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We study the cosmological impact of ultralight dark matter (ULDM) with a quadratic coupling to
Standard Model particles. In addition to the suppression of small-scale power from ULDM itself, the
coupling induces a variation of fundamental constants that is modulated by the ULDM oscillatory field
value. In this work, we consider the ULDM-induced, time-dependent variation of the fine structure constant
and the mass of the electron. These variations modify the predicted abundance of light elements during big
bang nucleosynthesis (BBN) and the process of recombination, thereby affecting the anisotropies of the
cosmic microwave background (CMB). We use CMB anisotropy data and baryon acoustic oscillation
measurements to obtain constraints on the variation of couplings over a wide range of ULDM masses.
We self-consistently account for the modification of the primordial helium abundance during BBN in
computing the CMB power spectra. We find that the allowed ULDM fraction of total dark matter
abundance is more constrained for ULDM masses ≲10−26 eV in the presence of the variations. Moreover,
our constraints on the variational couplings for ULDM masses ≲10−27 eV are stronger than the ones
derived from the primordial helium abundance at BBN. Under our ULDM model, the variation of
fundamental constants has no appreciable impact on the Hubble constant inferred from CMB data.
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I. INTRODUCTION

Measurements of the fundamental constants of nature
have reached exquisite precision, especially for constants
related to atomic physics, such as the fine structure constant
and the masses of the proton and electron [1,2]. The
possible variation of fundamental constants (VFC) is
strongly constrained by terrestrial experiments and by
cosmological and astrophysical observations [3,4]. Early
Universe studies have constrained VFCs through their
modifications of the reaction rates that set the light-element
abundances during big bang nucleosynthesis (BBN) [5–16]
and modifications to helium and hydrogen recombination
during the formation of the cosmic microwave background
(CMB) [17–35].
Many BBN studies analyzed VFCs under well-motivated

physical models, such as theories with scalar fields
[7,14,15,36–44], extra dimensional models [5,45–47],
phase transitions [48,49], and grand unified theories
[6,8,50–53]. However, most CMB studies of VFC consid-
ered simplified parametrizations—such as a constant shift
in the value of the constants or a variation that scales as a
power law in redshift—and focused on modifying the
recombination era only, though some have considered
BBN as well [32–35]. Constant parametrizations, in par-
ticular, can be problematic in connecting to models, since

there must be a mechanism to relax the variation at late
times in order to be consistent with experimental measure-
ments. Even when physical models are considered in CMB
analyses [54], the impact on BBN is not incorporated or
accounted for self-consistently in the analysis (see
Appendix B of Ref. [34] for an exception). Additionally,
redshift-independent variations of the electron mass—and
to a lesser extent, the fine structure constant—during (only)
the CMB era has been proffered as a possible mechanism to
help alleviate the Hubble tension by increasing the inferred
value of the Hubble constant H0 [28,29,32–35,54–59]. A
self-consistent study between at least BBN and the CMB is
critical for assessing the viability of VFCs to resolve the
Hubble tension.
A well-motivated model of VFCs arises from an ultra-

light scalar (or pseudoscalar) field ϕ coupled to the
Standard Model (SM) Lagrangian in a dilatonlike
fashion [38,42,43,60–64]. The presence of such a field
itself has an impact on the CMB that depends on the form
of its potential. At early times, the field is frozen on its
potential at its misaligned initial field value due to Hubble
friction, and it contributes as a dark energy (DE) compo-
nent of the Universe. At later times, the field oscillates in its
potential around its presumed global minimum. For a
quadratic potential, the field behaves as a matter component
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of the Universe, thereby constituting a portion of the total
dark matter energy density. Ultralight dark matter (ULDM)
in the form of a scalar, axion, or axionlike field has been
studied extensively in the context of the CMB [59,65–74].
Moreover, density fluctuations of the ULDM field are
suppressed at scales below its coherence length of
oscillations [71] and are thus constrained by small-scale
structure formation [75–80].
In this work, we consider the cosmological impact of a

subcomponent of dark matter in the form of ULDM with a
potential VðϕÞ ¼ m2

ϕϕ
2=2, where mϕ is the mass of the

ULDM field ϕ. Additionally, the ULDM field is quadrati-
cally coupled to the SM, inducing VFCs proportional to ϕ2.
We use Planck 2018 and SPT-3G CMB anisotropy mea-
surements, as well as baryon acoustic oscillation (BAO)
data from SDSS and BOSS, to set self-consistent cosmo-
logical constraints on ULDM with VFCs. To make con-
nections with prior CMB work, we focus on couplings that
induce variations in the electron mass and the fine structure
constant. We account for the background evolution and
density perturbations of the ULDM field, as well as the∼ϕ2

shift in the electron mass and fine structure constant
throughout the BBN and CMB eras. We capture these
effects in our Boltzmann code scalarCLASS,1 which is based
on Axi-CLASS [81,82], a modified version of cosmological
Boltzmann solver CLASS [83,84].
For masses mϕ ≳ 10−26 eV, VFCs only impact the BBN

era, so our CMB/BAO analyses simplify to constraining the
deviation of the primordial helium abundance inferred from
BBN. For massesmϕ ≲ 10−30 eV, the ULDM field remains
fixed on its potential and thus generates a constant variation
that persists post recombination, recovering the scenario
that has been previously studied [28,29,32,35,54–59]. Our
ϕ-induced VFC model in this specific mass range was also
studied in Refs. [33,34], and we find constraints of similar
magnitude on the coupling constants. For intermediate
masses, VFCs alter the primordial helium abundance and
can produce oscillatory changes to the process of recombi-
nation. In any case, the amplitude of oscillations decays
over time, resulting in negligible deviations of the funda-
mental constants in the late Universe that maintain com-
patibility with terrestrial constraints [33,34]. We note that
there are additional constraints in our mass regime of
interest that arise from small-scale structure observations,
but we leave a combined study to future work.
We also account for changes in the evolution of the

ULDM field due to the nongravitational interactions with
the SM. The interactions induce a thermal contribution to
the mass of the ULDM field, which nontrivially modifies
its evolution and energy density. This effect is relevant at
the high end of the ULDM mass range we explore, where
we are able to apply our simplified analysis of constraining

VFCs through their modification of the primordial helium
abundance; we infer the constraints on ULDM couplings to
the SM from the resulting constraints on the helium
abundance.
Finally, we explore the viability of our model of VFCs to

address the Hubble tension. Previous work suggests that
oscillatory changes to the electron mass or fine structure
constant during recombination can increase the inferred
value of H0 from CMB data [57]. We do not find any
significant increase in the value of H0 for the range of
ULDM masses that correspond to oscillatory VFCs during
recombination; however, we note that our oscillation
signature does not match well with the functional fit in
Ref. [57]. Compared to previous work that considered a
constant VFC during the CMB era only (e.g., Ref. [32]), we
find a slightly smaller shift to H0 in our ULDM low-mass
regime. While our result is specific to ULDM-induced
VFCs, producing VFCs during recombination only may be
quite challenging from a model-building perspective.
The structure of this paper is as follows. We describe our

model of ULDM-induced VFCs in Sec. II. We detail the
impact of VFCs on the primordial helium abundance
during BBN in Sec. III and the impact of both the
ULDM field and VFCs on the CMB anisotropies in
Sec. IV. In Sec. V, we describe our analysis methods
and present our results. We conclude in Sec. VI. We
provide details of our modifications incorporated into
scalarCLASS in Appendix A. We analyze the effects of
thermal mass on our results in Appendix B and showcase
supplementary plots for our analyses in Appendix C.

II. MODEL

We represent ULDM as a scalar field ϕ, which couples to
the CP-even SM operators. These couplings can be linear,
ϕ
ΛOSM, or quadratic,

ϕ2

Λ2 OSM, whereOSM is a term in the SM
Lagrangian and Λ is some high scale at which new physics
appears. Since linear couplings generate new, long-range
forces that are strongly constrained by fifth-force
experiments [85–88], we focus on quadratic couplings in
this work. Such a model can be constructed by charging the
scalar field under a Z2 symmetry, such that the leading
coupling is quadratic and can arise from UV completions
discussed in, e.g., Refs. [89–96]. Following the conven-
tions of Refs. [42,61,63], ϕ interacts with the Standard
Model (SM) through the following Lagrangian

L ⊃ 2π
ϕ2

M2
pl

�
dð2Þα

4e2
FμνFμν −

dð2Þg β3
2g3

GA
μνGAμν − dð2Þmemeēe

−
X
i¼u;d

ðdð2Þmi þ γmi
dð2Þg Þmiψ̄ iψ i

�
; ð1Þ

whereMpl ¼ 1.22 × 1019 GeV is the Planckmass, β3 is the
QCD beta function, and γmi

are the anomalous dimensions
1Our code will be made public upon completion of current

work in progress.
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of the u and d quarks. The superscript (2) makes explicit the
quadratic nature of the scalar couplings. The mass term of
the ULDM is given by VðϕÞ ¼ 1

2
m2

ϕϕ
2.

For this work, we focus on the couplings to the electron
mass, dð2Þme , and the photon field strength, dð2Þα .2 We will
explore the cosmological impact of the quark and gluon
couplings in future work. The interactions of interest in
Eq. (1) induce a ϕ-dependent variation of the electron mass
and fine structure constant

ΔmeðaÞ
me

¼ 2πdð2Þme

ϕ2ðaÞ
M2

pl

; ð2Þ

ΔαðaÞ
α

¼ 2πdð2Þα
ϕ2ðaÞ
M2

pl

; ð3Þ

where the dependence on the scale factor a is written
explicitly to emphasize the time-dependence of thevariations.
Importantly, the interaction terms in Eq. (1) also generate

a thermal contribution to the mass of the ϕ field. The
induced thermal mass mth is calculated using thermal field
theory [97], arising from loop corrections to the 2-point
function associated with the m2

ϕϕ
2 term of the Lagrangian.

Thus, the square of the effective mass of ϕ is m2
effðTÞ ¼

m2
ϕ þm2

thðTÞ, where T is the temperature of the photon
bath and m2

thðTÞ ¼ m2
th;me

ðTÞ þm2
th;αðTÞ includes the

contributions [15]

m2
th;me

ðTÞ ¼ 2πdð2Þme

M2
Pl

4m2
e

π2
T2

Z
∞

me=T
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − ðme=TÞ2

p
ex þ 1

ð4Þ

m2
th;αðTÞ ≃

2πdð2Þα

M2
Pl

α

4π

π2

3
T4 ð5Þ

from the couplings with the electrons and photons, respec-
tively. The contribution m2

th;me
is generated at one loop,

whilem2
th;α is nonzero only at two loops. This latter quantity

is difficult to calculate due to overlapping UV divergences,
so we use an estimate that is valid in the high-temperature
limit (T ≫ me); this choice sets an upper limit on the
thermal mass contribution for T ≲me. We provide details
of the numerical implementation of the thermal masses in
scalarCLASS in Appendix A.
In the presence of interactions, the equation of motion of

the ULDM scalar field is

ϕ̈þ 2aHϕ̇þ a2m2
effϕ ¼ 0; ð6Þ

where the overdot denotes a derivative with respect to
conformal time η and H ≡ ȧ=a2 is the Hubble expansion
rate. The thermal mass term fully takes into account the
energy transferred to the ϕ sector from the SM bath. The
thermal mass dictates the field evolution at early times;
thus, the energy exchange compared to the intrinsic energy
of the scalar field can be quite significant. On the other
hand, for the coupling to photons, the energy change in the
photon bath is insignificant. ULDM constitutes a small
fraction of the total density (even in the presence of
couplings with the SM) compared to the photon bath deep
in the radiation domination. Therefore, we can safely
ignore the energy exchange between the ϕ field and the
SM bath. In the case ofme variation, the energy exchange is
between the ULDM and the baryonic sector. This effect is
also small, since the contribution of electrons to the baryon
energy density ωb is negligible compared to nucleons.
Therefore, we can safely ignore the background-level
energy transfer from ULDM to the SM sector in this work.
We assume that the ULDM abundance is generated via

the misalignment mechanism. The field ϕ is cosmologically
frozen at its initial valuewhenHðaÞ ≫ meff and behaves as a
cosmological constant with an equation of state w ¼ −1.
When HðaoscÞ ¼ meff at scale factor aosc, the field begins
to oscillate. Deep in the oscillation region where
HðaÞ ≪ mthðaÞ < mϕ, ϕ acts as a dark matter compo-
nent with an average equation of state w ¼ 0, and its field
value scales as ϕ ∼ a−3=2. In the intermediate region
HðaÞ < mϕ < mthðaÞ, the thermal mass dominates the field
evolution and theULDMenergy density redshifts faster than
matter. TheULDMevolution in this range is nontrivial and is
not captured by standard treatment of effective fluid
approximations [33,98–104]. The field in this region
approximately scales as ϕ ∼meffðaÞ−1=2a−3=2 [14,15],
which redshifts faster than matter due to the scale factor
(temperature) dependence of the meff .
In Fig. 1, we demonstrate the effects of the thermal mass

on the evolution of the VFCs, and we choose the initial field
value such that ϕ constitutes the total dark matter abun-
dance. If we neglect the contribution from the thermal mass
(blue dashed lines), ϕ begins oscillating around when
HðaoscÞ ¼ mϕ, and the value of aosc is denoted by the
vertical red dotted line. Properly including the thermal mass

(black solid lines) associated with the couplings dð2Þα (left

panel) and dð2Þme (right panel), we show that the effective
mass meff is much larger than mϕ and thus the oscillations
actually begin at much earlier times.
For the variation of α in Fig. 1 (left panel), bothmth;α and

H scale as T2 at early times. The field ϕ is always
oscillating (for the chosen set of example model parame-
ters) due to mth;α > H initially and mϕ > H later. For the
variation of me, the evolution of mth;me

has a more
complicated temperature dependence (right panel). From
Eq. (4), the thermal massmth;me

scales as T for T ≫ me and

2The coupling to photon field strength is sometimes denoted
by dð2Þe in the literature.
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falls exponentially in T for T ≪ me. The resulting ϕ
evolution is nontrivial during the period when the thermal
mass is the dominant contribution to meff .

III. IMPACT ON BBN

In this section, we consider the impact of time-dependent
VFCs during the BBN era. We review the standard
BBN scenario, following the discussion in Ref. [105],
and summarize previous work on the effect of ULDM-
induced VFCs [14,15], noting the different formulations
we make to facilitate numerical calculations within
scalarCLASS.
VFCs can modify the primordial abundances of light

elements, such as helium, deuterium, and lithium. Our main
cosmological observable of interest is the anisotropy of the
CMB, for which the only primordial element abundance of
practical relevance is helium-4. Thus, we focus on mod-
ifications of the helium-4 mass fraction YHe ≡ ρHe=ρb, the
ratio of the energy density of helium-4 to the energy density
of baryons.
For BBN calculations, it is convenient to use the

concentration XA ≡ AnA=nN for a species with atomic
number A and number density nA. The total nucleon
number density at early times is nN ¼ nn þ np, where
nn and np are the number densities of free neutrons and free
protons, respectively. The final helium-4 concentration XHe
from BBN calculations and the mass fraction YHe needed

for CMB calculations differ at the subpercent level, due to
the binding energy of helium. We neglect this small
difference and approximate XHe ≈ YHe.

A. Standard BBN

We first review the standard BBN calculation of the
helium-4 abundance, following Ref. [105]. At early times,
prior to the onset of BBN, the weak-interaction processes

nþ νe ↔ pþ þ e−; nþ eþ ↔ pþ þ ν̄e ð7Þ

are efficient and keep the concentrations of neutrons and
protons at their equilibrium values, given by

Xeq
n ðTÞ ¼ 1

1þ emnp=T
; ð8Þ

Xeq
p ðTÞ ¼ 1 − Xeq

n ¼ 1

1þ e−mnp=T
; ð9Þ

respectively, where mnp ≡mn −mp is the neutron-proton
mass difference. Weak interactions become inefficient as
the SM bath temperature drops below ∼MeV, causing the
neutrons and protons to fall out of chemical equilibrium.
The relative abundance of neutrons and protons freezes out
around the temperature TW ≈ 0.75 MeV [43,106], and the
process of weak freeze-out is described by the following
Boltzmann equation

FIG. 1. Evolution of mth (top) and amount of variation (bottom) for α (left) and me (right) with respect to the scale factor a. We set

mϕ ¼ 10−16 eV and dð2Þα ¼ 105 (left) or dð2Þme ¼ 105 (right), and the associated variation of the primordial helium-4 abundance δYHe is
provided in the legends. For the α variation (left), the thermal mass dominates the evolution at early times when mth > H;mϕ, and
oscillations are always in effect. For the me variation (right), oscillations begin once meff > H. In either case, once H ≪ mth < mϕ,
oscillations match onto the case in which the thermal mass is ignored (blue dashed), for which the onset of oscillations is much later,
close to H ¼ mϕ (red vertical dotted).
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dXn

d log a
¼ −

λnp
H

ð1þ e−mnp=TÞðXn − Xeq
n Þ: ð10Þ

The total neutron-to-proton reaction rate from the two
processes in Eq. (7) is [8]

λnp ¼ 1þ 3g2An

π3
G2

FT
5J

�
mnp

T

�
; ð11Þ

where GF is the Fermi constant, gAn
is the neutron weak

axial coupling, and

JðxÞ ¼ 45ζð5Þ
2

þ 21ζð4Þ
2

xþ 3ζð3Þ
2

�
1 −

m2
e

2m2
np

�
x2 ð12Þ

is a phase space factor and ζ is the Riemann zeta function.
After the weak freeze-out, the neutron concentration

continues to decrease due to neutron decay

dXn

d loga
¼ −

XnΓn

H
; ð13Þ

where Γn is the inverse neutron lifetime

Γn ¼
1þ 3g2An

2π3
G2

FT
5P

�
mnp

me

�
; ð14Þ

with a phase space factor given by

PðxÞ¼ 1

60

h
ð2x4−9x2−8Þ

ffiffiffiffiffiffiffiffiffiffiffi
x2−1

p
þ15xln

�
xþ

ffiffiffiffiffiffiffiffiffiffiffi
x2−1

p �i
:

ð15Þ

Solving Eq. (13), the resulting neutron concentration at a
time after weak freeze-out is

XnðaDÞ ¼ XnðaWÞ exp
�
−
Z

aD

aW

Γn

H
d log a

�
; ð16Þ

where XnðaWÞ is the value of neutron concentration at weak
freeze-out a ¼ aW , and we integrate up to a scale factor
aD > aW . The formation of helium-4 relies on the con-
version of deuterium nuclei into heavier elements, which
becomes efficient when the deuterium bottleneck opens
wide around the temperature TD ≈ BD=30 ≈ 0.075 MeV,
where BD is the deuterium binding energy, and the
corresponding scale factor aD. Equation (16) holds up to
this point, when most of the free neutrons become bound
within helium-4 nuclei; thus, the resulting primordial
helium-4 concentration and mass fraction relevant for
CMB calculations are given by

YHe ≈ XHe ≈ 2XnðaDÞ: ð17Þ

This expression produces YHe ≈ 0.25, close to the SM
prediction YSM

He ¼ 0.245� 0.003 [1], which properly takes
into account all processes relevant for BBN.

B. Modified BBN from VFCs

The standard BBN reaction rates and evolution equations
in the previous subsection are modified in the presence of
ULDM-induced VFCs [14,15], which in turn modifies the
BBN prediction for YHe. We can parametrize the neutron-
proton mass difference as

mnp ¼ mn −mp ≈ bαΛQCD þ ðmd −muÞ; ð18Þ

where b is a constant such that bαΛQCD ≈ −0.76 MeV [8],
which results in the variation

Δmnp

mnp
¼

�
bαΛQCD

mnp

�
2πdð2Þα

ϕ2

M2
Pl

: ð19Þ

Modifying mnp affects the evolution of the neutron con-
centration and thus the value of YHe. To mitigate any
systematic errors originating from the small disagreement
between our simplified calculation in Eq. (17) and the full
derivation, we compute the fractional change δYHe ≡
ΔYHe=YHe in our formalism. We then apply those correc-
tions to YSM

He to get the modified YHe in the presence of
VFCs. For the purposes of numerical evaluation of ΔXn, it
is convenient to find the variation for the differential
equation in Eq. (10), rather than using the equivalent
integrated expression for the neutron concentration in
Ref. [15]. We obtain

dΔXn

d loga
¼ −

Xn

H

�
Δλnp
λnp

−
e−mnp=T

1þ e−mnp=T

Δmnp

T
þΔXn −ΔXeq

n

Xn −Xeq
n

�
;

ð20Þ

where [15]

ΔXeq ¼ −
mnp

2T½1þ coshðmnp=TÞ�
Δmnp

mnp
; ð21Þ

Δλnp
λnp

¼ ΔJðmnp=TÞ
Jðmnp=TÞ

¼ mnp

T
J0

J

Δmnp

mnp
−
3ζð3Þ
2J

m2
e

T2

�
Δme

me
−
Δmnp

mnp

�
; ð22Þ

are the variation of the equilibrium neutron concentration
and the relative variation of the neutron-to-proton reaction
rate, respectively, and J0ðxÞ ¼ dJ=dx. We numerically
solve Eq. (20) until weak freeze-out to obtain the variation
of the neutron concentration at weak freeze-out, ΔXnðaWÞ.
From the variation of Eq. (16), the corresponding change in
the neutron concentration is
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ΔXn

Xn
ðaDÞ ¼

ΔXn

Xn
ðaWÞ −

Z
aD

aW

ΔΓn

H
d log a −

Γn

H
Δa
a

				
aD

aW

:

ð23Þ

The last term on the right-hand side of Eq. (23) is related to
the variation in temperature

Γn

H
Δa
a

				
aD

aW

≈ −
Γn

H
ΔT
T

				
aW

aD

≈ 0; ð24Þ

for the VFCs we consider in this work. The variation of TD
is related to the variation of the binding energy of deuterium
ðΔBDÞ, which is zero in our case. Since ðΓn=HÞjaW ≪ 1,
the contribution at aW can be ignored. Evaluating ΔΓn and
using Eq. (17), the relative variation of YHe is [15]

δYHe≡ΔYHe

YHe
¼ΔXn

Xn
ðaWÞ

−
Z

aD

aW

Γn

H

�
5
Δme

me
−
mnp

me

P0

P

�
Δme

me
−
Δmnp

mnp

��
d loga;

ð25Þ

where P0ðxÞ ¼ dP=dx. In Appendix A, we provide the
details of our numerical implementation of this expression
into scalarCLASS.
In the legends of the Fig. 1, we provide the values of

δYHe following Eq. (25). Through the variations of α and
me, δYHe depends on the evolution of ϕ between weak
decoupling and BBN ða ≈ 10−10–10−9Þ. Note that neglect-
ing the effects of the thermal mass, discussed in Sec. II,
causes the field values (and thus the amount of variation in
α orme) during this period to be larger than they should be.
This, in turn, results in an artificially large effect on δYHe.
In this work, we consider only positive couplings, as

negative couplings can lead to a tachyonic instability when
the induced mass dominates. Although this can serve as a
mechanism for DM production, the initial ϕ value needs to
be fine-tuned to avoid overproduction.

IV. IMPACT ON CMB ANISOTROPY

In this section, we discuss the effects of ULDM-induced
VFCs on the anisotropy of the CMB. We first focus on how
variations of α and me impact the CMB. Then, we briefly
summarize the gravitational impact of pure ULDM (i.e., no
SM couplings and thus no VFCs) on the CMB and discuss
how previous ULDM analyses guide us in separating our
study into two mass regimes. Finally, we present the
combined effects on the CMB power spectra from
ULDM and its corresponding VFCs.
Throughout the section, we demonstrate changes to the

CMB temperature (TT) and polarization (EE) power
spectra, as well as other quantities relevant for CMB
calculations. Our comparisons are with respect to a fiducial

ΛCDM cosmology, fixing the 6 standard ΛCDM param-
eters (reduced Hubble constant h, baryon energy density
ωb ¼ Ωbh2, CDM energy density ωCDM ¼ ΩCDMh2, ampli-
tude As and spectral tilt ns of the primordial power
spectrum, and optical depth to reionization τreio) to their
best-fit Planck 2018 TTTEEEþ lensing values [107].

A. Effect of VFCs

VFCs alter the CMBpower spectra bymodifying the time
of recombination, the evolution of the ionization fraction,
and the visibility function. The process of recombination—
and thus the resulting ionization fraction—is governed by
atomic energy levels, transition rates, recombination and
ionization rates, and radiative transfer physics, all of which
exhibit certain scalings with α and me [108–112]. For
example, the time of recombination is sensitive to the energy
levels of the hydrogen atom, which scale as ∝ α2me.
Additionally, the Thomson cross section σT ∝ α2=m2

e con-
trols the thermal evolution of baryons and enters into the
calculation of the visibility function gðηÞ ¼ e−τdτ=dη,
where τ is the optical depth. VFCs during recombination
change these rates and modify the free electron fraction xe.
They also shift the peak and width of the visibility function,
which define the time η� and thickness, respectively, of the
surface of last scattering. A shift in η� changes the associated
sound horizon and angular diameter distance, which in turn
shifts the locations of the CMB acoustic peaks; it also
changes the amplitude of the first acoustic peak via the early
integrated Sachs–Wolfe effect. Modifying the thickness of
the last scattering surface alters the amount of diffusion
damping, which affects the amplitude of the high-multipole
acoustic peaks of the CMB.
VFCs also affect CMB anisotropies through modifica-

tions of the primordial helium-4 abundance, YHe [33,113].
Before helium-4 recombination, which occurs prior to H
recombination, more ionized helium-4 (for a fixed ωb)
corresponds to more free electrons, which increases dif-
fusion damping and suppresses the high-multipole CMB
anisotropies. Thus, a larger YHe suppresses the CMB TT
power spectrum due to enhanced diffusion damping.
A change in YHe only mildly alters the redshift of
decoupling ðzdecÞ through its dependence on the available
free electrons for H recombination. The CMB polarization
spectrum has additional sensitivity to YHe through the
reionization process. The number density of reionized
electrons scales as ωbð1 − YHeÞ. Changing YHe affects
the redshift of reionization when the optical depth of
reionization τreio is kept fixed. The redshift dependence
of the VFC during reionization may also strongly influence
the dynamics of the reionization process [113].
The VFCs we consider in this work depend on the value

of the ULDM ϕ field, which evolves with time, as
demonstrated in Fig. 1. Neglecting the contribution from
the thermal mass, the importance of VFCs during different
cosmic epochs is controlled by the ULDM mass mϕ, as we
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show in Fig. 2 for a variation of α, fixing dð2Þα such that
δYHe ¼ 5%. Both the onset and the period of the oscil-
lations are set by mϕ: larger values of mϕ correspond to a
smaller period of oscillations that begin at earlier times, and
the amplitude of oscillations decreases monotonically
over time.
For the highest mass of mϕ ¼ 10−16 eV (red) in Fig. 2,

the oscillations begin during BBN, modifying the value of
YHe; the amplitude of oscillations decays as ϕ2 ∼ a−3,
resulting in a negligible variation by the time of recombi-
nation. For mϕ ¼ 10−24 eV (blue), ϕ is frozen in its
potential during BBN, resulting in a modification to YHe
that is induced by an effective constant shift in α during
BBN, as in Ref. [10]. Again, the VFC during recombina-
tion is negligible, and the only impact on the CMB is via
the change in YHe.
For the lower masses in Fig. 2, the presence of VFCs can

more directly affect the recombination era. For mϕ ¼
10−28 eV (yellow), the field oscillations begin slightly before
the onset of recombination, resulting in a variation that is
slightly smaller at recombination than at BBN. For mϕ ¼
10−31 eV (green), there is a constant variation during
recombination, after which the field begins to oscillate. In
both cases, the field is frozen during BBN, producing a
constant variation that modifies YHe. Therefore, while a
constant variation during recombination is similar to pre-
vious CMB studies with a constant VFC [17–31,33–35],
only a few studies have accounted for an accompanying
modification to YHe [32–35].

In Fig. 3, we show the evolution of the free-electron
fraction xe and the visibility function gðηÞ for the samevalues
of the ULDM mass mϕ used in Fig. 2. For mϕ ¼ 10−24 eV,
since the VFC is negligible at recombination, we recover
the same xe and gðηÞ evolution as in ΛCDM. For
mϕ ¼ 10−28 eV, VFCs slightly shift the peak of the visibility
function to earlier times, which results in an earlier recombi-
nation. It also slightly broadens the width of the visibility
function, which slightly increases the amount of diffusion
damping [17]. Moreover, since the oscillatory VFCs pro-
gressively diminish as recombination progresses, they alter
the visibility function and xe more at higher redshifts, at the
onset of recombination. For mϕ ¼ 10−31 eV, on the other
hand, VFCs cause a substantial shift of the visibility function
to earlier times. In this case, the width of the visibility
function is narrower, reducing the amount of diffusing
damping. We defer the detailed description of how the
altered evolution of xe and gðηÞ modify the CMB power
spectra to Sec. IV C.
For a range of masses near mϕ ∼ 10−28 eV, oscillatory

VFCs during the epoch of recombination imprint oscil-
lation features in xe and gðηÞ. In Fig. 4, we show the
oscillatory variation inme and the resulting change to xe for
two masses slightly above 10−28 eV. The case with
the larger mass generates more oscillations, but since the
oscillations begin earlier, the amplitude is weaker at the
time of recombination. We note that an oscillatorylike me
(or α) variation during recombination has been shown to
produce a larger inferred value of the Hubble constant H0

from a CMB analysis, drawing connections to the Hubble
tension [57]. However, the data-driven features of VFCs in
Ref. [57] are distinct from our model-driven oscillations;
for example, our oscillation amplitude decreases with time,
while those in Ref. [57] grow with time. We explore the
implications for H0 in Sec. V D.

B. Gravitational effect of ULDM

In the previous section, we discussed the effects of VFC
on the CMB anisotropies. However, the mere presence of
the ULDM field itself can alter the CMB anisotropies away
from the standard prediction from cold dark matter (CDM).
Before the onset of oscillations, ϕ behaves as a DE-like
fluid, resulting in a background and perturbation evolution
that differs from CDM. These gravitational effects on the
CMB have been studied extensively [66,67,71,72], and we
briefly summarize the relevant phenomenology here,
neglecting any nongravitational coupling with the SM.
A coherently oscillating field ϕ manifests a new “Jeans”

scale kJ ∼
ffiffiffiffiffiffiffiffiffiffi
mϕH

p
below which ULDM perturbations

cannot cluster. Thus, on scales smaller than kJ (i.e.,
k > kJ), ULDM suppresses the growth of structure and
the matter power spectrum. The scale kJ roughly corre-
sponds to the mode entering the horizon during the onset of
the ϕ oscillations, and pure ULDM behaves generically as

FIG. 2. Evolution of thevariation ofα as a function of scale factor
for different masses ofϕ, neglecting the contribution of the thermal
mass. We choose the amount of variation such that δYHe ¼ 5%
from theBBNera, and thus themassmϕ determines howsignificant
the variation is during the recombination era. Only the smaller
values of mϕ affect recombination appreciably, with the case of
mϕ ¼ 10−28 eV exhibiting oscillations around recombination.
Oscillations occur during BBN for mϕ ¼ 10−16 eV, requiring
the variation at very small a to be larger than the other cases in
order to achieve δYHe ¼ 5%.
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FIG. 3. Evolution of the free-electron fraction xe (top) and visibility function g (bottom) in the presence of α (left) and me (right)
variations for three different masses of ϕ, aligning with those presented in Fig. 2. We neglect the contribution of the thermal mass. The
specific values of the ULDM coupling and fraction match those in Fig. 6, enforcing δYHe ¼ 5% such that all xe curves align at high
redshift. We plot the visibility function with respect to conformal time, because its width corresponds to the comoving damping scale.
We also show the corresponding curves for ΛCDM (black dotted line). For mϕ ¼ 10−24 eV, the VFC has a negligible impact on
recombination. For smaller masses, the VFC alters both the peak location and width of the visibility function.

FIG. 4. Oscillatory variation of me (left) and its effect on the free-electron fraction xe, with respect to ΛCDM (right), for two values of
the mass of ϕ that correspond to oscillations starting around the onset of recombination. We neglect the contribution of the thermal mass
and fix the ULDM coupling and fraction to achieve δYHe ¼ 5%. We note that similar oscillatory behaviors also appear for the ϕ-induced
variation of α.
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CDM at larger scales. If the scales probed by CMB
experiments are larger than kJ (i.e., k < kJ), we can treat
ULDM as CDM in the CMB analyses. For sufficiently
small ULDM masses, kJ is within the scales probed by
current CMB experiments, and the CMB power spectra are
modified due to the suppression of small-scale clustering
and the period of DE-like background evolution. As a
result, ULDM is constrained to constitute only a part of the
total dark matter energy density [70,73,114]. We define
the present-day fraction of ULDM as fϕ ≡Ωϕ=ΩDM and
assume the remaining dark matter relic density is in
CDM: ΩCDM ¼ ð1 − fϕÞΩDM.

C. Combined effect

We now consider how the CMB power spectra change in
the presence of ULDMwith quadratic couplings to the SM,
combining the impact of both the VFC and the gravitational
effects induced by ULDM. Building on our earlier dis-
cussion of ULDMwithout SM couplings, we can divide the
analysis into two mass regimes. If the scales probed by
current CMB observations satisfy k < kJ, corresponding to
“high” ϕ masses, ULDM behaves effectively as CDM. In
contrast, for “low” masses, there are observable CMB
modes that satisfy k > kJ, in which case we must consider
the full dynamical evolution of the ULDM field. In the
remainder of this section, we discuss how the addition of
SM couplings impacts the CMB power spectra in both the
low- and high-mass regions.

1. High-mass region

For mϕ ≳ 10−23 eV, ULDM behaves like CDM for
observed CMB scales and can thus constitute the total
dark matter energy budget. As demonstrated in Fig. 2, the
VFC for this mass range predominantly affects BBN, so the

primary effect on the CMB is through the modification of
YHe. In Fig. 5, we show the impact on the TTand EE power
spectra due to changes in YHe associated with ULDM-
induced VFCs (as indicated in the legend) during BBN for
mϕ ¼ 10−16 eV. Larger values of YHe result in increased
diffusion damping at high multipoles l. The large-scale
changes in the EE power spectrum originate from the
difference in the reionization bump: for a fixed ωb and τreio,
modifying YHe changes the peak of the visibility function at
reionization [113].
Properly accounting for the effects of the thermal mass—

for the chosen set of fixed parameters in Fig. 5—leads to a
smaller increase in the value of YHe prediction, as dem-
onstrated in Fig. 1. Hence, the corresponding changes in the
CMB spectrum are smaller. In this case, we expect that
including the thermal mass would result in a relaxed
constraint on the VFC coupling. However, this conclusion
is not generally true: for slightly smaller mϕ, the thermal
mass can result in a larger increase in the value YHe.

2. Low-mass region

At smaller masses (mϕ ≲ 10−23 eV), CMB is sensitive to
the evolution of ULDM. In Fig. 6, we show the impact on
the TT power spectrum due to ULDM-induced VFCs. For
each plotted curve, we fix the value of fϕ to its approximate
upper limit from a previous CMB analysis of ULDM with
no VFCs [70], for demonstration purposes. We also fix the
VFC coupling such that δYHe ¼ 5%, rendering the impact
due to the modified YHe to be the same in all cases; thus,
differences between the curves stem only from the ULDM
evolution and the VFC during recombination. We show the
impact of the pure ULDM case in dashed lines and the case
of ULDM with VFCs in solid lines. The corresponding
redshift-dependence of the VFC for each case is depicted
in Fig. 2.

FIG. 5. Residuals of the CMB TT (left) and EE (right) power spectra, with respect to ΛCDM, due to the modified value YHe from
VFCs. Solid (dashed) lines show the effects with (without) thermal mass. An increase in δYHe suppresses the CMB tail due to increased
diffusion damping. The large-scale features in EE result from the difference in the reionization visibility function. Properly accounting
for mth reduces the value of YHe and lessens the impact on the CMB power spectra for the chosen set of parameters, indicated at the top
of each panel.
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For mϕ ¼ 10−24 eV in Fig. 6, pure ULDM suppresses
the power spectrum at high multipoles, corresponding to
the large associated value of kJ (dashed blue). We still
expect fϕ ≈ 1 to be allowed by CMB data [70,73,114],
since the ULDM effects are mostly confined to the high-l
tail of the CMB. The additional δYHe contribution from the
VFC produces further suppression of the CMB damping
tail (solid blue). Note that for this mass, the effect of the
VFC at recombination is negligible, as shown in Fig. 3.
For mϕ ¼ 10−28 eV in Fig. 6, we fix fϕ ¼ 0.05, corre-

sponding to the approximate upper limit in Ref. [70]. For
this mass, pure ULDM creates a slight enhancement at
large scales, in addition to the expected suppression at
smaller scales (dashed yellow). The enhancement at larger
scales is due to the modification of the background
cosmology: before the onset of oscillations, ϕ acts like
dark energy (DE) instead of a matter component, altering
the time of matter-radiation equality and thereby affecting
the relative peak heights of CMB [70,72]. Incorporating the
effects of ULDM-induced VFCs impacts the CMB power
spectra by increasing YHe and modifying recombination
(solid yellow). Figure 3 indicates that the VFCs lead to
advanced recombination and increased diffusion damping,
resulting in the CMB peaks shifting to higher multipoles
and an additional suppression of the CMB damping tail,
respectively. Moreover, the larger YHe further suppresses
the damping tail.
For mϕ ¼ 10−31 eV in Fig. 6, the situation is similar to

the case of mϕ ¼ 10−28 eV, except ϕ continues to behave
as DE during and after recombination. Therefore, the

integrated Sachs-Wolfe effect is modified, affecting the
CMB at large multipoles [33,34,70](dashed green). The
VFC at recombination is the dominant effect on the CMB;
for the same amount of variation, the effect of δYHe from
BBN has a smaller impact [32] (dotted black). Figure 3
shows that recombination is advanced substantially, and the
reduced diffusing damping strongly enhances the CMB
multipoles at small scales (solid green).
Note that we do not incorporate the thermal mass term for

our discussions in this subsection or in our low-mass
analyses in Sec. V C. Accounting for the thermal mass is
computationally expensive, and for our analysis choices, we
expect our constraints to be largely unaffected by the
thermal mass throughout most of the low-mass region.
However, depending on the choice of ULDM parameters,
the thermal mass may modify the field evolution during not
only BBN (see Fig. 1), but also recombination. For
example, for a fixed amount of variation, a very small
value of fϕ would imply a correspondingly large value of

the coupling dð2Þi ; thus, the field evolution would be
dominated by the thermal mass for a prolonged period
and produce a nontrivial VFC evolution during recombi-
nation. If the thermal mass is relevant during recombination,
we would need to properly account for the energy transfer
between the ULDMand visible sectors; although the energy
transfer at the background level is negligible (see Sec. II), it
may be important for the evolution of the ULDM pertur-
bations. We discuss the self-consistency of neglecting the
thermal mass for our analysis results in Appendix B and
leave a proper treatment of the thermal mass to future work.

FIG. 6. Residuals of the CMB TT power spectrum for a ULDM-induced variation of α (left) and me (right) at different masses mϕ,
with respect to ΛCDM. The ULDM fraction of the total present-day dark matter density is denoted by fϕ. The gravitational effects of
ULDM alone (without the VFC) are shown in dashed lines, while the combined effects of ULDM and its associated VFC are shown in
solid lines. For each line, the coupling (as indicated in the caption) is chosen such that δYHe ¼ 5%, so the impact due to the modified YHe
is the same for all masses. We neglect the contribution of the thermal mass in this mass range. The effects of VFCs on the power
spectrum become progressively stronger for smaller masses, which have a more appreciable impact on recombination, as shown in
Figs. 2 and 3. For comparison, we show the residuals for ΛCDM with an additional δYHe ¼ 5% as the black dotted line.
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V. ANALYSIS AND RESULTS

From our discussion in Sec. IV C, the impact of ULDM
with VFCs in the high-mass and low-mass regions are
qualitatively different. We perform separate analyses in
these two regions to test ULDMwith α and/orme variations
as a function of ULDM mass mϕ. We also investigate the
viability of our model to fit CMB data with a larger value of
H0, compared to the ΛCDM best fit value.

A. Analysis methodology

We perform Markov chain Monte Carlo (MCMC)
analyses for our quadratically coupled ULDM model using
MontePython [115,116] to sample and GetDist [117] to process
our MCMC chains. We employ the Metropolis-Hastings
algorithm [118,119] and require a Gelman-Rubin conver-
gence criterion [120] of R − 1 < 0.005 for our high-mass
analysis and R − 1 < 0.01 for our low-mass analysis.
Achieving convergence for the low-mass analysis takes
longer due to the larger number of parameters, as well as
the presence of parameter degeneracies.
We use wide flat priors for the 6 standard ΛCDM

parameters: fh;ωb;ωCDM; lnð1010AsÞ; ns; τreiog. To analyze
the high-mass region, we vary the 6 ΛCDM parameters,
as well as δYHe ∈ ½0;∞Þ with a flat prior. To analyze
the low-mass region, we vary the ΛCDM parameters,
except we replace the CDM energy density ωCDM with
the total dark matter relic density ΩDM, for which we also
use a wide flat prior. Additionally, we vary the ULDM
parameters log10 fϕ ∈ ½−3; 0�, log10ðmϕ=eVÞ∈ ½−33;−23�,
and log10ðdð2Þi fϕÞ∈ ½−4; 2� with i ¼ fα; meg and flat
priors.
The datasets we use for our analyses are as follows:
(i) Planck: We use the Planck 2018 low-lTT and

low-lEE ð2 ≤ l ≤ 29Þ likelihoods. For high-l, we
use the TTTEEE likelihood (30 ≤ l ≤ 2508 for TT
and 30 ≤ l ≤ 1996 for EE) [121]. We also include
the Planck lensing likelihood ð8 < L≲ 400Þ [122].

(ii) South Pole Telescope (SPT): We use the SPT-3G Y1
data release,3 which includes TT ð750 < l≲ 3000Þ
and TEEE ð300 < l≲ 3000Þ [123,124].

(iii) Baryon acoustic oscillation (BAO) measurements:
We use the 6DF Galaxy Survey [125], SDSS-DR7
MGS [126], and BOSS DR12 (including fσ8) [127].

For both Planck and SPT, we vary all of the nuisance
parameters included with the likelihoods in MontePython.
Note that we do not account for nonlinear corrections to
compute the CMB power spectra in CLASS, since the built-
in nonlinear treatment may not be suitable for beyond-
ΛCDM cosmologies [128,129]. Such corrections may be
important for small-scale CMB data and should account for
any power suppression from ULDM [59,128].

B. Constraints for high-mass region

In the high-mass region ðmϕ ≳ 10−23 eVÞ, the only non-
negligible effect of the VFCs on the CMB is through
modification of YHe from BBN, and ULDM evolves as
CDM. Therefore, our analysis can be simplified to a fit of
ΛCDM with an additional parameter δYHe to account for
the change in the helium-4 abundance. We can then map the
resulting constraint on δYHe into a constraint onmϕ and the

couplings, dð2Þα and/or dð2Þme , for a given ULDM fraction fϕ.

We consider only positive ULDM couplings dð2Þi , and in the
parameter space of interest, we always have δYHe ≥ 0.
Therefore, we restrict the prior on δYHe to be non-negative
and use

YHe ¼ YSM
He ð1þ δYHeÞ; ð26Þ

where YSM
He is the standard BBN prediction for a given ωb

and Neff computed by CLASS. We fix Neff ¼ 3.044 to its
SM prediction [130–132].4
We obtain the following upper limit on δYHe at the

95% confidence level (CL)

δYHeð95% CLÞ <


8.4% Planck

6.7% Planckþ BAOþ SPT:
ð27Þ

Primordial YHe can also be inferred from metal-poor
extragalactic regions, and the recommended value from
the Particle Data Group (PDG) is YHe ¼ 0.245� 0.003 [1],
corresponding to δYHe < 2.4% at 2σ. For a given mass mϕ

and fraction fϕ, we can solve for the evolution of ϕ and use
Eq. (25) to determine the values of the ULDM couplings
that yield a particular value of δYHe. This procedure allows
us to translate our CMB bound or the PDG bound to a
corresponding limit on the ULDM couplings.
Figure 7 shows the exclusion regions for variations in α

(with no me variations) and me (with no α variations) from
our CMB result in Eq. (27) and the PDG value for YHe. The
black solid and dashed curves correspond to the constraints
derived from neglecting the effect of the thermal mass,
while the shaded regions show the excluded parameter
space when properly accounting for the thermal mass. The
impact of the thermal mass decreases for smallermϕ, so the
constraints with and without the thermal mass coincide at
smallmϕ, where the thermal mass effects are negligible. We
provide further details in Appendix B. The constraints of

3https://github.com/SouthPoleTelescope/spt3g_y1_dist.

4Variation of the electron mass or α can change the evolution
of the effective number of relativistic degrees of freedom ðg⋆Þ
around the freeze-out of eþe− annihilation. The entropy leakage
between photons and neutrinos around neutrino decoupling may
be affected and slightly modify the calculation of Neff . However,
the entropy leakage is a subdominant fraction of the total Neff .
Therefore, we ignore this possibility in our work.
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the couplings for the PDG bound on δYHe are consistent
with the ones derived in Ref. [15] for both types of
variation.
The constraints obtained when neglecting the thermal

mass have minimal features: they scale as∝ m−1=2
ϕ formϕ ≲

10−15 eV and ∝ m2
ϕ for mϕ ≳ 10−15 eV. Furthermore, note

that the variations in Eqs. (2) and (3) depend on the

combination ϕ2dð2Þi . Since ρϕ ∝ m2
ϕϕ

2, the effect of the

VFCs is sensitive to the combination fϕd
ð2Þ
i . Therefore,

the constraints without thermal mass effects in Fig. 7, for
which we fix fϕ ¼ 1, can actually be considered constraints

on fϕd
ð2Þ
i . This degeneracy allows for an extraction of the

limit on dð2Þi for fϕ < 1.
The thermal masses in Eqs. (4) and (5) depend on the

couplings, unaccompanied by a factor of ϕ2, so the thermal

mass breaks this degeneracy between dð2Þi and fϕ. As
shown in Fig. 1, the evolution of ϕ is much more nontrivial
when accounting for the effects of the thermal mass, and the
resulting constraints in Fig. 7 exhibit jagged features,
especially for the variation of me. Additionally, these
constraints are valid for our choice of fϕ ¼ 1 and cannot

be rescaled to find the limit on dð2Þi for fϕ < 1.
Figure 8 shows the constraints obtained from varying

dð2Þα and dð2Þme simultaneously with (solid lines) and without
(dashed) the effects of the thermal mass. We only show the
constraints using the PDG bound, since it is stronger than
our CMB bound on δYHe. For a given mass, couplings
higher than the respective line are excluded. Accounting for
the thermal mass weakens the constraint on either coupling
for higher masses and strengthens it at lower masses, which
can also be seen in Fig. 7.

C. Constraints for low-mass region

The combined effect of the ULDM field and the VFCs it
induces is relevant for the CMB in the low-mass regime
ðmϕ ≲ 10−23 eVÞ. The background and perturbation evo-
lution of ULDM does not mimic CDM, and the VFCs
increase YHe and affect recombination. As noted in
Sec. IV C, we neglect the effects of the thermal mass
and discuss this approximation in further detail in
Appendix B.
To study the rich phenomenology of ULDM and VFCs,

we perform MCMC analyses that vary fϕ, mϕ, and dð2Þi in
addition to the standard ΛCDM. Since we neglect the

FIG. 7. 95% CL constraints in the ULDM high-mass region for the ULDM couplings dð2Þα (left) and dð2Þme (right), which induce a change
in YHe from the variation of α and me, respectively. We consider one nonzero coupling at a time, and we fix the ULDM fraction to
fϕ ¼ 1. The constraints labeled as Planck and BBN correspond to the 95% CL limits on YHe from our simplified analysis [see Eq. (27)]
and from the PDG [1], respectively. The shaded exclusion regions take into account mth effects, while the black lines show the
corresponding limit obtained from neglecting thermal mass effects. The constraints obtained from neglecting the thermal mass can

actually be considered constraints on the combination fϕd
ð2Þ
i . This degeneracy is broken when including the thermal mass, so the shaded

constraints hold specifically for fϕ ¼ 1.

FIG. 8. 95% constraints in the ULDM high-mass region for
the ULDM couplings dð2Þα and dð2Þme , which are allowed to vary
simultaneously, using the constraints on YHe from the PDG [1].
Region above the corresponding line for a given mass is
excluded. The solid and dashed lines correspond to the con-
straints obtained from including and ignoring the thermal mass,
respectively.
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thermal mass in this regime, we vary fϕd
ð2Þ
i instead of dð2Þi ,

as the amount of variation is proportional to the combina-
tion of these parameters (see Sec. V B). To ensure
the convergence of our sampling across a wide range
of mϕ, we perform three MCMC analyses that corre-
spond to three mass subdivisions in which the limits on

fϕ and fϕd
ð2Þ
i differ appreciably: mðlowÞ

ϕ ∈½10−33;10−31�eV,
mðmidÞ

ϕ ∈ ½10−31; 10−26� eV, and mðhighÞ
ϕ ∈ ½10−26; 10−23� eV.

We have verified that our results using these mass sub-
divisions are consistent with our main analysis that varies
mϕ across the full mass range of interest.
Fig. 9 shows the constraint on fϕ as a function of mϕ in

terms of the 2D marginalized 95% CL posteriors, obtained
from analyzing Planck (left) and Planck þBAOþ SPT
(right). We show the results for three analyses: pure

ULDM (blue), ULDM with dð2Þα ≠ 0 (red), and ULDM

with dð2Þme ≠ 0 (blue). Our pure ULDM results are consis-
tent with those reported in Refs. [74,114]. For
mϕ ≲ few × 10−27 eV, we find that the effects of VFCs
are important and improve the constraint on fϕ over pure
ULDM when fitting to Planck. Although improvement is
smaller for Planck þBAOþ SPT, the additional datasets
provide more constraining power on fϕ across all masses.
In particular, at high masses of mϕ ≳ 10−25 eV, the joint
constraint is fϕ ≲ 0.3.
Figure 10 shows the constraint on fϕd

ð2Þ
i as a function of

mϕ in terms of the 2D marginalized 95% CL posteriors,
obtained from analyzing Planck and PlanckþBAOþ SPT.

We consider ULDM with dð2Þα ≠ 0 (left) and ULDM with

dð2Þme ≠ 0 (right). The dashed lines show the 95% CL upper
limit from δYHe considerations only and are applicable for
the analysis of the high-mass region described in Sec. V B.

The Planck and PDG lines are the continuation of the limits
(neglecting thermal mass effects) in Fig. 7 to lower values
ofmϕ. Analogous to the Planck limit presented in Sec. V B,
the PlanckþBAOþ SPT limit of δYHe < 6.7% at 95% CL
is obtained from the ΛCDMþ δYHe analysis of all three
datasets.
Our full analyses ofULDMwith SMcouplings in the low-

mass region account for the evolution ofULDMand theVFC
that both change YHe and modify recombination. In the
regimemϕ ≳ 10−26 eV, theMCMCconstraints approach the
corresponding constraints from δYHe only. This agreement
indicates that ULDM behaves as CDM for these masses and
that the only effect of theVFC is through the change inYHe at
BBN, while the modification at recombination is negligible.
For masses few × 10−28 eV≲mϕ ≲ 10−26 eV, the full
analysis of coupled ULDM yields stronger constraints over

the YHe analysis: both fϕ and dð2Þi individually need to be
smaller due to the otherwise large suppression of the CMB
damping tail from themodifications to recombination and the
ULDM field itself, as demonstrated in Fig. 6. For lowmasses
ofmϕ ≲ few × 10−27 eV, there is a significant improvement
of the constraint compared to the corresponding δYHe
constraint. Moreover, the constraint from the full analysis
of coupled ULDM in this regime surpasses the PDG δYHe
constraint.

D. Implications for Hubble

In this section, we explore how oscillatory VFCs could
impact the inferred value of theHubble constantH0. In Fig. 11,
we show the triangle plots of the 1D and 2D marginalized

posteriors for mϕ, fϕd
ð2Þ
i and hð≡H0=ð100 km=s=MpcÞÞ

from our analyses of the Planck and Planck þBAOþ SPT
datasets for ULDMwith α variation (left) and ULDMwithme

FIG. 9. Marginalized 95% CL posteriors in the plane of fϕ vs mϕ for Planck (left) and Planck þBAOþ SPT (right). We analyze the

case of pure ULDM (blue), ULDM with nonzero coupling dð2Þα (red), and ULDM with nonzero coupling dð2Þme (green). The effects of the
VFCs tighten the constraint on fϕ at low masses. Note that the thermal mass is neglected in the VFC analyses.
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variation (right). We also provide the outlines of the posterior
distributions obtained from our pure ULDM analyses. The
mean value of h exhibits a negligible difference compared to
pure ULDM.

The 2D h vsmϕ contours show the impact of VFC on the
Hubble constant for different mϕ values. In the mϕ ≳
10−27 eV region, VFC modifications only increase δYHe
which has negligible correlation with h. Therefore, in that

FIG. 10. Marginalized 95% CL posteriors in the plane of the combined parameter fϕd
ð2Þ
i vs mϕ for Planck and for Planck

þBAO þ SPT. We analyze α-only variations (left) and me-only variations (right) separately. Dashed lines correspond to the 95% CL
upper limit on δYHe (see Sec. V B) from the PDG [1] and from ΛCDMþ δYHe analyses of the indicated datasets. Toward the upper end
of the mass range, the colored dashed lines approach the solid contours, indicating that ULDM behaves as CDM and the effect of VFCs

is relevant only at BBN for mϕ ≳ 10−26 eV. The full analysis of ULDM with SM couplings provides stronger constraints on fϕd
ð2Þ
i ,

compared to the simpler δYHe analysis, for mϕ ≲ 10−26 eV, where the recombination modifications are relevant. CMB data provide a
stronger constraint than PDG δYHe considerations alone for mϕ ≲ 10−28 eV. Note that the thermal mass is neglected for all analysis
results shown.

FIG. 11. Triangle plot with the 68% and 95% CL contours for the marginalized posteriors of the ULDM mass mϕ, the VFC parameter

fϕd
ð2Þ
i , the reduced Hubble constant h, and the derived parameter δYHe for α variation (left) andme variation (right). We analyze both the

pure ULDM scenario (dotted) and the ULDM-induced VFC scenario (solid) with Planck and with Planck þBAOþ SPT.
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region, the h contours remain almost unchanged compared
to the pure ULDM analysis. Figure 11 indicates that the
oscillatory features in me induced for mϕ ≈ 10−28 eV (see
Fig. 4) have no appreciable impact onH0, in contrast to the
increase of H0 in Ref. [57] due to oscillatorylike variations
of me, with the amplitude of variations increasing as
recombination progresses.
Taking only the portion of our MCMC chains that lie in

the mass range mϕ < 10−29 eV, which is associated with a
constant VFC at recombination, we find a small increase in
the mean value of h, compared to pure ULDM. This higher
value can be traced to a delay of recombination in the
presence of VFCs [28,29,32–35,54–59], among other
effects from δYHe and ULDM perturbations, but the
increase is not statistically significant for the dataset
considered in this analysis. Additional plots and tables
depicting the constraints of all ΛCDM and VFC parameters
are shown in Appendix C.

VI. CONCLUSION

In this work, we have studied the cosmological impli-
cations of a well-motivated scenario in which a variation of
fundamental constants is induced by a scalar field coupled
to the SM. The evolution of the scalar field, which also
behaves as ULDM, induces redshift-dependent VFCs. We
study these effects for α and me variations through their
modifications to YHe during BBN and to recombination
dynamics during the CMB era. We explore how oscillatory
VFCs during recombination alter the CMB power spectra,
and we study the interplay between the impact on BBN vs
the CMB.
Using Planck 2018 data, as well as SPT-3G and BAO

measurements, we derive constraints across a range of
ULDM masses relevant for the CMB. The analyses can be
organized in terms of two mass ranges. For the “low-mass”
region where mϕ ≲ 10−23 eV, our analyses show that the
presence of VFCs strengthens the constraint on the fraction
of ULDM, compared to the constraint from a pure ULDM
analysis with no SM couplings. We find that a large ϕ-
induced VFC during recombination is strongly constrained
by CMB data, much stronger than bounds arising from the
inferred value of YHe from astrophysical measurements. For
the “high-mass” region where mϕ ≳ 10−23 eV, we are able
to simplify the analysis and perform a self-consistent study
that incorporates the thermal mass for ϕ, generated by the
ULDM coupling to the thermal SM bath. We find bounds
that are consistent with the BBN analysis of Ref. [15].
We consider only positive couplings dð2Þi > 0, which

induce a positive shift in the value of the fundamental
constants. The science case for negative couplings is also
intriguing, in which case the values of the constants are
smaller in the early Universe compared to their canonical
values. Negative coupling corresponds to a negative ther-
mal mass for the scalar field, which can create tachyonic

instabilities [14,15,133–135] that can give rise to an
exponential enhancement of the scalar field energy density.
The phenomenology of a negative coupling is beyond the
scope of this paper, and we leave it to future work. We also
consider only the ϕ2 coupling to the SM, which is less
constrained than the linear ϕ coupling from fifth-force
experiments [136].
Finally, we focus on ULDM couplings that alter the

electron mass and fine structure constant. The additional
couplings in Eq. (1) have been studied in the context of
BBN [15]. We expect these couplings to have interesting
implications for cosmology, beyond the modifications to
YHe during BBN, and we will explore this possibility in
upcoming work.
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APPENDIX A: scalarCLASS

In this section, we detail the main features of scalarCLASS,
which we developed for this work to study ULDM-induced
VFCs. The code is based on AxiCLASS [81,82,138,139],
which is an extension of the CLASS [83] code that
incorporates the Boltzmann hierarchy of a cosmological
scalar field for a variety of potentials relevant for, e.g.,
axionlike particles or early dark energy. We implement the
potential V ¼ 1

2
m2

effϕ
2 for the ULDM field ϕ. A schematic

outline of the code is shown in Fig. 12.
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1. Derivation of YHe

One of the main features of this code is that it automati-
cally computes the BBN era modifications of YHe induced
by VFCs. We solve the system of coupled differential
equations in Eqs. (10), (13), and (20) to compute
ΔXn=Xn at a ¼ aw, i.e, the weak-decoupling time. This is
one of the primary contributions to ΔYHe=YHe at BBN,
which is the first term on the right-hand side of Eq. (25). The
other contribution to ΔYHe=YHe comes from the decay of
neutrons after weak decoupling until the onset of BBN,
represented by the second term on the right-hand side of
Eq. (25). We implement these computations in the back-
groundmodule of scalarCLASS. The backgroundmodule
in CLASS computes a set of integrated (e.g., sound horizon)
and nonintegrated (e.g., energy densities) quantities as a
function of scale factor and stores them in numerical tables
from some initial scale factor ðainiÞ through today (a ¼ 1).
We use this built-in structure to implement the BBN
calculation. We break down the neutron decay contribution
in the following manner:

Z
aBBN

aw

fðϕðaÞ;aÞdloga

¼
Z

aBBN

aini

fðϕðaÞ;aÞdloga−
Z

aW

aini

fðϕðaÞ;aÞdloga; ðA1Þ

fðϕðaÞ;aÞ¼Γn

H

�
5
Δme

me
−
mnp

me

P0

P

�
Δme

me
−
Δmnp

mnp

��
: ðA2Þ

In scalarCLASS, we numerically solve for the integrated
quantities ΔXn=Xn and

R
a
aini

fðϕðaÞ; aÞd log a, and we store
them in a background table as a function of scale factor.
Using the values of these quantities at aw and aBBN, we
compute ΔYHe=YHe as given in Eq. (25). For our calcu-
lations, we use aini ¼ 10−15. At the initial time aini, neutrons
and protons are in equilibrium. We set XnðainiÞ ¼ Xeq

n and
ΔXnðainiÞ ¼ ΔXeq

n , which are given in Eqs. (8) and (21),
respectively.

2. Implementation of g�
Various rates governing the computation of δYHe depend

on the temperature of the photon bath, which can be
calculated as a function of the scale factor. The standard
way of computing temperature in CLASS is

TðaÞ ¼ T0=a; ðA3Þ

where T0 is the current CMB temperature. This is, however,
inadequate for our purposes, since it cannot be extended to
higher temperatures beyond BBN, when the effective
number of relativistic degrees of freedom in the bath
g�ðaÞ differs from today. As the thermalized particles of
the SM become nonrelativistic as the Universe cools, their
entropy is transferred to the bath, thereby causing the bath
temperature to decrease more slowly than in Eq. (A3). In
scalarCLASS, we implement the following definition of
temperature:

TðaÞ ¼ T0

a

�
g�ðaÞ
g�ð0Þ

�
1=3

: ðA4Þ

We use g�ðTÞ from Ref. [107] and convert it to g�ðaÞ via
Eq. (A4). We encode g�ðaÞ through an interpolation
function in scalarCLASS.

3. Computation of thermal mass mth

The coupling of ϕ to the SM induces a thermal-mass
contribution for ϕ. In accordance with Eq. (6), the equation
of motion for ϕ is

ϕ̈þ 2aHϕ̇þ a2m2
effϕ ¼ 0; ðA5Þ

where

m2
effðTÞ ¼ m2

ϕ þm2
thðTÞ ðA6Þ

m2
th;me

ðTÞ¼ 2πdð2Þme

M2
Pl

4m2
e

π2
T2

Z
∞

me=T
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2− ðme=TÞ2

p
exþ1

; ðA7Þ

FIG. 12. Schematic diagram of scalarCLASS, our modified version of CLASS that computes the effects of ϕ-induced VFCs on the CMB
and matter power spectrum. The ULDM background and perturbation evolutions implemented in the code are based on AxiCLASS. The
VFCs alter the predicted value of YHe from BBN, which is computed within scalarCLASS. They also modify recombination via changes to
the free-electron fraction xe and the visibility function gðηÞ.
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m2
th;αðTÞ ≃

2πdð2Þα

M2
Pl

α

4π

π2

3
T4; ðA8Þ

following Eqs. (4) and (5). The implementation of m2
th;α in

the code is straightforward. For m2
th;me

ðTÞ, we need to
compute the integral in Eq. (4). For computational effi-
ciency, we compute the integral for a range of me=T values
and store them in a table; we use an interpolation routine to
incorporate them into scalarCLASS.

4. Implementation of ϕ-induced VFCs

Simple parametrizations of α and me variations exist in
the current version CLASS, following Ref. [27]. We adapt
these parametrizations to incorporate ULDM-induced
VFCs in scalarCLASS. The built-in formalism in CLASS only
considers constant modifications of fundamental constants
(with a cutoff in redshift, after which the variation is set to
zero). By modifying appropriate modules, we allow the
variation to be redshift-dependent. The amount of variation
at a given redshift is computed using Eqs. (2) and (3)

ΔmeðzÞ
me

¼ 2πdð2Þme

ϕ2ðzÞ
M2

pl

; ðA9Þ

ΔαðzÞ
α

¼ 2πdð2Þα
ϕ2ðzÞ
M2

pl

: ðA10Þ

Note that in our formalism, ϕ undergoes oscillations; thus,
the values of the constants vary rapidly at late times. For
most cases, scaling the rates of recombination processes
with the modified values of the constants is sufficient to
include the effects of redshift-dependent VFCs. However,
the timescale of the change in the values of constants can be
fast compared to the lifetime of atomic transitions relevant
for recombination, which may necessitate a more careful
treatment of VFCs.
Fortunately, in the region where the VFC is highly

oscillatory, the magnitude of the change is also very small
since ϕ ∼ a−3=2 and Δme;Δα ∼ a−3 deep in the oscillatory
regime. Thus, we can safely ignore any additional effects of
rapid oscillations on recombination due to the diminishing
amplitude. For computation purposes, we use an effective
fluid description to describe the highly oscillatory regime,
which we discuss in the next section.
The other effect of the VFC is the YHe modification,

which affects the CMB temperature and polarization power
spectra, as shown in Figs. 5 and 6. We implement these
changes as a correction to the standard BBN prediction
used in CLASS

YHe ¼ YBBNð0Þ
He

�
1þ ΔYHe

YHe

�
; ðA11Þ

where YBBNð0Þ
He is the standard computation (using precom-

puted interpolation table) in CLASS, which depends on Neff
and ωb. We calculate ΔYHe=YHe using Eq. (25), which

depends on dð2Þi ; fϕ, and mϕ.

5. ϕ Evolution: Field vs fluid

The ϕ background and perturbation solutions in
scalarCLASS are largely based on AxiCLASS. We briefly
review the implementation here, highlighting the changes
we made for our purposes.

a. Background evolution

The “field” regime marks the period before the
onset of oscillation, which is denoted by the time when
HðaÞ ≥ 3meff [72]. During this period, we solve the full
Klein-Gordon (KG) equation of the scalar field

ϕ̈þ 2aHϕ̇þ a2m2
effϕ ¼ 0; ðA12Þ

and we allow for the possibility of setting the contribution
from the thermal mass to zero. The energy density,
pressure, and equation of state for the field are

ρϕ ¼ 1

2a2
ϕ̇2 þ 1

2
m2

effϕ
2; ðA13Þ

Pϕ ¼ 1

2a2
ϕ̇2 −

1

2
m2

effϕ
2; ðA14Þ

wϕ ≡ Pϕ

ρϕ
; ðA15Þ

respectively.
We assume that the abundance of ϕ is generated via the

misalignment mechanism. In scalarCLASS, we use a “shoot-
ing mechanism” to precisely determine the initial ϕ to
produce a given ϕ relic density Ωϕ. The evolution of ϕ is
highly oscillatory for meff ≫ H and is thus numerically
expensive to solve. In the regime mϕ > mth ≫ H, the field
settles into a matterlike evolution when averaged over those
fast oscillations, yielding

1

2
m2

ϕhϕ2i ¼ 1

2a2
hϕ̇2i; ðA16Þ

ρϕ ¼ m2
ϕhϕ2i; ðA17Þ

Pϕ ¼ wϕ ¼ 0: ðA18Þ

Neglecting the thermal mass: First, we described our
numerical strategy, ignoring the thermal mass. To deter-
mine the evolution of energy density and pressure,
AxiCLASS solves Eq. (A12) until the time when
HðatrÞ ¼ xmϕ, with x ¼ 3 (by default). After this transition
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at scale factor atr (with x ¼ 3), ϕ sets in on a matterlike
evolution [71]. The energy density is

ρϕðaÞ ¼ ρϕðatrÞ
�
atr
a

�
3

: ðA19Þ

The period after the transition ða > atrÞ is the “fluid
regime.” In this regime, the average field value scales
as hϕðaÞi ∼ a−3=2.
In this work, we study the oscillatory evolution of the ϕ

during BBN and recombination. Therefore, the treatment of
field-to-fluid transition in AxiCLASS is inadequate, since the
ϕ solution in the fluid regime does not exhibit any
oscillation. In scalarCLASS code, we use a hybrid approach
to solve the oscillatory evolution. We continue solving
the ϕ equation of motion in Eq. (A12) beyond atr
until some later time, denoted by the scale factor atr2,
where mϕ=Hðatr2Þ ¼ x2, and we choose x2 ¼ 100. When
a > atr2, we take the average field value to write, following
Eq. (A17),

hϕi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρϕðatr2Þ

p
mϕ

: ðA20Þ

In this way, we can resolve more thanOð10Þ oscillations of
ϕ evolution during atr < a < atr2, and afterward, it scales
uniformly ϕ ∼ a−3=2. We find that x2 ¼ 100 is sufficient for
our purposes of resolving Oð10Þ oscillations. Due to the
decaying amplitude, the amount of associated VFC is
insignificant after mϕ=H > 100 for all practical purposes.
Note that for atr < a < atr2, we use the ϕ solution only to
determine the amount of VFC. The evolution of ρϕ (and its
perturbations) is governed by Eq. (A19).
In this work, we do not employ the effective fluid

approximations that provide a more accurate matching
between the field and fluid description [33,98–104]. Many
effective fluid approximations produce accurate matching
between these different solutions without resolving a single
oscillation of the ϕ field, which saves computation time.
This, however, is not our primary goal, since we want to
track the oscillations of the ϕ solutions. Additionally, the
presence of the temperature-dependent thermal mass of
the scalar field may nontrivially affect the nature of the
effective fluid solutions.
In the presence of the thermal mass: In the following,

we discuss our strategies for solving ϕ in the presence of
the thermal mass. The presence of the thermal mass
modifies the scaling of the field ϕ ∼ a−3=2 after oscillation.
When the thermal mass dominates the evolution,
HðaÞ < mϕ < mthðaÞ, the field redshifts faster than matter:

ϕ ∼m−1=2
eff a−3=2 after averaging over the oscillations

[14,15]. The different temperature dependence of meff
for different couplings ðα; meÞ makes ϕ scale differently
in the thermal-mass-dominated region. In this work, we do

not use any effective description to calculate the field
behavior in the thermal-mass-dominated region. Rather,
we solve the Klein-Gordon equations until the effects of the
thermal mass become negligible, and the evolution
becomes mϕ-dominated. We choose x ¼ 100, so we solve
Klein-Gordon equations until H ≥ 100meff to make sure
the field becomes mϕ-dominated at the end, i.e,
mthðatrÞ < mϕ. We verify that x ¼ 100 works well for
most of the interesting parameter space relevant for
determining our bounds on VFCs.
Figure 1 depicts the ϕ solution in the presence of the

thermal mass. When mth dominates the field evolution
[between HðaÞ < mthðaÞ and mthðaÞ < mϕ], the envelope
of ϕ scales much faster than a−3=2. Thus, the temperature
dependence of the thermal mass changes the energy density
evolution of the scalar field, which needs to be taken into
account in an effective fluid description. The energy
density scaling depends on the temperature dependence
of the effective mass, which varies with the type of
coupling. The effects of the thermal mass on the effective
fluid description merit a dedicated study and can have
wide-ranging applications for models of ULDM coupling
with SM.

b. Perturbation evolution

For the high-mass analysis, it is sufficient to treat the
ULDM perturbations as CDM-like for our CMB analyses.
We only compute the background ϕ evolution to determine
the amount of δYHe, which sources the only relevant effect
of the VFC in the CMB power spectra.
We do compute the ULDM perturbations in the context

of the low-mass analysis and neglect the effects of the
thermal mass, which we discuss further in Appendix. B.
Our implementation of the perturbations is based on
AxiCLASS [81,82]. Linear perturbation equations of the
ULDM field can be derived using the perturbed Klein-
Gordon equation [65]. The alternative approach, which
AxiCLASS employs, is to solve the equations for the density
fluctuations δϕ and velocity divergences θϕ of the scalar
field, treating it as a fluid for the entirety of the
evolution [65]. The linear perturbation equations in syn-
chronous gauge are given by

δ̇ϕ ¼ −ð1þ wϕÞ
�
θϕ þ

ḣ
2

�
− 3ðc2s − wϕÞHδϕ

− 9ð1þ wϕÞðc2s − c2ϕÞH
θϕ
k2

; ðA21Þ

θ̇ϕ ¼ −ð1 − 3c2sÞHθϕ þ
c2sk2

1þ wϕ
δϕ; ðA22Þ

where H ¼ aH is the comoving Hubble rate and
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c2ϕ ≡
Ṗϕ

ρ̇ϕ
¼ wϕ −

ẇϕ

3ð1þ wϕÞH
: ðA23Þ

is the adiabatic sound speed of ϕ, since the energy density
scales as ρϕ ∼ a−3ð1þwϕÞ. Using Eqs. (A13) and (A14),
along with the Eq. (A12), the adiabatic sound speed can be
written as

c2ϕ ≡
Ṗϕ

ρ̇ϕ
¼ 1þ 2m2

ϕϕ

3Hϕ̇=a
: ðA24Þ

In scalarCLASS, we use the solution for the ϕ evolution to
compute c2ϕ from Eq. (A24), which we then use to compute
wϕ for better numerical stability. After the onset of
oscillation, wϕ ¼ c2ϕ ¼ 0 as the field locks into a matterlike
evolution. The effective sound speed c2s is given by
[65,70,71,81]

c2s ≡ δPϕ

δρϕ
¼ k2

k2 þ 4a2m2
ϕ

: ðA25Þ

APPENDIX B: IMPACT OF THERMAL EFFECTS
ON THE LOW-MASS ANALYSIS

As we discuss at the end of Sec. IV C, we neglect the
thermal mass of the scalar field for the analysis in the low-
mass region in Sec. V C. In this appendix, we discuss the
validity of this approximation.

The thermal mass affects the evolution of ϕ more
strongly at early times (as shown in Fig. 1) due to its
strong temperature dependence. The contribution of the
thermal mass fades over time, allowing mϕ alone to dictate
the evolution at later times. In Fig. 13, we show the
evolution of the variation of α both with (dashed) and
without (solid; identical to Fig. 2) the effects of the thermal

mass. We fix fϕ ¼ 1 and choose the coupling dð2Þα such that
δYHe ≈ 5% when ignoring the thermal mass. The thermal
mass is important for the heavier masses, as the field
oscillations start at earlier times, relevant for BBN.
Therefore, accounting for mth modifies the YHe prediction
for the larger values of mϕ. However, for smaller values of
mϕ, the effects of mth at BBN are small, and the effects at
recombination are negligible.
The importance of the thermal mass for the various

values of mϕ in Fig. 13 may seem counterintuitive in light
of Fig. 1: for smaller mϕ, the field is under influence of mth

longer until the condition mthðaÞ < mϕ is met, but this
situation holds for a fixed coupling. Recall that the amount

of variation depends on the combination fϕd
ð2Þ
i , while the

thermal mass depends only on the coupling dð2Þi .
During early evolution ½mthðaÞ > HðaÞ > mϕ�, when the

field is under the influence ofmth, the amplitude of the field
decreases rapidly compared to the case in which the
thermal mass is neglected. Thus, for a fixed initial field
value ϕi, including the effects of mth decreases the
abundance at late times. Alternatively, achieving a set
abundance at late times requires a larger ϕi, increasing

FIG. 13. Evolution of the variation of α as a function of scale factor for different masses of ϕ, both with (dashed) and without (solid)
the contribution of the thermal mass. As in Fig. 2, we choose the amount of variation such that δYHe ¼ 5% for the case without mth. We
fix fϕ ¼ 1 when computing the thermal-mass effects and provide the corresponding δYHe for each mass in the legend. The thermal mass
modifies the field evolution at early times and thus affects the VFC mostly during BBN. Note that for mϕ ¼ 10−16 eV, including the
thermal effects results in a lower YHe, while the opposite happens for mϕ ¼ 10−22 eV. For even lighter masses, thermal effects have a
negligible impact on the VFC during BBN. For all masses, the VFC during recombination is unaffected by thermal effects.
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the VFC during BBN. Since we fix fϕ ¼ 1 for Fig. 13, the

value of the coupling dð2Þi is limited and thus the impact of
the thermal mass is limited.
The effects of mth become more important when fϕ is

reduced. Figure 14 shows the effects of the thermal mass
on the evolution of small-mass ULDM for different fϕ
with a fixed dð2Þi fϕ. Without thermal effects, the modifi-
cations of α orme are only dependent on coupling times the
value of ϕ2

Δme;Δα ∝ dð2Þi ϕ2 ∝ dð2Þi ωϕ ∝ dð2Þi fϕ; ðB1Þ

where ωϕ is the ϕ physical energy density. Thus, the VFC

profile is independent of fϕ for a fixed dð2Þi fϕ. Introducing

mth breaks the degeneracy between d
ð2Þ
i and fϕ. For a fixed

dð2Þi fϕ, a smaller fϕ necessitates a larger coupling dð2Þi ,
which results in an enhanced effect from the thermal mass.
However, in all the cases depicted in Fig. 14, the intro-
duction of mth only affects the field evolution at higher
redshift, affecting the BBN computation of YHe. The late-
time behaviors, especially during recombination, are iden-
tical to the no-thermal-mass case. More generally, the field
evolution down to fϕ ∼ 10−3, in the parameter space of
interest, is unaffected by mth. Thus, incorporating mth for
the low mass case does not affect the constraints due to
modifications of recombination. Since the novelty in this
mass range is modified recombination, we can safely drop

mth when deriving the constraint from the lowmass MCMC
analysis.
We end this section with a comment about the growth of

structure. In the presence of the thermal mass, the ϕ
perturbation equations are coupled with the perturbations
of the photon bath. This changes the evolution of the ϕ
perturbations at small scales, which enter the horizon at
higher redshift when the thermal mass dominates the
evolution. These effects may have interesting implications
for the small-scale ULDM power spectrum and can modify
the growth of structure for scales where thermal effects
are important. However, the thermal mass effects becomes
negligible soon after eþe− annihilation, as electrons
become nonrelativistic [15]. This is applicable for electron
as well as the photon coupling, where the electrons run in
the loop to generate the thermal mass. These modifications
are expected to be small for the scales relevant to CMB,
which enter horizon well after eþe− annihilation. Further,
the effects of the energy transfer from the bath to the
ULDM are also small, as explained in the main text. Thus,
ULDM perturbation evolution for the low-mass region
analysis remains unchanged from the standard evolution.

APPENDIX C: TRIANGLE PLOTS AND
ADDITIONAL TABLES

1. High-mass analysis

The triangle plot for all the relevant parameters for the
MCMC analysis, where we varied δYHe along with ΛCDM
parameters, is shown in Fig. 15.

FIG. 14. Effect of mth on VFC for different ULDM fraction fϕ. Variation in the presence of mth is shown in dashed lines, while the

solid line shows the VFC for bare mass alone. For all the curves, we have kept dð2Þi fϕ fixed while varying fϕ. Fixed dð2Þi fϕ gives an

identical amount of variations for each fϕ for the bare mass case, since Δme;Δα ∝ dð2Þi fϕ. However, mth only depends on dð2Þi and

smaller fϕ requires a larger dð2Þi for our choice of fixed dð2Þi fϕ. Thus, for smaller fϕ the effects of thermal mass are larger, as can be seen
from the dashed lines. mth influences the field evolution at early time, thus the prediction for δYHe gets modified. However, even for
small fϕ, the thermal mass effects on VFC during recombination are negligible.
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2. Low-mass analysis

For the low-mass analysis, constraints for all relevant
cosmological parameters are provided in Tables I and II.
They also include the analyses for the simultaneous

variation of dð2Þα and dð2Þme . We show the triangle plots for
all the cases for Planck and Planck þBAOþ SPT dataset
in Figs. 16 and 17, respectively. The triangle plot for the

simultaneous variation of dð2Þα and dð2Þme is shown in Fig. 18.

FIG. 15. Marginalized 1σ and 2σ posteriors for the parameters of theΛCDM þ δYHe MCMC analysis relevant for VFC induced by the
high-mass ULDM.
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TABLE II. 1σ measurements and 68% CL constraints on the parameters for the low-mass MCMC analysis with
the PlanckþBAOþ SPT dataset.

PlanckþBAOþ SPT

ULDM ULDMþ dð2Þα ULDM þ dð2Þme ULDMþ dð2Þα þ dð2Þme

102ωb 2.24� 0.01 2.24� 0.01 2.24� 0.01 2.24� 0.01
ΩDM 0.263� 0.005 0.262� 0.005 0.262� 0.005 0.262� 0.005
h 0.675� 0.004 0.676� 0.004 0.676þ0.004

−0.005 0.677þ0.004
−0.005

ln 1010As 3.05� 0.01 3.05� 0.01 3.05� 0.01 3.05� 0.01
ns 0.966� 0.004 0.966� 0.004 0.966� 0.004 0.966� 0.004
τreio 0.055� 0.007 0.055� 0.007 0.055� 0.007 0.055� 0.007
log10ðmϕ=eVÞ … >−26.4 >−26.3 >−25.6
log10ðfϕdð2Þα Þ … <−1.66 … <−1.49

log10ðfϕdð2Þme Þ … … <−1.37 <−1.21
log10ðfϕÞ <−2.01 <−1.92 <−1.91 <−1.83

log10ðδYHeÞ … <−2.03 <−2.27 <−1.66
σ8 0.805þ0.009

−0.006 0.806þ0.009
−0.006 0.807þ0.009

−0.006 0.808þ0.008
−0.006

TABLE I. 1σ measurements and 68% CL constraints on the parameters for the low-mass MCMC analysis with the
Planck dataset.

Planck

ULDM ULDMþ dð2Þα ULDM þ dð2Þme ULDMþ dð2Þα þ dð2Þme

102ωb 2.23� 0.01 2.24� 0.02 2.24� 0.02 2.24� 0.02
ΩDM 0.268þ0.007

−0.008 0.267þ0.007
−0.008 0.267þ0.007

−0.008 0.266þ0.007
−0.008

h 0.671þ0.006
−0.005 0.673� 0.006 0.672� 0.006 0.673� 0.006

ln 1010As 3.05� 0.01 3.05� 0.01 3.05� 0.01 3.05þ0.01
−0.02

ns 0.964� 0.004 0.964� 0.005 0.965� 0.004 0.965� 0.005
τreio 0.055� 0.008 0.055� 0.008 0.055� 0.008 0.055þ0.007

−0.008
log10ðmϕ=eVÞ … >−26.0 >−26.0 >−25.2
log10ðfϕdð2Þα Þ … <−1.57 … <−1.39

log10ðfϕdð2Þme Þ … … <−1.28 <−1.11
log10ðfϕÞ <−1.83 <−1.63 <−1.61 <−1.45

log10ðδYHeÞ … <−2.11 <−2.29 <−1.69
σ8 0.806þ0.01

−0.006 0.807þ0.01
−0.006 <0.812 0.808þ0.01

−0.005
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FIG. 16. 68% and 98% CL posteriors for the cosmological parameters for the low-mass analyses of the pure ULDM, ULDMþ α and
ULDMþme cases using the Planck dataset.
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FIG. 17. 68% and 98% CL posteriors for the cosmological parameters for the low-mass analyses of the pure ULDM, ULDMþ α and
ULDMþme cases using the Planck þBAOþ SPT datasets.
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