the taxonomy

of facets of CY threefold Kähler cones (reviewed in the
Appendix C 3) but it is worth stressing that the limits where
shrinkable divisors (i.e., members of the first three catego-
ries) have vanishing volume need not be at codimension-
one in the Kähler cone: higher codimension can and does
happen, and such cases will be important for us.
Finally, we can discuss the relevance of normal bundle

deformations for axion decay constants. As we show in the
Appendix C 3, if D is a divisor belonging to the basis of
leading instanton contributions, then in the limit of hier-
archical instanton scales (which arises generically in Kähler
moduli space, and was studied in [17])6

f ≳ 1

23=2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 − VC

p ð2:18Þ

for τ the volume ofD and C the formal volume of the curve
class D ∩ D (though such a class need not have holomor-
phic representatives).
The Hodge number h2;0ðDÞ7 counts normal bundle defor-

mations of a divisor D in a CY threefold, and we say D is
geometrically rigid if h2;0ðDÞ ¼ 0, and movable otherwise.8

We explain in the Appendix C 3 how, for geometrically rigid
divisors D, τ2 − VC is often the sum of positive terms (as
usuallyC < 0) and is essentially set by V, while for movable
D,C > 0, so τ2 − VC is smaller andbounded fromabove and
below for fixed τ by positivity of C and of Kij, respectively.
Thus, decay constants for geometrically rigid divisors are
characteristically smaller, and have larger variance compared
to their movable counterparts.
An edge case worth noting is when D is a K3 fiber

divisor, for which C ¼ 0 and the decay constant is totally
decoupled from the overall volume, being purely set by the
divisor volume τ. Crucially, this can be kept Oð1Þ even at
large volume by taking the anisotropic limit of large base
and small fiber. In this way, K3 divisors provide a
mechanism for engineering anomalously large axion decay
constants, in a manner independent of overall volume. This
was exploited in [16] to engineer decay constant hierar-
chies, which in turn was inspired by [70,71].

III. SAMPLING MODULI SPACE

In this section, we lay out two techniques for sampling
the SKC: an MCMC method implemented via the Python-
compatible package EMCEE [72], and an NF method
implemented using the NORMFLOWS package [73].

A. Classical Markov Chain Monte Carlo

For the MCMC approach, we employ two distinct
parametrizations of the SKC as outlined in the previous
section. The first uses the extremal generators of the
original Kähler cone, while the second uses the extremal
hyperplanes of the modified Kähler cone.
In the two MCMC strategies, the former has the

advantage of no rejections beyond the stretching condi-
tions—by construction, all sampled points lie within the
Kähler cone—but may require sampling in a space of
dimension larger than h1;1 (in the case of nonsimplicial
cones). The latter, in contrast, restricts sampling to an
h1;1-dimensional space independent of the number of

6We are indebted to Sebastian Vander Ploeg Fallon for sharing
Eq. (2.18) with us.

7Convenient combinatorial formulae forHodgenumbersof certain
divisors in toric hypersurface CY threefolds are presented in [69].

8We say “geometrically rigid” rather than just “rigid” to avoid
confusion with the divisors demonstrated in [40] to contribute to
the ED3 nonperturbative superpotential in type IIB: those rigid
divisors D are also geometrically rigid, but additionally satisfy
h0;0ðDÞ ¼ 1 and h1;0ðDÞ ¼ 0.
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generators, but introduces additional rejections when the
cone is nonsimplicial (since then the modified Kähler cone
is a strict subset of Rh1;1þ ).
For both strategies, we sample according to the natural

WP prior defined by the metric Mij in Eq. (2.5). Using the
measures derived in Eqs. (2.9) and (2.14), the corresponding
log-probabilities—hereafter referred to as the WP prior—
are given by

logPG
WP ¼

1

2
ln j detMj þ

XNg

μ¼1

θμ þ ln j detGj; ð3:1Þ

logPH
WP ¼

1

2
ln j detMj þ

Xh1;1
i¼1

θ̄i − ln j det H̄j: ð3:2Þ

The above are defined up to additive constants. Points
violating any facet or stretching constraint (Ha

i t
i ≥ 1 or

τptp > 1) are assigned−∞. These log-prior expressions form
the probability landscape explored by the MCMC chains.

1. Implementation and convergence tests

For purposes of this section, each MCMC chain was run
within the DSKC of a given CY geometry, bounded between
Vmin ¼ V tip and Vmax ¼ 1010V tip, where V tip is the CY
volume at the tip of the stretched Kähler cone.9

For the generator-based sampling, the ensemble comprised
Nwlk ¼ 10Ng walkers, while the hyperplane-based sampling
used Nwlk ¼ 10h1;1. Convergence of each chain was deter-
mined through autocorrelation analysis of individual

parameters: once the number of statistically uncorrelated
samples in the slowest (most correlated) parameter exceeded
75, the run was terminated. This uniform criterion allows a
geometry-independent comparison of convergence efficiency.
The procedure was repeated across 100 randomly

selected geometries for each h1;1 ≤ 11. For each h1;1, we
uniformly sampled 100 polytopes from the KS list [74] and
then chose a random geometry by employing the methods
of [24,55]. For each geometry, we recorded the total time
required to reach convergence, and compiled the results
both as a function of h1;1 and of the number of extremal
generators Ng. These results are summarized in Fig. 2.
In Fig. 3, we present the corner plot visualizing the

sampled region of the Kähler cone for an example geometry,
while in Fig. 4 we show the associated distribution of CY
volumes. The volume histogram exhibits logarithmic flat-
ness, correctly reflecting the expectedWP prior behavior and
providing an additional indication of convergence.

2. Comparison of sampling performance

The two strategies display complementary strengths. The
generator-based method samples directly along the
extremal directions of the cone, ensuring that all proposed
points automatically belong to the Kähler cone. Its primary
cost, however, is dimensional: for nonsimplicial cones with
Ng > h1;1, the effective sampling space grows quickly,
leading to longer convergence times. In contrast, the
hyperplane-based method operates in a fixed h1;1-dimen-
sional space and thus scales more mildly with h1;1, but
introduces additional rejections whenever the cone is a
strict subset of the positive orthant.
The convergence-time distributions reflect this trade-off.

Across the ensemble, convergence time correlates more

FIG. 2. Convergence times for various values of h1;1 and different numbers of generators for hyperplane sampling using EMCEE. The
full likelihood consists solely of the Weil–Petersson prior, together with an upper bound on the Calabi–Yau volume fixed at 1010 × V tip.
We declare convergence once the total number of MCMC steps performed for the slowest converging parameter exceeds 75 times its
autocorrelation length.

9The tip of the stretched Kähler cone is obtained by minimis-
ing the Euclidean norm ktk2 subject to the constraint Ha

i t
i ≥ 1.
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strongly with the number of extremal generators Ng

than with h1;1 itself. At large h1;1, the hyperplane-
based approach exhibits superior numerical stability and
faster convergence, whereas at low h1;1 the generator-based
sampling remains competitive and provides a more direct
geometric interpretation of motion within the cone. For
large-scale statistical scans of CY geometries, the hyper-
plane-based WP prior therefore constitutes the more
efficient and robust choice. We will use the hyperplane-

based sampling for cosmological purposes in later
sections.
These observations motivate the use of more flexible,

learnable priors for navigating highly nonsimplicial cones,
which we turn to next.

B. Normalizing flows

Normalizing flows [75] are a method for constructing
complex distributions by transforming a simple base

FIG. 3. Marginal one-dimensional and two-dimensional distributions of the modified positive semidefinite Kähler parameters, t̄i ∈Rþ
basis as defined in Eq. (2.11), for a cone withNg ¼ 28 extremal generators, at h1;1 ¼ 9 obtained using hyperplane sampling of the Weil–
Petersson prior.
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distribution (e.g., a Gaussian) through a series of invertible
mappings. Let f∶ RD → RD be an invertible and differ-
entiable function whose inverse maps the input data x∈RD

to the latent representation z∈RD, i.e., f−1ðxÞ ¼ z or
equivalently fðzÞ ¼ x. The main idea is to express the
distributionpxðxÞ in terms of the base distributionpzðzÞ and
f. This is done using the change of variables formula:

pxðxÞ ¼ pzðzÞj det JfðzÞj−1; ð3:3Þ

where Jf denotes the Jacobian of f. For more details on NF
see Appendix B.
A base Gaussian distribution has full support, which

means that pzðzÞ > 0 everywhere on RD. The invertible
nature of f means that using such a base distribution, the
target distribution pxðxÞ must also have full support. For
this reason, we choose the extremal generators parametri-
zation of the original Kähler cone with target WP given in
Eq. (3.1), as opposed to the extremal hyperplanes para-
metrization of the modified Kähler cone with WP given in
Eq. (3.2), since the latter does not have full support in the
space of θ̄s. Unlike MCMC where the chains run inside the
DSKC, for the NF we do not impose any stretching
constraints during training. Instead, we train the NF to
learn the WP measure on the full Kähler cone. Once
trained, we then use the NF to sample points and only keep
those that lie inside the DSKC and whose volume is
between Vmin ¼ V tip and Vmax ¼ 1010V tip.
Specifically, we fit a real NVP (real-valued nonvolume

preserving) model [76] pθðθ;ΘÞ, where f is composed of a
series of 16 masked affine flow layers fi with parametersΘ,
to the target distribution p�

θðθÞ defined by WP Eq. (3.1).10

Since we can easily evaluate p�
θðθÞ for a given point θ in

Kähler moduli space, but cannot easily sample from this
distribution, we train our NF model using reverse
Kullback–Leibler (KL) divergence DKL Eq. (B3). In
evaluating p�

θðθÞ we must compute the matrix M
from Eq. (2.5). This involves transforming θ back into
Kähler parameters t by first computing αμ ¼ expðθμÞ and
then ti ¼ αμGi

μ. In practice, if θμ is too large then we
encounter overflow errors during training from expðθμÞ,
therefore we add an additional term to the loss function:
ReLUðjjθjj − RÞ2, which is zero if jjθjj < R and
ðjjθjj − RÞ2 otherwise. This term penalizes θ larger
than R which we set to be 15. The total loss function
is thus

LðΘÞ ¼ DKL½pθðθ;ΘÞjp�
θðθÞ�

þw × ReLUðkθk − RÞ2; ð3:4Þ

where w is a tunable weight parameter that we set to 1.
In each of the 16 masked affine flow layers, we use an

alternating binary mask and the translation and scale
networks are Multi-Layer Perceptrons (MLPs) consisting
of four hidden layers each with 256 neurons. This gives a
total of 6 373 472 learnable parameters. We train our NF
model over 50 000 epochs using the Adam optimizer to
find the optimal values for these parameters, which
minimize the total loss Eq. (3.4) on a batch of size
1,024. The initial learning rate is set to 10−5 and we use
PyTorch learning rate scheduler REDUCELRONPLATEAU with
factor 0.5 and patience 1000, which reduces the learning
rate by one half if there is no improvement in the loss over
1,000 epochs. Training was performed on a 14-core CPU,
32-core GPU laptop equipped with 36 GB of unified
memory, and required approximately five hours to com-
plete 50 000 epochs. Due to the time taken to train the
model, a limited amount of hyperparameter tuning was
performed to determine these settings.
To compare the results of NF with MCMC, we generate

samples (10 000) via both methods for the same geometry
at h1;1 ¼ 3, which has Ng ¼ 4 generators, and compare
their distributions. The corner plot of these samples with
the associated distribution of CY volumes is shown in
Fig. 5, which demonstrates reasonable agreement between
the methods.

IV. GEOMETRIC RESULTS

Our primary application of the methods presented for
sampling Kähler moduli space will be the phenomenology
of C4 axions in type IIB string theory, but first we will
briefly study something simpler: distributions of volumes
of divisors under the Weil–Petersson measure. Beyond the
importance of understanding the distribution of Kähler
moduli VEVs—recalling Eq. (2.1)—under the natural

FIG. 4. Converged histograms of CY volume for example at
h1;1 ¼ 9 with a Kähler cone with Ng ¼ 28 extremal generators.
The likelihood is simply just the WP prior, with maximum CY
volume set at Vmax ¼ 1010 × Vo where Vo is the volume of the
CY at the TSKC.

10For more details on the real NVP architecture, see Appen-
dix B.
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moduli space metric, the statistics of divisor volumes τ is
important as these geometric quantities set many scales in
low-energy string theory EFTs, including the gauge cou-
pling in D7-brane worldvolume theories (as 1=

ffiffiffi
τ

p
) and the

C4 axion masses (as m ∼ e−2πτ). Indeed, efforts have been
undertaken to model divisor volumes and apply such
models to understand the universal behavior of low-energy
physics in string compactifications [23]. As discussed in
Sec. II C, it is especially worth understanding whether
divisor volumes can be treated as free parameters, or if they

are instead strongly correlated in a way that imprints on low
energy phenomenology.11

FIG. 5. Distributions of the Kähler parameters inside the DSKC and the associated distribution of Calabi–Yau volumes, for a cone with
Ng ¼ 4, at h1;1 ¼ 3 obtained using MCMC (red) sampling with WP prior, and the trained NF model (cyan).

11For divisor volumes in particular, we are essentially asking
about the structure of the cone of dual coordinates of a CY
threefold (in the sense of [77]), or the image of the extended
Kähler cone under the map J ↦ J ∧ J, as when expanded in a
basis of four-forms, the coefficients of J ∧ J are interpreted as the
volumes of the dual basis of divisors classes. Strong correlations
among divisor volumes are encoded in the narrowness of this
cone of dual coordinates.
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We will begin by presenting statistics of divisor volumes
as a function of h1;1 as well as the topological categories
introduced in Sec. II C before exploring a specific example
to further illustrate the role of those topological categories.
We will then interface with [23], expanding on their result
regarding the role of the minface dimension of a prime toric
divisor (defined shortly). Finally, we will present divisor
volume spectra for a geometry with h1;1 ¼ 30 with the
important property (optimized using a genetic algorithm
[24]) that its K∪ is simplicial, making sampling feasible in
spite of the large Hodge number.
In [15], distributions of divisor volumes on Kreuzer–

Skarke CY threefolds were studied as a function of h1;1,
motivated by the desire to understand the string axiverse in
this setting. This statistical studywas undertaken by sampling
points near the tip of the stretched Kähler cone: in particular,
points minimizing divisor and CY volumes subjects to unit
stretching.Wearenowequipped to explore thesedistributions
under the WP measure. In particular, in Fig. 6 we present the
distribution of prime toric divisor volumes as a function of
h1;1, marginalized over geometries. More specifically, for
h1;1 ¼ 3; 4 we marginalize over all FRST classes (as defined
in [56]), while for larger h1;1 wemarginalize over the random
geometries sampled in Sec. III A 1.
To illustrate the dependence of the divisor volume

distribution on the topology of the divisor, in Fig. 7 we
present a plot similar to the previous figure but now
marginalized over all geometries at h1;1 ¼ 4, colored by
the type of the divisor, as introduced in Sec. II C. We find
that K3 fibers and point blowup divisors, in particular, tend
to be smaller, with the former featuring a smaller mean and
the latter’s distribution featuring a longer tail toward unit
volume (recall our prior imposes that it cannot be smaller).

To probe the extent to which divisor volumes behave as
free independent parameters or are instead set by scales
such as the overall volume, in Fig. 8 we plot the distribution
of the dimensionless parameter τ=V2=3 as a function of V
for all prime toric divisors for Kähler parameters margin-
alized over all geometries in KS at h1;1 ¼ 4, colored by the
type of the divisor in the same way as the previous plot. We
see that while divisor volume distributions peak near the
locus τ=V2=3 ¼ 1—i.e., the divisor volume scale is set by
the overall volume—K3 and point blowup divisors in
particular are able to be much smaller, even at large overall
volume. Additionally, vertical and curve-blowup divisors
are capable of smaller volumes than nonshrinkable divisors
at each value of the overall volume. With the gray dashed
line we have indicated our stretching constraint, requiring
that all divisor volumes be at least one. With the black
dashed line we emphasize an empirical finding that divisor
volumes tend to obey τ ≤ V. For K3 fibered geometries, for
example, limits where the overall volume factorizes as V ∼
τ · C for τ and C the volumes of the K3 fiber and base
curve, respectively, requiring C ≥ 1 imposes τ ≤ V.
However, we do not have a more general explanation for
why this inequality holds for all divisor categories.
It is worth seeing in an example how divisor volume

topology encodes correlations among volumes. Consider
the 4D reflexive polytope from the Kreuzer–Skarke data-
base whose vertices are the columns of the following
matrix.

0
BBB@

−3 0 0 1 −1 0

0 0 0 0 −1 1

−1 0 1 0 0 0

−1 1 0 0 0 0

1
CCCA: ð4:1Þ

FIG. 6. Distributions of prime toric divisor volumes induced by
the WP prior, marginalized over all prime toric divisors, and
topologies, labeled by h1;1. Marginalization over geometries is
exhaustive for h1;1 ¼ 3; 4, and otherwise is performed over the
random geometries selected in Sec. III A 1.

FIG. 7. Distributions of prime toric divisor volumes induced by
the WP prior, marginalized over all topologies in Kreuzer–Skarke
at h1;1 ¼ 4, labeled by the divisor topology categories specified in
Sec. II C.
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A triangulation of this polytope yields a toric variety with a
CY hypersurface with h1;1 ¼ 3. Of the seven prime toric
divisors, there are only four unique divisor classes, which
we will denote D1, D4, D5, D7 according to the default
ordering of prime toric divisors set in CYTOOLS. This
geometry has a simplicial K∪, and its facets are classified
as follows.12 Two facets correspond to flops, while one
corresponds to a boundary of Kähler moduli space where
D7 shrinks to a point (i.e., D7 is a point blowup divisor).
The ray of K∪ given by the intersection of the shrinking
divisor facet and one of the flop facets corresponds to a K3
fibration over P1. The pullback of the hyperplane class on
P1, which generates this ray and is the class of the K3 fiber,
is D5. The ray given by the intersection of the two flop
facets is also a boundary of moduli space, and the divisor
D1 shrinks to a curve along this ray. Finally, D4 is
nonshrinkable.
We can readily understand the corner plot of prime toric

divisor and overall volumes featured in Fig. 9 given this
analysis of the Kähler cone and divisor topologies. In
particular, we see that the point blowup divisor D7 and K3
fiber D5 are less correlated with the overall volume and the

other prime toric divisor volumes than the curve blowup
divisor D1 and nonshrinkable divisor D4 (and D4 is most
correlated with the overall volume of them all).
Additionally, we see that τ5 > τ7; one can verify this
explicitly by comparing their volume polynomials, but
intuitively this is because the limit of small K3 fiber is
along a ray of K∪ contained in the facet where D7 shrinks,
so τ5 cannot be small without τ7 being small as well. In this
way, the face structure of K∪—i.e., its face lattice—
controls correlations between divisor volumes.
Finally, we employ our WP sampling capabilities to

interface with the Cheng–Gendler model proposed in [23]
for distributions of prime toric divisor volumes on CY
threefolds arising from a polytope Δ ∘ . There it was
observed that when performing a random walk in Kähler
moduli space according to a particular scheme, volume
distributions naturally organize into a trimodal distribution.
In particular, the volume distribution of a prime toric
divisor is characterized by its minface dimension [69],
or the dimension of the smallest face of Δ ∘ containing the
point associated to the prime toric divisor. Vertices, points
strictly interior to one-faces (edges), and points strictly
interior to two-faces have minface dimension 0,1,2, respec-
tively, and we call their associated divisors vertex, edge,
and face divisors, respectively. For h1;1 ≲ 10, the vast
majority of prime toric divisors are of vertex type, but
for larger h1;1 more edge and face divisors begin to appear
(and for h1;1 ≫ 50, such divisors dominate). In [23], the
normalized logarithmic volumes τ̂I were defined in terms of
the vector τI of prime toric divisors volumes, which was
treated with an overall prefactor such that the smallest entry
in τI was 1. In particular,

τ̂I ¼
logðτIÞ
hlogðτÞi ; hlogðτÞi ¼

Ph1;1þ4
I¼1 logðτIÞ
h1;1 þ 4

: ð4:2Þ

In Fig. 10, for the random geometries selected in
Sec. III A 1 at h1;1 ¼ 10 we aggregate each component
of τ̂ across a WP chain (omitting the smallest entry in τ̂,
following [23]), colored by whether the associated divisor
was of vertex, edge, or face type. We reproduce the
trimodality, verifying that the observations of [23] continue
to hold upon implementation of a Bayesian sampling
methodology using the natural metric on Kähler moduli
space. We anticipate that the trimodality is related to the
frequency with which vertex, edge, and face divisors
belong to the various shrinkable divisor categories
introduced in Sec. II C, but we do not study this fur-
ther here.
In Fig. 11 we present the distributions of the volumes of

the prime toric divisors under the WP measure for a
geometry at h1;1 ¼ 30. Because the computational com-
plexity of sampling scales with both h1;1 and the number of
extremal rays of the Kähler cone (which itself tends to grow
exponentially with h1;1), the sampling of generic

FIG. 8. Joint distribution of normalized prime toric divisor
volumes and overall volume induced by the WP prior, margin-
alized over all topologies in Kreuzer–Skarke at h1;1 ¼ 4, labeled
by the divisor topology categories specified in Sec. II C.

12The taxonomy of CY threefold Kähler cone facets are
reviewed in the Appendix C 3.
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geometries for h1;1 ≳ 15 is quite challenging without
dedicated computational resources. However, if one can
construct geometries at large h1;1 with simplicial (or nearly
simplicial) K∪, sampling can be performed on a laptop for
even larger h1;1. As a proof of concept, we employed the
genetic algorithm of [24] to minimize the number of
extremal rays of K∪, and found geometries at h1;1 ¼ 30
with simplicial K∪ (while typical geometries had ≳50
extremal rays). We do not expect such geometries to be
representative: we merely endeavored to maximize the h1;1

for which we could sample some geometry.
We style the curves in Fig. 11 according to the

topological categories of the associated prime toric divisors
introduced in Sec. II C. In particular, this geometry has no
fibrations (at least, none corresponding to faces of K∪) so
that all shrinkable divisors are of blowup type, and we
found it relevant to distinguish divisors based on whether
they shrunk along facets (i.e., codimension one faces) or
only along higher-codimension faces. It is unsurprising that

FIG. 9. Distributions of prime toric divisor volumes and overall volume under Weil–Petersson measure for an example geometry at
h1;1 ¼ 3 (for which there were four unique prime toric divisor classes).

FIG. 10. Distribution of logarithmically normalized volumes τ̂
[see Eq. (4.2)] for vertex, edge, and face prime toric divisors
marginalized over the random geometries of Sec. III A 1 at
h1;1 ¼ 10.
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divisors shrinking along facets have characteristically
smaller volumes, as they are small in a greater fraction
of the moduli space. More generally, the differences in
distributions between point and curve blowup divisors
vanishing on higher codimension faces can be accounted
for by the exact codimension of those faces (the larger the
codimension, the larger the volumes tend to be).

V. APPLICATION TO AXIONS

As above, throughout this section we scan SKCs with the
WP prior, while now imposing additional likelihoods that
we will define. We run MCMC scans using hyperplane
sampling technique, with the number of walkers equal to
10 × h1;1. All our walkers start within the geometrically
allowed divisor stretched Kähler cone, randomly spread
throughout the cone capped at the maximum volume Vmax.
To gauge convergence, we compute the autocorrelation
times for each parameter, and run our MCMC until the total
MCMC steps of the slowest converging parameter is equal
to scale × its autocorrelation time, where we set the scale to
be 75. This makes sure that for this slowest converging
parameter, we have ∼75 statistically independent samples,
thereby guaranteeing that all other parameters have at least
∼75 statistically independent samples. The minimum and
maximum volume bounds that we impose (alongside the
WP prior) are

Vmin ¼ 1

Vmax ¼
�

gsMplffiffiffiffiffiffi
4π

p
MKK

�
3=2

≈ 6.2 × 1012; ð5:1Þ

where we have taken gs ¼ 0.5, and MKK ¼ 109 GeV to
incorporate inflationary scales as low as this (since
Hinf ≥ MKK). The choice of Vmax is a uniform and

physically consistent upper bound across geometries (in
contrast to the scaled value of V tip used in the previous
section to more fairly measure computational efficiency
across geometries).13

A. Theory informed priors on ðma; f aÞ
Here, we present the collective distribution of axion

masses and decay constants for all inequivalent FRSTs with
h1;1 ¼ 3.14 On top of the WP prior on the Kähler moduli
space, we implement a likelihood for a QCD axion. For
each choice of Kähler parameters, we scan over all prime
toric divisors and identify the one whose volume is closest
to 40 (in string units). This is to achieve a realistic QCD
gauge coupling in the UV.
The explicit divisor-volume likelihood that we impose

on this closest-volume prime toric divisor is

lnLvol ¼ −
1

2 × 52
ðτQCD − τ̄QCDÞ2; ð5:2Þ

with τ̄QCD ¼ 40. We then identify the instanton action
associated to this divisor, and replace it with the QCD
instanton action as discussed in the Appendix A.
In Figs. 12 and 13 we display the collective distribution

of masses and decay constants for all axions across all

FIG. 11. Distribution of prime toric divisor volumes induced by the WP prior within the SKC for a geometry at h1;1 ¼ 30 with a
simplicial K∪, labeled according to the topological category of the divisor.

13We note that Vmax in Eq. (5.1) inherently assumes an
isotropic CY hypersurface, an assumption that needs to be
modified for anisotropic CY hypersurfaces (such as a K3 fibered
CY). We briefly comment further on this in the Appendix C 3, but
for our purposes in this paper, we use the simple estimate as the
only purpose is to assign a well-defined and reproducible number
to each geometry we study.

14The distributions for h1;1 ¼ 4 and 5, together with the
associated code, are available at Ref. [78].
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inequivalent FRSTs with h1;1 ¼ 3, as obtained from our
MCMC sampling. We adopt the hierarchical approximation
(see Appendix A and also [17]) to compute the axion
spectrum, under which leading instanton directions

coincide with axion mass eigenstates. It is then useful to
further split the spectrum according to the geometric
rigidity of the divisor classes supporting the instantons,
following the discussion of decay constants in
Sec. II C.
In Fig. 12, we do not impose any QCD-axion likelihood.

The spectrum therefore contains all three axions for every
sampled point across all Kähler cones. For both geomet-
rically rigid and movable divisors, the distribution on axion
masses has a logarithmically flat behavior along with a
slight blue tilt. The corresponding decay constants for both
types of divisor classes, on the other hand, are localized and
do not spread across many orders of magnitude. Still, we
observe that geometrically rigid divisors (h2;0ðDÞ ¼ 0) can
support lower decay constants compared to movable
divisors (h2;0ðDÞ ≥ 1). We recall that these two trends
were explained geometrically in Sec. II C.
In contrast, in Fig. 13 we impose the divisor-volume

Gaussian likelihood (on top of the WP prior), and we show
the spectrum of both the QCD axion and the
remaining stringy axions (ALPs). While many qualitative
features of the string-axion spectrum remain unchanged
(left panel), two effects stand out. First, there is a clear dip
in the ALP mass distribution around ∼10−55Mpl.
This occurs because the degree of freedom that would
otherwise contribute an ALP at that mass has instead been
modified to become the QCD axion, along with the mass
distribution associated with movable divisors becoming
noticeably flatter overall. Second, a QCD axion engineered
on a movable divisor clusters in the neV mass range,

FIG. 12. Spectra of all axions (for h1;1 ¼ 3) under the WP prior,
without any imposition of a gauge-theory (QCD-like) axion. We
also separate the distributions based on geometric rigidity of the
three divisor classes that host the corresponding instantons.

FIG. 13. Spectra of all axions (for h1;1 ¼ 3) under the WP prior, with identification of a gauge-theory (QCD-like) axion according to
the likelihood (5.2). Compare against Fig. 12 which shows the case with no such identification. The left panel shows the distributions of
stringy axions–axion like particles (ALPs), while the right panel shows the spectrum of the QCD axion.
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whereas a significantly heavier QCD axion can arise when
realized on a rigid divisor (right panel). This is because
rigid divisors can support parametrically smaller decay
constants. We return to this feature in more detail
in Sec. V B.
We now employ an NF model to learn the ALP spectra

without imposing any QCD likelihood Eq. (5.2). This
allows us to extract marginalized distributions for the ALP
masses and decay constants, yielding physically mean-
ingful priors that can be directly used in cosmological and
astrophysical analyses.
As earlier, we employ a real NVP model. In this case our

model is comprised of eight masked affine flow layers
where the translation and scale networks are MLPs con-
sisting of two hidden layers each with 128 neurons, which
gives a total of 2 74 496 learnable parameters. We train our
model over 1,000 epochs using the same optimization
procedure as before to minimize the forward KL divergence
Eq. (B4) computed from a batch of 512.
In Fig. 14, we show the initial Gaussian base

distribution N ð0; IÞ alongside the learned distribution
for 50 000 generated samples. Comparing this with the
full spectra shown in Fig. 12 we can see that the NF
model has successfully learned the ðma; faÞ distribution
even down to the tails at lower values in the decay
constant.
While we do not attempt to learn the spectra shown in

Fig. 13 here, we note that one could train an NF on the joint
distribution of (1) the QCD axion mass and decay constant,
(2) the volume of the QCD divisor, and (3) the ALP masses
and decay constants, and then train a second NF model on
the same variables but with the QCD-divisor volume
likelihood imposed. In principle, the latter could then be
used to infer the distribution appearing in Fig. 13. We leave
this experiment to future work.

B. Inferring topology with haloscopes

In this section we examine more specifically how the
mass of the QCD axion is related to the topology of the
underlying CY manifold,15 with QCD realized on a stack of
D7-branes (see Appendix A). While divisor volumes
control the mass scales of generic axions receiving masses
from ED3 instantons, the mass of the QCD axion, mQCD, is
determined only by the decay constant fa once the D7-
brane divisor volume has been fixed to give the desired
ultraviolet gauge coupling.
There is a strong statistical correlation between Hodge

numbers and axion decay constants, as seen in the existing
literature: larger values of h1;1 typically give smaller decay
constants [15,17,19,79]. The TSKC provides an indicator
of how small the Kähler parameters can collectively
become, and therefore of the largest possible decay con-
stants, at fixed h1;1. This implies that at each value of h1;1

there is a maximum decay constant and a corresponding
minimum mQCD, both set roughly by the CY volume at the
tip, V tip. If one moves along a pure dilation of the TSKC, all
decay constants decrease and all divisor volumes increase.
Demanding that there exists a divisor with volume close to
40 in string units, in order to give the desired gauge
coupling, and restricting attention to such dilations, leads to
a minimum value of fa and thus a maximum value of
mQCD. These facts underlie the correlation between QCD
axion mass and topology discussed in Refs. [18,21].
However, as we constructed explicitly in Ref. [16], and

informed by the geometric picture we further developed in
Secs. II and IV, when exploring the full moduli space, one
can find loci where the QCD divisor volume remains 40 but

FIG. 14. Shown are 10 000 samples drawn from the base Gaussian N ð0; IÞ (left) and the corresponding distribution obtained after
transforming these same samples through the normalizing flow trained on the MCMC sample set in Fig. 12 (right).

15We note that the role of divisor topology in QCD axion
phenomenology has been previously explored in [11,49].
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the overall volume is parametrically larger than it was on
the TSKC ray, resulting in much smaller decay constants.16

In this case the naive topology-mass correlation can be
evaded, provided the geometry contains divisor classes
whose volumes are effectively decoupled from the overall
CY volume. With this in mind, we revisit some aspects of
Ref. [18] and ask to what extent axion haloscopes can make
inferences about CY topology.
For CY threefolds with small h1;1, the decay constants

are typically large in regions that are not deep inside the
Kähler cone, with representative values fa ≳ 1015 GeV.
This leads, in general, to a light QCD axion in the neV
range of masses. As an explicit example, for our ensemble
with h1;1 ¼ 3 this generic behavior is visible in the right
panel of Fig. 13. The orange spectra, which correspond to
instantons on divisors with h2;0ðDÞ ≥ 1, cluster in the neV
range. These nonrigid divisors have volumes that closely
track the overall Kähler scale and therefore do not permit
sufficiently small decay constants for a heavier QCD axion
at fixed gauge coupling.
In contrast, the rigid prime toric divisors with h2;0ðDÞ ¼

0 can support a high-mass QCD axion. This is the
phenomenon anticipated at the end of the previous sub-
section: the blue spectra in the right panel of Fig. 13 arise
from instantons on rigid divisors and populate the high-
mass tail of the QCD-axion distribution. For small h1;1,
such rigid divisors can remain at moderate volume even in
vacua that lie deep inside the Kähler cone, so that some (or
in special cases all) axionic directions acquire parametri-
cally small decay constants. This may allow one axion to
realize both a large mass and an appropriate gauge
coupling. The MCMC analysis of Sec. IV shows that
exactly these rigid divisors are responsible for the high-
mass QCD axions in our sample.
In summary, achieving a heavy QCD axion requires

simultaneously controlling the divisor volumes and access-
ing regions of moduli space where certain decay constants
become parametrically small. These two ingredients do not
always coexist, and only arise when the underlying
geometry satisfies a pair of sharp geometric conditions.
For clarity, we summarize them here:

(i) The vacuum must lie deep inside the (stretched)
Kähler cone; i.e., the overall CY volume is large.

(ii) The geometry must contain at least one prime toric
divisor whose constant τð∼τ̄QCDÞ level sets extend
towards this vacuum.

These two conditions together allow one axionic direction
to realize both a parametrically small decay constant,
yielding a heavy QCD-like mass, and a suitably small
divisor volume that sets the gauge coupling.

Instantons on non-K3 shrinking divisors serve as pos-
sible candidates.17 This leaves us with two possible divisor
types: (a) blowup divisors, which can shrink while the CY
has finite volume; (b) fibration divisors, which can only
shrink if the whole CY also shrinks.
In general for h1;1 ¼ 3, we find that ∼90% of inequi-

valent FRSTs from the KS database either have a blowup
prime-toric divisor or an elliptic fibration. One then needs
to exploit this structure. That is, be able to host the QCD
instanton on a special shrinking divisor and also take an
appropriate limit in the moduli space. We illustrate this by
examining two explicit geometries at h1;1 ¼ 3, each exhib-
iting these types of special divisors: a nonfibered geometry
with blowup divisors that shrink on a facet and on a ray
respectively, and an elliptically fibered geometry with
nonblowup shrinking divisors.
For each of the two cases, we perform seven MCMC runs:

one for every choice of the prime toric divisor for hostingQCD.
We take a log-normal likelihood for the QCD axion mass
centered at m̄QCD ¼ 6 μeVwith sufficiently narrowwidth, and
a Gaussian likelihood for the divisor volume centered at
τ̄QCD ¼ 40 with a sufficiently narrow width. Explicitly:

lnL ¼ lnLmQCD
þ lnLvol;

where ln LmQCD
¼ −

1

2 × ð0.5Þ2
�
log10

�
mQCD

m̄QCD

��
2

;

ln Lvol ¼ −
1

2 × 52
ðτQCD − τ̄QCDÞ2: ð5:3Þ

This likelihood is meant to model a putative detection of the
axion by the haloscope Axion Dark Matter Experiment
(ADMX) [80].18 ADMX is sensitive in GHz frequencies,
which count as “high” forh1;1 ¼ 3CYs, i.e., not in the rangeof
h1;1 found to be accessible to ADMX by dilation of TSKC
in Ref. [18].

1. Blowup divisors

We consider a 4D reflexive polytope Δ ∘ with points
given by the columns of

0
BBB@

0 0 1 0 1 −1 1

0 0 −1 1 1 0 0

0 1 −1 0 0 0 0

1 0 −1 0 0 0 0

1
CCCA; ð5:4Þ

16In a similar view, there could also not be a maximum far
below the Planck scale. For instance K3 divisor classes may
provide for large axion decay constants, in regions close to faces
of the stretched Kähler cone.

17The decay constants of axions that are associated with
instantons on K3 fibers depend solely on their volumes (i.e.,
f ∼ 1=τ). Requiring volume to be close to 40 then, necessarily,
enforces a large decay constant. See Appendix C 3 c for a
discussion.

18Computationally we were forced to impose a relatively wide
likelihood on log10 mQCD, while in reality the axion mass will be
measured with a relative accuracy around σm=mQCD ≈ 1=Q ≈
10−5 by ADMX, where Q is the cavity quality factor.
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along with the following gauged linear sigma model
(GLSM) charge matrix (which we take as the instanton
charge matrix following, e.g., [15]):

0
B@

1 1 1 1 0 1 0

0 0 0 −1 1 1 0

0 0 0 0 0 1 1

1
CA: ð5:5Þ

A choice of height vector induces a triangulation that
defines a toric variety in which the generic anticanonical
hypersurface is a smooth CY threefold with h1;1 ¼ 3. The
columns of the GLSM/instanton charge matrix correspond
to prime toric divisor classes, and in particular our focus is
on D5 and D7. There fare three extremal facets of the K∪
given by the rows of

H ¼

0
B@

0 1 0

0 −1 1

1 1 −2

1
CA; ð5:6Þ

and the two divisor volumes take the form

τ5 ¼
1

2
ðt21 þ t2 þ 4t2t3 − 4t23 þ t1ð4t3 − 6t2ÞÞ;

τ7 ¼ ðt1 þ t2 − 2t3Þ2: ð5:7Þ

Note that D7 shrinks to a point along the cone facet
whose normal is ð1; 1;−2Þ, while D5 shrinks to a point
along the codimension-two ray (1,1,1). Both divisors
correspond to blowup loci, in the sense that they can
shrink while the CY volume remains finite.19 In Fig. 15 we
show the derived parameters of QCD axion mass and
divisor volumes, for both of the two choices of D5 or D7

hosting the QCD gauge group. To compare with the other
five possibilities, in Fig. 16 we show the posterior prob-
ability density for all seven prime toric divisors. The
posterior probability is significantly higher for QCD
realized on D5 or D7, indicating that an ADMX detection
would prefer these discrete choices over the others
available.
Both figures also illustrate that, between D5 and D7, D7

is the more suitable candidate. Its shrinking locus is a
codimension-one surface (a facet), i.e., a higher-dimen-
sional boundary of the Kähler cone, whereas D5 shrinks
only along a codimension-two locus (an extremal ray),
which is correspondingly smaller. The remaining prime
toric divisors are not shrinkable.

2. Nonblowup shrinking divisors

We consider a 4D reflexive polytope Δ ∘ whose points
are given by the columns of

0
BBB@

1 −5 0 0 0 −3 −2 −1
0 −1 0 0 1 0 −1 0

0 −2 0 1 0 −1 0 0

0 −1 1 0 0 −1 0 0

1
CCCA; ð5:8Þ

FIG. 15. Posterior distributions of the QCD-axion mass and the
corresponding QCD divisor volume for the two blowup divisor
choices of the geometry defined in (5.4). The results are obtained
using the likelihood (5.3) with fiducial values τ̄QCD ¼ 40 and
m̄QCD ¼ 6 μeV.

FIG. 16. Posterior probability density for all seven choices of
prime toric divisors, given a likelihood on the QCD-axion mass
peaked at 6 μeV and its divisor volume peaked at 40 (in string
units). (Among the others, the log(prob) values for D6 are too
small and are not shown here).

19This geometry is in fact of the “Swiss-Cheese” type,
and the volume form has a simple decoupled structure
V ¼ ffiffiffiffiffiffiffiffi

8=5
p

τ3=26 −
ffiffiffiffiffiffiffiffi
1=2

p ðτ6 − τ4Þ3=2 − τ3=27 . Such a simplicity,
however, is not essential for our purposes.
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along with the following instanton charge matrix0
B@

5 1 1 2 1 0 0

3 0 1 1 0 1 0

−3 −1 −1 −2 0 0 1

1
CA: ð5:9Þ

A choice of height vector induces a triangulation that
defines a toric variety in which the generic anticanonical
hypersurface is a smooth CY threefold with h1;1 ¼ 3,
whose volume is

V ¼ 1

6
ðt1 þ t3Þðt1ð6t2 þ t3Þ − t21 − 6t22 − 6t2t3 − t23Þ:

ð5:10Þ
The columns of the instanton charge matrix correspond to
prime toric divisor classes, and in particular our focus is on
D2 and D6 whose volumes take the form

τ2 ¼
1

2
ðt1 þ t3Þð−t1 þ 4t2 þ t3Þ;

τ6 ¼ ðt1 þ t3Þðt1 − 2t2 − t3Þ: ð5:11Þ
There are three extremal facets of K∪, given by the rows of

H ¼

0
B@

−1 2 0

0 −1 −1
1 0 1

1
CA: ð5:12Þ

From V and H it is clear that the facet of K∪ with normal
vector (1,0,1) corresponds to an elliptic fibration. Both D2

and D6 shrink to curves along this facet. Furthermore, they
each shrink to points along codimension-two rays of K∪:
D2 shrinks along the intersection of this facet with the facet
normal to ð−1; 2; 0Þ, while D6 shrinks along the intersec-
tion with the facet normal to ð0;−1;−1Þ. These loci, where
the two divisors shrink, are precisely the regions where a
high-mass QCD instanton can be supported.
In Fig. 17 we show the derived QCD-axion mass and

divisor volume for the two choices D2 and D6 hosting the
QCD gauge group. To compare with the five remaining
choices, in Fig. 18 we show the posterior probability
density for all seven possibilities.
To connect with the previous example, it is not surprising

that in this case both D2 and D6 are equally good
candidates (and exhibit similar statistics), as each shrinks
along a codimension-two locus.
We finally note that in this example there are two additional

divisors (D3 andD4) that shrink to curves along the fibration
facet. However, there is no locus where they can shrink to a
point, and it turns out that they cannot support a high-mass
QCD-like instanton.This alignswith Fig. 8,wherewe see that
point blowupdivisors are capable of smaller volumes at larger
overall volume than curve blowup divisors.
We also performed a subset of the analysis in this

subsection with m̄QCD ¼ 20 neV to model a putative

detection of the QCD axion by DMRadio [81]. Since
masses in the neV range are “typical” for dilations of the
TSKC at h1;1 ¼ 3, the DMRadio analysis yielded trivial
results in which QCD could be realized on any type of
divisor with high posterior probability. We have thus shown
that, for CYs with low h1;1, a detection by DMRadio would
give little to no specific topological information; by
contrast, a detection by ADMX has greater constraining
power, statistically preferring certain CY topologies and
divisor choices to host QCD.

FIG. 17. Posterior distributions of the QCD-axion mass and the
corresponding QCD divisor volume for the two nonblowup
shrinking divisor choices of the geometry defined in (5.8).
The results are obtained using the likelihood (5.3) with fiducial
values τ̄QCD ¼ 40 and m̄QCD ¼ 6 μeV.

FIG. 18. Posterior probability density for all seven choices of
prime toric divisors, given a likelihood on the QCD-axion mass
peaked at 6 μeV and its divisor volume peaked at 40 (in string
units). [Among the others, the log(prob) values for D1 are too
small and are not shown here].
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C. Fuzzy dark matter and the Lyman-alpha forest

Ultralight axionswithma ≲ 10−17 eV differ from standard
coldDM(CDM) in their effects on cosmological observables.
Ultralight axions suppress matter clustering below the de
Broglie wavelength (which sets an effective Jeans scale),
leading to a reduced amplitude of the linear matter power
spectrum PðkÞ on small scales [9,82–86], often dubbed
“fuzzy” DM (see reviews in Refs. [14,87,88]).
Cosmological observables are each individually consistent
with the predictions of the CDMmodel. Thus, the absence of
such suppression in PðkÞ (and other effects) lead to upper
limits on the allowed ultralight axion density ρa ¼ Ωah2 ×
8 × 10−11 eV4 [82,84,86,89–94]. When two observables,
however, yield inconsistent inferences within the ΛCDM
model, this implies either unmodeled astrophysical or instru-
mental systematics, or physics beyond CDM [e.g., [58,93]].
Reference [58] finds that a 5σ discrepancy in the inference of
the small-scale (wave number k ∼ 1h Mpc−1), high-redshift
(z ∼ 3) PðkÞ given Planck CMB and extended Baryon
Oscillation Spectroscopic Survey (eBOSS) Lyman-alpha
forest (LyαF) data can be resolved by a contribution of
ultralight axions (although see Refs. [95,96]).
A recent analysis of Lyman-alpha forest data from the

Dark Energy Spectroscopic Instrument (DESI), with a
better control on systematic effects [97,98], finds no
tension with CMB data under the ΛCDM model [99],
which we anticipate would remove the preference for ultra-
light axions found in the previous eBOSS analysis (though
DESI does not rule out the preferred axion abundance). The
eBOSS results nonetheless illustrate the power of using
prior information from the Calabi-Yau construction of the
axion model on the cosmological posteriors and how a
cosmological measurement can in practice be used to make
strong inferences about string theory. We leave to future
work an updated analysis with DESI data.
It is somewhat difficult to find CYs in type IIB that give

rise to a large fuzzy DM relic density. Only a subpercent
fraction of the total number of CYswith h1;1 ≤ 7 yield axion
models within reach of current and upcoming cosmological
observations [16,100–102]. In Ref. [16], we constructed a
specific example of fuzzyDMat h1;1 ¼ 7 that has the largest
misalignment abundance of the lightest axion in the model,
while also containing a divisor of volume near 40 to host
QCD.20 Upon dilating the CY volume, this model furnishes
a combination of ðma;ΩaÞ near the maximum posterior

probability of these parameters inferred from the joint
analysis [58] of Planck CMB and eBOSS Lyman-α forest
data (alternative new physics resolutions to this parameter
discrepancy include running of the primordial power spec-
trum spectral index, e.g., Refs. [58,104]). Thus, this par-
ticular CY model is a possible candidate to explain the
discrepancy between these datasets.
We now employ the tools we have developed in the

previous sections to sample the moduli space of this
example CY, with the goal of inferring the region of
moduli space preferred by a solution to the CMB-LyαF
discrepancy. We sample the CY moduli space using the
Kähler parameters and theWP prior, and compute the axion
masses ma and decay constants fa that arise at each point.
We impose a prior that there exists a divisor with volume
close to 40 [Eq. (5.2)] and place QCD there in order to have
the correct effect of the QCD axion mass on the overall
spectrum of masses and decay constants.
We simultaneously sample cosmological parameters

ðωDM; log
Ωa
ΩDM

;ωbaryon; h; As; ns; τÞ. These parameters are
respectively: the total DM physical density, the logarithm
of the fraction of the DM composed of ultralight axions, the
physical baryon density, the amplitude and spectral index
of the primordial power spectrum, and the optical depth to
reionization. Cosmological parameter priors are uniform
other than a Gaussian prior on the optical depth to
reionization used as a compression of the Planck
Sroll2 low-multipole polarization data [105]. The only
axion whose physics we treat precisely is the lightest axion
in the spectrum, which in the parameter space of interest
has ma ∈ ½10−27; 10−23� eV. For this axion, we use the
Einstein-Boltzmann solver AXICLASS [106–109] to solve
the Klein–Gordon equation for the relic density and the
evolution of perturbations. We thus compute the CMB
temperature T and polarization E angular power spectra
ðCTT

l ; CTE
l ; CEE

l Þ and the linear matter power spectrum
PðkÞ.21 The effect of all other axions is taken into account
only through the CDM densityΩc. As discussed in detail in
Ref. [16], avoiding overproduction of CDM from heavier
axions including the QCD axion implies a fine-tuning of
the initial misalignment for these axions and/or modified
cosmology (low reheating scale), which we do not address
here. We set the isocurvature amplitude (CDM and ultra-
light axion) to zero (for details on ultralight axion iso-
curvature, see Refs. [113,114]). Inflation is modeled only
via the effective parameters As and ns. This simplified
model with minimal tuning of the heavy axion misalign-
ment angles and vanishing isocurvature is equivalent to an

20The fuzzy axion with a large decay constant in this example
corresponds to a K3 fibration. Interestingly, though, the asso-
ciated divisor D is not quite the K3 fiber, but rather a dP9 that is
“half” of the K3 fiber (see, e.g., footnote 19 in [103]). The
canonical class of dP9 is pure torsion, so D ∩ D still vanishes
numerically and the discussion of K3 divisors and the Kähler
metric of Sec. II C applies to D, explaining the large decay
constant. Usefully, dP9 is also rigid, so it does not carry neutral
fermionic zero modes that would obstruct a nonperturbative
contribution to the superpotential.

21With ma and fa as input, AXICLASS uses a shooting method
to find the initial misalignment angle hθii necessary to obtain the
desired relic abundance Ωa. For a given fa, this method only
gives a solution for some minimum ma since arbitrary fine-
tunings to hθii ¼ π (“extreme axion” models, e.g., Refs. [110–
112]) are disallowed. This sets an effective prior hθii ∼Oð1Þ.
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assumption of a low inflationary Hubble scale [87,115].
Going beyond these minimal assumptions is beyond the
scope of the present work but can be addressed in future.
We jointly sample the posterior distribution of the Kähler

and cosmological parameters given Planck CMB and
eBOSS LyαF data using the Markov Chain Monte Carlo
sampler EMCEE [72]. For the CMB temperature and
polarization data, we use the compressed version
PLANCK-LITE-PY [116] of the Planck 2018 low-multipole
TT and high-multipole TT, TE, EE data [117] (as
discussed above, the low-multipole polarization data are
compressed to the prior on τ). For the eBOSS LyαF 1D flux
power spectrum data [118], we use the compressed version
[58,119] of a Gaussian likelihood on the amplitude and
spectral index of the linear matter power spectrum
Pðk ¼ 0.009 s km−1; z ¼ 3Þ. Both these compressions
are lossless for the axion cosmology we consider here.
For comparison, we also perform a second analysis where
we do not sample the Kähler parameters and instead sample
ðlogma; log faÞ with an upper limit on fa at the reduced
Planck scale. This second analysis matches previous fuzzy
DM studies and we dub the log-uniform prior on axion
mass and decay constant an EFT prior.
Figure 19 (left) shows the marginalized posterior dis-

tribution of the axion mass and DM fraction. The posteriors
of the EFT and CY analyses are consistent. The EFT
analysis (purple contours) reproduces the results of
Ref. [58], which finds a preference for ∼ð1–3Þ% DM
abundance in an axion with 10−26 eV≲ma ≲ 10−23 eV.
The CY analysis similarly finds a posterior peak in this

region. However, the CY analysis (orange contours) only
allows for 10−25 eV≲ma ≲ 10−23 eV. The reason for the
CY result differing from the EFT result is shown in Fig. 19
(right), which shows the marginalized posterior of the
axion decay constant. The EFT analysis allows decay
constants up to the Planck scale, which allows for larger
axion DM abundance at lower mass. In contrast, the CY
model does not allow for such large decay constants and the
posterior is peaked near fa ∼ 10−2Mpl. This is the largest fa
in the moduli space of the CY that we consider (given the
prior and likelihood above). This result is consistent with
the indications in Refs. [16,120] concerning the maximum
DM abundance of ultralight axions.
The power of this Bayesian analysis is demonstrated in

Fig. 1, which shows the marginalized posterior of the CY
volume. Compared to the prior alone, the cosmological
data lead to a sharply peaked posterior on the CY volume.
In fact, the posterior of all seven Kähler parameters is
sharply peaked in comparison to the prior. This analysis
demonstrates that it is possible to perform a rigorous
statistical analysis using modern precision cosmological
data to find the maximum posterior probability in CY
moduli space, while jointly sampling cosmological model
parameters.

VI. CONCLUSIONS

In this work we have presented steps towards a long held
ideal in string phenomenology: the ability to make robust
statistical inference about string theory using observations.

FIG. 19. Left: the marginalized posterior distribution of axion mass ma and axion DM fraction Ωa
ΩDM

. We indicate by the darker and
lighter contours respectively the 68% and 95% credible regions. Right: the marginalized posterior distribution of axion decay constant
fa. The likelihood is a product of the Planck 2018 cosmic microwave background temperature and polarization likelihood and the
eBOSS Lyman-alpha forest 1D flux power spectrum compression. We show both an analysis that samples the CY moduli space for a
model with h1;1 ¼ 7 with the WP prior and the QCD divisor volume prior, and an EFT analysis where the mass and decay constant of a
single ultralight axion are independent free parameters with a log-uniform prior. In a pure CDM model, there is a parameter discrepancy
between the CMB and LyαF data, which can be resolved by an ultralight axion causing a suppression in the linear matter power
spectrum, leading to a posterior peak with nonzero Ωa. We find that sampling the CY moduli space for a chosen axion model prefers a
lower-fa part of the posterior.
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Steps towards this lofty goal required us to begin with many
simplifications, the first of which was to take a “modular
approach” to phenomenology, treating the VEVs of the
Kähler moduli as continuous free parameters. With this
assumption, we developed robust methodology to sample
from a special diffeomorphism and scale invariant (and thus
uninformative in the Bayesian sense) prior on moduli
space: the WP prior. We used the classical Kähler potential
to construct the WP prior: consequently, all of our results
are conditioned on large volume, and we leave a study of
quantum corrections (see, e.g., Ref. [31]) along with the
regions in Kähler moduli space where they become relevant
to future work.
We employed two sampling methods: affine invariant

MCMC and normalizing flows. With a laptop GPU,
MCMC can achieve statistically reliable, converged sam-
ples fromWP in geometries with up to 30 Kähler moduli in
a modest amount of time. Sampling was also fast enough
that we could exhaustively sample the WP measure in all
CYs derivable from the Kreuzer–Skarke database with
h1;1 ≤ 5 with very modest (laptop time) computing resour-
ces. Using normalizing flows, we can achieve sampling
consistent with MCMC. Computation is more intensive,
but once learned, sampling from the distribution can be
applied again and again “for free,” and such methods may
therefore be of use in the future.
With a statistically robust method of moduli space

sampling, we first explored distributions of geometric data
of CY manifolds: namely, volumes of divisors and corre-
lations between volumes of divisors and of the CY. In
particular, we illustrate how the topology of a divisor—
especially how it shrinks along boundaries of the Kähler
cone—controls the statistics of its volume distribution. This
includes ensembles constructed by marginalizing over
geometries as well as over the prior within specific
geometries, including a geometry at h1;1 ¼ 30 optimized
by a genetic algorithm [24] to have simplicial K∪.
Additionally, we verify the expectation (stated, for exam-
ple, in Ref. [15]) that divisor volumes in the SKC tend to
become larger as h1;1 increases, and we show that the
observations of Ref. [23] regarding distributions of divisor
volumes under a particular normalization persist for sam-
ples from the WP prior.
We applied our sampling methodology to the physics of

axions. We first presented the theory informed prior on the
joint distribution of axion masses and decay constants,
marginalized over the WP measure for all FRST classes of
CYs constructable from the Kreuzer–Skarke database at
h1;1 ¼ 3; 4, and demonstrated that this distribution can be
learned using normalizing flows.
We next employed Bayesian inference with mock like-

lihoods designed to simulate the possible future detection
of the QCD axion with a DM haloscope, extending the
results of Ref. [18] across moduli space. We showed, in

explicit examples at h1;1 ¼ 3, that detection of a relatively
high-mass axion by ADMX is compatible only with certain
CY topologies. Although these topologies comprise ∼90%
of all FRST classes at h1;1 ¼ 3, they nonetheless require the
engineering of QCD-like instantons on special divisors.
Within these topologies, such a detection would therefore
constrain which divisor can host QCD on D7-branes and
would localize the vacuum to a region of moduli space
close to a wall of the Kähler cone, assuming that moduli
can be stabilized within these regions in the first place.
Regardless, the detection of a high-mass QCD axion allows
us to draw powerful conclusions about CYs with low hodge
numbers, with the QCD axion realized on D7-branes: if
moduli stabilization succeeds, we get detailed topological
information about such compactifications. Otherwise, they
are ruled out. It would be interesting to study the converse
phenomenon at large h1;1: for topologically complex CY
manifolds, can one find decay constants parametrically
larger than their typical TSKC values, thereby giving rise to
light QCD axions at high h1;1?
In the final part of this paper, we performed Bayesian

inference on moduli space with observationally derived
cosmological likelihoods. Specifically, we used the Planck
CMB anisotropies and eBOSS Ly-α forest flux power
spectrum. We sampled the cosmological parameters in
conjunction with the Kähler parameters of a CY with
h1;1 ¼ 7. The maximum posterior probability was localized
in moduli space in a region favoring the existence of an
ultralight axion contributingOð1%Þ to the DM density. We
interpret this result as being due to a tension between these
data in a pure CDM model that is alleviated by the nonzero
ultralight axion DM density: the axion Jeans scale causes a
suppression of the matter power spectrum relative to CDM
[58]. Whether the tension in these data continues to persist
in future with a solution based on fundamental physics
(rather than, e.g., systematics) is not central to our con-
clusions: we have demonstrated the principle of performing
precise Bayesian analysis with a string axiverse model and
cosmological data as a blueprint for future analyses. The
next stage in such an analysis would be to compute the
Bayesian evidence, in which case one could perform a
model comparison between the CY and naive EFT models
we have studied, and between these models and ΛCDM or
other extensions of it (we recall that a naive tension
calculation favors the EFT model over ΛCDM at
high significance [58]). Such a computation could be
carried out using nested sampling, and we leave this to a
future work.
Taken as a whole, the methods and results we have

presented open the door to future uses of observational data
to perform Bayesian inference on CY moduli spaces, thus
making tentative progress towards statistical model com-
parison both within string theory and relative to other
theories.
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APPENDIX A: AXION EFFECTIVE FIELD
THEORY

Here we briefly recapitulate the relevant structure of the
four-dimensional axion EFT in type IIB Calabi–Yau
orientifolds, following the conventions of [16,17]. Our
aim is only to summarize definitions and scaling relations
already implicit in Sec. II, where the Kähler moduli space
and its Weil–Petersson measure were described.

1. Moduli and Kähler potential

As recalled in Sec. II, the complexified Kähler moduli are

Ti ¼ τi þ iϕi ¼
1

2

Z
Di

J ∧ J þ i
Z
Di

C4; ðA1Þ

where τi are the divisor volumes and ϕi are the axions
descending from the Ramond–Ramond four-form C4. The
Calabi–Yau volume and Kähler potential are

V ¼ 1

6
κijktitjtk K ¼ −2 log V: ðA2Þ

The metric on moduli space, Kij ¼ ∂Ti
∂T̄j

K, then leads to
the kinetic term for the complex moduli,

Lkin ¼ Kij
∂μTi∂

μT̄j ¼ Kijð∂μτi∂μτj þ ∂μϕi∂
μϕjÞ: ðA3Þ

The axion sub-block of this metric therefore governs the
kinetic mixing and canonical normalization of the ϕi.

The square root of the eigenvalues λi of K are the
periodicities of the axions (modulo 2π), and therefore
reflect the rough scaling of the axion decay constants fi:

f2i ∼
1

λi
; λi ∝ ðτiÞ2 − Vκiiktk: ðA4Þ

In the large-volume regime, the typical scaling is [16]

fi ∼
MPlffiffiffiffi
V

p ; ðA5Þ

up to order-one factors determined by the Kähler metric
eigenvalues.

2. Nonperturbative potential and axion masses

Instanton and gaugino-condensation effects generate the
nonperturbative axion potential

VðϕÞ ¼
X
α

Λ4
α½1 − cosðqαiϕiÞ�; Λ4

α ∼ e−2πτα : ðA6Þ

Here the α summation runs over rigid (or rigidified)
divisors (wrapping ED3 branes), and qαi are the reduced
instanton charges. That is, q ¼ Q · S where Q agrees with
the original integer-valued GLSM charge matrix, and S is
the matrix that canonicalizes the kinetic term (i.e., it brings
the Kähler metric to the identity by a rotation and
rescaling). The reduced charge matrix is lower triangular
and therefore upon using a hierarchical approximation
Λα ≪ Λαþ1, we have the following:

m2
i ≈

Λ4
i

f2i
≈
M2

Pl

V
e−2πτi : ðA7Þ

We emphasize that these relations hold for all divisors
which contribute to the nonperturbative superpotential,
which includes rigid divisors as well as rigidified nonrigid
divisors. Rigidification is expected to result in small
corrections to the equations stated here, but we elect to
neglect such contributions, deferring a detailed study of
rigidification (e.g., with fluxed instantons) and the resulting
axion spectra to future work.

3. The QCD axion

A stack of D7-branes wrapping a prime toric divisor
supports a gauge group, and the corresponding closed-
string axion becomes the gauge-theory axion associated
with that sector.22 For a generic gauge theory, the

22For concreteness, one may envision a stack of n D7-branes
wrapping a prime toric divisor, which in general supports a UðnÞ
gauge group. If the stack coincides with an O7-plane—corre-
sponding to local tadpole cancellation—the group is instead
projected to SOð2nÞ or SpðnÞ depending on the orientifold charge
of the O7-plane. In this work we remain agnostic about the
precise realization, as it would require specifying the O7-plane
configuration and global tadpole cancellation conditions, which
lie beyond the present scope.
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mass scales as ma ∼ Λ2
c=fa, where Λc is the confinement

scale of the gauge group, and the gauge coupling satisfies
g2 ∼ 1=volðDÞ at the compactification scale.
We model the QCD axion by replacing the correspond-

ing instanton scale with the QCD scale inferred from chiral
perturbation theory at zero temperature [125] giving:

mQCD ¼ 5.7 μeV
�
1012 GeV

fa

�
: ðA8Þ

We demand that volðDÞ be close to 40, i.e., giving roughly
the value of the QCD gauge coupling after running to high
scales with the Standard Model particle content. The “axion
quality” [20] quantifies how closely the induced θ angle of
QCD approaches zero—equivalently, how nearly the
gauge-theory axion aligns with a mass eigenstate—and
we impose a benchmark quality criterion of 10−10 [126].
We note that, since we have not consistently constructed

the full Standard Model gauge group [or even just the
SUð3Þc sector] in this work, the term “QCD axion” should
technically be interpreted only as a “QCD-like axion.”

APPENDIX B: NORMALIZING FLOWS

Normalizing flows learn a complex distribution pxðxÞ by
flowing a simple distribution (e.g., a Gaussian)pzðzÞ through
a series of transformations. Let f∶RD → RD be an invertible
and differentiable function such that fðzÞ ¼ x. Then one can
express the distributionpxðxÞ in terms of the base distribution
pzðzÞ and f using the change of variables formula:

pxðxÞ ¼ pzðzÞj det JfðzÞj−1; ðB1Þ

where Jf denotes the Jacobian of f, from which we get the
following log likelihood:

logpxðxÞ ¼ logpzðzÞ − log j det JfðzÞj: ðB2Þ

Given two invertible and differentiable transformations,
f1 and f2, their composition f2 ∘ f1 is also invertible and
differentiable. Therefore, we can build complex trans-
formations by composing multiple simpler transformations
f ¼ fK ∘ � � � ∘ f1, where fk transforms zk−1 into zk, where
z0 ¼ z and zK ¼ x.
Fitting a flow-based model pxðx;ΘÞ to a target distri-

bution p�
xðxÞ can be done by minimizing the KL divergence

between them, with respect to the model’s parameters Θ.
Here we have two options: we can take the KL divergence
of pxðx;ΘÞ with respect to p�

xðxÞ or vice versa. The former
is called the reverse KL divergence, and the latter is called
the forward KL divergence. By a change of variables we
can write the reverse KL divergence loss as:

LðΘÞ ¼ DKL½pxðx;ΘÞkp�
xðxÞ�

¼ Epxðx;ΘÞ½logpxðx;ΘÞ − logp�
xðxÞ�

¼ Epzðz;ψÞ½logpzðzÞ − log j det Jfðz;ΘÞj
− logp�

xðfðz;ΘÞÞ�: ðB3Þ
Similarly, we can write the forward KL divergence loss as

LðΘÞ ¼ DKL½p�
xðxÞkpxðx;ΘÞ�

¼ −Ep�
xðxÞ½logpxðx;ΘÞ� þ const:

¼ −Ep�
xðxÞ½logpzðf−1ðx;ΘÞÞ

þ log j det Jf−1ðx;ΘÞj� þ const: ðB4Þ

The forward KL divergence is often used when we can
generate samples from the target distribution but we cannot
evaluate the target density. On the other hand, the reverse
KL divergence is used when we have the ability to evaluate
the target density but we cannot easily sample from it.

1. Real NVP

In our experiments, we use a real NVP flow model which
consists of a series of affine coupling layers. The idea here
is to partition the latent-variable z into two parts
z ¼ ðzA; zBÞ, where zA has dimension d and zB has
dimension D − d. The output vector fðzÞ ¼ x ¼ ðxA;xBÞ
is then given as

fðzÞ ¼
�
xA ¼ zA
xB ¼ zB ⊙ exp ðSðzAÞÞ þ TðzAÞ

; ðB5Þ

where⊙ is the element-wise product and S and T are called
the scale and translation functions respectively, which are
implemented using neural networks.
The inverse function is given by

f−1ðxÞ ¼
�
zA ¼ xA

zB ¼ ðxB − TðxAÞÞ⊘ exp SðxAÞ
; ðB6Þ

where ⊘ denotes element-wise division, and the Jacobian
Jf is given by

Jf ¼
 

Id 0d×ðD−dÞ
∂xB
∂zA

diagðexp ðSðzAÞÞÞ

!
: ðB7Þ

Partitioning into sets A and B can be achieved using a
binary mask function B. In our implementation, we employ
an alternating binary mask b where bi ¼ 1 for even indices
and bi ¼ 0 for odd indices.
Using reverse KL divergence loss, the overall training

procedure involves creating minibatches of data points fzig
by sampling the base distribution, flowing samples through
the transformation layers to get fxig and computing
Eq. (B3). Similarly, using forward KL divergence loss,
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training involves sampling batches fxig from the target
distribution and flowing samples through the inverse trans-
formation layers to get fzig and computing Eq. (B4).
Gradients of the loss are evaluated using automatic differ-
entiation and the network parameters are updated by
stochastic gradient descent.

APPENDIX C: GEOMETRY OF KÄHLER
MODULI OF CALABI–YAU THREEFOLDS

In this Appendix we summarize the classical description
of the Kähler moduli of a Calabi–Yau threefold. At tree
level, the Kähler class determines the volumes of holo-
morphic cycles and provides the natural expansion param-
eters of the low-energy effective theory. Beyond tree level,
these geometric quantities receive perturbative and non-
perturbative corrections which play an essential role in
realistic moduli stabilization scenarios; see [37] for a recent
overview.

1. Ricci-flat deformations and Kähler moduli

Ricci-flat metrics on Calabi–Yau threefolds occur in
continuous families: for a fixed topology, the space of
solutions to Rmn ¼ 0 is parametrized by a moduli space of
deformations. Let gαβ̄ be a Hermitian Ricci-flat metric on X,
expressed in complex coordinates zα and z̄ᾱ so that

gαβ ¼ gᾱ β̄ ¼ 0; Rαβ̄ðgÞ ¼ 0: ðC1Þ

Consider an infinitesimal deformation g → gþ δg preserv-
ing Hermiticity,

ðgþ δgÞαβ ¼ ðgþ δgÞᾱ β̄ ¼ 0; ðC2Þ

and keeping the metric Ricci-flat to first order,

Rαβ̄ðgþ δgÞ ¼ 0: ðC3Þ

In the de Donder gauge,

∇mδgmn −
1

2
∇nδgmm ¼ 0; ðC4Þ

this condition becomes the Lichnerowicz equation

∇m∇mδgpq þ 2Rp
r
q
sδgrs ¼ 0: ðC5Þ

The fluctuation decomposes as

δg ¼ δgαβ̄dz
αdz̄β̄ þ δgαβdzαdzβ þ c:c: ðC6Þ

Since on a Calabi–Yau the only nonvanishing Riemann
components are Rγᾱδβ̄, the ðαβ̄Þ and ðαβÞ sectors of the
Lichnerowicz operator decouple. Thus metric deformations
fall into two independent classes.

In this Appendix we focus exclusively on the mixed
variations δgαβ̄, which correspond to deformations
of the Kähler class. Such a deformation defines a harmonic
(1,1)-form,

δJ ≔ δgαβ̄dz
α ∧ dz̄β̄: ðC7Þ

By Hodge theory, harmonic (1,1)-forms represent coho-
mology classes in H1;1ðXÞ, whose dimension is the Hodge
number h1;1. Hence these deformations correspond pre-
cisely to the Kähler moduli.

2. Weil–Petersson metric on Kähler moduli space

It is a general principle that if a theory features scalar
fields φi, 1 ≤ i ≤ N, valued in an N-dimensional target
space, that the metric on that target space is the kinetic
matrix Kij featuring in the Lagrangian as Kij∂

μφi
∂μφ

j. In
the special case these scalar fields take values in a
mathematical moduli space, including (but by no means
limited to) either the Kähler or complex structure moduli
space of Ricci-flat metrics on a Calabi–Yau threefold, this
is historically known as the Weil–Petersson metric.
Thus, as our focus in this work is on Kähler moduli

space, the natural metric is the Weil–Petersson metric on
that moduli space. In particular, by studying the variations
of the Ricci-flat metric induced by deformations of the
Kähler class, we obtain the kinetic matrix of the Kähler
moduli and thus the Weil–Petersson metric on Kähler
moduli space. For the metric deformations δgαβ̄, this
leads to

2Gijδtiδtj ¼
1

2V

Z
X
gαβ̄gγδ̄δgαδ̄δgβ̄γ

ffiffiffi
g

p
d6y: ðC8Þ

We choose a basis ωi ∈H1;1ðX;RÞ so that

δgαβ̄ ¼ ðωiÞαβ̄δti ðC9Þ

which implies that (C8) can be written as

Gij ¼
1

4V

Z
X
ωi ∧ ⋆6ωj; ðC10Þ

which agrees with [127]; see also [30,59]. One can then
show that the action of the Hodge-star ⋆6 on
ωj ∈H1;1ðX;RÞ is given by [30]

⋆6ωj ¼ −J ∧ ωj þ
R
X J ∧ J ∧ ωj

4V
J ∧ J: ðC11Þ

Let us introduce the quantities

τj ¼
1

2

Z
X
J ∧ J ∧ ωj ¼

1

2
κjkltktl; ðC12Þ
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corresponding to the (classical) string frame divisor vol-
umes. We can then write (C10) as [30]

Gij ¼
1

4V

�
−
Z
X
J ∧ ωi ∧ ωj þ

τi
2V

Z
X
ωi ∧ J ∧ J

�

¼ 1

4V

�
−κijktk þ

τiτj
V

�
: ðC13Þ

The Weil–Petersson metric Gij on the Kähler moduli space
thus obtained is entirely determined by the intersection data
of X, a choice of Kähler parameters ti and the classical
divisor volumes τi. This classical form of Gij will provide
the reference point for incorporating perturbative and
nonperturbative corrections in the next sections.
Having expressed the moduli space metric entirely in

terms of the classical geometric data ðti; κijkÞ, we now
identify the corresponding holomorphic coordinates appro-
priate for the four-dimensionalN ¼ 1 theory. This requires
promoting the real Kähler parameters to complex fields by
incorporating the R-R axions. We define the complex
coordinate

Ti ≔
1

2

Z
X
J ∧ J ∧ ωi þ i

Z
X
C4 ∧ ωi ≡ τi þ iθi ðC14Þ

where the classical string frame divisor volumes τi are
given by (C12). The Ti defined by (C14) are good Kähler
coordinates on the Kähler moduli space, at leading order in
gs and α0. The corresponding Kähler potential is

K ¼ −2 logðVÞ; V ≔
1

6

Z
X
J3 ¼ 1

6
κijktitjtk: ðC15Þ

Let us show that the tree-level Kähler potential (C15) leads
to the appropriate field space metric Ki|̄ which is directly
related to the Weil–Petersson metric Gij in (C13) and
corresponds a Kähler metric defined as Ki|̄ ¼ ∂Ti

∂T̄|̄
K.

Noting that at the level of the tree-level theory

∂Ti

∂tj
¼ κijktk ¼ κij; ∂ti∂tjK ¼ 8Gij ðC16Þ

we obtain the expression

∂Ti
∂T̄|̄K ¼ 1

8V2
½−2Vκij þ titj�; ðC17Þ

where κij is the inverse of κij.

3. Detailed geometric prerequisites

In this Appendix, we take some time to more thoroughly
introduce the geometric ideas summarized in Sec. II C. In
particular, we will discuss fibrations, shrinkable divisors,
and geometric aspects of Kähler metric eigenvalues and
axion decay constants.

To organize the former two phenomena, it is useful to
recall the classification of facets (codimension-one faces)
of Kähler cones of CY threefolds, based on the four types
of contractions they give rise to [128–132]:
(1) The CY threefold shrinks to a variety of smaller

dimension (in particular, the CY is fibered, and both
the fiber and CY shrink to zero volume),

(2) A divisor shrinks to a curve,
(3) A divisor shrinks to a point,
(4) A curve shrinks to a point.

Facets in the first three categories correspond to those
which bound the geometric moduli space of the CY, while
the final category corresponds to a flop transition, in which
the adjoining Kähler cone belongs to a birational Calabi–
Yau threefold obtained by flopping a curve. Facets where
the overall volume or individual divisor volumes vanish
have been studied closely [77], but the same behavior can
occur along higher-codimension faces of the Kähler cone,
so we will not restrict to the codimension-one case.

a. Fibrations

Fibered CY threefolds play a crucial role in string
dualities [133,134], furnish canonical examples of infinite
distance limits in moduli spaces studied by the Swampland
program [135,136], and have historically played an impor-
tant role in string phenomenology: e.g., K3 fibrations in the
Large Volume Scenario [70,71,137]. We mentioned in
Sec. II C that because the WP measure is normalized by
fixing minimum and maximum values of the overall
Calabi–Yau volume, compactness of the support of the
WP measure is related to faces where V vanishes. Because
V is a monotonic under overall rescaling of the Kähler
parameters, along any ray where V doesn’t vanish identi-
cally, the region satisfying Vmin ≤ V ≤ Vmax is bounded. As
a homogeneous polynomial in the Kähler parameters, for
any given ray, V either vanishes only at the origin or
vanishes identically, with the latter only possible on faces
of the Kähler cone. The region Vmin ≤ V ≤ Vmax support-
ing the WP measure near such faces extends to infinity, as
the bounding level sets of V become asymptotically parallel
to the faces. Compactness of the WP support, then, is
determined by whether there are Kähler cone faces where V
vanishes. We now explain why faces where V vanishes
correspond to with fibrations of X.
If V ¼ 0 for some choice of Kähler form J, then J lies on

a boundary of the Kähler cone, corresponding to a Poincaré
dual nef (numerically effective) divisorD whose triple self-
intersection vanishes, D3 ¼ 0.23 A nef divisor D is “big” if
and only if D3 > 0 [138]. It is a standard fact in algebraic
geometry that ample divisors A define embeddings of X
into projective space by mapping x∈X to ½s0ðxÞ∶…∶snðxÞ�
for si the global sections of mA for m a sufficiently large

23A nef divisor D satisfies D · C ≥ 0 for all effective curves C.
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integer (indeed, this is often taken as the definition of an
ample divisor) [138]. Intuitively, the relevance of the “big”
condition is that the multiples of a big divisor D carry
enough global sections to map X to a three-dimensional
image in projective space—without ampleness, this may
not be an honest embedding of X, but the big property
ensure that the powers of D probe all directions of the
threefold. When a nef D is not big (i.e., D3 ¼ 0), its
sections fail to vary along some directions, collapsing those
dimensions to form a lower-dimensional base B.
Consequently, D3 ¼ 0 signals a fibration rather than an
embedding (sometimes known as a semiample or Iitaka
fibration [138]). The process of approaching the Kähler
form J for which V vanishes implements the limit where the
generic fiber of this fibration shrinks (while the base
volume is free to take on any value).
If V vanishes on a k-dimensional face of the Kähler cone,

then the integral Kähler forms J on this face are Poincaré
dual to divisors D which are pullbacks f�D0 of nef divisors
D0 on B, which satisfies h1;1ðBÞ ¼ k.24 That is, the D0 are
curves if B is a surface, or isolated points if B is a curve.
Because these divisors are pullbacks from the base, each
D ¼ f�D0 contains the entire fiber above the corresponding
divisor D0 ⊂ B. Consequently, the intersection of l such
divisors in X corresponds to the union of fibers lying above
the intersection of the l divisors D0

i on the base. This
explains why D3 ¼ 0: the base is at most two-dimensional,
and an intersection of l ¼ 3 nef divisors on a space of
dimension at most two is empty.
We reviewed the classification of fibrations of Calabi–

Yau threefolds in Sec. II C: the fiber can have complex
dimension one, and be an elliptic fibration, or complex
dimension two, and be a K3 fibration, where here we
continue to follow the convention set in Sec. II C where we
ignore distinctions between genus-one and elliptic fibra-
tions and also between K3 and T4 fibrations for notational
simplicity. We can diagnose the fiber dimension (and hence
the type of fibration) directly from intersections of pull-
backs from the base. Recall our logic from the previous
paragraph for why D3 ¼ 0: if B is a surface (dimC B ¼ 2,
the elliptic case), the intersection of two base divisors is a
finite set of points, so intersecting two pullback divisors in
X yields a union of fibers (a curve class). If B is a curve
(dimC B ¼ 1, theK3 case), two distinct base divisors do not
meet, so the square of a pullback class vanishes. We
conclude that a fibration is K3 if D2 ¼ 0 and elliptic
otherwise. Indeed, we have recovered the famous Kollár
condition for the existence of an elliptic fibration on a CY
threefold [140]: namely, the existence of a so-called Kollár
divisor, or a nef divisor satisfying D3 ¼ 0 but D2 ≠ 0. This
discussion has an additional corollary: for an elliptic
fibration, the fiber class is proportional to f�D0 · f�D00

for any two base divisors D0; D00 falling on the Kähler cone
face. For a K3 fibration, the fiber class is proportional to
f�D0 itself. Two fibrations are equivalent if and only if the
classes of their fibers coincide. Computing the class of the
base is much more difficult: this amounts to constructing a
section of the fibration, which is a challenging problem. It
is worth noting that the base of an elliptic fibration has
unconstrained h1;1, while a K3 fibration must have base P1.
So, elliptic fibrations are free to correspond to Kähler cone
faces of any dimension while K3 fibrations can only
correspond to one-faces. In this work, h1;1 is sufficiently
small so that we can compute extremal faces of K∪, our
approximation to the Kähler cone, and test for fibrations in
the above fashion, but we comment in passing that there
additionally exist useful methods for computing the fibra-
tions of toric hypersurface Calabi–Yau varieties inherited
from fibrations of the ambient toric variety [74].
We conclude our discussion of fibrations with a more

physical comment on Kaluza–Klein scales. In practice, we
will bound our overall volume (in order to bound the WP
measure) by the physical requirement that the overall KK
scale ∼gsMPl=V2=3 is sufficiently large. In the limit of small
fiber, however, the KK scale of the base B can become
dangerously small even when the KK scale of the Calabi–
Yau is phenomenologically viable. In particular, imposing
our stretching condition that the fiber must have volume
≥ 1, the base KK scale for unit fiber volume is
gsMPl=V1=2þ1= dimB, which is smaller by a factor of
V−1=3 for elliptic fibrations and V−1=12 for K3 fibrations.
Because it is generally difficult to compute the class of the
base of a fibration, we defer the problem of incorporating
relevant divisor and curve KK scales to future work, but
acknowledge that constraints on these scales should in
general be imposed.

b. Shrinking divisors

Now we turn our attention to divisors that can shrink to
zero volume at faces of the Kähler cone. Divisor volumes
are quadratic forms in the Kähler parameters and have
signature ðþ;−; � � � ;−Þ (this follows from the Hodge index
theorem, at least for smooth divisors). Thus, a (possibly
complex) basis of Kähler parameters can always be chosen
such that their volume is τ ¼ ðt1Þ2 −Pk

i¼2ðtiÞ2 for k an
invariant of the divisor that counts the dimension of the
subspace of H1;1ðDÞ inherited from the ambient Calabi–
Yau (equal to the number of independent ambient two-
forms restricting nontrivially to D).
Let us first consider divisors that shrink at facets of the

Kähler cone: i.e., codimension-one faces. If the divisor
shrinks to a point along a facet, then its volume vanishes
quadratically at that facet, so k ¼ 1 and τ ¼ t21. Likewise, if
it shrinks to a curve along a facet, then its volume vanishes
linearly, so τ ¼ fg for f, g two linear functions of the
Kähler parameters which we can formally write as

24For the case of elliptic fibrations, these divisors are known in
the F-theory literature as “vertical divisors” [139].
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τ ¼ ð½f þ ig�=2eiπ=4Þ2 − ð½f − ig�=2eiπ=4Þ2 ¼ ðt1Þ2 − ðt2Þ2,
so k ¼ 2. Divisors which can shrink at finite overall volume
have been referred to as blowup divisors—indeed, they are
the exceptional divisors achieved by blowing up a point or
curve—while divisors whose volumes are a perfect square
(i.e., k ¼ 1) have been called diagonal divisors [71]. We
note that satisfying k ¼ 1 (k ¼ 2) is necessary but not
sufficient for a divisor to shrink to a point (curve) along
some facet: sometimes the locus where the shrinking would
take place is strictly outside of the Kähler cone.
Because all boundaries of the CY Kähler moduli space

must either correspond to fibrations or shrinking divisors,
divisors that shrink at facets are actually relatively
common. However, for the purposes of axion physics, it
is not strictly necessary that the shrinking happens at
codimension one. The volume polynomials for divisors
which shrink at higher codimension faces do not need to
factor: it suffices for them to factor only in the limit where
one approaches the relevant face while remaining in the
Kähler cone. We do not endeavour to provide a compre-
hensive classification of divisors shrinking at higher codi-
mension faces: however, we present a numerical approach
for computing which divisors shrink along each face, and
we can also make the following remark. Recall from
Sec. IV that a divisor D is geometrically rigid (i.e., has
no normal bundle deformations) if h2;0ðDÞ (which agrees
with h0ðX;OXðDiÞÞ − 1 for Calabi–Yau threefolds X [69])
equals zero, and movable otherwise. If D is movable, then
the divisors in its class sweep out a dense subset of the
Calabi–Yau threefold. Such divisors cannot shrink without
the entire CY shrinking: that is, they cannot shrink
independently from the overall volume. Geometrically
rigid divisors, on the other hand, are only represented by
a single holomorphic divisor. The geometric rigidity
property is a necessary but insufficient condition for a
divisor to be able to shrink independent of the CY.
An important class of shrinking divisors actually arise

from fibrations. If F is a face of the Kähler cone
corresponding to a fibration, then any divisor D which
lies on the linear subspace generated by that face will have
its volume vanish at least linearly along that face.
Intuitively, these divisors are the pullback divisors from
the base of the fibration, so they are themselves fibered, so
their volume also shrinks to zero as the fiber shrinks. These
correspond to the “fibration divisor” category defined in
Sec. II C.
We now take some time to describe how to identify and

taxonomize divisors which shrink along a given face F of
the Kähler cone generated by Kähler forms J1;…; Jn. A
divisorDwith volume τ vanishes along F if κijkJiJjDk ¼ 0

for J any linear combination of J1;…; Jn. One can form a
matrix K whose columns are the Ji: then we require that
κijkKiaKjbDk ¼ 0 identically, for all a, b. If we flatten a, b
indices of the tensor κijkKiaKjb into a single index c,
leaving a matrix Lc

i , then we merely have the condition that

D lies in the kernel of L. We can refine this approach to
identify the divisors which contract to points, or have a
volume that approaches zero quadratically near F.
In particular, we now require that D lies in the kernel of
Mc

k given as κijkKka with the a, j indices flattened into c.
With this in hand, we elaborate on how to assign one of

the five categories named in Sec. II C to a divisor D. If D
shrinks to a point along some face F that does not
correspond to a fibration (i.e., V doesn’t vanish identically
on F) then it is a point blowup divisor. Otherwise, if it
shrinks at all along some nonfibration face F, it is a curve
blowup divisor. Otherwise, if D is proportional to the class
of a K3 fiber, it will shrink in the limit of shrinking fiber
and we say it is a K3 fiber divisor. Otherwise, if D shrinks
along a face F that does correspond to a fibration, we sayD
is a fibration divisor. Otherwise, D does not shrink and is a
nonshrinkable divisor.
The challenge here is knowing the faces of the Kähler

cone: we take an inner approximation to the Kähler cone
given by K∪, and computing all of the faces of this
approximation is computationally hard for h1;1 ≳ 10.

c. Kähler metric and decay constants

Consider the inverse Kähler metric

½K−1�ij ¼ 2ðτiτj − VκijktkÞ: ðC18Þ

This furnishes a metric and thus a norm k · kK on divisors
D.25 In particular,

kDk2K ∝ τ2 − VC; ðC19Þ

for τ the volume ofD, andC the formal volume of the curve
class of the self-intersection D ∩ D. But, this class may
have no holomorphic representatives: i.e., it may not be an
effective curve class. In the limit of hierarchical instanton
scales, one can consider the axion decay constant f
associated to a divisor D belonging to the basis of leading
instantons, and compute it perturbatively using [17]. This
decay constant satisfies

f ≥
1

2πkDkK
: ðC20Þ

Briefly, this is because 1=2πf is a component of the divisor
D expressed in a basis where K−1 ¼ 1 (i.e., the kinetic
matrix is canonical), so that 1=ð2πfÞ2 þ positive ¼ kDk2K .

25This is a mildly subtle point: the Kähler metric, as defined,
acts on divisor volumes τi (and more generally the Kähler moduli
Ti) as well as curve classes Ci, as these both belong to H2ðX;RÞ,
while the inverse Kähler metric acts on curve volumes (para-
metrized by Kähler parameters ti) and divisor classes Di,
members of H2ðX;RÞ ≅ H4ðX;RÞ.
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In this way, kDkK provides an important probe of axion
decay constants.
There are two qualitatively different cases to consider.

First, the case that D is geometrically rigid. In this scenario
there is no effective curve arising from self-intersection of
representatives of D, because D has a unique representa-
tive, so the intersection of two representatives is a divisor,
not a curve. Because D2 is not an effective curve class, it is
nearly always negative (as a numerical coincidence, it can
sometimes be positive for certain choices of Kähler forms,
but it is empirically almost always negative). In this case the
Kähler metric is manifestly positive—the sum of two
positive numbers—and either term may dominate.
Second, consider the case that D is movable: then the
self-intersection curve associated to C is effective, and in
particular C ≥ 0. Combining this with the constraint that
kDkK be positive, we find 0 < VC < ðτiÞ2, which is quite
restrictive. Empirically, we find that ðτiÞ2=VC never comes
too close to unity, so in the limit of large volume ðτiÞ2 − VC
tends to be large.
Let us consider the consequences of this discussion for

axion physics. Firstly if some axions correspond to divisors
D with normal bundle deformations, then the associated

decay constants will generally tend to be larger and have less
spread than those of geometrically rigid divisors. This is
because the kDkK are smaller—a difference, rather than a
sum—and bounded from above and below. In the large-
volume limit, the overall Calabi–Yau volume still sets the
common scale of the decay constants, though the mechanism
differs between the two classes of divisors. Geometrically
rigid divisors can shrink without significantly affecting the
total volume—examples include divisors that contract to
points or curves at finite V. In this case, the two contributions
in Eq. (C19) to kDkK are somewhat decoupled, and the V
term dominates in the large volume regime, as was noted in
[17] and exploited in [23]. By contrast, movable divisors
sweep out a dense subset of the Calabi–Yau and cannot
shrink independently of the overall volume V, implying a
strong correlation between their volume and V; in this sense,
V acts as an overall factor in kDkK .
We conclude by commenting briefly on the case whereD

is the fiber of a K3 fibration. In this case, from the
adjunction formula it follows that D ∩ D is the canonical
class on D, which must vanish for K3, so C ¼ 0. From
this it follows that kDk—and thus, a lower bound on
f—depends only on the volume of the K3 fiber.
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