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Dipole-dipole scattering: Summing large Pomeron loops in the nonlinear
evolution with a leading twist kernel
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It is shown in this paper that the QCD equations for dipole density have the natural solution: the “fan”
diagrams of the Pomeron calculus. We found the dipole densities comparing the analytic solution to the
Balitsky-Kovchegov (BK) equation for the simplified leading twist kernel with the ¢ channel unitarity.
Using these densities we calculate the contributions of large Pomeron loops to dipole-dipole scattering at
high energies. Applying the Abramovsky, Gribov and Kancheli cutting rules we found that the produced
gluons are distributed accordingly the Koba, Nielsen and Olesen (KNO) law which leads to the entropy
Sk = In(xG(x, 0%)) in an agreement with Kharzeev-Levin predictions.
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I. INTRODUCTION

In this paper we continue [1-4] our attempts to sum large
BFKL Pomeron loops [5]' for dipole-dipole scattering at high
energies. The main goal of this paper is to expand our
methods, suggested in our previous publications [2—4], to a
wider range of energy going from ultra high energies to high
energies in the saturation region and to check the procedure of
summing the asymptotic series for the Pomeron exchanges
for the scattering amplitude. It is well known that the BFKL
parton cascade leads to the nonlinear Balitsky-Kovchegov
(BK) equation [6,7]. In Ref. [8] the analytical solution to this
equation in the saturation region was found:

2

W= PO(Y.B) = 1= e (<5 ). (1)
where z = In (2Q2(Y)).” The main idea of this paper is the
same as our previous ones [2—4]. We wish to reconcile this
solution with the fact that the scattering amplitude can be
presented as the asymptotic series of the multi-Pomeron
exchanges. In doing so we will find the parton densities in
QCD and will be able to calculate the sum of large Pomeron
loops in dipole-dipole scattering.

In our previous works we found that the sum of the large
Pomeron loops leads to factor exp (—j—:’c) in the scattering

“Contact author: leving @tauex.tau.ac.il

'BFKL stands for Balitsky, Fadin,Kuraev and Lipatov.

*We will discuss the definition of z and of x in more detail
below in Egs. (9a), (10), and (7).
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amplitudes of dipole-dipoles, dipole-nucleus and nucleus-
nucleus. In this paper we are going to discuss the smooth
function C(z) in Eq. (1) for dipole-dipole scattering. At first
sight it looks that we are after a minor point. However, we wish
to address the principle problem in this paper: the method of
summing of asymptotic Pomeron series. In our previous paper
we assumed the specific approach to this resummation and in
this paper we expect to check this method with the approach
which is based on the specific properties of BK equation.

However at the moment we can do this for the simplified
BFKL kernel: the BFKL kernel in the leading twist.

Summing Pomeron loops has been one of the difficult
problems in the color glass condensate (CGC) approach,
without solving which we cannot consider the dilute-dilute
and dense-dense parton densities collisions. However, in spite
of intensive work [1-60], this problem has not been solved.

We sum the large Pomeron loops using the
t-channel unitarity, which has been rewritten in the con-
venient form for the dipole approach to CGC in
Refs. [9,11,12,14,15,24,25,33,34,51] (see Fig. 1).
N(Y,r,7r;b) is scattering amplitude for the interaction
of dipole with size r, impact parameter b and rapidity Y
with the dipole of the size /, which is at the rest. The
analytic expression for the imaginary part of this amplitude
takes the form [1,12,14]

N i) =S (<1t [ ] drarad,

n=1
X /dzéb,-yBA(rl, ri,b; — bl = &b;)

X pu(Y = Yo.r.b.{r;.b;})
X pu(Yo.r'.b" = 0.{r}, bi}). (2)
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FIG. 1. Summing large Pomeron loops. The wavy lines denote
the BFKL Pomeron exchanges. The circles denote the
amplitude y.

yB4 is the scattering amplitude of two dipoles in the

Born approximation of perturbative QCD. The dipole
densities p;Y, {r;,b;} have been introduced in Ref. [12]
as follows:

pn(r,b,rl,bl...,rn,bn;Y—YO)

144 6
= L[5, 20 = Yolu]| (3)

where the generating functional Z is

20l = [ P i)
n=1

X u(ribi)dzridzb,-, (4)
i=1

where u(r;b;) = u; is an arbitrary function and P,, is the
probability to have n dipoles with the given kinematics.
The initial and boundary conditions for the BFKL cascade
which stems from one dipole has the following form for the
functional Z:

Z(Y=0.r.b;[u;))=u(rb); Z(Y.r.u;=1))=1;  (5a)

p1(Y=0,r.b,r,b) =6 —-r)s? b -b,);
pn(Y =0,r,b;[r;,b;]) =0 atn>2. (5b)

In Eq (2) bi — b - b/l"
As one can see from Eq. (1) the BK equation leads to a
new dimensional scale: saturation momentum [30] which

has the following ¥ dependence [26,30,61]:
Q3(Y.b) = QX(Y = 0.b)e™ (6)

where Y = 0 is the initial value of rapidity and x and 7., are
determined by the following equations:

ez XWer) ) 7)

1 - Ver dYCr

where y(y) is given by

w(as,y) = asy(y) = asy (1) —w(y) —yw(1-7)). (8)

In Eq. (2) p, are functions of the rapidities and the sizes
of dipoles r; =x;—y;, and their impact parameters
b; =1(x;+y;), where x; and y; are the coordinates of
the quark and antiquark of the dipole i JIn Eq. (2) we put r,
b among the arguments of p,,, however, below we will often
use p,({r;,b;}) since the dependence on r and b comes
only from the initial condition of Eq. (5b).

In this paper we consider the scattering amplitudes and
p,, in the saturation region. In this region these observables
show the geometric scaling behavior [63] when the number
of variables are reduced. It turns out that they depend on

N(Y, r, r/;b) _ N(Z) 7= aSKY + ér’ﬂ; (93)

pu(Y=Yo.r.b.{r.b;})=p({z;}) zi=ask(Y=Yy)+¢&,
(9b)

pu(Yo, 10" =0,{r,bi}) = p,({zi}) 2 = ask¥o + &y .
(%)

The variable ¢ in these equations will be defined below in
Eq. (23) from the solution to the BFKL equation in
perturbative QCD. For Eq. (9b) &, , depends on the sizes
of two dipoles at rapidity ¥ and Y 0.0 which are shown as the
indices of £. The difference between the impact parameters
of these dipoles are not in our notations. If this difference is
smaller than the largest size &, , = In ( r?/r?) as it has been
shown in Eq. (1).

SActually [26,61] Q2(Y,b) = QX(Y = 0,b)e™ " 5" but
through the paper we neglect the contribution « InY in the
saturation momentum for the sake of simplicity of the presen-
tation. This simplification does not change any of our results and
could be easily taken off.

4;((;/) is the BFKL kernel [5] in anomalous dimension (y)
representation. y is the Euler psi-function [see Ref. [62] formula
(8.36)].

°In the paper we also use different notations for x; and y;: x;
and x;.

®For Eq. (9) the rapidities are equal to Y and 0. For Eq. (9¢)
they are Y, and O.
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FIG. 2. The nonlinear BK equation. The wavy lines denote the
BFKL Pomeron exchanges. The circles denote the amplitude y
for interaction of the dipole with the target.

For the interaction with nuclei (see Fig. 2) the scaling
variable has the following form

74 = askY + &, g, - (10)

R is the size of the typical dipole in a nucleus. Since for the
scattering with nucleus the impact parameters are large

&k, is equal to &, g ln( ) from Eq. (23). However,
for the interaction with nuclel we need to take into account
the nonperturbative dependence of the saturation scale on
b, which we will discuss in Sec. IV. In Eq. (1) we consider
the BK amplitude for the interaction with nucleus and Q, in
the definition of z is equal Q(Y) = —exp( askY).

In the next section we review the BK nonlinear equation
for the simplified, leading twist BFKL kernel. We will
discuss the solution to this equation which has a simple
analytic form for this kernel. In Sec. III we show how this
solution can be reconciled with the BFKL Pomeron
calculus. We demonstrate that the natural solution to the
QCD evolution equations for dipole densities p,, is the fan
BFKL Pomeron diagrams. In this section we also discuss
how p,, contribute to summing large Pomeron loops.

In Sec. IV we find the BK scattering amplitude as a sum
of many Pomerons exchanges and in doing so we recon-
struct the densities p,. We also discuss and find the method
to sum the asymptotic series of the multi-Pomeron
exchanges that lead to the scattering amplitude. It should
be noted right now that the method of summing the
asymptotic Pomeron series turns out to be quite different
from the one in Ref. [2]. The attractive feature of the found
Pomeron series is its similarity to the series in the one
dimensional model which satisfy both 7 and s unitarity
[10,11] and which is solved exactly.

In Sec. V we use the advantage of the multi-Pomeron
series for the scattering amplitude and calculated the
multiplicity distributions based on s-channel unitarity for
the BFKL Pomeron and the AGK cutting rules. It is
instructive to note that in spite of the same entropy as in
Ref. [2] the multiplicity distribution turns out to be quite
different. This fact is a reflection of a different way of
summation of the asymptotic Pomeron series.

In Sec. VI we calculate the scattering amplitude for the
dipole-dipole scattering using Eq. (2) and in Sec. VII we
present our calculations of the multiplicity distribution for
the dipole-dipole amplitude. In Sec. VIII we show that the
entropy of the produced gluons for both processes give
Sg = In(xG(x, Q%)) where xG is the gluon structure
function. Therefore it confirms the result of Ref. [64].
However, the multiplicity distribution turns out to be
different.

In conclusion we summarize our results and discuss
possible flaw in our approach.

II. BALITSKY-KOVCHEGOYV NONLINEAR
EQUATION FOR THE LEADING TWIST BFKL
KERNEL

The scattering matrix (S-matrix) of the colorless dipole
with the size x; satisfies the BK nonlinear equation [6,7]

6501 _ /d X02 xm
=g
oY 2 x3,xi,

{SO2S12 S01}7 (11)

where S;, = S(Y,x,-k,b)7 is the scattering matrix of the
dipoles with size x;; and with rapidity Y at the impact
parameter b. For the full BFKL kernel the solution at ultra
high energy [8] comes from Eq. (11) assuming that
S02(S12) are small in the saturation region. In this region
Eq. (11) degenerates to

050, B /Xm d’xpy X3,
iV S S 12
oY % |, 2 x%lez ot (12)

s

For the geometric scaling solution inside the saturation
region [63] Eq. (12) can be rewritten as follows [8]:

KdSm (Z)

P —2801(2) (13)

with the solution

Sue) = Cle)exp (-2 ). (14)

where C(z) is a smooth function of z. z is given by Eq. (9).
In this derivation we consider that the Reggeization of
gluon gives @ In (x5, 03(Y)) = asz. Unfortunately we are
not ready at the moment to provide solution for C(z) in
Eq. (14) for the general BFKL kernel. We will specify the
solution in the entire region of z in the saturation region for
the simplified BFKL kernel suggested in Ref. [8]. This
kernel describes the high energy asymptotic solution of the

"For simplicity we assume that b > x; ;. The equation without
this assumption has a bit more cumbersome form and can be
found in Ref. [9], for example.
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nonlinear BK equation and leads to the geometric scaling
behavior

L for z =& +kagY >0,

=4
% for z < 0,

summing (z)";
summing (&)";

(15)
|

Y r2 2 Y r2
/K(r',r—r'|r)d2r’—>@/ ar” +5 =
2 2 Jygw Ir=r> 2

1o (v.b) 77

where &, = ln(r/;—ﬁ) for b > r,r; and &, = kagY for the
scattering of the dipole ' with the dipole r|. The general
form of £(#') we will discuss below in Eq. (23). Recall that
we consider the scattering matrix for the dipoles of size 7
which scatters with the dipole of size r; at impact parameter
b. Note, that the logarithms originate from the decay of a
large size dipole, into one small size dipole and one large

size dipole [8]. However, the size of the small dipole is still
larger than 1/Q? = ’Z—;e"cy. Using Egs. (16) and (11) we
can obtain the nonlinear equation for the scattering am-
plitude N;;, = 1 — Sy = 1 = S(Y,x;, b) in the simple form

ON(Y,&, D)

S —ast-Ney) [Caenwes) an)

and for the geometric scaling solution

dN(z)

4
dz

— (1-N(2) / NG (18)

This equation gives the BK equation for our kernel. The
linear BFKL equation is

46”2 iz) - A CdZN(D). (19)

The general solution for this equation has the following
form:

Nin(z) = C1e¥ + Cre 7. (20)

The second solution decreases at large z and could be
important only at the border of the saturation region. The
first solution is the BFKL Pomeron exchange which satisfy
the boundary condition at z = 0 [26,30], viz.

Gp(z) = Noe'™, (21)

where 7 =1—y, =1 Ny is a constant. Gp(z) is the

Green’s function of the BFKL Pomeron exchange. For

where k = 4 for this kernel and &, x will be defined in
Eq. (23) below.

Since this kernel sums log contributions it corresponds to
leading twist term of the full BFKL kernel. It has a very
simple form in the coordinate representation [8]

-7 7, £ a &
dr=r|_as / des + 3 / dé . (16)
£ 2 Je,

exchanges of n BFKL Pomeron we have the Green’s
function in the form

Gup = (Gp(2))". (22)

z in Egs. (18) and (22) is determined by Eq. (9) (see Fig. 2)
where £, » we can find from the eigenfunction of the BFKL
equation with the eigenvalue @gy(y) (the scattering ampli-
tude of two dipoles with sizes r and #') which has the
following form [13]

, b rZ’,JZ y 75
r,r s = — rr
b/ r.r.b) ((b =)0 —%(r—r’>>2> ¢
with 0<Rey < 1. (23)

Equation (17) can be rewritten in a simpler form for

Q(ém&): N(Y, éa b) =1 — eXp (—Q(fs,f)), with
&, = agkY. It takes the form
“oroe _glme (24)

Equation (24) has the geometric scaling solution (see
Eq. (3.5.3) in Ref. [65]), which has the following implicit
form:

Q(z) ds
V2 [ —z.  (25)
o /Q -1+exp(-Q)

In Eq. (25) € is the initial condition for Q(z):
Q(z =0) = Q). Note, that Ny in Eq. (21) is equal to
Ny =1 —exp(QO)QO—«l Qo. Eq. (25) has two analytic
solutions for small and large z. Indeed, for z < 1 Q(z)
in Eq. (25) is close to © and for small Q, Eq. (25) can be
written as follows:

Q@) dQ/
2 / =2z 26
_QO Q/ ( )
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FIG. 3. Q(z) versus z. Q. is the numerical solution of Eq. (25) with Q; = 0.1. (a) shows the large range of z, while (b) is
concentrated at small z < 10 to illustrate how the exchange of the BFKL Pomeron describes Q(z).

leading to Q(z) = Q, ¢%. Hence, the solution of Eq. (25) The main goal of this paper to obtain information on the
satisfies the initial conditions of Eq. (21) at small values dipole densities [p,, of Eq. (2)] from Eq. (18).
of z.
For z > 1 we can consider Q' to be large and approxi- I1I. DIPOLE DENSITIES AND THE BFKL
mate Eq. (25) by POMERON CALCULUS
A. Pomeron solution to QCD evolution equations for p,,
NG dQ’ _ . (27) The evolution equations for p, have been derived in
Q VQ QCD for the BFKL cascade in Ref. [12], and for

pn(r,b;{r;,b;}) defined as
which gives Q(z) = §z? in accord with Eq. (14).
Figure 3 shows how these analytical limits 5 (r b dr b)) — 2 b {r b 28
describe the exact Q(z). One can see that correction to Pulr:bi{ri. bi}) Hrlpn(r, Hricbi). - (28)
the asymptotic behavior at large z is rather large leading

t0 § 2% — Qeyaer (2) & 2. they have the following form
n 2 /
apn(rb {rl7bl} Z/d rllri)
X Apn(r. by {rj.b;}.¥'.bi = (r; =r')/2) + p,(r.b; {r;.b;}.r; = r'.b; = r'/2) — p,(r.b; {ri,b;})}
2
_ _ . r
+a52pn_1(...(ri—l—r,,),bin...) with K(r’,r,»—r/|ri)w. (29)

This set of equations has been derived without assuming that the BFKL Pomeron calculus is the realization of the color
glass condensate (CGC) approach. In this section it will be shown that Eq. (29) has a natural solution in the BFKL Pomeron
calculus reproducing the sum of the fan diagrams.

Let us start with p;, for which we have the following equation:

o5, (Y:r,b d*r ) ~ . B
DAL [ Lo =P (Vir' by = (1= F)/2) 4 (Yir = by =P [2) = (Virb) (30)

Hence one can see that p; is the solution to the BFKL equation and, therefore, describes the BFKL Pomeron exchange
[see Fig. 4(a)]. Using Eq. (16) for the leading twist BFKL kernel and considering b being larger that », and #' one can see
that Eq. (30) is the BFKL linear equation [see Eq. (21)].

Our the next step is to show that the first fan diagram of Fig. 4(b) gives the solution of Eq. (29) for p,. The contribution of
this diagram has the following form [see Fig. 4(b)]:
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Y
paltiribirsbs) = [ aV [ Go(y = ¥6, )G = Y6 ) AR Pl 1 1)
—_—

Taking the derivative with respect to ¥ we get

ap2(y;rl9blar2’b2
aY

Y

y 0Gp(Y =Y, ) 2r
Lo [Mar [ Gy (- )R K i )

d*(r +15)

!
o Ol o)

triple Pomeron vertex

(31)

(ry+r3)

ﬁG,P(Y’ &)

Y oG Y_Ylvgr
+A dY’/GP(Y—Y/,(S,Ir/]) ( ) ppk

+ / Gp(0.8,,)Gpl0.6,, )dPH K (¥, 14l +75)

The first two terms of this equations reproduce the first
two terms of Eq. (29) for p, since Gp(Y = Y', &, . v /) as well
as Gp(Y = Y',¢&,, /) satisfy the BFKL equatlons

Using the initial ‘conditions of Eq. (5b) for p; (Y =0, ry,
b)) =Gp(0,.¢,, 1) [pi(Y =0,r2,b7) = Gp(0.&,, )]

ny h Y
p = g = ’
R 0 R 0
(a) (b)

FIG. 4. The dipole densities in the BFKL Pomeron calculus.
(a) shows that p, is given by the exchange of the BFKL Pomeron.
(b) demonstrates that p, is the contribution of the first fan diagram
of the BFKL Pomeron calculus. The wavy lines denote the BFKL
Pomeron exchanges. The circle denotes the triple Pomeron
vertex, given by the BFKL kernel.

FIG. 5.

— Kl +7) Gy
ﬁéﬁ;”GAYaqr) (32)

|
one can see that the last term in Eq. (32) is equal to
p1(Y,r; +r,,b). Therefore, Eq. (31) gives the solution to
Eq. (29) for p,.

Actually, this proof shows a general pattern: the deriv-
atives with respect of Y of G lead to the first term in
Eq. (29) for p,, while Y/ = Y gives the second term in
Eq. (29) due to the initial conditions. The graphic form of
this general derivation one can see in Fig. 5.

B. Contributions of p, to t-channel unitarity

In this section we wish to show, that actually only the
first term in the evolution equations for p, [see Eq. (29)],
contribute to the ¢-channel unitarity of Eq. (2).
This term gives the large Pomeron loop diagrams, while
the second term leads to the corrections which we cannot
control.

Let us calculate Eq. (31) for the leading twist BFKL
kernel using Eq. (21) for Gp and Eq. (16) for the kernel. In
addition we take into account the initial condition of
Eq. (5b). Integration over Y’ results in the following
expression:

———

The graphic form of the equation for p,, in the BFKL Pomeron calculus. in the BFKL Pomeron calculus. The wavy lines denote

the BFKL Pomeron exchanges. The black circle denotes the triple Pomeron vertex, given by the BFKL kernel. The blue circles stand for

the BFKL kernels.
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_ 1 , a2 (r +7
Pz(YZ"hbl’rzvbz) :E/GP(Y 5r1 r )GP<Y grzr )d2 (”1”J2|"1 +'J2)—(r§ : / 22) GP(O"}:'“IH’ZM)
1+
1 d*(r) +r
——/GP(O, & )Gp(0,&,, )PP K (r), rilr, 4-1%) E 2) 5 Gp(Y. & i ) (33)
2 1 2 (r +1,)?

Using the initial conditions of Eq. (5b) one obtains

_ 1 !
Pz(Ym’bl"‘z,bz):EA " dgGp(Y. &, -

= GP(Yv grl,R)GP(Yv frz,r’)

1

5r’+r2,r’ , ,
Gr(Y. &) =5 [ dEGr(1.8)

—Gp(Y.ran,). (34)

In the second line of Eq. (34) we used that Gp has the form of Eq. (21).
The contributions of p, to the t-channel unitarity for the scattering amplitude, given by Eq. (2), have the form

NQ(Y,r,r';b):—Z/dzrldzr/zdzb/l,aablz(ﬂﬁbl,d25b2

VBA(rl’rlpbl -b) =6b,)y”

A(rzﬂ r’2,b2 —blz E5b2)ﬂ2(Y— Yoﬂ‘l"'z,bl’bz)l)z(Y— Yo»"/1 "Jz’bll vblz)- (35)

Plugging Eq. (34) into Eq. (35) and integrating over all #’s and b’s we obtain the contribution which graphic form is shown

in Fig. 6.

Using the t-channel unitarity for the BFKL Pomeron [11,30,33] we have

4/4
s

d*rid*r dzb d*b’
Go(z) = / ! LGp(¥ = Yo &,y )7

where z is determined by Eq. (9). Bearing this in mind we
see that the diagram Fig. 6(a) is equal to the exchange of
two Pomerons and does not depend on Y|, being propor-
tional to Gp(Y = Y0,&.,)Gp(Yo.&r ) = Gp(Y. & p) =
exp (4agY +¢,,,) The diagrams Figs. 6(b) and 6(c) do
depend on Y, and they are suppressed by a factor
exp (—2as(Y — Yy))(exp (—2asY,)) in comparison with
Fig. 6(a), respectively. These diagrams belong to the BFKL
Pomeron calculus but have to be integrated over Y. Note,
that in Eq. (2) they enter at fixed Y. Actually, Eq. (2) states

DS

FIG. 6. The graphic form of the contributions of p, to the
scattering amplitude [see Eq. (35)]. (a) shows the main contri-
butions, (b) and (c) illustrate corrections due to triple Pomeron
vertices, while (d) indicates the contribution from the Pomeron
intercept. The wavy lines denote the BFKL Pomeron exchanges.
The gray circles denote the triple Pomeron vertex, given by the
BFKL kernel. The yellow circles corresponds to integration over
yB4 in Eq. (35). The black circle stands for the contribution to the
intercept of the BFKL Pomeron of the order of @3.

(rl,r/l,bl _bllzébl)GP(YOaéfl,r’)v (36)

|
that the scattering amplitude N(Y,r,#;b) should not
depend on the value of Y. It means that the diagrams
of Fig. 6(b) and of Fig. 6(c) have to be viewed as
corrections. As we have shown they are smaller than
Fig. 6(a). Figure 6(d) gives a contribution to the intercept
of the Pomeron of the order of @}. However, since its
position is fixed at Y = Y|, this dlagram cannot describe the
contribution of the next order corrections to the Pomeron
intercept in the scattering amplitude. Hence, all diagrams
except Fig. 6(a) lead to the correction in summing of the
large Pomeron loops. In other words, for summing the
contributions of the large Pomeron loops to the scattering
amplitude we need to account only for the contributions to
p, of the following form:

oV Yo (b)) = G [[Grled. (37)

where z is given by Eq. (9b) with &, . from Eq. (23). r is the

size of the incoming dipole. C, is a constant which value
could depend on r.

IV. BK SCATTERING AMPLITUDE IN THE BFKL
POMERON CALCULUS

Using Egs. (2) and (37) we can calculate dipole-nucleus
amplitude putting Y, = 0 (see Fig. 2). For p,, of the nucleus

036005-7
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FIG.7. The contours of integration in Egs. (42) [(a)] and in (40) [(b)]. The red points denote the poles in n. The black points show the
poles in the left semiplane where the scattering matrix for dipole-dipole interactions [S?~?(z)] has the double poles.

we consider a nucleus as a bag of dipoles with size R which
do not interact with each other at Y, = 0. It means that (see
Eq. (5b) and Fig. 2)

pa(Yo=0.7.b'"{r;.bi})

S (D)
= An—!ué@ (r,—R)5D (b’ —b;).  (38)

Factor S (b') describes the probability to find n- nucleons
(dipoles) in a nucleus at the impact parameter &'.
Plugging Eq. (38) into Eq. (2) we obtain

Pr
NI (Y, r, Ryb) = ch o
x Gp(Y.&,)ri* (ri. b)Gp(Yo. fﬂl.R)a
(39)
where y84(r;, b) is the amplitude of scattering of the dipole

with size r; with the nucleus at small energies. Using
Eq. (36) we can rewrite this equation in the following form:

[Se]

=3 Cu=1)" GV pab). (40)

n=1

NSP(Y,r,R;b)

where Gp(Y, & . b) = Nyexp (3z4) with z, =4asY+

& r, =4asY +In(r’Q4 (Y =0,b)). Q4(Y=0,b)=0S4(b).

Equation (39) shows that we can find coefficients C,, in
Eq. (37) by finding the BK amplitude NP (Y, r, R;b) as a
series of many BFKL Pomeron exchange. In other words,
we can find C, from Eq. (18) by rewriting it as the
equations for C,. Let us first retrieve these coefficients
4P(z4) in this
takes

from Eq. (13) plugging Spi(z4) =1-N
equation. One can see that the equations for C,
the form

’ ér,R ’ b)

- K
31 np(r

=0
2

:—ZAZC 1) Gp(Y. G b) or (nl) = =2z

(41)

Assuming that we calculate this sum over n using the
method of steepest descent, we see that the saddle point
value of n: nSP:—%zA < 0. We think that we can
understand this strange result only if we can make the
analytic continuation of Eq. (40) to the complex 7. In this
case we can rewrite S(z,) as the integral over contour C in
Fig. 7(a), viz.

smwfﬁqfiwwn (42)

c2ni " sin (zn)

Assuming that we can open the contour C to the contour C’
we can take the integral over the imaginary n using the
method of steepest descent. Denoting C,, = exp (¢(n)) we
obtain the equation for the saddle point ngp

: : 2
Pn(ingp) = ingp = _;ZA- (43)
From this equation we find ¢(n) = 1 n? for k = 4 and the

integral over imaginary n (contour C’) gives the expected
result

S(za) = Cexp (— %) . (44)

The constant C has to be found from matching with the
solution at small z,. Actually, as it has been discussed in the
Introduction, a smooth function C(z) also leads to the
solution of the BK equation at large z,.
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Therefore, we found out that coefficients C, =
exp (3n?). The asymptotic Pomeron series of Eq. (40)
cannot be summed using the Borel procedure [66].
However, such behavior of C,, is not new and, in particular,
the one dimensional model of Ref. [11], has such Pomeron
series, which could be summed (see Ref. [10],
Appendix A). We will discuss in detail the procedure of
summation but we wish to state that the procedure,
suggested in Ref. [10], has been checked in the model.
It reproduces correct scattering amplitude and allow us to
make the analytic continuation that we have used.

Now we come back to the nonlinear equation [see
Eq. (18)], which we rewrite for the scattering matrix

A (7Y B /zA dzZS(Z).  (45)

dZA 0

Recall that k = 4 for the leading twist kernel. Rewriting this
equation in the form

e = (o= )S(e) =) [ S i
20 = AOO dZ/S(Z/)- (46)

Plugging in this equation the solution

Staa) = Clanyexn (-E525) @)

one can see that for C(z,) < exp (—%) the nonlinear

term gives a small contribution in the kinematic region

where exp (—%) < 1.

Generally to specify function C(z4) in Eq. (47) we plug
Eq. (40) into Eq. (18) and have the following equations for
C,:

2 - Ckcn—k 2 - Ckcn—k
2nC,=-C, -2y ——=-C .
Mon = b ; k n "+nk:lk(n—k)
(48)
Denoting C,/n by ¢, we obtain
2(n>=1)c, =n Z CkCri- (49)
=1

NUP (Y, r,R:b) =
A ( " ) C27‘L’il’l

dn 1 1, T
— —n*=2n| ——GL(Y =
exp (2n ) i YD)

The recurrent relation has the initial condition C; =1,
which give ¢, = 1/3,c3 = 1/8. At large n Eq. (49) has
solution: ¢, = 2e™" with arbitrary a. However, this solution
does not reproduces the large z asymptotic behavior of
Eq. (1) [67]. As we have discussed above we expect
C, xexp (3n?). To show how such dependence of C,
appears in Eq. (49) we first rewrite Eq. (40) as the integral
over n. It takes the form [see Fig. 7(b)]

dn b2
2zi " sin (7n)

Njip(Y, V,R;b) = % G;’(Y’ ér.R’ b) (50)
C

Bearing in mind Eq. (50) we can view n and k as
continuous variables, replacing Eq. (49) as follows:

n—1
2(n?> = 1)c, = n/ dk cic,_y. (51)
|

We are looking for the solution in the form
¢, = ¢(n) exp (3 n*) where ¢(n) is a smooth function of
n in comparison with exp (3n%). With such ¢, the integral
over k in Eq. (51) can be taken using the method of steepest
descent, since the integrant has strong maxima at the limits
of integrations: k =1 and k = n — 1. Introducing a new
variable k = 1 + 6k in the first maximum, one can see that
the main contribution comes from small ok ~ﬁ at large n.
Rewriting 1 ((n —k)? +k?) as «(3(n—1)* — nék + 5k?)
one can see that the equation takes the form at large n

2ot ~20(n-Dho1- D) s

with the solution

¢<1—%):nze"; (,b(x):(l_lx)zexp(xil). (53)

Finally for large n we have

1
C, = exp (5 n*— 2n>. (54)

Plugging this solution to the scattering amplitude of
Eq. (50) we obtain

dn 1 I, b2 |
—= —n* =2 M4 (55
c2rmin P (2 " n) sin (zn) “ (53)

This equation is a good illustration of a general fact that the multi-Pomeron expansion appears as a badly divergent series.
Summation of asymptotic series implies finding an analytic function with identical series expansion. In general, this
asymptotic series cannot be summed even via Borel resummation [66]. Fortunately, Ref. [10] has solved the main difficult
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problems that we are faced with the resummation of the
asymptotic series of Eq. (55) type. The first problem is that
C, « exp (§n?) which makes Eq. (55) not Borel summable.
Plugging in Eq. (55) the integral representation for
C, =exp (3n?):

1 1 o0 1
exp (— n2> = —/ da exp <——/12 - nxl) (56)
2 vV 2 -0 2

‘ Q.
=

NP (Y, r,R;b) = 7{

C

[\®)

1
1

N

In Egs. (57a) and (57b) the formulas (8.332(2)), (8.334)
of Ref. [62] are used. In Eq. (57c) we integrated over the
pole at n = 0. Note that we assumed that C,_ is equal to 1
to reproduce the unitarity limit N9 — 1 at z — co.
Eq. (54) cannot provide us with the analytic continuation
of C,, at small values of n. Fortunately, we do not need to
know C,, at small n.

Indeed, taking the integral in Eq. (57c) using the
steepest decent method we see that ngp =i %ZA-
Therefore, the large value of n are essential in this integral.
Bearing this in mind we can safely use C,, at large n for
calculating this integral. Hence the scattering amplitude is
equal to

d oo 1
f _/ dte_’—exp <— n?— 2n) I“(_n)tne%nzA
C <7l Jo n 2

—e+ico (n ©
=1 +/ P
—€—ic0 2mi 0

one can see that the asymptotic series at fixed A can by
summed a la Borel [66] and can be extended by analytic
continuation to any value of n in the right half-plane.
Therefore, we can integrate Eq. (55) along the contour C’ in
Fig. 7(b). Using the Borel prescription we rewrite this
equation in the following form:

B 1 T 1
dre™ — —n? =2n | —————— "2 57
JZ'A P <2n n) sin (zn)['(n + 1) ¢ (57a)
(57b)
_ 1 1 2 1
dte™"—exp 2 —2n |T(=n)t"er. (57¢)
n

[
: 1 1
Nf‘lp(Y, r,R;b)=1—exp (—ng‘ +z4—In (EZA> —2) .
(58)

Therefore, we reproduce Eq. (1) and fixed the value of the
smooth function C(z). For the phase Q(z,) we have

1 1
Q(ZA) = gZi — 24t In <§ZA> + 2.

(59)

In Fig. 8 we compare this solution with the exact
numerical solution of Eq. (49). One can see that we found
a good approximation for z > 4. Our main problem that we

400 °
— exact 4 — exact
- 300 — Z%/8-z+Log[z/2]+2 . — Z%/8-z+Log[z/2]+2
EN’ 200 — Q(2)=z"2/8 aN' ) — Q(Z)=z"2/8/
100
0
' [/
0 10 20 30 40 50 60 0 1 2 3 4 5 6 7
yA V4
(a) (b)

FIG. 8.

Q(z) versus z for large (a) and small (b) values of z. Q.. is the numerical solution of Eq. (25) with Qy = 0.1. Q(z) =

%zi —z4+1In (% z4) is our approximation for Q that is coming from the large n behavior of the coefficient C, in the Pomeron expansion

of Eq. (60). Q = z%/8 is the asymptotic solution of Ref. [8].
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found the solution to the master equation [see Eq. (48)]
only in the region of large n. Hence, we cannot use the
initial condition C; =1 to determine all coefficients. In
particularly the general form of solution

1 1
C,= ~exp <ﬂ2n2 - 2an> (60)

with arbitrary coefficients f and « is also the solution. We
use the behavior of the scattering amplitude at large z [the
solution to Eq. (13)] to fix f = 1. To find a we need to
evaluate the value of C, at small n. Since we do not know
this behavior we use the numerical solution to Eq. (25) to
choose the value of a.

Therefore, « = # = 1 is our preferable choice. Since,
these values lead to good descriptions at small values of z,
[see Fig. 8(b)] we can hope that our C,, could describe the
region of small 7. It is instructive to note that —z, + 2 term
in Eq. (59) comes from the choice @ = 1 while In(z,/2)
term reflects 1/n behavior of C,,. Comparing Eqs. (44) and
(47) with our approach with C, we see that the only
advantage in using C,, is that Eq. (60) allows us to find the
value of the dipole density using Eq. (37) and generalize
our approach to dilute-dilute and dense-dense system
scattering using Eq. (2).

Concluding this section we wish to point out that the BK
scattering amplitude of this section only has minor
differences with the one discussed in our previous paper
[2]. However, here and in Ref. [2] different approaches
have been used to sum the asymptotic Pomeron series. The
advantage of this paper is that the approach for summing
the non-Borel summarizable series has been checked in the
one dimensional model [10,11] in which this method
reproduced the exact scattering amplitude. One of the
check of the difference between two approaches is the
multiplicity distribution which we will consider below.

V. MULTIPLICITY DISTRIBUTION AND
ENTROPY OF PRODUCED GLUONS FOR BK
SCATTERING AMPLITUDE

In this section we are going to make use of the advantage
of the multi Pomeron expansion for the scattering
|

. 1 o0 ©
Nilp<Y’ r,R;b) _ = d/{g-%}? Z( l)n leE”(ZA_4 —27)
v - n=1

Plugging F; (Y, &, z) from Eq. (64) into Eq. (63) and using a new notation N(z) =

Z)zgaﬁ(z) m/ dr/ i e

amplitude [see series of Eq. (40)] to obtain the multiplicity
distribution of produced gluons for BK scattering ampli-
tude. Our approach consists of two steps (see Refs. [2,11]).
First, we recall that it is proven in Refs. [5] that the
s-channel unitarity for the BFKL Pomeron has the form

2ImGp(z) = oBFKL(7), (61)

where Gp is the Green’s function for the BFKL Pomeron.
oBFKL(7) is the inelastic cross sections of produced gluons,
which have the Poisson distribution with this mean multi-
plicity i =z (see Appendix A of Ref. [2]).

The second step is the AGK cutting rules [68], which
allow us to calculate the imaginary part of the scattering
amplitude, that determines the cross sections, through the
powers of Im GBFKL () ® Our master formula takes the form
of convolution for the cross section of produced n gluons

k3 )
ZGAGK 2

(Im Gp)*

1
_kiz .

(62)
Poisson distribution

The AGK cutting rules [68] allows us to calculate the
contributions of n-cut Pomerons if we know Fj: the
contribution of the exchange of k-Pomerons to the cross
section. They take the form

121 (Y. G = (1 2R )
(63a)
n=0: GA(Y) = (~DN2F = 2)FUY.E k) (63)

DUE(Y )5 (63c)

Otot = 2 Z

ot = 2ImA(z) where A is the scattering amplitude. oy is
the cross section of diffractive production of small numbers
of gluons which is much smaller than AY. First we rewrite
Eq. (40) in more convenient form to find F;(Y,&, r)

dt/ di e“’12 ( 1) 1 ghn(za—4-24-21) (64)
Ngexp (3 (z—4)) we obtain
? n__ K 1 b ikt
ST g (VG ) € (650)

*In the widespread slang this contribution is called by cut Pomeron.
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FIG. 9. (a): Multiplicity distributions for BK scattering process of Eq. (65d). (b): Integrant of the first term in Eq. (65d) as a function of
1 at fixed & = L. For & = 10 the integrant is multiplied by factor 200. For & = 1/N N is taken to be equal to N(z, = 15).

N(z4)
1 o 0 - Nn(ZA)e—n/l—nz
=—— | dt| die? 65b
\/ZnA /—oo T Ny (63)
1 1 C 172 Nn(ZA)e_ni
=——— [ die# 05
\/27[]’1/_00 ¢’ (1 +N(ZA)€_i)n+1 ( C)
1 1 InN(z4) i et 1 [ _ip N”(ZA)e_m1
g g I e m R I oo e S
T A) J—c0 (1 +m) 1 JinN(z,) ( + (ZA)e )

The multiplicity distribution of Eq. (65d) is shown in Fig. 9. One can see that ¢, falls down at large n. This decrease is
faster than 1/n. The main contribution comes from the first term, which actually we can interpret as the multiplicity
distribution of the first term (1) of the scattering amplitude in Eq. (58). It should be mentioned that factor 1/n is not valid in
this region as we have discussed in the previous section. Therefore, we believe that we have to take off this factor and
discuss Fig. 9 as given for o,.

We are going to discuss the first term of Eq. (65d) rewriting it in the more convenient form

n =242 n yl n
: /l N(ZA)dll < P : /] e di e ¥ exp <_(n+ 1) . > - /1 N(md/l P L
N(za) J-co T N(z4) J- N(za) N(za) /-

N(z4)

Exp Exp

Exact

(66)

In Fig. 9(b) we plot the integrants [1(4, £)] of Eq. (66). One 1 —Agp—Ee*r =0; (1 —Agp)e'™s» =ef.  (68)
can see that (i) 1(4, £) has a clear maximum, (ii) the position
of the maximum is away of the upper limit of integration

. . . The second equation is the Lambert equation for 1 — Agp
[InN(z4)] and (iii) the approximate expression [Exp. in

) leading to

Eq. (66)] works quite well. Based on these features we can

state that o, display the KNO scaling behavior [69], viz:
1~ Agp = W(ed). (69)

1
op = ‘P( " ) . (67)  For Lambert W function we have the series representation
N(za)  \N(z4)
) o (_n)n—l
We use the steepest decent method to calculate W function 1 —Agp = W(eé) = Z — (ed)" (70)
with the following equation for the saddle point in A: =
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and the asymptotic behavior at large values of the
argument

e§
In(eg)

Using this equation for Agp we obtain

1
P <§ = @) - \/gexp (—Ezgp +Agp— gdsp) . (72)

Figure 10 shows the KNO function from the exact
calculation of the integral in Eq. (66) and from Eq. (72).
For large & we have Agp = —& and

Comparing the multiplicity distribution of Eq. (67) with the
one of Ref. [2] we can see that both show the KNO scaling
with the same & = n/N(z4). However, the prediction for ¥
function turns out to be different Egs. (72) and (73) for this
paper and ¥ = exp (—1¢&) for Ref. [2].

(ef)—ln( ) Asp=—Iné+In(1+1né). (71)

VI. DIPOLE-DIPOLE SCATTERING AMPLITUDE

Using Eq. (60) we obtain the dipole densities for fast
moving dipole with the size r and rapidity Y p,, in the form
|

1 E
0.100 ¢
— exact
0.010 ¢ — approx.
©~
3 0.001¢
1074}
10—5,
0 20 40 60 80 100

§

FIG. 10. The KNO function ¥ versus £ = . Exact is the
numerical calculation of Eq. (66) while Approx stands for the
solution of Eq. (72).

pu(Y{r;.b;}) = %exp <ﬂ%n2 - 205”) ﬁGP(Zi) (74)

with z; from Eq. (9b).

From Eq. (2) we can calculate the dipole-dipole
amplitude (V) summing the large Pomeron loops. We have
for the S-matrix of scattering the dipole with size r and
rapidity Y

S(z) =1-N(z) :Z(—1)"n!c,2,/Jlridzr;dzbid2b;HGPN—(Zi)yBA(ri,4,5b)G”N—(Zf). (75)
n=0

Applying the t-channel unitarity to the BFKL Pomeron
exchange [see Eq. (36)] we reduce Eq. (75) to the following
equation:

S(z)=1-N(z) = z‘x’: (=1)"n!C? <G;(%z)>" (76)

n=0

with z from Eq. (9).
Repeating all steps that we have been discussed in
Egs. (50) and (56)—(57b), we turn Eq. (76) into

27
S(z)= ?{/ Zm/ dte"n’ n?—4n (;2) .

(77)

Note, that contour C’ [see Fig. 7(a)] in this equation

does not include the pole at n = 0 since we consider the
S-matrix.

i=1 0 0

[

Taking this integral by the method of steepest descent
with the saddle point ngp = —%Z, we obtain

8 1 2 1
S(z) = ﬁz_ze)(p(_f_é +z- Zz(ln (2) - 1)) (78)
From this equation one can see that we reproduce the results
for the dipole-dipole scattering amplitude both from the
estimates of the rare fluctuation in the CGC [24,25] and from
the BFKL Pomeron calculus in our previous works [2—4].
The scattering amplitude that we obtained, turns out to be
very close to our approach, based on Eq. (1) (see Refs. [2—
4]), but it is more economic and straightforward. The main
differences with these papers are in the way we sum the
asymptotic Pomeron series. As we have discussed, we can
calculate C,, only for large n. Therefore, using these C,, the
different methods of summation can obtain a different result.
Of course, if we know C,, at all values of n any method will
lead to the same analytic function. As we have discussed in
Sec. IV the approach of this paper looks to us more physics
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motivated. Especially because it passed the check in
the one dimensional model [10] which has exactly
calculated scattering amplitude. Actually, the scattering
amplitude appears to be very close to the one of
Ref. [2], but the multiplicity distribution could lead to a
new insight.

We wish to use the great advantage of the multi-Pomeron
expansion of the scattering amplitude, considering multi-
plicity distributions of the produced gluons for dipole-
dipole scattering processes.

n+1

_2\/_2

/ di e—TJrn/In 'G”

2[2

VII. MULTIPLICITY DISTRIBUTION OF
PRODUCED GLUONS FOR DIPOLE-DIPOLE
SCATTERING

Using Eq. (76) for the dipole-dipole scattemng amplitude
with C, from Eq. (54) and rewriting ¢ as follows:

e =21 / " dae~itn (79)

we obtain the amplitude in the form

/ dj e+ / Tdre G (). (80)
0

In this equation we introduce the integral representation for I'(n + 1). As we have discussed in the previous section factor
1/n? cannot to be valid at small values of n which contribute to the asymptotic value of N(z') = 1. Indeed, taking this factor
off we can sum over n and take the integral with respect to #. The answer is

2) = 2¢7r/°°dze—%

(81)

1/(/G 1
el/( (Z)F(O, (e*G(z)))
e'G(z)

The first term gives 1 in accord with the s channel unitarity, while the second leads to the contribution of Eq. (78).
Therefore, to reconstruct the multiplicity distribution at large z we need to take off the factor 1/n% However, we have to put

it back if we wish to discuss corrections proportional to exp (— %)
Applying the AGK cutting rules of Egs. (63a), (63b) to this amplitude one can see that ¢, is equal to

o) =2/ (=1)i-
k=n

%ﬁ) /_: i e /0°° di(te G ()"

B o0 2 [ (te’N(z)" o 2 1 1
Zﬁ/_wdﬂe A dte (l+teﬂN(Z))n+12\/7_rn!/_oodﬂe rN(Z)U(n—i—l,l, NG )> (82)

where U(n + 1,1, W( ))

two interesting limits

eﬂz’&z)”(”“’l’ G >> -

e“N'(Z)

For these two regions Eq. (82) can be rewritten as follows:

0,(2) =27 / dher

The second term in Eq. (84) gives a small contribution proportional to exp (— %

convenient form

1 n+1
&N(2) Ko (2 ew(z)>

is the Tricomi confluent hypergeometric function [see Ref. [70], Eq. (13.1.3)]. This function has

for e*N(z) > 1;

(83)
—(n+1
<n+m> " for e’N(z) < 1

2 1 n+1 _ﬁ n! 1 —(n+1)
nN(z ¢*N(z) Ko (2 \ ¢*N(z ) " 2\/_/ ’ e*N(z) (n * e’lN(Z)) - (@9

) We rewrite the first term in the more
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11(A,6)

10

FIG. 11.
Eq. (85) as a function of A at fixed & = ”*1

. For £ =

Multiplicity distributions for dipole-dipole scattering process of Eq. (85). (a): Integrant I1 (4, =
10 the integrant is multiplied by factor 50. (b): The KNO function ¥ versus

0.100 ¢
— exact
— approx.
. 0.010} PP
()
0.001 ¢
10—4 L
0 20 40 60 80 100
(b)

13?}’1)) of the first term in

&= N(zA) Exact is the numerical calculatlon of Eq. (85) while approx. stands for the solution of Eq. (88).

oo _n+ - _% 1 é
/_mN<> ”’(“ N@) > 2f/ ey P zv<z>K°<2 e*)

[

Figure 11 shows the 1 dependence of 11(4,&). One can
see that (i) this dependence has a clear maximum; (ii) the
lower limit of integration does not influence on the value of
the integral; and (iii) the approximate expression for /7 [see
approx. in Eq. (85)] describes the exact integrant quite well.
Therefore, we can use the last term in Eq. (85) and take the
integral using the method of steepest descent with the
following equation for Agp:

/1513 + T = e\ JE {spetr = —eu/% with
1 3

Shsp 7 (86)

Csp = 1

The solution for {gp is the W Lambert function which we

have discussed in Sec. V [see Eq. (68)—(71)]. Therefore, the
solution is

1 3 1 3 1
§SPE§/1SP JrZ: W<2€‘_3‘\/E> : Asp =2+2W<ze%\/g>.

(87)

Plugging Eq. (87) into the last equation of Eq. (85) we
obtain for the KNO function ¥: [see Eq. (67)]

InN(z

exact

1
dje™f ——————exp <—2 %) (85)
e
IN(2)\[24/%
approx
—i—z\/ AP EtAgp
W(e) = Vor )

V2\/4e e &

For large £ using Eq. (71) we obtain Agp = & and

:2

P(¢) x 7. (89)

Comparing Egs. (88) and (89) with the multiplicity dis-
tributions in Ref. [2] one can see that they are drastically
different. Both show the KNO scaling behavior with & =

ﬁ but the shape of function ¥ in Ref. [2] is quite different:
¥ o exp (—2+/&). As we have discussed above, this differ-

ence is a consequence of different procedures for summing
of the asymptotic series for the scattering amplitude.

VIII. ENTROPY OF PRODUCED GLUONS

We found that for dipole-target (BK amplitude) and
dipole-dipole scattering the multiplicity distributions of
produced gluons have the KNO scaling behavior with
different functions ¥ (see Eqgs. (72) and (88) and Fig. 11)
but with the same mean multiplicity 7 = N (z).9 This

For BK amplitude z = z,.
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feature is enough to find the entropy at high energies which
will be the same in deep inelastic scattering (DIS) and for
interactions of two dipoles at high energies. Indeed for
P, = 1¥(%) the von Neumann entropy is equal

Sg=-Y In(P,)P,

oyt 2 (6) )

1 Const

= In 7 + Const =5 In N(2) = In (Gp(2)). (90)

Therefore, Sz =1InN(z4) =1In(Gp(z4)) in accordance
with the result of Ref. [64]. In Eq. (90) we used the well
known fact that the gluon structure function in QCD is
equal to the contribution of the exchange of one BFKL
Pomeron [33]. Different form of the KNO function ¥
results in a different value of Const in Eq. (90). For ¥ of
Eq. (72) this constant is equal to —1.706 while for dipole-
dipole scattering its value is —0.217.

We would like to emphasize that both the value of the
entropy and the multiplicity distributions at large z follows
directly from QCD evolution equations and the 7-channel
unitarity constraints of Eq. (2). Bearing this in mind we
expect to learn a lot comparing with other QCD results (see
Refs. [64,71]), which give a much larger entropy (c z?) in
QCD. We plan to clarify this discrepancy in our further
publications.

It should be noted that the multiplicity distribution are
quite different for DIS (BK amplitude) and for dipole-
dipole scattering in spite of the same value of the entropy.
Indeed, we have seen in Egs. (73) and (89) that ¥ for
dipole-dipole amplitude is rather equal to /¥ for BK
amplitude at large values of £. The relation between them at
arbitrary £ is plotted in Fig. 12.

It is instructive to note that situation turns out to be quite
different from the one dimensional models and for dipole-

— BKampl.
0.100 ¢
—— dipole-dipole ampl.

0.010¢ —_ \/BKampI.
©
3 0.001¢
1074
10—5 L
0 20 40 60 80 100
¢

FIG. 12. Comparison of the KNO functions for BK and dipole-
dipole amplitudes.

dipole interaction of Ref. [2] in which W gpore—dipole () =
Wik (2V/€) (see Refs. [2,11,72]).

IX. CONCLUSIONS

In this paper we found the dipole densities [see Eq. (74)]
for the leading twist BFKL kernel. These densities stem
from the solution of nonlinear Balitsky-Kovchegov evolu-
tion equation for the scattering amplitude, and #-channel
unitarity of Eq. (2) with the simple expression of Eq. (38)
for the dipole densities of a nucleus. Recall that Eq. (38)
views the nucleus as a bag of dipoles. Having these
densities we use Eq. (2) to calculate the contributions of
the large Pomeron loops to the scattering amplitude of
dipole-dipole interactions at high energies.

It is shown in the paper that the QCD equations for
dipole densities have a natural solution: the BFKL Pomeron
calculus. We found the scattering amplitudes both for DIS
(BK amplitude) and dipole-dipole scattering as the series of
the exchanges of BFKL Pomerons and suggested how to
sum the resulting asymptotic series.

All results for the scattering amplitudes are very close to
the approach that we have developed in Refs. [2-4].
However, we wish to emphasize that we actually have a
large difference in the approaches of this paper and of
Refs. [2—-4]. Indeed, in these papers we use two different
methods for summation of asymptotic Pomeron series. The
approach to this problem in this paper looks more natural
and reliable than in Refs. [2-4]. It coincides with the
approach that has been developed in one dimensional
model [10,11], in which it reproduces the exact scattering
amplitude. It should be stressed that the model satisfies
both ¢ and s unitarity.

We have to remind that C,, of Eq. (74) have been found
for large n [see Eq. (54) and Fig. 8(a)]. As we have shown
[see Fig. 8(b)] we could rely on their value for z > 4. The
problem to find them at small » has not been solved and has
to be postpone to a future time.

We wish to point out that our amplitude gives the same
asymptotic behavior at large z as was calculated in
Refs. [8,24]. This result not only confirms the general
idea of Ref. [24] that “rare” fluctuation contributes to the
high energy behavior of the scattering amplitude but it
gives a possibility to calculate its value in the approach
based on the BFKL Pomeron calculus.

We hope that our result will stimulate the study of the
BFKL Pomeron calculus for finding larger contribution to
the scattering matrix. In particular, we have to approach the
enhanced diagrams which are crucially dependent on the
small Pomeron loops.

We obtain our S-matrix from the BFKL Pomeron
calculus which allow us to study the multiplicity distribu-
tion of the produced gluons using AGK cutting rules. We
wish to draw the attention of a reader to the fact that
actually we discuss in the paper the multiplicity
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distributions that correspond to the asymptotic contribu-
tions to the scattering amplitudes: N = 1.

It turns out that these secondary gluons have the KNO
distribution. For both reaction we obtain the same average
multiplicity of the produced gluons, which is equal to the
gluon structure function deep in the saturation region. In
spite of the fact that the multiplicity distributions have
different forms for BK and dipole-dipole amplitude, the
same average multiplicity results in the same entropy which
is equal to Sy =In(xG(x, Q%)) where xG is the gluon
structure function. Therefore it confirms the result of
Ref. [64]. It is instructive to note that the KNO function

for dipole-dipole amplitude turns out to Wgipote—dipote (€) =
Wpk (&) at large £ in remarkable difference from one
dimensional models and Ref. [2] where W ipote—dipote (§) =

Wik (VE) (see Refs. [11,72]).

We hope that this paper will contribute to the further
study of the Pomeron calculus in QCD.
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