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We extend our previous Schwarzschild metric-based studies of gravitational-electromagnetic (GEM)
coupling to rotating black holes by working directly in a curvature-based Newman-Penrose/Teukolsky
framework on Kerr spacetime. Within a minimally coupled Einstein-Maxwell system, we derive explicit
quadratic electromagnetic source terms for the spin-−2 Teukolsky equation, providing a foundation for
future numerical studies of GEM interactions in the framework of black-hole spectroscopy. Moreover, we
give order-of-magnitude arguments showing that GEM quadratic quasinormal modes (QQNMs) can
become relevant in a range of charged and magnetized astrophysical scenarios. Finally, we show through a
brief dilaton-theory example that the GEM QQNM spectrum is sensitive to how gravity couples to
electromagnetism, thereby providing a model-based way to test minimal coupling and to constrain hidden
Uð1Þ sectors with gravitational-wave observations.
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I. INTRODUCTION

Studies of nonlinear effects have become a focus of the
recent progress in gravitational-wave theory and phenom-
enology, providing deep insights into the intricate dynamics
of strong-field regimes. Numerous studies have presented
compelling evidence of nonlinear imprints in the ringdown
phase of numerical waveforms simulating binary black hole
(BBH) mergers [1–6]. Perturbative second-order calcula-
tions now play a critical role in both ringdown analyses
[7–15] and modeling of extreme-mass-ratio inspiral (EMRI)
waveforms [16–20]. Nonlinearities are anticipated to have
significant implications for the analysis of future high
signal-to-noise ratio detections with Advanced LIGO,
next-generation ground-based detectors such as the
Einstein Telescope and Cosmic Explorer, and the upcoming
LISA mission [21–29], thereby shedding further light on
strong-gravity physics.
In the context of BBH mergers, studies mostly focus on

nonlinearities arising from gravity-gravity (GG) couplings,
while largely ignoringmatter-gravity couplings. That reflects
the expectation that gravitational dynamics dominate high-
energy astrophysical phenomena. Nevertheless, magnetized
or charged systems, with their strong electromagnetic fields,
exhibit a richer phenomenology and are natural targets for
multimessenger astronomy [30–33]. In such environments,
additional nonlinearities can arise from matter-gravity inter-
actions, namely gravity-electromagnetism (GEM) coupling.

The question now is: what electromagnetic energy scale is
required for GEM coupling to play a non-negligible role?
On the theoretical side, examining GEM effects offers a

valuable framework for testing alternative gravity models
and the principle of minimal coupling, and for exploring a
broader class of applications. Nevertheless, GEM coupling
could also contribute to the evolving landscape of multi-
messenger astronomy, particularly following the detection
of the GW170817 event [31,34], which provided the first
observation of gravitational waves (GWs) and electromag-
netic radiation across the electromagnetic spectrum. With
advances in observational instruments, many other multi-
messenger sources could be observed in the future [35,36].
Hence, from a phenomenological perspective, a natural step
forward is to explore how these fields interact and influence
each other. If GWs and electromagnetic radiation can leave
mutual imprints on each other, different radiation channels
will provide complementary and overlapping information
about the same astrophysical event, offering new oppor-
tunities to probe and refine our understanding of the strong-
field regime.
In this work, we focus on the GEM sector and build on

previous analysis of GEM coupling on Schwarzschild
backgrounds [37,38]. We take the next step by extending
this framework to the more astrophysically relevant case of
rotating black holes. Our primary goal is to explore the
structure of GEM interactions on Kerr spacetime, deriving
the corresponding quadratic sources for the gravitational
Teukolsky equation and casting them in a form suitable for
practical applications. In addition, we present several
plausibility arguments for the significance of GEM inter-
actions across different astrophysical scenarios, namely
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neutron star-black hole (NSBH) EMRIs, binary neutron star
(BNS) mergers as well as charged BBH mergers. Moreover,
we discuss how GEM coupling is theory-dependent and
illustrate, through a brief example, how this dependence can
be used to test the minimal coupling principle.
The structure of this paper is as follows. In Sec. II we

formulate GEM coupling on Kerr spacetime within the
Newman-Penrose formalism and derive explicit expressions
for the quadratic electromagnetic source of the gravitational
Teukolsky equation. In Sec. III we briefly recap the asso-
ciatedGEMQQNMs and their relation to linear gravitational
and electromagnetic QNMs. In Sec. IV we assess the
plausibility of observing GEM effects in several astrophysi-
cally motivated scenarios. We summarize our findings and
outline future directions in Sec. V. In the following we use
geometric units G ¼ c ¼ 1, metric signature ðþ;−;−;−Þ
and an asterisk � denotes complex conjugation.

II. GEM IN KERR SPACETIME

We work in Boyer-Lindquist coordinates ðt; r; θ;φÞ, in
which the Kerr line element takes the form

ds2 ¼
�
1 −

2Mr
Σ

�
dt2 − sin2θ

�
R2 þ 2Ma2rsin2θ

Σ

�
dφ2

þ
�
4Marsin2θ

Σ

�
dtdφ −

Σ
Δ
dr2 − Σdθ2; ð1Þ

where

Δ≡ r2 − 2Mrþ a2; R2 ≡ r2 þ a2;

ξ≡ r − ia cos θ; Σ≡ ξξ� ¼ r2 þ a2 cos2 θ: ð2Þ

Here M is the blackhole mass and a is the Kerr spin
parameter. We use the Kinnersley null tetrad ðlμ; nμ;
mμ; m�μÞ, normalized so that the inner products l · n ¼ 1,
m ·m� ¼ −1, and all other vanish. The tetrad vectors are

lμ ¼
�
R2

Δ
; 1; 0;

a
Δ

�
;

nμ ¼ 1

2Σ
ðR2;−Δ; 0; aÞ;

mμ ¼ 1ffiffiffi
2

p
ξ�

�
ia sin θ; 0; 1;

i
sin θ

�
: ð3Þ

With this tetrad, we define the radiative Weyl scalars by
the Weyl-tensor projections

ψ0 ≡ −Cμναβlμmνlαmβ;

ψ4 ≡ −Cμναβnμm�νnαm�β; ð4Þ

where Cμναβ is the Weyl tensor. Similarly, the Maxwell
scalars are defined by the Faraday-tensor Fμν projections

ϕ0 ≡ Fμνlμmν;

ϕ1 ≡ 1

2
Fμνðlμnν þm�μmνÞ;

ϕ2 ≡ Fμνm�μnν: ð5Þ

According to the procedure outlined in [38], analyzing
the GEM coupling for the gravitational sector involves first
solving for the perturbated pieces of Maxwell scalars and
then using the resulting electromagnetic stress-energy
tensor as input for the gravitational perturbations equations.
Specific calculations may vary depending on the scenario.
For EMRIs, the central object is modeled as a rotating

supermassive black hole, so Kerr provides the appropriate
background, and the first-order electromagnetic perturba-
tions are driven by a nonzero four-current associatedwith the
charged compact body (in addition to any prescribed initial
data). We also consider stellar-mass coalescences, but focus
on their ringdown stage. We focus on merger scenarios such
that the remnant is expected to be weakly charged or
effectively neutral, so Kerr remains a good approximation
for the late-time stationary background; in this case the
electromagnetic sector is specified by near-zone initial
perturbations (rather than by a sustained current source).
In either case, the particular solution is obtained through

convoluting the Green’s function (for the Teukolsky kernel
[18]) of the electromagnetic perturbation with the effective
source. The resulting solution is then used to construct the
effective source for the gravitational perturbation via the
electromagnetic stress-energy tensor [37,38], allowing for
the analysis of GEM modes at the first level of mixing.1

This is a concise sketch of the procedure. Here we only
focus on the perturbed, minimally coupled Einstein-
Maxwell system on the Kerr background.
The study of both gravitational and electromagnetic

perturbations in the Petrov type D spacetime is carried out
in a null tetrad as outlined in [39]. Teukolsky’s work unified
these perturbations into a single master partial differential
equation

sT χðkÞs ¼ sS
ðkÞ
eff ; ð6Þ

where sT is the spin-s Teukolsky differential operator as

defined below in (7) and χs ¼ χð0Þs þ χð1Þs þ χð2Þs þ � � �
denotes the corresponding Newman-Penrose field variable
(e.g., ψ4 for s ¼ −2 and ϕ2 for s ¼ −1). The superscript (k)
labels the perturbative sector: k ¼ 1 for linear perturbations,
k ¼ 2 for second-order perturbations, and k ¼ GEM for
the mixed gravity-electromagnetism sector considered here.2

1The first level of mixing refers to the hierarchy between
the energy scales of “pure” gravitational phenomena and
electromagnetic ones. See [37,38] for further discussion.

2Here and throughout, we use “GEM” as an umbrella label for
mixed gravity-electromagnetism effects, including both a gravita-
tional-led response (in ψ ðGEMÞ

4 ) and an electromagnetic-led
response (in ϕðGEMÞ

2 ).
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The k ¼ 0 piece denotes the background quantity; in par-
ticular, for the Kerr vacuum background in the Kinnersley

tetrad the radiative Weyl scalar vanishes, ψ ð0Þ
4 ¼ ψ ð0Þ

0 ¼ 0,
and in the absence of background charge theMaxwell scalars

also vanish ϕð0Þ
i ¼ 0. While the source term sS

ðkÞ
eff represents

the corresponding effective source term. Thismaster equation
unifies the treatment of gravitational, electromagnetic, and
scalar field perturbations within a common framework.

sT ≡
�
R4

Δ
− a2sin2θ

�
∂
2

∂t2
þ 4Mar

Δ
∂
2

∂t∂ϕ
þ
�
a2

Δ
−

1

sin2θ

�
∂
2

∂ϕ2
− Δ−s ∂

∂r

�
Δsþ1

∂

∂r

�
−

1

sin θ
∂

∂θ

�
sin θ

∂

∂θ

�

− 2s

�
Mðr2 − a2Þ

Δ
− r − ia cos θ

�
∂

∂t
− 2s

�
aΔ0

2Δ
þ i cos θ

sin2θ

�
∂

∂ϕ
þ ðs2cot2θ − sÞ; ð7Þ

where a prime denotes differentiation with respect to r; e.g.,
Δ0 ≡ ∂rΔ.
On the gravitational side, our primary focus is on the

radiative component ψ ðGEMÞ
4 , governed by the equation

−2T ψ ðGEMÞ
4 ¼ 8πΣξ4TEM

4 ; ð8Þ

The source can be decomposed into

8πΣξ4TEM
4 ;¼ ATEM

nm� þ BTEM
m�m� þ CTEM

nn ; ð9Þ

whereA, B, C correspond to differential operators acting on
the electromagnetic stress-energy components and are
defined in [39] [Eq. (2.15)], up to a factor of 8πΣξ4.
TEM
nm� ; TEM

m�m� ; TEM
nn represent contractions of the electromag-

netic stress-energy tensor with null tetrad vectors.
As shown in [38], TEM

4 can be rearranged to decompose

into two pieces: T lin
4 ðϕð1Þ

i ; JMatterÞ and Tquad
4 ðϕð1Þ

i ϕð1Þ
j Þ. The

first term is primarily relevant in EMRI problems and
controls GEM contributions that are linear in the electro-
magnetic perturbations, while the second term is quadratic.
As discussed in this work and further analyzed in [37,38],
minimal coupling partially controls how GEM effects

manifest as linear and quadratic in electromagnetic
perturbations.
To obtain TEM

4 , we need to construct the electromagnetic
stress-energy tensor TEM

μν from the first-order perturbation

of the Maxwell scalars. This requires solving for ϕð1Þ
2 and

ϕð1Þ
0 , and subsequently constructing ϕð1Þ

1 in a manner
similar to that described in [40]

1T ϕð1Þ
0 ¼ 4πΣJMatter

0 ;

−1T ϕð1Þ
2 ¼ 4πΣξ2JMatter

2 : ð10Þ

After a simple rescaling of ϕð1Þ
i ≡Φð1Þ

i 2−i=2ξi, we can
write the relevant components of TEM as

TEM
nm� ¼

ffiffiffi
2

p

8π

Φð1Þ
2 Φð1Þ�

1

Σξ
; TEM

m�m� ¼ 2

8π

Φð1Þ
2 Φð1Þ�

0

ξ2
;

TEM
nn ¼ 1

8π

jΦð1Þ
2 j2
Σ2

; ð11Þ

where jΦð1Þ
2 j2 ¼ Φð1Þ

2 Φð1Þ�
2 . We can express the contribution

of electromagnetic source terms to gravitational perturba-
tions as follows:

ATEM
nm� ¼ −

2iξ sin θða2 þ R2csc2θÞ
ξ�

∂
2Φð1Þ

2 Φð1Þ�
1

∂t∂φ
þ 2i csc θ

ξ�
∂Φð1Þ

2 Φð1Þ�
1

∂φ
ð2a2sin2θ þ ξ½−Δ0 þ ia cos θ� þ 2ΔÞ

−
2iaξR2 sin θ

ξ�
∂
2Φð1Þ

2 Φð1Þ�
1

∂t2
þ 2

∂Φð1Þ
2 Φð1Þ�

1

∂t

�
−ξR2 cot θ þ 4ia3 sin θ

ξ�
þ Δ0

�
þ 2iΔξ csc θ

ξ�
∂
2Φð1Þ

2 Φð1Þ�
1

∂r∂φ

þ 2iaΔξ sin θ
ξ�

∂
2Φð1Þ

2 Φð1Þ�
1

∂t∂r
þ ∂Φð1Þ

2 Φð1Þ�
1

∂r

�
2Δðξ cot θ − 2ia sin θÞ

ξ�

�
−
2iaξ csc θ

ξ�
∂
2Φð1Þ

2 Φð1Þ�
1

∂φ2

þ 2aξ
ξ�

∂
2Φð1Þ

2 Φð1Þ�
1

∂θ∂φ
þ 2ξR2

ξ�
∂
2Φð1Þ

2 Φð1Þ�
1

∂t∂θ
þ 2ðΔ0ξ − 2ΔÞ

ξ�
∂Φð1Þ

2 Φð1Þ�
1

∂θ
−
2Δξ
ξ�

∂
2Φð1Þ

2 Φð1Þ�
1

∂r∂θ

þ 2Φð1Þ
2 Φð1Þ�

1

�ð2Δ − Δ0ξÞ cot θ þ 2iaΔ0 sin θ
ξ�

−
2iaΔξ sin θ

ξ�3

�
: ð12Þ
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BTEM
m�m� ¼ Δ2

�
5

ξ�2
−
ξþ 2r
ξ�3

�
Φð1Þ

2 Φð1Þ�
0 −

∂Φð1Þ
2 Φð1Þ�

0

∂t

�
2a2Δrsin2θ þ ΔξR2

ξ�2
þ ðΔ0ξ − 5ΔÞR2

ξ�

�

þ ξ

ξ�

�
−a2

∂
2Φð1Þ

2 Φð1Þ�
0

∂φ2
− 2aR2

∂
2Φð1Þ

2 Φð1Þ�
0

∂t∂φ
þ 2aΔ

∂
2Φð1Þ

2 Φð1Þ�
0

∂r∂φ
− R4

∂
2Φð1Þ

2 Φð1Þ�
0

∂t2
þ 2ΔR2

∂
2Φð1Þ

2 Φð1Þ�
0

∂t∂r

− Δ2
∂
2Φð1Þ

2 Φð1Þ�
0

∂r2

�
− a

�
Δ0ξ − 5Δ

ξ�
þ Δðξþ 2rÞ

ξ�2

�
∂Φð1Þ

2 Φð1Þ�
0

∂φ
þ Δ2

�
ξþ 2r
ξ�2

−
5

ξ�

�
∂Φð1Þ

2 Φð1Þ�
0

∂r
ð13Þ

CTEM
nn ¼ þ2a2sin2θ

�
ξ

ξ�3
þ 2

ξ�2

�
jΦð1Þ

2 j2 þ ξ

ξ�

�
a2sin2θ

∂
2jΦð1Þ

2 j2
∂t2

þ 2a
∂
2jΦð1Þ

2 j2
∂t∂φ

þ 2ia sin θ
∂
2jΦð1Þ

2 j2
∂t∂θ

�

þ ∂jΦð1Þ
2 j2
∂θ

�
ξ cot θ − 4ia sin θ

ξ�
−
2iaξ sin θ

ξ�2

�
þ 2

∂jΦð1Þ
2 j2
∂φ

�
−
aξ
ξ�2

−
2aþ iξ cot θ csc θ

ξ�

�

þ ξ

ξ�

�
−
∂
2jΦð1Þ

2 j2
∂θ2

þ csc2θ
∂
2jΦð1Þ

2 j2
∂φ2

þ 2i csc θ
∂
2jΦð1Þ

2 j2
∂φ∂θ

�
− 2a2sin2θ

�
ξ

ξ�2
þ 2

ξ�

�
∂jΦð1Þ

2 j2
∂t

: ð14Þ

As previously mentioned, the effective source depends on quadratic products of the first-order Maxwell scalars Φð1Þ
i and

on derivatives acting on these quadratic combinations, and also depends on background Kerr quantities.

Even if the system is not explicitly separable, solving (10)
remains computationally manageable. However, construct-
ing Φ1 can be somewhat more challenging, though it is still
far less computationally intensive than reconstructing the
metric for the second-order gravitational perturbations.

A. Constructing Φð1Þ
1

So far, we have made no specific assumptions about the
nature of Φð1Þ

i or ψ ð1;2Þ
4 . However, for ringdown analysis or

EMRI scenarios—where the perturber modeled as a point

source—Φð1Þ
i can be expressed in a factorized form, which

facilitates separating the source. Starting from the homo-
geneous Maxwell equations, the following ansatz will
allow for the separability to the radial and angular
Teukolsky equations:

sTsR ¼ 0;

sOsS ¼ 0; ð15Þ

where sR and sS are the Teukolsky radial and angular
functions and s ¼ �1. Subsequently, perturbed Maxwell
scalars can be written as

Φ̂ð1Þ
2 ¼ −1R−1Se

iωtþimφ Φ̂ð1Þ
0 ¼ þ1R

Δ þ1Se
iωtþimφ

Φ̂ð1Þ
1 ¼ 1

4KQ

���
iλþ 2rω −

2K
ξ

�
−1R − iDþ1R

�
−1Sþ

�
iD−1R −

�
iλþ 2rω −

2K
ξ

�
þ1R

�
þ1S

�
eiωtþimφ ð16Þ

where the hat in Φ̂ð1Þ
i emphasizes that it represents a

solution to the homogeneous system, with the ðl; m; nÞ
subindexing dropped for convenience.

K ¼ ωR2 þ am;

Q ¼ aω sin θ þm csc θ; ð17Þ

where λ is the separation constant of the Teukolsky
equations (15), and D is the Starobinsky constant [40].

B. Gravity-source separation

The particular solutions to the cases mentioned earlier
are expected to take a separable form. A practical approach
involves leveraging the orthonormality of spin-weighted
spheroidal harmonics [41].

Z
sSlmðθ;ϕ; aωÞsS̄l0m0 ðθ;ϕ; aωÞdΩ ¼ δll0δmm0 ð18Þ

However, terms involving 1
ξ�p where p ¼ 1, 2, 3, can

complicate integration. Under the integration, these terms
require a numerical evaluation on a 2D grid of ðr; θÞ, which
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might be computationally expensive. Otherwise, the cal-
culation is simpler and can be performed either numerically
by integrating only over θ or analytically by expanding
each spin-weighted spheroidal harmonic Slm in terms of
spin-weighted spherical harmonics Ylm and use Clebsch-
Gordan coefficients (3j-symbols) under nested sums.
To handle the 1

ξ� dependence systematically, we can also
adopt an approach similar to that in [42]. We suggest,
however, expanding 1

ξ� in terms of axisymmetric spherical
harmonics:

1

ξ�
¼

X
l

flðrÞYl0; ð19Þ

where flðrÞ encodes the radial dependence. This expansion
introduces an additional summation over l, but it simplifies
the problem by decoupling the angular and radial compo-
nents. Higher powers of 1

ξ� can be obtained recursively by
taking derivatives of (19). The resulting series should
resemble the known multipole expansions in electrody-
namics textbooks.

III. GEM COUPLING

After the coalescence of a BBH, the remnant black hole
is believed to relax into a state described by the Kerr
solution by emitting GWs characterized by QNMs [43–47].
Accordingly, at higher orders in perturbation theory, the
coupling between gravitational and electromagnetic QNMs
is expected to induce a GEM QQNM “flavor”.3

Focusing on ψ ðGEMÞ
4 and ϕðGEMÞ

2 , the source term in the
former (gravitational-led) equation is quadratic in the first-

order Maxwell scalars, schematically ∼ϕð1Þ
i ϕð1Þ

j . By con-
trast, the latter (electromagnetic-led) equation is sourced by

mixed terms, schematically ∼ϕð1Þ
i ψ ð1Þ

j , which involves the
metric perturbation and therefore requires metric
reconstruction [14,15,48,49] in addition to solving for

the Maxwell scalars ϕð1Þ
i .

In [37,38], the GEM QQNM frequencies for the gravi-
tational and electromagnetic sectors were found to be

ωðGEMÞ
ðl1;m1;n1Þ×ðl2;m2;n2Þ ¼ Ωðl1;m1;n1Þ �Ωðl2;m2;n2Þ; ð20Þ

ΩðGEMÞ
ðl1;m1;n1Þ×ðl2;m2;n2Þ ¼ Ωðl1;m1;n1Þ � ωðl2;m2;n2Þ; ð21Þ

where ωðl;m;nÞ and Ωðl;m;nÞ represent the gravitational and
electromagnetic QNM frequencies, respectively.
GEM QQNMs are expected to have longer lifetimes

compared to the first overtone in each sector, as exemplified
for the ðl ¼ 4; m ¼ 0Þ and ðl ¼ 2; m ¼ 0Þ harmonics in

Fig. 1. This behavior is qualitatively similar to that of GG
QQNMs, reflecting the similarity of electromagnetic and
gravitational QNMs.
Moreover, GEM QQNMs are not solely dictated by their

parent modes, but also by the underlying coupling between
the electromagnetic and gravitational sectors. In our min-
imally coupled Einstein-Maxwell setup this coupling is
fixed by the standard stress-energy source terms entering
Eqs. (20) and (21). In this sense, the GEM amplitudes in
this framework probe essentially the same interaction
structure that sources the linear electromagnetic and gravi-
tational modes, so any departure from minimal coupling
would manifest itself as a deformation of the associated
spectra.
A useful example of this sensitivity is provided by

Einstein-Maxwell-dilaton (EMD) theory [47]. Pacilio and
Brito computed the gravitational and electromagnetic
QNM spectra of weakly charged, static and slowly rotating
EMD black holes as functions of the dilaton coupling η and
charge-to-mass ratio v ¼ Q=M. They found that, in the
static case, the fundamental gravitational QNMs depend
only weakly on η (with relative shifts at the≲Oð10−2Þ level
across 0≲ η≲ 3), whereas the electromagnetic spectrum
exhibits a much stronger dilaton dependence and a pro-
nounced breaking of axial/polar isospectrality, reaching
∼10% differences in the polar sector for v ∼ 0.6 [47].
In Fig. 2 we exploit their tabulated static QNMs for v ¼

Q=M ¼ 0.6 to construct the corresponding polar GEM
QQNM ð1; 0Þ × ð1; 0Þ from the quadratic combination of
the parent polar electromagnetic mode (1,0), and to
compare it with the ordinary polar gravitational mode
(2, 0), both shown as functions of the dilaton coupling
η. While the gravitational mode frequency varies only
mildly with η, the electromagnetic parent mode is signifi-
cantly more η-sensitive, so that its quadratic GEM descend-
ant inherits an even larger fractional variation than the

FIG. 1. Frequencies of linear and quadratic QNMs for various
spin values of the final black hole, a, ranging from 0 to 0.99 (with
10 evenly spaced values). The modes are categorized into
gravitational, GG, and GEM modes: Gð2; 2; 0Þ, Gð2; 2; 1Þ,
GGð1; 1; 0Þ × ð1; 1; 0Þ, GGð1; 1; 0Þ × ð1; 1; 1Þ, GEMð1; 1; 0Þ×
ð1; 1; 0Þ, and GEMð1; 1; 0Þ × ð1; 1; 1Þ.

3A more rigorous definition of GEM QQNMs, as poles in
frequency space, is provided in complementary work [38].

COUPLING BETWEEN GRAVITATIONAL AND … PHYS. REV. D 113, 104003 (2026)

104003-5



linear gravitational spectrum.This proof-of-concept example
suggests that, in EMD-like theories and, more generally, in
scalar-tensor or tensor-vector-scalar extensions where the
electromagnetic sector is coupled to additional fields, GEM
QQNMs can be parametricallymore sensitive to the coupling
than both linear gravitational QNMs and GG quadratic
modes at the level of the underlying spectrum.
This pattern is broadly consistent with other families of

gravity-electromagnetism couplings studied in the literature.
Nonminimal Einstein-Maxwell models with curvature cou-
plings of the schematic form RF2 or RμνFμαFν

α modify the
propagation of electromagnetic fields on curved back-
grounds and are expected to deform the electromagnetic-
led QNM spectra more strongly than the tensor sector
[51,52]. Similarly, in Einstein-Maxwell-scalar theories with
couplings fðϕÞF2, scalarized charged black holes develop
mixed scalar/electromagnetic/gravitational modes whose
frequencies and damping times can be highly sensitive to
the scalar-Maxwell coupling function [53–55], and in which
axial-polar isospectrality is generically broken in the electro-
magnetic and gravitational sectors [54]. In all these cases the
electromagnetic (or scalar-electromagnetic) channels typi-
cally respond more strongly to changes in the coupling than
the purely tensorial sector.

IV. DISCUSSION

In the context of the ringdown analysis, the situation
differs slightly from EMRIs, as defining a perturbation
parameter is not straightforward in general [56]. Yet,
numerical simulations of head-on or quasicircular inspirals
of charged BBHs [57–63] highlight that both gravitational
and electromagnetic radiation are emitted during all phases
of coalescence. The ringdown phase, as expected, is char-
acterized by QNM frequencies from both types of radiation.
Depending on the binary’s parameters, electromagnetic
contributions can represent a significant fraction of the total
emission, underscoring their importance in black hole
spectroscopy for this category of mergers [10,43,64].

A. Charged black hole mergers

Charged black hole mergers can involve two like-charged
holes, one charged and one neutral, or oppositely charged
components. The charge configuration critically shapes the
dynamics and radiation of the remnant. In the oppositely
charged case, conservation laws imply a net charge
Qtot ¼ jjQ1j − jQ2jj, and energy is radiated primarily
through low multipole modes, notably the dipole
ðl ¼ 1; m ¼ 1Þ. In such scenarios, electromagnetic radia-
tion can rival or exceed gravitational radiation, making
nonlinear GEM interactions as relevant as GG. Indeed, for
head-on collisions, it was shown in [58] that EM dipole
emission becomes comparable to gravitational waves for
jQj=M ≳ 0.2, and even dominates for jQj=M ≳ 0.37.
Similar behavior is expected in more general merger
configurations.
To investigate nonlinear effects in numerical simulations,

one typically uses envelope-based estimates to assess the
plausibility of identifying quadratic signatures. For exam-
ple, one can compare the noise level in waveforms—
extracted at null or spatial infinity—to the square of the
parent mode waveform, in order to judge whether QQNMs
could manifest. This approach applies to both GG and
GEM interactions. Moreover, if gravitational radiation is
expected to dominate certain harmonics, we can directly
assess whether GEM contributions are comparable to those
of GG interaction by comparing the energy radiated in both
electromagnetic and gravitational channels. This offers a
first-step, practical criterion for determining whether GEM
can be meaningfully extracted against the noise estimated
in the child gravity mode. Numerous studies [7,8,11,65–
68] have explored the correlation between the amplitudes
of GG QQNMs, ψ ð2Þ

4 , and their parent mode amplitudes,

ψ ð1Þ
4 , as well as how this relationship can depend on spin,

initial data, and mode parity. This correlation is typically
expressed through the ratio

RGG
ðl1;m1;n1Þ×ðl2;m2;n2Þ ¼

Að2Þ
ðl1;m1;n1Þ×ðl2;m2;n2Þ

Að1Þ
ðl1;m1;n1ÞA

ð1Þ
ðl2;m2;n2Þ

; ð22Þ

FIG. 2. Frequencies of the polar gravitational QNM (2, 0) and
the polar GEM QQNM ð1; 0Þ × ð1; 0Þ on a static charged back-
ground with charge-to-mass ratio v ¼ Q=M ¼ 0.6 in Einstein-
Maxwell-dilaton theory, shown as functions of the dilaton
coupling η∈ ½0; 1.52�. The stars denote the corresponding QNMs
predicted by minimally coupled Einstein-Maxwell theory at
η ¼ 0 for both modes. The electromagnetic sector exhibits a
much stronger η-dependence than the gravitational one, so that
the GEM quadratic mode inherits an enhanced sensitivity to the
dilaton coupling at the level of the spectrum. This figure is
intended as a proof of concept for the coupling dependence of
GEM QQNMs; whether such differences are observationally
accessible depends on the achievable signal-to-noise ratio,
detector sensitivity, and systematic uncertainties, and we do
not attempt a detailed forecast here. The data used in this figure
could be found in [50].
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where Að1Þ
ðn;l;mÞ and Að2Þ

ðl1;m1;n1Þ×ðl2;m2;n2Þ represent the ampli-

tudes of the parent and child modes, respectively, due to
GG interactions. Accordingly, for GEM modes, we define
the corresponding ratio

RGEM
ðl1;m1;n1Þ×ðl2;m2;n2Þ ¼

AðGEMÞ
ðl1;m1;n1Þ×ðl2;m2;n2Þ

Bð1Þ
ðl1;m1;n1ÞB

ð1Þ
ðl2;m2;n2Þ

; ð23Þ

where Bð1Þ
ðn;l;mÞ denotes the electromagnetic mode amplitude,

and AðGEMÞ
ðl1;m1;n1Þ×ðl2;m2;n2Þ represents the amplitude of the child

mode arising from GEM interactions.
Since both RGEM and RGG are expected to depend on the

background details, and maybe also on other factors, we
defer quantifying the ratio between the background factors
to future work and instead we focus here on the ratio
between parent modes

Γðl0
1
;m0

1
;n0

1
Þ×ðl0

2
;m0

2
;n0

2
Þ

ðl1;m1;n1Þ×ðl2;m2;n2Þ ≡
AðGEMÞ
ðl0
1
;m0

1
;n0

1
Þ×ðl0

2
;m0

2
;n0

2
Þ

Að2Þ
ðl1;m1;n1Þ×ðl2;m2;n2Þ

∼
Bð1Þ
ðl0
1
;m0

1
;n0

1
ÞB

ð1Þ
ðl0
2
;m0

2
;n0

2
Þ

Að1Þ
ðl1;m1;n1ÞA

ð1Þ
ðl2;m2;n2Þ

: ð24Þ

To leading order at infinity,

ψ ð1Þ
lmn4 ≃ Að1Þ

lmn−2Slme
iωðt−r�Þþimφ;

ϕð1Þ
lmn2 ≃ Bð1Þ

lmn−1Slme
iωðt−r�Þþimφ; ð25Þ

with the spin-weighted spheroidal harmonics normalized
and dr�

dr ≡ R2

Δ . The gravitational and electromagnetic powers
carried by this single mode are

PGW ¼ jBð1Þj2
4πjωj2 ; PEM ¼ jAð1Þj2

4π
: ð26Þ

as we focusing on dominate mode of each channel, the by
suppressing the lmn indices,

Γ ∼
Bð1Þ2

Að1Þ2 ¼ jωj2 Ė
RD
EM

ĖRD
GW

; ð27Þ

where ĖRD is the rate of energy emission during the
ringdown phase. For instance, in the opposite charge
binaries, Γ magnitude should be greater than in same
charge systems.
Moreover, for a head-on collision between equal-mass,

equal-charge-ratio charged BBHs in [57], the ratio between
the dominant modes from each sector was reported to be

approximately Γ ∼ 0.1, and observed around the frequen-
cies of the corresponding (2, 0, 0)-gravity QNMs modes.
Also in [57], the electromagnetic and gravitational fluxes

share similar time profiles and comparable magnitudes
across various charge values Q, with their ratio approx-
imately following EEM=EGW ∼Q2=4M2. This suggests
that, when the signal-to-noise ratio is sufficiently high,
GEM signatures could be detectable under the same
conditions where GG signals are already identifiable.
Furthermore, for the case of quasicircular inspirals

[61,62], the ratio EEM=EGW during the inspiral phase up
to the merger point was estimated to be of the order of 10−1

for jQj=M ≳ 0.2, with the values increasing for higher
charge-to-mass ratios. The same holds for JEM=JGW, which
is quantitatively related to the ratio Γ in (24).
Finally, we emphasize that in the case of charged BBH

mergers, the remnant black hole is typically born charged.
As a result, the problem must be reformulated on a charged
background, such as Kerr-Newman [69–71] or Reissner-
Nordström [40,72,73]. Nevertheless, the analysis is
expected to remain similar to that in the Kerr case.

B. Magnetized systems

Scenarios involving BNSmergers,magnetar collapse, and
NSBH mergers without significant disruption are of greater
astrophysical relevance and serve as promising laboratories
to search for GEM QQNMs in the ringdown phase of their
remnant black holes. In certain BNS scenarios, a hyper-
massive neutron star forms temporarily before collapsing
into a final black hole. This transient NS typically acquires
extremely high angular momentum, generating magnetic
fields that may reach up toB ∼ 1012 T, as is believed to have
occurred in GW170817 [34].
This raises intriguing questions about the role of electro-

magnetic fields in such extreme conditions and whether
they can leave detectable imprints on gravitational signals.
Current and future simulations of magnetized systems
could provide valuable insights into the remnant’s ring-
down for these scenarios, particularly in light of recent
efforts to underscore electromagnetic QNMs, as discussed
in [74,75]. However, the presence of a nonvacuum back-
ground complicates the application of state-of-the-art
methodologies commonly used in ringdown analysis.
Nevertheless, with extremely strong magnetic fields, it is
worth exploring whether nonlinearities could be identified
in such simulations, particularly near the horizon, similar to
the shear mode analysis in [3,76].
Qualitatively, GEM effects can emerge during the inspiral

phase of an EMRI due to the energy content of the
electromagnetic field. Sophisticated calculations within the
framework of post-Newtonian formalism or black hole
perturbation theory could provide hintswhetherGEMeffects
could be detected in signals relevant to the upcoming LISA
mission. We aim to address such calculations in future work.
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V. CONCLUSION

In this work we have extended previous studies of GEM
coupling on Schwarzschild backgrounds to the more
astrophysically relevant case of Kerr spacetime. Within
Teukolsky formalisms, we derived explicit quadratic
electromagnetic sources for the gravitational Teukolsky
equation and revisited how GEM interactions generate a
new family of GEM QQNMs in both the gravitational and
electromagnetic sectors. These modes enrich the spectrum
beyond purely gravitational quadratic QNMs and provide a
concrete framework in which to organize nonlinear GEM
effects in rotating black hole spacetimes. For the charged
BBH mergers, we expect the remnant to be charged hence,
next stop in the analytical research should be the Kerr-
Newman spacetime.
We then examined several astrophysical situations in

which GEM signatures may become comparable to, or even
rival, purely gravitational nonlinearities. For charged BBH
mergers, existing simulations indicate that electromagnetic
radiation can contribute a non-negligible fraction of the
radiated energy, especially in oppositely charged configu-
rations, suggesting that GEM QQNMs could be detectable
under the same conditions where quadratic gravitational
modes are already accessible. In magnetized mergers such
as BNS or NSBH systems, the presence of ultrastrong
magnetic fields, potentially as large as B ∼ 1012 T, raises
the prospect that GEM effects may leave measurable
imprints in the ringdown of the remnant, although the
nonvacuum nature of these environments complicates the
analysis.
Beyond waveform systematics, GEM modes open a

number of conceptual and phenomenological opportuni-
ties. Because any form of energy gravitates, GEM signa-
tures provide a natural handle on hidden sectors, including
black holes charged under a dark Uð1Þ gauge symmetry
that is otherwise decoupled from the Standard Model.

Moreover, modifying the coupling between gravity and
electromagnetism—for instance in Maxwell-dilaton-
Einstein or scalar-vector-tensor theories—alters the GEM
QQNM spectrum and offers a concrete way to test the
minimal coupling principle. While magnetized mergers are
more common in nature, charged BBH mergers constitute a
particularly clean theoretical laboratory in which to bench-
mark GEM effects.
Finally, although we have focused on Kerr backgrounds

as a clean starting point, charged mergers naturally point
toward Kerr-Newman geometry [40,69–73]. A natural next
step is therefore to generalize the GEM analysis to the latter
one, implement it in perturbative solvers and numerical-
relativity frameworks, and apply it to existing and future
simulations of charged and magnetized systems. Mapping
out the regions of parameter space where GEM signatures
become comparable to GG nonlinearities, and assessing
under what conditions they might be constrained with
ground-based detectors and LISA, are key goals for future
work.
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