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In this work, we construct a static and spherically symmetric black hole solution sourced by a nonlinear
scalar-vector sector within the framework of the minimal geometric deformation (MGD) approach. Starting
from a scalar-vector gravity theory in which the vector field is described by nonlinear electrodynamics, the
gravitational field equations are integrated to obtain a non-Schwarzschild geometry. We show that the
resulting family of solutions naturally splits into two black hole branches with distinct physical properties.
While one branch satisfies the odd- and even-parity stability criteria, it violates the weak energy condition
outside the event horizon. Conversely, the complementary branch exhibits a more satisfactory effective
matter sector, admitting a real scalar-field reconstruction and a regular nonlinear electromagnetic coupling,
although it does not satisfy the odd-parity stability criterion. The causal structure and stability properties of
both black hole branches are analyzed and compared, whereas the matter reconstruction, geodesic motion
and thermodynamic properties are investigated for the branch exhibiting the most satisfactory effective
matter sector. These results reveal the rich structure of the MGD solution space and illustrate the interplay
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between dynamical stability, energy conditions and causal structure.

DOL: 10.1103/p1b9-5hyk

I. INTRODUCTION

The theoretical and observational study of black holes
(BHs) continues to be a cornerstone of modern gravita-
tional physics. Over the past decade, the field has expe-
rienced an unprecedented renaissance driven by two major
developments: the direct detection of gravitational waves
from compact binary coalescence by LIGO-Virgo-KAGRA
[1,2], and the imaging of supermassive BH shadows by the
Event Horizon Telescope (EHT) [3-6]. These advances
have opened new avenues for testing the strong-field
predictions of general relativity (GR) and for probing
possible signatures of additional fields or new gravitational
degrees of freedom.

From a theoretical perspective, there is a longstanding
interest in black hole solutions supported by scalar, vector,
or nonlinear electrodynamic fields. Such matter sectors
arise naturally in effective field theories beyond GR,
including low-energy string-inspired models [7,8], gener-
alized Proca theories [9,10], nonlinear electrodynamics
[11,12], and scalar-vector-tensor extensions [13,14]. In
this context, BH solutions supported by anisotropic matter
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and nonlinear electromagnetic sectors have been actively
investigated, showing that nonstandard energy-momentum
configurations can consistently modify the geometry and
stability properties of the spacetime [15,16]. These con-
structions provide a rich framework to explore phenomena
such as modified horizon geometries, deviations in geo-
desic motion, new stability channels, and nonstandard
thermodynamics. However, obtaining exact and physically
well-behaved solutions, particularly those preserving
asymptotic flatness and a single horizon, remains a highly
nontrivial task.

The gravitational decoupling (GD) program, and spe-
cifically its minimal geometric deformation (MGD) for-
mulation introduced in [17], offers an elegant and
systematic approach for constructing new solutions to
the Einstein equations by deforming a known ‘“seed”
geometry. In this framework, the total energy-momentum
tensor is decomposed into a seed sector and an auxiliary
“decoupling” contribution, with the deformation encoded
directly in the metric. A key feature of the MGD method is
the possibility of implementing minimal deformations,
where the temporal metric component is preserved, and
only the radial part receives a correction. This ensures that
many geometric properties of the seed solution, including
its causal structure and asymptotic behavior, are maintained
while still allowing for nontrivial modifications induced by
additional matter sources. This approach has been widely

© 2026 American Physical Society
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applied in the context of BHs physics [18—45], demon-
strating its versatility.

BHs impose stricter geometric and physical require-
ments, such as the preservation of a consistent Lorentzian
signature, the existence of a unique event horizon, and
compatibility with perturbative stability conditions. These
constraints make the development of minimally deformed
BHs particularly appealing: such solutions maintain the
essential structure of a classical BH while incorporating the
influence of additional fields in a controlled and analyti-
cally tractable manner. Moreover, minimally deformed
BHs offer a clean theoretical setting for examining how
new matter sectors modify observable quantities such as
orbital precession, lensing, quasinormal spectra, or thermo-
dynamic relations, without altering the overall causal
framework.

In the present work, we construct a family of static and
spherically symmetric BH solutions sourced by a nonlinear
scalar-vector sector and generated through the MGD
approach. The resulting geometry preserves the temporal
metric component of the Schwarzschild solution and
introduces a well-defined deformation exclusively in the
radial sector. To our knowledge, this represents one of the
first explicit instances in which a minimally deformed
extension of Schwarzschild leads unambiguously to a
single-horizon, asymptotically flat, and physically inter-
pretable BH supported by a nonlinear scalar-vector inter-
action. This provides a new analytical laboratory to explore
the interplay between geometric deformations, nonlinear
matter fields, and classical BH phenomenology, and
contributes to the broader effort of extending GR solutions
using the GD methodology.

The article is organized as follows: Sec. II revisited GD
by MGD in short. Section III introduces the model, its
causal structure, reconstruction of the matter sector, and
stability analysis via odd and even parity master con-
straints. Then, Sec. IV presents the geodesic motion study
for massive particles and Sec. V is devoted to the thermo-
dynamic study. Finally, Sec. VI concludes the work.

Throughout this work we adopt metric signature
{-,+,+,+} and geometric units ¢ = G = 1. We follow
the sign conventions used in [46], with the Riemann tensor
defined as R’,,, = 9,V — 0,0 + T, [}, =T, T, and
the Ricci tensor by R, = R’,,,.

II. GRAVITATIONAL DECOUPLING IN SHORT

Here we introduce the main aspect to be used in the
context of the well-known GD by MGD approach
[17,18,47]. The main point is to consider an extended
energy-momentum tensor, composed by two sources.
Explicitly this reads

Tﬂl/ = T;w + Hﬂw (1)

where TW is known as the seed source and 6, an extra
unknown source which introduces new physical content
beyond the given by the seed matter.

In canonical coordinates, the space-time metric of a
spherically symmetric and static spacetime, is given by

ds®> = —evdt> + e*dr? + r*dQ?, (2)

with dQ? = d#* + sin”> 0d¢? the usual line element of a
unitary two sphere and v and A are functions of the radial
coordinate only. Taking into account that this general line
element in (2) solves the Einstein field equations

1
G.=R, - Eg’“’R = 8aT,. (3)
one arrives at
1 1 X
—8p = —— i [ 4
o=+ (54 @)
8 Lrei(L4Y (5)
ap,=——+e | =+—],
pr i"2 }"2 r

1 V=X
8zp, :Ze_j <21/’+1/2—/1’1/—|—2 ), (6)
r

where primes denote derivation with respect to the radial
coordinate, r, and the quantities {p, p,, p, } refer to the
effective density and to the effective pressures along the
radial and tangential directions, respectively.

The seed energy-momentum tensor can be cast as
Ty = diag{-p. p,, p.. P, }, while the unknown generic
fluid, the so-called decoupling fluid as ¢ = diag{6}), 6},
63,03 }. In this way the effective thermodynamic quantities
are

p=p-10, (7)
pr:ﬁr+9%7 (8)
pL=pL+05 )

Next, after implementing the following splitting in the
metric potentials

v=<¢(+ag (10)
e =p+af, (11)

the system (4) decouples in two set of differential equa-
tions: one for the metrics £ and y sourced by T,w and other
for f and g sourced by 6,,.

In this work, we will focus on the MGD, which
corresponds to setting g = 0 such that g,, = ¢” is always
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the same, and all the effects coming from the decoupling-
sector lie on the radial metric potential [17,47]. Now,
plugging the transformations (10) into (4)—(6) under the
mentioned considerations, one gets

Loy
. 1 1 ¢
8”Pr:—ﬁ+ﬂ<p+7)’ (13)
2 ! 2
srp, =4 (22 22+ 2) 2 (242 (9)
4 r 4 r
along with the conservation equation
dp, & . 2.
> -z - - 1
o Ty PP = (PL=p) =0, (15)
and
[ r
8”98:Gﬁ+a7’ (16)
1 ¢
8w 0} = =+=, 17
w0} —af (5 +5) (17)
af 4 af’ 2
8 92:_ EN 12 22 i / = 18
763 4<€+~f+ r>+4 g+ ) (18)
with

_¢

O -5 @ -0h -G -0)=0.  (19)

-

At this point, some comments are in order. First, note that
Eqgs. (12)—(14) solve the system when @ = 0. In this regard,
this set corresponds to identities after we provide a well-
known seed, T,w, which could be a perfect fluid, a charged
fluid, etc. Second, as the g;,, component of the metric is the
same for each sector, the set (16)—(18) corresponds to three
differential equations with four unknowns, namely
{f,65,0,6%} so extra information is required to close
the system. This condition could be, for example, a well-
motivated relation among the #-sector components (a type
of equation of state), or some constraint on the spacetime
scalar curvature, to name a few. Finally, it can be shown that
both matter sectors are separately conserved, namely

VﬂT"” =0 (20)
V,0" =0, (21)
which entails that there is no exchange of energy between

them, which resembles how dark matter interacts with
baryonic matter.

III. NON-SCHWARZSCHILD BLACK HOLES

As stated at the end of the previous section, to close the
O-sector, Egs. (16)—(18), one needs to specify both the seed
spacetime and an additional constraint imposed on the
components of the 6, tensor. In this context, here we
consider the seed solution to be the well-known
Schwarzschild BH solution whose line element reads

ds? = —hdt* + h='dr?* + r?dQ?, (22)
where
2M
h=e=pu=1-"—, (23)
r

with M being the mass parameter. The Schwarzschild
solution is Ricci flat as by the energy-momentum tensor
T,, = 0. Therefore, in applying the MGD protocol, we are
going to obtain a non-Schwarzschild metric, that is, a
spacetime having g,,9,, # —1. Therefore, whether this
remains or not being a BH spacetime strongly depends
on the additional piece usually introduced by MGD on the
radial metric potential. This is so because the original
causal structure could be destroyed by the appearance of
new critical points, which can be coordinate or physical
singularities. Therefore, it is very relevant to endow the
O-sector with physical meaning to avoid any undesirable
situation.

A. The scalar-vector action

The solution of the system (16)—(18) will be carried out
by considering that the #-sector is described by a scalar-
vector interaction. The action representing this interaction
is given by

s— [axymxn-Pv@) 24

where, for the scalar field, we consider the kinetic term to
be of the form

X— —%vﬂfpw, (25)

and V(¢) is a generic function depending on the scalar
field. For the vector field one has

1
F=——F,F"  F,=V,A -V,A, (26)

4w I
It is worth noting that the matter sector considered here
contains two distinct contributions: a scalar kinetic term X"
and a nonlinear vector contribution F*V(¢). In principle,
the model contains both scalar and vector sectors; however,
due to their coupling, they cannot be treated independently.
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The scalar-only case would correspond to a k-essence type
source governed by the kinetic structure X", while the
vector-only case would reduce to a nonlinear electrody-
namic theory. In the present work, we focus on the
combined scalar-vector interaction, since such couplings
naturally arise in effective field theory extensions of gravity
and provide a convenient closure of the decoupling sector
within the MGD framework.

Here, the exponents m and s are positive real numbers.
The action (24) can be seen as a particular case of the action
provided in [48], corresponding to a nonminimal coupling
between scalar field and nonlinear electrodynamics.

Next, the full set of equations (16)—(18) reads as follows

X+ 5= DPV(9) =g | T4 L.
1 /
(1=2mxe sV = (545,
X" —F*V(¢) = % [{{ <2§" +E2+ 2‘%)

L] e

along with the conservation equation

me_l |:(2m _ I)Q’)N + <3+ v + (12— 2m)ﬂ/>¢/:|

Sd_V+ seiFSVi
d¢ ¢ dr

Besides, the equations of motion for the scalar field and for
the vector field are

— ¢*F

In (FAV2F>1] =0,  (28)

V4 (1=2m)Y - 1 e'F’ av
2 CmX"Ndg’
(29)

2m—1)¢" + (% +

r*V2F?~1 = const, (30)

respectively. It is worth mentioning that Egs. (29) and (30)
are contained by the conservation Eq. (28). Moreover, since
Eq. (28) is a linear combination of the field equations (27),
so no new information can be obtained from the it, and the
set (27) must be supplemented with extra information to
determine {f,¢,V,A,}.

B. The metric

The closure of the @-sector is not only subject to its
identification with a well-motivated matter content, but also
it is necessary to consider some functional relation between
its components, such as an equation of state (EoS). In this
regard, we consider a general relation given by

6 = ab! + b3, 31)

where a and b are positive dimensionless constants. In this
way, the Eq. (31) provides an interesting relation among the
parameters {a, b, s, m} and the scalar and vector fields

(—2as+a+b+2s—1)FV(¢p)
—(-l4+a+b-2am)X™ = 0. (32)

The above relation is valid if and only if the exponents
satisfy

a+b-—1
m=————
2a

a+b-1
= 33

2(a—1) (33)
On the other hand, the geometric part leaves the following
differential equation for the decoupler function f(r)

dinf(r) 2[2a+b—-4)Mr—(a—1)r*=(b—4)M?]

dr 2M = r][(b —4)M — (b = 2)r]r ’
(34)
leading to the following result
) = [r—2M][(4—b2M+(b—2)r]"l, (35)
where
2(1-a)
c= b=2)" (36)

and / an integration constant with units of length™.

At this point, some comments are in order. First, the
decoupler function (35) contains the seed metric potential.
Therefore, the full inverse radial metric component reads as
follows

2M

g (r) = {1 - T] 1+ la(r(b=2)—(b—-4)M)]. (37)

In this way, the minimally deformed Schwarzschild BH is
given by the following line element

2M 2M | !
ds* = —[1 ——}dr2+ [1 ——}
r r

x [1+ la(r(b=2) = (b —4)M)| dr? + r?dQ?.
(38)

Now, a well established BH solution should preserve the
Lorentzian signature throughout the whole spacetime.
Furthermore, as we are interested in saving the asymptotic
behavior of the seed manifold, it is imperative to restrict
the new information coming from the decoupler sector.
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To avoid changes in signature, it is necessary to ensure that
no new horizons are formed after introducing the 6-sector.
This is so because, once the new horizon rj;, provided by
the condition g5, (r) = 0 is crossed, only the radial metric
component changes sign producing the following signature
{—,—,+,+}, assuming rj; > 2M. Otherwise, if 0 < r},
< 2M then, one obtains an Euclidean signature, that is,
{+,+,+,+}. Therefore, in both cases, the spacetime
signature is ill defined. Then,

[1 _ ZTM] [0+ la(r(b—2) — (b= )M)] =0,  (39)

provides

(b—4)M + (=la)~'/°

r1:2M, b )

Iy = (40)

The condition of avoiding the introduction of an addi-
tional causal structure beyond the original is to consider
la > 0. In such a case, the additional r, roots are imaginary
roots. On the other hand, for negative la, the only chance of
having just one horizon (event horizon, Killing horizon), is
for those values of la satistying

—(4M - DM )~ < la < 0, (41)
and also for those values of parameter b satisfying
2<b<4 (42)

Therefore, we have two branches, the branch one (B1):
la > 0 and the branch two (B2): la < 0 leading to BH
solutions.

As it is desirable to keep the asymptotic behavior of the
seed solution, the parameter ¢ defined by Eq. (36) should
be negative in nature. This is compatible with conditions
(41) and (42) for B2. In Fig. 1 it is shown the trend of the
inverse radial metric potential against the radial coordinate,
for both branches, where it is clear that the solution has
only one horizon. These restrictions guarantee that the
deformation does not introduce additional real roots of the
radial metric component outside the Schwarzschild hori-
zon, thus preserving the original causal structure of the seed
geometry.

The above conditions define a restricted region in the
parameter space for the branch la < 0 where the resulting
geometry represents a BH spacetime. In particular, the
combined requirements of asymptotic flatness, Lorentzian
signature, and the absence of additional horizons constrain
the parameters (b, la) to lie within a finite domain. To
illustrate these constraints, in Fig. 2 we display the allowed
region in the parameter space (b,la) for ¢ = -2 and
M = 1. The horizontal axis represents the parameter b,
while the vertical axis corresponds to la. The solid black

— Ja>0
L
0.0
<
o -0.50
-1.0}
-1.5} ‘
0 2 4 6 8 70

FIG. 1. The inverse radial metric potential versus the radial
coordinate for M = 1, b = 3 and ¢ = —2. The B1 corresponds to
the solid black line while the red dashed line corresponds to B2.
in both cases weused @ = 0.2 and / = 1 and [ = —1, respectively.

line BH denotes the critical boundary
lacrit(b) = _(4 - b)zMz’ (43)

obtained from the condition that the second factor of the
radial metric component becomes zero. This curve sepa-
rates two qualitatively distinct branches of BH solutions.
The blue shaded region above the curve corresponds to the
single-horizon branch, where the only root of g;;! is located
at r = 2M, corresponding to the Schwarzschild horizon.

la > 0 branch

2.0 25 3.0 35 4.0
b

FIG. 2. Parameter space structure of the minimally deformed
solution in the (b, la) plane for B2 in the representative case
M =1 and ¢=-2. The solid curve lagy(h)=—(4—b)?
separates the single-horizon branch (blue) from the multihorizon
branch (red). The dashed horizontal line /o = 0 corresponds to
the Schwarzschild limit where the deformation vanishes, while
the gray region above it corresponds to B1. The vertical dashed
lines indicate the interval 2 < b < 4 required for the regular
behavior of the deformation.
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In this region, the MGD deformation preserves the causal
structure of the Schwarzschild seed geometry, and no addi-
tional horizons are generated. The red shaded region below
the critical curve corresponds to the multihorizon branch. In
this case, the deformation term introduces an additional root
of the radial metric function, producing a spacetime structure
with more than one horizon. The dashed horizontal line
represents [a = 0, which corresponds to the Schwarzschild
limit where the deformation vanishes. The gray region above
this line corresponds to B1. Finally, the vertical dashed lines
indicate the interval (42), which follows from the conditions
required to maintain the regular behavior of the deformation

|

function and the existence of well-defined horizons.
Moreover, for B2 if b < 2 the resulting spacetime becomes
a wormbhole structure. However, we are not going to discuss
this type of solutions here.

Next, as the field equations (27) are quite involved, it is
not easy in general to determine either the scalar field or the
function V, and in principle, the electromagnetic vector
field cannot be easily determined either. However, in the
representative branch, it can be done (see below). Now, the
expression for the derivative of the scalar field is obtained
by subtracting the first and second equations in the set (27).
So, this provides

2a

r((b=2)r— (b - 4)M)sza2 (la(a—l)2”’(2M—r)((b—22)r—(b—4)M)

b—4
T )l/m

mr

PP ==

(r=2M)(((b=2)r = (b= 4)M)#* + la((b = 2)r — (b — 4)M)7F2)

(44)

The above expression blows up at the event horizon. Therefore, to avoid any pathological behavior, we shall consider

m = 1. Now, using the third equation of (27), one obtains

2 (b —2)r — (b — &MY (M(=3a + b — 1) + rla—b + 1))

—sF V() = a

As can be observed, the previous expression depends on
A}, that is, the derivative of the temporal component of the
four-potential A,,. This comes from the spherical and static
features of the model, where there is only one nontrivial
component. In connection with the vector field equation (30),
in principle it can be formally integrated to obtain the
temporal component of the vector potential A,, however,
one needs to specify the form of the coupling function V (see
below). Therefore, we can at least express the invariant F as

F) = ;5] (0

where the integration constant has been interpreted as an
electric charge. The integration constant Q appearing in the
above expression does not correspond to the standard
Maxwell electric charge. Instead, in nonlinear electrody-
namics it is associated with the conserved flux of the
electromagnetic displacement tensor that follows from the
field equations of the nonlinear electromagnetic sector. Due
to the nonlinear electromagnetic coupling, this quantity does
not manifest as an asymptotic gravitational charge constant
associated with the vector field. To better understand this
point, let us expand the radial metric potential, that is,

v 2ol ool
(47)

45
PAR(((b =2)r = (b —4)M)2 + la((b — 2)r — (b — 4)M)i2) (45)
|
where we have considered ¢ = —2. Therefore, one has the
same asymptotic behavior as the Schwarzschild BH'
2M 1
9rr(r) = 1+T+O<p>v (48)

where it is clear that there is no evidence of the scalar and
vector fields for far enough distances, both represented by the
parameters / and a due to the nonminimal coupling between
them. In other words, the solution is screened by the
Schwarzschild BH. Furthermore, while the action contains
a nonlinear electromagnetic sector, the anisotropic closure
employed to obtain the exact solution prevents a simulta-
neous Maxwell-canonical scalar limit. Therefore, the present
geometry should be interpreted as a distinct branch
rather than a continuous deformation of Einstein-scalar-
Maxwell BH.

C. Explicit matter-sector reconstruction

Although the general system determining the scalar-
vector sector does not admit a simple closed-form solution
for arbitrary parameters, the situation simplifies consider-
ably in the representative parameter space used throughout
the numerical analysis of this work. In particular, for
the choice {M,b,c} = {1,3,-2}, which lies within the

of course, a different value for the ¢ parameter could change
in principle the asymptotic behavior of the solution, and here, we
took the value which guarantees flatness.
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one-horizon region of the parameter space, the matter
sector can be explicitly reconstructed. For these values
the closure relation fixes {a,m, s} = {2,1,2}, so that the
scalar-vector Lagrangian reduces to the particularly simple
form

L =X —FV($). (49)

a. Scalar field. For the parameter space {M,m,c,b} =
{1,1,-2,3} the expression (44) reduces to

la
- drr(1+7)[(1 + r)* + la]

¢'(r)? (50)

Since all factors in the denominator are positive for r >
ry = 2 and B1, the scalar field remains real throughout the
entire exterior region.

The equation (50) can be exactly integrated. Introducing
the variable

;
= , 51
" 1+r (1)
the scalar profile becomes
la du
" = i\/: / L (2
)= \T [ e ()

whose closed form is given by an incomplete elliptic
integral of the first kind,

la 1 . r q
= i\/7.7: arcsin =1,
M= i Tayp [ 1<\/I_7\/1+r> p]
(53)
where
la+i\/5 la—iVia
p=tI L g =TI ()
1+ la 1+ la

and F (¢, m) denotes the incomplete elliptic integral of the

first kind. Although Eq. (53) is written in terms of complex

parameters, the resulting scalar field is real for B1.
Evaluating Eq. (50) at the event horizon ry = 2 gives

P (ry) = M: (55)

which is finite over the entire admissible parameter range.
Therefore, the solution possesses a regular scalar field at the
horizon.

For large radial distances,

= — \/g +O(r=3/2), (56)

showing that the scalar field approaches a constant asymp-
totically while its radial derivative vanishes at infinity.

It is worth emphasizing that the complementary branch
B2 exhibits a fundamentally different behavior. In this case,
Eq. (50) becomes negative throughout the exterior region,
implying that the scalar field is no longer real unless it is
interpreted as a phantom field through the redefinition
¢ — i¢. For this reason, the scalar reconstruction presented
in this work naturally favors B1.

b. Vector sector and nonlinear coupling. Once the scalar
sector has been reconstructed, the remaining field equations
can be used to determine the nonlinear electromagnetic
sector. In particular, substituting the explicit scalar profile
into the third equation of the set (27) leads to the following
relation between the electromagnetic invariant and the
scalar coupling function,

p(r)

_la[(r+1)*(3r = 1) 4 la(r — 1)]
FOVO) = G T DT + 1P + 1l

(57)

Solving Egs. (46) and (57) simultaneously, one obtains
the electromagnetic invariant

P (r+1)*(3r—1) 4 la(r— 1)

F(r) = . (58
W) parug oy Yy L
while the scalar-vector coupling function becomes
1287° Q4 1)° 1)? + la)?
Vi) w QO r+1)°[(r + 1) + la] (59)

T BR(r+ 1)Br=1) +la(r— D]’

Therefore, the interaction potential is completely recon-
structed once the geometry has been specified, and no
additional ansatz for V(¢) is required.

At large radial distances one finds

9la’> 1 B
F(r) :Wﬁ O(r 7), (60)
whereas
12872304 1 B

Hence, the nonlinear electromagnetic invariant decays
much faster than the coupling function, ensuring that the
vector sector becomes asymptotically suppressed.
Consequently, both the scalar and nonlinear electromag-
netic fields vanish sufficiently rapidly at large distances,
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consistently with the Schwarzschild asymptotics of the
spacetime.
c. Electric potential. For a purely electric configuration

A, = (Ay(r),0,0,0),
the electromagnetic invariant satisfies

1 la

F:E(l +m)A62(r). (62)

Substituting the reconstructed invariant (58) yields

L) = la[(r + 1)2(3r = 1) + la(r — 1)]
O 4rQ(r + 1) [(r + 1) +

(63)

which can be integrated numerically to obtain the electric
potential Ay(r).
At large distances one finds

3la 1 3
6(7‘) :@ﬁ"—O(l’ 3), (64)
and therefore
3la 1 s
Ay(r) = 0,00 —@; o(r=), (65)

showing that the electric potential approaches the standard
Coulomb behavior asymptotically.

The complete reconstruction presented above demon-
strates that the anisotropic sector generated through GD can
be consistently interpreted as an effective scalar field
interacting with a nonlinear electromagnetic field rather
than representing a purely effective anisotropic fluid [49].
The scalar field remains regular throughout the exterior
region and approaches a constant at spatial infinity, whereas
the nonlinear electromagnetic invariant and the interaction
potential decay sufficiently fast so that the Schwarzschild
asymptotics of the geometry are preserved.

D. Effective anisotropic source

Although the matter content has already been identified
at the level of the action and the field profiles, it is
illuminating to display the explicit components of the
effective energy-momentum tensor that sources the geom-
etry (38). Since the Schwarzschild seed is Ricci-flat
(Tuv = 0), the full energy-momentum tensor reduces to
T+, = 6", and following the convention adopted below
Eq. (1) we identify the effective energy density and the
radial and tangential pressures as

pE_GOO’ przellv PL E922' (66)
Inserting the decoupler function (35) into Egs. (16)—(18)
and recalling the exponent ¢ defined in Eq. (36), a direct

computation yields

la[(b —2)r — (b — 4)M]"!

P 8r?
x [2a(r —2M) = b(r — M),
p, = lalb— 2>;;r2(b —4)m)
p, = (= Dialr=M[b=2r= -9y~

8rr

In the representative parameter space {a,b,c,M} =
{2,3,-2, 1}, used throughout the numerical analysis, these
expressions reduce to the compact forms

la(r—5)
P = 5 13’
8urs(r+1)
B la
Pr= 8xr?(r+1)%°
la(l —r
P ( ) (68)

T8 (r 1)

The effective source is intrinsically anisotropic since
p, # p., while all stress-energy components vanish con-
tinuously in the Schwarzschild limit /o — 0. Furthermore, all
components decay as O(r~*) at large distances, consistently
with the asymptotic Schwarzschild behavior of the geometry.

The sign of the effective stress-energy tensor is entirely
determined by the product /a. For the B1 case, the radial
pressure remains positive throughout the exterior region
(r > 2), whereas the tangential pressure is negative. The
effective energy density changes sign at r =35, being
negative in the interval 2 < r < 5 and positive for r > 5.
Consequently, the weak energy condition (WEC) is vio-
lated in the vicinity of the event horizon and in the
tangential direction, while the matter sector becomes
progressively less exotic as the radial coordinate increases.
Since all components decay rapidly at infinity, these
violations remain localized in the strong-field region and
do not affect the asymptotic structure of the spacetime.

For completeness, the complementary branch B2 exhib-
its the opposite behavior: the energy density becomes
positive close to the event horizon but negative at suffi-
ciently large distances, whereas the radial pressure remains
negative throughout the exterior region. This branch
satisfies the odd-parity stability criterion (see below) but
possesses a less satisfactory effective matter sector [50]. it
is worth mentioning that, in some minimally coupled
tensor-scalar scenarios, non-Schwarzschild BHs also vio-
late the WEC [51].

E. Stability via odd and even parity criteria

Here we employ the master equations derived in [52,53]
for odd and even parity perturbation modes, obtained for
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the following theory

R

s= [ d4x\/—_9{f1(¢>ﬁ+fz<¢’XvF) . (69)

where the dependency on F in the function f, is not
necessarily linear in the Maxwell field, that is, it accepts the
so-called nonlinear electrodynamic forms. The action (69)
corresponds to a general expression for the well-known
Einstein-Maxwell-dilaton theories [7,8]. The stability of
BH solutions in modified gravity theories and in the
presence of additional fields has been extensively studied
in different contexts, including f(R) gravity with dynami-
cal Chern-Simons corrections [54].
Comparing our theory

R
S: /d4x\/—g[F+X’" —FSV(Cﬁ) (70)
V4
with (69), one obtains

[ X, F) = X" = FV(g).  (T1)

Thus, our proposal considers a minimal coupling between
the gravitational and scalar sectors, while nonminimal
coupling between the scalar and vector sectors, where in
principle the vector sector corresponds to nonlinear form of
Maxwell interaction and the potential V(¢) is not being the
usual dilatonic form.

Next, we are going to analyze under what conditions for
the parameter space {m, s}, the odd and even parity master
equations for stability are fulfilled.

1. Odd parity constraints

The stability conditions imposed by the odd parity
analysis entail in this case the satisfaction of the following
inequalities

(. X.F)

fi(#) >0, oF

0. (72)

The first one is related to the ghost-free condition for the
scalar fields, while the second concerns the stability under
vector perturbations. In our case, f(¢) = 1, so the first
inequality is trivially satisfied. For the second condition,
one gets

of2(¢. X, F)

oF = —sF~'V(¢) > 0. (73)

In this case, the odd parity stability condition is connected
with the expression given by Eq. (45). Then, to ensure
stability via odd parity master conditions, expression (45)
should always be positive. This fact is shown by Fig. 3 for

— la>0 i

0.0006 |-

0.0004 |- — la<0
S 0.0002

v'% 0.0000

I -0.0002
-0.0004
-0.0006

2 4 6 8 10

r
FIG. 3. 0Odd parity condition for stability for M =1, b =3,

¢ = =2, and a = 0.2, for booth cases B1 (black line) and B2 (red
line).

B1 and B2, where the condition (73) is satisfied only for the
case B2.

2. Even parity constraints

The even parity stability criterion establishes the follow-
ing conditions

of1(4)
o

of2(h. X.F) _

0.
oX

=0 3|0 o)

(74)

As before, the first condition is immediately satisfied, while
the second one provides

mx"=1 > 0. (75)

It is clear that the satisfaction of the even parity stability
condition is guaranteed only if m > 0. This condition is
represented in Fig. 4.

The stability analysis presented above shows that the two
BH branches possess complementary physical properties.
While branch B2 satisfies both odd- and even-parity stability
criteria, branch B1 provides a more satisfactory effective

2.0F

1.5}

1.0+

me—/

0.5}

0.0},

FIG. 4. Even parity condition for stability for M =1, b = 3,
¢ = -2, and a = 0.2, fr both cases B1 and B2.
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matter sector, admitting a real scalar-field reconstruction
together with a fully analytical nonlinear electromagnetic
sector. Since the purpose of the following sections is to
investigate the physical properties of the matter fields
supporting the geometry, the explicit reconstruction, geo-
desic analysis, and thermodynamic study will be carried out
for branch B1.

IV. GEODESIC MOTION

In this section, we study the main properties of equatorial
orbits around the solution described above. The geodesic
motion of a test particle in a metric g,, is governed by the
Lagrangian

1 €
L= ng)'c”)'c” = 5 s (76)
where ¥# = dx* /dr being 7 an affine parameter, and € = 1
for massive particles and ¢ = 0 for photons. It is worth
mentioning that, in the present analysis, we restrict our-
selves to the motion of neutral test particles to isolate the
purely geometrical effects associated with the MGD
deformation of the radial metric component. The study
of charged particle dynamics in the presence of the non-
linear electromagnetic field would require the inclusion of
the Lorentz force in the equations of motion and could
reveal additional dynamical features related to the scalar-
vector sector. Such an analysis lies beyond the scope of the
present work but represents an interesting direction for
future research (see, e.g., [55]).

Due to the spherical symmetry, we can restrict the
particle’s motion to the equatorial plane (0 = /2,
& = 0) without loss of generality. Besides, since the metric
is independent of the coordinates ¢ and ¢, we have two
constants of motion, namely E and L, which are the total
energy and angular momentum per unit mass, respectively,

d oL oL .

G 0T Tl =E (77)
d oL oL .
aok ok _ — L. 78
d7 0¢ op 9P (78)

Using Eqgs. (77) and (78), we can rewrite Eq. (76) as
L2
_gttgrriz =E* - it <€ - _> . (79)
9oe

Note that (79) is formally the same as the conservation
equation in Newtonian mechanics with potential

L2
Uetr = Gu <€ - > (80)

o

which only depends on the metric functions g, and g,.
The effective potential U, for massive particles (¢ = 1) is

1.10 T .
— Uerr

X — £=0.97
8 .05} 1
<
2
Q
]
L root
g
& -
[

0.95+

0 10 20 30 40 50 60
r
FIG. 5. Radial The effective potential versus the radial coor-

dinate for M =1, b=3,c=-2,a=02and [ = 1.

shown in Fig. 5. Note that a massive particle with energy E
and angular momentum L has a bounded orbit whenever
there are two intersection points between E? and Uy and
E? > U in the region between the intersections, as occurs
in the Newtonian case.

To study the geodesic motion of massive particles, we
can consider

dr drd¢ L dr

—=——"=—-—— 81
to rewrite Eq. (79) as
dr \/ I
—=4/- " (E* - U, 82
d¢ ngrrgtt ( ff) ( )
Gy (E L2
= [-22 <—+——€>, (83)
L 9rr \9u 9o

from where it can be easily understood the necessity for a
bound orbit to have E? > U,y such that the square root
always yields real values. To solve the Eq. (82), we follow
the standard procedure of Chandrasekar [56] by consider-
ing the parametrization of a bounded orbit

B a
_l—i—l;cosx’

r(x) (84)

where @ and b are constants such that r(0) = r,;, and
r(m) = rpax corresponding to the periastron and the apas-
tron, respectively. Then we arrive at the differential
equation

dp _ abLsing 9rr 9t
dy (14 bcosy)? G5 (E* = Uer)

. (85)

that can be solved numerically. The recipe is to choose a
value for E and L such that E?> > U has a well-defined
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region with a minimum and maximum radius. Here we
choose E = 0.97 and L = 4.3. Next, we find the values of
the periastron and apastron for these particular parameters,
in our case rp;, = 2.753 and 7, = 19.331 from where
a=4.819 and b= 0.705. It is worth noticing that the
values for r.;, and rp,, will be the same for all the
geodesics shown in this work. This information is enough
to solve Eq. (85) numerically.

Figure 6 displays three qualitatively distinct classes of
timelike geodesics: bounded orbits (left panel), scattering
orbits (middle panel), and plunge orbits (right panel). In all
panels, the dotted black curve corresponds to the
Schwarzschild solution, whereas the solid red curve rep-
resents the orbit in the scalar-vector geometry (38) for the
same conserved quantities £ and L, using the parameters
M=1,b=3,c=-2,a=02,and [ = 1.

Bounded orbits (left panel). Bounded trajectories oscil-
late between a periastron radius r,,;, and an apastron radius
rmax- Because the effective potential U is identical in both
spacetimes—a consequence of the fact that the MGD
deformation leaves g, and gy, unchanged—the radial
motion coincides exactly in the two geometries. As a
result, the values of (rpin, F'max) agree identically. The
azimuthal motion, however, depends on the radial metric
component g,, through the relation

2
1
dg L2 (86)

X s
dr ngrrgtf vV E2 - Ueff(r)

and therefore differs between the two spacetimes. This
produces distinct periapsis precessions: the rosette-shaped
red orbit accumulates a different azimuthal angle per radial
period when compared with the Schwarzschild one. The
left panel thus shows that the MGD deformation breaks the
exact degeneracy between the radial and azimuthal
frequencies, generating a measurable change in the peri-
helion advance while preserving the turning points of the
motion.

40 T T 40

Scattering orbits (middle panel). The middle panel shows
unbound (scattering) trajectories. For the chosen energy E,
the particle comes from spatial infinity, reaches a minimum
radius r,;,—determined solely by the shape of Uy and
therefore identical in both metrics—and then returns to
infinity. The total deflection angle,

®d
®:7r—2/ 9 ar, (87)

min

is nevertheless sensitive to the radial metric function g,,.
Accordingly, the red trajectory exhibits a deflection that
differs from the Schwarzschild prediction, despite the fact
that the effective potential and the asymptotic structure are
the same. This constitutes a clean, coordinate-invariant
imprint of the MGD deformation on dynamical observables.

Plunge orbits (right panel). The right panel now illus-
trates plunge trajectories for which the particle has no outer
turning point: once it crosses the maximum of the effective
potential, it inevitably falls toward the horizon. In this case,
the red and black curves coincide almost perfectly through-
out the entire trajectory. This complete overlap reflects the
fact that plunging trajectories probe only the radial inequal-
ity E? > Ug(r) and do not undergo oscillatory motion.
Since U and g, are identical in the two geometries, the
combination

E2 - Ueff(r) (88)

that governs the monotonic radial fall is the same. Although
in principle the accumulated azimuthal angle before crossing
the horizon depends on g,,, for plunging trajectories this
effect is too small to produce a visible separation of the
curves. Consequently, the plunge orbits in Fig. 6 are practi-
cally indistinguishable from their Schwarzschild counter-
parts, in contrast with the bounded and scattering cases.

In summary, Fig. 6 demonstrate that minimally deformed
BHs obtained via GD share the same global orbit classi-
fication and the same radial turning points as Schwarzschild,

40

20+ 1 20+

20 +

-20} = 1 20k

N

-20+

-40

-40 s s -40 s
-40 -20 0 20 40 ~ -40 -20

20 20 =40 ~20 0 20 40

FIG. 6. Left panel: bounded orbits. Middle panel: scattering orbit. Right panel: plunge orbit. For these plots we consider M = 1,
b=3,c=-2,a=0.2 and [ = 1. The black line corresponds to the Schwarzschild BH, and the black one to the model (38).
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but exhibit quantitative and observable differences in the
periapsis precession and scattering angle. Plunge orbits
constitute the only exception: due to their strictly monotonic
radial behavior, they are effectively insensitive to the MGD
corrections and therefore lie on top of the Schwarzschild
results.

V. THERMODYNAMIC ASPECTS

In this section, we present a strengthened and concep-
tually sharpened analysis of the thermodynamics associated
with the minimally deformed Schwarzschild geometry
introduced earlier.

The thermodynamic interpretation of BHs, established
through the four laws of BH mechanics [57], the entropy-
area relation [58], the discovery of Hawking radiation [59],
and the consolidation of BH thermodynamics [60], pro-
vides the framework for the following analysis.

As the event horizon remains fixed at ry = 2M, the
parameter M can be formally identified as the BH mass.
Although the functional form of g,, coincides with the
Schwarzschild one, the deformation encoded in f funda-
mentally modifies the redshift properties near the horizon
and is responsible for the deviations in all thermodynamic
quantities. The parameters « and [ therefore act as control
parameters, and the classical limit is easily recovered as
a— 0.

The Hawking temperature follows directly from the
surface gravity associated with the timelike Killing field.
Using the general expression [61]

1
TH = E\/argtto.H)argrr(rH)’ (89)
One obtains

1 2% la(bry)

Ty = . 90
" drry 2¢ ( )

Thus, the temperature is universally suppressed relative
to the Schwarzschild value Ty = 1/(4zry). This suppres-
sion is not a small correction but a structural consequence
of the radial sector. The small expansion of a — 0

of (90) yields

(bry)*
2c+1

Ty =T, {1 + la] + O(a?), (91)

showing explicitly the monotonic decrease of T when
considering la < 0, see left panel in Fig. 7.
The entropy follows from

am
ds=—. (92)
Ty
Using (90), one obtains after integration
2°+ (br)la 1224+c¢ (bry)
S:m’%l TzFl <§,;, - ,— e la ). (93)

Hence, the entropy is modified by the effects of MGD. The
increase in S reflects the fact that the deformation effec-
tively enlarges the horizon area by a multiplicative renorm-
alization of the radial measure. In the representative branch,
{b,c} = {3, -2}, the entropy takes the following form:

_471 3

9 3r
S=—|Sry\/~ry+la—1 tanh | ——2— | |. (94
9 [2”1 4rH+a a arctan <\/m>} (94)
4"H

Expanding (94) for small a produces

[
S=258 +9—ﬂla[l +1In <;‘;>} +0(@®), (95)
2 Ory

with Sy = zr? the classical Bekenstein-Hawking entropy.
The trend of the entropy is depicted in the middle panel
in Fig. 7.

Now, the heat capacity follows the standard definition

as

aS F)
C,=Ty(-=) =12 9
(1) s (96)

Carrying out the computation with (90) and (93) leads to
the exact result

0.10

300

0.08 250

0.06 200

150

Temperature
Entropy

0.04
100
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FIG. 7.
a=02and [ = 1.

2.5
L 2.0f
N
L
S 71.5F
¢
X
S 1of
Q
Q
S o.s5f
0.0} ‘
2 4 6 8 10 0 2 4 6 8 10
r r

Left panel: temperature. Middle: entropy. Right panel: Gibbs free energy. For these plots we consider M = 1, b =3, ¢ = -2,
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3 e c
c = _211_2::;”,,[2 + (bry) lca} / i 1 R
+ (¢ =2)(bry)la V 9r* + 4la
This quantity remains negative, which confirms that the BH
is thermodynamically unstable.
The Gibbs free energy provides additional thermody-
namic information. However, we first need to compute the

ADM mass for this model before obtaining the free energy.
So, the ADM mass is defined by [62]

1 3 ,
M xpm = E}l{g/ ”z::l (gij,i - giz:j)”jdA (98)

where the integral is over a sphere of constant radius

r= O R R W = /r (9)

and dA the surface element. Here, the spatial component of
the metric for large values of r is given by

2M 1
. - , .
Therefore,
2M 1
r r
So, putting together (98) and (101) one obtains

This is a nontrivial result, because some non-Schwarzschild
BH such as the one reported by [63] in the framework of
quantum gravity theory, has an ADM mass which is not the
parameter M in the metric [64].

Now, the Gibbs free energy is given by

G :MADM —THS (103)

For the present case, G has the following expression:

ry (bry)la
G="1]y (14202
- (14

122 bry)¢
XZFI(E’E’ +c’_( ;IZ> la)], (104)

C

which differs markedly from the Schwarzschild expression.
Now, on the representative branch, Gibbs free energy takes
the following form:

2 108+

—4la\ /913, + 4laarctanh (3rH / /92, +4la)} . (105)

Its trend is shown by the right panel in Fig. 7, corroborating
the thermodynamical instability of the model.
Next, expanding for a small « leads to

1
_n [27&, + 12ryla

with Gy = ry /4.

The thermodynamic portrait that emerges is therefore
unambiguous, the parameter /o acts coherently across all
quantities by lowering the temperature, increasing the
magnitude of entropy and heat capacity and modifying
the Gibbs energy in a qualitatively new way that cannot be
reproduced by a simple rescaling of the Schwarzschild
mass. Every correction vanishes smoothly in the limit
a — 0, but for finite a and [ the deviations are systematic.

VI. CONCLUSIONS

In this work, we have constructed and analyzed a new
family of static and spherically symmetric geometries
generated through the MGD approach and supported by
a nonlinear scalar-vector sector. Starting from the
Schwarzschild solution as the seed geometry and impos-
ing a general algebraic relation among the components
of the decoupling tensor, we obtained an exact analytical
deformation of the radial metric component, leading to
a non-Schwarzschild spacetime while preserving the
Schwarzschild temporal potential. This provides, to
our knowledge, the first exact non-Schwarzschild BH
sourced by a genuine scalar-vector system within the
framework of GD.

A central result of this work is that the resulting solution
space rather than describing a unique BH configuration, the
MGD deformation naturally gives rise to two distinct BH
branches, denoted throughout this work as B1 (la > 0) and
B2 (la < 0). Although both branches preserve the same
Schwarzschild event horizon at ry = 2M and remain
asymptotically flat, they exhibit remarkably different physi-
cal properties. The B2 branch satisfies both the odd- and
even-parity stability criteria but develops an effective
matter sector violating the weak energy condition in the
exterior region. Conversely, the B1 branch admits a real
scalar-field reconstruction together with a more satisfactory
effective energy-momentum tensor, although it does not
satisfy the odd-parity stability criterion. Therefore, neither
branch is universally preferred, revealing a nontrivial
interplay between dynamical stability, energy conditions
and causal structure.
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The causal analysis also shows that the parameter space
contains more than one geometrical realization. Within the
parameter domain considered in this work, both B1 and B2
describe genuine BH geometries characterized by a single
Killing horizon and the absence of additional throats or
signature changes. Outside the BH parameter domain of
B2, however, the same analytical family admits wormhole
configurations, illustrating the rich geometrical structure
generated by the MGD deformation.

An important outcome of the present analysis is the
explicit reconstruction of the matter sector supporting the
B1 branch. We showed that the scalar field can be obtained
analytically in terms of incomplete elliptic functions, while
the nonlinear electromagnetic invariant, the interaction
potential and the electric potential are completely recon-
structed from the field equations without introducing
additional ansatz. The scalar field remains regular through-
out the exterior region and approaches a constant at spatial
infinity, whereas the nonlinear electromagnetic sector
decays rapidly, preserving the Schwarzschild asymptotics
of the geometry. These results demonstrate that the aniso-
tropic source generated by GD admits a consistent inter-
pretation as a genuine nonlinear scalar-vector system rather
than as an effective anisotropic fluid.

The geodesic analysis further shows that, although the
temporal component of the metric remains unchanged, the
radial deformation modifies the relation between radial and
angular motion, producing observable deviations from
Schwarzschild in bounded, scattering and plunge trajecto-
ries. Hence, the MGD deformation leaves the qualitative
orbital structure unchanged while generating measurable
strong-field corrections associated with the scalar-vector
interaction.

The thermodynamic properties of the solution were also
investigated in detail. The Hawking temperature, entropy,

heat capacity and Gibbs free energy were obtained ana-
lytically, showing that the deformation introduces non-
trivial corrections while preserving the ADM mass of the
spacetime. This behavior reflects the fact that the scalar and
vector fields do not generate an independent asymptotic
gravitational charge but instead produce a purely radial
deformation of the geometry. In this sense, the matter sector
exhibits a stealthlike behavior, remaining gravitationally
active in the strong-field region while becoming asymp-
totically invisible.

More generally, our results suggest that GD may
naturally generate rich families of exact solutions whose
physical interpretation cannot be inferred from the geom-
etry alone, but instead requires the combined analysis of
causal structure, perturbative stability and matter
reconstruction. The coexistence of physically distinct BH
branches, together with the possibility of wormhole geom-
etries outside the BH domain, reveals that MGD deforma-
tions encode a much broader phenomenology than
previously recognized. These results open new perspectives
for investigating the relation between energy conditions,
perturbative stability, nonlinear matter couplings and
strong-field gravitational physics within exact analytical
models.
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