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Starting inflation in asymptotically flat spacetimes

Sam E. Brady®,"" Thomas W. Baumgarte®,”" and Katy Clough

1%

'Centre for Geometry, Analysis and Gravitation, School of Mathematical Sciences,
Queen Mary University of London, Mile End Road, London EI 4NS, United Kingdom
2Departmem‘ of Physics and Astronomy, Bowdoin College, Brunswick, Maine 04011, USA

® (Received 27 July 2026; accepted 13 August 2026; published 8 September 2026)

A key question in early Universe cosmology is whether inflation can be successfully seeded by a generic,
localized fluctuation in the inflaton field that probes the inflationary part of the potential. Past simulations
have mainly considered periodic spacetimes representing either a closed universe of a specific size or a
typical patch of a larger one, and as a result have needed to impose restrictive conditions on the extrinsic
and intrinsic curvatures, which are arguably not generic. In this work we consider initial fluctuations in
asymptotically flat spacetimes, allowing more general profiles of the intrinsic and extrinsic curvature.
Our findings confirm and generalise the result of Goldwirth and Piran that a fluctuation with proper
size several times the inflationary scale 1/+/Gping is required for successful inflation. We also discuss
inherent restrictions on the initial data, and how imposing a periodic length close to the inflationary scale

may bias results.
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I. INTRODUCTION

Inflation [1-5] was proposed to explain the high spatial
flatness and homogeneity that are observed on large scales
in the cosmic microwave background. The idea is that,
regardless of the initial conditions, a period of accelerated
expansion will dynamically drive the scales we now
observe to a homogeneous state. The source of the
accelerated expansion can be modeled most easily as a
real scalar field degree of freedom, subject to a potential
with a flat section on which it slowly rolls. This results in
the dynamics being dominated by the potential energy,
rather than kinetic and gradient terms. While inflation, once
it begins, will quickly drive field gradients and spatial
curvature to zero, it is not obvious that it should always be
able to get started from an initial state in which these and
other terms are dominant. For this reason, the robustness of
inflation to generic initial data continues to be debated.

Previous works have studied the robustness of inflation
against small perturbations using analytic and semianalytic
methods for a range of inflationary models (see
Brandenberger [6] for a review), and numerical relativity
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(NR) simulations have allowed explorations in the non-
perturbative regime [7-26]. NR simulations of the initial
stages of inflation have the advantage that they are able to
model the full nonlinear dynamics of the evolution, but
each one requires a single, concrete choice for the infla-
tionary model together with suitable initial data. Since we
do not know the initial state of inflation, nor what high
energy physics gave rise to it, the question of what
constitutes generic initial data is inherently ill defined.
Nevertheless, there is general consensus that, for infla-
tion to work as a paradigm, it should be able to get started
even in a state far from homogeneity and isotropy, where
spatial gradients and spatial curvatures are strong and
nonuniform. A more well-defined question is then: for a
given model, if some patch of the field finds itself on the
inflationary plateau in a universe that is otherwise not
inflating, will it inflate? It is easy to argue that if the patch is
large enough then it is effectively a Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe and so it will, whereas
a very small patch will either disperse or collapse depend-
ing on the energy scale of the inflationary model. In
pioneering NR work, Goldwirth and Piran [7-10] (hereafter
GP) showed that a patch of proper size several times the
inflationary scale 1/+/Gpi,q was required for large-field
models (with large ~O(M,,) scale inflationary plateaus,
see [27] for a discussion of the terminology), which is often
stated as the fact that one needs a “Hubble-sized patch” at
the beginning of inflation in order for sufficient inflation to
occur. GP also highlighted the model dependence of the
finding, with a much higher threshold for homogeneity in
order to inflate for models with a shorter inflationary
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plateau. This model dependence was emphasized in later
works in 3 + 1D simulations [16,18,26].

Another practical question in setting up a simulation is
what boundary condition to use for the spatial domain. In
the spherically symmetric work of GP reflective boundary
conditions were imposed at the outer limit of the r
coordinate, which effectively creates a closed universe
(an S? topology) with a reflective symmetry. Later works
[15-18,20-23] imposed periodicity in three Cartesian
directions, creating a T* topology, with a periodicity scale
of approximately 1/v/Gpin or 1/4/Gp, where the local
energy density p includes gradient and other contributions.
These later works showed that in the large-field case
inflation was highly robust, even against fluctuations that
reached the minimum of the potential and for initial data
that included kinetic inhomogeneities. In such cases black
holes may form from initial overdensities, but the majority
of the spatial domain remains inflationary around them.
However, periodic domains impose certain integrability
conditions on the initial data—in particular in the 7° case
they impose that the volume average of the intrinsic
curvature’s contribution to the Hamiltonian constraint
(i.e. the Laplacian of the conformal factor) vanishes, and
that the extrinsic curvature is nonzero with a value related to
the average energy density on the initial spatial hypersur-
face. In an S* topology the volume averaged intrinsic
curvature may take a nonzero (positive) value, but in the
work of GP this was taken to be spatially constant initially,
as was the extrinsic curvature. More recent NR works
[24,25] have then questioned whether such choices may
bias the evolutions, such that one will necessarily find some
patch in which inflation succeeds. These works still
employed a periodic setup, but focused on the evolution
of regions that were initially strongly curved. They argued
that these are the more representative, generic patches, and
tend to be those that do not inflate.

Here we revisit the work of GP by studying again a
fluctuation of the inflaton field in spherical symmetry. In
contrast to that work we impose asymptotically flat
boundary conditions rather than periodicity of the S form.
This, together with a more general treatment of the initial
data [28] and more robust gauge conditions, allows us
to explore nonuniform initial configurations for the intrin-
sic and extrinsic curvature, and to follow the dynamics
through to the formation of black hole horizons and the
pinch-off of baby universes where these occur. While
asymptotic flatness also imposes restrictions on the result-
ing spacetimes, and hence is not a choice that is entirely
without bias, it is arguably more neutral toward inflation
than the alternatives—asymptotically expanding or asymp-
totically contracting FLRW-type regions.

We note that the dynamics of a small inflating region in
asymptotically noninflating spacetimes has been studied in
the context of the so-called universe-in-a-lab [29-31].
These works primarily focused on false-vacuum models

of inflation, with a homogeneous de Sitter bubble that is
matched to an exterior vacuum Schwarzschild spacetime. It
was shown that cases where the bubble expands cannot
occur classically without a past singularity or a violation of
the null energy condition [30], but may be formed through
quantum mechanical tunneling [31].

This paper is organized as follows: In Sec. II the initial
data for our simulations will be described, along with a
brief description of the methods used to solve the constraint
equations. The numerical methods are given in Sec. III and
our results are summarized in Sec. IV. We discuss the
implications of our results in Sec. V. We also include
Appendixes with details on our approach to solving the
constraint equations (Appendix A), code validation
(Appendix B), horizons (Appendix C), and slicing con-
ditions (Appendix D). Throughout this work we use
geometrized units with G = ¢ = 1.

II. INITIAL DATA

Initial data for dynamical evolutions in general relativity
have to satisfy Einstein’s constraint equations, i.e. the
Hamiltonian constraint

H=R+K*-K;K7—16zp =0 (1)
and the momentum constraint
M= DK — D;K"7 —8xzS" = 0. (2)

Here D; and R are the covariant derivative and the Ricci
scalar associated with the spatial metric y;;, respectively,
K;; is the extrinsic curvature, and its trace K = y"K;; is
also referred to as the mean curvature. For an inflaton field
¢, the mass-energy density p in Eq. (1) is given by

p=3 (DD +T) 4V, ()

where V(¢) is the potential that determines the inflationary
model (which we specify in Eq. (10) below), while the
momentum density S’ in Eq. (2) is

S; =11D;¢, (4)

where IT is the field’s conjugate momentum

= (3¢ - p'o:). (5)

SHE

In Eq. (5), a is the lapse function and /3 the shift vector. We
specify our choices for the initial field profile and its
conjugate momentum in Eq. (12) below.

We next split the extrinsic curvature into its trace and
traceless parts,
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1
Ki; :Aij+§}’in» (6)

and employ conformal rescalings y;; = y/4;7ij and A;; =
w2A; ; to rewrite the Hamiltonian constraint (1) as

2 - - _
§K2 —yPA;AY 4y (wR — 8D%y) = 167p  (7)

and the momentum constraint (2) as

Here D; and R are now the covariant derivative and Ricci
tensor associated with the conformally related spatial
metric y;;.

In spherical symmetry—which we assume throughout
this paper—the conformally related metric can always be
chosen to be flat, so that R = 0 and D? reduces to the flat
Laplace operator.

Ignoring, for the moment, the term A;;A"Y in Eq. (7), we
see that an overdensity in p has to be accounted for either
by the intrinsic curvature of the spatial slice, expressed by
D2y, or its extrinsic curvature K. As demonstrated in [28],
which generalized the findings of [32,33] to cases with non
zero mean curvature, the relative proportion of each term is
not arbitrary: there is a limit to the former term—that is, a
limit on the amount of intrinsic curvature that can balance
an over-density.

The authors of [28] considered a simple analytical toy
model for spherically symmetric overdensities in asymp-
totically expanding spacetimes. It demonstrates that, for a
given choice of K, solutions to the Hamiltonian constraint
(7) exist only up to certain maximum values of the over-
density. Below this maximum the solutions are not unique.
Instead, there exist two separate branches of solutions,
referred to as the strong-field and weak-field branch, that
join for the maximum value of the overdensity. While we
consider asymptotically flat spacetimes here, for which
both K and p approach zero at large radius r, when we vary
the balance between the intrinsic and extrinsic curvature we
find that, qualitatively, our solutions behave in a similar
way to those identified in [28], including the existence of
strong-field and weak-field branches.

We parametrize our initial data as follows. For simplicity
we assume that the inflaton field’s momentum in Eq. (5)
vanishes initially, IT = 0, so that only the field gradients
and the potential V(¢) contribute to the energy density (3).
We then define € to be the proportion of the inflaton’s
potential energy density that appears as a source for the
intrinsic curvature, with the remaining part of the energy
density acting as a source for the extrinsic curvature.
Specifically, we fix the initial field profile ¢(r) and then
solve

Dy = =2myeV(p) (%a)

to obtain the initial conformal factor . In the following we
only consider the range 0 < e < 1. Combining Eqs. (9a)
and (7) we find an equation for the initial extrinsic
curvature K,

K2 = 242(1 = )V(9) + 122(Dp) (D) + 2y~ 2R,V
(90)

The system of equations (9) is equivalent to the
Hamiltonian constraint (7), with € now parametrizing the
split between intrinsic and extrinsic curvature. The par-
ticular split adopted in Eq. (9) is motivated by practical
convenience—the potential V(¢) is independent of the
conformal factor y, while the gradient terms in p are not.
Including only the former on the right-hand-side of Eq. (9a)
therefore simplifies the solution to the nonlinear equation.
In practice, we solve Eq. (9a) once, and then iterate
between solving Eq. (9b) and the momentum constraint
(8) until the iteration has converged to within a tolerance of
107%. We provide more details on our construction of initial
data in Appendix A.

We note that our particular choice for the split of p
between the extrinsic and intrinsic source terms does not
affect the qualitative behavior of the solutions—as dis-
cussed in [28], it is instead a generic result of the y° term
accompanying the fixed source in Eq. (9a). We have
identified similar families of solutions with alternative
methods, and chose this one for its numerically favorable
properties.

For our simulations here we choose the potential to be of
the form

1
V() = 3. (10)
In our geometrized units where G = ¢ = 1 all dimensionful
quantities can be expressed in terms of a length scale. In our
code we choose this to be the inflationary length scale

3

82V (o) (1)

Livn =

In geometrized units the scalar field is dimensionless. In the
alternative reduced Planck unit system commonly used in
cosmology, with ¢ = 2 = 1, the scalar field picks up units
of the reduced Planck mass Mp; = /1/(87G).

Finally, we adopt as initial data for the inflaton field ¢
zero conjugate momentum and a Gaussian profile of the
form

b = Poe 17, =0, (12)
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where o is the length scale of the fluctuation (which we
vary) and ¢ is its amplitude (which we fix), with the latter
chosen such that an FLRW universe with ¢ = ¢, every-
where would undergo 60e-folds of inflation.

To summarize, the free parameters in our initial data are
the width ¢ of the initial inflaton field profile, and the
fraction € of its potential energy density that sources the
intrinsic curvature. In Fig. 1 we plot the Misner-Sharp mass
Mys at r = o as a function of e for two different choices of
o. In the conformally flat metric of our initial data this is
calculated as

3 6K2

Myss = o=

3 2r3(0)? = 2r’yo,w.  (13)

For a given value of o, solutions exist only up to a maximum
value of € = €, as anticipated by the toy model of [28].

® Inflates
2.2 X Doesn't Inflate

log(Mms/Lingi)
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FIG. 1. The initial Misner-Sharp mass (13), evaluated at radius

r = o, as a function of ¢ for two different choices of ¢. Solutions
exist only for values of € up to a maximum value €. For e < €.
there exist two branches of solutions; we refer to the branch with
the larger values of the Misner-Sharp mass as the strong-field
branch and the other one as the weak-field branch. The crosses
and dots mark the particular choices of initial data that we evolve
in Sec. IV below.

For values of ¢ less than ¢, there exist two branches of
solutions, which we refer to as the strong-field branch (with
larger values of the Misner-Sharp mass) and the weak-field
branch (with smaller values). We also include in Fig. 1
several crosses and dots indicating the specific models that
we evolve dynamically in Sec. IV below.

In Fig. 2 we show €. as a function of o, demonstrating
that for larger fluctuations the maximum fraction of the
field’s potential energy that can be included as a source for
the intrinsic curvature is smaller. For ¢ ~0.77L;,q, €qit
reaches unity, meaning that solutions exist even when the
entire potential energy of the inflaton field sources the
intrinsic curvature.

As a way of illustrating the difference between solutions
on the strong-field and weak-field branches we show in
Fig. 3 the areal radius R, =+/A/4x (where A is
the proper area of a sphere of constant radius) as a function
of the coordinate radius r for o =0.77L;,; and
€ = €4it/2 = 1/2. For the weak-field branch, Ry, is a
monotonically increasing function of r, but for some parts
of the strong-field branch it is not. In the illustrated case the
curve has two extrema with

dRareal
o 0 (14)
where the point that corresponds to a local minimum can be
identified with a throat. The resulting spacetime geometry,
which features an asymptotically flat solution outside the
throat and a cosmological solution in the interior, has
sometimes been described as a “bag of gold” spacetime.

1.0 1

0.8

0.6 1

Ecrit

0.4+

0.2

0.0 1

2 4 6 8 10
O/Linsi

FIG. 2. The critical value €. that sets the maximum share of
the potential energy of the inflaton that can be included as a
source for the intrinsic curvature, as a function of the coordinate
width of the fluctuation . We see that larger fluctuations cannot
be fully balanced by intrinsic curvature, and a significant amount
of extrinsic curvature will be needed in order for solutions
to exist.
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FIG. 3. The areal radius R, as a function of coordinate radius

r for the strong-field and weak-field branch solutions with ¢ =
0.77L;,n and € = 0.1€.5 = 0.1. While the coordinate profiles for
the field that give rise to these solutions are the same, the resulting
spacetimes are different on the two branches, with the strong-field
case here possessing a throat that is absent in the weak-field case.

III. NUMERICAL METHODS AND DIAGNOSTICS

We evolve the initial data of Sec. II using Einstein’s
equations in the Baumgarte-Shapiro-Shibata-Nakamura
formulation [34-36]. We use a code that implements these
equations in spherical polar coordinates, using a reference-
metric approach (see, e.g., [37-40]) together with a
rescaling of all tensorial quantities to deal with the
coordinate singularities at the centre (r = 0) and on the
axis (sin@ = 0). Details of the implementation can be
found in [41,42]. The current version of the code evaluates
spatial derivatives using fourth-order finite differencing and
evolves all fields with a fourth-order Runge-Kutta method.
While the code does not assume spherical symmetry, we
impose spherical symmetry by using the smallest number
of grid points possible in both angular directions.

We experimented with different slicing and gauge
conditions, but found best results with a modification of
the 1 + log slicing condition for the lapse (see [43])—
which we describe in more detail in Appendix D—and
zero shift.

Evolving to the end of inflation is numerically challeng-
ing, as gradients in the conformal factor grow exponen-
tially, and different regions evolve on very different
timescales. As we will see, it is also complicated by the
generic formation of a singularity at the throat that links the
inflating universe in the interior with the asymptotically flat
spacetime in the exterior. Fortunately, evolving through to
the end of inflation is rarely necessary, as it (by design)
quickly results in homogeneous regions much larger than
their local cosmological horizons (the Hubble radius). Once
these regions have formed, their future evolution can be
extrapolated analytically.

To ascertain whether an inflating region has formed we
evaluate the cosmological horizons as described in
Appendix C, the local equivalent of the acceleration of
the scale factor (a in FLRW spacetimes), and the relative
contributions to the Hamiltonian constraint. We define
these contributions similarly to [24], normalized by

wg = 2K%/3, (15a)
1
as
~123 Aij
Wy = vyt (15b)
Wk
—(yR —8D?
g =Y (v = v) (15¢)
87(D;) (D
oy = ZPD)D'D) 52( 9) (15d)
8 2
o =51 (15¢)
'
1
o, = 107V(D) (15¢)
Wk

Written in these variables, the Hamiltonian constraint (7)
becomes
Yw; = 1. (16)

Specifically, we require that the potential energy
contribution is at least 90% of the L; norm of all
the contributions to the Hamiltonian constraint, so
wy > 0.9 %;|w;|, and that the local equivalent of d, where
we identify a = y?, is positive. This must be the case over
(at least) r € [0, Ry|, where Ry is the radius of the inner-
most cosmological horizon—in an FLRW spacetime this
would equal the Hubble length. If these conditions are met
we conclude that inflation will persist (at least for a
short time).

Once an inflating region has formed, we take as a
measure of the resulting e-folds the number that would
occur in an FLRW universe with spatially constant values
of ¢ and IT equal to the central values of the region at that
moment. This will, in general, be fewer than the 60 used to
set the chosen initial amplitude ¢,, and so provides a
measure of the degree to which e-folds of inflation are lost
because of inhomogeneity.2 As we will see in Sec. IV C,

'"These definitions are a generalization to inhomogeneous
spazcetimes of the rescaled densities Q; often used in cosmology.

The value we calculate in this way is also slicing dependent,
but we have found that changing the slicing condition does not
affect it significantly.
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these criteria can be used to determine the fluctuation width
below which no inflating region forms, and to quantify the
loss of e-folds above it.

IV. RESULTS

As discussed in Sec. II, our initial data form a two-
dimensional parameter space, parametrized by the coor-
dinate radius o of the initial inflaton field profile and the
fraction ¢ of its potential energy density that sources the
intrinsic curvature. In Secs. IVA and IV B below we
consider the two choices ¢ = 0.77L;,;; and ¢ = 10L;,q
shown in Fig. 1 and compare the evolution for different
values of ¢. In Sec. IV C we then fix ¢/¢e, and investigate
the effects of varying ¢ on both the strong- and weak-field
branches.

A. Large radius o

The limit 6 — o0 and € = 0 results in a homogeneous
and isotropic FLRW universe. While we do not consider
asymptotically expanding spacetimes here, we expect that,
for 6 > L, there will be a central inflating region that, at
least until the end of inflation, remains causally discon-
nected from the exterior of the fluctuation and approx-
imately follows the FLRW equations. We verify this
expectation in this section.

In the lower panel of Fig. 1 we show the space of
solutions for initial data with 6 = 10. The five dots high-
light data that we evolved dynamically. The rightmost dot,
for € = €. ~ 0.006, marks the critical point, the maximum
of e—the proportion of the inflaton field’s potential energy
density that sources the intrinsic curvature. The other four
dots (two for € = e;/2 and two for € = 0) are on the
strong-field and weak-field branches. We have found that,
for all of these data, a central inflating region forms and
reaches approximately 60e-folds, consistent with our
expectation above.

As an illustration of a typical evolution we show in Fig. 4
the areal radius R, versus the coordinate radius r at three
different times, in the weak-field ¢ =0 case with
o = 10L;,q. The significantly different rates of expansion
at different radii cause steep gradients to form in the areal
radius, and eventually result in the formation of a trapped
region around the throat, where a singularity will eventually
form as the throat pinches off, creating a so-called “baby
universe.”

B. Small radius ¢

As an example of a small radius fluctuation of the initial
inflaton field we consider o = 0.77L;,g. This is the left-
hand limit in Fig. 2, where all of the inflaton’s potential
energy can be set as a source for the intrinsic curvature in
the Hamiltonian constraint. We show the corresponding
space of initial data in the top panel of Fig. 1, where we
again marked five specific examples that we evolved

120

0.0 e-folds
100

80 +
60 H Oin=0
40

20 +

120

2.0 e-folds
100 1+

80 ¢

60! Oin=0

RareaI/Lian

40 1

201,

120

4.0 e-folds
100

80
60 ~
40 -

20 +

0 T T T T T T T
0.0 2.5 5.0 7.5 10.0 125 15.0 175 20.0

r/Linf

FIG. 4. The areal radius R, versus coordinate radius r for
three different times, for the weak-field solution with ¢ = 0 and
o = 10L;,. Each panel is labeled by the number of e-folds of
expansion that have occurred at the center (time increasing
downward). The difference in expansion rate at different coor-
dinate radii causes a narrow throat to form within this first few
e-folds, which will eventually pinch off. The vertical (green)
dashed line marks the cosmological horizon, defined as the
location at which the expansion of ingoing photons vanishes,
0;, = 0 (see Appendix C for details). The horizon drops below
grid resolution in the bottom panel.

dynamically. As in the large-radius case we found that
the chosen cases on the strong-field branch inflate (marked
by the green dots in Fig. 1), but in contrast those on the
weak-field branch do not (marked by the red crosses).

In Fig. 5 we show the different contributions to the
Hamiltonian constraint versus coordinate radius r for three
different early times, for the data with ¢ = €.;/2 on the
strong-field branch. After approximately two e-folds of
expansion (but not necessarily inflation) at the origin, the
potential term dominates over a region of proper radius
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FIG. 5. Normalized contributions to the Hamiltonian con-

straint, defined in Eq. (15), for initial data with € = €;/2 on
the strong-field branch. The scalar field Gaussian has an initial
radius of ¢ = 0.77L;,s, and each panel is labeled by z, the proper
time at » = 0, and the number of e-folds of expansion that have
occurred at the centre (time increasing downward). In this case, a
potential-dominated region can be seen to form around r = 0,
and the spatial curvature begins to grow around r = L;;q as a
throat forms between the inflating central region and the
asymptotically flat region outside.

several times the scale of its cosmological horizon,
which—according to the criteria discussed in Sec. III—
we take as an indication that the central region has entered
an inflationary period.

Figure 6 shows the same quantities for initial data with
€ = €4it/2 on the weak-field branch. In this case the central

WA Wy e wy
- wg - wn i
4
T=0 Lins
2-.

4
7=0.028 Linfi
.
04+ —_ - ’_'—“_"_:*__:-__-_-__-:__":__"___—__:__-:
2 //,
/7
4
/
/
-4 /,’
000 005 010 015 020 025  0.30
r/Ling

FIG. 6. Normalized contributions to the Hamiltonian con-
straint, defined in Eq. (15), for initial data with € = e /2 on
the weak-field branch. The scalar field Gaussian has an initial
radius of ¢ = 0.77L;,q, and the point at r = 0 is not undergoing
accelerated expansion because @y does not dominate. Each panel
is labeled by 7, the proper time at r =0 (time increasing
downward), and in this case a potential-dominated region does
not form. Instead, the intrinsic curvature grows rapidly as the
central region collapses to form a black hole.

point does not undergo accelerated expansion, and the
potential never dominates over the other contributions to
the Hamiltonian constraint. By our criteria, this means that
we do not find that a central inflating region forms—
instead, we find that the intrinsic curvature grows rapidly as
that region collapses to form a black hole.
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C. Minimum radius ¢ for inflation

In this section we identify the minimum fluctuation
radius o, for which inflation can succeed. Based on the
results in previous sections, this appears to depend on ¢, as
well as the particular strong-field or weak-field solution
that is chosen. On the strong-field branch, the minimum is
smaller (in terms of coordinate radius r) than on the weak-
field branch—for example, as shown in the previous two
sections, strong-field initial data with € = e,;,/2 inflate
even with ¢ = o, the minimum value where this branch
structure exists, while data for the same parameters on the
weak-field branch do not inflate.

A meaningful comparison between different sets of
initial data needs to take account of the fact that r is the
coordinate radius in Eq. (12), and as such ¢ is a coordinate
quantity, not a physical length. A natural alternative would
be to express o in terms of the areal radius R, at the
coordinate radius r = o, which we will refer to as .,
However, R,., is not always monotonically increasing
with r, as shown in Fig. 3, and can even vanish at finite
coordinate radius. Another alternative is to express o in
terms of the proper distance from the center, i.e.

(o2
_ 2
Cprop = / yedr,
0

which depends on the slicing but not on the spatial
coordinates. We will find that this last measure is the most
meaningful in parametrizing the inflationary behavior.

In addition to concluding whether an inflating region
forms, we can approximate the total number of e-folds it
experiences, using the criteria discussed in Sec. III. This
allows us to find both the radius below which no inflating
region ever forms, and the (larger) radius below which
inflation is significantly suppressed.

We note, as discussed in the Introduction, that a similar
investigation was carried out in GP. In that work the authors
assumed a closed universe and adopted as the fluctuation
amplitude the initial difference between the scalar field at
opposite ends of the Universe, i.e. the difference between
the initial values of ¢ evaluated at FLRW coordinates for a
closed universe y = 0 and 7/2. GP varied the width of the
fluctuation, with ¢ at y = 0 taking an initial value that, in
an FLRW universe, would be suitable for inflation while
that at y = z/2 would not. They constructed initial data
with the help of a radiation field that makes the total energy
density constant everywhere, and then decays rapidly
during the evolution. This means that the energy density
and constant curvature of the closed universe can be
balanced in the Hamiltonian constraint by a constant mean
curvature K. In this section we extend these results to the
initial data described above—an open universe that is
asymptotically flat, and with inhomogeneous initial data
for which the relative contributions of intrinsic and extrin-
sic curvature can be varied. While the initial data of GP are

(17)
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FIG. 7. Extrapolated e-folds of inflation versus the initial
(coordinate) radius o of the inflaton field for three different
values of €/¢e.

distinct from ours, their data for small radius fluctuations
are similar to the ¢ = 0 limit of our weak-field branch data,
since the additional contribution from the homogeneous
intrinsic curvature becomes less significant for narrow
fluctuations, and their dynamics decouples from the radius
of curvature of their closed universe.

In Figs. 7 through 9 we show the number of e-folds of
inflation as a function of radius o for three different values
of €/€., namely the ¢ = 0 limit on the weak-field branch,
the critical value € = €, and a point half-way along the
strong-field branch, ¢ = €.;/2. Figures 7 through 9 all
show the same data, but displayed as a function of the three
different measures of the radius discussed above: in terms
of the coordinate value ¢ in Fig. 7, in terms of the areal
radius 0, in Fig. 8, and in terms of the proper radius o,
in Fig. 9. For all three values of ¢/ ¢ the number of e-folds

65
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FIG. 8. Same as Fig. 7, but with the initial inflaton field radius

Oareal €Xpress in terms of areal radius.
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FIG. 9. Same as Figs. 7 and 8, but with the initial inflaton field
radius o, expressed in terms of proper radius (17). Plotted in
this way, all the different cases lie roughly on a single curve,
showing that the key driver of the number of e-folds of inflation is

the proper volume of the initial fluctuation.

asymptotes to 60 as ¢ — oo (which is the criterion that we
used to set ¢y).

In the € = 0 case, we find that the minimum fluctuation
width for which an inflating region forms is o = 2L;.g,
which is consistent with the findings of [10] (see their
Sec. VIIL. 2. 1). For ¢ Z 5L;,; the central region is effec-
tively FLRW, and evolves for close to the full 60e-folds of
inflation that an FLRW universe with ¢ = ¢, everywhere
would undergo. As found in [10], reducing the value of ¢
(and equivalently increasing the gradient energy density)
reduces the total number of e-folds at the centre, and we
find that for o S 2L;,y a black hole forms at the center
(indicated by the appearance of an apparent horizon).
Around o = 2L;,; the intrinsic curvature at the center
initially grows, before eventually decaying and leaving
an inflating region that satisfies our criteria (albeit with a
reduced value of the scalar field, which briefly decays
during this curvature-dominated period). Since the intrinsic

curvature vanishes initially for ¢ = 0 (i.e. w = 1), we have
0 = Gyreal = Oprop 1N this case.

As anticipated, the minimum coordinate radius changes
for € = €., i.e. when the maximum amount of the
potential density is accounted for by the intrinsic curvature.
To find this minimum, we consider a range of values for o,
and identify the corresponding values of e, from Fig. 2.
Evolving these cases we find that an inflating region never
forms with o $ 1. In the € = €3,/2 case, on the strong-field
branch, inflation appears to be even more robust to a
decrease in the radius (see Fig. 7).

To better understand why moving through the parameter
space has this effect, we plot in Figs. 8 and 9 the number of
e-folds of inflation achieved as a function of the radius
expressed in terms of areal radius o,,, and proper radius
Oprop- We see that using the proper radius o, the
relationship between e-folds of inflation achieved and
the radius of the scalar field Gaussian is approximately
the same for all three values of €/e.. This is despite the
fact that these cases have, in a gauge-independent way, very
different initial data (for example, the strong-field branch
initial data can have a local minimum in the areal radius).

In order to highlight the physical difference between
strong-field and weak-field branch solutions with similar
proper radii o, we show in Fig. 10 the initial scalar field
profile ¢, the curvature scalar Zg, = R*““R .,/ 16 (where
R,pcq 18 the four-dimensional Riemann tensor), and the
proper radius R, versus the (gauge-independent) areal
radius Ry, for the two points in Fig. 9 with 6,0, & SLipg
(one for € = e;/2 on the strong-field branch and the other
for ¢ = 0 on the weak-field branch). Even though the two
sets of initial data clearly have very different geometric
properties, they both achieve approximately 55e¢-folds of
inflation.

We conclude that while, superficially, it appears that for
fixed initial field configurations of ¢(r) and I1(r) different
values of ¢ and the choice of weak-field or strong-field
branch result in very different evolutions, the primary driver
for this variation—despite significant physical differences
between points in the space of initial data—is the difference
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FIG. 10.  The scalar field ¢ (left panel), the curvature invariant Zg, (middle panel), and the proper radius Ry, (right panel) versus the
areal radius R, at time ¢ = 0 for weak-field branch data with ¢ = 0 and strong-field branch data with ¢ = €, /2. These solutions both
have 6gper 5, and both achieve approximately 55e-folds of inflation despite the differences in their physical properties.
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in physical volume of the fluctuation at the initial time.
Once the initial data are mapped in terms of the physical
volume, different physical spacetimes with different values
of ¢ give roughly the same number of e-folds, and the
transition between inflating and noninflating fluctuations
consistently appears around 6prop = 2.5Ljq.

V. DISCUSSION

In this work we revisit the question of whether or not
inflation can take hold from a localized fluctuation onto the
inflationary plateau. Imposing spherical symmetry allowed
us to simplify the degrees of freedom in the initial data, and
more easily set asymptotically flat boundary conditions.
This avoids the potential bias toward inflation that comes
from a periodic spacetime where the average expansion is
closely tied to the average energy density.3

We varied the balance of intrinsic and extrinsic curvature
in the initial data and the width of the initial Gaussian
fluctuation, with its central value fixed to the inflationary
value corresponding to 60e-folds in an FLRW universe and
the asymptotic value set to vacuum, ¢ = 0. The resulting
profiles for the spatial conformal factor and mean curvature
are inhomogeneous. An important point is that, while one
might naively consider the balance of intrinsic and extrinsic
curvature to be a completely free choice (and perhaps
conclude that the most generic choice is one that sets equal
amounts of each), such a choice cannot be made freely. For
a given radial profile, geometric arguments [44], or
equivalently, the nonlinearities of the constraints [28,33],
restrict the maximum value of the intrinsic curvature for
which solutions exist. As a result some nonzero extrinsic
curvature may be required in order to solve the constraints.
That is to say, for a large width, high energy density
fluctuation, the universe will necessarily expand.

With our setup, we extend the results of GP for the
minimum width of the fluctuation for which inflation
succeeds to a more general class of initial data. In our
method of solving the constraints we find two branches of
solutions, consistent with [28,33] but constructed here for a
Gaussian scalar field profile (rather than a step function in a
fluid). Pairs of solutions on the strong-field and weak-field
branches have the same density profile when specified in
terms of coordinate radius, but have quite different physical
properties, with those on the strong-field branch represent-
ing larger spatial volumes. Once one maps the results to the
proper volume of the initial Gaussian, a self-consistent

*Note that in all scenarios, the negative K solution (expansion)
is a choice, and the alterative, in which the normal observers
within and around the fluctuation initially converge, will always
see inflation fail in the absence of a null energy condition
violation that creates a bounce. The choice of an initially negative
K is therefore a necessary condition for successful inflation that
cannot be avoided, and as far as we know it is not motivated by
any first principles argument.

Or contract, as per footnote 3.

picture arises such that, regardless of the split between
intrinsic and extrinsic curvature, a fluctuation with proper
size several times the inflationary scale L;,y is required for
successful inflation. This is also consistent with the find-
ings of GP, but is valid over a much more general family of
initial data, no longer imposing a closed universe, and with
inhomogeneous initial profiles for the intrinsic and extrin-
sic curvatures.

We have used an inflationary model with a quadratic
potential, which, in previous works with periodic bounda-
ries and T topology, was found to be robust against large
fluctuations [15-18,20]. In these previous works, inflation
was always found to occur somewhere in the spacetime,
even if black holes formed. In contrast, we find that for
small width fluctuations inflation will fail, because they
quickly collapse to a black hole. Why the difference? One
can always recreate an asymptotically flat spacetime in a
periodic spacetime simply by taking the periodicity scale to
be large enough, such that there is no causal contact
between the boundaries and the region of interest. The
central part can then be set to a Gaussian fluctuation, with
the nontrivial profiles required to achieve zero average
spatial curvature happening far away from the region of
interest, near the outer boundaries of the computational
domain. However, this is not what is done in most studies,
which start from periodic fluctuations of superimposed
sines and cosines, such that there is an inherent regularity to
the initial data. While the fluctuations are large and probe
the minimum of the potential, a kind of homogeneity is
imposed on the periodic scale, usually on the order of the
inflationary scale, and an on-average expansion is imposed.
From our results, one could argue that a region of at least
five times the inflationary scale should be simulated with-
out any such regularity, in order not to bias the results
toward finding an inflationary evolution.

Our work made several significant simplifications in
order to make the problem tractable and the results easier to
interpret. In particular we studied a simple massive poten-
tial in spherical symmetry, for which a conformally flat
slicing always exists, the central value of the components of
A;; are zero (by regularity), and gravitational wavelike
content cannot exist. We also imposed a moment of time
symmetry on the field profile. While we do not anticipate
that relaxing these assumptions will materially affect the
overall picture that we find here, it would be interesting to
investigate the robustness of inflation in asymptotically flat
spacetimes with less restrictive assumptions in future work.
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APPENDIX A: SOLVING THE CONSTRAINT
EQUATIONS

As discussed in Sec. II, we write the Hamiltonian
constraint as the pair of equations

D*y = 2my’eV(¢h), (Ala)
K? =24n(1 —€)V(¢) + 127(D;¢p)(D'¢p)
2y, A0, (Alb)
[see Eq. (9)], and the momentum constraint as
DA — %wéyﬁz‘) K = 8my''TID ¢ (Alc)

[see Eq. (8)]. In Eq. (A1) we assume that the initial inflaton
field profile is given by (12).

Equation (Ala) decouples from the other two equations
(i.e. it does not depend on K or ;\,-J-) and hence needs to be
solved only once, as described in Sec. A1 below.
Substituting the resulting solution for y, together with
an initial guess for A; ; (usually just A; ; = 0), into Eq. (A1b)
yields an algebraic equation for the mean curvature K.
Given K, we then solve Eq. (Alc) as described in Sec. A 2
below, obtaining a better solution for A; - We then iterate
between solving Egs. (A1b) and (Alc), updating K and Z\,-j
until all residuals drop below a specified tolerance.

1. Hamiltonian constraint

Equation (Ala) forms a nonlinear, one-dimensional
elliptic equation for y that we solve subject to the boundary
conditions 0,y = 0 at r = 0, which is required by regu-
larity, and  — 1 as r — 0.

One possible approach for solving this equation is to
linearize and iterate. Specifically, we could write

Varl =W, + U, (AZ)
where u is the correction to the solution y,, after n iteration
steps. In spherical symmetry, Eq. (A1) then becomes

2 _
Oru+=0,u+10my eV (p)u=—2my,eV(p)—Dy,, (A3)
r

where the right-hand side is the residual of (Ala) after n
iterations. The solution u# can be written as a combination
u = u, + Au;, of a particular solution u, and a comple-
mentary solution u,,, where the constant A is chosen so that
v,y satisfies the outer boundary condition. Given u we
find the updated solution v, from (A2) and repeat the
process until the residual drops below a given tolerance.

While this iterative approach generally converges quite
rapidly to a solution, it has the downside that control is lost
over y(0), i.e. the value of y at the origin r = 0. Since
solutions to (Ala) are not unique, it is difficult to force the
iteration to converge to the desired solution—i.e. a solution
on either the strong-field or the weak-field branch.

We therefore employ an alternative shooting method,
taking advantage of the fact that, in spherical symmetry, the
elliptic partial differential equation (Ala) reduces to an
ordinary differential equation. Specifically, we cast
Eq. (Ala) as a set of two first-order equations for y and
an auxiliary variable ¥ = 9,y

oy =", (A4)

0, ¥ =— %‘P —2mypieV () (A5)
and integrate these equations, starting with ¥(0) = 0 and a
range of trial initial values y(0) = ., to large values of r,
which yields an approximate value of y/(c0). We then use
root-finding to identify values of y,. for which y(c0) = 1 to
within a predetermined tolerance.

Using the shooting method, we are able to choose
between the two solutions that exist for each permissible
value of ¢ (see Sec. II). To find the weak-field branch
solution, we find the smallest (positive) value of y,. =
wYek that satisfies the outer boundary condition. For the
strong-field branch solution, we search for a second
solution with y/¢ " strictly greater than ¢ that satisfies
the same condition.

2. Momentum constraint

The extrinsic curvature K;; can be reconstructed from the
mean curvature K, the (flat) conformally related spatial
metric y;;, the conformal factor y, and the conformally
related traceless part Aij. As described above, we iterate
between solving Eq. (Alb) for the mean curvature K and
Eq. (Alc) for A;;.

We solve the momentum constraint (Alc) using
the conformal transverse-traceless (CTT) approach.
Specifically, we decompose A; ; into a transverse-traceless
part AT satisfying D/AT! = 0 and a longitudinal part A}
that can be written as the vector gradient of a vector Wi,
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_ _ - 2_ .
Al = DiW; + D;W; =37, D", (A6)

We choose AZ.T].T to vanish and insert AZ.L]. into (Alc) to obtain

= 2
(VLW), = g‘lléaiK + 8z TI0;¢p = 0. (A7)

In spherical symmetry the only nonvanishing component of
the vector Laplacian on the left-hand side of (A7) is the
radial component

= 4d (1d
As in Sec. A1 we again take advantage of spherical
symmetry and solve the momentum constraint as an
ordinary differential equation, this time subject to the
boundary condition A;; =0 as r - co.
We note that the general complementary solution to the
associated homogeneous equation (V, W)" = 0 is given by

Weomp = Ar + % , (A9)
where A and B are two arbitrary constants. We further note
that the outer boundary condition is equivalent to W’ ~ r~2
as r — oo, while regularity demands that W" = 0 at the
origin r = 0.

We next introduce an auxiliary variable

1d
0= i (rZWp) (A10)
in order to write (A7) as the first-order system

aw’ 2

d—rp:Q——Wp, (Alla)
dQ 1 (dK, d¢
— == 6y T — Allb
ar 2V a4 TV, (Allb)

and impose initial conditions W"(0) = 0 and an arbitrary
choice Q(0) = Q, at r = 0. Integrating this system from
r = 0to a large value of r then provides a particular solution
Wi that generally will not satisfy the boundary condition
W’ ~ r=2 as r — o0. In fact, since the source terms in (A7)
vanish at large values of r, Wi, will have the same radial
dependence as the complementary solution (A9) asymp-
totically, and will generally be dominated by a term that
grows linearly in r, i.e. Wj, ~Cr as r — co where the
constant C can be determined from the numerical solution.
In order to obtain a solution W’ that satisfies all boundary
conditions, we add to the particular solution W/, a com-

p
plementary solution W¢,,, with A = —C and B =0, i.e.
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FIG. 11. Local values of the Hamiltonian constraint (top panel)

and the radial component of the momentum constraint (bottom
panel) as functions of radius for initial data with width
6 = 0.77Linp, € = €4i/2 on the strong-field branch, and a scalar
field amplitude ¢ that gives 60e-folds of inflation, for three
different resolutions with SO0N points in the radial direction and
N =1, 2, and 4. These are the same initial data as used, for
example, in Fig. 5. The data are rescaled by N2, and the expected
second-order convergence is shown.

W’ = Wigmp — Cr-. (A12)

Given W’ we can compute A; ; from (A6), which completes

the solution of the momentum constraint.’

APPENDIX B: VALIDATION

As discussed in Sec. III, our code is based on an
implementation of the BSSN formalism in spherical polar
coordinates. The code, originally presented in [41,42], has
passed many tests and has been adopted in several
applications, including evolutions of massless scalar fields
(see [46]). Here we focus on new features of the code, in
particular the initial data (see Appendix A) and the
evolution of the scalar field with a potential (10).

We construct solutions to the constraint equations using
a second-order integration, and therefore expect second-
order convergence for the initial data. We demonstrate that
we indeed find this expected rate of convergence in Fig. 11,
where we show violations of the Hamiltonian and momen-
tum constraints for different grid resolutions.

Our code evolves the data using a fourth-order Runge-
Kutta method. Generally, the overall error will therefore be
dominated by the error in the initial data. In order to check

> Another approach to constructing initial data in a similar
context was recently proposed in [45].
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FIG. 12. Local values of the Hamiltonian constraint (top panel)
and the radial component of the momentum constraint (bottom
panel) as functions of radius at the end of inflation with initial
fluctuation width 6 = 10L;,, € = 0 on the weak-field branch and
a scalar field amplitude ¢ that gives five e-folds of inflation, for
three different resolutions with SOON points in the radial direction
and N =1, 2, and 4. While the evolution converges at nearly
fourth order as expected, there is residual error from the initial
data, which are solved to second order only, albeit with
significantly higher resolution.

the fourth-order convergence in the evolution, we con-
structed initial data with much higher resolution than used
during the evolution (so that their error is much smaller),
and evolved these data with two different grid resolutions.
We show an example in Fig. 12, which indeed demonstrates
the expected fourth-order convergence.

Finally, we can confirm that our initial data result in the
expected number of e-folds of inflation in the appropriate
limit. Specifically, choosing ¢ =1 and taking the limit
o — 00, the e-folds of inflation achieved at the center of the
scalar field should approach the number achieved in an
FLRW universe with a homogeneous value of ¢ equal to
the scalar field amplitude ¢, and the conjugate momentum
of the scalar field IT = 0. We tested this with a value of ¢,
that achieves Se-folds of inflation in an FLRW universe,
¢o ~ —0.85. Choosing ¢ = 10L;,; in our simulations we
indeed found 5.0e-folds of inflation for these initial data,
which provides a strong consistency test of our dynamical
evolutions.

APPENDIX C: HORIZONS

In order to locate both black-hole and cosmological
horizons we compute the expansion of ingoing and out-
going null geodesics, which we will refer to as ®; and ©,.
At a point P on a closed, two-dimensional surface S in a
spatial slice £ we define /“ and k“ as the tangents to a

pair of future-pointing null geodesics whose projections
on X are normal to S. We refer to these two tangent
vectors as ingoing and outgoing, respectively. Using the
metric m;; induced on § by the three-dimensional spatial
metric y;;, the ingoing and outgoing expansions at P are
given by

0, = m®V,1,, (Cla)

0y = m®V,k,. (C1b)

In spherical symmetry, with S chosen as a sphere about the
origin, we obtain

K,
Vae, =~ Orm__,Ke C2a
e y()ﬁ\/ Vrr Vrr ( )
K
V2o, = 9w _,Ke C2b
o yﬂﬂ\/ Vrr Vrr ( )
or, with }/l] = 64(/)7ij and Klj = 64(/11_(1-]-,
0,7 4% 990 K
Vi, = -t dtwdd K g,
€ YooV rr }/rr
4% 00 K
V20, = 0,Y00 + 47000,P _ Koo (C3b)

e ¢y69\/ Vrr }_/rr .

The above equations can also be written in the possibly
more intuitive form

2
@1:

I vaRareal ’ (C4a)

areal

2

®0 = kavaRareal’ (C4b)

areal

where we continue to assume spherical symmetry. We then
define black-hole horizons as the zeros of ©,, and
cosmological horizons as the zeros of ©;.

Equation (C4) provide some insight into why we expect
horizons to form on either side of a minimum in R, when it
evolves similarly to Fig. 4. At a moment of time symmetry,
when 0,R,., = 0, both ingoing and outgoing horizons
would form at the turnaround in the areal radius, i.e. where
0,R el = 0. In an expanding space with negative K, both ©,
and O, pick up a positive contribution in the time direction,
and will therefore only form once the spatial gradients
0,Rca are sufficiently large to compensate for this. These
spatial derivatives appear with opposite signs in ®; and O,
explaining their formation on either side of the minimum.
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APPENDIX D: SLICING

In evolutions where inflation succeeds and the universe
is noncontracting everywhere, we have generally found that
geodesic slicing with a=1 and p' =0 works well.
However, the lack of singularity avoidance with this gauge
causes problems in two scenarios—the formation of black
holes, which in this work can occur at the origin, and the
formation of a throat at the edge of the inflating region.
As found in previous studies, the moving puncture gauge
(which is popular for its favorable properties in spacetimes
containing black holes) is unsuitable for inflating space-
times, as it causes the lapse to grow exponentially in the
inflating region. Various alternatives have been proposed
[47], and we found here that a combination of the
approaches in [22,48] worked well. Specifically, we

adopted the slicing condition

0,0 = —ae (K + \/24np) + pfo;a. (D1)

Intuitively, this choice allows for the lapse to approach zero
in collapsing regions, driven by departures of K from its
FLRW value —/247p. The exponential term also dampens
the growth of the lapse as it becomes greater than unity.

We found that, while nonconstant shift conditions help
the stability of the numerical evolution, they often result in
a complete loss of resolution over a newly-formed black
hole surrounded by an inflating region. Instead, we found
that a constant zero shift allows for successful evolution
through both collapse and throat formation.
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