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Axion condensates in neutron stars and radial oscillation modes
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Light QCD axions, introduced to solve the strong CP problem, may form condensates inside neutron
stars, giving rise to a novel ground state of dense matter. We investigate how such axion condensates
modify the equilibrium structure and radial oscillation spectrum of neutron stars. Using a realistic neutron
star model with the BSk26 equation of state, and solving the coupled Tolman-Oppenheimer-Volkoff and
Klein-Gordon equations together with a linear perturbation analysis, we find two distinct families of
quasinormal modes: weakly damped fluid-dominated oscillations and highly damped axion modes. The
coupling between the fluid and the axion field introduces axion-induced damping of radial oscillations,
with decay timescales of order seconds for kHz axion masses. Modes with frequencies above the axion
mass are strongly damped, while those below remain unaffected. Although neutron star radial oscillations
are difficult to observe, our results suggest that extensions of this work can turn neutron star seismology

into a novel probe of the axion properties.
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I. INTRODUCTION

Axions were originally introduced as a solution to the
strong CP problem in QCD [1-4]. These hypothetical
particles have since become increasingly popular in pro-
posed extensions of the standard model. Due to their
extremely small mass and weak interactions with ordinary
matter, axions are expected to play a major role in the dark
matter content of the Universe [5—7]. Current cosmological
surveys provide some of the most stringent bounds on the
axion properties [8—12], but the potentially ubiquitous
presence of axions in different scenarios makes them
potentially relevant across a wide range of astrophysical
contexts.

A variety of astrophysical systems display distinctive
signatures under the assumption of the axion existence,
allowing constraints to be placed on its mass and couplings
to radiation and matter. Examples include axion-induced
emission from main-sequence stars such as the Sun [13-16],
supernova cooling [17,18], neutron star (NS) cooling
[19,20], axion-to-photon conversions in NS magnetic fields
[21-24], and black hole superradiant instabilities [25-28].

In this work, we consider a particularly interesting
scenario in which the axion field can condense inside
NSs, giving rise to a new ground state (NGS) of nuclear
matter [29]. This becomes possible via the inclusion of an
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additional degree of freedom in the effective potential of the
standard QCD axion, in the form of a small parameter e,
effectively lowering the axion mass and allowing the
interaction with baryonic matter to source an axion con-
densate inside the star [30]. This results in observable
consequences that can place constraints on the axion model
[20,29]. For instance, in [20], it was shown that axion
condensation modifies the exterior layers of NSs, making
their envelopes thinner. This leads to anomalously fast
cooling, which rules out a large portion of the axion
parameter space (see Fig. 5 in [20]). These findings were
confirmed independently by [31], making the bounds even
more restrictive.

As part of the ongoing efforts to constrain the axion
hypothesis, in this paper we explore the effects of the axion
condensate on the oscillation modes of NSs. Normal modes
are an essential tool for probing NS interiors and can
potentially offer abundant information about the largely
unknown dense nuclear matter equation of state (EOS; see,
e.g., [32-40] for a selection from the extensive literature).
Each piece of physics of the NS is associated with a family
of modes (e.g., composition or entropy gradients [41-44],
superfluidity [45,46], the presence of an elastic crust
[47,48], and magnetic fields [49,50]), leading to a very
rich phenomenology across both the electromagnetic and
the gravitational wave (GW) spectrum. Unsurprisingly, the
presence of the axion field introduces a new family of
modes and also influences the regular fluid modes.

As a first step, we investigate radial oscillation modes.
Although usually considered uninformative in NSs, as they
do not emit GWs, radial modes have been thoroughly
studied in the context of relativistic stars for a wide range of
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EOSs [51-54]. In the presence of the axion field, which
couples to baryonic matter, an additional branch of radial
perturbations emerges, damped due to axion emission. The
behavior is akin to that of the spacetime w-modes [55,56],
with the axion condensate in this context being analogous
to the spacetime.

Even though NS radial modes remain difficult to observe,
the essential physical mechanisms are expected to carry over
to the nonradial mode case. This work provides both a
foundation and a motivation on which future extensions can
be based, suggesting that NS oscillation modes could
potentially be used to probe axion properties.

We organize this paper as follows. First, in Sec. II, we
review the equilibrium structure of NSs with an axion
condensate. In Sec. III, we introduce the set of equations
and boundary conditions describing the radial perturbations
of the NS-axion system. In Sec. IV, we present a simplified
model that captures the most relevant physics of the system.
In Sec. V, we present our results for the oscillation
frequencies in a realistic NS, including their division into
two families based on their damping timescales, along with
a detailed discussion. Finally, we conclude with a brief
summary in Sec. VI. Unless otherwise indicated, through-
out the paper we use natural units, in which 2z =c = 1.

II. THE BACKGROUND: A NEUTRON STAR
WITH AN AXION SOUL

A. Light QCD axions at finite density

Light QCD axions are distinguished by a suppressed
vacuum mass, commonly parametrized by a small
dimensionless quantity e that quantifies the degree of
suppression. The corresponding vacuum potential takes
the form [57,58]

V(a) = emzf2[1 - g(a)], (2.1a)
with
gla)= /1 - psin’ <2; ) (2.1b)

where a denotes the axion field, f, is the axion decay
constant, m, and f, are the pion mass and decay constant,
respectively, and f=4z/(1+z)> ~0.88 (with z~0.48
denoting the up-to-down-quark mass ratio). Expanding
Eq. (2.1), the axion mass may be identified as m, =
Vepfmy/2f,. The significance of the parameter € now
becomes apparent—for a fixed f,, it modifies the value of
the axion mass, making it lighter than that of the standard
QCD axion (which is recovered for ¢ = 1 [58]) by a factor
of /e.

At energies below the QCD scale, the Lagrangian
acquires an interaction term of the form [30,59,60]

Lin(a,ny) = oyNN[1 - g(a)], (2.2)
where N = (p,n)7 is the nucleon field and 6 ~ 50 MeV
is the nucleon sigma term [61]. In the presence of a
nonvanishing baryon scalar density n, = (NN), the inter-
action term of the Lagrangian results in a modified axion
potential U, given by

Ula,ng) =V(a) = Liy(a,n;) = (emzf7 = oyny)[1 = g(a)].
(2.3)

Hence, for n, > n, = em’f2/oy the effective potential
changes sign, shifting its minimum from a =0 to
a = £xf,, implying that the nucleons source the axion,
as first identified in [30,60]. For the standard QCD axion,
this mechanism sets in only above a critical density of
order twice the nuclear saturation density, a condition
readily achieved in NS cores. If the stellar radius satisfies
R ~O(m3"), nucleons can source a nontrivial axion
profile, with the field reaching values of order zf, at
the core and gradually diminishing toward the surface,
continuously matching onto the vacuum solution at large
distances. Conversely, the backreaction of the axion con-
densate on the nucleons can be described as an effective
shift in the nucleon mass, given by

m*(a) = my —oy[1 = g(a)]. (2:4)

with my =~ 939 MeV being the bare nucleon mass. For field
values a ~ zf,, this corresponds to a mass reduction of
about 32 MeV [20].

B. Neutron star structure in the presence
of axion condensates

In order to derive the equilibrium NS structure equations,
we assume spherical symmetry and adopt the usual interior
Schwarzschild metric' in spherical coordinates (r, 8, @),

ds* = *®ds? — 2 dr? — r2(d6* + sin 0dg?), (2.5)

with A(r) = —3In [1 - Mr(’)} where M(r) is the gravi-

tational mass enclosed within a sphere of radius r.

In the presence of the axion condensate, the static
equilibrium of the system is described by the Tolman-
Oppenheimer-Volkoff (TOV) equations, now including the
contributions of the axion field, supplemented by the Klein-
Gordon (KG) equation [29,62],

*

n, om
/:_ q)/ S
P (£+p)( +€+p da

a'>, (2.6a)

'We use the metric signature (+, —, —, —), which is standard in
particle physics but opposite to the convention often employed in
gravitation.
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@ = % <1 —ZGTM>_1 {GM + 4nGr [p ~V(a)
()
(-]
and

2GM ! M
a”(l —G—> +22 {1 _oM_ 27Gri(e — p + ZV(a))}
r r r

(2.6b)

M = 4nr? [e +V(a) + (“2/)2 (2.6¢)

*

B 1i)% om

v om 2.
aa+n" % (2.6d)

Here and henceforth, primes denote radial derivatives,
whereas p and e correspond to the pressure and energy
density of matter, respectively.

Throughout the calculations, for simplicity, we will set
ny = ny, where n,, is the baryon density. The corrections
proportional to the scalar density enter in the rhs of the
TOV and the Klein-Gordon equations and this approxima-
tion may, at the perturbative level, induce small shifts in the
mode frequencies. However, these shifts are comparable to,
or smaller than, other uncertainties in the problem, such as
those associated with the choice of EOS or the stellar mass.
A more refined treatment of this term may become relevant
in the future, if observational data reach the precision
required to distinguish models differing at the ~10% level
in their predicted frequencies.

The system (2.6) is closed by an appropriate choice
for the EOS, of the form & = &(p, m*(a)). Note that the
dependence of the EOS on the axion field, through the

3.0

FIG. 1.

modified nucleon mass, is kept explicit. In principle, this
implies that the chosen dense nuclear matter EOS would
have to be rederived with (a, f,,) as additional parameters
(or, rather, the ratio a/f,). In line with [20], we model
NS matter using the BSk26 EOS [63], with axion effects
being reliably approximated by a reduction in the energy
density, namely,

e(ny, a) » &(ny, 0) = myoy[l —g(a).  (2.7)
Note that using the approximation (2.7) and the first law of
thermodynamics to derive p(n,,a) implies

p(ny,a) = —(ggiéz[}j)a ~ p(n,,0).

(2.8)

In other words, to leading order, our approach involves
incorporating the axion correction into the energy density
through an effective mass term, while keeping the pres-
sure—baryon density relation unchanged.

By numerically solving the coupled system of ordinary
differential equations (2.6), accompanied by the appropri-
ate boundary conditions, one obtains the equilibrium
structure of NSs in which the core is permeated by an
axion field. Before proceeding with the computation of the
oscillation modes, we first outline some of the general
features of these solutions.

In Fig. 1 we show representative profiles of a(r)
and p(r), for a NS with a central pressure of
Po = 100 MeV/fm>. We show results for three different
values of m,, (chosen to be 3, 6, and 12 kHz, corresponding
to 12, 24, and 48 peV). For a typical radius of R = 12 km,
one finds R/c ~0.04 ms, so that an axion mass of m, =
3 kHz yields m,R ~ 0.12. This value implies that the field
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Normalized axion field a/f, (left) and pressure (right) profiles for different values of m,, (in kHz) for ¢ = 0.1. The dash-dotted

lines mark the axion profiles outside the NS. The central pressure of the NS is py, = 100 MeV/fm? and its gravitational mass is
approximately 1.5M (with the latter exhibiting variations up to 2% due to the corresponding variations in the energy content of the

axion field profile for each m,).
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FIG. 2. Mass-radius relation for NS models in the presence of
an axion condensate, compared to the standard TOV solution for
the same EOS (BSk26) without axions. The dashed black line
represents the conventional TOV solutions without axions,
whereas the solid colored curves illustrate the effect of including
a bosonic condensate of axions inside the star, for different
choices of the axion mass (3, 6, and 12 kHz) and for ¢ = 0.1.

varies slowly over length scales of the order of several
stellar radii. On the other hand, for large axion masses
(m,R > 1), the axion amplitude remains nearly constant,
close to a ~ zf, (where the minimum of the potential is) in
most of the NS interior, until it exhibits a sharp transition
around the critical density, rapidly decaying to a~0
outside the star. This behavior is similar to a phase
transition, when the NGS of nuclear matter (coexisting
with a finite axion field) switches to normal nuclear matter
(for which a = 0). The details of the formation of the NGS
depend on the control parameter ¢, with the induced
changes in the structure of NSs or white dwarfs being
used to place constraints on its value [29,64]. In this work,
we set € = 0.1 for all our calculations, a value that lies
within the still unconstrained region.

As m, decreases, the coupling to matter becomes less
efficient, resulting in a smoother radial gradient of the field
profile. For each choice of central pressure and €, one finds
a critical axion mass below which the field is no longer
sustained in the core, and the central value a(0) is
exponentially suppressed. Specifically, for ¢ = 0.1 and
po = 100 MeV/fm?, this occurs at m, < 2.8 kHz, below
which no condensate occurs.

The way axion sourcing affects the NS structure may be
seen more clearly in Fig. 2, where we compare the mass-
radius (M-R) relations of different models, with and with-
out the presence of an axion condensate. For light axions
with m, = 3 kHz, the M—R relation is unaffected for lower
masses (low central densities), but it is shifted toward

smaller radii as the axion condensate grows in the center of
the star, showing noticeable departures from the standard
TOV curve already at moderate central densities. As the
axion mass increases, the self-gravity of the condensate,
combined with the effect of the gradient term (x ) in
Eq. (2.6a), becomes more important and leads to more
pronounced modifications in the stellar structure. This
gradient term, playing a role similar to surface tension
[20], is responsible for the sharp decrease of the axion field
near the surface, an effect that compresses the NS outer
layers, shrinking its envelope. This structural alteration
leads to significant effects on the NS cooling behavior, thus
placing constraints on the (e, f,,) parameter space [20,31].

For m, = 12 kHz the M-R curve shape changes dra-
matically, resembling solutions of self-bound objects, such
as strange stars, resulting in smaller radii (by about 1 km for
a 1M NS). The formation of a bare NS can be understood
in terms of a NGS, reminiscent of strange quark matter,
in the limit f, — 0 [29]. The critical value of ¢ for which
the NGS forms depends on the EOS, albeit weakly. For
realistic NS matter, previous studies have found that the
NGS emerges when ¢ < 0.1 [20,31].

In general, the presence of an axion condensate tends to
shrink the NS radius relative to the uncondensed case. Still,
the effect on the maximum supported mass is very small
because the global effect of the condensate is relatively
smaller for stars with larger central densities, close to the
maximum mass. Similar results were obtained in [64],
where the authors examined the structure of NSs coupled to
various light scalar fields, including the QCD axion. Their
analysis differs from ours in that they adopted a free Fermi-
gas EOS, which nevertheless captures most of the relevant
phenomenology. Here, we demonstrate that the qualitative
picture remains unchanged when a realistic EOS is used.
These results highlight how accurate measurements of NS
masses and radii could potentially serve as probes of light
bosonic fields coupled to dense nuclear matter.

III. RADIAL OSCILLATIONS AND
QUASINORMAL MODES

A. Linear perturbation equations

Following the standard procedure, we perturb the system
of equations governing a spherically symmetric fluid
coupled to a bosonic field around the background, as derived
in Eq. (2.6). By introducing small perturbations to the metric
0D, 04, the fluid thermodynamical variables dp, ¢, én,,, and
the axion field da, we derive the linearized equations that
capture the evolution of these perturbations, accounting for
their mutual interactions and the coupling between the fluid
and the axion field in the curved spacetime.

The components of the four-velocity perturbation are
given by

Sut = (=6®e=®, e=®¢",0,0), (3.1)
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where we used the fact that 6(u*u,) = 0 and denoted the
fluid radial displacement by £". The EOS and the first law of
thermodynamics allow us to relate the perturbations of all
thermodynamic quantities as

a *
Sp =c2 (58 —n, (;7; 6a> (3.2a)

and

_(e+p)cd
=

Sp ony. (3.2b)

where ¢2 = (dp/0de), is the square of the speed of sound
and we assumed that (dp/da), =0 [see Eq. (2.8)].

In principle, thermodynamic relations involving per-
turbed variables, such as those given by Eq. (3.2), strictly
apply to Lagrangian perturbations [40,65]. As opposed to
the Eulerian perturbations used here, which describe the
change in a quantity A at a fixed point in space, Lagrangian
perturbations describe the respective change in a quantity,
A, along the trajectory of a displaced fluid element, and are
defined as AA = SA + £"A’. However, since the same EOS
is used for both the background and perturbed systems, it
can be demonstrated that the relations in (3.2) hold for both
Eulerian and Lagrangian perturbations.

Building on the equilibrium background configurations
introduced in Sec. IIB, we impose a harmonic time
dependence e~ on all perturbations. To first order in
the perturbation amplitudes, this leads to the following
system of equations:

2 ov om*
6_2/1561//—'— 6—2/150/<q)/ Y +;> —25/1<—+”b£>

da da
*vV . m
+ e 2d (60 - 51) - (W = wze—N’) Sa
a *
= &n,, 5511 . (3.3a)

6D — 51 <l + 2<I)’>
r

av
= 42Gre* {5;} - a—&a —dhe ™ (d')? + e‘”a’(éa)’} ,
a

(3.3b)

o) = —4nGre**|(e + p)& — e *d'sal, (3.3¢)

(8p)' + (8 + 6p)®' + (¢ + p)o® — a?(e + p)e2-P)gr
*m*
e

a *
—— (6nyad’ + ny(da)) —n d'éa, (3.3d)

da

and
(e p)eT+ (e ) (24 2+ @)

(3.3¢)

B. Boundary conditions

Imposing regularity of all the perturbed variables at the
origin implies the following expansions near the stellar
center:

5a"(0)

da(r) ~6a(0) + — (3.4a)
50(r) ~ 6D(0) + 5®;(0) 2, (3.4b)
SA(r) ~ 5/1”2(0) 2. (3.4¢)
and
&(r) ~ & (0)r. (3.4d)

Furthermore, hydrostatic equilibrium at the stellar surface
requires that the Lagrangian perturbation of the pressure
Ap vanishes, namely,
Ap(R) = 0. (3.5)
The last boundary condition to be specified controls the
behavior of da at large distances (r — oo). For an isolated,
oscillating NS, we require that no incoming axion radiation
be permitted. To impose this condition, we must examine
the solutions of Eq. (3.3) when r — 0.
Outside the star, the fluid variables (both perturbations
and background) vanish and the system (3.3) is reduced to
the following equations for the metric and axion variables:

2 o om
e 2sa" + e 254! <c1>'—,1’+—> —252 <—+n,, m >
r

da da

o*v
+e a (5 -1 — <F—wze_2‘b> da=0, (3.6a)

a
5@’—5ﬂ<1+2®/>
r
u|_9Y “2 (N2 1 =2 (S
=4nGre —a—5a—5/16 (d')*+e*d (6a)' |, (3.6b)
a

and

84 = 4znGrd'Sa. (3.6¢)
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Since the amplitude of the axion field decays exponentially
(a x e™™a"/r), terms proportional to a or its derivatives
become negligible at large distances. In addition, we know
that the gravitational mass M approaches a constant value,
as the only contributions to M’ outside the NS arise from
terms proportional to the exponentially vanishing axion
field. With this, equations in (3.6) are simply reduced to

2GM 2 M
(1 —G—>5a” + - <1 —G—>5a’
r r r

2
e Nsu=
(m“ 1—2GM/r>5a 0.

recovering the KG equation for perturbations of a scalar
field in a Schwarzschild background. The asymptotic
behavior of da at infinity comprises two linearly indepen-
dent solutions of the form

(3.7)

Sa Néeikr + Ee—ikr
r r ’

(3.8)

where k = \/w> —m2, and A and B are constants. The

physical condition of no incoming axion radiation is thus
equivalent to setting B = 0, thereby selecting the outgoing
solution.

Equations in (3.3), together with the prescribed boundary
conditions, define an eigenvalue problem describing the
coupled oscillations of the NS and the axion field. The
numerical procedure used to obtain the mode solutions,
together with some important subtleties related to cases in
which the imaginary part of k in Eq. (3.8) is large, are
addressed in the Appendix.

Since the axion perturbation da satisfies a wave equation
and can propagate beyond the star’s surface, part of the NS
oscillation energy can be transferred to the axion field,
resulting in the emission of axions to infinity and a
corresponding damping of the stellar oscillations. This
mechanism is analogous to the emission of gravitational
radiation from quadrupolar oscillations in NSs [66,67].
However, unlike GWs, which require a nonzero quadrupole
moment and are only sourced by modes with a multipole
degree [ > 2, the scalar nature of the axion field permits
axionic radiation even from purely radial pulsations
(I =0). This problem is similar to others discussed in
the literature involving fluids coupled to scalar degrees of
freedom, for example in the context of scalar-tensor
theories of gravity [68—71]. What makes this case distinc-
tive is the fact that it probes a direct coupling between the
scalar field and the fluid, as opposed to an indirect coupling
through gravity.

IV. A SIMPLIFIED DESCRIPTION OF THE
AXION-FLUID COUPLING

Before proceeding, let us examine a simplified version
of Eq. (3.3) that retains the essential physics and aids in

interpreting the results for the full system. To reduce
complexity, we neglect metric perturbations, background
derivatives, assume planar symmetry, and utilize the
following simplifications:

om* pon
N — 4.1
oa T 4f,’ (4-12)
PV Pm* , oNny,
W—i_nsﬁz (ma>2/’b/m£21<1 _€m%f%> (41b)

We then arrive at the following system of equations:

w? Bem>f2 (n,
5])” + C—g 517 = 2 (—C> 50”, (423.)
sp \ 1
50" + <a)2 —m3(1 —@>>59_ —m3<@> ( P ) =,
nC nC 8 + p CS
(4.2b)

where we used the relation (3.2b) and defined 60 = ;Z—“

To cast the equations into a more compact, dimension-
less form involving only a few constant parameters, we
introduce the following notation and approximations. From
this point on, all spatial derivatives are taken with respect to
the dimensionless variable X = m,x, and frequencies are
expressed in units of m,, i.e., ® = w/m,. In addition, we
approximate the radial density profile by a step function,

ny(x) = { g”"

=l

0>

if x <
o (4.3)
if x >

X0,
with a being a constant. Consistently, the axion background
is assumed to be a step function with & = 7 if @ > 1 and
6 = 0 otherwise. The distance X, represents the NS radius
in units of m,. Note that the axion effective mass at finite
density (m?)? = m2(1 — @) can be negative if a > 1.
For x > X, the fluid perturbations vanish, and we are left
with the axion equation
80" + (@* — 1)80 = 0. (4.4)
For X < X, we also define the dimensionless variable
op = W&p, and the dimensionless coupling parameter

o maf

T (e+p)ed

Since m2f2 ~¢e13 MeV/fm? and ¢? ~ 0.3, we have for
(€ + p) ~ 500 MeV/fm® that 22 ~ €0.02.
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Thus, we can write

=2
55" + %57) — —2225p — a(@® — 1 + )0,  (4.52)
80" + (0* = 1 + a)50 = —\2adp. (4.5b)
or in matrix form
(5;3)/' (i’—§+a2/12 a(@* -1 +a)> <5p>
50) al? @*—1+a 60
57
- —M( P ) (4.6)
50

The eigenvalues k? of the matrix M obey the character-
istic equation

(@ =1+ a—k) (@ —k*c?) — a?2%k>c2 =0, (4.7)
which leads to a quadratic equation in @2,
& — (21 + ) + (1 - a))
+ 2K (K2 + (1 —a) —a?2%) =0, (4.8)

with solutions

e R41-—at+iP /(P +1—a—k>c2)? +4C%/_€2a2/12.

2

Case A — 0. Consider first the decoupling limit 4 = 0. In
this situation, there are two possible independent classes of
modes in the interior: discrete, confined fluid-dominated
modes with a dispersion relation @* = k?c?, and the
spectrum of axion modes with dispersion relation
=K +1-a

In the exterior @ = k% + 1, so that:

(i) For @* < 1, the axion field becomes evanescent,

decaying as ~e .
(i) For @ > 1, the axion field admits plane-wave
solutions e**w* with k,, = V@* — 1.

However, the restrictions imposed by the boundary
conditions and the continuity of the function and its
derivative are worth discussing. The interior and
exterior solutions satisfying the corresponding boundary
conditions are

80 = A(e’*e* + ety % < X, (4.9)

80 = Celfu® % > %, (4.10)
where k2=@&’—1+a, and we assume Re(®) > 0.
Imposing continuity of 56 and 56 at x, leads to the

condition

kg tan (k,Xg) = —ikoy. (4.11)
If we look for solutions with @ € R, the above equation
only admits solutions when 1 —a < @> < 1. Thus, the
radial dependence of (m})? comes into play. Inside a
realistic NS, the effective mass depends on n, and 6,
resulting in a nontrivial potential for 69, which may allow
the existence of axion quasinormal modes (QNMs), or even
quasibound axion modes [for cases in which @* > (m})?
inside but @? < m? outside]. Such modes would be
localized in the interior while slowly leaking out via
tunneling, and would appear in the low-frequency axion
spectrum.

a. Case A# 0. Let us now turn to the more general
coupled case with 4 # 0. The first natural expectation is the
hybridization of modes: discrete fluid oscillations couple
to the axion spectrum and are promoted to QNMs with
complex frequencies, where the imaginary part encodes
damping through axion radiation. The axion spectrum
remains present, but may display resonant features in the
vicinity of the fluid QNM frequencies.

To proceed with the discussion, it is convenient to invert

@?* (k) and define k2(&) = i’—;, K2 (@) = @* — 1 + a, so that

we can now write explicitly

o R+ 2+ a2+ /A (D)

2 5 , (4.12a)

A@) = (B — B2 + 22 + 402 22R2.

(4.12b)

logyo | f(@)]

0 5 10 15 20 25 30
Re (@)
FIG.3. QNM spectrum landscape for the simplified model. The

plot displays the values of Eq. (4.13) in the complex plane, for
22 =0.001,a = 10,¢? = 0.3, and x, = 0.6. The bright yellow
regions indicate the locations of the QNMs, with the two distinct
families clearly identifiable.
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TABLE 1. Frequencies f, (in kHz) of the first four radial
oscillation modes (n denoting the mode overtone), for ¢ = 0.1
and different axion masses m, (in kHz), neglecting the axion
perturbations [corresponding to the minima of |Ap(R)| in the
orange curves of Fig. 4]. The frequencies of the pure fluid modes,
in the absence of an axion condensate, are also given for reference
[corresponding to the minima of [Ap(R)| in the blue curves of
Fig. 4].

m, (kHz)  fo (kHz)  f, (kHz)  f, (kHz)  f5 (kHz)
No axion 3.10 7.27 10.22 11.63
2.8 3.14 7.32 10.26 11.67
3.0 3.32 7.54 10.46 11.86
4.0 3.63 8.03 11.25 12.84
5.0 3.67 8.14 11.56 13.45
6.0 3.68 8.18 11.71 13.87
8.0 3.69 8.22 11.88 14.45
12.0 3.72 8.27 12.07 15.16
me =28 kHz , ¢ =0.1
10—IL
10744
—~ 107%3 Vi
) /
= 10704 \
i [ /
10-74
10784 —— |Ap| pure fluid
|Ap| axion background
|Ap] axion backround + perturbations
e
1 2 3 4 5 6 7 8 9 10 11 12
f (kHz)
m, = 6.0 kHz , e =0.1
10734
\\
10744 7 \
I .
H ' N
= 10-%
z:]ﬁ
T 1077 [
1084 —— |Ap]| pure fluid
|Ap| axion background
|Ap] axion backround + perturbations
ey
1 2 3 4 5 6 7 8 9 10 11 12
f (kHz)
FIG. 4.

It can be shown that, for @*€R, k% > max (k2,k?) >
min (K2, k2) > k% > 0.

By diagonalizing the system (4.6), one may introduce
characteristic variables, which admit plane-wave expan-
sions with wave numbers k.. Enforcing the relevant
boundary conditions and matching the interior solution
to purely outgoing waves in the exterior leads to the
following relation:

f(@) = (k2 — k* )k, tan (k, %) — (k3 — k% )k_ tan (k_X,)
+ ko VA = 0, (4.13)

whose solutions are the QNMs. It can be readily shown
that in the limit 4 =0, the above equation simplifies
to Eq. (4.11).

Figure 3 shows the landscape of QNMs in the complex
frequency plane, for typical values of the parameters
in a NS. The horizontal axis represents the real part of

me =3.0kHz , e =0.1

10-34
—~ 1074 ~
. 7
= . [
— 10-64
= 10 P
=
3 (
- 1077<
10784 —— |Ap| pure fluid
|Ap| axion background
10-9 |Ap] axion backround + perturbations
1 2 3 14 5 6 7 8 9 10 11 12
)
mg = 12.0 kHz , e = 0.1
-3
10 Ny
107 7 \
=1 _ -
= 107 /7 \
£ 1079
Y
<
— 4
1074
10°84 — |Ap| pure fluid
|Ap] axion background
10-9 |Ap| axion backround + perturbations
1 2 3 4 5 6 7 & 0 10 11 12

f (kHz)

|Ap(R)| (in arbitrary units) as a function of the real part of the frequency f (in kHz), for e = 0.1 and different axion masses m,

(in kHz). The three curves correspond to the solution without an axion field (blue), the solution for which the axion perturbations are

omitted (orange), and the full solution (cyan).
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logo |Ap(R) (a.u.)|

0 5 10 15 20 25
Re(f) (kHz)
FIG. 5. QNM spectrum landscape for m, set to 3.0 kHz. It

reveals the two families of modes: fluid-dominated ones with
mild damping, and axion-led modes with stronger damping. The
simplified model introduced in Sec. IV and illustrated in Fig. 3
showed the same qualitative characteristics as this plot.

the frequency, Re(®), and the vertical axis represents the
imaginary part, Im(@). The color scale indicates the
magnitude of the function, log;, |f(@)|, such that the zeros
of the function correspond to localized minima (bright
yellow spots) in the plot. Two distinct families of modes
are clearly visible: close to the real axis one finds the
fluid-dominated modes, which correspond to oscillatory
solutions with relatively low damping, as seen from the
clustering of minima near the real axis. In contrast, at larger
negative imaginary parts, a second family appears (the
axion modes), which are strongly damped, as indicated by
their deeper positions in the complex plane. This clear
separation between weakly damped fluid-dominated modes

TABLE II.

and highly damped axion modes highlights the character-
istic structure of the QNM spectrum.

V. RADIAL MODES IN A REALISTIC NEUTRON
STAR WITH AN AXION CONDENSATE

We will now proceed with the computation of the radial
mode spectrum of a NS, described by the BSk26 EOS
and coupled to an axion field, by solving the eigenvalue
problem outlined in Sec. III. Our background model is an
M =153Mg, R =117 km NS, with a central pressure
of py = 100 MeV/fm?.

In order to establish a baseline for the mode behavior,
we first solve the problem in the absence of the axion
field. The frequencies of the first four radial modes for
this case are given in Table I. Subsequently, to investigate
the variation of the mode frequencies with respect to m,,
we will span the range where the axion field is dynami-
cally sourced and the axion mass is of the order of kHz—
specifically, we will consider axion masses lying in the
range [2.8, 12] kHz.

The axion condensate influences the mode frequencies
for two different reasons: (i) by modifying the star’s
background structure and (ii) by altering the perturbation
equations governing the oscillations. To disentangle the
physical origin of the induced frequency shifts, the
perturbation equations in (3.3) are solved both with
and without the perturbations of the axion field (while
always retaining the effects of the axion on the back-
ground structure).

Our method for identifying the fluid-dominated modes is
illustrated in Fig. 4, where we plot the absolute value of the
Lagrangian perturbation of the pressure at the NS surface,
|Ap(R)|, as a function of mode frequency for four selected
parameter combinations. The three curves correspond to
the solution without an axion field (blue), the solution for
which the axion perturbations are omitted (orange), and the
full solution (cyan). The locations of the mode frequencies

Frequencies f,, (real part in kHz, imaginary part in Hz) of the first four radial oscillation modes (n

denoting the mode overtone), for ¢ = 0.1 and different axion masses m,, (in kHz), based on solving the full problem
[with the real parts corresponding to the minima of |Ap(R)| in the cyan curves of Fig. 4]. The frequencies of the pure
fluid modes, in the absence of an axion condensate, are also given for reference [corresponding to the minima of

|Ap(R)| in the blue curves of Fig. 4].

fo S fa /3

m, (kHz) Ref (kHz) Imf (Hz) Ref (kHz) Imf (Hz) Ref (kHz) Imf (Hz) Ref (kHz) Imf (Hz)
No axion  3.10 7.27 10.22 11.63

2.8 3.13 —8.80 7.31 ~2.60 10.25 ~1.04 11.66 —0.394
3.0 3.26 —437 7.49 —6.10 10.46 -2.15 11.84 —0.854
4.0 3.49 0 7.96 -38.9 11.21 —4.55 12.82 -1.06
5.0 3.50 0 8.05 -8.38 11.52 ~7.74 13.44 —4.02
6.0 3.47 0 8.11 -2.05 11.66 -225 13.85 -2.01
8.0 3.42 0 8.12 -36.2 11.80 -6.71 14.42 -5.22
12.0 3.36 0 8.09 0 11.98 ~12 15.08 ~114
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TABLE IIL

Frequencies f% (real and imaginary parts in kHz) of the first three axion radial modes (n denoting the

mode overtone), for € = 0.1 and different axion masses m, (in kHz), obtained by solving the full problem, i.e., the

perturbed equations for all metric, fluid, and axion variables.

fo
m, (kHz) Ref (kHz) Im f (kHz) Ref (kHz) Im f (kHz) Ref (kHz) Im f (kHz)
2.8 0.749 0 10.50 —4.30 19.29 -5.82
3.0 2.00 0 11.23 —431 20.06 -5.94
4.0 2 ~14 16.36 —3.45 22.99 -5.37
5.0 1.8 -2 20.30 —2.22 25.54 —4.70
6.0 2 -2 2351 ~1.50 28.22 -3.81
8.0 3 -2 29.86 ~0.98 33.55 -2.50
12.0 4 -3 42.97 ~1.08 45.19 -1.50

can be clearly recognized by the deep, pronounced minima,
where |Ap(R)| approaches zero.

In Table I we summarize our results for the case where
axion perturbations are neglected, using the same param-
eter combinations as in Fig. 4. As m, increases, the
upwards shift in the oscillation frequencies of all fluid
modes is, in this case, only attributed to the structural
changes in the background NS induced by the axion
condensate. The effect is more pronounced as the axion
mass and the mode overtone increase.

When axion perturbations are also taken into account, the
real parts of the mode frequencies experience an additional
shift. This shift partially compensates for the effect of
the axion background, leading to a slight reduction in the
mode frequencies compared to the case where the axion

167 o f 7
A fi 4 x
/o 0
ul = P ./
X f3 x /
) 7
129 - I/l (] ,/H -2
< [ 7/ Qe e ~
s . 7/ T T
< 104" / N =
— / N O -1 =
~ /. pad @Q\ =
\q_)/ 5 JRe QL =
i A A y\s _
S B
/ "e —6
/ td
617 -
,/
td
/,, 78
41—t
td o
s
4 6 8 10 12
m, (kHz)

FIG. 6. Real part of the mode frequency (kHz) against m,, (kHz)
for the fluid-dominated modes, as detailed in Table II. The color
scale shows log|Im f(Hz)| and the marker size also grows
proportionally to |Im f|. We overplot with dashed and dash-
dotted the two lines corresponding to Re(f) =m, and
Re(f) = 2m,, respectively.

perturbations are neglected. A second, and arguably more
significant, consequence is the appearance of an entirely new
family of modes, tied to the oscillations of the axion field. A
general view of the landscape of the QNMs is presented in
Fig. 5. The insights from the simplified fluid-axion model in
Sec. IV provide valuable intuition for understanding the
general case, which exhibits strong qualitative similarities.

The precise oscillation frequencies of the fluid-domi-
nated and the axion modes, including their imaginary parts,
obtained by solving the full problem, are presented in
Tables II and III, respectively. An instructive illustration of
the frequencies of the fluid-dominated modes (Table II) is
also presented in Fig. 6. Our results show that, through their
coupling with the new axion-led oscillations, the original
fluid modes acquire a small imaginary component, corre-
sponding to a relatively short damping time (on the order of
seconds), significantly faster than other potential damping
mechanisms, such as viscosity [72,73].

All qualitative features are clearly visible in Fig. 6.
Modes with Re(f) < m, remain undamped (grey), whereas
those above this threshold have damping times on the order
of seconds. Notably, the modes located near Re(f) = m,
and Ref = 2m, display the strongest damping, which can
be understood as resonances with the natural frequencies of
the emitted axion modes.

VI. SUMMARY

Our results show that the presence of an axion con-
densate inside NSs leads to significant modifications of
both their equilibrium structure and oscillation spectra.
Increasing the axion mass makes the star more compact and
results in a slight shift in the frequencies of the fluid-
dominated radial modes. The coupling between the fluid
and the axion field introduces an efficient damping channel
via axion emission, with damping timescales of order
seconds for kHz-mass axions.

The presence or absence of damping in the oscillation
spectrum could provide a potential observational handle on
the axion mass. In particular, fluid modes with frequencies
below m, are essentially decoupled from the axion field
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and exhibit almost no damping. Conversely, modes with
frequencies higher than m,, are strongly damped, especially
in the vicinity of resonances (as illustrated in Fig. 6). In a
hypothetical observation of radial modes, the absence of
any detectable damping across the full observed spectrum
would set a lower bound on the axion mass, given by the
maximum measured mode frequency. On the other hand,
the detection of rapidly damped modes at several frequen-
cies would suggest that the lowest of these frequencies
provides an upper bound on the axion mass. Combining the
two facts, detecting undamped oscillations up to a certain
frequency, beyond which no persistent modes are observed
(or only heavily damped ones appear), would constrain the
axion mass to be larger than the highest detected frequency.

Although radial oscillations in NSs are unlikely to
be directly observed with current instruments, the same
qualitative features induced by axion couplings should also
apply to nonradial oscillations, for which the prospects are
more promising. Future work will extend this analysis to
nonradial oscillations, where mode couplings and reso-
nance phenomena are expected to play a key role.
Nonradial modes generate GWs, the detection of which
is one of the scientific goals of the upcoming generation of
detectors, like the Einstein Telescope [74] and Cosmic
Explorer [75]. This would provide a unique opportunity for
probing axion physics through GW observations.
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APPENDIX: NUMERICAL PROCEDURE TO
COMPUTE HIGHLY DAMPED MODES

To numerically integrate the system (3.3) we use the
solve Dbvp function from Python’s scipy.integrate

library [76], which uses a collocation algorithm to convert
the differential equations into a system of algebraic
equations. By iteratively refining the initial guess, it even-
tually converges to a solution that satisfies both the differ-
ential equations and the specified boundary conditions [77].

However, there is a subtle point that needs to be
addressed. Picking up the outgoing solution for da in
Eq. (3.8) becomes numerically challenging if the imaginary
part of k is large. For complex k, the two terms in Eq. (3.8)
exhibit opposing exponential behaviors, causing the
ingoing term (which should vanish) to become so much
smaller than the outgoing term that it makes it impossible to
track, due to roundoff errors. The same numerical challenge
also arises when integrating the Zerilli equation to compute
the spacetime w-modes [56,78,79]. One way to overcome
this problem is by using the phase-amplitude method
[79,80]. In this approach, the radial coordinate r can
assume complex values, thus allowing us to choose a
complex integration path that suppresses the exponential
divergences.

Following [79], we apply the following variable trans-
formations to Eq. (3.7):

Sa = (1 - 2GM>_]/23 (Ala)
r r
Y= %exp [i/Rr er]. (Alb)

Then, we obtain the following differential equation for the
phase function Q:

1 &0 3 (d0
20 drr  40* \ dr

>2+Q2—W:O, (A2)

where the potential W(r) is given by

W(r)E(1—2GM>_2{<GF—12W>2—H<2+%]. (A3)

r r

Extending the differential Eq. (A2) into the complex r
plane is straightforward since the potential W is a known
function of r. However, this equation may be inaccurate
near the NS surface, where the axion background terms
neglected in the derivation of (3.7) may become significant.

To assess the possible errors introduced by the omission
of the axion background terms, we compare the direct
integration down to the star surface with another two-step
integration procedure. First, we integrate (A2) in the
complex plane from a large radial distance down to a
matching point where the axion amplitude has decayed
sufficiently and thus the axion background terms may still
be neglected. This point is typically located at a distance
of order 1/m, above the NS surface. For this integration
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we use the simplest path: a straight line with slope
—Im(k)/Re(k) intersecting the real axis at the matching
point. Then, we proceed with integrating the full system
(3.6) along the real axis down to the NS surface. This final
integration on the real line is not affected by exponential
divergences, provided that Im(k/m,) < 1.

We have verified that changing the location of the
matching point described above and adjusting the tolerance
of the boundary-value problem solver have no impact on
the fluid-dominated modes, in which we typically find
differences at the third significant digit in the real part
of the frequencies, except for the f, mode in the case of
m, = 12 kHz, where the uncertainty in the imaginary part
is somewhat larger (about 25%).

For the highly damped axion modes (¢, f4), the results
show some sensitivity to shifting the matching point from
the star surface to 0.5/m, or 1/m,, with the imaginary part
being more sensitive than the real part of the frequency. In
any case, for most modes the imaginary components are
accurately resolved (with errors below 1%). The funda-
mental axion modes (f§) are the most sensitive to

numerical inaccuracies due to the choice of matching
point. For m, = 4 kHz and 5 kHz, the real parts vary by
about 10%, while the damping changes by 30% and 10%,
respectively. At m, = 6.0 kHz, the estimated errors in the
real part and imaginary part are about 30% and 40%,
respectively. For higher axion masses, the f{j frequencies
are only reliable within a factor of 2.

To summarize, our procedure for obtaining the mode

frequencies is the following:

(i) For a chosen value of w?, we integrate Eq. (A2)
using the phase-amplitude method, as described
above. This yields the values of the axion perturba-
tion and its derivative at the NS surface.

(i) These surface values serve as the boundary con-
ditions for the interior problem. We solve the
system of equations (3.3) inside the NS, using the
solve bvp function.

The final output of this procedure is Ap(R). The eigenm-
odes of the system correspond to those values of @’ that
minimize Ap(R).
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