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It is shown in this paper that the QCD equations for dipole density have the natural solution: the “fan”
diagrams of the Pomeron calculus. We found the dipole densities comparing the analytic solution to the
Balitsky-Kovchegov (BK) equation for the simplified leading twist kernel with the t channel unitarity.
Using these densities we calculate the contributions of large Pomeron loops to dipole-dipole scattering at
high energies. Applying the Abramovsky, Gribov and Kancheli cutting rules we found that the produced
gluons are distributed accordingly the Koba, Nielsen and Olesen (KNO) law which leads to the entropy
SE ¼ lnðxGðx;Q2ÞÞ in an agreement with Kharzeev-Levin predictions.
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I. INTRODUCTION

In this paper we continue [1–4] our attempts to sum large
BFKLPomeron loops [5]1 for dipole-dipole scattering at high
energies. The main goal of this paper is to expand our
methods, suggested in our previous publications [2–4], to a
wider range of energy going from ultra high energies to high
energies in the saturation region and to check the procedure of
summing the asymptotic series for the Pomeron exchanges
for the scattering amplitude. It is well known that the BFKL
parton cascade leads to the nonlinear Balitsky-Kovchegov
(BK) equation [6,7]. In Ref. [8] the analytical solution to this
equation in the saturation region was found:

NDISðz ¼ r2Q2
sðY; bÞÞ ¼ 1 − CðzÞ exp

�
−
z2

2κ

�
; ð1Þ

where z ¼ ln ðr2Q2
sðYÞÞ.2 The main idea of this paper is the

same as our previous ones [2–4]. We wish to reconcile this
solution with the fact that the scattering amplitude can be
presented as the asymptotic series of the multi-Pomeron
exchanges. In doing so we will find the parton densities in
QCD and will be able to calculate the sum of large Pomeron
loops in dipole-dipole scattering.
In our previous works we found that the sum of the large

Pomeron loops leads to factor exp ð− z2
4κÞ in the scattering

amplitudes of dipole-dipoles, dipole-nucleus and nucleus-
nucleus. In this paper we are going to discuss the smooth
function CðzÞ in Eq. (1) for dipole-dipole scattering. At first
sight it looks that we are after aminor point. However, wewish
to address the principle problem in this paper: the method of
summing of asymptotic Pomeron series. In our previous paper
we assumed the specific approach to this resummation and in
this paper we expect to check this method with the approach
which is based on the specific properties of BK equation.
However at the moment we can do this for the simplified

BFKL kernel: the BFKL kernel in the leading twist.
Summing Pomeron loops has been one of the difficult

problems in the color glass condensate (CGC) approach,
without solving which we cannot consider the dilute-dilute
and dense-dense parton densities collisions.However, in spite
of intensive work [1–60], this problem has not been solved.
We sum the large Pomeron loops using the

t-channel unitarity, which has been rewritten in the con-
venient form for the dipole approach to CGC in
Refs. [9,11,12,14,15,24,25,33,34,51] (see Fig. 1).
NðY; r; r0; bÞ is scattering amplitude for the interaction
of dipole with size r, impact parameter b and rapidity Y
with the dipole of the size r0, which is at the rest. The
analytic expression for the imaginary part of this amplitude
takes the form [1,12,14]

NðY; r; r0; bÞ ¼
X∞
n¼1

ð−1Þnþ1n!
Z Yn

i

d2rid2r0id
2b0i

×
Z

d2δbiγBAðr1; r0i; bi − b0i ≡ δbiÞ

× ρnðY − Y0; r; b; fri; bigÞ
× ρnðY0; r0; b0 ¼ 0; fr0i; b0igÞ: ð2Þ
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1BFKL stands for Balitsky, Fadin,Kuraev and Lipatov.
2We will discuss the definition of z and of κ in more detail

below in Eqs. (9a), (10), and (7).
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γBA is the scattering amplitude of two dipoles in the
Born approximation of perturbative QCD. The dipole
densities ρiY; fri; big have been introduced in Ref. [12]
as follows:

ρnðr; b; r1; b1…; rn; bn;Y − Y0Þ

¼ 1

n!

Yn
i¼1

δ

δui
ZðY − Y0; ½u�Þ

���
u¼1

; ð3Þ

where the generating functional Z is

ZðY; r; b; ½ui�Þ ¼
X∞
n¼1

Z
PnðY; r; b; fribigÞ

×
Yn
i¼1

uðribiÞd2rid2bi; ð4Þ

where uðribiÞ≡ ui is an arbitrary function and Pn is the
probability to have n dipoles with the given kinematics.
The initial and boundary conditions for the BFKL cascade
which stems from one dipole has the following form for the
functional Z:

ZðY¼0;r;b;½ui�Þ¼uðr;bÞ; ZðY;r; ½ui¼1�Þ¼1; ð5aÞ

ρ1ðY ¼ 0; r; b; r1; b1Þ ¼ δð2Þðr − r1Þδð2Þðb − b1Þ;
ρnðY ¼ 0; r; b; ½ri; bi�Þ ¼ 0 at n ≥ 2: ð5bÞ

In Eq. (2) bi ¼ b − b0i.
As one can see from Eq. (1) the BK equation leads to a

new dimensional scale: saturation momentum [30] which

has the following Y dependence [26,30,61]3:

Q2
sðY; bÞ ¼ Q2

sðY ¼ 0; bÞeᾱSκY ð6Þ

where Y ¼ 0 is the initial value of rapidity and κ and γcr are
determined by the following equations4:

κ ≡ χðγcrÞ
1 − γcr

¼ −
dχðγcrÞ
dγcr

; ð7Þ

where χðγÞ is given by

ωðᾱS; γÞ ¼ ᾱSχðγÞ ¼ ᾱSð2ψð1Þ − ψðγÞ − ψð1 − γÞÞ: ð8Þ

In Eq. (2) ρn are functions of the rapidities and the sizes
of dipoles ri ¼ xi − yi and their impact parameters
bi ¼ 1

2
ðxi þ yiÞ, where xi and yi are the coordinates of

the quark and antiquark of the dipole i.5 In Eq. (2) we put r,
b among the arguments of ρn, however, below we will often
use ρnðfri; bigÞ since the dependence on r and b comes
only from the initial condition of Eq. (5b).
In this paper we consider the scattering amplitudes and

ρn in the saturation region. In this region these observables
show the geometric scaling behavior [63] when the number
of variables are reduced. It turns out that they depend on

NðY; r; r0; bÞ ¼ NðzÞ z ¼ ᾱSκY þ ξr;r0 ; ð9aÞ

ρnðY−Y0;r;b;fri;bigÞ¼ρðfzigÞ zi¼ ᾱSκðY−Y0Þþξr;ri ;

ð9bÞ

ρnðY0; r0; b0 ¼ 0; fr0i; b0igÞ ¼ ρnðfz0igÞ z0i ¼ ᾱSκY0 þ ξr0i;r0 :

ð9cÞ

The variable ξ in these equations will be defined below in
Eq. (23) from the solution to the BFKL equation in
perturbative QCD. For Eq. (9b) ξr;ri depends on the sizes
of two dipoles at rapidity Y and Y0,

6 which are shown as the
indices of ξ. The difference between the impact parameters
of these dipoles are not in our notations. If this difference is
smaller than the largest size ξr;ri ¼ ln ðr2=r2i Þ as it has been
shown in Eq. (1).

FIG. 1. Summing large Pomeron loops. The wavy lines denote
the BFKL Pomeron exchanges. The circles denote the
amplitude γ.

3Actually [26,61] Q2
sðY; bÞ ¼ Q2

sðY ¼ 0; bÞeᾱSκY− 3
2γcr

lnY but
through the paper we neglect the contribution ∝ lnY in the
saturation momentum for the sake of simplicity of the presen-
tation. This simplification does not change any of our results and
could be easily taken off.

4χðγÞ is the BFKL kernel [5] in anomalous dimension (γ)
representation. ψ is the Euler psi-function [see Ref. [62] formula
(8.36)].

5In the paper we also use different notations for xi and yi: xi
and xk.6For Eq. (9) the rapidities are equal to Y and 0. For Eq. (9c)
they are Y0 and 0.
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For the interaction with nuclei (see Fig. 2) the scaling
variable has the following form

zA ¼ ᾱSκY þ ξr;RA
: ð10Þ

R is the size of the typical dipole in a nucleus. Since for the
scattering with nucleus the impact parameters are large

ξr;RA
is equal to ξr;RA

¼ lnðr2R2
A

b4 Þ from Eq. (23). However,
for the interaction with nuclei we need to take into account
the nonperturbative dependence of the saturation scale on
b, which we will discuss in Sec. IV. In Eq. (1) we consider
the BK amplitude for the interaction with nucleus andQs in
the definition of z is equal QsðYÞ ¼ 1

RA
exp ð1

2
ᾱSκYÞ.

In the next section we review the BK nonlinear equation
for the simplified, leading twist BFKL kernel. We will
discuss the solution to this equation which has a simple
analytic form for this kernel. In Sec. III we show how this
solution can be reconciled with the BFKL Pomeron
calculus. We demonstrate that the natural solution to the
QCD evolution equations for dipole densities ρn is the fan
BFKL Pomeron diagrams. In this section we also discuss
how ρn contribute to summing large Pomeron loops.
In Sec. IV we find the BK scattering amplitude as a sum

of many Pomerons exchanges and in doing so we recon-
struct the densities ρn. We also discuss and find the method
to sum the asymptotic series of the multi-Pomeron
exchanges that lead to the scattering amplitude. It should
be noted right now that the method of summing the
asymptotic Pomeron series turns out to be quite different
from the one in Ref. [2]. The attractive feature of the found
Pomeron series is its similarity to the series in the one
dimensional model which satisfy both t and s unitarity
[10,11] and which is solved exactly.
In Sec. V we use the advantage of the multi-Pomeron

series for the scattering amplitude and calculated the
multiplicity distributions based on s-channel unitarity for
the BFKL Pomeron and the AGK cutting rules. It is
instructive to note that in spite of the same entropy as in
Ref. [2] the multiplicity distribution turns out to be quite
different. This fact is a reflection of a different way of
summation of the asymptotic Pomeron series.

In Sec. VI we calculate the scattering amplitude for the
dipole-dipole scattering using Eq. (2) and in Sec. VII we
present our calculations of the multiplicity distribution for
the dipole-dipole amplitude. In Sec. VIII we show that the
entropy of the produced gluons for both processes give
SE ¼ lnðxGðx;Q2ÞÞ where xG is the gluon structure
function. Therefore it confirms the result of Ref. [64].
However, the multiplicity distribution turns out to be
different.
In conclusion we summarize our results and discuss

possible flaw in our approach.

II. BALITSKY-KOVCHEGOV NONLINEAR
EQUATION FOR THE LEADING TWIST BFKL

KERNEL

The scattering matrix (S-matrix) of the colorless dipole
with the size x01 satisfies the BK nonlinear equation [6,7]

∂S01
∂Y

¼ ᾱS

Z
d2x02
2π

x201
x202x

2
12

fS02S12 − S01g; ð11Þ

where Sik ¼ SðY; xik; bÞ7 is the scattering matrix of the
dipoles with size xik and with rapidity Y at the impact
parameter b. For the full BFKL kernel the solution at ultra
high energy [8] comes from Eq. (11) assuming that
S02ðS12Þ are small in the saturation region. In this region
Eq. (11) degenerates to

∂S01
∂Y

¼ −ᾱS
Z

x01

1
Qs

d2x02
2π

x201
x202x

2
12

S01: ð12Þ

For the geometric scaling solution inside the saturation
region [63] Eq. (12) can be rewritten as follows [8]:

κ
dS01ðzÞ

dz
¼ −zS01ðzÞ ð13Þ

with the solution

S01ðzÞ ¼ CðzÞ exp
�
−
z2

2κ

�
; ð14Þ

where CðzÞ is a smooth function of z. z is given by Eq. (9).
In this derivation we consider that the Reggeization of
gluon gives ᾱS ln ðx201Q2

sðYÞÞ ¼ ᾱSz. Unfortunately we are
not ready at the moment to provide solution for CðzÞ in
Eq. (14) for the general BFKL kernel. We will specify the
solution in the entire region of z in the saturation region for
the simplified BFKL kernel suggested in Ref. [8]. This
kernel describes the high energy asymptotic solution of the

FIG. 2. The nonlinear BK equation. The wavy lines denote the
BFKL Pomeron exchanges. The circles denote the amplitude γ
for interaction of the dipole with the target.

7For simplicity we assume that b ≫ xi;k. The equation without
this assumption has a bit more cumbersome form and can be
found in Ref. [9], for example.
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nonlinear BK equation and leads to the geometric scaling
behavior

χðγÞ ¼
8<
:

1
1−γ for z ¼ ξr;R þ κᾱSY > 0; summing ðzÞn;
1
γ for z < 0; summing ðξÞn;

ð15Þ

where κ ¼ 4 for this kernel and ξr;R will be defined in
Eq. (23) below.
Since this kernel sums log contributions it corresponds to

leading twist term of the full BFKL kernel. It has a very
simple form in the coordinate representation [8]

Z
Kðr0; r − r0jrÞd2r0 → ᾱS

2

Z
r2

1=Q2
sðY;bÞ

dr02

r02
þ ᾱS

2

Z
r2

1=Q2
sðY;bÞ

djr − r0j
jr − r0j2 ¼ ᾱS

2

Z
ξ

ξs

dξr0 þ
ᾱS
2

Z
ξ

ξs

dξr−r0 ; ð16Þ

where ξr0 ¼ lnðr02r21b4 Þ for b > r; r1 and ξs ¼ κᾱSY for the
scattering of the dipole r0 with the dipole r1. The general
form of ξðr0Þ we will discuss below in Eq. (23). Recall that
we consider the scattering matrix for the dipoles of size r0
which scatters with the dipole of size r1 at impact parameter
b. Note, that the logarithms originate from the decay of a
large size dipole, into one small size dipole and one large
size dipole [8]. However, the size of the small dipole is still
larger than 1=Q2

s ¼ b4

r2
1

e−κY . Using Eqs. (16) and (11) we

can obtain the nonlinear equation for the scattering am-
plitudeNi;k ¼ 1 − Sik ¼ 1 − SðY; xik; bÞ in the simple form

∂NðY; ξ; bÞ
∂Y

¼ ᾱSð1 − NðY; ξ; bÞÞ
Z

ξ

ξs

dξ0NðY; ξ0; bÞ ð17Þ

and for the geometric scaling solution

4
dNðzÞ
dz

¼ ð1 − NðzÞÞ
Z

z

0

dz0Nðz0Þ: ð18Þ

This equation gives the BK equation for our kernel. The
linear BFKL equation is

4
dNðzÞ
dz

¼
Z

z

0

dz0Nðz0Þ: ð19Þ

The general solution for this equation has the following
form:

NlinðzÞ ¼ C1e
1
2
z þ C2e−

1
2
z: ð20Þ

The second solution decreases at large z and could be
important only at the border of the saturation region. The
first solution is the BFKL Pomeron exchange which satisfy
the boundary condition at z ¼ 0 [26,30], viz.

GIPðzÞ ¼ N0eγ̄z; ð21Þ

where γ̄ ¼ 1 − γcr ¼ 1
2
, N0 is a constant. GIPðzÞ is the

Green’s function of the BFKL Pomeron exchange. For

exchanges of n BFKL Pomeron we have the Green’s
function in the form

GnIP ¼ ðGIPðzÞÞn: ð22Þ

z in Eqs. (18) and (22) is determined by Eq. (9) (see Fig. 2)
where ξr;r0 we can find from the eigenfunction of the BFKL
equation with the eigenvalue ᾱSχðγÞ (the scattering ampli-
tude of two dipoles with sizes r and r0) which has the
following form [13]

ϕγðr; r0; bÞ ¼
�

r2r02

ðbþ 1
2
ðr − r0ÞÞ2ðb − 1

2
ðr − r0ÞÞ2

�
γ

¼ eγξr;r0

with 0 < Re γ < 1: ð23Þ

Equation (17) can be rewritten in a simpler form for
Ωðξs; ξÞ: NðY; ξ; bÞ ¼ 1 − exp ð−Ωðξs; ξÞÞ, with
ξs ¼ ᾱSκY. It takes the form

∂
2Ωðξs; ξÞ
∂ξs∂ξ

¼ 1

4
ð1 − e−Ωðξs;ξÞÞ: ð24Þ

Equation (24) has the geometric scaling solution (see
Eq. (3.5.3) in Ref. [65]), which has the following implicit
form:

ffiffiffi
2

p Z
ΩðzÞ

Ω0

dΩ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω0 − 1þ exp ð−Ω0Þp ¼ z: ð25Þ

In Eq. (25) Ω0 is the initial condition for ΩðzÞ:
Ωðz ¼ 0Þ ¼ Ω0. Note, that N0 in Eq. (21) is equal to

N0 ¼ 1 − expðΩ0Þ ⟶
Ω0≪1 Ω0. Eq. (25) has two analytic

solutions for small and large z. Indeed, for z ≪ 1 ΩðzÞ
in Eq. (25) is close to Ω0 and for small Ω0 Eq. (25) can be
written as follows:

2

Z
ΩðzÞ

Ω0

dΩ0

Ω0 ¼ z ð26Þ
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leading to ΩðzÞ ¼ Ω0e
1
2
z. Hence, the solution of Eq. (25)

satisfies the initial conditions of Eq. (21) at small values
of z.
For z ≫ 1 we can consider Ω0 to be large and approxi-

mate Eq. (25) by

ffiffiffi
2

p Z
ΩðzÞ

Ω0

dΩ0ffiffiffiffiffi
Ω0p ¼ z; ð27Þ

which gives ΩðzÞ ¼ 1
8
z2 in accord with Eq. (14).

Figure 3 shows how these analytical limits
describe the exact ΩðzÞ. One can see that correction to
the asymptotic behavior at large z is rather large leading
to 1

8
z2 −ΩexactðzÞ ≈ z.

The main goal of this paper to obtain information on the
dipole densities [ρn of Eq. (2)] from Eq. (18).

III. DIPOLE DENSITIES AND THE BFKL
POMERON CALCULUS

A. Pomeron solution to QCD evolution equations for ρn
The evolution equations for ρn have been derived in

QCD for the BFKL cascade in Ref. [12], and for
ρ̄nðr; b; fri; bigÞ defined as

ρ̄nðr; b; fri; bigÞ ¼
Yn
i¼1

r2i ρnðr; b; fri; bigÞ; ð28Þ

they have the following form

∂ρ̄nðr; b; fri; bigÞ
∂Y

¼
Xn
i¼1

Z
d2r0

2π
Kðr0; ri − r0jriÞ

× fρ̄nðr; b; frj; bjg; r0; bi − ðri − r0Þ=2Þ þ ρ̄nðr; b; frj; bjg; ri − r0; bi − r0=2Þ − ρ̄nðr; b; fri; bigÞg

þ ᾱS
Xn−1
i¼1

ρ̄n−1ð…ðri þ rnÞ; bin…Þ with Kðr0; ri − r0jriÞ
r2

r02ðri − r0Þ2 : ð29Þ

This set of equations has been derived without assuming that the BFKL Pomeron calculus is the realization of the color
glass condensate (CGC) approach. In this section it will be shown that Eq. (29) has a natural solution in the BFKL Pomeron
calculus reproducing the sum of the fan diagrams.
Let us start with ρ̄1, for which we have the following equation:

∂ρ̄1ðY; r1; b1Þ
∂Y

¼
Z

d2r0

2π
Kðr0; r1 − r0jr1Þfρ̄1ðY; r0; b1 − ðr1 − r0Þ=2Þ þ ρ̄1ðY; r1 − r0; b1 − r0=2Þ − ρ̄1ðY; r1; b1Þg: ð30Þ

Hence one can see that ρ1 is the solution to the BFKL equation and, therefore, describes the BFKL Pomeron exchange
[see Fig. 4(a)]. Using Eq. (16) for the leading twist BFKL kernel and considering b being larger that r1 and r0 one can see
that Eq. (30) is the BFKL linear equation [see Eq. (21)].
Our the next step is to show that the first fan diagram of Fig. 4(b) gives the solution of Eq. (29) for ρ̄2. The contribution of

this diagram has the following form [see Fig. 4(b)]:

0 10 20 30 40 50 60
0

100

200

300

400

500

0 2 4 6 8 10
0

5

10

15

(a) (b)

FIG. 3. ΩðzÞ versus z. Ωexact is the numerical solution of Eq. (25) with Ω0 ¼ 0.1. (a) shows the large range of z, while (b) is
concentrated at small z < 10 to illustrate how the exchange of the BFKL Pomeron describes ΩðzÞ.
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ρ̄2ðY; r1; b1; r2; b2Þ ¼
Z

Y

0

dY 0
Z

GIPðY − Y 0; ξr1;r01ÞGIPðY − Y 0; ξr2;r02Þd2r01Kðr01; r02jr01 þ r02Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
triple Pomeron vertex

d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPðY 0; ξr0
1
þr0

2
;r0 Þ:

ð31Þ

Taking the derivative with respect to Y we get

∂ρ̄2ðY; r1;b1; r2;b2Þ
∂Y

¼
Z

Y

0

dY 0
Z

∂GIPðY − Y 0; ξr1;r01Þ
∂Y

GIPðY − Y 0; ξr2;r02Þd2r01Kðr01; r02jr01 þ r02Þ
d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPðY 0; ξr0
1
þr0

2
;r0 Þ

þ
Z

Y

0

dY 0
Z

GIPðY − Y 0; ξr1r01Þ
∂GIPðY − Y 0; ξr2;r02Þ

∂Y
d2r01Kðr01; r02jr01 þ r02Þ

d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPðY 0; ξr0
1
þr0

2
;r0 Þ

þ
Z

GIPð0; ξr1;r01ÞGIPð0; ξr2;r02Þd2r01Kðr01; r02jr01 þ r02Þ
d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPðY; ξr0
1
þr0

2
;r0 Þ: ð32Þ

The first two terms of this equations reproduce the first
two terms of Eq. (29) for ρ2 since GIPðY − Y 0; ξr1;r01Þ as well
as GIPðY − Y 0; ξr2;r02Þ satisfy the BFKL equations.
Using the initial conditions of Eq. (5b) for ρ1ðY ¼ 0; r1;

b1Þ ¼ GIPð0; ; ξr1;r01Þ [ρ1ðY ¼ 0; r2; b2Þ ¼ GIPð0; ξr2;r02Þ]

one can see that the last term in Eq. (32) is equal to
ρ1ðY; r1 þ r2; bÞ. Therefore, Eq. (31) gives the solution to
Eq. (29) for ρ2.
Actually, this proof shows a general pattern: the deriv-

atives with respect of Y of Gn
IP lead to the first term in

Eq. (29) for ρ2, while Y 0 ¼ Y gives the second term in
Eq. (29) due to the initial conditions. The graphic form of
this general derivation one can see in Fig. 5.

B. Contributions of ρn to t-channel unitarity

In this section we wish to show, that actually only the
first term in the evolution equations for ρn [see Eq. (29)],
contribute to the t-channel unitarity of Eq. (2).
This term gives the large Pomeron loop diagrams, while
the second term leads to the corrections which we cannot
control.
Let us calculate Eq. (31) for the leading twist BFKL

kernel using Eq. (21) for GIP and Eq. (16) for the kernel. In
addition we take into account the initial condition of
Eq. (5b). Integration over Y 0 results in the following
expression:

(a) (b)

FIG. 4. The dipole densities in the BFKL Pomeron calculus.
(a) shows that ρ1 is given by the exchange of the BFKL Pomeron.
(b) demonstrates that ρ2 is the contribution of the first fan diagram
of the BFKL Pomeron calculus. The wavy lines denote the BFKL
Pomeron exchanges. The circle denotes the triple Pomeron
vertex, given by the BFKL kernel.

FIG. 5. The graphic form of the equation for ρn in the BFKL Pomeron calculus. in the BFKL Pomeron calculus. The wavy lines denote
the BFKL Pomeron exchanges. The black circle denotes the triple Pomeron vertex, given by the BFKL kernel. The blue circles stand for
the BFKL kernels.
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ρ̄2ðY; r1; b1; r2; b2Þ ¼
1

2

Z
GIPðY 0; ξr1;r01ÞGIPðY; ξr2;r02Þd2r01Kðr01; r02jr01 þ r02Þ

d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPð0; ξr0
1
þr0

2
;r0 Þ

−
1

2

Z
GIPð0; ξr1;r01ÞGIPð0; ξr2;r02Þd2r01Kðr01; r02jr01 þ r02Þ

d2ðr01 þ r02Þ
ðr01 þ r02Þ2

GIPðY; ξr0
1
þr0

2
;r0 Þ: ð33Þ

Using the initial conditions of Eq. (5b) one obtains

ρ̄2ðY; r1; b1; r2; b2Þ ¼
1

2

Z
ξr1 ;r0

0

dξ0GIPðY; ξr1;r0 − ξ0ÞGIPðY; ξr2;r0 Þ −
1

2

Z
ξr0

1
þr2 ;r

0
dξ0GIPðY; ξ0Þ

¼ GIPðY; ξr1;RÞGIPðY; ξr2;r0 Þ −GIPðY; ξr1þr2;r0 Þ: ð34Þ

In the second line of Eq. (34) we used that GIP has the form of Eq. (21).
The contributions of ρ2 to the t-channel unitarity for the scattering amplitude, given by Eq. (2), have the form

N2ðY;r;r0;bÞ¼−2
Z

d2r1d2r02d
2b01;d

2b02d
2δb1;d2δb2

γBAðr1;r01;b1−b01≡δb1ÞγBAðr2;r02;b2−b02≡δb2Þρ2ðY−Y0;r1;r2;b1;b2Þρ2ðY−Y0;r01;r
0
2;b

0
1;b

0
2Þ: ð35Þ

Plugging Eq. (34) into Eq. (35) and integrating over all r’s and b’s we obtain the contribution which graphic form is shown
in Fig. 6.
Using the t-channel unitarity for the BFKL Pomeron [11,30,33] we have

GIPðzÞ ¼
Z

d2r1d2r01d
2b1d2b01

r41r
04
2

GIPðY − Y0; ξr;r1ÞγBAðr1; r01; b1 − b01 ≡ δb1ÞGIPðY0; ξr0
1
;r0 Þ; ð36Þ

where z is determined by Eq. (9). Bearing this in mind we
see that the diagram Fig. 6(a) is equal to the exchange of
two Pomerons and does not depend on Y0 being propor-
tional to G2

IPðY − Y0; ξr;r1ÞG2
IPðY0; ξr0

1
;r0 Þ ¼ G2

IPðY; ξr;r0 Þ ¼
exp ð4ᾱSY þ ξr;r0 Þ The diagrams Figs. 6(b) and 6(c) do
depend on Y0 and they are suppressed by a factor
exp ð−2ᾱSðY − Y0ÞÞðexp ð−2ᾱSY0ÞÞ in comparison with
Fig. 6(a), respectively. These diagrams belong to the BFKL
Pomeron calculus but have to be integrated over Y0. Note,
that in Eq. (2) they enter at fixed Y0. Actually, Eq. (2) states

that the scattering amplitude NðY; r; r0; bÞ should not
depend on the value of Y0. It means that the diagrams
of Fig. 6(b) and of Fig. 6(c) have to be viewed as
corrections. As we have shown they are smaller than
Fig. 6(a). Figure 6(d) gives a contribution to the intercept
of the Pomeron of the order of ᾱ2S. However, since its
position is fixed at Y ¼ Y0 this diagram cannot describe the
contribution of the next order corrections to the Pomeron
intercept in the scattering amplitude. Hence, all diagrams
except Fig. 6(a) lead to the correction in summing of the
large Pomeron loops. In other words, for summing the
contributions of the large Pomeron loops to the scattering
amplitude we need to account only for the contributions to
ρn of the following form:

ρnðY − Y0; fri; bigÞ ¼ Cn

Yn
i¼1

GIPðziÞ; ð37Þ

where z is given by Eq. (9b) with ξri;r from Eq. (23). r is the
size of the incoming dipole. Cn is a constant which value
could depend on r.

IV. BK SCATTERING AMPLITUDE IN THE BFKL
POMERON CALCULUS

Using Eqs. (2) and (37) we can calculate dipole-nucleus
amplitude putting Y0 ¼ 0 (see Fig. 2). For ρn of the nucleus

(a) (b) (c) (d)

FIG. 6. The graphic form of the contributions of ρ2 to the
scattering amplitude [see Eq. (35)]. (a) shows the main contri-
butions, (b) and (c) illustrate corrections due to triple Pomeron
vertices, while (d) indicates the contribution from the Pomeron
intercept. The wavy lines denote the BFKL Pomeron exchanges.
The gray circles denote the triple Pomeron vertex, given by the
BFKL kernel. The yellow circles corresponds to integration over
γBA in Eq. (35). The black circle stands for the contribution to the
intercept of the BFKL Pomeron of the order of ᾱ2S.
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we consider a nucleus as a bag of dipoles with size Rwhich
do not interact with each other at Y0 ¼ 0. It means that (see
Eq. (5b) and Fig. 2)

ρAnðY0 ¼ 0; r0; b0; fr0i; b0igÞ

¼ SnAðb0Þ
n!

Yn
i¼1

δð2Þðr0i − RÞδð2Þðb0 − biÞ: ð38Þ

Factor SnAðb0Þ describes the probability to find n- nucleons
(dipoles) in a nucleus at the impact parameter b0.
Plugging Eq. (38) into Eq. (2) we obtain

Ndip
A ðY; r; R; bÞ ¼

X∞
n¼1

Cnð−1Þn
Yn
i¼1

Z
d2ri
r2i

× GIPðY; ξrÞγBAA ðri; bÞGIPðY0; ξr0
1
;RÞ;

ð39Þ

where γBAA ðri; bÞ is the amplitude of scattering of the dipole
with size ri with the nucleus at small energies. Using
Eq. (36) we can rewrite this equation in the following form:

Ndip
A ðY; r; R; bÞ ¼

X∞
n¼1

Cnð−1Þn−1Gn
IPðY; ξr;R; bÞ; ð40Þ

where GIPðY; ξr;R; bÞ ¼ N0 exp ð12 zAÞ with zA¼4ᾱSYþ
ξr;RA

¼4ᾱSYþ lnðr2QAðY¼0;bÞÞ. QAðY¼0;bÞ¼Q0SAðbÞ.
Equation (39) shows that we can find coefficients Cn in

Eq. (37) by finding the BK amplitude Ndip
A ðY; r; R; bÞ as a

series of many BFKL Pomeron exchange. In other words,
we can find Cn from Eq. (18) by rewriting it as the
equations for Cn. Let us first retrieve these coefficients
from Eq. (13) plugging S01ðzAÞ ¼ 1 − Ndip

A ðzAÞ in this
equation. One can see that the equations for Cn takes
the form

X∞
n¼0

Cnð−1Þn
κ

2
nGn

IPðY; ξr;R; bÞ

¼ −zA
X∞
n¼0

Cnð−1ÞnGn
IPðY; ξr;R; bÞ or hjnji ¼ −

2

κ
zA:

ð41Þ

Assuming that we calculate this sum over n using the
method of steepest descent, we see that the saddle point
value of n: nSP ¼ − 2

κ zA < 0. We think that we can
understand this strange result only if we can make the
analytic continuation of Eq. (40) to the complex n. In this
case we can rewrite SðzAÞ as the integral over contour C in
Fig. 7(a), viz.

SðzAÞ ¼
I
C

dn
2πi

Cn
π

sin ðπnÞG
n
IPðzAÞ: ð42Þ

Assuming that we can open the contour C to the contour C0
we can take the integral over the imaginary n using the
method of steepest descent. Denoting Cn ¼ exp ðϕðnÞÞ we
obtain the equation for the saddle point nSP

ϕ0
nðinSPÞ ¼ inSP ¼ −

2

κ
zA: ð43Þ

From this equation we find ϕðnÞ ¼ 1
2
n2 for κ ¼ 4 and the

integral over imaginary n (contour C’) gives the expected
result

SðzAÞ ¼ C exp

�
−
z2A
8

�
: ð44Þ

The constant C has to be found from matching with the
solution at small zA. Actually, as it has been discussed in the
Introduction, a smooth function CðzÞ also leads to the
solution of the BK equation at large zA.

(a) (b)

FIG. 7. The contours of integration in Eqs. (42) [(a)] and in (40) [(b)]. The red points denote the poles in n. The black points show the
poles in the left semiplane where the scattering matrix for dipole-dipole interactions [Sd−dðzÞ] has the double poles.
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Therefore, we found out that coefficients Cn ¼
exp ð1

2
n2Þ. The asymptotic Pomeron series of Eq. (40)

cannot be summed using the Borel procedure [66].
However, such behavior of Cn is not new and, in particular,
the one dimensional model of Ref. [11], has such Pomeron
series, which could be summed (see Ref. [10],
Appendix A). We will discuss in detail the procedure of
summation but we wish to state that the procedure,
suggested in Ref. [10], has been checked in the model.
It reproduces correct scattering amplitude and allow us to
make the analytic continuation that we have used.
Now we come back to the nonlinear equation [see

Eq. (18)], which we rewrite for the scattering matrix

κ
dSðzAÞ
dzA

¼ −zASðzAÞ þ SðzAÞ
Z

zA

0

dz0Sðz0Þ: ð45Þ

Recall that κ ¼ 4 for the leading twist kernel. Rewriting this
equation in the form

κ
dSðzAÞ
dzA

¼ −ðzA − z0ÞSðzAÞ − SðzAÞ
Z

∞

zA

dz0Sðz0Þ with

z0 ¼
Z

∞

0

dz0Sðz0Þ: ð46Þ

Plugging in this equation the solution

SðzAÞ ¼ CðzAÞ exp
�
−
ðz − z0Þ2

2κ

�
ð47Þ

one can see that for CðzAÞ < exp ð− ðz−z0Þ2
2κ Þ the nonlinear

term gives a small contribution in the kinematic region

where exp ð− ðz−z0Þ2
2κ Þ ≪ 1.

Generally to specify function CðzAÞ in Eq. (47) we plug
Eq. (40) into Eq. (18) and have the following equations for
Cn:

2nCn ¼
2

n
Cn − 2

Xn
k¼1

CkCn−k

k
¼ 2

n
Cn þ n

Xn
k¼1

CkCn−k

kðn − kÞ :

ð48Þ

Denoting Cn=n by cn we obtain

2ðn2 − 1Þcn ¼ n
Xn
k¼1

ckcn−k: ð49Þ

The recurrent relation has the initial condition C1 ¼ 1,
which give c2 ¼ 1=3; c3 ¼ 1=8. At large n Eq. (49) has
solution: cn ¼ 2eαn with arbitrary α. However, this solution
does not reproduces the large z asymptotic behavior of
Eq. (1) [67]. As we have discussed above we expect
Cn ∝ exp ð1

2
n2Þ. To show how such dependence of Cn

appears in Eq. (49) we first rewrite Eq. (40) as the integral
over n. It takes the form [see Fig. 7(b)]

Ndip
A ðY; r; R; bÞ ¼

I
C

dn
2πi

Cn
π

sin ðπnÞG
n
IPðY; ξr;R; bÞ: ð50Þ

Bearing in mind Eq. (50) we can view n and k as
continuous variables, replacing Eq. (49) as follows:

2ðn2 − 1Þcn ¼ n
Z

n−1

1

dk ckcn−k: ð51Þ

We are looking for the solution in the form
cn ¼ ϕðnÞ exp ð1

2
n2Þ where ϕðnÞ is a smooth function of

n in comparison with exp ð1
2
n2Þ. With such cn the integral

over k in Eq. (51) can be taken using the method of steepest
descent, since the integrant has strong maxima at the limits
of integrations: k ¼ 1 and k ¼ n − 1. Introducing a new
variable k ¼ 1þ δk in the first maximum, one can see that
the main contribution comes from small δk ∼ 1

n at large n.
Rewriting 1

2
ððn − kÞ2 þ k2Þ as κð1

2
ðn − 1Þ2 − nδkþ δk2Þ

one can see that the equation takes the form at large n

2n2ϕðnÞ ¼ 2ϕ

�
n −

1

n

�
ϕ

�
1 −

1

n

�
e−nþ2n ð52Þ

with the solution

ϕ

�
1−

1

n

�
¼n2en; ϕðxÞ¼ 1

ð1−xÞ2exp
�

1

x−1

�
: ð53Þ

Finally for large n we have

Cn ¼ exp

�
1

2
n2 − 2n

�
: ð54Þ

Plugging this solution to the scattering amplitude of
Eq. (50) we obtain

Ndip
A ðY; r; R; bÞ ¼

I
C

dn
2πi

1

n
exp

�
1

2
n2 − 2n

�
π

sin ðπnÞG
n
IPðY; ξr;R; bÞ ¼

I
C

dn
2πi

1

n
exp

�
1

2
n2 − 2n

�
π

sin ðπnÞ e
1
2
nzA : ð55Þ

This equation is a good illustration of a general fact that the multi-Pomeron expansion appears as a badly divergent series.
Summation of asymptotic series implies finding an analytic function with identical series expansion. In general, this
asymptotic series cannot be summed even via Borel resummation [66]. Fortunately, Ref. [10] has solved the main difficult
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problems that we are faced with the resummation of the
asymptotic series of Eq. (55) type. The first problem is that
Cn ∝ exp ð1

2
n2Þwhich makes Eq. (55) not Borel summable.

Plugging in Eq. (55) the integral representation for
Cn ¼ exp ð1

2
n2Þ:

exp
�
1

2
n2
�

¼ 1ffiffiffiffiffiffi
2π

p
Z

∞

−∞
dλ exp

�
−
1

2
λ2 − nλ

�
ð56Þ

one can see that the asymptotic series at fixed λ can by
summed a la Borel [66] and can be extended by analytic
continuation to any value of n in the right half-plane.
Therefore, we can integrate Eq. (55) along the contourC0 in
Fig. 7(b). Using the Borel prescription we rewrite this
equation in the following form:

Ndip
A ðY; r; R; bÞ ¼

I
C0

dn
2πi

Z
∞

0

dte−t
1

n
exp

�
1

2
n2 − 2n

�
π

sin ðπnÞΓðnþ 1Þ t
ne

1
2
nzA ð57aÞ

¼
I
C0

dn
2πi

Z
∞

0

dte−t
1

n
exp

�
1

2
n2 − 2n

�
Γð−nÞtne1

2
nzA ð57bÞ

¼ 1þ
Z

−ϵþi∞

−ϵ−i∞

dn
2πi

Z
∞

0

dte−t
1

n
exp

�
1

2
n2 − 2n

�
Γð−nÞtne1

2
nzA : ð57cÞ

In Eqs. (57a) and (57b) the formulas (8.332(2)), (8.334)
of Ref. [62] are used. In Eq. (57c) we integrated over the
pole at n ¼ 0. Note that we assumed that Cn¼0 is equal to 1
to reproduce the unitarity limit Ndip → 1 at z → ∞.
Eq. (54) cannot provide us with the analytic continuation
of Cn at small values of n. Fortunately, we do not need to
know Cn at small n.
Indeed, taking the integral in Eq. (57c) using the

steepest decent method we see that nSP ¼ i 1
2
zA.

Therefore, the large value of n are essential in this integral.
Bearing this in mind we can safely use Cn at large n for
calculating this integral. Hence the scattering amplitude is
equal to

Ndip
A ðY;r;R;bÞ¼1−exp

�
−
1

8
z2AþzA− ln

�
1

2
zA

�
−2

�
:

ð58Þ

Therefore, we reproduce Eq. (1) and fixed the value of the
smooth function CðzÞ. For the phase ΩðzAÞ we have

ΩðzAÞ ¼
1

8
z2A − zA þ ln

�
1

2
zA

�
þ 2: ð59Þ

In Fig. 8 we compare this solution with the exact
numerical solution of Eq. (49). One can see that we found
a good approximation for z ≥ 4. Our main problem that we

0 10 20 30

(a) (b)

40 50 60
0

100

200

300

400
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0

2
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FIG. 8. ΩðzÞ versus z for large (a) and small (b) values of z. Ωexact is the numerical solution of Eq. (25) with Ω0 ¼ 0.1. ΩðzÞ ¼
1
8
z2A − zA þ ln ð1

2
zAÞ is our approximation for Ω that is coming from the large n behavior of the coefficient Cn in the Pomeron expansion

of Eq. (60). Ω ¼ z2=8 is the asymptotic solution of Ref. [8].
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found the solution to the master equation [see Eq. (48)]
only in the region of large n. Hence, we cannot use the
initial condition C1 ¼ 1 to determine all coefficients. In
particularly the general form of solution

Cn ¼
1

n
exp

�
β
1

2
n2 − 2αn

�
ð60Þ

with arbitrary coefficients β and α is also the solution. We
use the behavior of the scattering amplitude at large z [the
solution to Eq. (13)] to fix β ¼ 1. To find α we need to
evaluate the value of Cn at small n. Since we do not know
this behavior we use the numerical solution to Eq. (25) to
choose the value of α.
Therefore, α ¼ β ¼ 1 is our preferable choice. Since,

these values lead to good descriptions at small values of zA
[see Fig. 8(b)] we can hope that our Cn could describe the
region of small n. It is instructive to note that −zA þ 2 term
in Eq. (59) comes from the choice α ¼ 1 while lnðzA=2Þ
term reflects 1=n behavior of Cn. Comparing Eqs. (44) and
(47) with our approach with Cn we see that the only
advantage in using Cn is that Eq. (60) allows us to find the
value of the dipole density using Eq. (37) and generalize
our approach to dilute-dilute and dense-dense system
scattering using Eq. (2).
Concluding this section we wish to point out that the BK

scattering amplitude of this section only has minor
differences with the one discussed in our previous paper
[2]. However, here and in Ref. [2] different approaches
have been used to sum the asymptotic Pomeron series. The
advantage of this paper is that the approach for summing
the non-Borel summarizable series has been checked in the
one dimensional model [10,11] in which this method
reproduced the exact scattering amplitude. One of the
check of the difference between two approaches is the
multiplicity distribution which we will consider below.

V. MULTIPLICITY DISTRIBUTION AND
ENTROPY OF PRODUCED GLUONS FOR BK

SCATTERING AMPLITUDE

In this section we are going to make use of the advantage
of the multi Pomeron expansion for the scattering

amplitude [see series of Eq. (40)] to obtain the multiplicity
distribution of produced gluons for BK scattering ampli-
tude. Our approach consists of two steps (see Refs. [2,11]).
First, we recall that it is proven in Refs. [5] that the
s-channel unitarity for the BFKL Pomeron has the form

2 ImGIPðzÞ ¼ σBFKLin ðzÞ; ð61Þ

where GIP is the Green’s function for the BFKL Pomeron.
σBFKLin ðzÞ is the inelastic cross sections of produced gluons,
which have the Poisson distribution with this mean multi-
plicity n̄ ¼ 1

2
z (see Appendix A of Ref. [2]).

The second step is the AGK cutting rules [68], which
allow us to calculate the imaginary part of the scattering
amplitude, that determines the cross sections, through the
powers of ImGBFKLðzÞ.8 Our master formula takes the form
of convolution for the cross section of produced n gluons

σnðzÞ ¼
X
k

σAGKk ðzÞ|fflfflfflffl{zfflfflfflffl}
∝ðImGIPÞk

ðk 1
2
zÞn

n!
e−k

1
2
z|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

Poisson distribution

: ð62Þ

The AGK cutting rules [68] allows us to calculate the
contributions of n-cut Pomerons if we know Fk: the
contribution of the exchange of k-Pomerons to the cross
section. They take the form

n ≥ 1∶ σknðY; ξr;RÞ ¼ ð−1Þn−k k!
ðn − kÞ!n! 2

kFkðY; ξr;RÞ

ð63aÞ

n ¼ 0∶ σk0ðYÞ ¼ ð−1Þkð2k − 2ÞFkðY; ξr;RÞ; ð63bÞ

σtot ¼ 2
X∞
k¼1

ð−1Þkþ1FkðY; ξr;RÞ; ð63cÞ

σtot ¼ 2 ImAðzÞ where A is the scattering amplitude. σ0 is
the cross section of diffractive production of small numbers
of gluons which is much smaller than ΔY. First we rewrite
Eq. (40) in more convenient form to find FkðY; ξr;RÞ

Ndip
A ðY; r; R; bÞ ¼ 1ffiffiffiffiffiffi

2π
p

Z
∞

−∞
dλe−

1
2
λ2
X∞
n¼1

ð−1Þn−1e1
2
nðzA−4−2λÞ ¼ 1ffiffiffiffiffiffi

2π
p

Z
∞

0

dt
Z

∞

−∞
dλ e−

1
2
λ2
X∞
n¼1

ð−1Þn−1e1
2
nðzA−4−2λ−2tÞ: ð64Þ

Plugging FkðY; ξr;RÞ from Eq. (64) into Eq. (63) and using a new notation NðzÞ ¼ N0 exp ð12 ðz − 4ÞÞ we obtain

σnðzÞ ¼
X∞
k¼n

σknðzÞ ¼
1ffiffiffiffiffiffi
2π

p
Z

∞

0

dt
Z

∞

−∞
dλ e−

1
2
λ2
X∞
k¼n

ð−1Þk−n k!
ðk − nÞ!n!

�
1

2
NðzAÞ

�
k
e−kλ−kt ð65aÞ

8In the widespread slang this contribution is called by cut Pomeron.
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¼ 1ffiffiffiffiffiffi
2π

p
Z

∞

0

dt
Z

∞

−∞
dλ e−

1
2
λ2 NnðzAÞe−nλ−nt
ð1þ NðzAÞe−λ−tÞnþ1

ð65bÞ

¼ 1ffiffiffiffiffiffi
2π

p 1

n

Z
∞

−∞
dλ e−

1
2
λ2 NnðzAÞe−nλ
ð1þ NðzAÞe−λÞnþ1

ð65cÞ

¼ 1ffiffiffiffiffiffi
2π

p
�

1

nNðzAÞ
Z

lnNðzAÞ

−∞
dλ e−

1
2
λ2 eλ

ð1þ eλ
NðzAÞÞ

nþ1
þ 1

n

Z
∞

lnNðzAÞ
dλ e−

1
2
λ2 NnðzAÞe−nλ
ð1þ NðzAÞe−λÞnþ1

�
: ð65dÞ

The multiplicity distribution of Eq. (65d) is shown in Fig. 9. One can see that σn falls down at large n. This decrease is
faster than 1=n. The main contribution comes from the first term, which actually we can interpret as the multiplicity
distribution of the first term (1) of the scattering amplitude in Eq. (58). It should be mentioned that factor 1=n is not valid in
this region as we have discussed in the previous section. Therefore, we believe that we have to take off this factor and
discuss Fig. 9 as given for σn.
We are going to discuss the first term of Eq. (65d) rewriting it in the more convenient form

1

NðzAÞ
Z

lnNðzAÞ

−∞
dλ

e−
1
2
λ2þλ�

1þ eλ
NðzAÞ

�
nþ1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Exact

¼ 1

NðzAÞ
Z

lnNðzAÞ

−∞
dλ e−

1
2
λ2þλ exp

�
−ðnþ 1Þ eλ

NðzAÞ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Exp

¼ 1

NðzAÞ
Z

lnNðzAÞ

−∞
dλ e−

1
2
λ2þλ−ξeλ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Exp

:

ð66Þ

In Fig. 9(b) we plot the integrants [Iðλ; ξÞ] of Eq. (66). One
can see that (i) Iðλ; ξÞ has a clear maximum, (ii) the position
of the maximum is away of the upper limit of integration
[lnNðzAÞ] and (iii) the approximate expression [Exp. in
Eq. (66)] works quite well. Based on these features we can
state that σn display the KNO scaling behavior [69], viz:

σn ¼
1

NðzAÞ
Ψ
�

n
NðzAÞ

�
: ð67Þ

Weuse the steepest decentmethod to calculateΨ function
with the following equation for the saddle point in λ:

1 − λSP − ξeλSP ¼ 0; ð1 − λSPÞe1−λSP ¼ eξ: ð68Þ

The second equation is the Lambert equation for 1 − λSP
leading to

1 − λSP ¼ WðeξÞ: ð69Þ

For Lambert W function we have the series representation

1 − λSP ¼ WðeξÞ ¼
X∞
n¼1

ð−nÞn−1
n!

ðeξÞn ð70Þ

(a) (b)

FIG. 9. (a): Multiplicity distributions for BK scattering process of Eq. (65d). (b): Integrant of the first term in Eq. (65d) as a function of
λ at fixed ξ ¼ nþ1

NðzAÞ. For ξ ¼ 10 the integrant is multiplied by factor 200. For ξ ¼ 1=N N is taken to be equal to NðzA ¼ 15Þ.
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and the asymptotic behavior at large values of the
argument

WðeξÞ¼ ln

�
eξ

lnðeξÞ
�
; λSP¼−lnξþ lnð1þ lnξÞ: ð71Þ

Using this equation for λSP we obtain

Ψ
�
ξ≡ n

NðzAÞ
�
¼

ffiffiffi
π

2

r
exp

�
−
1

2
λ2SPþλSP−ξeλSP

�
: ð72Þ

Figure 10 shows the KNO function from the exact
calculation of the integral in Eq. (66) and from Eq. (72).
For large ξ we have λSP ¼ −ξ and

Ψ
�
ξ≡ n

NðzAÞ
�

∝ e−
1
2
ξ2 : ð73Þ

Comparing the multiplicity distribution of Eq. (67) with the
one of Ref. [2] we can see that both show the KNO scaling
with the same ξ ¼ n=NðzAÞ. However, the prediction for Ψ
function turns out to be different: Eqs. (72) and (73) for this
paper and Ψ ¼ exp ð− 1

2
ξÞ for Ref. [2].

VI. DIPOLE-DIPOLE SCATTERING AMPLITUDE

Using Eq. (60) we obtain the dipole densities for fast
moving dipole with the size r and rapidity Y ρn in the form

ρnðYfri; bigÞ ¼
1

n
exp

�
β
1

2
n2 − 2αn

�Yn
i¼1

GIPðziÞ ð74Þ

with zi from Eq. (9b).
From Eq. (2) we can calculate the dipole-dipole

amplitude (N) summing the large Pomeron loops. We have
for the S-matrix of scattering the dipole with size r and
rapidity Y

SðzÞ ¼ 1 − NðzÞ ¼
X∞
n¼0

ð−1Þnn!C2
n

Z
d2rid2r0id

2bid2b0i
Yn
i¼1

GIPðziÞ
N0

γBAðri; r0i; δbÞ
GIPðz0iÞ
N0

: ð75Þ

Applying the t-channel unitarity to the BFKL Pomeron
exchange [see Eq. (36)] we reduce Eq. (75) to the following
equation:

SðzÞ ¼ 1 − NðzÞ ¼
X∞
n¼0

ð−1Þnn!C2
n

�
GIPðzÞ
N2

0

�
n

ð76Þ

with z from Eq. (9).
Repeating all steps that we have been discussed in

Eqs. (50) and (56)–(57b), we turn Eq. (76) into

SðzÞ ¼ 1−NðzÞ ¼
I
C0

dn
2πi

Z
∞

0

dte−tn!
1

n2
en

2−4n
�
e
1
2
z

N2
0

�n

tn:

ð77Þ

Note, that contour C0 [see Fig. 7(a)] in this equation
does not include the pole at n ¼ 0 since we consider the
S-matrix.

Taking this integral by the method of steepest descent
with the saddle point nSP ¼ − 1

4
z, we obtain

SðzÞ ¼ 8ffiffiffi
π

p 1

z2
exp

�
−
z2

16
þ z −

1

4
z

�
ln

�
z
4

�
− 1

��
: ð78Þ

From this equation one can see that we reproduce the results
for the dipole-dipole scattering amplitude both from the
estimates of the rare fluctuation in theCGC [24,25] and from
the BFKL Pomeron calculus in our previous works [2–4].
The scattering amplitude that we obtained, turns out to be
very close to our approach, based on Eq. (1) (see Refs. [2–
4]), but it is more economic and straightforward. The main
differences with these papers are in the way we sum the
asymptotic Pomeron series. As we have discussed, we can
calculate Cn only for large n. Therefore, using these Cn the
differentmethods of summation can obtain a different result.
Of course, if we know Cn at all values of n any method will
lead to the same analytic function. As we have discussed in
Sec. IV the approach of this paper looks to us more physics

FIG. 10. The KNO function Ψ versus ξ ¼ n
NðzAÞ. Exact is the

numerical calculation of Eq. (66) while Approx. stands for the
solution of Eq. (72).
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motivated. Especially because it passed the check in
the one dimensional model [10] which has exactly
calculated scattering amplitude. Actually, the scattering
amplitude appears to be very close to the one of
Ref. [2], but the multiplicity distribution could lead to a
new insight.
We wish to use the great advantage of the multi-Pomeron

expansion of the scattering amplitude, considering multi-
plicity distributions of the produced gluons for dipole-
dipole scattering processes.

VII. MULTIPLICITY DISTRIBUTION OF
PRODUCED GLUONS FOR DIPOLE-DIPOLE

SCATTERING

Using Eq. (76) for the dipole-dipole scattering amplitude
with Cn from Eq. (54) and rewriting en

2

as follows:

en
2 ¼ 2

ffiffiffi
π

p Z
∞

−∞
dλe−

λ2

4
þnλ ð79Þ

we obtain the amplitude in the form

NðzÞ ¼ 2
ffiffiffi
π

p X∞
n¼1

ð−1Þnþ1

n2

Z
∞

−∞
dλ e−

λ2

4
þnλn!Gnðz0Þ ¼ 2

ffiffiffi
π

p X∞
n¼1

ð−1Þn
n2

Z
∞

−∞
dλ e−

λ2

4
þnλ

Z
∞

0

dt e−ttnGnðzÞ: ð80Þ

In this equation we introduce the integral representation for Γðnþ 1Þ. As we have discussed in the previous section factor
1=n2 cannot to be valid at small values of nwhich contribute to the asymptotic value ofNðz0Þ ¼ 1. Indeed, taking this factor
off we can sum over n and take the integral with respect to t. The answer is

NðzÞ ¼ 2
ffiffiffi
π

p Z
∞

−∞
dλ e−

λ2

4

 
1 −

e1=ðeλGðzÞΓð0; 1
ðeλGðzÞÞÞ

eλGðzÞ

!
: ð81Þ

The first term gives 1 in accord with the s channel unitarity, while the second leads to the contribution of Eq. (78).
Therefore, to reconstruct the multiplicity distribution at large zwe need to take off the factor 1=n2. However, we have to put
it back if we wish to discuss corrections proportional to exp ð− z2

16
Þ.

Applying the AGK cutting rules of Eqs. (63a), (63b) to this amplitude one can see that σn is equal to

σnðzÞ ¼ 2
ffiffiffi
π

p X∞
k¼n

ð−1Þk−n
�

k!
ðk − nÞ!n!

�Z
∞

−∞
dλ e−

λ2

4

Z
∞

0

dtðte−tþλGðzÞÞn

¼ 2
ffiffiffi
π

p Z
∞

−∞
dλ e−

λ2

4

Z
∞

0

dt e−t
ðteλNðzÞÞn

ð1þ teλNðzÞÞnþ1
¼ 2

ffiffiffi
π

p
n!
Z

∞

−∞
dλ e−

λ2

4
1

eλNðz0ÞU
�
nþ 1; 1;

1

eλNðzÞ
�

ð82Þ

where Uðnþ 1; 1; 1
eλNðzÞÞ is the Tricomi confluent hypergeometric function [see Ref. [70], Eq. (13.1.3)]. This function has

two interesting limits

n!
eλNðzÞU

�
nþ 1; 1;

1

eλNðzÞ
�

→

8<
:

1
eλNðzÞK0

	
2
ffiffiffiffiffiffiffiffiffiffi
nþ1

eλNðzÞ
q 


for eλNðzÞ > 1;

n!
eλNðzÞ

	
nþ 1

eλNðz0Þ


−ðnþ1Þ

for eλNðzÞ < 1:
ð83Þ

For these two regions Eq. (82) can be rewritten as follows:

σnðzÞ ¼ 2
ffiffiffi
π

p Z
∞

− lnNðzÞ
dλ e−

λ2

4
1

eλNðzÞK0

 
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1

eλNðzÞ

s !
þ 2

ffiffiffi
π

p Z
− lnNðz0Þ

−∞
dλ e−

λ2

4
n!

eλNðzÞ
�
nþ 1

eλNðzÞ
�

−ðnþ1Þ
: ð84Þ

The second term in Eq. (84) gives a small contribution proportional to exp ð− z02
16
Þ. We rewrite the first term in the more

convenient form
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Z
∞

− lnNðzÞ
dλII

�
λ; ξ ¼ nþ 1

Nðz0Þ
�

¼ 2
ffiffiffi
π

p Z
∞

− lnNðz0Þ
dλ e−

λ2

4
1

eλNðzÞK0

�
2

ffiffiffiffiffi
ξ

eλ

r �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

exact

¼ 2
ffiffiffiffiffiffi
2π

p Z
∞

− lnNðzÞ
dλe−

λ2

4
1

eλNðzÞ
ffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
ξ
eλ

qr exp

�
−2

ffiffiffiffiffi
ξ

eλ

r �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
approx

: ð85Þ

Figure 11 shows the λ dependence of IIðλ; ξÞ. One can
see that (i) this dependence has a clear maximum; (ii) the
lower limit of integration does not influence on the value of
the integral; and (iii) the approximate expression for II [see
approx. in Eq. (85)] describes the exact integrant quite well.
Therefore, we can use the last term in Eq. (85) and take the
integral using the method of steepest descent with the
following equation for λSP:

1

2
λSP þ 3

4
¼ e−

1
2
λSP

ffiffiffi
ξ

p
; ζSPeζSP ¼ 1

2
e
3
4

ffiffiffi
ξ

p
with

ζSP ≡ 1

2
λSP þ 3

4
: ð86Þ

The solution for ζSP is the W Lambert function which we
have discussed in Sec. V [see Eq. (68)–(71)]. Therefore, the
solution is

ζSP≡1

2
λSPþ

3

4
¼W

�
1

2
e
3
4

ffiffiffi
ξ

p �
∶ λSP¼

3

2
þ2W

�
1

2
e
3
4

ffiffiffi
ξ

p �
:

ð87Þ

Plugging Eq. (87) into the last equation of Eq. (85) we
obtain for the KNO function Ψ: [see Eq. (67)]

ΨðξÞ ¼
ffiffiffiffiffiffi
2π

p e−
λ2
SP
4
−2

ffiffiffiffiffiffiffiffiffiffi
e−λSPξ

p
þλSPffiffiffi

2
p ffiffiffi

4
p

e−λSPξ
: ð88Þ

For large ξ using Eq. (71) we obtain λSP ¼ ξ and

ΨðξÞ ∝ e−
ξ2

4 : ð89Þ

Comparing Eqs. (88) and (89) with the multiplicity dis-
tributions in Ref. [2] one can see that they are drastically
different. Both show the KNO scaling behavior with ξ ¼
n

NðzÞ but the shape of functionΨ in Ref. [2] is quite different:

Ψ ∝ exp ð−2 ffiffiffi
ξ

p Þ. As we have discussed above, this differ-
ence is a consequence of different procedures for summing
of the asymptotic series for the scattering amplitude.

VIII. ENTROPY OF PRODUCED GLUONS

We found that for dipole-target (BK amplitude) and
dipole-dipole scattering the multiplicity distributions of
produced gluons have the KNO scaling behavior with
different functions Ψ (see Eqs. (72) and (88) and Fig. 11)
but with the same mean multiplicity n̄ ¼ NðzÞ.9 This

(a) (b)

FIG. 11. Multiplicity distributions for dipole-dipole scattering process of Eq. (85). (a): Integrant II ðλ; ξ ¼ nþ1
Nðz0ÞÞ of the first term in

Eq. (85) as a function of λ at fixed ξ ¼ nþ1
NðzAÞ. For ξ ¼ 10 the integrant is multiplied by factor 50. (b): The KNO function Ψ versus

ξ ¼ n
NðzAÞ. Exact is the numerical calculation of Eq. (85) while approx. stands for the solution of Eq. (88).

9For BK amplitude z ¼ zA.
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feature is enough to find the entropy at high energies which
will be the same in deep inelastic scattering (DIS) and for
interactions of two dipoles at high energies. Indeed for
Pn ¼ 1

n̄Ψðnn̄Þ the von Neumann entropy is equal

SE ¼ −
X
n

lnðPnÞPn

¼ ln n̄
X
n

1

n̄
Ψ
�
n
n̄

�
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

1

−
X
n

ln

�
Ψ
�
n
n̄

��
1

n̄
Ψ
�
n
n̄

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Const

¼ ln n̄þ Const⟶
z≫1

ln Nðz0Þ ¼ ln ðGIPðz0ÞÞ: ð90Þ

Therefore, SE ¼ lnNðzAÞ ¼ ln ðGIPðzAÞÞ in accordance
with the result of Ref. [64]. In Eq. (90) we used the well
known fact that the gluon structure function in QCD is
equal to the contribution of the exchange of one BFKL
Pomeron [33]. Different form of the KNO function Ψ
results in a different value of Const in Eq. (90). For Ψ of
Eq. (72) this constant is equal to −1.706 while for dipole-
dipole scattering its value is −0.217.
We would like to emphasize that both the value of the

entropy and the multiplicity distributions at large z follows
directly from QCD evolution equations and the t-channel
unitarity constraints of Eq. (2). Bearing this in mind we
expect to learn a lot comparing with other QCD results (see
Refs. [64,71]), which give a much larger entropy (∝ z2) in
QCD. We plan to clarify this discrepancy in our further
publications.
It should be noted that the multiplicity distribution are

quite different for DIS (BK amplitude) and for dipole-
dipole scattering in spite of the same value of the entropy.
Indeed, we have seen in Eqs. (73) and (89) that Ψ for
dipole-dipole amplitude is rather equal to

ffiffiffiffi
Ψ

p
for BK

amplitude at large values of ξ. The relation between them at
arbitrary ξ is plotted in Fig. 12.
It is instructive to note that situation turns out to be quite

different from the one dimensional models and for dipole-

dipole interaction of Ref. [2] in which Ψdipole−dipoleðξÞ ¼
ΨBKð2

ffiffiffi
ξ

p Þ (see Refs. [2,11,72]).

IX. CONCLUSIONS

In this paper we found the dipole densities [see Eq. (74)]
for the leading twist BFKL kernel. These densities stem
from the solution of nonlinear Balitsky-Kovchegov evolu-
tion equation for the scattering amplitude, and t-channel
unitarity of Eq. (2) with the simple expression of Eq. (38)
for the dipole densities of a nucleus. Recall that Eq. (38)
views the nucleus as a bag of dipoles. Having these
densities we use Eq. (2) to calculate the contributions of
the large Pomeron loops to the scattering amplitude of
dipole-dipole interactions at high energies.
It is shown in the paper that the QCD equations for

dipole densities have a natural solution: the BFKL Pomeron
calculus. We found the scattering amplitudes both for DIS
(BK amplitude) and dipole-dipole scattering as the series of
the exchanges of BFKL Pomerons and suggested how to
sum the resulting asymptotic series.
All results for the scattering amplitudes are very close to

the approach that we have developed in Refs. [2–4].
However, we wish to emphasize that we actually have a
large difference in the approaches of this paper and of
Refs. [2–4]. Indeed, in these papers we use two different
methods for summation of asymptotic Pomeron series. The
approach to this problem in this paper looks more natural
and reliable than in Refs. [2–4]. It coincides with the
approach that has been developed in one dimensional
model [10,11], in which it reproduces the exact scattering
amplitude. It should be stressed that the model satisfies
both t and s unitarity.
We have to remind that Cn of Eq. (74) have been found

for large n [see Eq. (54) and Fig. 8(a)]. As we have shown
[see Fig. 8(b)] we could rely on their value for z ≥ 4. The
problem to find them at small n has not been solved and has
to be postpone to a future time.
We wish to point out that our amplitude gives the same

asymptotic behavior at large z as was calculated in
Refs. [8,24]. This result not only confirms the general
idea of Ref. [24] that “rare” fluctuation contributes to the
high energy behavior of the scattering amplitude but it
gives a possibility to calculate its value in the approach
based on the BFKL Pomeron calculus.
We hope that our result will stimulate the study of the

BFKL Pomeron calculus for finding larger contribution to
the scattering matrix. In particular, we have to approach the
enhanced diagrams which are crucially dependent on the
small Pomeron loops.
We obtain our S-matrix from the BFKL Pomeron

calculus which allow us to study the multiplicity distribu-
tion of the produced gluons using AGK cutting rules. We
wish to draw the attention of a reader to the fact that
actually we discuss in the paper the multiplicity

FIG. 12. Comparison of the KNO functions for BK and dipole-
dipole amplitudes.
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distributions that correspond to the asymptotic contribu-
tions to the scattering amplitudes: N ¼ 1.
It turns out that these secondary gluons have the KNO

distribution. For both reaction we obtain the same average
multiplicity of the produced gluons, which is equal to the
gluon structure function deep in the saturation region. In
spite of the fact that the multiplicity distributions have
different forms for BK and dipole-dipole amplitude, the
same average multiplicity results in the same entropy which
is equal to SE ¼ lnðxGðx;Q2ÞÞ where xG is the gluon
structure function. Therefore it confirms the result of
Ref. [64]. It is instructive to note that the KNO function
for dipole-dipole amplitude turns out to Ψdipole−dipoleðξÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΨBKðξÞ

p
at large ξ in remarkable difference from one

dimensional models and Ref. [2] where Ψdipole−dipoleðξÞ ¼
ΨBKð

ffiffiffi
ξ

p Þ (see Refs. [11,72]).

We hope that this paper will contribute to the further
study of the Pomeron calculus in QCD.
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