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This work investigates a singularity-free early Universe within the paradigm of quantum cosmology. We
develop a bouncing model where the singularity is resolved via the de Broglie–Bohm interpretation of
quantum mechanics, which provides a deterministic trajectory for the scale factor through a quantum
bounce. The primordial power spectrum for scalar perturbations is derived, incorporating a characteristic
modulation (distortion function) imprinted by the nonstandard quantum gravitational dynamics near the
bounce. We confront this model with the Planck 2018 cosmic microwave background data, establishing its
strong compatibility with observations. Our analysis places a stringent upper bound on the fundamental
scale of the bounce kB, constraining the parameter space of such quantum cosmological scenarios. Further-
more, the model’s specific scale-dependent anticorrelation between the spectral index and amplitude of
perturbations offers a potential mechanism for mitigating theH0-σ8 tension, presenting a testable signature
for future cosmological surveys.
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I. INTRODUCTION

Modern cosmology is fundamentally grounded in the hot
big bang model, which describes a dynamic, expanding
Universe that emerged from an ultrahot and dense pri-
mordial state. This framework enjoys significant success,
providing a robust explanation for fundamental observa-
tions, including the cosmic microwave background (CMB)
radiation, the abundance of light elements from big
bang nucleosynthesis, and the large-scale structure (LSS)
of the Universe. Nevertheless, this model is inherently
incomplete, as it extrapolates back to an initial spacetime
singularity—a point where the predictions of general
relativity break down and energy densities diverge. This
singularity represents not merely a mathematical artifact
but the fundamental boundary of the theory’s validity,
necessitating a paradigm shift to a quantum theory of
gravity for a complete description of the origin of the
Universe.

A cornerstone of modern cosmology is the presence of
a primordial epoch of accelerated expansion, known as
cosmic inflation. This paradigm elegantly resolves key
fine-tuning problems of the standard big bang model—
namely, the horizon, flatness, and magnetic monopole
problems [1–3]. Furthermore, it provides a powerful
mechanism for generating the spectrum of primordial
quantum fluctuations that seed the large-scale structure
observed in the Universe today. Despite its remarkable
successes, the standard inflationary framework is typically
constructed on a classical spacetime geometry, implicitly
assuming its validity immediately after the Planck epoch.
Consequently, it does not address the singularity problem
and remains divorced from a first-principles quantum
gravitational description of the Universe’s very origin.
Bouncing models [4–18] provide a compelling alter-

native to cosmic inflation by resolving the initial singularity
problem while preserving its observational successes.
Quantum cosmology emerges as a natural framework for
such models, as the classical description of spacetime
breaks down at the high energies where the bounce occurs,
necessitating a quantum gravitational treatment. In this
picture, the initial singularity is replaced by a nonsingular
quantum bounce, forming a bridge between a preceding
contracting phase and our observed expanding Universe.
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Furthermore, while bouncing models can, in principle,
be considered alternatives to inflation, they are not mutu-
ally exclusive. A particularly compelling and widely
studied scenario is a hybrid approach in which a quantum
bounce is followed by a period of inflation. This synthesis
addresses the initial singularity problem through the
bounce while simultaneously leveraging inflation’s proven
successes, such as generating the large-scale structure
of the Universe. Among the most rigorously developed
approaches in this vein is loop quantum cosmology (LQC),
which applies loop quantum gravity techniques to homo-
geneous spacetimes [19–21]. It is important to note that a
primary application of LQC is not merely to provide a
stand-alone bounce, but to study the conditions for and
dynamics of a subsequent inflationary epoch. Conse-
quently, LQC is very commonly investigated within the
context of this “bounce-plus-inflation” paradigm, where the
quantum-gravitational bounce provides natural initial con-
ditions for the inflaton field [22–24].
In LQC, the repulsive character of quantum geometry

at near-Planckian densities naturally generates a bounce,
thus avoiding the singularity. Crucially, this quantum-
gravitational transition is not merely a theoretical artifact,
but can imprint specific signatures on primordial perturba-
tions. As demonstrated, for example, in Refs. [25–29],
these may include a suppression of power spectrum at large
angular scales in the CMB and characteristic modifications
to the primordial gravitational wave spectrum, rendering
the paradigm possibly testable through future CMB
observations.
Complementary to these geometrically motivated

approaches like LQC, another framework seeks to resolve
the singularity through the direct quantization of the
Universe’s wave function, governed by the Wheeler-
DeWitt (WDW) equation. The fundamental interpretative
challenges of the WDW equation—its timeless nature
and the problem of quantum measurement for a closed
Universe—motivate the adoption of alternative quantum
interpretations. The de Broglie–Bohm (dBB) pilot wave
theory [30,31] is particularly well suited for this task. The
dBB formulation of quantum cosmology provides a deter-
ministic description of quantum evolution via well-defined
trajectories, guided by the phase of the universal wave
function, where the Universe is described by a single, well-
defined geometric configuration guided by the wave
function through the quantum potential. Even when the
wave function is highly nonclassical, the background
evolution follows a unique Bohmian trajectory, ensuring
a definite spacetime geometry. As a result, the background
geometry is never in a superposition, which guarantees the
consistency of treating perturbations as quantum fields
propagating on a definite spacetime. This property allows
cosmological perturbations to be consistently quantized
and evolved on an effective semiclassical background,
in close analogy with other semiclassical treatments in

quantum cosmology [32]. Crucially, the dBB interpretation
furnishes an objective, observer-independent description of
quantum dynamics without invoking the collapse postulate,
thereby offering a coherent ontological framework for
quantum cosmology and a potential mechanism for a
nonsingular bounce [15,33].
Building upon this dBB framework, in Ref. [34] a

concrete cosmological model featuring a stiff-matter-
dominated quantum bounce that transitions smoothly into
a standard inflationary phase was developed. The model,
which considers a flat Friedmann-Lemaître-Robertson-
Walker (FLRW) universe with a scalar field, yields com-
plete analytical solutions spanning the entire history
from quantum contraction through the bounce to the
end of inflation. This analytical tractability provides a
powerful tool for investigating how fundamental quantum
parameters of the prebounce wave function—such as the
characteristic bounce density and wave packet dispersion—
determine the number of inflationary e-folds and thereby
set the initial conditions for the formation of large-scale
structure.
Crucially, the analysis in [34] identified specific

regions of this parameter space that produce predictions
consistent with Planck data, demonstrating that a unified
bounce-plus-inflation scenario is not only theoretically
viable, but also empirically constrained. Consequently,
such hybrid models represent a more complete conceptual
framework for the early Universe. By inherently avoiding
the initial singularity, they provide a direct link between
Planck-scale quantum gravity and late-time cosmo-
logical observations, providing a possible way for a new
generation of observational tests on the origin of the
Universe.
In this work, we extend the analysis of quantum

cosmological bounce models within the dBB framework
to the dynamics of primordial perturbations. Our primary
objective is to compute the precise evolution of quantum
fluctuations across the bounce and derive their resulting
observational signatures. To this end, we encode the
modifications imprinted on the primordial power spectrum
by the quantum-gravitational bounce dynamics into a
novel, phenomenological distortion function that is derived
in the dBB framework. This function is integrated into a
modified version of the Cosmic Anisotropy Solving
System Boltzmann code CAMB [35], enabling the compu-
tation of the corresponding CMB anisotropy spectra.
We then performed a comprehensive statistical analysis

of the model using the Cobaya framework [36], using its
Markov chain Monte Carlo (MCMC) sampler to conduct a
complete parameter inference against Planck 2018 data.
This methodology allows us to efficiently explore the high-
dimensional parameter space, which includes both standard
cosmological and novel bounce parameters. Our results
place stringent constraints on the key parameters character-
izing the bounce model, specifically the energy scale at
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which the bounce occurs, demonstrating the power of
cosmological data to probe physics in the quantum-
gravitational regime.
This paper is organized as follows. In Sec. II, we

introduce the background cosmological model, which is
the standard flat FLRW universe filled with a scalar field,
and we also briefly describe the quantum model in the
context of the dBB interpretation. In Sec. III, we give the
calculation of the primordial scalar perturbations in the
model studied here. In Sec. IV, we provide a statistical
analysis of the perturbations of the model, which allows us
to constrain the quantum bounce parameters. Our con-
clusions and future perspectives are given in Sec. V.

II. BACKGROUND COSMOLOGICAL MODEL

We consider a flat FLRW universe with line element

ds2 ¼ −dt2 þ a2ðtÞdx2: ð2:1Þ

The classical and quantum background dynamics follow
closely the treatment of Ref. [34]. For completeness, we
summarize only the elements required for the present
analysis and point to Ref. [34] for full derivations.

A. Classical model

We take the matter content to be a canonical scalar field
with potential VðϕÞ, described by the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
2κ

−
1

2
gμν∂μϕ∂νϕ − VðϕÞ

�
; ð2:2Þ

with κ ¼ ffiffiffiffiffiffi
8π

p
=mPl, mPl is the Planck mass

(mPl ≃ 1.22 × 1019 GeV), gμν is the metric tensor, g is
the determinant of the metric tensor, and R is the Ricci
scalar. The Hamiltonian density for a homogeneous field in
a flat FLRW geometry is

Hϕ ¼ −κ2
P2
a

12a
þ P2

ϕ

2a3
þ a3VðϕÞ; ð2:3Þ

as also written in Ref. [34]. In the above equation, Pa and
Pϕ are the canonical momenta conjugated to a and ϕ,
respectively.
Following Ref. [37] (and also used in [34]), we introduce

the canonical transformation

T ¼ ϕ

Pϕ
; PT ¼ P2

ϕ

2
; ð2:4Þ

after which the Hamiltonian becomes

HT ¼ −κ2
P2
a

12a
þ PT

a3
þ a3VðT; PTÞ: ð2:5Þ

As in [34], we assume the bounce is kinetic-energy
dominated1; hence, near the bounce we can neglect V,
obtaining

a0 ¼ −
κ2

6
a2Pa; ð2:6aÞ

P0
a ¼ −

κ2

12
aP2

a þ
3PT

a
; ð2:6bÞ

P0
T ¼ 0; ð2:6cÞ

where primes here denote derivatives with respect to T.
Imposing the Hamiltonian constraint gives the stiff-

matter Friedmann equation

H2 ¼
�
a0

a4

�
2

¼ κ2

3

PT

a6
; ð2:7Þ

whose solution is

aðTÞ ¼ a0e�λT; λ≡ κ
ffiffiffiffiffiffiffiffiffiffiffi
PT=3

p
: ð2:8Þ

This is a pure stiff-matter solution, i.e., it describes a
kination regime, where the solution with the þ (−) sign is
valid for T > 0 (T < 0).

B. Quantum model: de Broglie–Bohm interpretation

From the Hamiltonian (2.5), WDW quantization pro-
ceeds by promoting

ðPa; PTÞ → ðP̂a; P̂TÞ ¼ ð−i∂a;−i∂TÞ; ð2:9Þ

which leads, upon imposing the Hamiltonian constraint, to
the WDW equation in the kination regime,

i∂TΨða; TÞ ¼
κ2

12
a2∂2aΨða; TÞ: ð2:10Þ

From the solution Ψ ¼ ΩeiS given in Ref. [34], the
Bohmian trajectory follows from

Pa ¼ ∂aS; ð2:11Þ

leading to

aðTÞ ¼ aB exp

�
λT0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðT=T0Þ2

q
− 1

��
; ð2:12Þ

and the modified Friedmann equation

1We note that, by setting initial conditions far back in the
contracting phase, the dominant energy density at the bounce is
the kinetic density, as shown, for example, in Refs. [38–40].
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H2 ¼ κ2

3
ρ

8><
>:1 −

1h
1 − 1

6λT0
ln
�

ρ
ρB

�i
2

9>=
>;; ð2:13Þ

where T0 is a constant that comes from the solution of the
WDW equation and

ρB ¼ 3λ2m2
Pl

8πa6B
; ρðTÞ ¼ ρB

�
aB
aðTÞ

�
6

: ð2:14Þ

III. PRIMORDIAL SCALAR PERTURBATIONS

We now derive the power spectrum for scalar perturba-
tions, explicitly incorporating the modifications induced by
the quantum bounce. Our approach follows a methodology
analogous to that developed for LQC [41], but critically
adapted to the distinct dynamics of the dBB bounce and in
the canonical variables defined in the previous section. We
assume that any pre-stiff-matter contracting phase occurs
sufficiently far from the bounce so that its effects on
observable modes are exponentially diluted. This behavior
is generic in long-lived nonsingular contracting cosmolo-
gies, where modes spend extended periods outside the
horizon and lose sensitivity to earlier phases [7,42].
For scalar perturbations, the Fourier modes μkðηÞ obey

the Mukhanov-Sasaki equation [43],

μ00kðηÞ þ
�
k2 −

a00ðηÞ
aðηÞ

�
μkðηÞ ¼ 0; ð3:1Þ

where η is the conformal time, μk ¼ zR, with z ¼ aϕ̇=H,
and R is the comoving curvature perturbation.
The primary challenge is to evolve quantum vacuum

fluctuations through the nonsingular bounce and into the
subsequent inflationary epoch. The preinflationary dynam-
ics near the bounce imprint a characteristic signature on the
perturbation modes that persists throughout the subsequent
evolution. To model this process, we segment the history
into three distinct dynamical regimes where the background
evolution can be well approximated, thus permitting a
tractable analytical treatment for the perturbations:
(A) Bounce phase: Governed by quantum-gravitational

effects (e.g., stiff-matter domination in our model),
where the initial conditions for the perturbations
are set.

(B) Transition phase: The interval between the bounce
and the onset of slow-roll inflation, where neither the
bounce-era kinetic energy nor the inflationary po-
tential energy is fully dominant.

(C) Inflationary phase: The standard slow-roll regime,
during which perturbations are amplified and exit
the Hubble horizon.

The equation of motion for the modes cannot be solved
analytically across the entire evolution. We therefore solve

Eq. (3.1) separately in each of the three phases using
appropriate approximations for the dynamics. The com-
plete solution is constructed by matching both the mode
functions μkðηÞ and their first derivatives μ0kðηÞ at the
boundaries between consecutive phases.
In the following subsections, we detail the solutions for

each phase, implement this matching procedure, and finally
compute the primordial power spectrum PRðkÞ, which
encodes the combined imprints of both the quantum bounce
and the subsequent inflationary phase.

A. Bounce phase

The scale factor for our model is given by Eq. (2.12),
which is expressed as a function of T. However, the explicit
expression for a00ðηÞ=aðηÞ in Eq. (3.1) is given in terms of
the conformal time η. To relate aðηÞwith aðTÞ, we can start
by using that

Ṫ ¼ fT;HTg ¼ 1

a3
; ð3:2Þ

where HT is given by Eq. (2.5) and from which we then
obtain dt ¼ a3dT. Using dt ¼ a dη, we find that

dη ¼ a2dT; ð3:3Þ

which by integration gives

ηðTÞ − ηB ¼
Z

T

0

a2ðuÞdu; ηB ¼ ηð0Þ: ð3:4Þ

However, it is still not trivial to analytically obtain aðηÞ
directly from aðTÞ. We do this procedure through numeri-
cal methods. To compute the term a00ðηÞ=aðηÞ, present in
the perturbation equation (3.1), we first make use of
Eq. (3.3), which allows one to express a00ðηÞ=aðηÞ in terms
of the variable T. Explicitly, we find

VðTÞ≡
�
a00

a

�
ðTÞ

¼ λe
−4λT0

� ffiffiffiffiffiffiffiffi
1þT2

T2
0

q
−1
�

a4BT
3
0

�
1 − λT0

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

T2
0

q
T2

T2
0

�
�
1þ T2

T2
0

�
3=2 : ð3:5Þ

The expression (3.5) is still too complicated to allow the
equation for the modes (3.1) to be analytically solved. To
avoid this difficulty, we first observe that VðTÞ can be well
approximated as a Pöschl-Teller function given by

VPTðηÞ ¼ V0 sech2½αðη − ηBÞ�; ð3:6Þ

where α and V0 are free parameters fixed in such a way that
Eq. (3.6) can become a good approximation to Eq. (3.5).
Since we can analytically solve the modes equation (3.1)
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for a function like (3.6), we expect this to provide a good
approximation for the solution in the bounce phase.
To obtain the parameters in Eq. (3.6), we set the height

V0 and the curvature −2α2V0 of VPTðηÞ at the bounce
(η ¼ ηB) to those of VðTÞ at the bounce (T ¼ 0). Through
this matching, the results for α and V0 can then be found
and are given by

V0 ¼
λ

a4BT0

; α ¼
ffiffiffi
3

2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λT0

p
a2BT0

: ð3:7Þ

In Fig. 1, we compare the numerical result for VðTÞ,
obtained from Eq. (3.5), with the approximation VPTðηÞ,
Eq. (3.6), where in the latter we consider η ¼ ηðTÞ,
Eq. (3.3), thus expressing both functions in terms of the
time variable T. The results in Fig. 1 show that Eq. (3.6) is
indeed a good approximation to Eq. (3.5).
Consequently, the solution for Eq. (3.1) using the

approximation VPTðηÞ for VðTÞ and with the parameters
α and V0 given by Eq. (3.7) is found to be given by

μðPTÞk ðηÞ ¼ ckxðηÞik=ð2αÞ½1 − xðηÞ�−ik=ð2αÞ
× 2F1½a1 − a3 þ 1; a2 − a3 þ 1; 2 − a3; xðηÞ�
þ dkfxðηÞ½1 − xðηÞ�g−ik=ð2αÞ
× 2F1½a1; a2; a3; xðηÞ�; ð3:8Þ

where 2F1 is a hypergeometric function, ck and dk are
arbitrary constants, and

a1 ¼
1

2
− i

ffiffiffi
2

3

r
a2BT0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λT0

p kþ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − 2λT0

3þ 6λT0

s
; ð3:9aÞ

a2 ¼
1

2
− i

ffiffiffi
2

3

r
a2BT0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λT0

p k −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − 2λT0

3þ 6λT0

s
; ð3:9bÞ

a3 ¼ 1 − i

ffiffiffi
2

3

r
a2BT0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λT0

p k; ð3:9cÞ

xðηÞ ¼ 1

e−½
ffiffi
6

p ffiffiffiffiffiffiffiffiffiffiffiffi
1þ2λT0

p
=ða2BT0Þ�η þ 1

: ð3:9dÞ

B. Transition phase

During the transition phase, the Universe smoothly
transits from an equation of state with ω ¼ 1 (kination)
to ω ¼ −1 (inflation). Hence, we can consider k2 ≫
a00ðηÞ=aðηÞ in Eq. (3.1) and the solution for the modes
μk is simply plane-wave-like,

μkðηÞ ¼
ãkffiffiffiffiffi
2k

p e−ikη þ b̃kffiffiffiffiffi
2k

p eikη; ð3:10Þ

where ãk and b̃k are arbitrary coefficients.

C. Inflationary phase

After the transition phase ceases, the Universe enters the
slow-roll inflationary phase. The equation of motion (3.1)
for the modes in this phase becomes [41]

μ00kðηÞ þ
�
k2 −

z00

z

�
μkðηÞ ¼ 0; ð3:11Þ

where z00=z ¼ ðν2ðηÞ − 1=4Þ=η2. The parameter ν is
approximately given by ν ≈ 3=2þ 3ϵV − ηV, where ϵV
and ηV are the usual slow-roll parameters in inflation,
which can be approximately treated as constants during the
slow-roll inflation regime. Therefore, we can approximate
z00=z ∝ 1=η2 and the equation for the modes can be solved
analytically. The solution is

μkðηÞ ≃
ffiffiffiffiffiffiffiffiffi−πηp
2

h
αkH

ð1Þ
ν ð−kηÞ − βkH

ð2Þ
ν ð−kηÞ

i
; ð3:12Þ

where αk and βk are arbitrary constants, and Hð1Þ
ν ðzÞ and

Hð2Þ
ν ðzÞ are the Hankel functions of the first and second

kinds, respectively.

D. Matching the solutions

Let us now determine all the arbitrary coefficients that
appear in the solutions obtained above in each of the three
phases. We are, in particular, interested in the coefficients
αk and βk of the slow-roll inflationary modes, Eq. (3.12),
resulting from the whole evolution beginning far before the
bounce, in the contracting phase. All the coefficients are
obtained by matching the solutions and are explained
below.
When starting the evolution far before the bounce, no

quantum effects are present and we can impose the Bunch-
Davies vacuum solution [44]

FIG. 1. Comparison between the exact function VðTÞ,
Eq. (3.5), with the Pöschl-Teller approximation VPTðTÞ for the
representative parameters λ ¼ mPl, T0 ¼ m−1

Pl , and aB ¼ 1.
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μðBDÞk ¼ e−ikηffiffiffiffiffi
2k

p : ð3:13Þ

To begin the matching procedure, we need to calculate
the bounce modes, Eq. (3.8), in the early contracting
phase, which means η − ηB ≪ 0. In this limit, we find
that

x ∼ e

ffiffi
6

p ffiffiffiffiffiffiffiffiffi
1þ2λT0

p
a2
B
T0

ðη−ηBÞ
→ 0; ð3:14aÞ

x
ik

a2
B
T0ffiffi

6
p ffiffiffiffiffiffiffiffiffi

1þ2λT0
p ð1 − xÞ−ik

a2
B
T0ffiffi

6
p ffiffiffiffiffiffiffiffiffi

1þ2λT0
p

∼ eikðη−ηBÞ; ð3:14bÞ

½xð1 − xÞ�−ik
a2
B
T0ffiffi

6
p ffiffiffiffiffiffiffiffiffi

1þ2λT0
p

∼ e−ikðη−ηBÞ: ð3:14cÞ

From these limits and from the fact that

2F1ða1; a2; a3; 0Þ ¼ 1, the bounce mode equation given
by Eq. (3.8) becomes

lim
η−ηB→−∞

μðPTÞk ðηÞ ¼ ckeikðη−ηBÞ þ dke−ikðη−ηBÞ: ð3:15Þ

The latter equation is the solution for the modes in the early
contracting phase, which must coincide with Eq. (3.13).
Comparing both equations, one obtains that the coefficients
ck and dk are

ck ¼ 0; dk ¼
eikηBffiffiffiffiffi
2k

p : ð3:16Þ

We now match the bounce mode solution in the far past
with the one in the next phase, the transition phase. This is
done by computing the bounce modes, Eq. (3.8), for
η − ηB ≫ 0. To do this, we first note that, in the limit
η − ηB ≫ 0,

x ∼ 1 − e
−
ffiffi
6

p ffiffiffiffiffiffiffiffiffi
1þ2λT0

p
a2
B
T0

ðη−ηBÞ
→ 1; ð3:17aÞ

1 − x ∼ e
−
ffiffi
6

p ffiffiffiffiffiffiffiffiffi
1þ2λT0

p
a2
B
T0

ðη−ηBÞ
: ð3:17bÞ

Hence, the bounce mode result Eq. (3.8) for η − ηB ≫ 0
can be simplified and we find

lim
η−ηB→∞

μðPTÞk ðηÞ ¼
�
ck

Γð2 − a3ÞΓða1 þ a2 − a3Þ
Γða1 − a3 þ 1ÞΓða2 − a3 þ 1Þ þ dk

Γða3ÞΓða1 þ a2 − a3Þ
Γða1ÞΓða2Þ

�
e−ikðη−ηBÞ

þ
�
ck

Γð2 − a3ÞΓða3 − a1 − a2Þ
Γð1 − a1ÞΓð1 − a2Þ

þ dk
Γða3ÞΓða3 − a1 − a2Þ
Γða3 − a1ÞΓða3 − a2Þ

�
eikðη−ηBÞ: ð3:18Þ

We now match the solution (3.18) with the transition
phase solution, Eq. (3.10). Using the coefficients ck and dk
given by Eq. (3.16), we obtain the coefficients appearing in
the transition phase solution (3.10),

ãk ¼
Γða3ÞΓða1 þ a2 − a3Þ

Γða1ÞΓða2Þ
e2ikηB ; ð3:19aÞ

b̃k ¼
Γða3ÞΓða3 − a1 − a2Þ
Γða3 − a1ÞΓða3 − a2Þ

: ð3:19bÞ

Finally, we must match the transition phase solution with
the inflationary one. For this, we can start by expanding the
solution of Eq. (3.12) for −kη → ∞. Using the asymptotic
form for the Hankel functions [45], we find that Eq. (3.12)
becomes

lim
−kη→∞

μkðηÞ ¼
αkffiffiffiffiffi
2k

p e−ið1þ2νÞπ=4e−ikη

þ βkffiffiffiffiffi
2k

p eið1þ2νÞπ=4eikη: ð3:20Þ

Matching the latter solution with the transition phase
solution, Eq. (3.10), whose coefficients are given by

Eqs. (3.19), one obtains

αk ¼
Γða3ÞΓða1 þ a2 − a3Þ

Γða1ÞΓða2Þ
e2ikηB ; ð3:21aÞ

βk ¼
Γða3ÞΓða3 − a1 − a2Þ
Γða3 − a1ÞΓða3 − a2Þ

eiπ: ð3:21bÞ

In the calculation for the power spectrum, which is to be
performed next, the phase factors e�ið1þ2νÞπ=4 in Eq. (3.20)
do not contribute and can be omitted. Additionally, the
results are essentially like the ones obtained in [41], but
with different coefficients, which are given here by the ones
shown in Eq. (3.9).

E. Power spectrum

The scalar power spectrum is defined by

PRðkÞ≡ k3

2π2
jRkðηÞj2 ¼

k3

2π2

				 μkðηÞzðηÞ
				2: ð3:22Þ

The relevant modes are those in the slow-roll inflationary
phase, Eq. (3.12), in which case we can apply the limit
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−kη → 0þ. Using the series approximation for the Hankel
functions [45], Eq. (3.12) becomes

μkðηÞ ≃ −i
ffiffiffiffiffiffi−ηp

2
ffiffiffi
π

p ðαk þ βkÞΓðνÞ
�
−kη
2

�
−ν
; ð3:23Þ

and we find for Eq. (3.22) the result

PRðkÞ ¼ jαk þ βkj2PGR
R ðkÞ; ð3:24Þ

where

PGR
R ðkÞ≡ k2

4π3

�
H

aϕ̇

�
2

Γ2ðνÞ
�
−kη
2

�
1−2ν

ð3:25Þ

is the standard scalar of curvature power spectrum as
derived in general relativity (GR) and PRðkÞ is the power
spectrum corrected by the particle/mode production term
jαk þ βkj2 as a consequence of the presence of the quantum
bounce.
Using the identity jαkj2 − jβkj2 ¼ 1, one obtains that

jαk þ βkj2 ¼ 1þ 2jβkj2 þ 2Reðαkβ�kÞ; ð3:26Þ

and we can express Eq. (3.24) as

PRðkÞ ¼ ð1þ ΔkÞPGR
R ðkÞ; ð3:27Þ

where

Δk ¼ 2jβkj2 þ 2Reðαkβ�kÞ: ð3:28Þ

Using Eqs. (3.7), (3.21), and (3.26), we find that

Δk ¼
�
1þ cos

�
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c2

3

r ��
csch2

� ffiffiffi
2

3

r
πck
kB

�

−
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh

�
2

ffiffiffi
2

3

r
πck
kB

�
þ cos

�
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c2

3

r �s

× cos

�
π

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c2

3

r �
cosh2

� ffiffiffi
2

3

r
πck
kB

�
× cosð2kηB þ φkÞ; ð3:29Þ

where we have defined2

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λT0

1þ 2λT0

s
; ð3:30Þ

kB ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a00ðηBÞ
aðηBÞ

s
≡ ffiffiffiffiffiffi

V0

p
¼ 1

a2B

ffiffiffiffiffi
λ

T0

s
; ð3:31Þ

and

φk ¼ arctan



Im½Γða1ÞΓða2ÞΓ2ða3 − a1 − a2Þ�
Re½Γða1ÞΓða2ÞΓ2ða3 − a1 − a2Þ�

�
: ð3:32Þ

The last term in (3.29), for kηB ≫ 1, oscillates very
rapidly and therefore has a negligible effect when averaged
over time. Thus, for any practical purpose, when computing
observable quantities, the correction factor Δk can be well
approximated by

Δk ≃
�
1þ cos

�
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

8c2

3

r ��
csch2

� ffiffiffi
2

3

r
πck
kB

�
: ð3:33Þ

In the next section, we analyze the effects of the scale-
dependent quantum correction factor Δk on the GR power
spectrum arising from the presence of the quantum bounce.
By examining the resulting modifications in the CMB
anisotropies induced by PRðkÞ, we can constrain the
parameters c and kB, which are, in turn, related to the
quantities emerging from the dBB interpretation quantum
framework employed in this work.

IV. ANALYSIS AND RESULTS

Before proceeding with the analysis, we briefly comment
on the parameter ranges for c and kB in light of the
background-level study of the same model presented in
Ref. [34]. In that work, the parameter ranges were derived
for ρB, the energy density at the bounce, given in Eq. (2.14),
and for the parameter T0. The authors assumed aB ¼ 1 for
simplicity, while here we find it more convenient to assume
the scale factor today as a0 ¼ 1, as usual, and we keep aB
arbitrary. We recover the arbitrariness of aB by rescaling the
quantities as λ → λ̄a3B and T0 → T̄0=a3B. The parameter c
remains unchanged, taking values in the range
c∈ ½0.0001203; 0.7071070� (see Ref. [34]). In the follow-
ing, we consider representative values of c within this
interval. Conversely, since kB depends on aB, which is now
arbitrary, no fixed range can be defined for kB; instead, we
adopt a broad prior range for this parameter.
Our analysis incorporates the scale-dependent distortion

function Δk into the primordial power spectrum PRðkÞ
using a modified version of the code CAMB [35]. This
distortion function, defined in Eq. (3.33) and discussed in
the previous section, modifies the standard GR primordial
spectrum according to Eq. (3.27), where we take PGR

R ðkÞ ¼
Asðk=k�Þns−1, with the pivot scale set to k� ¼ 0.05 Mpc−1.
Our cosmological analysis is constrained by data from

the Planck 2018 release [46]. Specifically, we employ the
low-l temperature (TT) and E-mode polarization (EE)

2Notice that kB defined here sets the characteristic “comoving”
scale of the bounce. The corresponding physical energy at the
bounce is EB ¼ kB=aB. Fixing the normalization a0 ¼ 1 implies
kB ¼ EB today; this is a convention, while the physically
meaningful quantity remains the bounce energy EB.
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likelihoods, the high-l temperature and polarization
(TTTEEE) data derived from the Plik likelihood, and the
CMB lensing reconstruction data.
For all standard Λ cold dark matter (ΛCDM) cosmologi-

cal parameters, we adopt broad linear priors. The following
parameters are allowed to vary freely: the amplitude of the
primordial power spectrum (As), the scalar spectral index
(ns), the physical baryon density parameter (Ωbh2), the
physical CDM density parameter (Ωch2), the angular size of
the sound horizon at decoupling (θMC), and the reionization
optical depth (τ). For the parameter kB, we employ a
logarithmic prior, given its wide dynamic range and its role
in the distortion function. The specific prior ranges for
log10 kB depend on the fixed value of c used in the analysis:

(i) for c ¼ 0.003: log10ðkB MpcÞ∈ ½−7; 0.3802�;
(ii) for c ¼ 0.03: log10ðkB MpcÞ∈ ½−7;−0.6198�;
(iii) for c ¼ 0.3: log10ðkB MpcÞ∈ ½−7;−1.6576�.

These upper limits on log10ðkB;MpcÞ are theoretically
motivated, as larger values would lead to inconsistencies
with the lensing normalization within the model.
Cosmological parameter inference is performed using

the Cobaya MCMC sampler [36], which interfaces with our
modified CAMB code to explore the parameter space. Given
the strong degeneracy expected between the parameters c
and kB within the distortion function, which would other-
wise lead to inefficient parameter exploration, we fix c to a
set of predefined values of interest while varying kB. The
resulting behavior of the primordial power spectrum PRðkÞ
is shown in Fig. 2, illustrating its dependence on kB for a
fixed value of c. Furthermore, Fig. 3 displays the corre-
sponding CMB temperature anisotropy power spectra,
obtained by incorporating our quantum cosmology (QC)
modifications into the CAMB code.
The constraints obtained for the standard cosmological

parameters that exhibit a Gaussian-like posterior profile are

presented in Table I, where we also report the total matter
density (Ωm) and the amplitude of matter fluctuation (σ8)
parameters. The corresponding 2D confidence levels and
one-dimensional marginalized posterior distributions are
plotted in Fig. 4.
It can be observed that all the cosmological parameters

show only minor variations, remaining consistent within
1σ with their respective values in the standard ΛCDM
model [47].
The analysis indicates a slightly lower χ2 value (i.e., a

marginally improved fit) when the QC model is considered.
However, taking into account the inclusion of an additional
parameter relative to the standard model, we conclude that,
from a statistical standpoint, there is no significant evidence
favoring this model. Nevertheless, the QC model remains
compatible with the data, which produces, at the 2σ level,
the following upper limits for kB:

(i) for c ¼ 0.003: log10ðkB MpcÞ < −2.454;
(ii) for c ¼ 0.03: log10ðkB MpcÞ < −1.546;
(iii) for c ¼ 0.3: log10ðkB MpcÞ < −1.658.

We note that the parameter kB is rather weakly affected by
variations in c, and that the data provide an upper limit
rather than a detection. This behavior arises because
smaller values of kB recover the standard primordial power
spectrum, PGR

R ðkÞ, which remains in good agreement with
the observational data. The posterior distribution of kB is
shown in Fig. 5.
Bounce-induced features predominantly affect infrared

modes with k < kB, whose wavelengths today exceed the

FIG. 2. The primordial power spectrum as a function of the
scale (in units of Mpc−1), assuming c ¼ 0.03 and for different
values for kB.

FIG. 3. The CMB temperature anisotropy power spectrum
fixing c ¼ 0.03 and varying kB (in units of Mpc−1).

TABLE I. Mean values and 1σ errors from the analyses.

Parameter c ¼ 0.003 c ¼ 0.03 c ¼ 0.3

log10ð1010AsÞ 3.045� 0.014 3.055� 0.016 3.056� 0.016
ns 0.9642� 0.0042 0.9577� 0.0045 0.9575� 0.0043
H0 67.31� 0.54 67.13� 0.55 67.13� 0.54
Ωm 0.3158� 0.0074 0.3186� 0.0076 0.3186� 0.0075
σ8 0.8118� 0.0059 0.8188� 0.0061 0.8190� 0.0063
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observable window. Consequently, current observations
constrain only the upper bound of kB, while residual
bounce signatures remain observationally suppressed.
It should be noted that our cosmological analysis also

sheds light on the well-known H0-σ8 correlation and its
potential breaking within a QCmodel. As detailed in Table I,
for the c ¼ 0.003 case, our results indicate a H0 value that
remains consistent with those found for the c ¼ 0.03 and
c ¼ 0.3 scenarios. Simultaneously, we observe a slightly
lower σ8 value compared to the higher c values. This
particular shift, exhibiting a tendency toward an anticorre-
lation between H0 and σ8, holds significant relevance in the
context of current cosmological tensions [48].

FIG. 4. Confidence regions from our analysis using CMB Planck 2018 TTTEEEþ lowEþ lensing data [46].

FIG. 5. The bounce scale kB posterior (in units of Mpc−1) using
the CMB Planck 2018 TTTEEEþ lowEþ lensing data [46].
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Indeed, the H0 tension, characterized by a discrepancy
between early-Universe (CMB derived, e.g.,H0 ¼ 67.44�
0.58 km=s=Mpc from Planck 2018 TTTEEEþ lensing
data [47]) and late-Universe (local ladder, e.g., H0 ¼
73.2� 1.3 km=s=Mpc [49]) measurements of the Hubble
constant, points to the need for models favoring higher H0

values. Concurrently, the σ8 tension often refers to lower
values of the matter fluctuation amplitude favored by LSS
probes, particularly weak gravitational lensing measure-
ments. This contrasts with the higher values inferred from
CMB data under the standard ΛCDM model, which for
Planck 2018 TTTEEEþ lensing data yields σ8 ¼
0.8111� 0.0060 [47]. For instance, recent weak lensing
surveys like KiDS-1000 (σ8 ∼ 0.740) [50] and DES year 3
(σ8 ∼ 0.756) [51] consistently report σ8 values lower than
those inferred from CMB data.
Before closing this section, we note that we can use the

results obtained here for kB to estimate the total number of
e-folds, Ntotal, from the bounce to today. From Eq. (3.31),
together with the scalings for λ and T0 introduced earlier,
we obtain

kB
a0

¼ e−Ntotal

ffiffiffiffiffi
λ̄

T̄0

s
; ð4:1Þ

where Ntotal ¼ lnða0=aBÞ. Using the ranges of λ̄ and T̄0 (as
given in Ref. [34]) and the upper limits of kB corresponding
to the chosen values of c, and setting a0 ¼ 1, we obtain:

(i) for c ¼ 0.003: Ntotal ≳ 126;
(ii) for c ¼ 0.03: Ntotal ≳ 124;
(iii) for c ¼ 0.3: Ntotal ≳ 124.

Subtracting the ∼60 e-folds from the horizon exit
during slow-roll inflation to the end of inflation and another
∼60 e-folds from the end of inflation to the present epoch,
we find approximately 4–6 e-folds from the bounce until
the onset of slow-roll inflation. This result is consistent
with Table I of Ref. [34], which gives about four e-folds for
this period.
Note that the bound on kB obtained from the MCMC

analysis can be translated into a restriction on the character-
istic bounce energy. Using Eq. (3.31), the parameter λ
fixes the bounce energy density ρB, which, in turn,
determines kB. Because kB is observed only through an
upper bound, the corresponding implication for the number
of inflationary e-folds is also one sided: only the maximum
allowed value of kB yields a lower bound on Ntotal, as
shown above. This also explains why the parameter ranges
inferred from Ref. [34] would not impose a stronger
restriction than those derived observationally; the obser-
vational limits on kB are already more stringent.
Adopting the results obtained above for the upper limits

on kB together with the representative values Ntotal ≳ 126
for c ¼ 0.003 and Ntotal ≳ 124 for c ¼ 0.03, 0.3, we show
in Table II the characteristic bounce energy scale EB ¼
kB=aB and the maximum bounce energy density scale ρ1=4B .

Note that the results shown in Table II are computed
from the 2σ upper bounds on log10ðkBMpcÞ used in
the analysis (respectively, −2.454;−1.546;−1.658 for
c ¼ 0.003, 0.03, 0.3) together with Ntotal ≳ 126 for c ¼
0.003 and Ntotal ≳ 124 for c ¼ 0.03, 0.3. The estimates are
order-of-magnitude upper bounds and are exponentially
sensitive to Ntotal (changing Ntotal by�1 rescales EB by e�1

and ρ1=4B by e�1=2). In Table II, we also quote an estimate
for the expected lower bound on the number of e-folds
during the inflationary phase Ninfl. This estimate is inferred
from the total number of e-folds from the bounce until
today, Ntotal, after subtracting both the expansion from the
bounce to the onset of inflation and the postinflationary
expansion from the end of inflation to the present epoch.
The number of e-folds between the bounce and the onset
of inflation is generically of order ∼5 and only weakly
dependent on model details [34]. The postinflationary
contribution is estimated under standard assumptions for
the thermal history of the Universe, including reheating and
subsequent radiation- and matter-dominated eras.3 The
resulting lower bound on Ninfl is consistent with expect-
ations from standard inflationary scenarios compatible with
current observations.

V. CONCLUSIONS

In this work, we have investigated the preinflationary
Universe in the context of quantum cosmology using the de
Broglie–Bohm interpretation. Our primary goal was to
analyze the evolution of primordial perturbations during a
quantum bounce phase and to constrain the model param-
eters through the observational implications of this theo-
retical framework.
The quantum bounce modifies the primordial scalar of

the curvature power spectrum by a scale-dependent

TABLE II. Estimated bounce energy scale EB, the correspond-
ing bounce characteristic energy ρ1=4B , and also an estimate for the
expected lower bound on the number of e-folds during the infla-
tionary phase Ninfl, using the 2σ upper limits on log10ðkB MpcÞ
and representative values of Ntotal quoted in the text.

c EB (GeV) ρ1=4B (GeV) Ninfl

0.003 1.18 × 1014 1.22 × 1015 60.6
0.03 1.30 × 1014 4.05 × 1015 59.5
0.3 1.00 × 1014 1.18 × 1016 59.5

3A sensible estimate is that the number of e-folds from the
time when our present Hubble radius crossed the Hubble radius
during inflation until the end of inflation lies in the range [50, 60],
with the precise value depending on the inflationary model
and reheating details [52]. Under standard postinflationary
evolution with entropy conservation after reheating, the number
of e-folds from the end of inflation until today is also typically of
order 50–60.
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distortion function Δk, Eq. (3.33). By having this distortion
function in the primordial power spectrum, we test the
predictions of our model against the most recent cosmo-
logical data from the Planck 2018 mission. We found
complete compatibility with the CMB data, even without a
statistically significant improvement over the standard
ΛCDM model. However, our study successfully con-
strained the parameter kB, which gives the scale for the
quantum bounce in our model, placing a strong upper limit
on its value.
Finally, we have shown a possible connection of our QC

model with the H0 and σ8 tensions. By driving H0 toward
values more consistent with local measurements, while
concurrently achieving a relatively lower σ8 (compared to
other parameter choices within our model), our QC model
offers a promising avenue to reconcile these long-standing
discrepancies between early- and late-Universe observa-
tions of cosmic evolution. This aligns with recent discus-
sions in the literature, where analogous mechanisms in
inflationary models have been explored to break such
correlations and mitigate cosmological tensions, as dis-
cussed, for example, in Ref. [53].

The CAMB code [35] and the Cobaya MCMC sampler
[36] were used in this work.
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