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The inspiral of a compact object into a black hole is a key source of low-frequency gravitational waves
for future space-based detectors like LISA. While models of this process have advanced considerably,
they typically focus on asymptotically flat spacetimes. In this paper, we investigate how departures from
asymptotic flatness, whether driven by cosmic expansion or large-scale galactic environments, alter
adiabatic orbital evolution. Using the Schwarzschild–de Sitter (SdS) metric, we parametrize these
deviations via an“SdS parameter” (λ) and analyze its impact on bound orbits. We calculate how λ shifts the
separatrix between bound and plunging states and modifies the relationship between a binary’s energy,
angular momentum, and orbital geometry. By applying a modified quadrupole formula in the weak-field
limit, we investigate the effect of λ on circularization, plunge times, and orbital trajectories. We show that a
positive SdS parameter accelerates eccentricity decay and shortens inspiral timescales. We also generate
adiabatic waveforms from inspirals evolving under radiation reaction, exhibiting an increase in amplitude
and a cumulative phase advance induced by λ. While these effects are negligible if λ is strictly
cosmological, they become observationally relevant if the parameter serves as a proxy for astrophysical
environments that induce ∼r2 potential corrections. Our results suggest that such environmental
coupling could meaningfully bias event rate estimates and waveform templates for space-based
gravitational wave astronomy.

DOI: 10.1103/npk4-61t8

I. INTRODUCTION

Gravitational waves have emerged as powerful probes of
the Universe, opening a fundamentally new window onto its
most energetic and previously inaccessible phenomena. The
direct detections of gravitational waves [1] have firmly
established their role as essential tools in modern astro-
physics. Together with solar and supernova neutrinos,
diffuse gamma-ray backgrounds, and electromagnetic coun-
terparts in binary neutron star mergers [2,3], gravitational
waves are now an indispensable pillar of multimessenger
astronomy.
The types and number of gravitational wave sources

available for analysis will increase significantly with the
upcoming launch of the space-based LISA (Laser
Interferometer Space Antenna) gravitational wave detector
[4–7].
Low-frequency gravitational wave sources, particularly

in the millihertz range, will be key targets for space-based
detectors like LISA. Extreme-mass ratio inspirals (EMRIs)
[8,9], in particular, where compact objects spiral into
massive black holes with a mass ratio of approximately
10−6, are expected to have large number of gravitational

wave cycles within the millihertz band (typically on the
order of the inverse of the mass ratio) enabling us to
precisely probe strong-field gravitational effects [10,11].
Models of EMRIs typically treat them as isolated two-

body systems. However, external agents like matter [12–15]
and external fields [16,17] may influence the gravitational
waves and orbital dynamics of real EMRIs. These external
influences are often referred to as environmental effects and
have been extensively discussed in the literature [18–21].
In this work, we study EMRIs in the Schwarzschild–de

Sitter (SdS) spacetime,

ds2 ¼ −fðrÞdt2 þ fðrÞ−1dr2 þ r2dΩ2; ð1:1Þ

where fðrÞ ¼ 1–2M=rþ Λr2=3, and dΩ2 is the metric on a
unit two-sphere. This metric is traditionally understood to
be a model for a black hole of mass M immersed in an
expanding universe characterized by a cosmological con-
stant Λ [22]. The study of EMRIs in this spacetime is of
intrinsic theoretical interest, as it offers a clean and minimal
setting in which to examine the impact of nonasymptotic
flatness on EMRI dynamics. Beyond this theoretical curi-
osity, we also view the SdS spacetime as a simplified
framework for exploring environmental effects on EMRIs.
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If Λ is confined to a cosmological interpretation, its
measured value ð≃1.1 × 10−52 m−2Þ [23] is sufficiently
small that its impact on the evolution of extreme mass-ratio
inspirals may be safely ignored [24,25]. EMRIs in SdS
spacetime would then be observationally indistinguish-
able from their counterparts in the extensively studied
Schwarzschild geometry.
Adopting a broader perspective, the Λ term in the metric

can be reinterpreted as encoding corrections to the gravi-
tational potential of the form δV ∼ Λr2. In this capacity, Λ
serves as a phenomenological proxy for r2-type perturba-
tions, facilitating a qualitative investigation into how large-
scale environmental modifications affect EMRI dynamics
and their resulting gravitational wave signatures.
An example of r2-type perturbations arises in studies of

accretion or tidal interactions by an external body in a
binary system. Suppose a tidal perturbation to the motion of
a binary is contributed by the additional term in the
potential

δV ¼ −
Mext

jRext − rj ∼ −
Mext

R3
ext

r2 ∼ Kr2; ð1:2Þ

where Rext is the radial distance of the external body of
massMext to the central black hole (BH) at the hierarchical
limit, r ≪ Rext. We see here a ∼Kr2 correction in the
potential, which could also be seen in tidally distorted
spacetimes like in [26], where K may be related to the
components of the tidal tensor Eij.
Closely related is the modeling of an EMRI embedded in

an external uniform galactic magnetic field. One may
consider the Preston-Poisson spacetime [27–29], which
has ∼B2r2 and ∼Kr2 (magnetic field and tidal) corrections
to the Schwarzschild metric functions,

gtt ¼ −
�
1 −

2M
r̄

�
þ 1

3
Kð4M − 3r̄Þð2M − r̄Þð3 cos2 θ − 1Þ

−
1

3
B2½3ð2M − r̄Þ cos2 θ − 2M�ð2M − r̄Þ: ð1:3Þ

These examples motivate us to explore a much wider
range of Λ values than would be required by cosmology.
We refer to the dimensionless quantity λ as the SdS
parameter, which parametrizes deviations from asymptotic
flatness (specifically r2 perturbations) potentially originat-
ing from several sources,

λ ≔ ΛM2 ∼ B2M2 ∼ KM2: ð1:4Þ

In this work, we take λ to be λ ∼ 10−8–10−5.
If this were to arise from the cosmological constant

Λ ≈ 10−46 km−2 [23], then this range of values would
correspond to a central black hole mass M ranging from
≈1017–1020M⊙. This is significantly heavier than typical

galactic supermassive black holes (≳106M⊙) and is in fact
much heavier than the heaviest black hole (≈1010M⊙)
observed in the Universe [30]. This confirms earlier expect-
ations. An SdS parameter of purely cosmological origin
would be negligibly small, λ ∼ 10−34–10−28, and irrelevant
to EMRI dynamics.
However, an SdS parameter of astrophysical origin, if it

were to arise from a magnetic field or an external tidal
perturbation, may not be as minuscule. Consider, for
instance, how λ depends on an external magnetic field,
B. Expressed in terms of the mass of the central super-
massive, MBH, we have

Breal ¼ 109 Gauss

�
λ

10−8

�
1=2
�
106M⊙

MBH

�
: ð1:5Þ

From these, we see that SdS parameter values in the range
λ ∼ 10−8–10−5 correspond to magnetic field strengths B ≈
10−4–10−2 M−1 (∼109–1011 Gauss). These field strengths
have been used in exploratory theory papers such as
[28,29]. For more realistic magnetic field strengths B ¼
101–104 Gauss (∼10−19–10−16 M−1

⊙ ), in the inner accretion
disk hosted by a supermassive black hole (SMBH) of
mass 109M⊙ [31], the SdS parameter ranges from
λ ∼ 10−20–10−14, which is still tiny but already much
larger than what one would get from a cosmological
constant.
Achieving a non-negligible λ ∼ 10−8 requires the extreme

conditions of an ultramassive black hole (M ∼ 1011M⊙) and
a robust magnetic field (B ∼ 104 G). While such fields
might arise from the surrounding environment, they are
constrained by a theoretical “Eddington magnetic limit”,
which caps the field strength at approximately 104 G for a
109M⊙ black hole [32].
Finally, consider the tidal field in Eq. (1.2), for which K

may be parametrized as follows:

KM2
BH ∼

Mext

R3
ext

M2
BH ∼

�
MBH

Rext

�
3
�
Mext

MBH

�
∼ λ: ð1:6Þ

A value of λ ¼ 10−6 corresponds to an external perturber
(Mext ∼MBH) at 100MBH, a configuration physically plau-
sible in binary SMBH systems.
In this work, we investigate how the SdS parameter,

interpreted here as an environmental perturbation, impacts
binary inspirals. Building on the weak-field flux formulas
from [33], we model the orbital evolution of an EMRI-like
system driven by gravitational wave radiation reaction. We
assume the compact object survives tidal forces to complete
its inspiral and plunge, with the background spacetime
effectively described by the Schwarzschild–de Sitter met-
ric. We analyze both conservative and dissipative effects of
the SdS parameter on the binary’s dynamics.
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This paper is the first in a series assessing the SdS
parameter λ and its effects on EMRI dynamics and their
gravitational waves. Here, we focus primarily on the weak-
field regime, leaving the extension to the strong-field
regime for a later paper.
We analyze generic orbits ranging from circular (with

eccentricity e ¼ 0) to unbound (e → 1). Although [33] had
previously examined the effect of radiation on orbital
evolution in de Sitter space, they did not modify the full
Keplerian dynamical quantities to include the de Sitter
terms nor fully explore how the cosmological constant
affects orbital dynamics. We extend their work by provid-
ing a complete treatment of the weak-field, adiabatic
dissipative dynamics driven by radiation reaction for a
compact binary. We also present preliminary results on
strong-field energy fluxes, offering a check on the validity
of the weak-field flux approximations. Additionally, we
explore other conservative effects of the SdS parameter on
the binary, such as the separatrix and the parameters of the
last stable orbit, as well as the influence of radiation
reaction on the periapsis advance, which is also modulated
by the SdS parameter. Finally, we calculate adiabatic
waveforms for a continuously evolving orbit due to
radiation reaction in Schwarzschild–de Sitter spacetime,
highlighting shifts in the waveform’s amplitude and phase.
The paper is divided into five parts. Section II contains an

elementary review of bound timelike geodesics in
Schwarzschild–de Sitter spacetime, which represents the
conservative trajectories followed by particles. We para-
metrize bound orbits using either their energy and angular
momentum ðE; LÞ or their semilatus rectum and eccentricity
ðp; eÞ. An important result of this section is the effect of the
λ parameter on the separatrix surface, the boundary in
parameter space separating unstable and stable bound orbits.
In Sec. III, we build on the results of Hoque and Aggarwal
[33] to describe the influence of the cosmological constant
on orbital evolution due to radiation reaction in the weak-
field, adiabatic limit. We check the accuracy of these results
with a preliminary calculation of the fluxes derived from
black hole perturbation theory in Schwarzschild–de Sitter
spacetime. Additionally, we provide sample orbital shapes
to illustrate the impact of the λ parameter on the dynamics of
the binary system. Section IV focuses on the calculation of
adiabatic waveforms, demonstrating how the λ parameter
modifies the amplitude and phase of gravitational wave-
forms for both circular and eccentric binaries. We also
explore the constraints that the adiabatic approximation
places on the mass ratios and the λ parameter, determining
the conditions under which these approximations remain
valid. Lastly, in Sec. V, we investigate the effect of the λ
parameter on the plunge times of generic orbits and examine
how this relates to the timescales for detecting gravitational
wave sources.
We adopt the usual conventions by Misner, Thorne, and

Wheeler [34], which uses the mostly plus metric signature

and the geometrized units of naturalizing the constants
G ¼ c ¼ 1. For astrophysical applications, these natural-
ized constants applied to conventional units translate to
1M⊙ ≃ 5 × 10−6 s ≃ 1.5 km and 1 pc ≃ 108 s.

II. ORBITAL MECHANICS IN SCHWARZSCHILD–
DE SITTER SPACETIME

When a nonrotating black hole is placed within an
expanding universe, the resulting spacetime may be mod-
eled as Schwarzschild–de Sitter [Eq. (2.1)], also known as
Kottler spacetime [22]. This solution represents the sim-
plest black hole solution to Einstein’s field equations that
includes a cosmological constant [35] and has the following
form:

gμν ¼ diagð−fðrÞ; fðrÞ−1; r2; r2 sin2 θÞ; ð2:1Þ

with the metric function,

fðrÞ ¼ 1 −
2M
r

−
1

3
Λr2:

This metric is a special case of the McVittie solution [36]
for positive spatial curvature and a constant Hubble
parameter,HðtÞ ¼ H0. The SdS metric satisfies the vacuum
Einstein field equation with a positive cosmological con-
stant, Λ,

Gμν − Λgμν ¼ Tμν ¼ 0: ð2:2Þ

When 0 < Λ < Λmax ≔ ð3MÞ−2 (or 1=
ffiffiffiffi
Λ

p
> 3M), the

spacetime features two horizons [i.e., the roots of fðrÞ
in Eq. (2.1)]: the event horizon, which marks the boundary
of a black hole, and the cosmological horizon, which sets
the scale of the observable Universe. When Λ > ð3MÞ−2,
the spacetime is not static for any r (i.e., there no longer
exists a static patch), and the SdS spacetime is no longer a
good representation of a black hole immersed in an
expanding universe. We are only interested in the former
case, and we focus on orbits between the event horizon and
cosmological horizon.
It is convenient to use dimensionless variables r̃ ≔ r=M

and λ ≔ M2Λ=3. For both horizons to exist, as required in
the preceding paragraph, we thus require λ < λmax ≔ 1=27.
A value of λ approaching this critical value would imply an
unrealistic scenario in which a black hole is comparable in
size to the entire Universe. Based on our best estimates for
the cosmological constant and the Hubble parameter [37],
we instead find that λ ≪ 1.
We are thus fully justified in exploiting λ as a small

parameter in all of our calculations. As an example,
consider the locations of the horizons, which are obtained
by solving for the roots of the metric function,

EXTREME-MASS RATIO INSPIRALS IN SCHWARZSCHILD–DE … PHYS. REV. D 114, 044059 (2026)

044059-3



fðλ; rÞ ¼ 1 −
2

r
− λr2 ¼ 0: ð2:3Þ

Up to Oðλ2Þ, the roots are

rh ¼ 2þ 8λþOðλ2Þ; ð2:4Þ

rc ¼ −1þ λ−1=2 −
3

2
λ1=2 − 4λþOðλ2Þ; ð2:5Þ

ro ¼ −1 − λ−1=2 þ 3

2
λ1=2 − 4λþOðλ2Þ; ð2:6Þ

with rh as the horizon of the SdS black hole, rc as the
cosmological horizon, and ro as an unphysical negative
root. We further see that requiring that the black hole is
inside the Universe, rh < rc, implying λ≲ 0.06, satisfies
the stricter condition λ < λmax ≔ 1=27.

A. Timelike geodesics in Schwarzschild–de
Sitter spacetime

Test particles with mass μ move along timelike geo-
desics. In any static and azimuthally symmetric spacetime,
geodesics will possess conserved quantities,

ξtut ¼ −fðrÞ dt
dτ

¼ Ẽ=μ; ð2:7Þ

ηϕuϕ ¼ r2sin2ðθÞ dϕ
dτ

¼ L̃=μ; ð2:8Þ

which are associated with the timelike and azimuthal Killing
vectors, ξμ and ημ, respectively. The conserved quantities
may be interpreted as the energy and angular momentum
conserved during time translation and azimuthal translation
of a particle. Inserting Eqs. (2.7) and (2.8) into the
normalization condition of the four-velocity, uμuμ ¼ −1,
we obtain a radial equation of motion familiar from
elementary orbital mechanics,�

dr
dτ

�
2

¼ Ẽ2 − VeffðL̃; λ; rÞ; ð2:9Þ

VeffðL̃; λ; rÞ ¼ fðλ; rÞ
�
1þ L̃2

r2

�
: ð2:10Þ

The equation is uniquely characterized by an “effective”
potential, Veff . In the SdS spacetime, the shape of the
effective potential Veff depends on parameters ðL̃; λÞ. More
complete treatments of geodesics in the SdS spacetime can
be found in [35,38,39].

B. Bound orbits in Schwarzschild–de Sitter

Bound orbits in static and spherically symmetric space-
times are typically described by their energy and angular

momentum. Another common and often more informative
parametrization of bound orbits uses orbital parameters
[40], such as the semilatus rectum, p, and eccentricity, e.
One imagines an “instantaneous” (or osculating) Keplerian
orbit,

rðψÞ ¼ pm
1þ e cosψ

; ð2:11Þ

representing the true trajectory. Here, m ¼ m1 þm2 is the
total mass of the orbiter (with mass m1) and the central
object (with mass m2) in a reduced two-body problem. The
true anomaly, ψ , is the angle swept by the orbiter around
the central object, with δ as the argument at the periapsis.
The coordinate azimuthal angle ϕ thus equals ϕ ¼ ψ þ δ.
For this paper, we consider a compact object-black hole
(CO-BH) system with reduced mass μ ¼ m1m2=m. This
parametrization is particularly useful when studying proc-
esses that induce slow changes in the energy and angular
momentum, such as radiation reaction. In this context, the
adiabatic evolution can be pictured as a continuous
sequence of Keplerian orbits of different sizes and shapes.
For a CO-BH system with the compact object much

smaller than the central black hole (EMRI), the reduced
mass will be approximately equal to the mass of the
compact object solely, μ ¼ μCO, and the total mass will
be approximately equal to mass of the black hole,
m ¼ MBH ¼ M. We rescale r in Eq. (2.11) by the total
mass, i.e., r → r=M, henceforth.
The transformation from ðẼ; L̃Þ to ðp; eÞ is obtained

starting with the orbit equation,�
1

r2
dr
dϕ

�
2

¼ 1

L̃2
ðẼ2 − VeffÞ: ð2:12Þ

A bound orbit will have two turning points, ra and rp,
respectively, corresponding to the maximum (apoapsis) and
minimum distance (periapsis) of the small compact object
from the black hole. The radial equation of motion,
Eq. (2.9), evaluated at the two turning points r ¼ raðpÞ
gives us two algebraic equations that can be solved for
ðẼ; L̃Þ, giving expressions in terms of ðra; rpÞ. In turn, ra
and rp can be expressed in terms of p and e using
Eq. (2.11),

ra ¼ max½rðψÞ� ¼ rðψ ¼ πÞ ¼ pð1 − eÞ−1; ð2:13Þ

rp ¼ min½rðψÞ� ¼ rðψ ¼ 0Þ ¼ pð1þ eÞ−1: ð2:14Þ

For the Schwarzschild metric, one can work out
explicit expressions for Ẽðra; rpÞ; L̃ðra; rpÞ in terms of
ðp; eÞ. However, for the more complicated SdS metric, this
procedure does not yield explicit expressions. Recognizing
that the SdS parameter is small, we content ourselves with
working out approximate expressions valid only to first
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order in λ. In terms of the scaled radial variable r → r=M
and scaled SdS parameter λ → ð1=3ÞM2Λ, the conserved
quantities are given by

L2 ¼
�

p2

p − 3 − e2

��
1 − λ

p3

ð1 − e2Þ2 þOðλ2Þ
�
; ð2:15Þ

E2 ¼
�ðp− 2Þ2− 4e2

pðp− 3− e2Þ
�

×

�
1− λ

p3ðp− 2þðp− 6Þe2Þ
ððp− 2Þ2− 4e2Þðe2− 1Þ2þOðλ2Þ

�
; ð2:16Þ

where we have similarly nondimensionalized the energy
and angular momentum according to E2 → ðẼ=μÞ2 and
L → ðL̃=MμÞ.
We note that the above construction of the parameter

transformation forbids us from including circular orbits
e ¼ 0. Even though the resulting expressions Eðp; eÞ and
Lðp; eÞ are regular in the limit e → 0, two distinct bound
turning points [Eqs. (2.13) and (2.14) which become
degenerate at e → 0] are required to keep the transforma-
tion Eðra; rpÞ; Lðra; rpÞÞ → ðEðp; eÞ; Lðp; eÞ defined, thus
restricting the eccentricity to be within 0 < e < 1.
The effect of the SdS parameter on the energy and

angular momentum can be understood more clearly if we
translate the equations in terms of the classical solutions to
the Keplerian two-body problem. Expressing the energy
equation in terms of the Newtonian binding energy
ε ¼ ðE2 − 1Þ=2, we get the λ corrections for weak-field
slow-moving orbits,

L2 ¼ p − λ
p4

ð1 − e2Þ2 þOðλ2p3Þ; ð2:17Þ

ε ¼ −
1 − e2

2p
− λ

ðe2 þ 1Þp2

ð1 − e2Þ2 þOðλ2pÞ: ð2:18Þ

The relations above can be used to put limits on the
possible orbital parameters of bound orbits in SdS. We see
from Eqs. (2.17) and (2.18) that the SdS parameter makes
the binding energy of an orbit more negative, making more
eccentric orbits tighter, while decreasing the angular
momentum required to reach a certain eccentricity value.
We see therefore that bound orbits in a λ > 0 spacetime
require more energy to separate. Looking at the angular
momentum in Eq. (2.17) and requiring it to be always
positive along with p, we could also limit the possible
values of the eccentricity of an orbit. A particular SdS
orbit can therefore only have eccentricity values,
0 < e < 1 −

ffiffiffi
λ

p
p3=2. These effects becomes more pro-

nounced at higher eccentricities due to the ð1 − e2Þ
singular factor.
We can also get the Newtonian limit of geodesics in the

SdS spacetime. In isotropic coordinates fT; R; θ;ϕg, the

areal radius r is related to the isotropic radius R by the
function

r¼ R

��
1þ M

2R

�
2

þΛ
R2

4

�
1þ 2M

R

��
þOðΛ2Þ; ð2:19Þ

and the SdS line element up to leading order in Λ is

ds2 ¼ −AðRÞ2dT2 þ BðRÞ2ðdR2 þ R2dΩ2Þ; ð2:20Þ

with the metric functions,

AðRÞ2 ¼
�
1 − M

2R

1þ M
2R

�
2

−
Λ
3

�
R2

�
1þ M

2R

�
4

−
MR
2

�
1þ 2M

R

ð1þ M
2RÞ4

��
þOðΛ2Þ; ð2:21Þ

BðRÞ2 ¼
��

1þ M
2R

�
2

þ ΛR2

12

�
1þ 2M

R

��
2

þOðΛ2Þ;

ð2:22Þ

and dΩ2 as the line element on the unit two-sphere. Note
that we have brought back the dimensional parameters
ðM;ΛÞ, which means that the coordinate R has units of
length.
We consider the region simultaneously far from the black

hole event horizon and the cosmological horizon, i.e.,
2M ≪ R ≪ Λ−1, which we assume to exist because
2M ≪ Λ−1. In this region, the metric components are that
of Minkowski with corrections,

g00 ¼ −1þ 2M
R

þ Λ
3
R2

�
1þ 5M

2R

�

þOðΛ2Þ þO
��

2M
R

�
2
�
; ð2:23Þ

gjk ¼ δjk

�
1þ 2M

R
−
Λ
3
R2

�
1

2
þ 3M

2R

��

þOðΛ2Þ þO
��

2M
R

�
2
�
: ð2:24Þ

The spatial acceleration of a free-falling particle can then be
calculated to be

dvj

dT
¼ ∂jU þ Λ

3

�
Rþ 1

2
U þ 7

4
R2

∂jU

−
v2

2
ðRþ 8RU þ 4R2

∂jUÞ
�

þOðΛ2Þ þO
�
2M
R

�
2

; ð2:25Þ
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which shows the Newtonian spatial acceleration with a
potential, U ¼ 2M=R, along with the leading order cor-
rection due to the SdS parameter.
Finally, we show how constant ðp; eÞ curves live in the

ðE;LÞ space and vice versa both in Schwarzschild and SdS
in Figs. 1(a) and 1(b). We show in Fig. 1(a) the constant p
and e curves in the ðE;LÞ space under the constraint of the
separatrices that are covered in the next subsection. The
e ¼ 0 curve serves as a lower boundary for the possible
ðE;LÞ for a bound orbit. In Fig. 1(b), we show the constant
E and L curves in ðp; eÞ space. We see here that as we
approach the e ¼ 0 limit the ðE;LÞ curves become parallel
to each other restricting the mapping of the ðp; eÞ to ðE;LÞ
transformation. We show this further analytically by look-
ing at the points where the Jacobian becomes degenerate or
when the determinant of the transformation becomes zero.
The transformation ðE;LÞ → ðp; eÞ is facilitated by the
matrix Jij wherein Jij ¼ ∂iρj with i referring to the
elements of ðp; eÞ and ρj referring to the elements of
ðE;LÞ. The zeroes of the determinant jJijj ¼ 0 are located
at e ¼ 0 as well as in regions that are shown to be the
separatrices pinner and pouter in the ðp; eÞ space which are
discussed in Sec. II C. This shows that the transformation
breaks down at these regions.

C. Separatrices for bound orbits

Compact binaries serve as sources of continuous gravi-
tational wave signals during their inspiral phase, terminat-
ing at the merger and ringdown. It is therefore useful to

reduce the ðp; eÞ parameter space, and further the ðL; EÞ
parameter space, to those regions corresponding to bound
orbits, separating them from parameters that lead to
plunging or scattering trajectories.
Although the position of the last stable orbit (LSO) in

Schwarzschild spacetime is already textbook knowledge
found in many core general relativity books [41–43], the
position in the full orbital parameter space (not only for
e ¼ 0) has only recently been determined. For generic
orbits in Schwarzschild, a paper by Poisson et al. [40]
derived the fundamental p ¼ 6þ 2e curve for marginally
stable orbits. This curve however will be modified as a
spacetime obtains other parameters. For rotating black hole
spacetimes like the Kerr, numerical approximations of this
separatrix are sufficient [44], but a more recent work
obtained an analytic expression [45–47]. For charged black
holes, the innermost stable circular orbit [48] and sufficient
conditions for the position of marginally stable orbits have
been derived [49,50], but a generalized expression for the
last stable orbit is yet to be found. In spacetimes with a
cosmological constant, a paper by [35,51,52] and more
recently with an added contribution of a spin from [53]
presented the condition for marginally stable generic orbits.
As discussed briefly in the last subsection (Sec. II B),

the zeroes of the Jacobian of the transformation ðE;LÞ →
ðp; eÞ coincide with what we call the separatrix curves
for bound and unbound orbits in the ðp; eÞ space. We
show two kinds of separatrices which are a feature of
the SdS orbital dynamics. The usual separatrix in the
Schwarzschild spacetime is a plunging separatrix in which

FIG. 1. (a) Constant p and e curves in SdS ðE; LÞ space with black lines as constant p curves increasing to the right and red lines as
constant e curves increasing upwards. (b) Constant E (black) and L curves (red) in ðp; eÞ space in SdS spacetime. The dashed curves are
the separatrices [Eqs. (2.27) and (2.31)] of bound orbits or the curves where the determinant of the Jacobian of transformation from
ðp; eÞ → ðE; LÞ becomes zero.
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orbital parameters outside of the region bounded by the
curve eventually lead to plunging orbits. We show in this
section a scattering separatrix wherein orbital parameters
outside the region bounded by this curve will lead to a
scattering orbit up to infinity. We show the conventional
way to derive these curves in this section which is to
analyze the family of points that merges the turning points
with the unstable maxima in the effective potential.
Alternatively, the separatrix polynomials can also be
derived by finding the zeroes of the Jacobian of the
transformation ðE;LÞ → ðp; eÞ which means that at the
separatrix itself the orbital parameters will not be valid to
describe the dynamics of the orbit anymore.

1. Plunging separatrix

In this part, we show a representation of the plunging
separatrix curve, or the location of the LSO, of marginally
bound orbits in ðp; eÞ space to show at which point in the
parameter space is the region of orbital plunge. The locus of
all parameter values that will create a merged plunge and
bound region in the effective potential will be the plunging
separatrix in the ðp; e; λÞ parameter space. The maxima of
the potential must be located at the periapsis and is
expressed mathematically as [47]

dVeff

dr

����
r¼rp

¼ 0: ð2:26Þ

This method of deriving the separatrix means that we are
considering that at the periapsis, r ¼ rp ¼ pð1þ eÞ−1, the

bound orbiter will be marginally stable and thus will either
plunge or scatter away depending on the evolution of the
orbit. Together with the energy and angular momentum for
bound orbits [Eqs. (2.15) and (2.16)], we derive an equation
for the separatrix,

Pðp; e; λÞ ¼ ðe − 1Þ2ðeþ 1Þ3ð−pþ 6þ 2eÞ
þ λp3ðe3 − 5e2 − 5eþ 4p − 15Þ
þOðλ2Þ ¼ 0; ð2:27Þ

which reduces to the usual Schwarzschild separatrix p ¼
6þ 2e at λ ¼ 0. We see in Fig. 2 the evolution of the
separatrix from Schwarzschild to SdS both with a fixed λ
in a 2D contour plot and a continuous effect of λ in a 3D
contour plot. The main effect of the SdS parameter is to
eliminate most eccentric orbits and larger orbital sizes in
the stable bound parameter space. This can be already seen
in the energy and angular momentum, Eqs. (2.15) and
(2.16), wherein more eccentric and larger orbits are
affected greater by the λ term, with the SdS parameter
dominating making the orbits unbound. The maximum λ
for bound orbits to occur is λ ¼ 4=16875 ∼ 2.37 × 10−4 at
p ¼ 7.5, e ¼ 0 which produces a single stable bound
orbit ðp ¼ 7.5; e ¼ 0; λ ¼ 4=16875Þ.
We can solve for the real roots in p of Eq. (2.27)

perturbatively using the method of dominant balance [54]
and see that there are two relevant curves,

FIG. 2. The separatrix equation Pðp; e; λÞ [Eq. (2.27)] in ðp; eÞ space. In (a), the contours have varying λ with the filled region as the
allowable parameter space for stable bound orbits. Introducing a λ > 0 makes most eccentric orbits unbound. We see in the red and
violet curves that a sufficiently high SdS parameter would also make orbits with high separation (larger orbits) also unbound. In (b), we
show a continuous variation of λ onto the phase space ðp; eÞ wherein the marginally bound orbits are the points lying on the surface.
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pinner;pl ¼ 6þ 2eþ λ
8ð3 − eÞ2ð3þ eÞ3

ð1 − e2Þ2 þOðλ2Þ; ð2:28Þ

pouter;pl ¼ −
1

12
ðe − 3Þ2ðeþ 1Þ þ

�ðe − 1Þ2ðeþ 1Þ3
4λ

�
1=3

þOðλ1=3Þ: ð2:29Þ

The two curves [Eqs. (2.28) and (2.29)] form approximately
the boundary of the region of bound orbital parameters, one
as an “inner” separatrix and one as an “outer” separatrix.
The main observation here is the coupling of the SdS
parameter with eccentricity, producing a tighter constraint
for allowable orbits of higher eccentricity.
Both separatrices, Eqs. (2.28) and (2.29), are also placed

in Figs. 1(a) and 1(b) to see how they limit the constant
curves of ðE;LÞ and ðp; eÞ. This boundary extends to very
large p for small enough λ, but for a nontrivial λ, we see
here a distinct feature of the SdS spacetime. The separa-
trices may imply that the presence of the SdS parameter
limits the existence of very large orbits, making them
unstable since the dynamics due to the λ dominates the
opposing central gravitational attraction of the black hole.
We further check this claim in the next part by examining
the nature of marginally bound orbits associated with an
outer unstable extrema.

2. Scattering separatrix

The earlier analysis only applies on marginally bound
orbits in relation to the inner unstable extrema, wherein we
have analyzed the region of bound orbits merging with the
plunge region. This amounts to solving for the extremas
with the radial distance evaluated at the periapsis. We can
now examine the locus of parameters that merges the

apoapsis to the outer unstable extrema by examining

dVeff

dr

����
r¼ra

¼ 0; ð2:30Þ

which produces a distinct separatrix polynomial obtained
earlier,

Sðp; e; λÞ ¼ ðe − 1Þ3ðeþ 1Þ2ð2eþ p − 6Þ
− λp3ðe3 þ 5e2 − 5e − 4pþ 15Þ
þOðλ2Þ ¼ 0: ð2:31Þ

The contours of λ satisfying Sðp; e; λÞ ¼ 0 is distinct from
the contours of the separatrix polynomial, Pðp; e; λÞ ¼ 0,
Eq. (2.27), and can be seen in Fig. 3. We call Pðp; e; λÞ as
the plunge separatrix since orbits outside the region it
bounds will plunge to the black hole while we call Sðp; e; λÞ
as the scattering separatrix since orbits outside the region it
bounds will scatter to the cosmological horizon. The
scattering separatrix also has maximum parameters λ ¼
4=16875 ∼ 2.37 × 10−4 at ðp ¼ 7.5; e ¼ 0Þ equivalent to
the parameters derived from the limits of the plunging
separatrix. When solved for p using a dominant balance
method, we also obtain two real physical solutions in p
distinct from Eqs. (2.28) and (2.29),

pinner;sc ¼ 2ð3 − eÞ − 8ðeþ 3Þ2ðe − 3Þ3λ
ðe2 − 1Þ2

þOðλ2Þ; ð2:32Þ

FIG. 3. Similar contour plot and 3D plot to Fig. 2 but with the scattering separatrix equation Sðp; e; λÞ [Eq. (2.31)].
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pouter;sc ¼
1

12
ð3þ eÞ2ð1þ eÞ þ

�ð1 − eÞ3ð1þ eÞ2
4λ

�
1=3

þOðλ1=3Þ: ð2:33Þ

This solution marks the boundary at which orbits will stay
bounded and not scatter away as opposed to Eq. (2.29)
which is the curve that marks the boundary at which orbits
will stay bounded and not plunge to the black hole. We can
now establish a hierarchy of length scales where our
perturbative solutions will be valid, by examining the
colored regions in Fig. 4. We impose the hierarchy of the
following appropriate length scales as

ph < pinner;pl < p < pouter;sc ≪ pc; ð2:34Þ

with ph ¼ 2þ 8λ, pc ¼ λ−1=2 − 1 as the position of the
black hole and cosmological horizon in ðp; eÞ space. Stable
bound orbits occur in the region, pinner;pl < pstable <
pouter;sc. An interesting feature in the region of bound orbits
is the intersection between the plunging and scattering
separatrix [Eqs. (2.27) and(2.31)] that can be seen in Fig. 4.
The points of intersection (point 5 in Fig. 4) are marginally
bound orbits and can either plunge or scatter away, depend-
ing on what direction p or e is changed by a small
perturbation. These points are located in the parameter
space at (i) ðp ¼ 1

2
ðe2 þ 15Þ; e ¼ 1–8λ1=3Þ, at (ii) the

innermost stable circular orbit (ISCO), and at (iii) the
outermost stable circular orbit (OSCO).
The shifted ISCO can now be obtained by examining the

circular limit, e → 0, of the separatrix equation [Eq. (2.28)].
This transforms the separatrix to ðp − 6Þð1836λ − 1Þ þ
1944λ ¼ 0, leading to the shifted ISCO,

pISCOðλÞ ¼ rISCOðλÞ ¼ 6þ 1944λþOðλ2Þ: ð2:35Þ

This means that a compact object orbiting circularly a
M ¼ 106M⊙ SMBH under a λ ¼ 10−6 SdS spacetime
is unstable and might plunge at an additional distance of
p < Oð103Þ km from the black hole.
We also derive an OSCO, pOSCO from Eq. (2.29) by

setting e → 0, leading to

pOSCOðλÞ ¼ rOSCOðλÞ ¼
�
1

4λ

�
1=3

−
3

4
þOðλ1=3Þ: ð2:36Þ

As an example, for a M ¼ 106M⊙ SMBH under a
λ ¼ 10−6 SdS spacetime, circular orbits are restricted to
the region p < 106 km.
Going back to the orbital energy and angular momentum

at the separatrix, we examine the effect of the SdS parameter
on the minimum and maximum values these quantities can
hold. We evaluate the energy and the angular momentum at
the approximate plunging separatrix equation [Eq. (2.28)],

FIG. 4. Potential shapes, VðrÞ vs r, (black curves in the right with dashed line as the orbital energy, E) of selected orbital parameters
(black dots) in ðp; eÞ space. The intersection of orange and blue regions contains the space of all bound orbits. The orange boundary
(orange dashed line) marks the point at which orbits are marginally bound and may scatter away to the cosmological horizon while the
blue boundary (blue dashed line) marks the points at which orbits are also marginally bound but may plunge to the black hole. The
complement of the colored regions are unbound and may either plunge or scatter away.
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E2jpl ¼
8

9 − e2
− λ

32ðeþ 3Þð3e2 − 2eþ 3Þ
ð3 − eÞðe2 − 1Þ2 ; ð2:37Þ

L2jpl ¼
4ðeþ 3Þ2

ð3− eÞðeþ 1Þ þ λ
32ðeþ 3Þ4ðe3 − 5e2 − e− 3Þ

ð3− eÞð1− eÞ2ðeþ 1Þ4 ;

ð2:38Þ

which evaluates at E2 > 8
9
− 24λ and L2 > 12 − 2592λ for

circular orbits. For eccentric orbits, neglecting high eccen-
tricities of order Oðð1 − eÞ−1Þ, we have E2 < 16–768λ and
L2 < 4–48λ. As expected from earlier results, the energy
and angular momentum at the separatrix are decreased by a
factor due to the SdS parameter. This would mean that lower
energy and angular momentum would be required for orbits
to plunge the black hole due to λ, taking it longer to inspiral
if we naively assume equal rates of energy and angular
momentum loss for particles in a Schwarzschild and SdS
spacetime.

III. ADIABATIC ORBITAL EVOLUTION

As the compact object inspirals toward the black hole, it
emits gravitational radiation, which carries away energy and
angular momentum from its motion. In the leading post-
Newtonian (pN) approximation, the quadrupolar formula
for the secularly averaged energy and angular momentum
flux measured at the cosmological horizon has been studied
extensively by Bonga among others [33,55,56]. For sources
inside asymptotically flat spacetimes, the gravitational
radiation is defined at the “far-away wave zone” using a
1=r expansion and then performing a temporal average over
the orbital period. For asymptotically de Sitter (Λ > 0)
spacetimes, the technique used by Bonga and Ashtekar
[57,58] was to define the radiative modes in the future null
infinity (Iþ) using a late-time expansion to replace the
expansion in 1=r. In particular, the radiation field was
defined to be the following:

Qij ≔ ðL3
TQ

ðρÞ
ij þ 3HL2

TQ
ðρÞ
ij þ 2H2LTQ

ðρÞ
ij

þHL2
TQ

ðpÞ
ij þ 3H2LTQ

ðpÞ
ij þ 2H3QðpÞ

ij Þjt→tret ; ð3:1Þ

with H ¼ ðΛ
3
Þ1=2, and LT is the Lie derivative along the de

Sitter time translational Killing vector and is related to the
coordinate time t by LT ¼ ∂t − 2ðΛ

3
Þ1=2. The energy of the

gravitational radiation at Iþ is defined to be the conserved
current associated with a modified time-translation vector
field. The averaged fluxes of energy and angular momentum
radiated through Iþ of a compact source were derived
[33] to be the integral of the mass (ρ) and pressure (p)

quadrupole moments Qij ¼ ∂
3
t Q

ðρÞ
ij − ð3ΛÞ1=2∂2t QðρÞ

ij þ
2
3
Λ∂tQ

ðρÞ
ij þ ðΛ

3
Þ1=2∂2t QðpÞ

ij − Λ
3
∂tQ

ðpÞ
ij ,

hPi ¼ G
5
hQijQij −

1

3
Q2i;

hL̇ki ¼
2G
5

ϵikm

�
Qij

�
L2
TQ

ðρÞ
ij

þ
�
Λ
3

�
1=2
�
LTQ

ðρÞ
ij þ LTQ

ðpÞ
ij

�
þ Λ

3
QðpÞ

ij

�	
;

ð3:2Þ

evaluated at the retarded time tret ¼ −ðΛ
3
Þ−1=2 ln ððΛ

3
Þ1=2

ðr − ηÞÞ with η as the de Sitter conformal time. We
reexpress the fluxes in terms of the orbital parameters
ðp; eÞ noting that we also neglect the pressure quadrupole
moment in the leading order,

dE
dt

¼ −
32

5

1

p5

�
1þ 73

24
e2 þ 37

96
e4
�
ð1− e2Þ3=2

− λ
8

3p2
ð4− ð1− e2Þ1=2Þð1− e2Þ3=2 þOðλ2Þ; ð3:3Þ

dL
dt

¼ −
32

5

1

p7=2

�
1þ 7

8
e2
�
ð1 − e2Þ3=2

− λ
8

p1=2 ð1 − e2Þ þOðλ2Þ: ð3:4Þ

It is important to note that these expressions are valid only
within the range specified by Eq. (2.34). Under the con-
ditions described by Eq. (2.34), for p ¼ pstable, the flux
contribution from the SdS parameter remains subdominant
compared to the Peters-Mathews fluxes. However, this
contribution becomes comparable in magnitude only for
p > pstable, corresponding to unbound orbits.
The expressions above [Eqs. (3.3) and (3.4)] indicate that

a nonzero energy and angular momentum flux imply the
energy and angular momentum of a bound orbit must
change over time, although implicitly through the orbital
parameters ðL;EÞ → ðLðpðtÞ; eðtÞÞ; EðpðtÞ; eðtÞÞÞ.
The flux of energy and angular momentum will cause the

orbital trajectory to evolve continuously, resulting in a
dynamic orbit characterized by time-dependent orbital
parameters. Given that we have defined the bound orbits
as ellipses [Eq. (2.11)], long-term secular changes [59] in
the orbital parameters will manifest as an evolving ellipse
or an osculating orbit.
We now outline the derivation for the orbital evolution

equations. To begin, we observe that the time derivatives of
energy and angular momentum can be directly related to
time derivatives of the orbital elements,

dE
dt

¼ ∂E
∂p

dp
dt

þ ∂E
∂e

de
dt

;
dL
dt

¼ ∂L
∂p

dp
dt

þ ∂L
∂e

de
dt

: ð3:5Þ

We utilize the Jacobian Jij ¼ ∂iρj where i corresponds to
the elements of ðp; eÞ, and ρj represents the elements of
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ðL;EÞ. The evolution of the orbital parameters can then be
expressed as

 
dp
dt
de
dt

!
¼ ðJijÞ−1

 
dL
dt
dE
dt

!
: ð3:6Þ

In this derivation, circular orbits, e ¼ 0, are excluded, as
they render J−1ij singular, as discussed in Sec. II B. The
evolution of circular orbits are instead addressed separately
in the next subsection, Sec. III A.
Using the fluxes [Eqs. (3.3) and (3.4)] and the derivatives

of the corrected energy and angular momentum [Eqs. (2.17)
and (2.18)], the orbital evolution equations given by

ṗðp; eÞ ¼ 2
ffiffiffiffi
p

p
ĖN − λ

�
2
ffiffiffiffi
p

p
Ėλ þ ϵ

3p7=2

ðe2 − 1Þ2 L̇N

− ϵ
4p5

ðe2 − 1Þ3 ĖN

�
þOðλ2Þ; ð3:7Þ

ėðp; eÞ ¼ p
e
L̇N þ ðe2 − 1Þffiffiffiffi

p
p

e
ĖN

−
λ

e

�
pL̇λ þ

ðe2 − 1Þffiffiffiffi
p

p Ėλ þ ϵ
7p5=2

2ðe2 − 1Þ L̇N

− ϵ
4ðe2 þ 1Þp4

ðe2 − 1Þ3 ĖN

�
þOðλ2Þ: ð3:8Þ

The orbital evolution equations involve de Sitter terms of
order ϵð¼ 1Þ, a fiducial parameter, to highlight the effect of
the corrected conserved energy, E ¼ EN þ ϵλEλ, and angu-
lar momentum, L ¼ LN þ ϵλLλ [Eqs. (2.15) and (2.16)].
These orbital evolution equations represent the correct form
of the orbital dynamics up to leading OðλÞ and leading p
dependence. Notably, the earlier work by Hoque and
Aggarwal [33] did not account for these linear λ terms,
which should also contribute to the evolution of the orbital
parameters.
We further observe that the orbital evolution equations

are only valid within the eccentricity range 0 < e < 1,
evidenced by the e−1 divergence for e ¼ 0 orbits. In
standard literature, the e−1 divergence is typically removed
by using the Peters-Mathews fluxes or by incorporating
modified fluxes due to the SdS parameter, as discussed in
[33]. It is evident later in this section that the new terms due
to the modified energy and angular momentum retain this
divergence in eccentricity.
The gravitational fluxes [Eqs. (3.3) and (3.4)] are valid

only in the weak-field regime as noted earlier. Therefore,
we now present the form of the orbital evolution equations
for bound orbits far from the black hole, using a large p
expansion for the equations under the relation Eq. (2.34).
The resulting secular evolution equations ṗ and ė are
given by

ṗðp; eÞ ¼ −
64

5
p−3ð1 − e2Þ3=2

�
1þ 7

8
e2
�

− λ

�
16ð1 − e2Þ − ϵ

4ð26e4 − 283e2 − 168Þ
15ð1 − e2Þ3=2

þOðλp−1Þ
�
; ð3:9Þ

ėðp; eÞ ¼ −
304

15
p−4eð1 − e2Þ3=2

�
1þ 121

304
e2
�

− λ

�
32

3
p−1e−1ð1 − e2Þ3=2ð1 − ð1 − e2Þ1=2Þ

− ϵp−1e−1
2ð73e6 − 784e4 − 965e2 − 24Þ

15ð1 − e2Þ3=2

þOðλp−2Þ
�
: ð3:10Þ

Equations (3.9) and (3.10) reduce to the post-Newtonian
(2.5 pN) orbital evolution equation when λ ¼ 0 [60] but
with the p dependence replacing the semimajor axis a. In
the following subsections, we demonstrate how initially
circular and eccentric orbits evolve using these equations.

A. Evolution of circular orbits

Earlier work [33,60] has shown that the circular limit
of the orbital equations [(3.9) and (3.10)] is regular at the
e → 0 limit, implying that circular orbits will remain
circular due to the vanishing of ė. However, the circular
limit of the eccentricity evolution equation [Eq. (3.10)] is ill
defined, as the terms contributed by the SdS parameter do
not eliminate the e−1 divergence present in Eq. (3.8).
Therefore, we must develop an independent method to
analyze how circular orbits will evolve under the release of
gravitational fluxes.
One approach to understanding how circular orbits

evolve is to shift the analysis to ðE;LÞ space [visualized
in Fig. 1(a)] and examine how the fluxes ðĖ; L̇Þ influence
the space of circular orbits, represented by the e ¼ 0 curve.
The tangents, dE=dL, lying in the e ¼ 0 curve correspond
to the rates of energy and angular momentum change that
will make an initially circular orbit circular. If the tangents
stay close and trace the e ¼ 0 curve, this would indicate
that the fluxes of energy and angular momentum neces-
sarily maintain the circularity of the orbit. However, if the
tangents deviate away from the e ¼ 0 curve, it would
suggest that circular orbits will lose their circularity due to
the fluxes. For the Peters-Mathews fluxes, this can be easily
demonstrated by first taking the λ ¼ 0 limit, followed by
the e ¼ 0 limit of the fluxes [Eqs. (3.3) and (3.4)],

dE
dL

����
flux;λ¼0

¼ dE
dt

�
dL
dt

�
−1

¼ p−5

p−7=2 ¼ p−3=2: ð3:11Þ
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In the conservative case, the energy and angular momentum
in terms of ðp; eÞ [Eqs. (2.17) and (2.18)] yield the ratio of
energy and angular momentum as

dE
dL

����
circ;λ¼0

¼ dE
dp

�
dL
dp

�
−1

¼ p−2

p−1=2 ¼ p−3=2: ð3:12Þ

The flux ratio [Eq. (3.11)] matches the rates at which a
circular orbit remains circular [Eq. (3.12)], indicating that
under the Peters-Mathews fluxes circular orbits will indeed
remain circular until plunge.
Repeating the analysis with the inclusion of the SdS

parameter λ, we see that the flux ratio take the form

dE
dL

����
flux;λ≠0;p¼p̃

¼
ffiffiffi
λ

p

p̃3=2 þOðλp̃3=2Þ; ð3:13Þ

for the intermediate scale p̃ ¼ pλ1=3 ≪ 1, which satisfies
the condition for stable orbital parameters from Eq. (2.34).
On the other hand, the tangents to the SdS e ¼ 0 curve
follow the form

dE
dL

����
circ;λ≠0;p¼p̃

¼
ffiffiffi
λ

p

p̃3=2 −
1

2

ffiffiffi
λ

p
p̃3=2 þOðλp̃5=2Þ: ð3:14Þ

Comparing Eqs. (3.13) and (3.14), we see an additional
term in the expression for the tangents, unlike the match
between Eqs. (3.11) and (3.12). This indicates that the SdS
fluxes drives the orbits away from the e ¼ 0 curve, causing
initially circular orbits to break their circularity. As λ → 0,
the SdS flux ratio reduces [Eq. (3.13)] to the Peters-
Mathews flux ratio [Eq. (3.11)], and the Schwarzschild e ¼
0 tangents [Eq. (3.12)] become

dE
dL

����
flux;λ→0

¼ dE
dL

����
circ;λ¼0

¼ p−3=2: ð3:15Þ

Thus, for λ → 0, a Newtonian orbit will remain circular.
This result was also demonstrated by [33] using the orbital
evolution equations rather than the rates of energy and
angular momentum change. However, a key point of this
paper is that the energy and angular momentum of a bound
orbit will be influenced by the SdS parameter, which means
that a Newtonian description of a bound orbit will be
inaccurate.
The tangents to the e ¼ 0 curve [Eq. (3.14)] indicate that

inside the region where p ≪ λ−1=3 or at p̃ ≪ 1 the λ term is
small and gravitational fluxes will indeed drive circular
orbits to remain circular up to the leading order Oðp̃−3=2Þ.
Closer to the outer separatrix, pOSCO − p ≪ 1, far from the
intermediate scale p̃, the flux ratio becomes

dE
dL

����
flux;p→pOSCO

¼ 1

p3=2
OSCO

þ 3

2p5=2
OSCO

ðpOSCO − pÞ

þOððpOSCO − pÞ2Þ; ð3:16Þ

which reduces, in the leading order in p, to the Peters-
Mathews fluxes for λ → 0 or pOSCO → ∞ (where the
OSCO extends to infinity in the Schwarzschild spacetime).
The tangents to the SdS e ¼ 0 curve near pOSCO are given
by [factoring out the flux (3.16) for easy comparison]

dE
dL

����
circ;p→pOSCO

¼ dE
dL

����
flux

�
1 − λ

p3
OSCO

2

�

þOðλðpOSCO − pÞ2Þ: ð3:17Þ

Comparing the flux ratio and the e ¼ 0 tangents near the
OSCO [Eqs. (3.16) and (3.17)], we see that an additional
term proportional to λ and pOSCO. This means that in these
regions gravitational fluxes will not preserve the circularity
of the orbit. Thus, in the region where ðpOSCO − pÞ ≪ 1,
near the outer separatrix, the SdS gravitational fluxes will
not be sufficient to maintain the circularity of the orbital
evolution.
As illustrated in Fig. 5, at higher orbital separations,

closer to the OSCO, gravitational fluxes will push the orbits
outside the scattering separatrix [Eq. (2.31)] making the
orbits unbound. In the inset of Fig. 5, we see that for orbits
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FIG. 5. Gravitational flux (vectors) tangent to the e ¼ 0 curve
(black) in the ðE;LÞ space. We see here as discussed in Sec. III A
that far from the OSCO [inset, low ðE;LÞ] circularity is
maintained (vectors lie along the black curve), but as for orbits
with separation near the OSCO, the orbits will cross the scattering
separatrix (yellow) and become unbound with the vectors cross-
ing the yellow dashed line.
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far from the OSCO (with low energy and angular momen-
tum) gravitational fluxes will drive the orbits along the
e ¼ 0 curve, maintaining their circularity.

B. Evolution of eccentric orbits

We now analyze Eqs. (3.9) and (3.10) to understand the
evolution of eccentric orbits. By examining the signs of the
terms, we observe that the de Sitter contributions generally
increase the magnitude of orbital parameter evolution. At
first glance, the de Sitter terms seems to enhance the rate at
which orbits shrink, leading to a faster inspiral and
circularization. However, the second de Sitter term intro-
duces a positive contribution, which counteracts this effect
by decreasing the rate of inspiral and circularization. The
competing influence highlights the complexity of the de
Sitter modifications in the orbital evolution.
A particularly interesting feature emerges in the depend-

ence of the de Sitter terms on the orbital parameters.
Specifically, in the eccentricity evolution equation, the
second de Sitter term exhibits an e−1 scaling, which
diverges for very nearly circular orbits (e → 0). This is a
novel effect introduced by the presence brought of the SdS
parameter, affecting the late-time behavior of eccentricity
evolution. In the regime where the second de Sitter term
dominates, the eccentricity changes more rapidly than
expected. Figure 6 illustrates the dependence of the orbital
evolution equations on eccentricity, further demonstrating
these effects. The divergence in the low-eccentricity regime
can be observed in Eq. (3.8) and can be attributed to a
specific contribution of the SdS parameter to the eccen-
tricity evolution; this contribution is given by

de
dt

����
e→0

¼ ϵ
∂Lλ
∂p
∂LN
∂p

Ė

�
∂EN

∂e

�
−1

− ϵ
∂Eλ
∂p
∂LN
∂p

L̇

�
∂EN

∂e

�
−1
:

∼ e−1: ð3:18Þ

The derivative of the Keplerian energy with respect to e
follows the scaling relation ∂EN

∂e ∼ e. For small eccentricities
e, this term becomes significantly smaller than the factors
∂Lλ
∂LN

Ė ∼ 1 and ∂Eλ
∂LN

L̇ ∼ 1. Furthermore, this effect persists

because the relation ∂Lλ
∂p Ė < ∂Eλ

∂p L̇ or ∂Lλ
∂L < ∂Eλ

∂E holds. As a
result, the evolution of eccentricity is significantly accel-
erated in the low-eccentricity parameter space.
As discussed earlier in this section, initially eccentric

orbits tend to decrease in eccentricity throughout their
evolution. The decrease in eccentricity accelerates as the
orbits approach circularity. For orbits far from the OSCO,
circular orbits will remain circular, while eccentric orbits
eventually circularize. From the previous subsection, it
was shown that for orbits close to the outer separatrix, near
the outermost stable circular orbit [OSCO, Eq. (2.36)], the
SdS gravitational fluxes fail to maintain the circularity of
an initially circular SdS orbit. Such orbits will become

unbound over time. Near the OSCO, where
pOSCO − p ≪ 1, the eccentricity evolution equation
[Eq. (3.10)] vanishes when

p

����
ė¼0

¼ 5pOSCO

4
þ λ

�
−
2133pOSCO

1216e2

þ pOSCOð640p3
OSCO − 37407Þ

9728

�
þOðλe2Þ: ð3:19Þ

The first term is a constant which exceeds pOSCO by a fixed
factor. Hence, for bound orbits with p < pOSCO, the
eccentricity evolution is always decreasing, reaching zero
only if the initial semilatus rectum is at p ¼ 5pOSCO=4,
which lies outside the region of stable orbits. This implies
that, within the bound region, eccentricity will always
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FIG. 6. Dependence of orbital evolution, ṗ and ė, on eccen-
tricty, e. Fixing the semilatus at p ¼ 30 and SdS parameter λ ¼
10−6 for the SdS (yellow) case and λ ¼ 0 for the Schwarzschild
case (blue), we show the rate of orbital parameter evolution with
respect to eccentricity. We show in (a) the evolution of p as
steadily decreasing reaching a constant maximum at the circular
limit. We show in (b) the evolution of e is large for highly
eccentric orbits and e → 0 orbits. The SdS parameter amplifies
the decay of the orbital parameters continuously increasing at the
low e region where the evolution in e is dominated by the de
Sitter term.
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decrease. We summarize the eccentricity evolution of
bound orbits as follows:
(1) Far from the OSCO:

(a) Circular orbits up to Oðp̃3=2Þ to will maintain
circularity.

(b) Eccentric orbits will gradually circularize.
(2) Near the OSCO:

(a) Circular orbits will be pushed outside OSCO,
becoming unbound.

(b) Eccentric orbits near circularity will also be
pushed outside OSCO, becoming unbound.

The orbital evolution is obtained by solving Eqs. (3.9)
and (3.10), treating them as a system of coupled, nonlinear,
ordinary differential equations where the orbital parame-
ters, pðtÞ and eðtÞ, evolve in time. To gain insight into the
system before solving explicitly, we analyze Eqs. (3.9) and
(3.10) by interpreting the right-hand side as a set of vector
fields in the ðp; eÞ phase space. This allows us to construct
a phase portrait of the differential equations, as shown in
Fig. 7. Similar to the Schwarzschild case, gravitational
radiation reaction in the SdS spacetime generally leads to
ðp; eÞ decay. The key quantity in determining the direction
of orbital evolution in phase space is the slope de=dp.
When the slopes are larger, the vectors are steeper,
indicating that eccentricity decay dominates the evolution.

Conversely, smaller slope correspond to flatter vectors
indicating that the inspiral dominates the evolution.

C. Inspiral, circularization, and orbital trajectory

To analyze the time evolution of the orbital parameters
ðp; eÞ, we numerically solve the system of ordinary differ-
ential equations (ODE) [Eqs. (3.9) and (3.10)] for given
initial configurations. The resulting solutions, illustrated in
Fig. 8, demonstrate that the presence of the SdS parameter
is to increase the rate of orbital decay. As a consequence,
the SdS parameter accelerates the inspiral of the CO,
leading to an earlier plunge into the central BH. For a
fixed p, we can numerically integrate the equation for ė
[Eq. (3.10)] to estimate the circularization time and its
dependence on e and λ. Specifically, we compute
tcirc ¼ tðe; pfixedÞ ¼

R ðde=dtÞ−1de. Figure 9 shows the
results for a fixed orbit size of pfixed ¼ 50. We observe
that at a given value of λ the circularization time is longest
at high eccentricities. However, at larger values of λ, the
circularization time shortens at higher eccentricities.
We now reconstruct hybrid orbital trajectories in the

following manner. The method of osculating orbits [61,62]
supposes the true physical orbit evolves in time through its
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FIG. 7. The flow of ṗ and ė in the phase plane ðp; eÞ and the
vector slope de=dp in Schwarzschild and SdS spacetime. In (a),
we show the ṗ and ė as vectors following Eqs. (3.9) and (3.10).
Blue vectors denote orbital evolution in Schwarzschild spacetime
(λ ¼ 0) while orange vectors are in Schwarzschild–de Sitter
ðλ ¼ 10−6Þ. Black vectors (λ ¼ 0) and red vectors ðλ ¼ 10−6Þ are
fixed trajectories that meets at the same parameters,
ðp0 ¼ 30; e0 ¼ 0.7Þ. We see here that the black trajectory has
a lower slope indicating slower eccentricity decay with respect to
p. Sizes of the vectors indicate relative magnitudes.
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FIG. 8. Numerical curves of pðtÞ and eðtÞ with initial param-
eters ðp0 ¼ 20; e0 ¼ 0.9Þ for different λ values. We show here the
general effect of the SdS parameter which is to reduce plunge and
circularization times as λ increases.
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orbital parameters, such that at every instant the orbit is a
geodesic. The quasi-Keplerian equation of the orbit is of the
form

rðψÞ ¼ pM
1þ e cosψ

→ rðtÞ ¼ pðtÞM
1þ eðtÞ cosψðtÞ ; ð3:20Þ

where the orbital parameters fp; e;ψg are now functions
of time.
The angular frequency, ω, of the CO orbiting the central

BH is derived directly from the geodesics of the SdS
spacetime. Using the definition ω ¼ ðdϕ=dτÞðdt=dτÞ−1,
and considering the orbital plane at θ ¼ π=2, with the
angular momentum L and energy E expressed in terms of
ðp; eÞ and rðψÞ for a bound orbit, the angular frequency in
the large-p limit is given by

ω ¼
�
L
r2

��
E

fðrÞ
�

−1
¼ nð1þ e cosðψÞÞ2; ð3:21Þ

where n is the corrected mean motion or the angular
frequency of a circular orbit modified by the SdS
parameter,

n ¼ 1

p3=2 − λ

�
p3=2

2
þOðλp1=2Þ

�
: ð3:22Þ

To eliminate oscillations in the angular frequency due to
dependence on the true anomaly ψ, we perform an
averaging procedure over a full orbital cycle,

1

P

Z
t0þP

t0

ωdt ¼ 1

P

Z
t0þP

t0

nð1þ e cosðψÞÞ2dt: ð3:23Þ

Assuming that the argument δ of the periapsis remains
constant over one complete orbit,

ω ¼ dϕ
dt

¼ dψ
dt

þ dδ
dt

∼
dψ
dt

; ð3:24Þ

and we set dt ¼ ω−1dψ . Then, we integrateZ
2π

0

ð1þ e cosðψÞÞ−2dψ ¼
Z

t0þP

t0

ndt¼M¼ 2π ð3:25Þ

over ψ ¼ ð0; 2πÞ corresponding to the angle swept after a
period P telling us that over a complete radial cycle the orbit
with angular frequency equal to the mean motion n
completes a full cycle in ψ . Since the right-hand side
corresponds to the mean anomalyM, which is equal to 2π,
the mean motion n serves as the averaged angular frequency
over a single cycle from ψ ¼ 0 to ψ ¼ 2π for a generic
eccentric orbit. We consider the mean motion as the
characteristic angular frequency of the orbit, which will
directly govern the phase evolution of the emitted gravita-
tional wave.
The osculating equations of the orbital parameters is

appended by the equation for ψ,

dψ
dt

¼ nðpÞð1þ e cosψÞ2; ð3:26Þ

with nðpÞ [Eq. (3.22)] as the orbital mean motion as a
function of p. Within a single cycle (an orbital period
timescale), we impose that only ψ changes significantly
and that the changes in p and e happen only as a secular
drift (on the adiabatic timescale or the radiation reaction
timescale). Within the adiabatic timescale, such that the
true anomaly remains the single orbital parameter that
changes within an orbital period, our hybrid orbital
trajectory will be valid. Considering the radial motion
along an orbital x-y plane, we have the positions

x ¼ rðtÞ cosϕðtÞ; y ¼ rðtÞ sinϕðtÞ; ð3:27Þ

with the coordinate azimuthal angle ϕ ¼ ψ þ δ, related to
the angle at the periapsis, which also becomes an evolving
parameter δ → δðtÞ. We only include the leading order
(1 pN) rate of change in δ,

Δδ1pN ¼ 6π

p
: ð3:28Þ

Along with the radiation reaction equations, (3.9) and
(3.10), which could be interpreted as the (secularly aver-
aged) p and e change after a single radial cycle, the
complete adiabatic system is the system of equations,

dψ
dt

¼ nðpÞð1þ e cosψÞ2; ð3:29Þ

dδ
dt

¼ 3nðpÞ
p

; ð3:30Þ
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FIG. 9. Numerical curves for tcirc for a fixed p ¼ 50 (with the
assumption that it stays constant) and its dependence on e for
varying λ. We see here that circularization time are reduced by the
SdS parameter. As we increase the value of λ, highly eccentric
orbits circularizes much faster.
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dp
dt

¼ −
64

5
p−3ð1− e2Þ3=2

�
1þ 7

8
e2
�
− λ

�
16ð1− e2Þ− 4ð26e4 − 283e2 − 168Þ

15ð1− e2Þ3=2 þOðλpÞ
�
; ð3:31Þ

de
dt

¼ −
304

15
p−4eð1 − e2Þ3=2

�
1þ 121

304
e2
�
− λ

�
32

3
p−1e−1ð1 − e2Þ3=2ð1 − ð1 − e2Þ1=2Þ

− p−1e−1
2ð73e6 − 784e4 − 965e2 − 24Þ

15ð1 − e2Þ3=2 þOðλp−2Þ
�
: ð3:32Þ

FIG. 10. Sample eccentric orbit shapes for various initial p for Schwarzschild orbits (blue, dashed) and for SdS orbits (red, solid) with
(a) λ ¼ 10−7 and (b) λ ¼ 10−8. The corresponding colored dots are the position at the given time. We show here sample orbital
trajectories achievable by initial ðp0; e0Þ indicated below each figure. We also show the time stamps below each figure for the initial
parameters to achieve the corresponding orbital shape. We see here that the deviation caused by the SdS parameter is more relevant for
orbits of higher eccentricity. We also notice a lag in the phase to complete a radial cycle caused by λ.
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Upon solving for the evolution of the osculating elements,
we can reconstruct a sample orbit, with the fast evolution of
ψ , as well as the secular drift of fp; e; δg. We note here that
the equations for ψ and δ bring about conservative changes
to the orbit while the equations for p and e come from the
dissipation of energy and angular momentum of the orbit.
We present orbital solutions for a selected set of initial
conditions ðp0 ¼ 70; λ ¼ 10−8Þ and ðp0 ¼ 50; λ ¼ 10−7Þ
with eccentricities e0 ¼ 0.7 and e0 ¼ 0.4 in Fig. 10.
Additionally, Fig. 11 illustrates the evolution of circular
orbits for p0 ¼ 50 and λ ¼ 10−7. These initial conditions
and timestamps were chosen to visually highlight notice-
able orbital deviations induced by the SdS parameter.
Beyond accelerating the decrease in binary separation
rðψÞ, the SdS parameter also introduces a phase shift,
contributing to enhanced precession of the periapsis.

IV. GRAVITATIONAL WAVEFORMS

In this section, we examine the gravitational waveforms
generated by an orbit under adiabatic evolution, where the
dominant governing equation is the balance of energy and
angular momentum flux. Adiabatic evolution happens
when changes in the background metric due to variations
in the geodesics are negligible, allowing us to ignore
perturbations to the spacetime. The energy and angular
momentum flux influence only the orbital parameters,
while the trajectory remains constrained to the background
geodesics.

A. Adiabatic approximation

Adiabatic evolution is defined by the requirement that
any relevant orbital parameter q ¼ ðp; eÞ evolves much
more slowly than the radial orbital period P ¼ 2π=Ωr
(where Ωr is the radial angular frequency), such that
Δq ¼ jq̇jP ≪ q [40]. By analyzing the adiabatic evolution
condition, we can effectively divide the full orbital param-
eter space into two distinct regions: (1) parameter regions
far from the separatrix, where the weak-field formulation of
the fluxes is sufficient to describe the orbital evolution and
waveforms of the inspiral, and (2) parameter regions near
the separatrix, where a strong-field formulation from black
hole perturbation theory must be applied.
Adiabatic evolution may still hold in both regions, but as

we see later additional conditions must be met, imposing
further constraints on the orbital parameters.

B. Orbits near the separatrix

Near the separatrix, orbits are expected to be affected by
the black hole so strongly that describing their orbital
evolution using a weak-field formulation is inadequate.
This happens as the CO continuously decreases its distance
to the black hole, increasing the rate of gravitational energy
release. A full computation of the gravitational fluxes in the
strong-field regime is beyond the scope of this paper and
will be presented in a companion work, where black hole
perturbation theory is applied to Schwarzschild–de Sitter
spacetime. However, the adiabatic approximation can still
be examined in this region to determine the additional
conditions necessary for its validity.
We derive the radial periodP near the separatrix, p ∼ psep

[Eq. (2.28)] to examine the time scale at which adiabatic
evolution holds. Assuming that changes in angular fre-
quency and orbital period remain within the adiabatic limit,
we approximate the orbital period at the separatrix up to
linear in λ and Δp ∼ p − psep,

PjΔp∼p−psep≪1 ∼ 12
ffiffiffi
6

p
π þ 3

ffiffiffi
6

p
πΔp

þ λð1296
ffiffiffi
6

p
π þ 972

ffiffiffi
6

p
πΔpÞ: ð4:1Þ

We assume here that orbits near the separatrix have already
circularized, and we introduce Δp to describe deviations
from the separatrix. The validity of the adiabatic approxi-
mation is then tested by examining the evolution of p under
the prescribed weak-field fluxes,

jṗjP
p

∼
16

45

ffiffiffi
2

3

r
πq −

4

27

ffiffiffi
2

3

r
πΔpq

þ λq

�
56

ffiffiffi
6

p
π

5
Δpþ 672

ffiffiffi
6

p
π

5

�
; ð4:2Þ

where we brought back the mass ratio scaling q ≔ μ=M
from Eqs. (3.9) and (3.10). This leads to a constraint on the
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FIG. 11. Sample circular orbit in Schwarzschild (blue dashed)
and SdS (red solid) at λ ¼ 10−7 spacetime with initial separation
p0 ¼ 50 at times t ¼ ð0; 1.18 × 105Þ. At short timescales, the
orbital deviations are negligible, but at long timescales, SdS
orbits deviate noticeably from the Schwarzschild orbit, with the
SdS parameter facilitating faster evolution, reaching the separa-
trix faster (black) or plunging the black hole earlier.
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mass ratio,

μ

M
∼
45

ffiffi
3
2

q
16π

þ
75

ffiffi
3
2

q
64π

Δp

− λ

0
@25515

ffiffi
3
2

q
8π

þ
93555

ffiffi
3
2

q
32π

Δp

1
A: ð4:3Þ

We now assess whether the mass ratio constraint can remain
within the physical range q∈ ð0; 1Þ. In the absence of the
SdS parameter (λ ¼ 0), the constraint leads to unphysical
scenarios, producing values outside the range of q for
Δp > 0, i.e., for p > psep. This invalidates the use of weak-
field fluxes for adiabatic evolution in the strong-field region.
Furthermore, inclusion of a SdS parameter does not help
loosen the validity of this approximation; for the constraint
to yield physically meaningful mass ratios, an unrealisti-
cally large SdS parameter ðλ ∼ 10−3Þwell beyond the bound
for stable orbits ðλ ∼ 10−4Þ is needed. Although the break-
down of our initial assumptions (such as the applicability of
pN fluxes near the separatrix) suggests that this analysis is
not strictly valid in the strong-field regime, this calculation
serves as a preliminary attempt to explore the influence of
the SdS parameter on the limits of adiabatic evolution.
We now present preliminary results comparing the weak-

field energy flux formula with the strong-field energy flux at
infinity, obtained from the perturbation of spherically
symmetric spacetimes due to an orbiting point mass. This
comparison provides insight into the validity range of the
weak-field formula. The strong-field energy flux is obtained
using methods of Schwarzschild perturbation theory
[63–65], generalized to spherically symmetric spacetimes
to accommodate the Schwarzschild–de Sitter spacetime. We
briefly outline the method, with the complete procedure
detailed in a companion paper. The goal is to numerically
calculate the energy flux valid near the separatrix of the
Schwarzschild–de Sitter spacetime,

hĖ∞
lmi ¼

1

64

ðlþ 2Þ!
ðl − 2Þ!

X
n

ω2
mnjCþ

lmnj2: ð4:4Þ

Here, ωmn is the angular frequency of the orbiting particle in
terms of the ðm; nÞ modes of its radial and azimuthal
oscillations. The normalization coefficient Cþ

lmn is obtained
by numerically integrating the inhomogeneous Regge-
Wheeler-Zerilli equation in the frequency domain with
the tortoise coordinate defined by dr

dr�
¼ f−1,

�
d2

dr2�
− Vl þ ω2

mn

�
RlmnðrÞ ¼ ZlmnðrÞ; ð4:5Þ

where Rlmn satisfies the general solution of the form

RlmnðrÞ ¼ cþlmnðrÞR̂þ
lmnðrÞ þ c−lmnðrÞR̂−

lmnðrÞ; ð4:6Þ

with the coefficients defined as

cþlmnðrÞ≡ 1

Wlmn

Z
r

rmin

dr0
R̂−
lmnðr0ÞZlmnðr0Þ

fðr0Þ ;

Cþ
lmn ≡ cþlmnðrmaxÞ;

c−lmnðrÞ≡ 1

Wlmn

Z
rmax

r
dr0

R̂þ
lmnðr0ÞZlmnðr0Þ

fðr0Þ ;

C−
lmn ≡ c−lmnðrminÞ: ð4:7Þ

The source term ZlmnðrÞ is derived from the stress-energy
tensor of a point particle, of mass μ, in a generic orbital
trajectory, xpðτÞ,

TμνðxαÞ ¼ μ

Z
dτffiffiffiffiffiffi−gp uμðτÞuνðτÞδ4½x − xpðτÞ�: ð4:8Þ

The homogeneous solutions R̂�
lmnðrÞ are obtained by

solving the homogeneous Regge-Wheeler-Zerilli equation
with the following asymptotic ingoing and outgoing wave
boundary conditions:

R̂�
lmnðr� → �∞Þ ¼ expð�iωmnr�Þ: ð4:9Þ

Although this method allows for a generic orbital configu-
ration, we restrict the preliminary analysis to the circular
limit and consider only the dominant ðl; mÞ energy flux
mode. This simplification is sufficient to provide a rough
verification of theweak-field formula. Specifically, we solve
for E∞

22 using the Zerilli potential, modified to incorporate
the SdS parameter (with the full derivation included in the
companion paper),

Veven ¼
f

r2Λ̃2

�
2λ̃2
�
λ̃þ 1þ 3M

r

�
þ 18M2

r2

�
λ̃þM

r

��

−
f

r2Λ̃2
ð6M2ΛÞ; ð4:10Þ

with constants (not related to λ or Λ) Λ̃ ¼ λ̃þ 3M=r
and λ̃ ¼ ðlþ 2Þðl − 1Þ=2.
We note here, however, that (4.4) is the expected

radiation rate if the spacetime is asymptotically flat. This
is a problem since we know that SdS is asymptotically de
Sitter, and the energy flux in terms of the fields should be
modified by the SdS parameter. Luckily, many prescrip-
tions on computing the energy flux have been put forward
by analyzing de Sitter in Bondi frame and computing the
mass loss in terms of the news tensor, notably by [56,57,66]
and more recently de Sitter quadrupolar linearized waves
by [67–69]. It was shown that the even parity, l ¼ 2 fields
(at the Bondi frame of the asymptotically de Sitter null
infinity) carry energy far from the source, r → ∞, (a la’
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Teukolsky waves [70]) as

Ėl¼2;m¼�2 ¼ −
3

8πG

����∂3uAm −
4

3
Λ∂uAm

����2
− Λj∂2uAmj2 þOðΛ2Þ; ð4:11Þ

where AmðuÞ’s are even-parity solutions to the linearized
Einstein field equations that reduce to the asymptotically
flat limit at Λ → 0. Throughout our energy flux compar-
isons, we only use the asymptotically flat limit of the
energy flux formula, since all succeeding terms from the Λ
correction have subdominant contributions compared to the
leading term.
The energy flux computed from the solutions of the

Regge-Wheeler-Zerilli equations is expected to be indepen-
dent to a far-field (large-p) approximation, as these equa-
tions are derived from perturbations of the SdS spacetime
due to an orbiting test mass. Hence, the strong-field energy
flux formula should remain valid even at large orbital
separations. This allows us to assess the accuracy of the
weak-field energy flux formula [Eq. (3.3)] by evaluating its
deviation from the strong-field energy flux [Eq. (4.4)].
In Fig. 12, we illustrate the deviation of the energy flux

obtained from perturbation theory [Eq. (4.4)] and that from
a weak-field expansion [Eq. (3.3)], 1 − jĖ∞

22=ĖpN j, for
increasing binary separation, rp, and SdS parameter, λ.
We also compare the energy flux of circular orbits to
eccentric orbits, showing the deviations in Fig. 13. Our
results indicate that for higher values of λ significant
deviations emerge at sufficiently large rp, confirming that

the weak-field quadrupolar energy flux [Eq. (3.3)] remains
valid only within the particle position satisfying the hier-
archy [Eq. (2.34)]. Additionally, for smaller λ, the OSCO
shifts farther from the black hole, leading to an increasingly
larger region of validity for the weak-field fluxes. Overall,
we find that higher λ values lead to a scaling error in
eccentric orbits relative to their circular counterparts.
However, as expected, for smaller λ, both circular and
eccentric orbits exhibit similar deviations in the fluxes.

C. Orbits far away from the separatrix

It has been shown that in regions far from the separatrix,
and thus the black hole, applying adiabatic approximation
on orbital evolution results in no strict conditions for the
mass ratio of the binary [40]. We repeat the analysis here to
determine whether the presence of a SdS parameter
introduces new constraints. Similar to the derivation from
previous subsection, the change in the semilatus rectum in
the large-p limit yields the following constraint on the mass
ratio:

μ

M
≪ αðeÞp5=2 − λðβðeÞp11=2 þOðλp7=2ÞÞ; ð4:12Þ

where αðeÞ and βðeÞ are positive functions of eccentricity
for all values of e. This result confirms that the constraint is
automatically satisfied for large p, implying that the
validity of the weak-field fluxes for adiabatic evolution
remains independent of the mass ratio. Hence, at large
distances, the evolution of the orbital parameters is neces-
sarily adiabatic. We note however that the presence of a
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FIG. 12. Deviation of the weak-field energy flux formula [Eq. (3.3)] and the strong field energy flux (l ¼ 2, m ¼ 2 mode) from SdS
perturbation theory [Eq. (4.4)] for a circular orbit of radius rp. The validity of the weak-field energy flux formula is stronger for larger rp
and lower λ. For smaller rp, the weak-field formula may still be valid if λ is allowed to be of lower value.
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SdS parameter λ strengthens the bound at which adiaba-
ticity may be applied to eccentric orbits. This suggests that
in the case of eccentric orbits the strong-field region is
effectively shifted towards much lower p. Thus, the
weak-field fluxes will be sufficient for the balance
formula governing the orbital trajectory and gravitational
waveforms.
We present below the gravitational waveforms, deriving

the phase from the orbital mean motion and the strain
magnitude from the binary mass quadrupole moment. The
leading order relationship of the time derivatives of the
mass quadrupole moment to the waveform strain will be
sufficient to show the effect of the SdS parameter up to
order Λ1=2 since the linearized radiation in asymptotically
de Sitter spacetime was shown to be [71,72]

χij ∼ ∂
2
t Qij þO

� ffiffiffiffi
Λ

p

D

�
; ð4:13Þ

with D as the wave zone distance. The wave zone radiation
was derived from the perturbation of de Sitter spacetime
(with the cosmological constant related to H by
H2 ¼ Λ=3),

gμν ¼ γμν þ ϵhμν; ð4:14Þ

with the background line element,

γμνdxμdxν ¼ −dt2 þ e2Htδijdxidxj; ð4:15Þ

which should be valid far from the source. The resulting
linearization of the field equations has the following form:

ηαβ∂α∂βχμν þ
2

η2
∂0χμν −

2

η2
ðδ0μδ0νηαβχαβ þ δ0μχ0ν þ δ0νχ0μÞ

¼ −16πTμν; ð4:16Þ

with ημν as the components of the Minkowski metric and
with the radiation field,

χμν ¼ expð−2HtÞh̄μν; ð4:17Þ

with h̄μν as the usual trace-reversed perturbation metric.
The radiation field can then be expressed in terms of the
source multipole moments,

χij ¼
2

R
ðe−Ht þHRÞðQ̈ðρÞ

ij − 2HQ̇ðρÞ
ij þHQ̇ðpÞ

ij Þ

− 2HðQ̈ðρÞ
ij − 3HQ̇ðρÞ

ij þHQ̇ðpÞ
ij

þ 2H2QðρÞ
ij −H2QðpÞ

ij Þ; ð4:18Þ

with R as the radial distance of the source, R2 ¼ x2 þ
y2 þ z2. Higher order terms in Λ would represent tail terms
in the waveform due to backscattering [25], which we
ignore here since their contribution to the amplitude and
phase is small enough with respect to the leading order. At
spatial infinity, the polarization modes of the gravitational
wave signal h (in the transverse-traceless gauge), at a
distanceD from the source, will then be related to the mass

quadrupole moment (we suppress the label ρ, QðρÞ
ij ¼ Qij),

as it is in an asymptotically flat spacetime (up to leading
order in Λ) [59,72] by the following expression:
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FIG. 13. Deviation of the weak-field energy flux formula [Eq. (3.3)] and the strong field energy flux (l ¼ 2, m ¼ 2 mode, nmax ¼ 30)
from SdS perturbation theory [Eq. (4.4)] for generic eccentric orbits in terms of the SdS parameter, λ, and cosmological horizon, rc.
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hþ ¼ 1

D

�
Q̈11 − Q̈22 þ 2

ffiffiffiffi
Λ
3

r
ðQ̇11 − Q̇22Þ

�

þ Λ
3

�
Q̇11 − Q̇22 þ

2
ffiffiffiffi
Λ

p

3
ðQ11 −Q22Þ

�
; ð4:19Þ

h× ¼ 2

D

�
Q̈12 − 2

ffiffiffiffi
Λ
3

r
Q̇12

�
þ Λ

3

�
Q̇12 − 2

ffiffiffiffi
Λ
3

r
Q12

�
:

ð4:20Þ

We assume that the binary components lie in a single plane,
say the x-y plane, and the observer is aligned along the
z − axis. This orientation corresponds to a face-on view of
the binary. We further set the orbital plane such that its
origin coincides with one of the foci of the elliptic orbit,
which would be the position of the central black hole. The
mass quadrupole moment of the binary, with reduced mass

μ, is then expressed into

Qij ¼ μr2ðψÞ

0
B@

cos2ðϕÞ sinðϕÞcosðϕÞ 0

sinðϕÞcosðϕÞ sin2ðϕÞ 0

0 0 0

1
CA: ð4:21Þ

Substituting in the solutions of the adiabatic osculating
trajectory equations into the strain formulas (4.20) allows us
to generate adiabatic waveforms plots valid in the weak-
field region of the parameter space. It would also be
sufficient to plot the polarization strains (4.20) up to the
leading order in Λ (ignoring the second term) since we are
already using the leadingΛ-corrected solutions in the orbital
parameters. We note here that under secular evolution [73]
the waveform phase would gain additional contribution
from the conservative gravitational self-force, which we do
not include in this paper.
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FIG. 14. Adiabatic waveforms of ðp0 ¼ 50Þ for Schwarzschild with λ ¼ 0 (dashed, blue) and with SdS with λ ¼ 10−7 (red). We show
here the (a) plus polarization as well as the (b) cross polarization of the waveform in the adiabatic limit of an initially eccentric orbit with
eccentricity e0 ¼ 0.7. We show here the plus polarization (c) of the waveform in the adiabatic limit of an initially circular orbit. The main
effect of the SdS parameter is the increase in amplitude and an initial delay in the wave phase.
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In Fig. 14, we present a circular waveform under the
assumption that the orbit begins with a small initial
eccentricity and circularizes almost instantly, making ė
negligible. We observe an phase advance, which can be
attributed to the de Sitter term in the mean motion. This
early departure arises from modified angular frequency,
with the energy and angular momentum being affected by
the SdS parameter the most for nontrivial eccentricities.
Lastly, we estimate the change both in the amplitude and

the phase of the waveform due to the SdS gravitational flux
in an EMRI orbit. We begin by considering the analytical
expression for complex time-domain waveform [59],

hðtÞ ¼ AðtÞ expðiΨðtÞÞ ¼ hþ − ih×; ð4:22Þ

where the SdS change in amplitude arises from an OðλÞ
deviation, δASdS, in the amplitude

A ¼ ApNð1þ δASdSÞ: ð4:23Þ

Similarly, the phase correction, δΨSdS, appears in

Ψ ¼ ΨpNð1þ δΨSdSÞ: ð4:24Þ

The post-Newtonian amplitude and phase are related
to the Keplerian frequency ωN as ApN ¼ 4ω2=3

N =D and
ΨpN ¼ 2ωNt. Expressing the semilatus rectum p in terms
of ωN via ωN ¼ p−3=2 and using the evolution equations
Eq. (3.9) and (3.10) we obtain first-order SdS corrections,

δASdS ¼ −λω−2
N þOðλ2Þ; ð4:25Þ

δΨSdS ¼ −λ
ω−2
N

2
þOðλ2Þ: ð4:26Þ

These expressions indicate that the amplitude and phase
shift are initially small but grow as the frequency increases.
This suggests that both the amplitude and phase of the SdS
waveform will eventually deviate significantly from their
pN counterparts at an earlier stage in the inspiral. The
Keplerian mean motion, ωN may be estimated as

ωN ∼ 1.22 × 10−4 yr−1
�
1 pc
p

�
3=2
�

M
106M⊙

�
1=2

: ð4:27Þ

As the frequency increases, the amplitude and phase shift
eventually surpass their pN counterparts at critical fre-
quency, ωcrit ∼ λ−1=2. Before reaching ωcrit, the SdS param-
eter primarily reduces the amplitude of the waveform and
delays the phase evolution. For initially eccentric orbits, the
phase shift remains similar to the circular case, since we
consider the waveform frequency to be related to the mean
motion averaged over a full orbit. However, the amplitude
shift is modified by the eccentricity,

AðeÞD ¼ 2ðeþ 2Þω2=3

ðeþ 1Þ3 − λ
4

ω4=3ðeþ 1Þ2 þOðλ2Þ

þOðω4=3Þ: ð4:28Þ

We see in this expression that more eccentric orbits produce
a lower overall amplitude shift due to the SdS parameter
compared to circular orbits. The eccentricity affects ωcrit at
most by a factor of order e, which increases for higher
eccentricities. As a consequence, waveforms from highly
eccentric SdS orbits take longer to surpass the amplitude
and phase of their circular waveform counterparts.

V. TIMESCALES FOR GRAVITATIONAL
WAVE DETECTION

In this section, we apply the radiation reaction equations
[Eqs. (3.9) and (3.10)] to estimate the inspiral timescales
for gravitational wave detection. Detectors will be operat-
ing for only a limited amount of time and therefore can only
detect transient gravitational wave signals from sources for
a given range of length scale or timescale. For the space-
based detector LISA, the operation time is only up to
4–10 years before shutting down [7,74]. Signals can only
enter the detector frequency range and can be detected at
the “lifetime” of the detector, which can translate to sources
up to a range of length or timescale.
It will then be important to predict how long would

relevant sources in a specific range of orbital parameters
will stay in the LISA band for detection. Specifically, we
obtain an analytical inspiral timescale formula in terms of
orbital parameters that can describe the decay of a binary,
similar to what was derived by [60] and extract what effect
the SdS parameter may bring.
For circular orbits, an exact analytic decay timescale with

the effect of the SdS parameter can be derived similarly in
[60]. Peters’ argument regarding the minimal dependence
of eðpÞ can also be used to extend the suitability of the
timescale to eccentric orbits. We start by deriving the
inspiral timescale as the integral of the inverse of the ṗ
equation. Integrating up to near coalescence, the timescale,
τ, becomes a function of the initial orbital parameters. Up to
OðλÞ, the timescale with an SdS parameter is derived as a
factor multiplied by Peters’ timescale τP, such that

τ ∼ τPð1þ λτλÞ; ð5:1Þ

with Peters timescale in ðp; eÞ space equal to

τP ¼ 5c5p4
0

256G3M3qfðe0Þ

¼ 1.84 × 1024 yr

�
p0

1 pc

�
4
�
106M⊙

M

�
3
�
10−5

q

�
1

fðe0Þ
;

ð5:2Þ
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where in we brought back the physical units and scalings
for increased readability. The semilatus rectum p here has
units of length unlike the previous usage of the nondimen-
sional p. The function fðe0Þ is the enhancement function
for including initially eccentric orbits, and is equal to

fðeÞ ¼ ð1 − e2Þ3=2ð1þ 7e2=8Þ: ð5:3Þ

The timescale function linear to λ is given by

τλ ¼ −
19c2p3

0

4GM
Fðe0Þ
fðe0Þ

; ð5:4Þ

which is related to a new eccentricity enhancement func-
tion,

FðeÞ ¼ 1

228ð1 − e2Þ3=4 ð60ð1 − e2Þ5=4 − 26ð1 − e2Þ

− 231
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p
þ 425Þ; ð5:5Þ

that evaluates to 1 for e → 0. For circular orbits, we have
the timescale ratio σðp; e ¼ 0; λÞ ¼ τP=τ that has the form

σðp0; e ¼ 0; λÞ ¼ 1 − λ
19c2p3

0

4GM
þOðλ2Þ

¼ 1 − λ
19

4

�
p0

1.5 km

�
3
�
1M⊙

M

�
3

: ð5:6Þ

The main effect of the factor is to reduce the timescale due
to the negative sign. Larger initial orbits will have an
increased deviation to the Peters’ timescale due to the p3

0

scaling. As the orbiter starts initially near the BH, it will
approximately follow the Peters’ timescale, but if it starts
initially farther, the timescale correction goes larger as
shown in Fig. 15. For a stellar mass BH, with mass
M ¼ Oð10ÞM⊙, circular orbits will decay in a timescale
reduced by a factor of σ ≈ 1 − 10−3λp3

0, which will only
become considerably large if the starting orbit has a size
p0 ≈ 10λ−1=3 km. Near the maximum SdS parameter, say
λ ¼ 10−6, the starting orbit must be around p0 ∼
Oð103Þ km to have maximum deviation. Beyond this
estimate, the ratio will be negative and is thus unphysical,
which means that orbits are unbound at these regime. For a
SMBH, the correction is very small with an initial orbit
having p0 ∼Oð108Þ km before being considerably large.
This may be of astrophysical significance for scenarios of
large-distance capture of inspiralling objects like EMRIs by
SMBH [74,75] with gravitational wave induced evolution
estimated to be the dominant dynamics starting at a
relatively large distance.
For the effect of the eccentricity, let us include the

enhancement functions from Eqs. (5.3) and (5.5). To obtain
this, we only need to multiply the earlier factors to the λ
dependent term,

σðp0; e0; λÞ ∼ 1 − λ
19c2p3

0

4GM
FðeÞ
fðeÞ : ð5:7Þ

The deviation brought by the eccentricity can also be
visualized by noticing that the correction factor to the
timescale is just the eccentricity functions,

τPðeÞ
τPðe ¼ 0Þ ¼ fðe0Þ−1; ð5:8Þ

τλðeÞ
τλðe ¼ 0Þ ¼ Fðe0Þ=fðe0Þ: ð5:9Þ

We show in Fig. 16 the comparison of fðe0Þ−1 and
Fðe0Þ=fðe0Þ. The function Fðe0Þ=fðe0Þ increases faster

FIG. 16. Eccentricity factors for the circular inspiral time. We
see here that initially eccentric orbits are more affected by the SdS
parameter which can result to a larger deviation in the decay time
with Peters formula. Up to a factor of ∼100 is to be included for
e0 ∼ 0.7 orbit decay time. However, this will still scale linearly
with the value of λ.
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FIG. 15. Ratio, σðp0; λÞ, of the Peters-Mathews inspiral time-
scale and the full SdS inspiral timescale for various SdS
parameter values with its p dependence and (b) its e dependence.
We see here that larger orbits gain an increased effect by the SdS
parameter as the orbit will decay faster compared to the Peters’
decay time (λ ¼ 0).

EXTREME-MASS RATIO INSPIRALS IN SCHWARZSCHILD–DE … PHYS. REV. D 114, 044059 (2026)

044059-23



than fðe0Þ for more eccentric orbits which means that the
effect of eccentricity in modifying the timescale is strength-
ened by the presence of the SdS parameter. We see in
Fig. 16 that for an initially eccentric orbit, with e0 ∼ 0.7, the
deviation in the inspiral timescale is amplified by a factor of

Oð100Þ. This implies that as the eccentricity continues to
decrease, its value affects the SdS inspirals faster as
compared than the pN inspirals.
We show in Fig. 17 the λ contours and isochrones in the

phase space of orbital parameters ðp; eÞ. If we relate the

FIG. 17. Analytical contours for a fixed τ and fixed λ. In (a), we have an increasing λ for a fixed τ ¼ 105 with the filled region as the
source population with higher decay timescale (τ > 105). The fixed timescale contours show that by increasing the SdS parameter the
total area covered by a particular timescale contour decreases which could mean that the source population will decrease, most notably in
e, for a given SdS parameter and time. However in (b), we compare decreasing τ for a fixed λ. By comparing timescale contours for a
specific SdS parameter, we observe that the source population increases in p as compared to the λ ¼ 0 case.
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FIG. 18. Numerical contour plots of the plunge times in a range of initial orbital parameters for Schwarzschild (λ ¼ 0) (left) and SdS
ðλ ¼ 10−7Þ (right) spacetime. We note here that incorporating a self-consistent evolution in ðp; eÞ decreases plunge times as the CO
starts to inspiral further away from the BH. Given a fixed timescale, say at τ ¼ 105, a larger region is covered in the initial parameter
which can be expected as an increase in the population of potential gravitational waves sources. There is also a notable decrease in the
population for highly eccentric orbits as also seen from the analytical contours previously, which means that highly eccentric orbits are
expected to decay more slowly for higher values of SdS parameter.
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area in the phase space to the number of potential sources,
Fig. 17(a) shows that higher values of the SdS parameter
increases the population of detectable sources at a fixed
inspiral time. In Fig. 17(b), we see that the SdS inspiral time
shows a different curve from the λ ¼ 0 inspiral time
implying a shift in the orbital parameters of potential
sources. This means that, for a given observation time,
we can detect much larger orbits due to the SdS parameter.
The general observation here is that the population of
sources will be limited to their initial eccentricity and size at
capture and will increase due to higher eccentricity with
larger orbits decaying faster from the effect of λ.
We can now numerically integrate the orbital evolution

equations to obtain a more accurate inspiral time meas-
urement across the parameter space. We start by solving the
plunge times for a range of initial parameters, then we
deduce if those parameters are detectable within a given
time. We numerically integrate the radiation reaction
equations [Eqs. (3.9) and (3.10)], considering all possible
initial parameters at a given range. Then, we stop the
integration if the parameters near the separatrix, and we
then collect the time per initial parameter for the integration
to end. We consider the range p0 ¼ ð10; 50Þ; e0 ¼ ð0; 1Þ
with λ ¼ 10−7. The isochrones with the evolving eccen-
tricity is obtained numerically in Fig. 18. We show in
Fig. 18 that for a given range of time the range of initial
parameters is expanded due to the presence of the SdS
parameter. Orbits of the same p will indeed decay faster
with the help of the λ, but with higher eccentricity, the
factor of reduction in the timescale is decreased.

VI. CONCLUSIONS

The SdS parameter introduces both conservative and
dissipative effects on the dynamics of a binary system. Key
findings of this paper include an accelerated rate of orbital
decay, with shorter plunge and circularization times due to
the λ. Additionally, we demonstrate that eccentric orbits are
more strongly influenced by λ, with this effect being
independent of the binary’s separation.
For the conservative effects, we analyzed changes in the

effective potential, where the SdS parameter introduces
additional turning points for a given orbital parameter.
Depending on its value, the SdS parameter alters the nature
of bound and unbound orbits, with a critical threshold
causing the complete absence of bound orbits. This leads to
an analysis of the λ’s influence on the orbital parameters
governing the existence of bound orbits. We derive the
separatrix, represented as a 2D surface, a polynomial
function of ðp; e; λÞ, and identify the critical value of the
SdS parameter that allows for a single stable bound orbit.
Although small in magnitude, the SdS parameter signifi-
cantly affects the parameter space. We also find the
presence of an outer separatrix, which further constrains
the region of bound orbits; outside this boundary, the λ term
dominates, rendering orbits unstable.

For the dissipative effects, we use the prescription by
Hoque and Aggarwal to compute the post-Newtonian
gravitational fluxes for a binary system influenced by
the SdS parameter. We show that the SdS parameter
increases the rate of decay of the orbital parameters when
translated into radiation reaction equations. Due to the
increase in Keplerian binding energy and angular momen-
tum, the SdS parameter introduces new dynamical effects
in the radiation reaction. While the SdS parameter generally
reduces the rate of orbital decay compared to standard post-
Newtonian radiation reaction in flat spacetime, we find a
nontrivial increase in eccentricity evolution at initially low
eccentricities. We attribute this to the nontrivial coupling of
the SdS parameter with eccentricity, where binaries with
nonzero eccentricity are more sensitive to its effects.
We have investigated the effect of the SdS parameter on

physical quantities such as circularization, plunge times,
and orbital trajectories. Deviations from post-Newtonian
orbital shapes are observed for eccentric binaries. We also
generate waveforms produced by binaries under radiation
reaction, showing an increase in amplitude and phase
advance due to the SdS parameter. The phase advance is
linked to a decrease in orbital frequency, also caused by the
SdS parameter. Finally, we calculate the detection time-
scales for these waveforms, demonstrating that the SdS
parameter increases the number of detectable sources
within a given time.
Although the contribution from λ is typically subleading

compared to the dominant post-Newtonian terms, its
relative importance grows in certain regions of the param-
eter space (where the environmental contribution might
dominate over the radiation reaction dynamics) potentially
becoming comparable in magnitude. Again, our results
may be interpreted more generally as describing a quadratic
term in the effective gravitational potential, δV ∼ λr2, with
λ serving as an effective parameter for environmental
perturbations exhibiting the same scaling. The calculations
performed here therefore extend beyond the purely cos-
mological context, providing a unified framework for
analyzing systems subject to r2 corrections to the effective
potential and clarifying their combined conservative and
radiation-reaction–driven evolution. Future work related to
this claim may involve a deeper examination of the
mapping of λ to other astrophysically relevant parameters.
Lastly, we emphasize that adopting the SdS parameter λ

as an environmental proxy constitutes an idealized frame-
work rather than an exact metric for a specific astrophysical
system. By capturing the leading-order Oðr2Þ scaling
characteristic of external energy densities, such as the tidal
quadrupole potential in a binary system or the spacetime
curvature induced by a uniform magnetic field, λ allows us
to analytically isolate how an isotropic, secular outward
perturbation influences dissipative EMRI dynamics. We
note, however, that this isotropic approximation fundamen-
tally breaks down in realistic astrophysical environments.
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Results presented here are best interpreted as a qualita-
tive exploration of perturbed conservative and dissipative
dynamics. This formalism serves as a mathematically clean
baseline to guide future investigations before transitioning
to computationally expensive, fully three-dimensional
general relativistic magnetohydrodynamic or N-body
simulations.
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