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We present a numerical relativity study of the accretion properties of a nonspinning black hole in a
cosmology driven by a scalar field. The simulations are carried out with a modified moving-puncture gauge
condition suitable for cosmological space-times. We considered a scalar field with potential V ¼ λφ4=4 and
derived the black hole mass growth formula for this scenario using the dynamical horizon framework. As
with perturbative studies, we find that the accretion rate Ṁ ∝ M2, with M the mass of the black hole, and
that Ṁ ∝ φ̇2. We verify that the results of the simulations satisfy the mass growth formula. Unexpectedly,
the scalar field dynamics in the neighborhood of the black hole is not significantly different from the
behavior of the field far away from the hole. We found situations where the black hole can grow ∼15% of
its initial mass before the scalar field reaches the bottom of its potential.
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I. INTRODUCTION

With the current sensitivity of the gravitational wave
(GW) detectors, observations of binary black hole (BBH)
mergers by the LIGO, Virgo, and KAGRA (LVK)
Collaboration [1–4] show consistency with the assumption
that general relativity (GR) is the correct theory of gravity
and that the environment in which the systems merge is in a
vacuum. As the sensitivity of the detectors improves, GW
observations will present us with a unique opportunity to
uncover phenomena that could be governed by alternatives
to GR and the Standard Model of particle physics. The
possibility that GWobservations could help us decipher the
nature of dark matter and dark energy is also not far-
fetched. At the very least, GWs will help us to identify the
properties of the environments hosting sources of gravita-
tional radiation [5,6]. Several studies have addressed
finding evidence for modified theories of gravity [4,7,8]
or physics beyond the Standard Model, e.g., ultralight
bosons [9,10]. For massive black holes BHs, in astrophysi-
cal scenarios in which gravitational radiation is accompa-
nied with electromagnetic radiation, the presence of
gas/dust cannot be ignored; examples are active galactic
nuclei [11–17] or accretion disks [18–20]. BH accretion is
expected to influence the coalescence and translate into
intensity variations in the GWs emitted [21–25] and also
affect the final BH characteristics, including the gravita-
tional recoil [26].
Several studies have examined the impact of a scalar

field environment in the GWemission of compact mergers.
These include phenomenological studies about environ-
mental signatures on isolated BHs or extreme mass ratio
inspirals [19,27], binaries in various modified gravity

theories [28–33] or within axion fields [34], scalar field
dynamics in BH space-times [35,36] and their phenomena,
such as superradiance [37–40] and scalarization [39,41],
scalar dynamics in the transition from inspiraling BHs to a
single perturbed BH [42], scalar radiation from BBH
systems [43,44], BBH mergers in fðRÞ theories [45] and
in dynamical Chern-Simons gravity [46], effects of axion-
like scalar field environment on BBH mergers [47], BBH
dynamics in Einstein-Maxwell-dilation theory [48], and in
scalar Gauss-Bonnet gravity [49]. These studies were
partially motivated by the possibility of scalar fields to
explain the nature of dark matter [50] or for scalar-tensor
and fðRÞ theories of gravity [51–53].
Generally, there are two processes by which a scalar field

environment impacts the BBH dynamics. One is accretion.
As the BHs grow, the evolution of the orbital frequency
(and therefore that of the emitted GWs) is altered relative to
the vacuum case. Also, the mass of the final BH is larger
than that of the corresponding BH in vacuum, impacting its
ringdown structure and the excitation of ringdown modes.
This would be particularly important for massive binaries,
for which the ringdown of the final BH dominates the
signal inside the detector’s band. In this case, environmen-
tal effects could be detectable through the ringdown
structure [54,55]. The second effect is dissipation or
dragging. As the BHs interact with the scalar field
environment, they experience dynamical friction [56,57].
Without a potential, a BBH in a homogeneous and

initially stationary sea of scalar field will behave exactly as
in a vacuum. This can be seen from Gab ¼ 8πTab with
Tab¼∇aφ∇bφ−gabð∇cφ∇cφ=2þVÞ and ∇a∇aφ ¼ V;φ.
If V ¼ 0, and initially φ ¼ constant and ∂tφ ¼ 0, we get
that Gab ¼ 0. Thus, a dynamical scalar field is needed to
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get differences from BBH inspirals and mergers in a
vacuum. One can achieve this with an inhomogeneous
field, a nonstationary field, or a scalar field potential. Our
previous work used an inhomogeneous field (bubble
encapsulating the binary) with and without a vanishing
potential [26,58]. The reason for using a bubble was to have
an asymptotically flat space-time and a vacuum in the
neighborhood of the binary.
We propose triggering scalar field dynamics with a

potential. To avoid the complexities associated with the
zoo of inflationary potential, we will consider a V ¼ λφ4=4
potential, so the only knob to turn is the parameter λ. In the
present work, we will study a single, nonrotating BH. The
first step will be to derive a BH growth formula, and the
second will be to check the correctness of the formula with
numerical relativity simulations. Studies exist investigating
accretion of scalar fields by BHs. Scalar field BH accretion
has been investigated under both slow-roll and ultraslow-
roll approximations through a perturbative expansion of the
Einstein equations [59,60]. Also, approximate analytical
solutions for a dynamical spherically symmetric black hole
in the presence of a minimally coupled self-interacting
scalar field have been derived [61]. Our study does not
make any approximations; we solve the full nonlinear set of
GR equations. In Refs. [59,61,62], it was found that the
growth rate of the BH was proportional to the square of its
mass, Ṁ ∝ M2, bearing a similar resemblance to the
standard Bondi accretion rate. On the other hand, in a
study investigating a BH in a scalar field cosmology,
Ref. [63] found a growth rate Ṁ ∝ M3. As in [59,61],
we find that Ṁ ∝ φ̇2.
The paper is organized as follows: A summary of the

method to construct initial data of a BH in the presence of a
dynamical cosmological background driven by a scalar
field is presented in Sec. II. Evolution equations for the
scalar field and gauge conditions are discussed in Sec. III.
Numerical setup and simulation parameters are given in
Sec. IV. Scalar field evolution results are discussed in
Sec. V. Results showing how the dynamics of the system
obey the area increase law are presented in Sec. VI. BH
mass growth is discussed in Sec. VII. Conclusions are given
in Sec. VIII. Quantities are reported in units of the puncture
massm of the BH, withG ¼ c ¼ 1. Space-time signature is
ð−þþþÞ. Space-time indices are denoted with Latin
letters from the beginning of the alphabet. Spatial tensor
indices are denoted with Latin letters from the middle of the
alphabet. Also, ðÞ· ≡ d=dt, and ðÞ°≡ d=dτ with t and τ as
coordinate and proper time, respectively.

II. INITIAL DATA

Under the 3þ 1 decomposition of the Einstein field
equations [64], a space-time with a metric gab is foliated by
spacelike hypersurfaces Σ with unit timelike normals na.
The initial data consist of the spatial metric γab intrinsic to
Σ, the extrinsic curvature Kab of Σ, the energy density ρ,

and the momentum density Sa. These quantities are
obtained from

γab ¼ gab þ nanb; ð1Þ

Kab ¼ −
1

2
Lnγab ¼ −γacγbd∇cnd; ð2Þ

ρ ¼ nanbTab; ð3Þ

Sa ¼ −γabncTbc; ð4Þ

with ∇ covariant differentiation with respect to gab and Tab

the stress-energy tensor. For our case of a scalar field φ, the
stress-energy tensor Tab has the form

Tab ¼ ∇aφ∇bφ − gab

�
1

2
∇cφ∇cφþ V

�
: ð5Þ

Therefore,

ρ ¼ 1

2
Π2 þ 1

2
DiφDiφþ V; ð6Þ

Si ¼ −ΠDiφ; ð7Þ

where Π≡ −na∇aφ is the conjugate momentum of φ and
V is its potential. As mentioned before, we set V ¼ λφ4=4.
The operator Di denotes covariant differentiation associ-
ated with γij.
The initial data must satisfy the Hamiltonian and

momentum constraint equations. Namely,

Rþ K2 − KijKij ¼ 16πρ; ð8Þ

DjKij −DiK ¼ 8πSi; ð9Þ

respectively. Here, R is the Ricci scalar in Σ and K is the
trace of Kij.
We solve the constraints (8) and (9) following the York-

Lichnerowicz conformal approach [65–68] in which

γij ¼ ψ4γ̃ij; ð10Þ

Aij ¼ ψ−2Ãij; ð11Þ

where Aij is the traceless part of the extrinsic curvature. In
addition, we introduce Π̃ ¼ ψ6Π. With these transforma-
tions, the Hamiltonian (8) and the momentum (9) con-
straints read, respectively,

DOHERTY, GRACIA-LINARES, and LAGUNA PHYS. REV. D 112, 044029 (2025)

044029-2



Δ̃ψ −
�
1

8
R̃ − πD̃iϕD̃iϕ

�
ψ −

�
1

12
K2 − 2πV

�
ψ5

þ
�
1

8
ÃijÃij þ πΠ̃2

�
ψ−7 ¼ 0; ð12Þ

D̃jÃ
ji −

2

3
ψ6D̃iK ¼ −8πΠ̃D̃iϕ; ð13Þ

where R̃ is the Ricci scalar of the conformal space, D̃i
denotes covariant differentiation associated with the con-
formal metric γ̃ij, and Δ̃≡ D̃iD̃i. For simplicity, we also set
the conformal space to be flat, i.e., γ̃ij ¼ ηij. Thus, the
Hamiltonian and the momentum constraints become

∂
j
∂jψ þ πψ∂jϕ∂jϕ −

�
1

12
K2 − 2πV

�
ψ5

þ
�
1

8
ÃijÃij þ πΠ̃2

�
ψ−7 ¼ 0; ð14Þ

∂jÃ
ji −

2

3
ψ6

∂
iK ¼ −8πΠ̃∂iϕ: ð15Þ

Because our system involves a BH, we will model the
hole as a puncture where the conformal factor has the form

ψ ¼ 1þ m
2r

þ u; ð16Þ

with m as the puncture bare mass parameter. If the BH has
momentum or spin, we will be using the Bowen-York
solutions [69] Ãji of the momentum constraint in which
∂jÃ

ji ¼ 0. To use these solutions, we must choose K, φ,
and Π so that the terms involving these quantities in
Eq. (15) vanish. We accomplish this by setting Π ¼ 0,
K ¼ constant, and φ ¼ constant, which implies φ̇ ¼ 0.
With these assumptions, Eq. (14) takes the following form:

∂
j
∂jψ þ 1

8
ÃijÃijψ

−7 −
�
1

12
K2 − 2πV

�
ψ5 ¼ 0: ð17Þ

The last term in this equation will diverge at the puncture
location because of the form of the conformal factor (16).
To avoid this, we set K2 ¼ 24πV. Notice that, in a
homogeneous cosmological setup, K ¼ −3H, and this
equation becomes H2 ¼ 8πV=3, the Friedmann equation
for a cosmology driven by a scalar field at the initial time
when φ̇ ¼ 0. Therefore, we need to solve the equation

∂
j
∂jψ þ 1

8
ÃijÃijψ

−7 ¼ 0; ð18Þ

which is the equation commonly solved for vacuum space-
times for a BH modeled by punctures.
Since we are focusing on a single, nonspinning BH

without linear momentum, Ãij ¼ 0, and the solution to
Eq. (17) is Eq. (16) with u ¼ 0. In a vacuum space-time, the

bare mass parameter would be the mass of the BH. In our
case, this is not the case due to the scalar field φ. The mass
M of the BH would be obtained from the area A of its
apparent horizon asM ¼ R=2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

A=16π
p

with R the areal
radius of the BH.

III. EVOLUTION EQUATIONS AND GAUGE
CONDITIONS

We solve the Einstein equations using the Baumgarte-
Shapiro-Shibata-Nakamura (BSSN) formulation [64,70,71].
The evolution equation for the scalar field is ∇a∇aφ ¼ V;φ.
We decompose this equation into a 3þ 1 form with the help
of the spatial metric γab and the unit normal na ¼ ð1;−βiÞ=α,
where α is the lapse function and βi is the shift vector. The
equation of motion takes the form

∂tφ − βi∂iφ ¼ −αΠ; ð19Þ

∂tΠ−βi∂iΠ¼−αDiDiφ−DiαDiφþαKΠþαV;φ: ð20Þ

For the evolution, we used a modified version of the
moving-puncture gauge [72,73] to evolve α and βi. The
moving-puncture gauge commonly used for BHs in vac-
uum is

ð∂t − βj∂iÞα ¼ −2αK; ð21Þ

∂tβ
i ¼ 3

4
Bi; ð22Þ

∂tBi ¼ ∂tΓ̄i − ηBi; ð23Þ

where η is a parameter and Γ̄i ≡ −∂jγ̄ij with γ̄ij ¼ χ4γij as
the conformal metric in the BSSN system of equations
[64,70,71]. Far away from the BHs, where asymptotic
flatness holds, the moving-puncture gauge is consistent
with α ¼ 1, βi ¼ 0, and γij ¼ ηij.
In the absence of the BH, our space-time is that of a

spatially flat Friedmann-Robertson-Walker cosmology,
with a metric given as

ds2 ¼ −dt2 þ a2ðtÞηijdxidxj: ð24Þ
That is, α ¼ 1, βi ¼ 0, and γij ¼ a2ðtÞηij with the expan-
sion factor obeying the Friedmann equation

H2 ¼ 8π

3
ρ ¼ 8π

3

�
1

2
φ̇2 þ V

�
ð25Þ

and φ satisfying

φ̈þ 3Hφ̇ ¼ −V;φ; ð26Þ

with H ≡ ȧ=a. Therefore, for our situation of a BH in an
expanding cosmology, we must ensure that far away from
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the BH we approach a Friedmann-Robertson-Walker
cosmology.
The moving-puncture gauge for the shift vector can be

directly applicable to our case since, asymptotically, it has
βi ¼ 0 as a solution. What needs modification is Eq. (21)
for the lapse. In its current form, this equation does not
yield asymptotically α ¼ 1 or a constant because
K ¼ −3H ≠ 0. To get the correct asymptotic behavior
for α, we introduce the following modification:

ð∂t − βj∂jÞα ¼ −2αðK þ
ffiffiffiffiffiffiffiffiffiffi
24πρ

p
Þ: ð27Þ

With this, far from the hole, the rhs of Eq. (27) will vanish
because of the Friedmann equation (25). We will refer to
this condition as the “cosmological moving-punc-
ture gauge.”

IV. COMPUTATIONAL SETUP AND SCALAR
FIELD CONFIGURATIONS

Numerical simulations were performed with the MAYA

code [74–79], our local version of the EINSTEIN TOOLKIT

code [80]. All results are given in units of the puncture mass
parameterm. The initial configuration is a BH embedded in
a homogeneous scalar field. As evolution proceeds, the
scalar field will drive a rapid expansion of space-time,
eventually preventing us from numerically resolving the
BH. We use 12 levels of mesh refinements in a computa-
tional box of size 120 m with a grid spacing of m=840 for

the finest mesh. With this setup, we ensure resolving the
BH throughout a few hundred m of evolution; this is
enough dynamical evolution to address the questions under
consideration. We also impose periodic boundary condi-
tions. Strictly speaking, the presence of the BH breaks
initially periodicity. However, the outer boundary is suffi-
ciently far from the BH that its effects are minor, and to a
good approximation, periodicity is allowed.
We considered λ̄ ¼ f2; 4; 6; 8; 10g, where λ≡ λ̄ ×

10−4 m−2 and used two types of initial values φ0 for the
scalar field. In one case, as we vary λ̄, we keep φ0 ¼ 0.9
constant. For the other type, we vary φ0 and keep the initial
value of V̄;φ ¼ λ̄φ3

0 ¼ 1.458 constant. The latter is to
ensure that the initial “force” on the scalar field remains
the same as we vary λ̄. Table I shows the values for λ̄ and φ0

chosen, as well as the initial mass M0 of the BH.
To demonstrate the ability of the cosmological moving-

puncture gauge for preserving the standard homogeneous
cosmological evolution away from the BH, Fig. 1
displays γ1=6, γ1=2xx , and the expansion factor a as a function
of proper time at the outer boundary along the x axis.
The expansion factor a was obtained by solving the
Friedmann equation (25). The panels from left to right
are for fλ̄;φ0g ¼ f4; 0.9g, f4; 0.714g, f10; 0.9g, and
f10; 0.526g, respectively. The reason for using proper time
is that the BH influences the asymptotic value of the lapse
function α at the outer boundary, as seen in Fig. 2. The fact
that γ1=6 ≈ γ1=2xx ≈ a indicates that far from the BH the
space-time behaves as a Friedmann-Robertson-Walker
cosmology.

V. SCALAR FIELD DYNAMICS

Figure 3 shows the scalar field φ as a function
of x − xh with xh the horizon location for the case
fλ̄;φ0g ¼ f10; 0.526g. Later times correspond to darker
tones of blue lines. Surprisingly, as seen in the left panel,
the presence of the BH does not significantly modify the
scalar field from homogeneity. The differences between the

TABLE I. Initial scalar field configuration parameters. The
initial BH mass M0 is given in units of m.

λ̄ φ0 V̄;φ M0 φ0 V̄;φ M0

2 0.900 1.458 1.001 0.900 1.458 1.001
4 0.900 2.916 1.002 0.714 1.458 1.002
6 0.900 4.374 1.003 0.624 1.458 1.001
8 0.900 5.832 1.004 0.567 1.458 1.001
10 0.900 7.290 1.006 0.526 1.458 1.001

FIG. 1. γ1=6, γ1=2xx , and a as a function of proper time and evaluated at the outer boundary in the x axis. From left to right,
fλ̄;φ0g ¼ f4; 0.9g, f4; 0.714g, f10; 0.9g, and f10; 0.526g, respectively.
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values at the BH horizon and the outer boundary are small,
as can be seen in the right panel, where we subtract the
value at the horizon. As expected, the scalar field decreases
in time as it rolls down the potential. However, the decrease
on the horizon is slower than far from the hole. This is
related to the gravitational redshift near the hole. To help
clarify this point, Fig. 4 shows the evolution of φ at the
outer boundary in the first and third panels and at the
horizon in the second and fourth panels. The first two
panels are for the φ0 ¼ 0.9 cases and the last two panels are
for the V̄;φ ¼ 1.458 cases. Dashed lines are the values of φ
from solving Eqs. (25) and (26). As expected, the larger the
value of λ, the more rapidly the scalar field evolves toward
the bottom of the potential. As noted above, what is
remarkable is the similarity of the behavior between the
values at the outer boundary and those at the horizon. To
stress the difference with the homogeneous cosmological
solution, in Fig. 5, we plot the same results but as a function

FIG. 2. Lapse function α as a function of time and evaluated at
the outer boundary in the x axis. The lines correspond to
fλ̄;φ0g ¼ f4; 0.9g (red, solid), f4; 0.714g (red, dashed),
f10; 0.9g (blue, solid), and f10; 0.526g (blue, dashed).

FIG. 3. Scalar field at different times as a function of x − xh with xh the horizon location for the case fλ̄;φ0g ¼ f10; 0.526g. Later
times correspond to darker tones of blue in the lines. The right panel is identical to the left one, except that the scalar field at the BH
horizon is shifted to zero.

FIG. 4. Evolution of φ at the outer boundary in the first and third panels and at the horizon in the second and fourth panels. The first
two panels are for the φ0 ¼ 0.9 cases and the last two panels are for the V̄;φ ¼ 1.458 cases. Dashed lines are the values of φ from solving
Eqs. (25) and (26).
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of proper time. Far from the BH, proper and coordinate
time are the same since α ≈ 1.
For the type of potential we are considering, namely,

V ¼ λφ4=4, there is a rescaling that effectively eliminates λ.
From the evolution equations (19) and (20) for the scalar
field, this rescaling is xa →

ffiffiffi
λ

p
xa, Π → Π=

ffiffiffi
λ

p
, and

K → K=
ffiffiffi
λ

p
. Figures 6 and 7 are the same as Figs. 4

and 5, respectively, under this rescaling.

VI. HORIZON AREA BALANCE LAW

According to the first law of BH dynamics, the area of
the horizon of a BH in a nonequilibrium situation always

increases. The dynamical horizon framework developed
by Ashtekar and collaborators provides an expression
relating the changes in the area of a BH to the fluxes
across its dynamical horizon [81]. We will briefly sum-
marize the expression and demonstrate that the outcome
of our simulations satisfies such a balance law.
A dynamical horizon H is the world tube of marginally

trapped surfaces or apparent horizons that we will label by S.
H is foliated by S, and S is embedded in the spacelike
hypersurface Σ used in the 3þ 1 decomposition to solve the
Einstein equations. With the unit timelike normal na to Σ and
the unit spacelike normal sa to S within Σ, the following
outgoing laΣ and ingoing kaΣ null vectors can be constructed:

FIG. 5. Same as in Fig. 4, but as a function of proper time.

FIG. 6. Same as Fig. 4, but under the t →
ffiffiffi
λ

p
t. In the last two panels, φ has been normalized to its initial value.

FIG. 7. Same as Fig. 5, but under the t →
ffiffiffi
λ

p
t. In the last two panels, φ has been normalized to its initial value.
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laΣ ¼ 1ffiffiffi
2

p ðna þ saÞ; ð28Þ

kaΣ ¼ 1ffiffiffi
2

p ðna − saÞ: ð29Þ

The vectors na and sa in terms of these null vectors are
given by

na ¼ 1ffiffiffi
2

p ðlaΣ þ kaΣÞ; ð30Þ

sa ¼ 1ffiffiffi
2

p ðlaΣ − kaΣÞ: ð31Þ

Figure 8 provides a pictorial representation of the setup.
The expansion of laΣ and kaΣ is given by

ΘðlΣÞ ¼ hab∇alΣb ; ð32Þ

ΘðkΣÞ ¼ hab∇akΣb; ð33Þ

respectively, with

hab ¼ gab þ kΣalΣb þ lΣakΣb ¼ gab þ nanb − sasb ð34Þ

the two-dimensional metric in S. A trapped surface is one in
which ΘðlΣÞ ¼ 0 and ΘðkΣÞ < 0. The outermost of these
surfaces is the apparent horizon.
The dynamical horizon H is also a spacelike hypersur-

face. It has a unit timelike normal τa and unit spacelike
normal ra to S within H (see Fig. 8). With τa and ra, the
following null vectors can be constructed:

laH ¼
ffiffiffiffi
C
2

r
ðτa þ raÞ; ð35Þ

kaH ¼ 1ffiffiffiffiffiffi
2C

p ðτa − raÞ; ð36Þ

with C a scalar field fixing the normalization of the null
vectors. Equivalently,

τa ¼ 1ffiffiffiffiffiffi
2C

p ðlaH þ CkaHÞ; ð37Þ

ra ¼ 1ffiffiffiffiffiffi
2C

p ðlaH − CkaHÞ: ð38Þ

Similarly, the expansion of laH and kaH is given by

ΘðlHÞ ¼ hab∇alHb ; ð39Þ

ΘðkHÞ ¼ hab∇akHb ; ð40Þ

respectively, and the two-metric (34) in S takes the form

hab ¼ gab þ kHa lHb þ lHa kHb ¼ gab þ τaτb − rarb: ð41Þ

Here, again, for an apparent horizon ΘðlHÞ ¼ 0

and ΘðkHÞ < 0.
Data from numerical relativity simulations are computed

in Σ. On the other hand, the area increase law from the
dynamical horizon framework is given in terms of quan-
tities in H. Thus, we need to translate from one hypersur-
face to the other. The null vectors in Σ and H are related to
each other via a boost transformation, which in the case of
null vectors translates into a multiplicative factor f such
that

laH ¼ flaΣ and kaH ¼ 1

f
kaΣ: ð42Þ

Notice that, with these transformations,

ΘðlHÞ ¼ fΘðlΣÞ and ΘðkHÞ ¼
1

f
ΘðkΣÞ; ð43Þ

and

ra ¼ 1ffiffiffiffiffiffi
2C

p
�
flaΣ −

C
f
kaΣ

�
; ð44Þ

τa ¼ 1ffiffiffiffiffiffi
2C

p
�
flaΣ þ

C
f
kaΣ

�
: ð45Þ

Consider a horizon evolution vector field

Ua ¼ Ura

¼ Uffiffiffiffiffiffi
2C

p ðlaH − CkaHÞ

¼ Uffiffiffiffiffiffi
2C

p
�
flaΣ −

C
f
kaΣ

�
: ð46Þ

FIG. 8. Σ is the spacelike hypersurface used in the 3þ 1
decomposition of the Einstein equations. S is the apparent
horizon. na is timelike unit normal to Σ, and sa is the spacelike
unit normal to S in Σ. laΣ and naΣ are null vectors relative to na and
sa. H is the dynamical horizon, a spacelike hypersurface with
timelike unit normal τa and a spacelike unit normal ra normal to S
in H. laH and kaH are null vectors relative to τa and ra.
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The vector field Ua is tangent to H, orthogonal to S, and
generates a flow preserving the foliation in H. That is,
LUΘðlHÞ ¼ 0, which implies that

LlHΘðlHÞ − CLkHΘðlHÞ ¼ 0; ð47Þ

f2LlΣΘðlΣÞ − CLkΣΘðlΣÞ ¼ 0: ð48Þ

Thus,

C
f2

¼ LlΣΘðlΣÞ
LkΣΘðlΣÞ

: ð49Þ

From the Raychaudhuri equation,

LlΣΘðlΣÞ ¼ −σ2 − RablaΣl
b
Σ

¼ −8πTablaΣl
b
Σ; ð50Þ

and from GablaΣk
b
Σ ¼ 8πTablaΣk

b
Σ,

LkΣΘðlΣÞ ¼ −
R̄
2
þ 8πTablaΣk

b
Σ

¼ −
1

R2
þ 8πTablaΣk

b
Σ; ð51Þ

where R̄ ¼ 2=R2 is the scalar curvature of the apparent
horizon. Thus, substitution of Eqs. (50) and (51) into
Eq. (49) yields

C
f2

¼ 8πR2TablaΣl
b
Σ

1 − 8πR2TablaΣk
b
Σ
: ð52Þ

From Eq. (5) for the stress-energy tensor, we have that

TablaΣl
b
Σ ¼ ðlaΣ∇aφÞ2

¼ 1

2
½ðna þ saÞ∇aφ�2

¼ 1

2
ð−Πþ si∂iφÞ2

¼ 1

2

�
φ̊ −

�
βi

α
− si

�
∂iφ

�
2

¼ 1

2
ðφ0Þ2; ð53Þ

where we have introduced the following definition:

φ0 ¼ φ̊ −
�
βi

α
− si

�
∂iφ: ð54Þ

Similarly,

TablaΣk
b
Σ ¼ laΣ∇aφkbΣ∇bφþ 1

2
∇cφ∇cφþ V

¼ 1

2
∇aφ∇bφðgab þ laΣk

b
Σ þ kaΣl

b
ΣÞ þ V

¼ 1

2
hab∇aφ∇bϕþ V ¼ V; ð55Þ

where in the last step, we used that the projection of the
gradients of ϕ on S vanishes because of the spherical
symmetry. With Eqs. (53) and (55), Eq. (52) becomes

C
f2

¼ 4πR2ðφ0Þ2
1 − 8πR2V

: ð56Þ

The dynamical horizon framework [81] tells us that the
area increase law reads

1

2

Z
dR ¼ F ðmÞ þ F ðgÞ: ð57Þ

The irreducible mass of the BH is obtained from
M ¼ R=2 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

A=16π
p

. In Eq. (57),

F ðmÞ ¼
ffiffiffi
2

p Z
ΔH

Tabτ
aξbRd

3V ð58Þ

is the flux of matter-energy associated with ξaR, and

F ðgÞ ¼ 1

16π

Z
ΔH

NRðσ2 þ 2ζ2Þd3V ð59Þ

is the energy carried by gravitational radiation. The vector
field ξaR is given by ξaR ¼ NRlaH with NR ¼ j∂RjH a lapse
function. σ2 ¼ σabσab is the shear and ζ2 ¼ ζaζa with
ζa ¼ habrc∇clHb . Because we are dealing with a spherically
symmetric case, there is no gravitational radiation emitted;
thus, F ðgÞ ¼ 0. Also, using d3V ¼ N−1

R dRd2V, one can
rewrite F ðmÞ as

F ðmÞ ¼
ffiffiffi
2

p Z
dR

I
Tabτ

albHd
2V

¼ 1ffiffiffi
2

p
Z

8πR2Tabτ
albHdR; ð60Þ

where we used in the last step that our system is spherically
symmetric. Next, we use τa from Eq. (45) and laH from
Eq. (42) and rewrite F ðmÞ as

F ðmÞ ¼ 1

2

Z
8πR2Tab

1ffiffiffiffi
C

p
�
flaΣ þ

C
f
kaΣ

�
flbΣdR

¼ 1

2

Z ffiffiffiffi
C

p
ð8πR2TablaΣl

b
Σf

2=C

þ 8πR2TablaΣk
b
ΣÞdR: ð61Þ
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Finally, if we use Eq. (52) for C=f2, we get that

F ðmÞ ¼ 1

2

Z ffiffiffiffi
C

p
dR: ð62Þ

Therefore, a comparison with the area law (57) yields that
the normalization field is C ¼ 1.

VII. BLACK HOLE MASS GROWTH

Next, we derive the expression for the rate of area
increase starting from

LU ln
ffiffiffi
h

p
¼ hab∇aUb; ð63Þ

where h is the determinant of the metric hab in S. From
Eq. (46), we have that

LU ln
ffiffiffi
h

p
¼ Uffiffiffi

2
p

�
fhab∇alΣb −

1

f
hab∇akΣb

�

¼ Uffiffiffi
2

p
�
fΘðlΣÞ −

1

f
ΘðkΣÞ

�

¼ −
Uffiffiffi
2

p
f
ΘðkΣÞ: ð64Þ

Thus,

LU

ffiffiffi
h

p
¼ −

Uffiffiffi
2

p
f
ΘðkΣÞ

ffiffiffi
h

p
: ð65Þ

The area element in S is
ffiffiffi
h

p
d2Ω. Therefore,

LU

Z
S

ffiffiffi
h

p
d2Ω ¼ −

Z
S

Uffiffiffi
2

p
f
ΘðkΣÞ

ffiffiffi
h

p
d2Ω;

LUR2 ¼ −R2
Uffiffiffi
2

p
f
ΘðkΣÞ;

LUR ¼ −
Rffiffiffi
2

p U
2f

ΘðkΣÞ; ð66Þ

where in the second-to-last equation, we used the spherical
symmetry of our problem, and the expression is evaluated
at S.
It is always possible to write Ua ¼ αðna þ vsaÞ where v

is the coordinate velocity of the apparent horizon in Σ (see
Fig. 9). On the other hand, from Eq. (47), we have that

Ua ¼ Uffiffiffi
2

p
�
flaΣ −

1

f
kaΣ

�

¼ U
2

�
fðna þ saÞ − 1

f
ðna − saÞ

�

¼ Uf
2

��
1 −

1

f2

�
na þ

�
1þ 1

f2

�
sa
�
: ð67Þ

Comparing the above expression with Ua ¼ αðna þ vsaÞ
yields

α ¼ Uf
2

�
1 −

1

f2

�
; ð68Þ

αv ¼ Uf
2

�
1þ 1

f2

�
: ð69Þ

With Eq. (68), one can eliminate U from Eq. (66) and get

LUR ¼ −
Rffiffiffi
2

p αΘðkΣÞ
1

f2

�
1 −

1

f2

�
−1
: ð70Þ

Substituting Eq. (52) into this expression, we get that

LUR ¼ −
Rffiffiffi
2

p αΘðkΣÞ

×

�
8πR2TablaΣl

b
Σ

1 − 8πR2TablaΣl
b
Σ − 8πR2TablaΣk

b
Σ

�
; ð71Þ

or for our particular case

LUR ¼ −
ffiffiffi
8

p
παΘðkΣÞR

3φ02

1 − 8πR2½1
2
ðφ0Þ2 þ V� : ð72Þ

With ta ¼ αna þ βa, the vector field Ua ¼ αðna þ vsaÞ can
be rewritten as Ua ¼ ta − βa þ αvsa. Thus,

LUR ¼ Ua∇aR

¼ ta∇aRþ ðαvsa − βaÞ∇aR

¼ Ṙ; ð73Þ

where we have used that the BH areal radius is independent
of the spatial coordinates in Σ. Finally,

Ṙ ¼ −
ffiffiffi
8

p
παΘðkΣÞR

3φ02

1 − 8πR2½1
2
φ02 þ V� ; ð74Þ

FIG. 9. Pictorial representation of the vector Ua relative to the
hypersurfaces Σ and the dynamical horizon H.
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or in terms of the BH mass

Ṁ ¼ −
8

ffiffiffi
2

p
παΘðkΣÞM

3φ02

1 − 32πM2½1
2
φ02 þ V� : ð75Þ

As in both [59,61], we find that Ṁ ∝ φ̇2 since φ0 ∝ φ̇.
These studies also find that Ṁ ∝ M2, similar to the standard
Bondi accretion rate. Formula (75), on the other hand,
seems to imply that Ṁ ∝ M3, as in the study in Ref. [63].
However, we found that, as with the Schwarzschik-Vaidya
metrics [81],ΘðkΣÞ ¼ −ϵ=M, with ϵ ≈Oð1Þ; thus, Ṁ ∝ M2.
To check the correctness of the mass growth rate as given

by Eq. (75), we show in Figs. 10 and 11 with red dashed
lines Ṁ calculated from the area of the apparent horizon

and as a blue dotted line Ṁ calculated from substituting
numerical data into the rhs of Eq. (75), demonstrating an
explicit agreement. We recall that we start the simulation
with a constant scalar field. The accretion rate peaks when
the system enters the “steady” accretion.
Figures 12 and 13 show the BH mass growth rate as a

function of time. In Fig. 12, the left panel is for φ0 ¼ 0.9
cases, and the right panel is for V̄;φ ¼ 1.458 cases. Plots
were created via Eq. (75). For the φ0 ¼ 0.9 cases in the left
panel, the accretion rate increases with λ since the steepness
of the potential is determined by λ and thus the larger value
of φ0. In the right panel, we have the V̄;φ ¼ 1.458 cases,
namely, the situations for which the scalar field initially
experiences the same force. The main difference here is that
Ṁ decays faster as one increases λ; the larger the value of λ,

FIG. 10. BH mass growth rate as a function of time; (left) fλ̄;φ0g ¼ f4; 0.714g and (right) f4; 0.9g. The red dashed line shows the
growth rate obtained from the area of the apparent horizon in the simulation, and the blue dotted line was obtained by directly
substituting numerical data into Eq. (75).

FIG. 11. BH mass growth rate as a function of time; (left) fλ̄;φ0g ¼ f8; 0.526g and (right) f8; 0.9g. The red dashed line shows the
growth rate obtained from the area of the apparent horizon in the simulation, and the blue dotted line was obtained by directly
substituting numerical data into Eq. (75).

DOHERTY, GRACIA-LINARES, and LAGUNA PHYS. REV. D 112, 044029 (2025)

044029-10



the steeper the potential, and the scalar field reaches the
bottom of the potential faster. Figure 13 is the same as
Fig. 12, but rescaling the time by a factor

ffiffiffi
λ

p
with the time

shifted such that the maxima of Ṁ are aligned. Since the
rescaling factors out the λ dependence, as expected, the
cases with V̄;φ ¼ 1.458 align with each other since the
scalar field experiences the same initial force initially.
Figures 14 and 15 show the BH mass growth computed

from the area of the apparent horizon as a function of time.
In Fig. 14, the left panel is for the case φ0 ¼ 0.9, while the
right panel is for the case V̄;φ ¼ 5.832. Figure 15 is the

same as Fig. 14, but rescaling the axis by a factor
ffiffiffi
λ

p
.

To gain a better understanding of the BH mass growth
formula as given by Eq. (75), we will approximate

φ0 ¼ φ̊ −
�
βi

α
− si

�
∂iφ ≈ φ̊; ð76Þ

since, as seen in Sec. V, the scalar field does not vary much
across the computational domain. Therefore, Eq. (75)
becomes

Ṁ ≈
8

ffiffiffi
2

p
πM2φ̇2

1 − 32πM2½1
2
φ̇2 þ V� ; ð77Þ

where we have also used ΘðkΣÞ ≈ −M−1 and α ≈ 1. In
addition, our simulations fall under the slow-roll regime in
which φ̇2=2 ≪ V. Therefore,

Ṁ ≈
8

ffiffiffi
2

p
πM2φ̇2

1 − 32πM2V
: ð78Þ

Finally, our setup is such that 32πM2V ≪ 1 and thus

FIG. 12. BH mass growth rate as a function of time. Left: φ0 ¼ 0.9 cases. Right: V̄;φ ¼ 1.458 cases. Plots were created via Eq. (75).

FIG. 13. Same as Fig. 12, but rescaling the axis by a factor
ffiffiffi
λ

p
.
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Ṁ ≈ 8
ffiffiffi
2

p
πM2φ̇2: ð79Þ

Under the slow-roll approximation, Eqs. (25) and (26)
take the form

H2 ¼ 8π

3
V; ð80Þ

3Hφ̇ ¼ −V;φ: ð81Þ

With our potential V ¼ λφ4=4, solutions to Eqs. (80)
and (81) yield

φ̇ ¼ −
ffiffiffiffiffiffi
λ

6π

r
φ� exp

�
−

ffiffiffiffiffiffi
λ

6π

r
ðt − t�Þ

�
; ð82Þ

where t� and φ� are the time and value of the scalar field
when the system enters the slow-roll regime. Substitution

of (82) into Eq. (79) yields

1

M
¼ 1

M�
−

1

M̂

�
1 − exp

�
−

ffiffiffiffiffiffi
2λ

3π

r
ðt − t�Þ

��
; ð83Þ

where

1

M̂
≡

ffiffiffiffiffiffiffiffiffiffi
16πλ

3

r
φ2�: ð84Þ

For t ≫ t�, Eq. (83) becomes

M�
M

¼ 1 −
M�
M̂

: ð85Þ

To grow a BH with mass M� by a factor of ξ ¼ M=M�
would require

FIG. 14. BH mass growth computed from the area of the apparent horizon as a function of time. Left: the case φ0 ¼ 0.9. Right: the
case V̄ 0ðφ0Þ ¼ 5.832.

FIG. 15. Same as Fig. 14, but rescaling the time by a factor
ffiffiffi
λ

p
.
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ξ ¼
�
1 −

M�
M̂

�
−1
: ð86Þ

For the values used in the present work of λ ∼ 10−4m−2;
φ� ∼ 1, and M� ∼ 1 m, one has that M�=M̂ ∼ 4 × 10−2,
which yields ξ ∼ 1.04, an estimate consistent with the
results found in the previous section.

VIII. CONCLUSIONS

We have conducted a numerical relativity study of the
accretion properties of a nonspinning black hole in a
cosmology driven by a scalar field. Because the space-
time is not asymptotically flat, we introduced modifications
to the moving-puncture gauge condition to be able to
function in cosmological space-times. We considered a
scalar field with potential V ¼ λφ4=4 and varied the
parameter λ as well as the initial conditions for the scalar
field. We derived the black hole mass growth formula for
these cosmological scenarios using the dynamical horizon
framework. We verified that the results from the simula-
tions satisfy this mass growth formula. As with perturbative
studies, we found that the accretion rate Ṁ ∝ M2, with M
the mass of the black hole, and that Ṁ ∝ φ̇2. What was not
anticipated was that the dynamics of the scalar field in the
neighborhood of the black hole is not significantly different

from the behavior of the field far away from the hole. We
found situations in which the black hole can grow ∼15% of
its initial mass before the scalar field reaches the bottom of
its potential. The next step is to investigate BH scalar
accretion for BHs with spin and linear momentum.
We have investigated BH scalar accretion in a simple

setup. The next step is to consider more complex scalar
field dynamics that could potentially yield larger accretion
rates and provide a potential scenario for the growth of
seeds for massive BHs. Another scenario we are consid-
ering is the merger of BBHs in these environments.
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