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Horizon-scale imaging and precision lensing have turned black holes into quantitative laboratories for
strong gravity and for nonstandard electromagnetic physics. We study the optical appearance and orbital
dynamics of a new class of static spherically symmetric black holes sourced by a Palatini-inspired nonlinear
electrodynamics model, minimally coupled to Einstein-Hilbert gravity. Using a unified geodesic analysis,
we identify the key radii that organize the strong-field phenomenology. For photons we determine the
unstable photon sphere, the associated critical capture threshold, and the resulting shadow size for a distant
observer, and we map how these observables respond to the charge and to the nonlinearity index n. For
massive probes we compute circular orbits and the innermost stable circular orbit, clarifying the departure
from the Schwarzschild and Reissner-Nordström cases. We then connect to classical tests by evaluating the
light deflection angle and periastron advance, providing additional diagnostics that complement the
shadow. Our results furnish a practical reference model for confronting first-order nonlinear electrody-
namics black holes with current and forthcoming imaging and lensing data.

DOI: 10.1103/p6lp-rktr

I. INTRODUCTION

Black holes (BHs) provide an unparalleled arena to
confront general relativity (GR) with observations in the
strong-field regime. The past decade has witnessed a
qualitative shift from indirect evidence to horizon-scale
probes: precision astrometry of stellar orbits around Sgr A�
has revealed relativistic orbital precession consistent with
GR expectations [1], while the Event Horizon Telescope
(EHT) has delivered horizon-scale images of the shadow-
casting region of M87� and Sgr A� [2,3]. Complementary
frameworks have developed the use of horizon-scale
imaging and strong-field electromagnetic probes to test
the Kerr hypothesis and constrain non-GR deformations
across a broad class of scenarios, including parametrized
metrics and environment-sensitive shadow models [4–16].
These developments motivate a systematic exploration of
how beyond-GR effects and nonstandard matter sectors can
imprint themselves on null geodesics, photon regions,
lensing observables, and shadow morphology, thereby
enabling model selection (or exclusion) with increasing
observational leverage. Recent work argues that “spacetime
collisions” can exhibit a distinctly electrodynamic charac-
ter, motivating strong-field tests that treat electromagnetic

nonlinearities as dynamical players rather than small
corrections [17].
From a theoretical standpoint, BH shadows encode the

boundary between captured photon trajectories and those
reaching a distant observer. In asymptotically flat space-
times this boundary is closely tied to critical impact
parameters and the structure of photon spheres or photon
regions [18–20]. In parallel, gravitational lensing in both
weak and strong deflection regimes provides complemen-
tary observables, including deflection angles, relativistic
images, and time delays, whose analytic characterization
has proven especially powerful for discriminating between
nearby spacetimes [21–25]. The modern literature empha-
sizes that, beyond the idealized “shadow” of geometric
optics, observable features, such as photon rings and
lensing rings, depend on astrophysical emission models,
nevertheless, the underlying geometric criticality remains a
robust diagnostic of the metric in the near-horizon region
[19,26]. A concrete example in this direction is the rotating
Einstein-Euler-Heisenberg black hole, where nonlinear
electrodynamics modifies both the shadow morphology
and the quasinormal mode spectrum in a correlated way
[27]. Related analyses of nonlinearly charged black holes
connect horizon-scale imaging with accretion physics by
jointly modeling the shadow and thin disk observables
across the model parameter space [28].
A particularly well-motivated class of departures

from the Einstein-Maxwell paradigm arises when the
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electromagnetic sector is promoted to a nonlinear electro-
dynamics (NLED) theory. Historically, NLED was intro-
duced to regularize diverging classical fields and self-
energies (as in Born-Infeld electrodynamics) and it also
appears as an effective description of quantum vacuum
polarization in strong fields (Euler-Kockel-Heisenberg),
thereby providing a controlled framework for strong-field
phenomenology [29–32]. When coupled to gravity, NLED
can significantly modify black hole spacetimes and their
causal/optical structure [33–36], and in particular it can
support regular (nonsingular) geometries, such as those
suggested by Bardeen [37] and Hayward [38]. Besides the
original Einstein-NLED interpretation of the Bardeen
spacetime, later developments showed that broader con-
struction schemes in Einstein-NLED accommodate whole
families of regular black holes, including both the Bardeen
and Hayward geometries as special cases of a common
framework [39–45]. For completeness, we also note that
the Fan-Wang construction was followed by critical com-
ments and clarifications concerning the interpretation of
parameters and the consistency of the associated NLED
description [46,47].
Regular/NLED-supported solutions and their generaliza-

tions have also been constructed in broader settings, includ-
ing higher-dimensional and Lovelock gravities and related
nonlinear Maxwell sectors, enlarging the space of analytic
strong-field templates beyond four-dimensional Einstein-
Hilbert theory [48–51]. Beyond regularity, NLED theories
exhibit additional structural features, including electric-
magnetic duality rotations and SLð2;RÞ-type invariances
in axion-dilaton extensions, which further enrich their
gravitational sector [52,53]. Moreover, NLED light propa-
gation is governed by an effective optical geometry, so that
NLED light rays can deviate from metric null geodesics,
inducing characteristic corrections to lensing and shadow
observables [54,55]. These optical effects have direct phe-
nomenological counterparts in lensing/shadow studies of
Born-Infeld-type black holes and plasma-modified propa-
gation, strengthening the link between NLED microphysics
and observable ray-tracing signatures [56,57]. Moreover, the
regularity program has been extended to rotating spacetimes
and to alternative constructions where NLED fields source
nonsingular rotating black holes, with corresponding impli-
cations for photon regions and shadow shapes [58–62].
These motivations become even sharper in the EHT era:
horizon-scale imaging of M87� and Sgr A� provides direct
constraints on non-Einsteinian/charged compact-object sce-
narios [2,3,63], with dedicated analyses showing that the
2017 EHT data can bound effective charges and related
couplings [64,65] and that magnetically charged/NLED
black holes can be confronted with EHT measurements
[66]. In parallel, analytic developments have clarified the
relation between the shadow edge, photon rings, and lensing
rings as robust probes of near-horizon geometry [19,20,26],
while recent studies emphasize that NLED effects can

imprint coherently across several channels, such as shadows,
deflection angles, quasinormal spectra, and graybody factors,
enabling multiobservable consistency tests [67,68]. Related
model-building directions include NLED coupled to modi-
fied-gravity sectors [e.g., Palatini fðRÞ or fðRÞ-NLED
realizations], as well as other regularization mechanisms,
such as higher-curvature (quadratic) gravity, which collec-
tively broaden the landscape of nonsingular compact objects
worth confronting with strong-field observables [69–73].
In this context, recently a new family of nonlinear gauge-

field theories has been constructed by adopting a first-order
(Palatini-inspired) formulation for linear and nonlinear
electrodynamics, in which the field strength and potential
are treated as a priori independent variables [74,75]. Within
this framework, Verbin et al. [75] obtained new self-
gravitating solutions, including spherically symmetric
black holes, and identified a “Palatini-inspired NLED”
(PINLED) model as a minimal and analytically tractable
representative exhibiting novel features in both flat space
and in the self-gravitating case. Since the phenomenologi-
cal discriminant power of such solutions ultimately hinges
on observables, it is timely to develop a detailed optical and
orbital characterization of these geometries.
The aim of this paper is to provide a systematic analysis of

the gravitational optics and kinematics of the static, spheri-
cally symmetric black hole solutions of a family of PINLED
models minimally coupled to Einstein-Hilbert gravity.
Concretely, we (i) determine the photon sphere structure
and the associated critical impact parameter controlling
capture versus escape, (ii) compute the shadow radius as
perceived by an observer at infinity and map its dependence
on the NLED charge and the nonlinearity index n, and
(iii) complement these horizon-scale diagnostics with
classical tests, such as light deflection and periastron
precession, enabling cross-validation against both weak-
field and strong-field constraints. Our results are presented
in a form suited for direct comparisonwith the Schwarzschild
(S) and Reissner-Nordström (RN) limits, and for integration
into broader frameworks that confront modified-gravity/
NLED scenarios with EHT and lensing data [2,3,21,64,65].
Beyond furnishing concrete predictions for a new

analytic family of NLED black holes, the broader impor-
tance of this work is methodological and phenomenologi-
cal: it illustrates how first-order NLED constructions
translate into sharp optical signatures, and it strengthens
the bridge between model building in strong-field gravity
and the rapidly maturing observational program targeting
the horizon-scale structure. As data quality improves, such
theoretically controlled templates will be essential for
turning shadow and lensing measurements into precision
tests of fundamental physics.

II. PINLED BLACK HOLES

The Palatini-inspired variant of NLED (PINLED) stands
on the basic principle that a theory of vector field may be
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constructed in terms of a gauge potential Aμ and an
antisymmetric tensor field Pμν, which are independent of
each other. The theory is of first order in the sense that
the Lagrangian contains only first derivatives of Aμ through
the gauge invariant combination Fμν ≡ ∂μAν − ∂νAμ (or
F≡ dA). In order to obtain the field equations of the
theory, the dynamical variables Aμ and Pμν are varied
independently of each other.
This is actually a family of Lagrangians that are

determined by an arbitrary defining function of the first
four of the six scalars, which may be constructed as bilinear
products of Fμν and Pμν and their duals �Fμν ¼
ϵμνρσFρσ=2

ffiffiffiffiffiffi−gp
and �Pμν (defined analogously),

Y ¼ PμνFμν; Z ¼ Pμν Pμν; ϒ ¼ Fμν
�Pμν;

Ω ¼ Pμν
�Pμν; X ¼ FμνFμν; Ξ ¼ Fμν

�Fμν: ð2:1Þ

Wewrite, therefore, the Lagrangian density (Jμ is a possible
current),

LPINLED ¼ KðZ;Ω; Y;ϒÞ − JμAμ; ð2:2Þ

which gives rise to the following field equations:

−2∇μðKYPμν þKϒ
�PμνÞ ¼ Jν;

2ðKZPμν þKΩ
�PμνÞ þKYFμν þKϒ

�Fμν ¼ 0: ð2:3Þ

The defining function is of course not entirely arbitrary, but
must obey some physical constraints. The conventional
practice in the first-order formulation of NLED is to impose
the condition that the first-order theory with the defining
function KðZ;Ω; Y;ϒÞ is equivalent to a certain second-
order NLED theory [75,76]. However, the new PINLED
family is a wider family of NLED Lagrangians free of this
limiting constraint [74,75].
Although we give up this limiting constraint, there are

still physical constraints to be fulfilled, but we will not
pause here for a full study of this issue. We will specify
only one example, which is the existence of the Maxwell
limit. This will be evidently the case in the simple PINLED
Lagrangian, which we choose to study here from now
on. In this Lagrangian the nonlinearity originates from
the Yn term of the otherwise linear defining function
KðZ;Ω; Y;ϒÞ ¼ Z=4 − Y=2þ γYn=ð2nÞ. More explicitly,
we write the Lagrangian of the “PINLED Yn model” (or
“Yn model” for short) as

Lð1Þ
Yn ¼ 1

4
PμνPμν−

1

2
PμνFμνþ

γ

2n
ðPμνFμνÞn − JμAμ; ð2:4Þ

where γ is a real parameter. It is clear that for γ ¼ 0, this
reduces to the first-order version of Maxwell’s theory
and Pμν ¼ Fμν.

Now, variations with respect to Aμ and Pμν give the
modified source-full “Maxwell” equations and the P − F
relations,

∇μðWðYÞPμνÞ ¼ Jν; Pμν ¼ WðYÞFμν;

where WðYÞ≡ 1 − γYn−1: ð2:5Þ

Adding the Einstein-Hilbert term R=2κ to the Yn

Lagrangian yields a dynamical gravitational field, which
is determined by the Einstein equations

Gμν ¼ −κTμν;

Tμν ¼ −W2FμαFν
α −

gμν
2

�
n − 2

2n
W −

n − 1

n

�
Y: ð2:6Þ

Next we assume spherically symmetric electrostatic sol-
utions of the field Eqs. (2.5)–(2.6). This means that the only
nonvanishing field components are FtrðrÞ ¼ −FrtðrÞ and
PtrðrÞ ¼ −PrtðrÞ and the metric tensor can be written in the
form gμν ¼ diagðfðrÞ;−1=fðrÞ;−r2;−r2 sin2 θÞ. The
NLED field equations can be solved analytically for Ftr
and Ptr in parametric form with the variable Y in the role of
the parameter [75],

8<
:

Ftr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Y=2WðYÞp

r ¼
�

2Q2

−YW3ðYÞ
�
1=4 ;

8<
:

Ptr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−WðYÞY=2p

r ¼
�

2Q2

−YW3ðYÞ
�
1=4

:
ð2:7Þ

Notice that for electric fields, Y ≤ 0. The energy-momen-
tum components of this electrostatic solution can be
obtained from the expression for Tν

μ in (2.6) as

Tr
r ¼ T0

0 ¼ −
1

4
Y þ 3n − 2

4n
γYn;

Tθ
θ ¼ Tφ

φ ¼ 1

4
Y þ n − 2

4n
γYn; ð2:8Þ

and their r dependence can be obtained exactly as in
Eq. (2.7). We observe that the energy density is positive
definite as long as ð−1Þnγ > 0, which is the assumption we
will take from now on.
This solution in (2.7) has the same form in flat spacetime

as well. For further details we refer the reader to Ref. [75]
and note here only that the electric field does not diverge as
r → 0. For n ¼ 2, Ftrð0Þ is finite, while for all n ≥ 3 it is
zero. The total field energy is always finite.
For the next stages of the discussion it will be much more

convenient to transform to dimensionless quantities: the
electric components will be rescaled with a parameter E,
which has units of electric field, defined by jγj ¼ 1=E2ðn−1Þ,
and the quantities with dimensions of length like r, M, and
Q will be rescaled by the length parameter l ¼ 1=

ffiffiffiffiffiffiffiffi
κE2

p
,

such that ϱ ¼ r=l, m ¼ M=l, and q ¼ κEQ. Within this
dimensionless framework we will write the dimensionless,
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static, spherically symmetric metric in terms of the single
free (lapse) function fðρÞ as

ds2 ¼ fðρÞdt2 − 1

fðρÞ dρ
2 − ρ2ðdθ2 þ sin2 θ dϕ2Þ: ð2:9Þ

For such a metric, Einstein’s equations reduce to a single
first-order equation,

1

ρ2
d
dρ

½ρð1 − fÞ� ¼ KðρÞ ⇒ dm
dρ

¼ ρ2

2
KðρÞ; ð2:10Þ

where the dimensionless mass function mðρÞ is defined by
fðρÞ ¼ 1–2mðρÞ=ρ, and KðρÞ is the energy density in
dimensionless form. For the PINLED Yn black holes
discussed here, the solution for the lapse function is written

in a parametric representation with y ¼ −Y=E2 as a
parameter,

8<
:

fðyÞ ¼ 1 − 2mðyÞ
ρðyÞ ;

ρðyÞ ¼
�

2q2

yð1þyn−1Þ3
�
1=4

;
ð2:11Þ

after we also transformed the second equation of (2.10) to
an equation for mðyÞ using the explicit expression for the
dimensionless energy density KðyÞ,

KðyÞ ¼ y
4
þ 3n − 2

4n
yn: ð2:12Þ

The solution for the mass function is given by

mðyÞ ¼ q3=2

21=4 · 15ðn − 1Þ
�
nð17n − 49Þ þ ð10þ nð27n − 101ÞÞyn−1 − 32ny2ðn−1Þ

4nð1þ yn−1Þ9=4 y1=4

þ 8

yðn−2Þ=4
F

�
1

4
;

n − 2

4ðn − 1Þ ;
5n − 6

4ðn − 1Þ ;−
1

yn−1

��
þmBH − m̄field; ð2:13Þ

where Fða; b; c; zÞ is the hypergeometric function, mBH is
the blackholemass, and m̄field is the (finite) total accumulated
field mass in all space. This field mass is expressed as

m̄field ¼
23=4q3=2

3
·
Γð 4n−3

4ðn−1ÞÞΓð 5n−6
4ðn−1ÞÞ

Γð9
4
Þ : ð2:14Þ

In Figs. 1 and 2, one can see the profiles of the lapse function
and the horizon ρH as a function ofmBH with different values
of q and n. PINLED Yn black holes exhibit Schwarzschild-
like solutions (with one horizon) for small charges, and
Reissner-Nordström-like (RN-like) solutions (with two

horizons) for larger charges. In Fig. 2 we limit the n values
to n ¼ 2, 3 since the differences for higher n’s are difficult to
notice in this resolution. For similar reasons related to
graphical resolution, we will avoid analogous graphic
presentation of n ≥ 4 results in the rest of the paper, but
wewill still present them in tables and describe their features
in the text. The lower branches of theRN-like curves of Fig. 2
correspond to the inner horizons. The more relevant to this
paper is the event horizon, which is the exterior if the number
of horizons is larger than 1. Thus, wewill usually refer to the
event horizon simply as “horizon” and take some care when
distinction is needed. These two branches are separated by a

FIG. 1. Lapse function fðρÞ of BH solutions of the PINLED Yn model with various values of q for n values n ¼ 2, 3, 4 withmBH ¼ 3.
Notice the curves of maximal charge, which correspond to an extremal BH for n ¼ 2, but naked singularity solutions for larger n.
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point where the inner and external horizons merge. This
defines an extremal black hole (EBH), which corresponds to
the minimal mass for a given charge, or complementarily, to
the maximal charge for a given mass. For larger n, the EBH
charge decreases. As expected, for fixed BHmass the charge
q always reduces the horizon radius, while for fixed charge
the mass increases the horizon radius.

III. TIMELIKE AND NULL GEODESICS
AROUND Yn BLACK HOLES

For the study of timelike and null geodesics around the
Yn BHs we will follow the standard procedure by first
writing the geodesic equation and identifying the constants
of motion in the equatorial plane θ ¼ π=2. To this end, we
define the Lagrangian as Lp ¼ Λ=2, where

Λ ¼ −gμνẋμẋν ¼ −fðρÞṫ2 þ ρ̇2

fðρÞ þ ρ2ϕ̇2; ð3:1Þ

where the dot represents the derivative with respect to an
affine parameter. This Lagrangian immediately yields two
conserved quantities: the energy E ¼ fðρÞṫ and the angular
momentum L ¼ ρ2ϕ̇. The Lagrangian itself is also constant
along geodesics, Λ ¼ −ξ. By an affine transformation, we
can choose ξ ¼ f1; 0g for massive and massless particles,
respectively. This allows us to write the radial equation in
the form of a one-dimensional mechanical energy equation
for a point particle,

ρ̇2 þ Veff ¼ E2; ð3:2Þ

where the effective potential is given by

Veff ¼ fðρÞ
�
L2

ρ2
þ ξ

�
: ð3:3Þ

It is also useful to use an analogous mechanical equation
for the geometry of the trajectories rðϕÞ,

�
dρ
dϕ

�
2

þWeffðρÞ ¼ 0; ð3:4Þ

where the new effective potential is

Weff ¼ ρ2fðρÞ þ ρ4

L2
ðξfðρÞ − E2Þ: ð3:5Þ

Notice the structural difference of this mechanical equation
with respect to the previous one: the particle energy is an
additional parameter in the effective potential, while the
effective energy always vanishes.
Now let us investigate massive and massless cases.

A. Massive neutral particles (ξ = 1)

First, we discuss the simplest types of orbits around the
black hole, namely, timelike circular orbits. For these, the
radial velocity must vanish, ρ̇ðtÞ ¼ 0 for all t, which
corresponds to Veff ¼ E2 and V 0

effðρÞ ¼ 0. Stable circular
orbits exist if V 00

effðρÞ > 0 and the limiting case of this
family of orbits is the innermost stable circular orbit
(ISCO), which is determined by the additional condition
of marginal stability, V 00

effðρÞ ¼ 0. From V 0
effðρÞ ¼ 0 we

obtain the following explicit condition for circular orbits:

FIG. 2. Horizon radius ρH versus black hole mass mBH for Yn BHs with various values of q for n ¼ 2 and 3. Notice that q ¼ 4.40353
is the EBH charge for mBH ¼ 3 and n ¼ 2, but corresponds to naked singularity solutions for n ¼ 3.
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V 0
effðρÞ ¼

L2ð1 − 3fðρÞ − ρ2KðρÞÞ
ρ3

þ ξð1 − fðρÞ − ρ2KðρÞÞ
ρ

¼ 0; ð3:6Þ

where we have used the field Eq. (2.10) for eliminating f0ðρÞ from the equation.
For the stability condition we need also the second derivative

V 00
effðρÞ ¼

L2ð12fðρÞ − ρ3K0ðρÞ þ 4ρ2KðρÞ − 6Þ
ρ4

−
ξð2ð1 − fðρÞÞ þ ρ3K0ðρÞÞ

ρ2
; ð3:7Þ

which as mentioned above should be positive. The ISCO is the limiting case of marginal stability, which occurs for
V 00
effðρÞ ¼ 0 in addition to (3.6). Solving Eq. (3.6) for the angular momentum (which is possible only for ξ ≠ 0) and

substituting in (3.7), we obtain a single equation that determines the ISCO radius ρi,

V 00
effðρiÞ ¼ 2ξ

fðρiÞð3fðρiÞ þ ρ3i K
0ðρiÞ þ 7ρ2i KðρiÞ − 5Þ þ 2ð1 − ρ2i KðρiÞÞ2

ρ2i ð−3fðρiÞ − ρ2i KðρiÞ þ 1Þ ¼ 0: ð3:8Þ

An equivalent equation can be obtained by recognizing that
the ISCO radius corresponds to the minimum of the angular
momentum function obtained by solving Eq. (3.6), as
mentioned above. The ISCO radius thus obtained is
independent of the orbit parameters (like L and E). It
depends only on the BH characteristics, n, q, and mBH.
Since for our Yn BHs the radial dependence of all

quantities is not explicit, but is given in a parametric form
using the additional radial relation ρðyÞ of (2.11), all the
quantities in this equation are actually functions of y, or
should be expressed as such, likeK0ðρÞ ¼ dK=dρ using the
explicit form (2.12) for KðyÞ. After doing that, one solves
Eq. (3.8) with respect to yi, the parametric value

corresponding to the ISCO, and then obtains the associated
ISCO radius as ρi ¼ ρðyiÞ.
In Fig. 3 we have plotted the effective potential for

massive particles with a given angular momentum for
different cases. We observe that depending on the non-
linearity parameter n and charge q one has a different
nontrivial orbital structure. For low charge values (up to
q ¼ 3) we have a Schwarzschild-like behavior, a single
infinitely deep potential well near the horizon and a second
shallow binding potential relatively far from the horizon.
Beyond these lower values, we have an intermediary state
where we see the development of a double minima structure
with the interior one fully inside the horizon. In this

FIG. 3. Effective potential for massive particles (ξ ¼ 1) vs radius ρ for Yn BHs with various values of q for n values of 2 and 3 with
mBH ¼ 3 and L ¼ 4mBH. Notice that the largest zero of VeffðρÞ is at the event horizon, and that the minimum of VeffðρÞ, which is
relevant to the circular orbits and ISCO, is the shallow one further to the right around ρ ¼ 40 in these plots.
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configuration there emerges a potential barrier between the
inner and outer wells. As the BH charge increases, both
potential wells become shallower, as the black hole’s grip
on orbiting particles weakens due to the repulsive gravi-
tational contribution of the electromagnetic field.
Furthermore, in Fig. 4 we present the behavior of the

ISCO radius as a function of the BH mass and charge. We
recall the scaling feature of the RN BHs under
ðr → r=M;Q → Q=MÞ, which yields a universal relation
between the ISCO radius scaled by the BH mass, rISCO=M,
and the similarly scaled charge Q=M,

Q2

M2
¼ rISCO

M

�
9

4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rISCO
M

−
15

16

r �
: ð3:9Þ

As can be seen from Eqs. (2.11) and (2.13), this scaling
feature does not remain exact in our model, but it is still
valid approximately, and is useful for presentation of the
results. So, in Fig. 4 we plot the ratio ρISCO=mBH as a
function of q=mBH for several mass values, which causes a
splitting between the various curves. The overall trends can
be inferred directly from Fig. 4 and are also supported by
the numerical results summarized in Table I for small q and
mBH. From the table, one observes that increasing mBH at
fixed q shifts ρISCO inward, consistent with the expectation
that a more massive black hole strengthens the gravitational
attraction. Similarly, increasing q at fixed mBH shifts the
ISCO outward, indicating that in the PINLED framework
the electromagnetic contribution effectively weakens the
net attraction, pushing ρISCO to larger values. We compare
the PINLED results with the RN limit. For this purpose,

we express the RN lapse function as

fRNðyÞ ¼ 1 −
2mBH

ρðyÞ þ q2

2ρ2ðyÞ ; ð3:10Þ

using the same parametric representation of the radial
coordinate ρðyÞ defined in Eq. (2.11) and the same
rescaling by the natural field parameter E and length
parameter l defined above Eq. (2.9). For the RN case
we employ the same ISCO criterion based on Eq. (3.8) with
fRNðyÞ given above and KRNðyÞ ¼ y=4.
Alternatively, we can use the fact that this adapted form

of the RN metric, fRNðyÞ, naturally “inherits” the RN
scaling feature mentioned above, with the necessary
adaptations to the dimensionless quantities mBH, q, and
ρðyÞ. Consequently, ρISCO=mBH and q=mBH will satisfy the
same relation (3.9) with the obvious replacements. From
Fig. 4 we observe that increasing the black hole mass
reduces the EBH charge-over-mass, above which naked
singularities occur, approaching the RN critical value
(which is

ffiffiffi
2

p
in our units). Accordingly, for mBH ¼ 1

and 2 in Fig. 4(a), the curves extend beyond the RN critical
charge. In addition, the largest deviation from the RN
behavior occurs for n ¼ 2, while increasing n shifts the
curves closer to the RN limit.
In the next sections we will see that massless particles are

more likely to tell Yn BHs apart from RN ones, since they
can “penetrate” closer to the BH horizons, i.e., to the
regions where the differences between the metric tensors of
both kinds of BHs are more noticeable. Still, the deviations

FIG. 4. Mass-scaled radius of the innermost stable circular orbit ρISCO=mBH as a function of the scaled charge q=mBH for different
black hole masses and index n. The curves indicate that the model approaches scale invariance at larger masses.
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of the Yn BHs with respect to the RN ones will diminish
with increasing charge and mass.

B. Massless particles ξ = 0

In this subsection, we focus on the motion of massless
(neutral) particles moving along null geodesics, such as
photons. This is done by setting ξ ¼ 0 in Eqs. (3.3) and
(3.5), which simplifies the effective potential to

Veff ¼ fðρÞ
�
L2

ρ2

�
; ð3:11Þ

as well as the associated effective potential for light rays
[i.e., rðϕÞ] to

Weff ¼ ρ2fðρÞ − ρ4=b2; ð3:12Þ

where b ¼ L=E is the impact parameter of a light ray. In
what follows we will use both kinds of effective potential
according to our convenience.
The effective potential VeffðρÞ can exhibit both minima

and maxima corresponding to stable and unstable circular
orbits, respectively. The potential for massless particles
typically admits both, but outside the horizon there is only a
single maximum that corresponds to unstable circular
orbits. These orbits comprise the photon sphere (or photon
ring in 2þ 1 dimensions), where the centrifugal repulsion
is exactly balanced by the gravitational attraction.
In Fig. 5 we can see the profile of effective potential

VeffðρÞ of Yn black holes for various values of nwith a given
angular momentum. The minima that correspond to stable
photon orbits are hidden behind the horizon, which is located
at the exterior root of VeffðρÞ. Furthermore, as expected,
we observe an evolution from a Schwarzschild-like profile

FIG. 5. Effective potential VeffðρÞ for massless particles (ξ ¼ 0) for Yn BHs with various values of q for n values of 2 and 3 with
mBH ¼ 3. The photon spheres correspond to the static unstable ρðλÞ “sitting” at the top of the potential hill.

TABLE I. ISCO values for PINLED Yn black holes and RN metric for low q and mBH range.

RN PINLED (n ¼ 2)

q mBH ¼ 0.2 mBH ¼ 0.3 mBH ¼ 0.4 mBH ¼ 0.2 mBH ¼ 0.3 mBH ¼ 0.4

0.1 1.16163 1.77475 2.38115 1.16229 1.77483 2.38116
0.2 1.03329 1.69570 2.32326 1.04793 1.69729 2.32360
0.3 0.709808 1.54994 2.22182 0.862759 1.56128 2.22392

PINLED (n ¼ 3) PINLED (n ¼ 4)

q mBH ¼ 0.2 mBH ¼ 0.3 mBH ¼ 0.4 mBH ¼ 0.2 mBH ¼ 0.3 mBH ¼ 0.4

0.1 1.16164 1.77475 2.38115 1.16163 1.77475 2.38115
0.2 1.03463 1.69572 2.32326 1.03339 1.69570 2.32326
0.3 0.804013 1.55035 2.22184 0.775924 1.54995 2.22182
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(lowq) to amoreoscillatoryprofilewith an additional turning
point as q increases.
The condition for circular null geodesics is obtained

by requiring that the radial acceleration vanishes, which
is equivalent to extremizing the effective potential
dVeff=dρ ¼ 0, as we saw already for massive particles.
For the potential (3.11) for null geodesics this yields

V 0
eff ¼

L2

ρ3
ðρf0ðρÞ − 2fðρÞÞ ¼ 0: ⇒ ρpsf0ðρpsÞ ¼ 2fðρpsÞ:

ð3:13Þ

Furthermore, using the field Eq. (2.10) we may eliminate
f0ðρÞ and obtain a simple algebraic relation for the photon
sphere radius ρps, which can also be obtained directly from
the rhs of (3.6) with ξ ¼ 0,

1 − 3fðρpsÞ − ρ2psKðρpsÞ ¼ 0: ð3:14Þ

More useful for our Yn solutions, which utilize parametric
representation, is (3.14) rewritten in terms of y, or its
alternative version written in terms of y and the mass
function,

6mðypsÞ
ρðypsÞ

− ρ2ðypsÞKðypsÞ − 2 ¼ 0: ð3:15Þ

For given solutions yps of Eq. (3.15) one can obtain the
corresponding photon sphere radius ρps with the condi-
tion ρps > ρH. We note that like the ISCO radius,
the photon sphere radius is independent of the specific

orbital parameters, but depends only on the BH character-
istics, n, q, andmBH. As before, we will perform scaling by
the BH mass and present ρps=mBH as a function of q=mBH

for various mBH values.
In Fig. 6, we present the variation of the scaled photon

sphere radius ρps=mBH as a function of the scaled charge
q=mBH for several fixed black hole masses and values of
the nonlinearity index n. For a given mass, ρps decreases
monotonically as the charge increases. We observe that ρps
in the Yn and RN spacetimes exhibits qualitatively similar
behavior over most of the parameter space. For lower mass
values, the EBH charge above which naked singularities
occur is larger than in the RN case. Consequently, the Yn

photon sphere continues to decrease monotonically up to
this critical charge, remaining asymptotically above the
horizon, as illustrated for mBH ¼ 1 in Fig. 6(a). For larger
values of both the nonlinearity index n and the mass mBH,
the profile becomes indistinguishable from that of the RN
black hole.

C. Shadow radius

In the era of very-long-baseline interferometry, which
gave us the first images of the supermassive black holes
M87� and SgrA�, the concept of the black hole “shadow”
has become a central observable in testing strong-field
gravity. The shadow is not the event horizon itself, but a
dark silhouette cast against the bright, lensed background
emission of the surrounding accretion flow. This silhouette
appears because photons with sufficiently small impact
parameters fall into the black hole, creating a region of

FIG. 6. Mass-scaled radius of the photon sphere ρPS=mBH as a function of the scaled charge q=mBH for different black hole masses and
index n.
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photon capture. The boundary of this dark region is defined
by the critical photon orbits.
For a distant observer, the shadow is a circular (or nearly

circular) disk whose apparent radius is governed by the
innermost photon orbits. A key quantity for describing
these orbits is the impact parameter b ¼ L=E defined
already in the previous subsection. As we have shown
there, unstable photon circular orbits exist at a critical
radius ρps. The corresponding critical impact parameter
bcrit separates photons that fall into the black hole from
those that escape to infinity. In asymptotically flat space-
times, this critical impact parameter directly corresponds to
the shadow radius rs observed at infinity. For our spheri-
cally symmetric line element (2.9), we can easily relate the
shadow radius to the photon sphere quantities. For that we
notice that the critical light rays that arrive at the observer
are those that connect the photon sphere and the observer
represented by the ray shown in Fig. 7. The angle α

between such a light ray and the radial direction at the
location of the observer satisfies the following relation
written in terms of the dimensionless radial variable:

cot2α ¼
�
dρ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðρobsÞ

p
ρobsdϕ

�2

¼ 1

ρ2obsfðρobsÞ
�
dρ
dϕ

�
2
				
ρ¼ρobs

¼ −WeffðρobsÞ
ρ2obsfðρobsÞ

; ð3:16Þ

where for the last term we used Eq. (3.4). Actually, this
expression is still valid for any light ray that arrives at the
observer. In order to specify in light rays that connect the
observer with the photon sphere, we need to pick up
the impact parameter bcrit, which yieldsWeffðρpsÞ ¼ 0, and
use that value in WeffðρobsÞ. Looking at the relevant
expression (3.12), we find immediately that b2crit ¼
ρ2ps=fðρpsÞ, and by substituting in (3.16) we obtain

FIG. 7. Illustration of shadow calculation from the observer’s position robs. The shadow angle αs is the angle between the limiting light
ray [which arrives from the photon sphere (radius rps) at the observer] and the radial direction. The infinitesimal angular and radial
lengths are calculated at r ¼ robs.

FIG. 8. Mass-scaled shadow radius ρS=mBH as a function of the scaled charge q=mBH for different black hole masses and index n.
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sin2 αs ¼
ρ2ps

fðρpsÞ
fðρobsÞ
ρ2obs

: ð3:17Þ

The radius of the BH shadow for an observer at a large
distance can be obtained using Eq. (3.17) as

ρs ≃ ρobs sin αs ≃
ρpsffiffiffiffiffiffiffiffiffiffiffiffiffi
fðρpsÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðρobsÞ

p
; ð3:18Þ

so the shadow radius as perceived by a static observer at
infinity is given by

ρs ¼
ρpsffiffiffiffiffiffiffiffiffiffiffiffiffi
fðρpsÞ

p : ð3:19Þ

In the context of the PINLED model, using (3.14) we
obtain the expression for the shadow radius as

ρs ¼
ffiffiffi
3

p
ρðypsÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ρ2ðypsÞKðypsÞ
q ð3:20Þ

for use in parametric representation.
From Fig. 8, we observe that the scaled shadow radius

decreases monotonically with increasing charge-over-mass.
In the low-mass, low-n regime, there is a clear deviation
from the RN curve. However, for larger black hole masses,
the model approaches the RN behavior, and the profiles
become indistinguishable.

IV. LIGHT DEFLECTION ANGLES

In this section we will turn to unbound trajectories and
analyze light deflection resulting from PINLED Yn BHs.
The trajectories of a photon moving in a static, spherically
symmetric spacetime can be conveniently analyzed using
orbital Eq. (3.4) with the effective potential (3.12),

�
dρ
dϕ

�
2

þ ρ2fðρÞ − ρ4

b2
¼ 0; ð4:1Þ

where b ¼ L=E. The turning point of the trajectory
corresponds to the point of closest approach ρm, where
the radial component of the photon’s four-velocity van-
ishes. Thus, by applying Eq. (4.1) to ρ ¼ ρm we obtain the
following relation among ρm and b:

�
dρ
dϕ

�
2
				
ρ¼ρm

¼ 0 ⇒
1

b2
¼ fðρmÞ

ρ2m
: ð4:2Þ

Therefore, we can use this relation to calculate first the
asymptotic direction of a light ray with respect to the
direction of its closest approach, which we are free to
choose as ϕ ¼ 0,

Δϕ ¼
Z

∞

ρm

dρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ4

ρ2m
fðρmÞ − ρ2fðρÞ

q : ð4:3Þ

For a trajectory symmetric about the point of closest
approach, the deflection angle δ of a light ray with respect

FIG. 9. Light deflection angle δ (in radians) vs closest approach ρm formBH ¼ 3 and various q values. Dashed black lines represent the
Schwarzschild (q ¼ 0) case. The inserts present a comparison between RN (black) and Yn (purple) cases, both with small charge and
mass values where the difference is visible: q ¼ 0.04 and mBH ¼ 0.03.
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to its asymptotic incoming direction can be written as

δ ¼ 2Δϕ − π: ð4:4Þ

As always, the integral for Δϕ in (4.4) should be calculated
for deflection by Yn BHs after the change of variables ρðyÞ.
The deflection angle is specific to the light trajectory
characterized by ρm, or alternatively by the impact param-
eter b. Figure 9 illustrates the variation of the deflection
angle δ (in radians) as a function of the closest approach
distance ρm for light deflection by the Yn BHs, considering
different nonlinearity orders n ¼ 2, 3, and 4. The results are
compared with the Schwarzschild and RN cases, shown,
respectively, by the dashed and solid black curves, for a
fixed black hole massmBH ¼ 3. As expected, the deflection
angle increases sharply as ρm approaches the photon sphere
radius ρps, where the light ray winds around the BH with an
increasingly large number of times. Since the photon
sphere radii depend on the BH parameters, each curve
has a different divergence point. For larger and increasing
ρm, the deflection angle decreases monotonically, and all
curves converge to the weak deflection regime where δ → 0
asymptotically. Increasing the charge q leads to a stronger
deviation from the Schwarzschild curve, reducing the
deflection angle at a given ρm. This reflects the repulsive
PINLED contribution to the effective gravitational pull,
which effectively weakens the light deflection by Yn BHs.
However, a comparison with the RN case shows that the
deflection angle remains essentially unchanged at high
charge values, while deviations become appreciable for
sufficiently small charges. We also note that the difference
between the two curves of the deflection angle increases
while approaching from large distances to the photon
sphere. This is also consistent with the observation that

the departure of the Yn metric tensor from the RN one also
increases toward the center.

V. PERIASTRON PRECESSION

In this section, we present a general and systematic
derivation of the periastron precession within the PINLED
model. We focus on the motion of massive test particles,
corresponding to the substitution ξ ¼ 1 in Eqs. (3.3) and
(3.5). Equations (3.4) and (3.5) together constitute the first-
order “mechanical” equation, which determines the geo-
metrical shape of the orbits ρðϕÞ. The equation for massive
test particles is

�
dρ
dϕ

�
2

¼ −ρ2fðρÞ − ρ4

L2
fðρÞ þ E2

L2
ρ4 ≡ −WðρÞ; ð5:1Þ

where we denote here by WðρÞ the effective potential with
ξ ¼ 1. For studying the periastron precession we focus on
bound (but not necessarily closed) orbits. The two radial
turning points of these orbits are determined by the
condition WðρÞ ¼ 0. These roots define the extrema of
the radial motion, with ρ− corresponding to the periastron
and ρþ to the apastron.
The angular displacement accumulated as the particle

moves from the periastron to the apastron is obtained by
integrating dϕ=dρ using the explicit Eq. (5.1), between the
corresponding turning points. The total angular advance
over one complete radial oscillation (periastron to apastron
and back) is, therefore, given by

Φ ¼ 2

Z
ρþ

ρ−

dρffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−WðρÞp : ð5:2Þ

FIG. 10. Periastron precession δϕ as a function of the periastron radius ρ−, massmBH, and the charge parameter q for Yn BHs for fixed
apastron values. The black dashed curves in (a) and (b) correspond to the Schwarzschild BHs, and the q ¼ 0 values of the curves on the
vertical axis in (c) represent the Schwarzschild precession values with the corresponding mBH.
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For a closed (periodic) Keplerian orbit one would have
Φ ¼ 2π—any deviation from this value signals the pres-
ence of periastron precession. Accordingly, the periastron
shift per orbit is defined as

δϕ ¼ Φ − 2π ¼ 2

Z
ρþ

ρ−

dρffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−WðρÞp − 2π: ð5:3Þ

Notice that the integration limits ρ− and ρþ are determined
by the orbit parameters: energy E and angular momentum
L. This is done from the two solutions of the equation
Wðρ�Þ ¼ 0 mentioned above. However, it is easier to do
the converse and solve the same equations for E and L in
terms of ρ− and ρþ. The result is

E2 ¼ fðρ−ÞfðρþÞðρ2− − ρ2þÞ
fðρþÞρ2− − fðρ−Þρ2þ

; L2 ¼ ½fðρ−Þ− fðρþÞ�ρ2−ρ2þ
fðρþÞρ2− − fðρ−Þρ2þ

:

ð5:4Þ
For a given orbital configuration specified by the turning
points ρ− and ρþ, these expressions allow the conserved
quantities to be determined uniquely. Substituting Eq. (5.4)
into Eq. (5.3), one can compute the periastron precession
for any bound orbit in any static, spherically symmetric
spacetime characterized by a lapse function fðρÞ. In the
present context of PINLED Yn BHs, we have to adapt these
results for the parametric representation that we are using.
This is done in a straightforward way by the change of
variables ρðyÞ in the integration in Eq. (5.3) together with
changing the integration limits from ρ− and ρþ to their
corresponding values y− and yþ.
Figure 10 displays the periastron precession δϕ for Yn

black holes as a function of the periastron radius ρ−, black
hole mass mBH, and charge q with fixed apastron ρþ. In
Fig. 10(a), δϕ decreases monotonically with respect to ρ−
for fixed mBH and several values of q. Increasing q yields
smaller precession for fixed ρ−. We notice that at the end
points of the curves, which correspond to circular orbits, δϕ
does not vanish. This is a well-known peculiarity of the
precession angle. Figure 10(b) shows that δϕ grows with

mBH similarly to the Schwarzschild case, nearly linear in
mBH for fixed q. The three curves for different q values
remain closely spaced, demonstrating that the charge
contribution is a subdominant correction to the mass term,
since for fixed q, the mass can grow indefinitely and the
metric becomes closer to Schwarzschild. On the other hand,
the chargevalue has a bound of the order ofmBH. Figure 10(c)
illustrates the dependence on q at fixed mBH and ρ−, where
the precession decreases gradually with increasing q.
This is qualitatively in line with the RN result, where the
charge introduces a retrograde correction to the preces-
sion angle. For the higher n values, n ¼ 3 and n ¼ 4, the
precession results are indistinguishable from the n ¼ 2 case
within the resolution of the plot. Table II compares the
periastron precession between the RN and PINLED models
for the same ρþ and ρ− across various values of n, q, and
mBH. One can see a systematic deviation in PINLED values
that grows with both n and q. In all cases, δϕ increases with
mBH and decreases with q.

VI. CONCLUSION

In this work our main aim was to provide a systematic
and self-contained set of strong and weak-field observables
for the static, spherically symmetric PINLED Yn black hole
solutions minimally coupled to Einstein-Hilbert gravity.
Motivated by the EHT era, where photon ring/shadow
measurements and precision lensing tests increasingly
probe the near-horizon geometry, we analyzed null and
timelike geodesics in the spacetime defined by Eqs. (2.9),
(2.11), (2.13), and (2.14), and quantified how the charge
parameter q and the nonlinearity index n deform the photon
sphere, the shadow size, and the characteristic radii
governing massive particle motion, like the ISCO and
perihelion precession angle.
For timelike geodesics, we determined circular orbits

and the ISCO from V 0
eff ¼ 0 and V 00

eff ¼ 0, obtaining the
compact condition (3.8) and solving it for ρISCO as a
function of mass, charge, and the index n, as shown in
Sec. III A. Table III demonstrates that ρISCO decreases with

TABLE II. Periastron precession δϕ for various values of n, q, and mBH for ρ− ¼ 500 and ρþ ¼ 600.

RN PINLED (n ¼ 2)

q mBH ¼ 3 mBH ¼ 4 mBH ¼ 5 mBH ¼ 3 mBH ¼ 4 mBH ¼ 5

1 0.10528 0.14218 0.17961 0.10528 0.14217 0.17960
3 0.09707 0.13588 0.17445 0.09705 0.13587 0.17445
4 0.08987 0.13036 0.16994 0.08986 0.13034 0.16994

PINLED (n ¼ 3) PINLED (n ¼ 4)

q mBH ¼ 3 mBH ¼ 4 mBH ¼ 5 mBH ¼ 3 mBH ¼ 4 mBH ¼ 5

1 0.10524 0.14214 0.17957 0.10523 0.14213 0.17956
3 0.09677 0.13588 0.17445 0.09667 0.13545 0.17401
4 0.08938 0.12981 0.16936 0.08922 0.12963 0.16917
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increasing q over the parameter range displayed, tracking
the contraction of the characteristic strong-field region and
providing an additional, independent probe of the geom-
etry. Since the ISCO sets a key scale for accretion dynamics
(e.g., the inner edge of thin disks and the onset of strong-
field orbital shear), these shifts translate into potentially
observable changes in disk spectra and variability when
PINLED corrections are appreciable. In short, both in null
and timelike geodesics, we see the inherent electromagnetic
repulsive effect.
Our results show that, for fixed black hole mass, increas-

ing the charge parameter q shifts the characteristic radii
inward: the horizon radius ρH, the photon sphere radius ρps,
the shadow radius ρs, and the ISCO radius ρISCO all decrease
as q grows. This behavior is consistent with the fact that the
nonlinear electromagnetic sector reduces the net attractive
pull relative to the Schwarzschild case. Conversely, for fixed
q, these radii increase with mBH, as expected from the
stronger gravitational field of a more massive source.
Another outcome of our analysis is that the null-geodesic

observables analyzed in Secs. III B and III C provide
the clearest probe of departures from the Reissner-
Nordström geometry. In particular, both ρps and ρs decrease
monotonically with q, while the differences between the
PINLED and RN cases become most visible in the low-
mass, high-charge regime. By contrast, the ISCO remains
very close to the RN prediction over most of the para-
meter space explored here, especially for n ¼ 3 and 4,
indicating that timelike circular motion is a comparatively
weak discriminator of the nonlinear PINLED corrections.
The dependence on the nonlinearity index n is generally
subleading compared with the dependence on q. Although
increasing n produces small quantitative shifts in the
characteristic radii, these corrections remain modest, and
for several observables the n ¼ 3 and n ¼ 4 cases become
nearly indistinguishable from the RN limit. This indicates
that, within the present family of solutions, the charge
parameter is the dominant control parameter for the optical
and orbital structure, while the effect of the nonlinear index
is comparatively mild.
We also analyzed light deflection in Sec. IV and

periastron precession in Sec. V. As usual, the light

deflection weakens as the light ray closest approach
increases. For fixed closest-approach distance, fixed BH
mass, and increasing charge, the light deflection angle
decreases from the maximum of the Schwarzschild value in
the zero-charge limit, while its dependence on n remains
weak. The deviation of light deflection angles for Yn BHs
relative to RN is minute in the weak-field, where ρm is
large. It becomes distinguishable in the opposite limit
where ρm gets closer to the photon sphere and especially
for small BH masses. Likewise, for bound particle orbits
with fixed turning points, the periastron advance increases
with mBH but decreases with q, again with only small
corrections induced by changing n. These particle observ-
ables, ISCO and especially the periastron precession,
provide useful consistency checks, but they are less
sensitive to the PINLED deformation than the quantities
associated with the photon region.
From the more practical observational vantage point we

note that for BHs that are characterized by mass and charge
only, measuring a single characteristic radius or optical
observable by itself generally is not sufficient to determine
both the mass and the charge uniquely—an independent
measurement of a second observable is needed to break the
degeneracy. For example, the photon sphere/shadow radius
together with the ISCO radius or another observable, such
as light deflection angle/periastron precession, can in
principle help disentangle ðm; qÞ. For the PINLED BHs
there is a third parameter to be fixed, namely, the non-
linearity index n. Thus, for this case a third measurement is
required in order to “close on” the model and improve
parameter estimation.
Figure 11 contains a graphical summary of the general

behavior of the characteristic radii analyzed in this study.
Overall, our results furnish a coherent set of strong- and

weak-field calculations for this new class of first-order
nonlinear electrodynamics black holes. They show that the
most promising signatures of the PINLED Yn geometry are
encoded in null-geodesic observables, especially the pho-
ton sphere and the shadow, whereas timelike circular
motion and weak-field tests mainly provide secondary
constraints. Natural extensions of this work include rotating
PINLED solutions, quasinormal-mode and ringdown

TABLE III. Characteristic radii ρH, ρISCO, ρps, and ρs for different values of the charge parameter q and nonlinearity index n ¼ 2, 3, 4,
computed for a fixed black hole mass mBH ¼ 3.

n ¼ 2 n ¼ 3 n ¼ 4

q ρH ρISCO ρps ρs ρH ρISCO ρps ρs ρH ρISCO ρps ρs

1 5.9155 17.7475 8.8875 15.4425 5.91548 17.7475 8.88748 15.4425 5.91548 17.7475 8.88748 15.4425
3 5.12662 15.5007 7.85661 14.1304 5.12137 15.4993 7.85411 14.12880 5.12132 15.4993 7.8541 14.1288
3.55021 4.66136 14.2943 7.27317 13.4144 4.64298 14.2903 7.26519 13.4095 4.64258 14.2903 7.26515 13.4096
3.6 4.60883 14.1652 7.20899 13.3372 4.58796 14.1608 7.20005 13.3318 4.58747 14.1608 7.2 13.3318
3.75 4.4355 13.7219 7.00031 13.0887 4.40414 13.7158 6.98756 13.0811 4.40316 13.7157 6.98747 13.0811
4 4.07624 12.9592 6.58674 12.6095 4.00442 12.9484 6.56181 12.5953 4.0003 12.9484 6.56156 13.0811
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analyses, and the incorporation of realistic emission models
and radiative-transfer effects for direct comparison with
horizon-scale observations.
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