PHYSICAL REVIEW D 113, 084029 (2026)
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The recently proposed first-order viscous relativistic hydrodynamics formulation by Bemfica, Disconzi,
Noronha, and Kovtun (commonly known as the BDNK formulation) has been shown to be causal, stable,
strongly hyperbolic, and thus locally well posed. It is now a viable new option for modeling out-of-
equilibrium effects in fluids, and has attracted wide attention in its potential applications to astrophysical
systems. In this work, we present the first nonlinear numerical simulation of spherically symmetric neutron
stars using the BDNK formulation under the Cowling approximation. Using a simplified equation of state,
we show that stable evolutions can be constructed within a restricted parameter space up to the simulation
time we explored. From these simulations, we analyze the frequency content of the quasinormal modes and
the decay rate of the fundamental mode. This analysis serves as a first step toward constructing a fully
consistent model of neutron stars using the BDNK formulation.
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I. INTRODUCTION

Binary neutron star (NS) mergers are among the most
fascinating astrophysical phenomena in the Universe. They
offer a unique laboratory for probing fundamental physics
under extreme conditions. The observation of the event
GW170817 [1-3] initiated the field of multimessenger
astronomy and has motivated further experimental and
theoretical work. These systems provide a window into the
properties of strongly interacting matter at high densities, the
creation of heavy elements, the strong regime of gravity, and
the nature of gravitational waves. While current gravitational
wave detectors primarily capture the inspiral phase of the NS
merger, future observatories such as the Einstein Telescope
[4] and Cosmic Explorer [5] will access the postmerger
regime, in which rich physical processes are present.

Numerical simulations of binary neutron star mergers
play a central role in these studies. So far, the majority of
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such simulations treat the neutron star matter as an ideal
fluid. The motivation behind this assumption is that the
thermalization timescale is set by the microscopic timescale
of quantum chromodynamics (QCD), which is of the order
of 10723 s, while the typical macroscopic evolution time-
scale of the binary neutron star merger is of the order of
1073 5. Therefore, the two relevant timescales are separated
by 20 orders of magnitude and the assumption that system
is in local thermal equilibrium (and hence neglecting
the viscous effects from QCD) should be a very good
approximation.

To produce simulations that closely resemble astrophysi-
cal systems, all relevant physics must be included. In this
context, it is important to analyze whether weak processes
may play a significant role in the out-of-equilibrium
dynamics of neutron stars. Initial estimations of the possible
relevance of weak processes suggested that the restoration
of beta equilibrium during the highly dynamical postmerger
regime might operate at similar timescales to the macro-
scopic dynamics of the system, thus giving rise to effective
dissipative effects [6]. These first estimations motivated
further studies, and evaluating the consequences of the
dissipative effects in neutron star mergers has become an
active area of research.

Published by the American Physical Society
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There has been recent progress in the microscopic studies
of weak processes in the background of neutron star matter,
including hadronic [7-9] and quark matter [10,11], account-
ing for possible phase transitions to quark matter. Similarly,
there have been efforts in quantifying the effects of weak
processes in the numerical simulations of neutron star
mergers [12—-14]. The picture that has emerged from these
studies is that, while the QCD degrees of freedom are
thermalized very fast, the weak degrees of freedom might
not be at local thermal equilibrium. Discerning whether they
are near equilibrium or far from equilibrium is still an open
question, and addressing it depends on both the microscopic
computations and numerical simulations. Assuming that the
system is near thermal equilibrium, a description of the
dynamics of the system based on viscous hydrodynamics
should be adequate. Therefore, carrying out simulations of
neutron star mergers with viscous effects has become a
pressing challenge. A groundbreaking result on this front
was achieved by Chabanov and Rezzolla [15-17], who
were the first ones to simulate neutron star binary mergers
including viscosity. However, further studies are needed to
understand the impact of viscous effects on the various
observables. Other numerical works implementing viscous
effects include studies in spherical symmetry [18] and in
related scenarios [19-22].

Introducing viscosity in a theory of relativistic hydro-
dynamics presents some difficulties that we now describe.
As originally formulated decades ago, the relativistic
versions of the Navier-Stokes equations written by
Eckart [23] and Landau and Lifshitz [24], respectively,
were found to be mathematically ill posed [25], and hence
inadequate to describe the dynamics of real-world relativ-
istic viscous fluids. An alternative formulation, which is
mathematically well posed (at least in some regimes), was
put forward by Miiller, Israel, and Stewart (MIS) [26-28].
In this MIS approach, the hydrodynamic expansion is
extended up to second order in derivatives of the thermo-
dynamic variables, and the dissipative part of the stress
tensor is promoted to a new variable, with its own ad hoc
evolution equation. By introducing the new variables and
their corresponding evolution equations, the new set of
evolution equations enjoys better mathematical properties.
Clearly this procedure is not unique, and hence one does not
refer to a single MIS formulation of relativistic viscous
hydrodynamics. More recently, the MIS approach has been
applied to construct new theories of viscous hydrodynamics
(see e.g., Refs. [29,30]), some of which are implemented in
modern codes that have been successfully used to describe
the experimental data of the quark-gluon plasma produced
in heavy-ion collisions. In these cases, viscous effects have
been found to be important to correctly interpret the data.
Other mathematically consistent theories of dissipative
fluids were put forward by Geroch and Lindblom [31],
i.e., divergence-type theories. Remarkably, it was later

shown that, under suitable conditions and assumptions,
MIS theories and divergence-type theories have the same
physical content [32,33].

Despite their successes, MIS formulations present some
important limitations. It was not until recently that the
first mathematical proof of well posedness for a specific
MIS formulation was obtained [34], while for other MIS
formulations this analysis is still lacking. Furthermore, by
checking the well-posedness conditions of the MIS equa-
tions in realistic hydrodynamic simulations of the quark-
gluon plasma, unsurprisingly it was found that there can be
significant violations, mostly at the initial stages where the
viscous terms are not small [35-38]. These results indicate
that the theory is being applied outside its regime of validity
and hence it might not provide an accurate description of
the experimental data. Therefore, to model the experimen-
tal data, one needs to use a theory that at least has a well-
posed initial value problem, like the theory that we now
present.

Recently Bemfica, Disconzi, and Noronha [39,40], and
Kovtun [41] (BDNK), proposed a new well-posed formu-
lation of first order relativistic viscous hydrodynamics
based on an effective field theory approach. In this new
formulation, one considers arbitrary field redefinitions of
the thermodynamic variables up to first order in derivatives,
which defines an arbitrary hydrodynamic frame (i.e., an
extension of the thermodynamic variables off equilibrium).
By imposing causality and well posedness, they identified
open sets of hydrodynamic frames for which the theory is
mathematically sound. Unsurprisingly, the Landau and
Eckart frames are excluded from the allowed frames.

These mathematical results were followed by some
numerical works that tested this new formulation in highly
nontrivial settings [42—50]. In particular, [51] used the
BDNK theory to describe experimental data of the quark-
gluon plasma created in heavy-ion collisions at the LHC,
since it offers potential solutions to some of the problems
present in the state-of-the-art codes based on the MIS
formulation. These successes further motivate the applica-
tion of the BDNK formulation of relativistic viscous
hydrodynamics to astrophysical systems.

The MIS formulations seem to be a natural framework to
describe viscous effects in neutron mergers since, until
recently, this has been the standard approach for describing
viscous relativistic fluids. In fact, the recent work of Chabanov
and Rezzolla [15-17] uses a particular MIS formulation.
Thus, one can check if the problems that MIS formulations
present in other contexts, can also arise in realistic numerical
simulatoins of binary neutron star mergers. Interestingly, in
these papers the authors checked the well-posedness con-
ditions obtained in [34], and they find regions of spacetime
where these conditions are not satisfied.

On the other hand, at the heart of the BDNK framework
is the freedom to choose the hydrodynamic frame, an
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important property that MIS does not have.' Using this
freedom, one can choose the parameters/functions that
specify the frame to be suitable functions of the system’s
variables and thus prescribe the characteristic velocities of
the system. These velocities can be specified a priori,
independently of initial data or the evolution of the variables
(and their derivatives), and hence ensure the well posedness
of the evolution equations. Therefore, the BDNK framework
can potentially be well posed in a wider range of situations
than the corresponding MIS formulations, which provides
strong motivation to explore viscous effects in neutron star
mergers within this framework. That said, a word of caution
is due; even if the BDNK evolution equations are well posed,
the system may not be in the hydrodynamic regime, in which
case the BDNK framework would not necessarily provide an
accurate description of the relevant physics.

In this paper, we go beyond the state-of-the-art and use
the BDNK equations to simulate the dynamics of neutron
stars.” More precisely, we study radial, spherically sym-
metric oscillations of an isolated neutron star treating the
fluid fully nonlinearly whilst keeping gravity nondynam-
ical for simplicity (Cowling approximation). We use a
simple model for the equation of state and transport
parameters as a first study in this direction. Moreover,
we do not include the evolution of the rest mass density
equation in our description. In this setup, we perform long-
time evolutions and study the nonlinear evolution of small
perturbations, as well as evaluate the effect of the viscosity
and the use of different hydrodynamic frames.

This paper is structured as follows. In Sec. II, we provide a
brief overview of the BDNK formulation. We will outline its
3 4 1 decomposition and the adaptations to spherical sym-
metry, including the numerical methods we use for performing
simulations. The equation of state is also specified. In Sec. III,
we present the numerical results of our simulations. This is
followed by an analysis of the quasinormal mode frequency
spectrum and the decay rate of the fundamental mode.
Throughout this paper, we work in geometric units
G = ¢ = 1. Unless otherwise stated, we use Greek letters
U, U, ... that run from 0 to 3 to denote spacetime indices, and
Roman indices i, j, ... that run from 1 to 3 to denote spatial
indices. We adopt Einstein’s convention for summing over
indices, and our metric signature is taken to be mostly positive.

II. BDNK FORMULATION OF RELATIVISTIC
VISCOUS HYDRODYNAMICS

Consider the stress-energy tensor of an ideal (noncon-
formal) fluid,

"Typically, MIS formulations work in the Landau or Eckart
frames, since they are very natural in terms of organizing the
hydrodynamic expansion.

‘We note that recently, linear perturbations of viscous neutron
stars have been studied using the BDNK formulation [52,53] and
other viscous relativistic hydrodynamics frameworks [54].

T" = eut u” + p(e) A™, (1)

where € represents the total energy density of the fluid, u* is
the four velocity, and p is the pressure, which is determined
by the equation of state (EoS) p = p(e). We have also
introduced the projector onto the space orthogonal to u*,
namely

AW = g o, 2)

The equations of motion follow from projecting the
conservation of the stress-energy tensor

V, 1% =0 (3)

in the direction along and orthogonal to u*. By using the
stress-energy tensor in Eq. (1), these projections give

u'Ve+ (e + p)(V,u') =0, (4)
!/
AT ERLAGINT (5)
€+p

Hydrodynamics can be thought of as the effective field
theory (EFT) describing the dynamics of fluids near
thermodynamic equilibrium. In this context, the ideal fluid
stress-energy tensor (1) is the leading order term in a
derivative expansion of infrared (IR) variables, namely the
energy density and velocity of the fluid in this particular
case. In the ideal fluid stress-energy tensor (1), these
variables appear with no derivatives. Dissipative effects
are incorporated as new terms in the stress-energy tensor of
the fluid with nonvanishing derivatives of the thermody-
namic fields. It is well known that this derivative expansion
is nonunique because the thermodynamic variables are not
uniquely defined away from equilibrium (see e.g.,
Ref. [41]). Every choice of the thermodynamic variables
away from equilibrium corresponds to a specific choice of
hydrodynamic frame. For instance, the widely used Landau
frame is defined such that uﬂTgiyssipative =0, and it is well
known that the initial value problem for relativistic dis-
sipative fluids in this frame is ill posed [25).°

In the context of EFTs, it is natural to consider the most
general stress-energy tensor at every order in the derivative
expansion. This was the basic idea of [39,41], who
considered field redefinitions of the thermodynamic vari-
ables up to first order in derivatives, and showed that there
exist choices of hydrodynamic frames for which the initial
value problem is well posed. Unsurprisingly, such choices
exclude the Landau frame. The resulting formulation of
viscous relativistic fluids is known as BDNK. In this paper,
we will follow BDNK and consider the following form of

The same applies to Eckart’s frame [23], but this is not
relevant for us since we are not considering charge density.
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the stress-energy tensor for relativistic viscous fluids up to
first order in derivatives,

" = (e + A)u' v’ + (p + A" + Q' u¥
+ut Q' —2no", (6)

where the new terms in the stress-tensor are given by

A =1 [u'V, e+ (e + p)(V,u')],
= —¢V,u' +17,[u"V e+ (e + p)(V,ut)],
' =1g(e+ p)u'V,u' + p A"V e,

and
1
o =2 [A”"A”ﬁ(vauﬁ + V)
2
- g A””A“ﬂvauﬂ} (7)

is the shear tensor. Note that the new terms in (6) contain
first derivatives of the energy density and the four-velocity
of the fluid. The viscous stress-energy tensor (6) is not the
most general one that arises from the field redefinitions
considered in [39,41,55]. Here, we have already made the
same choices of the coefficients in the derivative expansion
as in [56] to guarantee that the corresponding theory of
relativistic viscous fluids is (i) causal, (ii) stable, and
(iii) strongly hyperbolic (hence locally well posed), see
Ref. [56] for the proofs.

The terms 7., {, © > T0s Pe, 1 in (6) are known as transport
coefficients and, in our particular case, they are functions of
the energy density €. The coefficients { and # determine the
strength of the dissipative effects and they are the only
transport coefficients that are independent of the choice of
hydrodynamic frame at this order in the derivative expan-
sion. In principle, one can compute them given a micro-
scopic theory. This is the reason why these coefficients are
regarded as the physical transport coefficients and they are
given special names, namely the bulk viscosity and the
shear viscosity, respectively. The coefficients z., 7, and 7
are known as the relaxation times, as they determine the
time scales over which the dissipation occurs. Finally, the
coefficient ., controls the contribution of the energy
density to the heat flux. The choice of transport coefficients
corresponds to specifying a certain hydrodynamic frame. It
is worth noticing that, for our choice of the viscous stress-
energy tensor (6), some of the viscous contributions
included within A and IT (but not O*) contain terms that
are proportional to the ideal equations of motion. We will
come back to this point below.

At this stage, we make yet another special choice of field
redefinitions at this order in derivatives. To ensure that

O* is proportional to the zeroth order equation of motion (5),
we choose . = 7o p’ (¢).} so that

Q' =1ol(e + p)u'V, u' + p'(e)A*V,e].  (8)

Making field redefinitions that are proportional to the
lower-order equations of motion is the usual procedure in
classical EFTs; it effectively reduces the freedom in making
such field redefinitions and it ensures that the contributions
of the terms in the expansion that are sensitive to the choice
of hydrodynamic frame are subdominant with respect to
those terms that are invariant at the same order in the
derivative expansion. This is the reason why the latter are
considered to be “physical.”” In the case of relativistic
viscous hydrodynamics, the particular choice of frame that
we have made ensures that the dissipative effects encoded
in the shear and bulk viscosity terms dominate over the
remaining first derivative terms. In fact, with our choice and
in the regime of validity of hydrodynamics, the latter are of
higher order precisely because they are proportional to the
ideal equations of motion. A more detailed discussion of
the effects of the choice of hydrodynamic frame in
conformal relativistic viscous hydrodynamics can be found
in [44].

A. 3+1 decomposition of BDNK equations

The conservation equation (3) can be written as an
evolution system by performing the standard 3 + 1 decom-
position. First, the line element is explicitly decomposed
into time and coordinate components, namely

ds> = Gudx! dx*
= —a?dr* +y;(dx" + p di)(dx) + p/ dr),  (9)

where a is the lapse function, f is the shift vector and y; j1s
the induced metric on the spatial hypersurfaces defined by
t = const. For a more geometrical formulation, one can
define n, = —a(dt), as the unit timelike covector orthogonal

to these hypersurfaces, with n# =1 (9} — pd!) the associ-

ated timelike unit vector, ie., n,n* = —1. Therefore, the
induced metric can be written as
Yuw = Guv + n,ny, (10)

while we can introduce the extrinsic curvature as

1
K;uz = _Eﬁn}/;w (11)
=—(V,n,+n,a,), (12)

*We note that [46] made a similar choice in their more general
setting.
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where a, = n*V,n, is known as the acceleration of the
normal vector. Note that a* is a spatial vector, i.e., n”a# =0.

After these preliminaries, we can perform the same
decomposition for the fluid fields. The four-velocity u*
can be decomposed in terms of n* and the spatial velocity
v (i.e., n*v, = 0), namely

w = W(n* +ot), (13)
where

1 1

V1=, 0 \/1 —yyvnd

is the usual Lorentz factor. The components of the velocity
vector v* can be written explicitly

w

(14)

v :1<”—l+ﬂf>. (15)

vl =0, ;
a\u

Similarly, the decomposition of a general stress-tensor
T in components tangent and perpendicular to the spatial
hypersurfaces is given by,

TW = Enfn¥ + S'n* + 0 S+ 5%, (16)
with
E=n,n,T", St = —ptong T,
S =yt v s T, (17)

These projections correspond to the energy density, the
linear momentum density and the tensor of stresses,
respectively. Again, in the coordinates (9), the different
components of the stress tensor are,

. . . . 1 . .
T'=p~aS.  T,=-_fS+S. (18)

The projection of the conservation equation (3) gives a
system of balance laws,

2,9 + 0;F'(q) = S(q). (19)

In terms of the projections (17), they are given by

0,(VYE) + 9;[\/7(aS' = B'E)] = a\/7(SVK;; = §'9; Ina),
(20)

0(V7S)) + dilyr(aS'; = pS;)]

1 . 1 .
= a\/y(ES’kﬁjyik +(—XSI 6]/)” - E()J lna) s (21)

from which we identify the conservative variables

a= (V7E, VS, (22)

the fluxes

F=(/r(aS-pE).JraS;=psS)).

and the sources
g ) 1 .
S = (a\/f(S‘J K;j—S'0;Ina), a\/?(i Slkaj Vik
1 .
+—S,()lﬂ’—Edjlna>>
a

Notice that both the fluxes and the sources cannot be
explicitly written in terms of the conserved quantities alone.
Therefore, the numerical evolution requires a preliminary
mapping from the conservative variables q into the primi-
tive variables p = (e, v') by solving the constitutive equa-
tions, which also involve the equation of state p = p(e).
This recovery of the primitive fields is a well-known
procedure in ideal fluids. However, in the viscous case,
there is a subtle but important difference: the stress-energy
tensor (6) contains first derivatives (both spatial and
temporal) of the thermodynamic variables. To proceed,
we perform the first-order reduction in time. First, for the
energy density, we consider’

é=-n"Ve. (23)

On the other hand, for the spatial velocity, one would
naively consider

M= —n"V, v*, (24)

but n, ?* = v* a,, which is nonzero in general. From now
on, in order to all eviate the lengthy expressions, we use the
bar " to indicate that the contraction of that tensor with the
normal vector n* vanishes, so a, =a, and o* = pH.
Therefore, we shall perform a first-order reduction of the
spatial velocity that is also spatial by defining

=yt Y = =yt n*V (25)

Then, Eqs. (23) and (25) provide the desired first order
reduction in time, and when written in 3 4 1 form, they are
the evolution equations for the total energy density e and
spatial velocity ', respectively,

(0, — fi0,)e = —at, (26)

Notice that this choice differs from that in [45]; ours seems
more natural and easier to implement using standard high-
resolution shock-capturing methods.
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(0, = plo,)v' = a(-v' + K'jvl) —vig;pt. (27)

At this point we can employ py = (e, v') and p; = (&, v')
as our primitive variables. By considering the projections
(17) for (6) it is straightforward to find the map between the
primitive variables {p,, p; } and the conservative variables
{q}. Since the evolution of p, only depends on p;, we only
need to find p; in terms of q and p, (and their spatial
derivatives). Notice that this mapping p; = p1(q, po) is
linear because (6) is linear in the time derivatives of the
thermodynamic variables.

Let us write the explicit relations between the
conservative variables and the primitive ones. For the
viscous stress tensor (6), we have,

E=—(p+M)+(e+A+p+MW>-2n, Q"W

—2n(nyngo?), (28)
St =vt(e+ A+ p+IHW? + (y*, Q% — n, Q* v*)W

+20(r# g ng o), (29)
|

S = vh¥ (e + A+ p + THW? + Q%(v* y%, + v* y# )W
+ (p+ )y = 2n(y*, 7" 5 0). (30)

For the following calculations, it is useful to consider the
following decomposition of the three-velocity:

V,v,=D,v,+n,v,—v"Kyn, —n,n,(va,), (31)
which results in the following projections:

ri }/jyvﬂ v, =D; Vj, (32)

y#n'V, v, = Ko/, (33)

nyrV, v, = —v;, (34)

n 'V, v, = —v'a; = —v'0;Ina. (35)

Then, the 3 + 1 decomposition of the stress-energy tensor
can be written as

E=W—p(1-W?)+Wr,(1-W?) - W ]{é—v'Die— (e + p)[-K + v;(a’ = V'W?) + D;v' + W*v'v/D;v,]}
+20oW{(1 = W?)p'(e)é + W2[p'(e)v'Die + (e + p)(v'v/ (=K + W2Djv)) + v;(a’ = 0'W?))]}

2 L .
+ gnW{(l - W2)(K + 2v;(a’ = v'W?) — D;v')

+ W20l [3K,; + (1 + 2W?)((=2 + W?)D,v; — W?v,0'Dyv;)]}

+ (W1 = W) [-K + v;(a’ = 'W?) + Do’ + W*0'v/Dyw)],

(36)

S'=vW e+ p) + (v, + 7 )v' WH{—&+ (e + p)[-K + (v;(a/ = W) + D; v/ + v/ v*W?D; v})] + v/D;e}
+ 7oW{W?(e + p)(a’' = V' + v/(=K'; + D; v')) + v'[p'(e) (1 — 2W?)e + 2 W2 v/ Dje)
+ W e+ p)(a/ v; — Ko/ o' =2W2(v/ v; — v/ 0F D vy))] + p'(e)Die}

A S 1 . ) ns ) )
+77W{(1 - W2)(a' = v') + K'; v/(1 + W?) —§W2[U’(2K+af vj+30 v =3K;v v —2D; 0

—4W2(v/v; — v/v' Djv;)) + 3(v/ D, + o/ Djvi)]}
— CV'W3[=K + v;(a/ = ¥/W?) + D;jv/ + W*0/v'D;v)],

Sij = prij+ W e+ p)v;v;

(37)

- Wiz, + (ze + Tp)Wzl)i v;] - [é— v'Die + K(e + p) — (e + p)(v,(a' = W*¥!) + D! + W2 o™ 0" D, v,,)]
+ TQ{Z W’U(i[Wz(G + p)(aj) — @j) + Ul(—Kj)l + Dmvj))) + p’(e)Dj)e]
+2Wow;(=p'(e)e = W(e + p)(v'v, = v'v"Dyw,,) + p'(e)v' Dye)}

3

1 N
+ = W{6 K;; + 6 W2 0! Kyv)) = 2W(y;; = 2 W2 v, 0;) (0 v — 0™ 0" Dy, v,,)

+2(y;; + W2 v, v;) (=K + a' v, +D;v') - 6[D(,»vj) + W2 (2! v Dy + Ulv(iDMvj) + (ai - %(i)vj))]}

+ Wy + W2 o 0)[K + vy (=d' + W?0') = Dol = W2 0™ 0" D, v,].

(38)
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Our evolution strategy can then be summarized as
follows. We have two sets of primitive variables, namely
po = (e,v") and p; = (& '), conservative variables
q= (\/77E \/775,»), fluxes F and sources S, which can be
read off from (20), (21), and (36)—(38). Given some initial
data pg|,_, and p,|,_,, we can construct (q,F,S) at the
initial time from (28)—(30) and evolve (py, q) until the next
time step. Then we can reconstruct p; by solving (28) and
(29), which is a linear system.6 Once we have p; at the next
time step, we can compute the fluxes and the sources (since
we already have p) and continue the evolution. So in this
formulation the primitive recovery can be performed
analytically.

B. Nonlinear evolution in spherical symmetry

In this section, we describe the formalism employed to
perform fully nonlinear simulations of relativistic viscous
hydrodynamics with BDNK formulation. For simplicity
and as proof of principle, we focus on the case of spheri-
cally symmetric spacetimes, adopting the line element

ds* = —a(t,r)*dt* + g,,.(t,r)dr?
+ 12 gge(t, r)(dO* + sin® O dg?). (39)

By defining the following first-order reduction variables

1 r 1 rr 0 1 06
A, =-0,q, D, =-9"0,9,, D,y" = =970,906,
a 2 2
0,9, = —209,,K",, 0,900 = _Zagé'ﬁKng (40)

and introducing the variable 7 = /g,,.ggg, the evolution
equations (20), (21), (26), and (27) can be written as

0,(7E) +0.(ayS")
=a
0

E)

~|qr r 0 0 r 2

]/SrKr—FzSgKg—S *‘l‘Ar R (41)
r

0,75, +0,(a7S",)

d,e = —ae, (43)
00" = a(=v" + K", v"), (44)

As is evident from (36)—(38), the BDNK evolution
equations involve spatial derivatives of the primitive vari-
ables, i.e., d,v" and d,€ in spherical symmetry. Due to shock
formation during the evolution, computing these derivatives
using standard finite difference methods would lead to

°In fact, in 3 4+ 1 dimensions, it amounts to inverting a 4 x 4
matrix, which can be done analytically.

spurious oscillations or even numerical instabilities.” To
avoid this, we promote these derivatives to dynamical fields
and evolve them throughout the simulation using our finite-
volume numerical scheme (see Sec. II D), ensuring stable
simulations. Their corresponding evolution equations can
be straightforwardly derived from (43) and (44),

at(are) = —(),(0! é)’ (45)
9,(0,v") = o, [a(=v" + K", v")]. (46)

In order to mitigate numerical instabilities during the
evolution near the coordinate singularity at r =0, we
introduce the regularized radial component of the velocity
= %v’. Hence, the new evolution equations for ?” and

0,0" are given by

0,17 == a<_v + Krr 7’)r> s (47)
r

3,(0,5") = 0, [a <—”7 + K, v)] . (48)

Finally, notice that all the evolution equations are writ-
ten as a system of balance laws, Eq. (19), where
{JE.7S,,€,0,€,7",0,7"} is our final set of evolved var-
iables in the spherically symmetric case. The primitive
variables are given by py = (¢,%") and p; = (&,2"),
respectively, while the conserved ones are q = (VE,7S,).
The explicit procedure to recover the primitive fields
P1 = P1(Po,q) is described in detail in Appendix A.

1. Equation of state

The thermodynamical quantities that describe our vis-
cous fluid are the total energy density ¢ and the pressure p.
The former can be expressed in terms of the rest mass
density po and specific internal energy ¢, of the fluid,
namely

e = pol1 + ). (49)

From a mathematical point of view, an EoS of the form
p = p(e) is required to close the system of evolution
equations. Physically, the EoS connects the thermodynamic
variables to the microphysics that governs the fluid.
Therefore, different types of matter are described by the
same hydrodynamical equations, but with a different EoS.

Two commonly employed equations of state, well-suited
for modeling neutron stars, can be formulated in terms of
the thermodynamic variables (py, ;). The first one, mostly
valid for cold neutron stars, is the polytropic EoS

"The authors of [45] overcame this problem by computing the
derivatives using the central-WENO method [57].
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P =Kpp, (50)

where « is the polytropic constant and I the adiabatic index.
The second choice is the well-known ideal gas EoS

p = (T'=1)eg po, (51)

which is valid in more general scenarios, as it allows for
the conversion of kinetic energy into thermal energy at
shocks. Typical values resulting in masses and radii
comparable to those of neutron stars, which we have
employed in our simulations, are x = 100 and "' = 2.
Since our aim in this work is to study neutron stars close
to their equilibrium configuration, we can construct an
equation of state p = p(e) by using both the polytropic
and ideal gas EoS: solving for p, from (50), ¢ypy from
(51), and substituting into (49), we obtain

e = (%)PJF% (52)

Finding solutions to this equation is nontrivial for arbitrary
values of I'. However, for our specific choice of I' = 2, the
above equation simply reduces to a quadratic equation and
analytical solutions p, can be found easily. The positive
root is discarded by enforcing the physical condition
p(e = 0) = 0. Therefore, our final EoS is given by

B 1+2ex—+V1+4ex

2k

p(e) (53)
Although this EoS might have a limited astrophysical
relevance, it serves as a useful first step for implementing
and testing the BDNK framework in a realistic setup.

2. Initial data

The initial data for our evolution equations requires both
of geometric quantities (i.e., the spatial metric y;;, the
extrinsic curvature K;;, and the lapse function a) and fluid
variables (i.e., the energy density ¢, the fluid velocity ',
together with their corresponding time derivatives &, 7).
For spherically symmetric solutions modeling neutron
stars, we first adopt a static metric given by the following
line element in polar-areal coordinates (also known as
Schwarzschild coordinates), which reads

ds* = —a?(R)df* + a*(R)dr* + R*dQ*,  (54)

where dQ? = d6? + sin® 0 d¢? is the metric of a unit two-
sphere. For the matter sector, we use the conventional
perfect fluid (PF) stress-energy tensor, namely

Ty = [P(R) + e(R)Ju,(R)u,(R) + p(R) g (55)

Note that this choice is physically well motivated, since the
dissipation effects coming from the BDNK corrections

vanish in the equilibrium state. Hence, a star in hydro-
dynamic equilibrium should be accurately modeled by the
PF stress-energy tensor. The next step consists of imposing
the PF hydrostatic equilibrium condition v = 0. Note that
as we evolve the initial data with the BDNK equations, we
need to supplement the hydrostatic equilibrium condition
with additional initial conditions for the time derivatives of
the fluid variables; we take them to be " = é = 0. Under
these conditions, the Einstein and hydrodynamic equations
lead to the following system of ordinary differential
equations [58]

da 1+ a*(—1+ 8zR%)

d_R = R a, (56)

da -1+ a*(1+ 8zR%p)

d_R = R a, (57)
dp (p+e)da
L «“. 58
dR a dR (58)

The above system, after providing the EoS (53), can be
solved numerically by imposing boundary conditions that
guarantee regularity at the origin and asymptotic flatness,
namely

p(0) =xpo(0)T.  (59)

lima(R) = Jim . Jim p(R) = 0. (60)

Finally, once the solution for the equilibrium configura-
tion has been found, a coordinate transformation is per-
formed from areal-polar coordinates to maximal isotropic
ones [59], in which the line element can be written as

ds* = =?(r)de* + y*(r)(dr* + r*dQ*)  (61)

where y is the conformal factor. This line element is
subsequently translated into the form of the metric ansatz
employed in the evolution equations, as given in Eq. (39).

C. Frame choice, well posedness, and linear stability

In this section, we introduce a set of parameters asso-
ciated with the choice of frame and viscosities, and discuss
the conditions they must satisfy to ensure strong hyper-
bolicity, causality, and linear stability of the viscous hydro-
dynamics equations considered here. These conditions take
the form of inequalities that our parameters have to satisfy;
see Ref. [40] for a general derivation in a broader context.

Roughly speaking, a set of partial differential equations
is strongly hyperbolic (a subset of the well-posed ones) if
the norm of small, high-frequency perturbations remains
bounded (over finite time intervals) solely in terms of the
norm of their initial data. Violation of this condition would
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allow arbitrarily small perturbations of high frequency to
grow without control, leading to the blowup of the
solutions (in finite time) from their unperturbed counter-
parts. This behavior is incompatible with any physically
meaningful theory, and this is precisely why establishing
strong hyperbolicity, and thus well posedness, is essential
(see Refs. [60-63] for introduction to the topic). In
addition, in relativistic theories, causality requires that all
physical characteristic speeds be smaller than the speed of
light, i.e., less than 1 in natural units.
Motivated by [46], we define

Vzin+§ (62)

p=e+p, 3

and introduce the following parametrization

Apart from the speed of sound ¢, which is fixed by the EoS
(c? == dp/de), and the system’s characteristic length scale
L, these quantities are functions of the thermodynamic
variables and they define the choice of frame as well as
control the viscous sector of the theory. In practice these
functions are freely specified, i.e., the dimensionless hatted
quantities can be functions of thermodynamic quantitiesg;
here, for simplicity, we choose them to be constant. The
dependence on thermodynamic variables will be entirely
absorbed into the functions (which may depend on ¢)
multiplying the hatted quantities as we construct the
variables that enter directly in the theory. Notice that
although L is technically an independent parameter, for
practical purposes we set L = 1. On the other hand, notice
that the conditions (64) allow ¢ to be zero, but # must be
strictly positive, since the latter case results in a weakly

n=gLc2ph, ¢ =gLc2pL, hyperbolic system, as we explain below.
4 If we consider the evolution equations for our visco-
V= —f+ f , f.=c2a VL, fluids in a flat spacetime, the characteristic velocities (i.e.,
3 R R R the velocities of the high-frequency modes) of the system
T, = §C%LV, Tp = alLV, 7., =VL (63) are +cq, ¢, where

where 2 >0 and Py

_ qan
N Co = Cst| —=, (65)

a,q,5,L,cg, 7,V >0 (64) aVv

|
a1 +8)+g£/P+a>@g+ (G -1 +2ag(1+5)

Cy = Cy (66)

To ensure that the initial value problem is well posed, it is
necessary and sufficient that ¢ and ¢ are real and strictly
positive, and ¢, # c_.

It is straightforward to verify that ¢y and ¢, are always
real and positive if (64) is satisfied. In contrast, c_ is real
only if ¢ satisfies the condition

0<g<s5. (67)

Imposing this condition and given that a, g, § > 0, it also
follows that ¢, # c_, ensuring strong hyperbolicity.

The conditions for relativistic causality require that
c1,cq < 1. In terms of our parametrization, this leads to
the following inequalities

(1—cf) (1-3cp)

I<Ta T avay (68)
§ < ! (69)

N .

c3

Since the characteristic speeds are written simply in term of
(positive-definite) hatted parameters, these inequalities
follow from a straightforward derivation.'

Linear stability refers to the property that small pertur-
bations around homogeneous equilibrium solutions do not
grow exponentially, but instead decay back to equilibrium
over time. To derive conditions that guarantee this behavior,
one linearizes the equations around equilibrium fluid
configurations on a flat spacetime, and considers plane-
wave perturbations. This analysis produces inequalities that

*In principle, one should be able to determine the physical
transport coefficients from a calculation in the microscopic theory.
Nevertheless, from the phenomenological perspective adopted in
this paper, we will treat them as free functions that can be fitted to
observations.

9Expressions (65) and (66) are obtained from the characteristic
velocities written in [40] by setting the parameters to y; = y, = prz.,
X3 = Cipte, x4 = cipt. — {, A = pryp and using (63).

OThese expressions match those in [51] for field redefinitions
proportional to the equations of motion in a nonconformal theory,
by setting § = 1 and identifying § = 4/(3a,c?) and & = a,/a;.
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prevent such modes from growing and ensure their decay
toward equilibrium, see Egs. (10a) and (10b) of [40] for the
general conditions that ensure linear stability. In our para-
metrization, these conditions reduce to condition (67),
which is precisely the same requirement that guarantees
c_ is real. This equivalence has been verified analytically
using Mathematica [64].

On the other hand, when our viscous fluid theory is
considered on an arbitrary Lorentzian background metric
9w [see Eq. (9)], the characteristic velocities of the fluid e
Co,,Cy1,,Cy,, are given by

Eii == —ﬂ . k
mW?(v - k) £ k2 + KPmW? —m;W?(v - k)?
+a
m;W? + 1

(70)

where i = 0,1,2,my = (5 — 1) and m; , = (& — 1). Here,
0 +

k' is the wave vector (spacelike), and the quantities v# and
W are defined in Egs. (13) and (14). We will use them to
select the appropriate level of “numerical” dissipation in
our setup, as we explain in the next section.

To conclude this section, we mention that the fluid
remains strongly hyperbolic under the same conditions
found in the flat spacetime case; and causality and stability
conditions are once again ensured by inequalities (68) and
(69), together with the requirement that all hatted param-
eters remain positive. We recall that the stability condition
for the fluid sector is derived via linearization around flat
spacetime; it therefore remains unchanged and coincides
with the previously established condition (67).

All the conditions discussed above have been verified in
our numerical implementation, as we demonstrate in the
following sections.

D. Numerical methods

The numerical discretization is performed using the
method of lines. The evolution equations are integrated
in time through a third-order accurate strong stability
preserving Runge-Kutta scheme, with a Courant factor
At/Ar=0.25 such that the Courant-Friedrichs-Levy
(CFL) stability condition is satisfied. The spatial discreti-
zation is based on a third-order finite-volume scheme,
which is equivalent to a fourth-order finite difference
scheme with third-order dissipation (this algorithm is also
known as the “finite-difference Osher-Chakrabarthy”
scheme, or FDOC in short) [58,65-67]. Since we are
interested in understanding the effect of physical viscosity
on NSs, we take special care in choosing the maximum
characteristic speed from the six characteristic velocities of
the viscous BDNK fluid [see Eq. (70)], which determines
the amount of “dissipation” used by the FDOC scheme. We
also set a minimum velocity 0.1c to ensure that a small

amount of numerical dissipation is present near the surface
of the star and in the atmosphere, which helps to stabilize
our simulations. We identify the atmosphere as the set
of points where the local pressure satisfies the condition
P < KP s (Po.ams = 10712M g% is used in our simula-
tions). These points will be provided with an identical
constant value for the baryonic density (py = 10713M3?),
which is then used to update the relevant variables (e.g., €, p)
in the atmosphere. The velocity of the fluid and the time
derivatives &, " will be set to zero there.

We perform simulations across a range of high reso-
lutions Ar = [0.001 — 0.0032]M. To avoid any poten-
tially problematic behavior at the origin r = 0, we adopt a
staggered grid in our simulations. The box size is limited to
Tmax = 20M o, which is sufficient for our current simula-
tions on a fixed background as we explain in Sec. IIL
However, we have verified that by changing the position of
the outer boundary, the results do not vary significantly. We
use outflow boundary conditions for the fluid matter fields
at the outer boundary.

III. NUMERICAL EVOLUTION OF STABLE
NEUTRON STARS

In this section we present the results of long-time
numerical simulations of NSs using the evolution formalism
of BDNK and the numerical setup described in the previous
section. For simplicity, the fluid is evolved on a fixed
background spacetime (i.e., the commonly known
Cowling approximation [68]), which is set to be the curved
geometry of the NS initial data. We note that while the
Cowling approximation is a standard simplification used in
NS studies (see e.g. Refs. [69—72]), the predictions obtained
under this assumption differ from evolving the fully coupled
system due to its suppression of certain dynamical channels
(such as gravitational backreaction of the fluid).

The existence of multiple parameters in the theory that
govern the hydrodynamic frame and the physical viscous
contributions complicates a systematic study of these effects.
To address this issue, we first introduce a concrete frame-
work to explore the parameter space built upon the hyper-
bolicity requirements studied in Sec. IIC. By using this
approach, we select four representative sets of parameters to
perform simulations of stable NS configurations.

The initial data for the NS is constructed following the
procedure presented in Sec. II B 2. In particular, we will
construct an equilibrium configuration with central rest
mass density pg. = 0.00128M 5> (or equivalently e, =
0.00144MZ?) and total gravitational mass My = 1.4M,
which has been extensively studied both analytically and
numerically [58,70]. We show that long-time stable evo-
lution of such a star, employing viscous hydrodynamics, is
possible for our four representative cases. Finally, we study
numerically the quasinormal mode (QNM) spectrum of the
NS together with the decay rate of the fundamental mode,
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analyzing its dependence with respect to the frame and
viscosity parameters.

A. Choice of theory parameters

The BDNK formulation is fully determined by specifying
the free functions z., 7,, 7¢, 7, , with the first three param-
eters fixing the frame and the latter two fixing the viscosity.
In Sec. I C, we have reexpressed these functions in terms of
(a,q,8,1, (:“ ). We will now outline our method in choosing
the values of the hatted quantities for our numerical
simulations. In order to ensure that well-posedness and
causality conditions are satisfied, we first consider fixing the
parameters (3, a, §). The choice § = 1 is used to simplify
the frame parametrization, leading to 7, = c2t.. We set
q = 0.999, very close to the upper bound, in order to
maximize the allowed range physical viscosity. Finally, we
set a = 1 for simplicity, obtaining 7, = 7.. Notice that with
these choices, fixing 7, completely determines the frame. In
addition, these values of ¢ and a satisfy the well-posedness
condition (67) and the relativistic causality condition (68),
as long as ¢2 < 1/3, a bound that is satisfied in our
simulations. For these parameters, the characteristic veloc-
ities are given by

co = 0.99954/71/Ve,,
c_ = 0.0183c¢;,.

¢, = 1.732c¢,,

A

Once (8,4, q) are fixed, we proceed to fix the frame by
specifying z.; finally we choose the remaining parameters
(7,&) such that they are consistent with our choice of z,.
Empirically, we find that stable evolutions can be achieved
imposing the condition

A+&<0.1. (71)

Wi A

This condition was found by performing high-resolution
simulations (with Ar = 0.001M) of NSs over a range of
values of Te.ll We use values within this range. Indeed, if the
BDNK formulation is to be interpreted as an EFT, then the
relaxation time 7, must be sufficiently small to ensure that
the system remains within the regime of validity of the
theory.

Note that this is just a guiding principle for us to
systematically search for a set of suitable parameters that
allow us to perform stable evolutions. In practice, we have
found certain values of the parameters that satisfy all the
above conditions and yet they still lead to unstable numeri-
cal evolutions. We will avoid such cases in our following

""We have evolved larger values of 7. using a lower resolution.
However, we will not consider these cases here as they are not
stable in high-resolution simulations.

analysis, and focus on the parameters where stable evolution
is possible with our highest resolution.

We consider four cases:

(1) smallSB-F2: A case with small viscosity both in the
shear and bulk viscosity in a given frame, corre-
sponding to the parameter choice (z,7,¢) =
(0.023,0.01,0.01).

(i) medS-F2: A case with medium viscosity contribu-
tion coming only from the shear viscosity, obtained
with the parameters (7., 7, 2) = (0.023,0.01725,0).
It employs the same hydrodynamic frame as
smallSB-F2.

(iii) highB-F9: A case with high viscosity, predominantly
originated from the bulk viscosity, obtained with the
parameters (re,ﬁ,é’) = (0.092,0.0015,0.09).

(iv) medSB-F9: A case with half the bulk viscosity of
highB-F9 while keeping the same hydrodynamic
frame, such that the shear and bulk are comparable.
It corresponds to the parameter choice (z,.#,¢) =
(0.092,0.03525,0.045).

We emphasize that we chose viscosities (1, {) with energy
dependence given by c¢,(€)*(e + p(e)), see Eq. (63), which
can be roughly thought as growing near linearly in € in the
relevant regime of our simulations. To explicitly show the
units, let us consider for example the case smallSB-F2:
n = 0.00999¢2(e + p)M, with e, p in MZ2. Or in SI units:
n=9.12x 10*c2(e + p) Pa-s, where ¢, p are in J/m?
and ¢, in m/s.

Finally, we would like to note that the physical transport
coefficients may, in principle, be determined using a micro-
scopic theory, and efforts have been made within the
community toward computing such coefficients (e.g.,
Refs. [7,9,10]). However, we have not used them as our
guide in choosing our parameter values because of the
different assumptions in our work. Moreover, we adopt a
more phenomenological approach in this work by treating
the transport coefficients as free functions that can be fitted to
observations.'” The fitted values will then help us constrain
the microscopic theory. This motivates the numerical search
of theory parameters outlined in this section.

B. Qualitative features of the simulations

Using the choices of parameters above, we perform the
evolution of the stable neutron star until 7, = 8000M,
(except for the highest resolution case Ar = 0.001Mg
which reached ¢, = 4500M , due to its computational cost).
Initially, the star is not perturbed, apart from numerical
discretization errors. By monitoring the evolution of the fluid
fields, we confirm that stable evolutions can be achieved
over a wide range of viscosities within the BDNK

"This approach is standard in quark-gluon plasma physics,
where the transport coefficients # and { are extracted from fits to
experimental data [73-75].
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FIG. 1. Comparison of late time configurations of e(r) for

different viscous cases. The radial profile of the energy den-
sity e(r), comparing the initial data and the late-time evolution
profiles at t = 8000M, for the four cases we considered with
resolution Ar = 0.002M . The two insets emphasize the behav-
ior near the center and the surface of the star, showing slight
deviations due to numerical dissipation and truncation errors.
The use of a different hydrodynamic frame might also result in
small differences in the late-time configurations.

formulation. For instance, the initial and late-time (i.e., at
t; = 8000M ) profile of the energy density e is displayed in
Fig. 1. At late times, a careful examination (i.e., see the inset
of Fig. 1) indicates that e(r) near the center and the surface
of the star exhibits slight deviations due to numerical
dissipation and truncation errors for all the cases, which
should vanish in the continuum limit. The fact that we are
using different hydrodynamic frames might also lead to
small deviations in the late-time configuration.

Along these lines, we may also explicitly verify that the
bound ¢2 < 1/3 is satisfied in our simulations. By comput-
ing ¢2 = dp/de and substituting the values of e reached
within the NS into the expression, we find that the maximum
speed occurs at the center of the star with ¢, = 0.45, which
decreases monotonically as we approach the surface of the
star. Given the stability of the NS across all cases, this bound
remains satisfied throughout our simulations.

Figure 2 displays the same profile e¢(r) at late times
across multiple resolutions for the case smallSB-F2. We
observe a deviation from the constant stationary value due
to numerical errors, which decreases as the resolution is
increased, showing that the star remains stable. This
reflects, at a qualitative level, the convergence of our
simulations. A detailed quantitative discussion about con-
vergence is presented in Appendix B.

We would like to note that our solutions are well in the
EFT regime of hydrodynamics, or in other words, where the
first order approximation is reliable. This can be demon-
strated, for example, by estimating the dimensionless num-
ber {V,u*/p at the center of the NS at late times. For the
highest bulk viscosity case we considered (highB-F9),

0.0014 A
0.0014432 -
0.00121 0014430 -
0.0010 A 0.0012428
| 0. '05 0.‘10 %106
~® (0.0008 4 |
“ 0.0006 1 |
5 810 8.5 89
0.00041 -
— Ar=0.001
0.00029 Ar=000
0.0000] —— Ar=0.0032
’ g 10 15

/Mg

FIG. 2. Comparison of late time configurations of e(r) across
different resolutions. The radial profile of the energy density e(r)
across different resolutions for smallSB-F2 at 1 = 4500M . The
insets show the behavior near the center and the surface of the
star, with the former inset demonstrating qualitative convergence.

we find that V,u* ~0,0" ~ 10°Mg', {~ 107 Mg' and
p ~ 107*Mg%. This implies {V,u*/p ~ 107°, which dem-
onstrates that we are in the regime of validity of first order
viscous hydrodynamics.

C. Radial oscillations

A perturbed neutron star undergoes characteristic oscil-
lations that can be described in terms of a set of QNMs.
These modes can be extracted by analyzing the oscillations
in the central energy density of the NS, which are excited
by the discretisation errors inherent in our numerical
scheme [70,76,77]. Our assumption of spherical symmetry
only allows us to study the radial modes. In this section, we
compute the QNM frequency spectrum and decay rate of
the fundamental modes predicted by the BDNK formu-
lation for different frame choices and viscous parameters,
and compare them with the PF model.

1. QNM frequency

We study the power spectrum of the NS oscillations
using the long-time (i.e. 7, = 8000M,) evolutions of the
PF and the BDNK cases smallSB-F2 and highB-F9.
The central value €. as a function of time is displayed
for these three cases in the top panel of Fig. 3. The
perturbation induced by the discretization errors is very
small and only discernible by eye in the first # < 1000M .
In the bottom panel of Fig. 3 we display the power spectral
density (PSD) obtained from computing the Fourier trans-
form of the central energy density using a Blackman
window for the cases shown in the top panel. This plot
shows that in our current setup, i.e., spherical symmetry
and the Cowling approximation, the regime of viscosities
explored does not significantly impact the frequencies of
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FIG. 3.

f[kHz]

Central density oscillations and QNM spectrum. Top panel: the oscillations in the central energy density €. (7) as a function of

time, comparing the three cases: PF, BDNK with small viscosity (smallSB-F2), and BDNK with large viscosity (highB-F9). These
simulations have a resolution of Ar = 0.002M, and the value of €, is extracted every At = 1M up to t = 8000M . Bottom panel: the
PSD of the NS QNMs as modeled by the BDNK formulation and the perfect fluid. The PSD is obtained by performing a Fourier
transform using a Blackman window on the data shown in the top panel. While the f mode (F) appears to be consistent across all three
cases, the viscous effects appear to have a small impact on modifying the overtones (H1, H2).

the QNMs. In particular, the fundamental mode (also
known as the f-mode) frequency is consistent across all
three cases (see Table I), while the frequencies of the
overtones appear to have a slight dependence on the
viscosity. A possible explanation for this observation is
that viscous effects operate at short length scales since the
viscous terms arise at higher orders in the gradient
expansion, hence they modify the short distance physics.
Therefore, viscous terms should have a greater effect on the

TABLEI Frequency of the fundamental mode and overtones in
kHz. While the f mode appears to be largely consistent across all
cases, the overtones show a slight dependence on viscosity.

Mode PF smallSB-F2 highB-F9
F 2.69 2.69 2.67
H1 4.55 4.60 4.60
H2 6.36 6.36 6.30

high frequency modes since those are more sensitive to
short length scale modifications. The f mode, being the
lowest frequency mode, likely operates at a longer length
scale and hence it should be less sensitive to the details
of viscous corrections [78]. The value that we obtain
matches the expected f-mode frequency reported in the
literature [69,70] reasonably well under the Cowling
approximation. The frequencies of the fundamental
mode (F) and the first two overtones (H1, H2) in each
case are listed in Table I.

We note, however, that these conclusions may change in
more generic scenarios. For example, shear viscosity might
play a stronger role in changing the QNM spectrum if we
do not restrict ourselves to spherical symmetry. Beyond the
Cowling approximation, the interaction between gravity
and fluid dynamics may also produce a richer frequency
spectrum. These possibilities will be studied in more detail
in a future work.
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2. ONM decay rate

In addition to the frequency spectrum, in viscous fluids,
QNMs present also dissipative effects that are characterized
by their decay rates. Here, we focus on extracting the decay
rate of the f mode. In order to avoid contamination from
other overtones, we only analyze the data at late enough
times such that the higher overtones have decayed away
sufficiently [16,79,80]. We then compare the BDNK decay
rates with decay rates rates obtained with the PF, which
arise from the inherent numerical dissipation of our
method. For the purpose of this section, we will consider
PF simulations with end time 7, = 20000M, as the lack of
physical dissipation makes the decay rate extraction espe-
cially challenging, while the BDNK simulations terminate
at 7, = 8000M .

To extract the decay rates, we adopt the method proposed
in [16]. The result of the fitting procedure is displayed in
Fig. 4. First, a Butterworth filter of order four is applied to
the raw data e, to clean the signal. By filtering the low-
frequency content in the data, we remove the global drift
and obtain a “clean” signal €, that oscillates around zero.
Informed by the QNM frequency spectrum, we choose our
frequency cutoff window to be [0.01, fumpling/ 10] (in code
units 1/M ) so that the fundamental mode is well covered
within the frequency window, and the low-frequency
modes are appropriately removed. By plotting the filtered
data on a logarithmic scale, we can identify a range in time
in which the signal is observed to be exponentially
decaying (which manifests itself as a straight line in a
log-scale plot, see the top panel of Fig. 4). We interpret
the data within this time range as being dominated by the
Jf mode. A fitting window that covers part of this range can
then be appropriately chosen to extract information about
the f mode. Within this fitting window, we take the
logarithm of the absolute value of the filtered data and
extract the maxima, which can then be fitted with a straight
line. The slope of the fit gives the decay rate of the f mode
(see middle panel in Fig. 4).

In order to verify the results obtained with the above
procedure, we also perform a nonlinear least squares fit
using the following function:

€.(t) = Aexp <— £> cos(wt 4 ¢py) + C (72)

where the damped sinusoid provides a fit to the funda-
mental mode, and the constant is introduced to take care of
any potential residual numerical noise in the data. This
fitting method allows us to check that the fitted frequency
indeed agrees with the expected value for the fundamental
mode as obtained from the Fourier transform, and gives us
an independent way to estimate the decay rate (see bottom
panel of Fig. 4). To verify that our fitted results are robust,
we perform the fitting procedure with different fitting
windows to ensure that our fitted decay rates do not depend

o data
best fit

log(|€(t)])

—28

&(t) x 1012
o

—51

4000 4200 4400 4600 4800 5000
t/M,

FIG. 4. Different stages of the decay rate extraction procedure,
demonstrated using the data from case smallSB-F2. In the top
panel, we show the absolute value of the filtered data &, plotted
against time. Note that the signal is decaying exponentially at late
times. In the middle panel, we plotted the maximum of log(|é.|)
along with the best fit line, which provides an estimate for
the decay rate. In the bottom panel, €. is fitted with a damped
sinusoidal, from which we recover the decay rate and the
frequency of the f mode.

on the window. The starting time of the window is selected
based on both the resolution and the viscosity under
consideration. In general, the smaller (higher) the viscosity
(resolution), the later we start the ﬁtting.13

Using the above methods, we extract the decay rates for
our four cases using the simulations with resolution
Ar = 0.002M . The results are summarized in Table II,
with 1/7; denoting the decay rate obtained from linear
fitting, 1/7,; from nonlinear fitting, and w,,; the frequency
estimated from the nonlinear fitting.

We find w,; to be close to the value obtained from
the Fourier transform. The extracted angular frequency
wy = 0.0834Mg! translates to f = 2.71 kHz in physical
units, suggesting that we did not overfilter the raw data
when applying the Butterworth filter. The computed decay

BFor high viscosities, the oscillations decay more rapidly and
the amplitude of €. reaches machine precision level sooner than
the small viscosity cases, preventing us from fitting at late times.
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TABLE II. Decay rates of the f modes in code units (M3").
This table compares the decay rates obtained from linear and
nonlinear fitting at Ar = 0.002M 4, in which a close agreement is
found (the errors only affect the last significant figure of the
presented values by at most £0.00001). For all cases, the fitted
frequency @y, is found to be 0.0834M3'; this translates to a
frequency of f = 2.71 kHz in physical units, which agrees well
with the results of the Fourier transform.

Case - - o

smallSB-F2 0.00157 0.00157 0.0834
medS-F2 0.00150 0.00150 0.0834
highB-F9 0.00215 0.00215 0.0834
medSB-F9 0.00182 0.00182 0.0834

rates do not exhibit a significant dependence on the fitting
window, provided that the window does not cover the data
at sufficiently early or late times, which is necessary to
avoid possible contamination arising from edge effects of
the Butterworth filter and the overtones at early times.
Furthermore, the decay rates obtained from both fitting
methods agree with each other to a large extent, which
reflects the robustness of our results.

Even though the above fitting accurately determines the
decay rates from our simulations, there is one remaining
problem to be addressed. Due to the discretization of the
evolution equations, there will always be a source of
numerical viscosity affecting our system. The numerical
viscosity decreases with increasing resolution, and should
vanish in the continuum limit. Because of this, the decay
rates obtained above are a result of the combined effect of
numerical and physical viscosity present in our simulations.
To disentangle the effects of numerical viscosity from
physical viscosity, we perform simulations in different
resolutions and extrapolate the decay rates to the continuum
limit using an equation proposed by [16], where it was used
to estimate the physical bulk viscosity,

— = L + m(Ar)? (73)
TAr 7o
with i being the extracted decay rate, % the continuum
decay rate, and m(Ar)? reflects the numerical contribution
to the decay rate. The value of p is expected to be
compatible with the convergence order of our results.
For this purpose, we consider a series of simulations with
resolutions Ar=10.002,0.0024,0.0028,0.0032]M . Then,
following the procedure outlined above, we estimate the
continuum decay rate using (73). The value used in the
extrapolation for each case/resolution is obtained by
averaging the decay rates obtained from varying the fitting
method/fitting window and taking two significant figures
of the average. As a result of the fitting, one obtains an
estimate of the continuum decay rate % and the convergence

order p. For completeness, we also present the

TABLEIII. Decay rates of the fundamental modes as a function
of resolution. This table shows the measured decay rates %Ar of the
f mode as a function of resolution for PF as well as the four
BDNK cases we considered, and their corresponding extrapo-
lated values T‘—O All values are measured in code units except the
ones in the final row, which represents the extrapolated decay
rates in physical units s~!. Note the PF does not have an
extrapolated value since we assumed % =0 in this case.

smallSB- medS- highB- medSB-
Ar/Mg PF F2 F2 F9 F9

0.0032 0.00023 0.0019 0.0018 0.0024 0.0021
0.0028 0.00021 0.0018 0.0017 0.0024 0.0020
0.0024 0.00019 0.0017 0.0016 0.0023 0.0019
0.0020 0.00018 0.0016 0.0015 0.0022 0.0018
0 (extrapolated) NIL  0.0011 0.0010 0.0017 0.0013

0 (extrapolated) NIL 220 200 350 260
(s7)

extrapolation results for the PF. Unlike the BDNK formu-
lation, the PF does not have any dissipative effects at the
continuum level. Therefore we will set % = 0 explicitly to

avoid inaccuracies in our fitting.

The results of the extrapolation procedure are outlined in
Table III. For all BDNK cases, we find marginal con-
vergence in p (i.e., p = 1)."* For PF, even though the data
shows good convergence at first sight (see Fig. 5), the best
fit yields p = 0.54. However, one should approach the
quantitative decay rates obtained from PF with caution: due
to the lack of a physical damping mechanism, the PF
simulations never reach a state where it is only dominated
by one single mode within the simulation time we explored.
The situation worsens in the high-resolution simulations, as
the numerical dissipation weakens with increasing reso-
lution. Therefore, our fitting procedure (which assumes the
presence of one dominant mode) might not faithfully
capture the decay rate of the f mode as accurately as
the BDNK cases. Nevertheless, the PF simulations still
provide us with an estimate of the strength of the numerical
viscosity, which can be compared against the BDNK cases.

Our results agree with the expectation that the high
viscosity cases have a larger decay rate than the small
viscosity cases, and the decay rates for the viscous cases are
much larger than the ones obtained from the PF model.
However, there are also unexpected elements in our analy-
sis: comparing the decay rates of smallSB-F2 and medS-F2,
we find that pure shear viscosity contribution to the decay
rate is comparable to the cases with higher bulk viscosity,
suggesting that it may have a non-negligible effect even in

“Note that the extrapolation for highB-F9 is done using only
the data points from the three highest resolutions so that we can
find convergence.
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—e— PFx10
0.0022 1 —&— smallSB-F2
« 0.0020 1
d
~
—
0.00184
0.0016 1
0.0020 0.0022 0.0024 0.0026 0.0028 0.0030 0.0032
Ar
FIG. 5. Decay rate (in code units) as a function of resolution.

The cases smallSB-F2 and PF (scaled by a factor of 10) are shown
to demonstrate the resolution dependence. The red and green dots
are the measured values of decay rates accurate to three
significant figures, with the error bar representing the variations
one obtains by varying the fitting method/window. To perform
the extrapolation, the measurements (for a given resolution) are
averaged and taken to be correct to two significant figures
(represented by the black and blue dots). The extrapolated curve
is not shown here.

spherical symmetry. Nevertheless, the bulk viscosity still
plays the leading role in determining the decay rate, as can
be seen by comparing highB-F9 with medSB-F9: increasing
bulk viscosity at the expense of decreasing shear viscosity
(to allow for comparisons within the same hydrodynamic
frame) produces a net increase in the decay rate.

At the present stage, we focus on exploring configurations
that are close to equilibrium (enforced by our choice of EoS),
which limits the range of viscosities we can explore. This is
reflected in the similar values of the measured decay rates
across all of our cases. By using a more general EoS, we
anticipate that a wider range of viscosities could be explored,
possibly leading to more variations in the decay rate.

IV. DISCUSSION

The recent breakthrough in gravitational wave astronomy
has provided us with a new tool to probe the universe,
allowing us to take a glimpse into the strong gravity regime.
Of all the possible events that can generate gravitational
waves, binary NS mergers are amongst the most fascinating
ones, as they probe not only the dynamics of the strong field
regime of gravity but also the properties of matter in extreme
conditions. In order to accurately extract the information
encoded in the gravitational waves, one needs theoretical
models that include all relevant physics that could impact
the dynamics of the system. With recent studies suggesting
the potential importance of viscous effects in the postmerger
regime of a binary NS system, it is of utmost interest to

investigate the possibility of incorporating viscous effects
into our models of NS binary mergers.

This motivates us to apply relativistic viscous hydro-
dynamic theories to model NS binary mergers. In par-
ticular, the recently proposed BDNK formulation of
relativistic viscous hydrodynamics is particularly attractive
for these applications. It is known to be causal, stable,
locally well-posed, strongly hyperbolic, and to satisfy the
second law of thermodynamics (in the regime of validity
of the theory), giving it an edge over the currently used
MIS formulation, which is known to suffer from causality
problems. Therefore, as a first step toward achieving this
goal, we performed simulations of spherically symmetric
NS configurations using the BDNK formulation on a fixed
spacetime background, adopting a simplified model for
the EoS and transport/viscous parameters.

In order to systematically explore the parameter space of
the fluid sector, we adopted a scheme that allowed us to
consistently choose the magnitude of the viscous contribu-
tions for a fixed hydrodynamic frame. Using the parameters
chosen with this scheme, we found that stable evolutions
can be achieved up to late times within a subset of possible
hydrodynamic frames. By considering the numerical per-
turbations in the same simulations, we were able to extract
the frequency spectrum of the QNMs of the oscillations in
the central energy density of the NS. Comparing the
frequency of the leading QNM obtained with a PF and
BDNK, with high viscosity and low viscosity, we found no
significant effects of the viscosity. It is possible that this is a
consequence of some of the assumptions we made in this
study (e.g., spherical symmetry, Cowling approximation,
or the EoS), and this conclusion should be revisited in a
future work once some of the assumptions are relaxed.
Furthermore, by considering the data at late times where the
decay in perturbations is dominated by the f mode, we
extracted the decay rate of the f mode from the signal. In
order to disentangle the effects of physical viscosity and
numerical viscosity, we performed the decay rate extraction
procedure for the same physical setup across different
resolutions, and extrapolated the decay rates as a function
of resolution toward the continuum limit to estimate the
decay rate caused by the physical viscosity alone.

There are different avenues through which this work can
be extended in the future. First, in order to consistently
model neutron stars described by the BDNK fluid coupled
to GR in full generality, one must drop the assumption of
spherical symmetry and relax the Cowling approximation
and evolve the spacetime geometry dynamically. As
another step toward more realistic simulations, it is also
necessary to evolve the baryon density independently by
enforcing baryon number conservation. This allows for the
possibility of using a more general EoS, which is necessary
to capture the realistic out-of-equilibrium effects in NSs.
Under these generalizations, one may even try to explore a
wider range of viscosities than the ones considered in this
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work. Finally, one can also include additional relevant
physics in the model that has been neglected so far in our
study, such as magnetohydrodynamics and microphysics.
These improvements will pave the way for more realistic
models of binary NSs mergers, which may be used to fit
observational data by varying #, ¢ for a given EoS in order
to constrain the transport coefficients, and eventually get a
better understanding of the properties of extreme matter.
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APPENDIX A: PRIMITIVE VARIABLES
RECOVERY

The computation of the fluxes and sources after every
time step require the knowledge of the updated values of the
conserved and primitive variables. However, not all varia-
bles are directly updated during the evolution; in particular,
primitive variables that do not have their own evolution
equations will have to be reconstructed from the values of
the evolved variables. This is achieved by providing a
suitable conservative-to-primitive conversion (contoprim)
scheme.

In the BDNK formulation of relativistic viscous hydro-
dynamics, the variables that are obtained from the evolution
equations are the conserved variables q = (\/;7E \/775,»),
from the balance laws, see Egs. (20) and (21), and the
primitive variables py = (€, v;), from the first order reduc-
tion in time, see Eqs. (26) and (27). The remaining
primitive variables, p; = (&, 7;), are not directly deter-
mined by the evolution equations, and must be recovered
using the contoprim. In order to proceed, we first note that
the BDNK conserved variables can be written as a linear
function of the primitive variables p1.15 In particular, we
can express it in matrix form as follows:

co=—-p(1 =W +W?e+ W, W?—(1- Wz)rp)[(e + p)(=K +a'v; + D; v' + W? vl v/ Dv;) + v Dje]
F2eg Wl(e+ p)(a v+ 14 (=K, + W2 Dyw) + p/(€)0! Dy

3

+¢W(1 = W?)(=K +a'v; + D;v' + W v' v/ Dv;),

2 : A o
+=nW[(1 = W) (K +2a"v;— D; v') + W2(v/ v/(3K;; — (1 +2W?)D; v;))]

E A Ay € Co
= R , (Al
(Si> (Aio Aij>(1_]j>+<ci> ( )
where the entries of the matrix A are given by
Ao’ = W=t W? + (7, + 270p'(€))(1 = W?)].  (A2)
(A3)
(A4)
(AS)
(A6)

This is because the viscous stress-energy tensor (6) is linear in the time derivatives of the thermodynamic variables.
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ci=v;W(p+e)+ vt +17,)W[(e + p) (=K + a' v; + D;v' + W2 v' v/ D;v;) 4+ v' Die] + 7o{p'(e)W D;e
+ W3[(e + p)(a; + vial v; + v/(=K;j + D;v; —v; ' (K;; = 2W? D v;))) + 2p’(e)v; v/ Dje]}

1 : . . . . .
—§W3[Ui(2K+aj Uj —3Kj11jj 1)1 —2Dj1]j ‘|‘4'VV2 v/ Ule Ul) +37]j(Di ’UJ+DJUZ)]}

— v, WA (=K +a/v;+D;v/ + W0/ ' D; vy).

Defining a new vector as,

(0)=(5)-(2)

the contoprim then amounts to solve the linear system

(o 2)G)- ()
AL A vj bi)
Itis worth noting that the contoprim procedure differs between
the BDNK and perfect fluid cases. The former involves
solving a linear system, i.e., inverting the matrix in (A9),
which can be done analytically. In contrast, the perfect fluid

case requires solving a nonlinear equation at every time step.
|

(A8)

(A9)

For the special case of spherical symmetry that we
consider in the main text, the variables that are obtained
from the numerical evolution are the conserved variables
q = (JE,7S,) and the primitive variables py = (¢, 7).
Note that the physically relevant velocities v",d,v" can
be directly recovered using the definition of 7" = }v’. The
remaining primitive variables p, = (¢,2") are obtained
with the contoprim. In this case, the linear problem is

given by
AP A (b
<A1° Af)( >(b>

>

(A10)

D

with

_2grr(vr)zTQaep + Te(grr(vr)zaep + 1)

A0 =
(1= g0 |
-A()l o _grrvr(_4grr(vr)2’7 + 3grr(vr)2((p + €)T€a€p - é’) + 3(]7 + €) (2TQ + Te))
- 3(1 = g, (v7)?) ’
10— _ 90 (9 (v")? + D7gdep +7(0p + 1))
b (1 - grr(vr)2)3/2 7
All _ _grr(_4grr<vr)2’7 + 3grr(vr)2(<p + €)<T€(aep + 1) + TQ) - C) + 3([7 + €)TQ>

The precise expressions for the components of the vector
(by, b;) are cumbersome and do not provide interesting
insights into the problem. We will therefore not include
them, and simply comment that they depend on both the
geometry and the matter fields.

APPENDIX B: CONVERGENCE TESTS

To check that the errors in our simulations are
decreasing at the expected rate, we perform a pointwise
convergence test on the central energy density as a
function of time for one of our representative BDNK
cases. To take into account the fact that the resolutions

3(1 =g, (v)?)7?

|
are not necessarily constant multiples of each other, we

use a more general equation to estimate the convergence
factor [81],

(Arp)" = (Ar,)"

@ = (&) = (Ar,)

(B1)

where Ar;, Ar,,,Ar;, are the grid spacing of the low,
middle, and high resolutions, respectively, and n is the
convergence order. Since the data are not necessarily
extracted at the same time for all resolutions (e.g., under
the same CFL condition, the resolutions Ar = 0.002M
and Ar = 0.0028M do not produce time steps that are
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FIG. 6. Convergence assessment. Top panel: convergence of
central energy density evolutions is shown. This panel qualita-
tively suggests that increasing the resolution leads to conver-
gence. Bottom panel: the convergence factor is displayed. It is
obtained for resolutions that are not constant multiples of each
other (Ar =[0.0028,0.002,0.001]My) using the data from
smallSB-F2. The red horizontal line shows the theoretically
expected value of Q. We find that the convergence factor achieves
the theoretically expected value.

TABLE 1IV. Convergence of the f-mode frequencies in kHz.
This table shows the QNM frequencies (in kHz) of smallSB-F2 as
a function of resolution, showing that they are mostly stable
against resolution change.

Ar F Hl H2
0.0028 2.69 4.60 6.36
0.002 2.69 4.60 6.36
0.001 2.67 4.61 6.33

integral multiples of each other), we use a cubic spline
interpolator to ensure the comparison across resolutions is
made under the same time step. The cubic spline
interpolator has a convergence order of 4, therefore is
sufficient for our third order numerical scheme.

We find that convergence is obtained at high enough
resolutions. For the resolutions Ar = 0.0028,0.002,
0.001M (see Fig. 6), the numerical convergence asymp-
totes to the expected value after a short transient behavior.
We also show in Table IV that the QNM frequencies are
reasonably stable across different resolutions.
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