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We consider a static open string in arbitrary stationary spacetime, which can represent a heavy quark-
antiquark pair within the holographic framework or effective theory. Generally, the string profile is not
symmetric with respect to the turning point, and the symmetry restores for a simple string configuration in
backgrounds with certain constraints. We identify a wide family of metrics for which the symmetry is
preserved, enabling a direct isolation of the linear-in-distance term in the static potential for simple
symmetric string configurations, even in nondiagonal backgrounds. As a first example, we apply our
formulas to the black brane dual to the N ¼ 4 supersymmetric Yang-Mills (SYM) plasma at finite
temperature. We find that the separation distance between quarks, L, is given in terms of a hypergeometric
function, while the potential, V, consists of two distinct contributions: a term linear in the separation and a
term that involves its derivative by temperature. Analysis of the leading terms in the series expansion
reveals that the temperature corrections of the separation distance lead to the “swallowtail” behavior.
Further, applying our formulas to the Rindler-anti–de Sitter (AdS) spacetime dual to an acceleratedN ¼ 4

SYM plasma, we obtain analytic expressions for the distance and potential in terms of the elliptic integrals,
which in the large Hawking temperature (large acceleration or small curvature) limit come to the conformal
results for pure AdS. Then, we show that the distance between quarks decreases, the static potential
between them increases, and the characteristic temperatures increase with an acceleration, ac. However, we
observe that an acceleration-scaled potential, acV, as a function of the acceleration-scaled distance, acL,
does not depend on the certain value of the acceleration.

DOI: 10.1103/lhrn-rr2n

I. INTRODUCTION

Since the beginning of the 21st century, there has been
active research into quantum field theory (QFT) in the
presence of external fields or under extreme conditions.
Such conditions—extreme temperatures, densities, rotation,
acceleration, background electromagnetic fields or conden-
sates—can fundamentally alter the theory dynamics. They
may affect phase transitions, stabilize or destabilize various
topological structures, or give rise to entirely new novel
phenomena. These studies are crucial not only from a
theoretical standpoint but also for interpreting modern high-
energy experiments, where such extreme states are routinely
created.
A prominent example is the physics of heavy-ion

collisions (HIC), where generated electromagnetic fields
are among the strongest in the known Universe. It has been

predicted that the magnetic fields reaching up to 1018

Gauss may arise in noncentral collisions [1–9]. Such fields
can significantly modify the quantum chromodynamics
(QCD) behavior, catalyzing the deconfinement and chiral
transitions via the inverse magnetic catalysis [10–16],
inducing anomalous transport within the chiral magnetic
effect [17–20], and generating the spin polarization
[21–26]. Recently, a possibility of relatively long-lived
strong electric fields has also been explored [27], offering a
direct probe of nonperturbative vacuum decay and pair
production via the Schwinger mechanism [28–30].
Another rapidly growing direction involves noninertial

effects in QFT, which have gained considerable community
interest following the observation of global spin polariza-
tion in HIC [31–34]. Contrary to early naive expectations of
zero averaged polarization [35] and first controversial
experimental evidences [36,37], these observations have
spurred a comprehensive reexamination of the spin theory
[21,38–47], establishing the thermal vorticity [39,48,49],
consisting of rotation, acceleration, and temperature gra-
dients, as the dominant source of the observed polarization
signal in HIC.
With the large angular momentum of the initial system,

huge pressure and temperature gradients lead to the
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generation of the vorticity [50–54]. Detailed modeling of
the velocity and vorticity fields [39,48,49,52,54–61] indi-
cates that the medium created in heavy-ion collisions
exhibits extreme local rotation ω ∼ 1021–1023 sec−1 and
undergoes rapid collective expansion, whose early-time
Hubble parameter exceeds the cosmological value by
roughly 40 orders of magnitude. Notable, these predictions
of the extreme values of the vorticity lead to the state-
ment that quark-gluon plasma (QGP) is the fastest-rotating
fluid in nature [32,62]. Recently, it was also shown that
acceleration of the nuclear medium may reach extremely
high values of a ∼ 0.1–1 GeV [63].
All of these extreme kinematic conditions motivate wide

theoretical studies of QFT in rotating [64–86] and accel-
erated [87–104] medium. It is also essential to note
combined researches including rotation and electromag-
netic fields [105–110]. Notably, recent lattice QCD calcu-
lations reveal striking results: the deconfinement (or chiral
restoration) critical temperature exhibits opposite responses
to rotation in the gluonic and fermionic sectors [111–116],
negative moment of inertia and rotational instability of
QGP [117–123].
These extreme conditions—strong external fields, rota-

tion, acceleration, and high temperature/density—often
correspond to strongly coupled regimes where traditional
perturbative QCD methods fail. This strongly motivates the
use of nontraditional methods, such as gauge/gravity
duality, particularly the anti-de Sitter/conformal field theory
(AdS/CFT) correspondence [124], as a powerful nonper-
turbative tool [125–127]. By mapping a gauge theory in
D − 1 dimensions to a classical gravitational theory in
D-dimensional AdS space, holography provides geometric
insight into a strongly coupled regime of the gauge theory.
In particular, the holography framework is successfully

used in application to the calculations of the potential
energy of the static quark-antiquark pair [128–138], studies
of the confinement and deconfinement phases [139–150],
evaluations of the radiative energy losses [151–156], and
other problems [157–179]. There are also a lot of research
in the presence of the electromagnetic fields (finite chemi-
cal potential and baryon density) [180–190], rotation
[180,191–212], both of them [213–221], and uniform
acceleration alone or in combinations with aforementioned
fields [222–247].
A powerful probe for understanding how these extreme

conditions affect strongly coupled nuclear matter is the
static heavy quark-antiquark potential. Within string theory,
applicable both in the holographic approach and in four-
dimensional string-based effective models of QCD, this
potential is computed from the world sheet action of a
(classical) string, the end points of which represent the
(infinitely) heavy static quark and antiquark.
Specifically, in a gauge-theory context, the expectation

value of a rectangular temporal Wilson loop, hWðCÞi,
defined over a time interval T → ∞ and a spatial separation

L, is governed by the dynamics of the underlying flux tube.
In the limit where the flux tube is well described by a thin,
classical string, the dominant contribution comes from the
minimal-area world sheet spanning the contour C. This
yields the relation

hWðCÞi ∼ e−TVðLÞ ¼ e−SNG½Σ�; ð1Þ

where SNG½Σ� is the (renormalized) Nambu-Goto action
evaluated on the corresponding surface Σ. The static quark-
antiquark potential is therefore extracted as

VðLÞ ¼ lim
T→∞

SNG½Σ�
T

: ð2Þ

The key advantage of this approach is its generality: the
background metric in the string action can encode not only
the geometry of a holographic bulk but also the effective
spacetime felt by a flux tube in a thermal, rotating,
electromagnetically polarized and other medium. In this
paper, we focus on arbitrary stationary spacetimes for
several compelling reasons. First, a vast and physically
relevant class of backgrounds is stationary: pure AdS, AdS
black branes and black holes, Rindler-AdS, geometries with
instantons or scalar condensates, and many solutions
describing equilibrium states with rotation or external fields.
Second, since we are interested in the static quark-antiquark
potential (T → ∞), the relevant string world sheet probes a
time-independent configuration. Third, while stationary
metrics retain a high degree of physical generality, their
time independence substantially simplifies the equations of
motion (EoM), allowing us to derive closed analytic
expressions even in the presence of nondiagonal metric
components. By working with a general stationary metric,
we therefore obtain universal, tractable formulas for VðLÞ
that are applicable across a wide spectrum of holographic
and effective string-based models of strongly coupled
matter.
The paper is organized in the following way. In Sec. II,

starting from arbitrary stationary spacetime, we calculate the
separation distance and static potential for the quark-
antiquark pair and analyze several important simplifications
of the background metrics. In Sec. III, we obtain a precise
analytic expression for the static quark-antiquark potential
within the finite-temperature AdS/CFT framework formu-
lated within the black brane; the details of the analytic
calculation are provided in Appendix B. In Sec. IV. we
review the Rindler-AdS background dual to the accelerated
N ¼ 4 super Yang-Mills plasma and find precise analytic
expressions for the separation distance and static potential
between quarks, the details of the analytical calculations of
which we give in the Appendix C. In Sec. V, we conclude
and discuss obtained results and prospects.
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II. THE STATIC QUARK-ANTIQUARK
POTENTIAL IN ARBITRARY STATIONARY

BACKGROUND

A. The background and string configuration

We consider a D-dimensional stationary spacetime
(D ≥ 3) with the nondiagonal metric allowing for off-
diagonal components that mix different spatial directions,

ds2 ¼ GMNdxMdxN; ð3Þ

where the metric components GMN are functions of the
spatial coordinates, xi, but independent of the time coor-
dinate, x0. The string propagation in such a background is
governed by the Nambu-Goto action,

SNG ¼ 1

2πα0

Z
dτdσ

ffiffiffiffiffiffi
−g

p
: ð4Þ

Here, 1=2πα0 is the string tension coefficient, α0 ¼ l2
s is the

Regge slope parameter and the fundamental string length
scale ls, and g is the determinant of the induced metric on
the world sheet. Parametrizing the string world sheet by the
coordinate pair ðτ; σÞ, one then needs to find the induced
metric tensor gαβ, which is defined as

gαβ ¼ GMN∂αXM
∂βXN; ð5Þ

with the embedded coordinates XM and components of the
spacetime metric GMN .
We employ a static gauge choice for the string world

sheet, parametrizing it in a such way that the time
coordinate on the world sheet, τ, is identified with the
background time, x0. The spatial coordinate on the string
world sheet, σ, is identified with a specific spatial direction
in the global spacetime, xp. The remaining coordinates, xi
with i ≠ 0; p, are the dynamical fields xiðσÞ, describing
how the string bends away from the straight line along σ.
This configuration looks as follows:

x0 ¼ τ; xp ¼ σ; xi ¼ xiðσÞ;
xiðσ ¼ −L=2Þ ¼ xiðσ ¼ þL=2Þ ¼ ximax

; ð6Þ

where the string end points are fixed at σ ¼ �L=2 and
xi ¼ ximax

. Hence, the distance between end points in terms
of σ has a simple form,

L ¼
Z

L=2

−L=2
dσ: ð7Þ

To avoid ambiguities in the schematic representation of the
arbitrary string shape, which generally is nonsymmetric with
respect to the string turning point, ximin , and can have complex
shape in several space directions, we show pictures only for a
simple and clear case of the symmetric shape, where only one
coordinate, xr, depends on the string coordinate, σ, while
others stay fixed, dxi=dσ ¼ 0 at i ≠ r. For such cases, the
string profile and the corresponding Wilson loop contour are
shown in Fig. 1. We also show straight strings that run from
the boundary, xrmax , up to the horizon or deep bulk limit, xr0 .
These strings, representing free deconfined quarks, are used
later in the renormalization procedure, described in the
corresponding section. The simple symmetric string profile
is used for the calculations in Secs. III and IV, while in the
current section we do not restrict ourself by considering such
cases and will show general results for an arbitrary string
configuration. For some examples of the asymmetric string
configuration, see the discussion about the parity violation
later in this section.

B. The equations of motion

The explicit view of the induced metric (5) in the terms
of the background metric components (3) is

gττ ¼ G00; ð8Þ

gσσ ¼ Gpp þ 2
X
i

Gpix0i þ
X
i

X
j

Gijx0ix
0
j; ð9Þ

xp

xr
xp= L/2xp= L/2

xr=xrmax

xr=xrmin

xr=xr0

FIG. 1. The schematic representation for (1) the simple symmetric string profile and (2) the corresponding Wilson loop contour.
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gτσ ¼ gστ ¼ Gp0 þ
X
i

G0ix0i; ð10Þ

where we denoted x0i ¼ dxi
dσ . Using (8)–(10), one can write down the Lagrangian density as

L ¼ ffiffiffiffiffiffi
−g

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2τσ − gττgσσ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gp −

X
i

x0i

�
2hpi þG00

X
j

Gijx0j

�
þ
�X

i
G0ix0i

�
2

s
: ð11Þ

Here, we introduced the following geometrical objects,
which are the base terms in our work,

hab ¼ G00Gab −G0aG0b; ð12Þ

ga ¼ haa ¼ G00Gaa −G2
0a: ð13Þ

Quantity (12) characterizes a geometric coupling between
directions a and b as seen by the string world sheet. For
a ¼ b, Eq. (13) corresponds to the determinant of the world
sheet metric for a string oriented purely along the a
direction. Hence, gp in (11) defines the geometry of the
background spacetime swept by the unperturbed static
string oriented along the p direction. When a ≠ b, hab
describes how motions in directions a and b couple in the
string dynamics, so hpi in (11) reflects a geometrical
connection between xp and xi directions. More precisely,
hab is a projection metric on the spatial sections with
x0 ¼ const, that is discussed later.
Using (11), we find a first integral of the EoM, which

corresponds to the conserved Hamiltonian density [248],

H ¼
X

i
Pix0i − L ¼ gp þ

P
ihpix

0
i

L
¼ C; ð14Þ

where the quantities

Pi ¼
∂L
∂x0i

¼ −
hpi þ G00

P
jGijx0j − G0i

P
jG0jx0j

L
ð15Þ

are the canonical momenta. For our purposes, it is sufficient
to use only a set of Pi, while other momenta are fixed via
the Virasoro constraints, see Appendix A. The constant C is
defined from the boundary condition at the string turning
point, where all the coordinate derivatives vanish:
x0ijxi¼ximin

¼ 0. Substituting this condition into (14) and

solving for C yields

C ¼ − ffiffiffiffiffiffiffiffi−gp
p jxi¼ximin

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

0p −G00Gpp

q
jxi¼ximin

: ð16Þ

One finds that the canonical momenta in Eq. (15), evaluated
at the string turning point, are constant,

Pijxi¼ximin
¼ −

hpiffiffiffiffiffiffiffiffi−gp
p

����
xi¼ximin

¼ 1

C
hpi

����
xi¼ximin

: ð17Þ

These vanish for spacetimes with certain symmetries
satisfying hpi ¼ 0 (the simplest case is the diagonal
metric).
Now it is convenient to split coordinates xi into radial, xr,

and transverse, xi (i ≠ r), directions to change the inte-
gration variable σ to xr via dσ ¼ dxr=x0r. To solve for the
derivative x0r, we begin by squaring both sides of Eq. (14) to
eliminate the square root present in the Lagrangian L,

ðgðTÞp Þ2 þ 2gðTÞp hprx0r þ h2prx02r
L2
T − grx02r − 2x0r½hpr − G0r

P
i≠rG0ix0i�

¼ C2;

where we defined

gr ¼ hrr ¼ G00Grr −G2
0r; ð18Þ

gðTÞp ¼ gp þ
X

i≠rhpix
0
i; ð19Þ

L2
T ¼ L2jx0r¼0 ¼ −gp −

X
i≠r

x0i

�
2hpi þG00

X
j≠r

Gijx0j

�

þ
�X

i≠rG0ix0i

�
2

: ð20Þ

Here, LT is the Lagrangian density for a purely transverse

string profile with x0r ¼ 0, gðTÞp a modification of (13) that
takes into account the transverse corrections of the string
shape and gr the determinant of the induced metric for a
string oriented purely along the radial direction.
Then, by collecting terms with the same powers of x0r, we

obtain a quadratic equation,

ax02r þ bx0r þ c ¼ 0; ð21Þ

with the following coefficients:
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a ¼ h2pr þ C2gr;

b ¼ 2

�
gðTÞp hpr þ C2

�
hpr − G0r

X
i≠rG0ix0i

��
;

c ¼ ðgðTÞp Þ2 − C2L2
T:

The solution of Eq. (21) is given by a standard expression,

x0r ¼
−b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 4ac

p

2a
: ð22Þ

For instance, in the background family with hpr ¼ 0 for
string configurations with a simple transverse shape x0i ¼ 0

(see Fig. 1). the general expression for x0r simplifies to

x02r ¼ −
gpðgp þ C2Þ

C2gr
; ð23Þ

while considering the diagonal metrics leads to

x02r ¼ −
GppðG00Gpp þ C2Þ

C2Grr
: ð24Þ

C. Possible source of the parity violation

For an arbitrary stationary background hpr ≠ 0, a con-
sideration of the simple string ansatz with x0i ¼ 0 leads to
the following view of EoM (22):

x0r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gp þ C2

q
h2pr þ C2gr

�
−hpr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gp þ C2

q
� jCj

ffiffiffiffiffiffi
−h

p �
; ð25Þ

where we defined h ¼ −ðh2pr − grgpÞ ¼ −ðh2pr − hrrhppÞ,
the meaning of which we find below. Note that Eq. (25) is
generally nonsymmetric with respect to the string turning
point. Hence, a nonzero value of the quantity hpr signals a
breakdown of symmetry of the string profile along the
involved directions, which may be related to the parity
violation.
As we noted earlier, hpr reflects space asymmetry in the

p–r plane. The physical meaning of h becomes especially
clear when the stationary metric is written in the standard
form with splitting along the timelike Killing field,

ds2 ¼ G00ðdtþ AadxaÞ2 þ
hab
G00

dxadxb; ð26Þ

where G00 is the norm of the timelike Killing field, and
Aa ¼ G0a=G00 is the gravitomagnetic potential, so hpr
defines the geometry of the spatial sections. Hence,

h ¼ −ðh2pr − hrrhppÞ ¼ det

 
hpp hpr
hpr hrr

!

¼ G00 det

0
B@

G00 G0p G0r

G0p Gpp Gpr

G0r Gpr Grr

1
CA ð27Þ

is the determinant of the projection metric on spatial
sections with x0 ¼ τ ¼ const. In the parametrization
(26), hpr combines two possible sources of parity violation:
nonzero off-diagonal metric element Gpr ≠ 0 and a pres-
ence of the gravitomagnetic fields Ap ≠ 0, Ar ≠ 0. For
instance, it may correspond to pseudoscalar condensates or
some stationary flows.
Consequently, the asymmetry of the string profile, the

source of which is hpr ≠ 0, may probe a parity violation in
the quark-antiquark interaction. A quantitative measure of
this violation can be provided by a shift of the string turning
point away from the midpoint between the quark and
antiquark, which is computed from the first integral of the
equations of motion.
As an example of a background with hpr ≠ 0, one can

consider the Kerr-AdS5 solution (in the static-at-infinity
frame [249]):

ds2 ∼ −ð1þ y2l−2ÞdT2 þ dy2

1þ y2l−2 − 2M
Δ2y2

þ 2M
Δ3y2

ðdT − asin2ΘdΦ − bcos2ΘdΨÞ2

þ y2ðdΘ2 þ sin2ΘdΦ2 þ cos2ΘdΨ2Þ; ð28Þ

with angles 0 ≤ Θ ≤ π
2
, 0 ≤ Φ;Ψ ≤ 2π, and

Δ ¼ 1 − a2l−2sin2Θ − b2l−2cos2Θ: ð29Þ

Here, a and b are two independent rotation parameters in
orthogonal planes, which can give rise to a pseudoscalar
(axial) structure in spacetime through the topological
invariants of the curved geometry, such as RR̃, which
change sign under parity reflection. Indeed, parametrizing
the string profile by ðxp; xrÞ ¼ ðΦ;ΨÞ or ðxp; xrÞ ¼
ðΨ;ΦÞ, one obtains hpr ≠ 0:

hpr ¼ −
abMsin22Θ

2Δ3y2

�
1þ y2

l2

�
: ð30Þ

As follows from the equation of motion (25), this non-zero
hpr generates two distinct branches for the string profile,
which explicitly manifest parity breaking in the static
gauge.
When hpr ¼ 0, the profile becomes symmetric; however,

this condition does not necessarily restore full parity
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invariance of the background: it may merely reflect a
specific compensation or a configuration that is insensitive
to the existing symmetry violations. Moreover, one should
be mindful that hpr is not a diffeomorphism-invariant
scalar: its non-zero value in the chosen parametrization
signals parity violation, but the invariant physical content
of the latter should be extracted from appropriate curvature
invariants or conserved quantities.
For instance, one can consider the usual 4D Rindler

space,

ds2 ¼ −a2z2dt2 þ dx2 þ dy2 þ dz2: ð31Þ

This background belongs to the family with hpr ¼ 0 for
any pair ðxp; xrÞ. We show an asymmetric string configu-
ration in Fig. 2, where the world sheet coordinate σ is
chosen such that the string is oriented at some angle ϕ to the
acceleration axis z. Here, the asymmetry is evident;
however, even in an apparently “straight” configuration
with σ ¼ z—where the string is stretched purely along the
acceleration axis without sagging—the energy density
remains nonhomogeneous. Although the spatial shape in

ðx; y; zÞ coordinates is a straight line, the energy per unit
coordinate length (or the effective local tension) decreases
toward the horizon. From the perspective of an observer
constantly accelerating in the Rindler wedge, the parity is
manifestly broken by the restriction to a noninertial frame
and the limited accessible region.

D. General expression for the static potential

Expressing L via C from (14), one can simplify the
action (4),

SNG ¼ T
2πα0C

Z
L=2

−L=2
dσðgðTÞp þ hprx0rÞ: ð32Þ

Taking into account that the EoM (25) generally is not
symmetric with respect to the string turning point xrmin

, we
rewrite expressions (7) and (32) as

L ¼
Z

xrmax

xrmin

dxr

�
1

x0rþ
þ 1

x0r−

�
; ð33Þ

SNG ¼ T
2πα0C

�Z
xrmax

xrmin

dxr

�
gðTÞp

x0rþ
þ gðTÞp

x0r−
þ 2hpr

��
; ð34Þ

where we denoted two different branches by xr�.
The Nambu-Goto action (34) typically exhibits diver-

gence that requires renormalization. For asymptotically
AdS spaces (and other geometries with similar ultraviolet
behavior), this is accomplished by subtracting the action
of two straight, disconnected strings extending from the
boundary to the deep infrared (see red straight lines in
Fig. 1),

S0 ¼
T
πα0

Z
xrmax

xr0

dxr
ffiffiffiffiffiffiffiffi
−gr

p ¼ T
πα0

�Z
xrmin

xr0

þ
Z

xrmax

xrmin

�
dxr

ffiffiffiffiffiffiffiffi
−gr

p
; ð35Þ

with gr defined in Eq. (18), and xr0 denoted the infrared end point: either a horizon radius or, in horizon-free geometries, the
deep bulk limit. Hence, the following expression for the renormalized action can be obtained:

SrenNG ¼ SNG − S0 ¼
T
πα0

�
1

2C

Z
xrmax

xrmin

dxr

 
gðTÞp

x0rþ
þ gðTÞp

x0r−
þ 2hpr − 2C

ffiffiffiffiffiffiffiffi
−gr

p
!

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffi
−gr

p �
: ð36Þ

Finally, associating the string with a heavy quark-antiquark pair, the static potential energy (2) can be explicitly written as

πα0V ¼ 1

2C

Z
xrmax

xrmin

dxr

 
gðTÞp

x0rþ
þ gðTÞp

x0r−
þ 2hpr − 2C

ffiffiffiffiffiffiffiffi
−gr

p
!

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffi
−gr

p
; ð37Þ

which is a general expression obtained within string theory for a general static string configuration in an arbitrary stationary

z

φ

a

ho
riz
on

σ

FIG. 2. The asymmetric string configuration in the 4D Rindler
space.
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D-dimensional background. The obtained result does not
depend on whether one works within the framework of the
holographic models or the effective description of the static
QCD fields between a heavy quark pair.
Note that without additional assumptions, confident

simplifications of (37) are not justified. For example, while
one may postulate string symmetry about the string turning
point xrmin

, such a symmetric profile may not represent the
minimum-energy configuration when the metric coupling
hpr is nonzero [see Eq. (25) and discussions later].
Although symmetric solutions might exist in special cases
even for hpr ≠ 0, rigorous confidence in this symmetry
requires hpr ¼ 0.

E. Isolation of the linear-in-distance term for some
background families

It is easy to see that the general formulas (33) and (37)
are reduced to particular cases obtained in the literature
earlier. For instance, for diagonal metrics with an account
of (24), it simplifies to

L ¼ 2jCj
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−G00Grr

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G00GppðG00Gpp þ C2Þ

q ;

ð38Þ

πα0V ¼
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−G00Grr

p 0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G00Gpp

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G00Gpp þ C2

q − 1

1
CA

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−G00Grr

p
ð39Þ

¼ −
CL
2

þ
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−G00Grr

p 0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

G00Gpp

s
− 1

1
CA

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−G00Grr

p
; ð40Þ

where we used the following identity:

xffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p

x
−

1

x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p : ð41Þ

Equation (40) is exactly the same as obtained in [137],
taking into account a relation between the constant defi-
nitions (C ¼ −c).
For the Schwarzschild-AdS5 and Kerr-AdS5 black holes

considered in [204], we also receive the same expressions
(see Eqs. (3.12) and (3.32) in [204]). In fact, these black
hole solutions are the members of the background family
with hpr ¼ 0, and for the string configurations with fixed
transverse shape, x0i ¼ 0, shown in Fig. 1, we can isolate the

linear part in the potential using (23) and (41),

L ¼ 2jCj
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffi
−gr

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gpðgp þ C2Þ

q ; ð42Þ

πα0V ¼
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffi
−gr

p
0
@ ffiffiffiffiffigppffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gp þ C2
q − 1

1
A

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffi
−gr

p ð43Þ

¼ −
CL
2

þ
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffi
−gr

p
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

gp

s
− 1

1
A

−
Z

xrmin

xr0

dxr
ffiffiffiffiffiffiffiffi
−gr

p
: ð44Þ

The result (44) also means that for such backgrounds
(with hpr ¼ 0) the Nambu-Goto action for a simple static
symmetric string configuration (x0i ¼ 0, x0r ≠ 0) can be
initially written as

SNG ¼ T
πα0

0
B@−

CL
2

þ
Z

xrmax

xrmin

dxr
ffiffiffiffiffiffiffiffi
−gr

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

gp

s 1
CA; ð45Þ

with C and L defined in (16) and (42), correspondingly.

III. THE QUARK-ANTIQUARK POTENTIAL
VIA ADS/CFT AT FINITE TEMPERATURE

A. The potential and separation distance
in the black brane background

A straightforward generalization of the first calculations
[128,129] of the static potential energy of the quark-
antiquark pair, performed in the conformal background
of the pure AdS space in the large-N limit, to the finite
temperature case was carried out in [130]. The background
for such a case consists of the N coincident D3-branes (the
black brane) and looks as

ds2¼−fðUÞU
2

R2
dt2þ 1

fðUÞ
R2

U2
dU2þU2

R2
dx2pþR2dΩd−2;

ð46Þ

with the blackening function fðUÞ ¼ 1 − U4
T=U

4 and AdS
curvature R ¼ ffiffiffiffiffiffiffiffiffiffiffi

4πgN
p

. The parameter U4
T ¼ 27

3
π4g2μ,

expressed via the energy density above extremality on
the brane μ, and the coupling constant g, is related to the
Hawking temperature as TH ¼ UT=ðπR2Þ.
In this section, following our general formulas from

Sec. II, we obtain precise analytic expressions for the
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separation, L, and static potential, V, for the quark-
antiquark pair in the large-N limit and then analyze their
different temperature limits. We use the following string
configuration:

τ ¼ t; σ ¼ xp; xr ¼ U ¼ UðσÞ;
Uðσ � L=2Þ ¼ Umax ¼ ∞; ð47Þ

the schematic representation of which is shown in Fig. 1.
The basic units for the calculations are

gp ¼ GttGxx ¼ −fðUÞU
4

R4
¼ 1

R4
ðU4

T −U4Þ; ð48Þ

gr ¼ GttGrr ¼ −1; ð49Þ

C ¼ − ffiffiffiffiffiffiffiffi−gp
p jU¼Um

¼ −
1

R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U4

m −U4
T

q
; ð50Þ

where Um is the coordinate of the string turning point.
Using these units and Eqs. (42)–(44), one can find the
following expressions for L and V (see details of the
calculations in Appendix B):

L ¼ R2

Um

πffiffiffi
2

p
β

ffiffiffiffiffiffiffiffiffiffi
1 − z

p
2F1

�
1

2
;
3

4
;
5

4
; z

�
; ð51Þ

πα0V ¼ UT þUmð1 − zÞ πffiffiffi
2

p
β

�
1

2 2F1

�
1

2
;
3

4
;
5

4
; z

�

− 2F1

�
3

4
;
3

2
;
5

4
; z

��
ð52Þ

¼ UT −
U2

m

R2

ffiffiffiffiffiffiffiffiffiffi
1 − z

p �
1þ z
1 − z

L
2
þ 2z

∂L
∂z

�
: ð53Þ

Here, 2F1ða; b; c; xÞ is the Gauss hypergeometric function,
and we introduced a convenient shorthand notation,

z ¼ U4
T=U

4
m; ð54Þ

and coefficient,

β ¼ Γð1
4
Þ2

4
ffiffiffi
π

p ¼ π

2 2F1

�
1

2
;
1

2
; 1;

1

2

�
¼ K

�
1

2

�
; ð55Þ

which is actually the elliptic integral of the first kind,

KðmÞ ¼
Z

1

0

dx
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − x2Þð1 −mx2Þ
p ; ð56Þ

with elliptic modulus k ¼ ffiffiffiffi
m

p ¼ 1=
ffiffiffi
2

p
. The formulas (51)

and (52) were also obtained in Ref. [250]; however, the
authors did not recognize the expression (53).

It is exciting that the potential (53) is expressed com-
pletely in terms of the quarks separation, L, and its
derivative, ∂L

∂z. The derivative with respect to z carries a
direct physical meaning when one recalls that the temper-
ature at a given bulk depth Um is redshifted. The local
temperature at some point U is given by the Tolman-
Ehrenfest law,

TðUÞ ¼ THffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−GttðUÞp ¼ 1

πR
UT

U
1ffiffiffiffiffiffiffiffiffiffiffi
fðUÞp : ð57Þ

In turn, the local temperature at the string turning point,
Um, is

TðUmÞ ¼
1

πR
z1=4ffiffiffiffiffiffiffiffiffiffi
1 − z

p : ð58Þ

Consequently, the derivative ∂L
∂z quantifies how the quark-

antiquark separation changes as the local temperature at the
string turning point varies. Finally, rewriting UT ¼ πR2TH

and Um ¼ Rffiffi
2

p TH
Tm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4π4R4T4

m

pq
, it is possible to

express Eqs. (51)–(53) in terms of the Hawking, TH, and
local, Tm ¼ TðUmÞ, temperatures as

L ¼ 1ffiffiffi
2

p
πβ

ffiffiffi
z

p
RTmTH

2F1

�
1

2
;
3

4
;
5

4
; z

�
; ð59Þ

πα0V ¼ πR2TH þ πffiffiffi
2

p
β

RTH

Tm

ffiffiffiffiffiffiffiffiffiffi
1 − z

p �
1

2 2F1

�
1

2
;
3

4
;
5

4
; z
�

− 2F1

�
3

4
;
3

2
;
5

4
; z

��
ð60Þ

¼ πR2TH −
T2
H

T2
m

1ffiffiffiffiffiffiffiffiffiffi
1 − z

p
�
1þ z
1 − z

L
2
þ 2z

∂L
∂z

�
: ð61Þ

B. The screening length and critical separation distance

We show dependencies of the potential and distance
between quarks in Fig. 3 for several values of the Hawking
temperature TH. To avoid dimensions, we express all the
quantities in terms of the curvatureR, so it is easy to restore
all dimensions setting the dimension for R. Also the
potential is multiplied by πα0 to keep arbitrariness of α0.
As one can see, opposite to the conformal case at zero

temperature, where the potential and distance have only
one branch, the presence of the finite temperature leads to
the double-valued behavior for such quantities. From the
physical point of view, the maximum attainable separation
between the quark and antiquark is the screening length,
beyond which the interaction is practically turned off. The
value of the string turning point at the screening length,Us,
is simply related to the parameter UT as

NIKITA TSEGELNIK PHYS. REV. D 114, 026024 (2026)

026024-8



Us ¼ 21=4UT; ð62Þ

at which point the blackening function takes a middle
value, fðUsÞ ¼ 1=2, and the local temperature depends
only on the curvature R,

Ts ¼ TðUsÞ ¼
21=4

πR
: ð63Þ

The lower branch of the potential corresponds to the case
of Um > Us and at V < 0 reflects the bound state for the
quark-antiquark pair—quarkonium. Starting from a some
point Uc, where the static potential vanishes, VðUcÞ ¼ 0,
there is a metastable bound state of the system for a
parameters in range of Uc ≥ Um > Us. For such cases, the
U-shaped string configuration, corresponding to a confined
pair of quarks, is energetically disfavored compared with a
pair of disconnected straight strings that run from the

boundary down to the horizon, the latter representing two
independent, deconfined quarks, on which the quarkonium
can dissociate via tunneling or thermal fluctuations. The
value of Uc may be well estimated as

Uapprox
c ¼

 
4
ffiffiffi
2

p ffiffiffi
π

p
β

!
1=4

UT;

Tc ¼ TðUcÞ ≈
1

πR

�
4
ffiffi
2

p ffiffi
π

p
β

	
1=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

ffiffi
2

p ffiffi
π

p
β

q : ð64Þ

However, it is not a precise value of the solution for
VðUcÞ ¼ 0 and the ratio of our estimation, Uapprox

c , to a
precise solution, Uc, is Uapprox

c =Uc ≈ 0.9991, but practi-
cally, the difference is insignificant. Moreover, the quark
separation at this point, LðUcÞ, is slightly smaller than
the screening length, see Fig. 4. The upper branch with
Um < Us corresponds to completely unstable configuration
in which the string turning point lies too close to the
horizon, UT . In this regime, any small fluctuation causes
the middle area of the string to be irreversibly pulled into
the horizon, effectively dissociating the quarkonium.

C. The small temperature limit

In the zero-temperature limit (TH ¼ UT ¼ z ¼ 0), our
calculation yields an exact agreement with the results of
Refs. [128–130],

L0 ¼
πffiffiffi
2

p
β

R2

Um
¼ 2

ffiffiffi
2

p
π3=2

Γð1
4
Þ2

R2

Um
; ð65Þ

V0 ¼ −
π

4β2
R2

L0

¼ −
4π2

Γð1
4
Þ4
R2

L0

¼ −
1

2
ffiffiffi
2

p
β
Um ¼ −

ffiffiffiffiffiffi
2π

p

Γð1
4
Þ2Um;

ð66Þ

FIG. 4. The screening length, LðUsÞ, depicted by solid black
line, and the critical distance, LðUcÞ, depicted by red dashed line,
as functions of the Hawking temperature, TH. All the quantities
are expressed in terms of the AdS curvature R to avoid the
dimensions.

FIG. 3. Numerical calculations for (1) the quark-antiquark potential V (52) depending on the distance L (51) between quark, (2) the
potential V as a function of fðUmÞ, and (3) the distance L as a function of fðUmÞ. Different line colors and styles, corresponding to
different values of the Hawking temperature, are shown in the legends. All the quantities are expressed in terms of the AdS curvatureR
to avoid the dimensions. For plot (1), we also show the zero-temperature results by a black solid curve.
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where we set α0 ¼ 1 for clarity. The series expansion at the
small temperatures looks as

LTH≈0 ¼ L0 −
4β4

5
ðL0THÞ4 −

8β8

5
ðL0THÞ8

−
160β12

39
ðL0THÞ12 þOðT16

H Þ; ð67Þ

VTH≈0 ¼ V0 −
4β2

π
ðL0THÞ þ 2β4ðL0THÞ4 þ

6β8

5
ðL0THÞ8

þ 28β12

15
ðL0THÞ12 þOðT16

H Þ; ð68Þ

where the coefficient β is given by (55). The conformal
nature of the theory reveals itself in the fact that VL can
depend on TH only through the combination LTH, as noted
in Ref. [130]. However, the actual combination is L0TH,
due the fact that L itself depends on the temperature. Also,
in [130], the lowest correction term ∼L0TH was missed (see
Eq. (8) in [130]), but it comes from UT ¼ πR2TH after the
renormalization procedure.
To analyze the series expansions (67) and (68), we plot

different terms with respect to the temperature powers in
Fig. 5. At small separations, the string world sheet remains
close to the conformal boundary, Um ≫ UT , where the
blackening function is fðUmÞ ≈ 1. In this region, the metric
(46) is close to the pure AdS, and the system exhibits
approximate conformal invariance. Consequently, the lead-
ing behavior of the potential is universal and coincides with
the zero-temperature Coulomb form, V ≈ V0 ∼ 1

L0
. As the

separation increases, the string probes deeper into the bulk,
eventually reaching the region where fðUmÞ deviates
significantly from unity. The full nonlinear dependence
on temperature, encoded in the metric, then becomes
essential, and the precise forms of the potential and distance
are sensitive to higher-order terms in the temperature

expansions. Note that the “swallowtail” behavior of the
potential and separation distance is caused by temperature
corrections for the separation only. The universal small-L
behavior is thus a robust UV feature, while the near-critical
region reflects the detailed IR deformation of the conformal
theory by the thermal scale.

IV. THE QUARK-ANTIQUARK POTENTIAL
IN THE RINDLER-ADS SPACE

A. The Rindler-AdS background

In this section, we clarify the influence of acceleration on
the quarkonium dissociation within the holographic
approach. One need to consider the Rindler-AdS space,
the dual of which is theN ¼ 4 supersymmetric Yang-Mills
(SYM) theory. The Rindler-AdS spacetime has been widely
investigated in [222,230,233,236,246]. The heavy quark-
antiquark potential in the presence of acceleration was
previously calculated for theN ¼ 2 confining SYM theory
in [227], and for N ¼ 4 SYM in [228]; however, here we
present a more comprehensive study, including the first
precise analytic expressions.
The Rindler-AdS metric is given by the following

expression:

ds2 ¼ −a2cξ2dt2 þ
dξ2

1þ a2cξ2
þ ð1þ a2cξ2Þ

×

�
dχ2 þ 1

a2c
sinh2ðacχÞdΩ2

d−2

�
: ð69Þ

For a qualitative analysis, one often sets the coordinate
Rindler acceleration equal to the inverse AdS radius, ac ¼
1=R (see, for instance, Ref. [236]). The numerical value of
ac itself is not a physical invariant (it can be changed by
rescaling the coordinates), but the AdS radius R provides
the intrinsic geometric scale of the spacetime. The quantity

FIG. 5. The dependence of the potential from the series expansion (67) as a function of the separation L from the expansion (68) at the
fixed Hawking temperature TH ¼ 0.01=R. Different terms of the expansions, indexed in terms of the temperature powers, are depicted
in the legend. All the quantities are expressed in terms of the AdS curvature R to avoid the dimensions.
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ac ¼ 1=R then carries a correct dimension of the accel-
eration and serves as a natural reference value.
In the limit acξ ⟶ 0, the metric (69) reduces to the line

element of flat Rindler space with a horizon at ξ ¼ 0,

ds2 ¼ −a2cξ2dt2 þ dξ2 þ dχ2 þ χ2dΩ2
d−2: ð70Þ

The coordinates (69) describe a region satisfying ðX1Þ2 −
ðX0Þ2 > 0 and ðX1Þ2 − ðXdþ1Þ2 > 0 in a (dþ 2)-dimen-
sional embedding Minkowski space with two timelike
directions,

−ðX0Þ2 þ ðX1Þ2 þ � � � þ ðXdÞ2 − ðXdþ1Þ2 ¼ −R2; ð71Þ

which possesses the symmetry group Oð2; dÞ, correspond-
ing to AdSdþ1. This embedding shows that the Rindler
observers in AdS follow hyperbolic trajectories in the
ambient Minkowski space; i.e., they are also Rindler
observers with respect to the embedding space.
At ξ ⟶ ∞, the metric (69) asymptotically approaches

the conformal boundary of AdS,

ds2boundary ¼ −dt2 þ dχ2 þ 1

a2c
sinh2ðacχÞdΩ2

d−2; ð72Þ

which is the metric on R × Hd−1, where the hyperbolic
spatial section Hd−1 has a curvature radius of 1=ac ¼ R.
Moreover, for any finite ξ, the induced metric on a constant-
ξ hypersurface is also conformally equivalent to R × Hd−1.
This reflects the fact that the Rindler-AdS foliation pre-
serves the conformal structure of the boundary at every
finite ξ, even though the holographic dual CFT in the AdS/
CFT sense is usually defined only on the ideal conformal
boundary attached at ξ ⟶ ∞.
As it known from the general relativity, the temperature

seen by an observer moving with constant acceleration is
not always proportional to the proper acceleration. For the
Rindler-AdS space, the proper acceleration of an observer
at constant ξ is given by

a2prop ¼ a2loc þ a2c ¼
1

ξ2
þ 1

R2
; ð73Þ

where the local acceleration is defined as aloc ¼ 1
ξ. In work

[222], a general formula for the local temperature in
(A)dSdþ1 was obtained,

T loc ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Λ

dðd − 1Þ þ a2prop

s
¼ aembed

2π
; ð74Þ

where aembed is the proper acceleration of the Rindler
observer in the flat embedding space, and Λ is the
cosmological constant.

For AdSdþ1, the cosmological constant looks as

Λ ¼ − 1
R2

dðd−1Þ
2

; therefore, the condition for a real value
of the temperature requires the proper acceleration to
satisfy aprop ≥ 1

R ¼ acrit, where we defined a critical accel-
eration acrit. The observers with aprop > acrit possess a
nondegenerate Rindler-type horizon and measure a nonzero
local temperature (74), which can be rewritten as

TðξÞ ¼ T loc ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2prop − a2crit

q
: ð75Þ

At aprop ¼ acrit, the horizon becomes extremal (zero surface
gravity), and the local temperature vanishes. As an exam-
ple, such an observer is located at ξ ⟶ ∞. Finally,
observers with aprop < acrit have no causal horizon.
Their trajectories are globally extendible, and they do
not perceive a thermal spectrum.
Remarkably, the critical acceleration coincides exactly

with the parameter that appears in the Rindler-AdS metric
(69), i.e., acrit ¼ ac. The proper acceleration (73) is always
greater than or equal to ac. Thus, the Rindler-AdS
coordinate system naturally covers only the worldlines
of supercritical (and asymptotically critical) observers. The
parameter ac in the metric therefore has a clear physical
interpretation: it sets both the AdS curvature scale R and
the minimal acceleration required for an observer to
possess a horizon and a well-defined temperature in AdS.
Using (73), one can obtain a final expression for the local

temperature,

TðξÞ ¼ T loc ¼
1

2πξ
: ð76Þ

Remarkably, this is precisely the same expression as for an
accelerated detector in flat Rindler space, despite the
nonzero curvature of AdS. The horizon at ξ ¼ 0 possesses
the Hawking temperature TH, defined via its surface
gravity. For the Rindler-AdS metric, one finds TH ¼
ac=ð2πÞ ¼ 1=ð2πRÞ, so the local temperature (76) can
then be written as

TðξÞ ¼ THffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−GttðξÞ

p ¼ 1

2πξ
; ð77Þ

which is exactly the Tolman-Ehrenfest law for temperature
distribution in a static gravitational field. Thus, while the
horizon itself has a fixed temperature TH, an accelerated
observer at finite ξ experiences a higher local temperature
due to gravitational redshift.
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B. Influence of the acceleration on the static
quark-antiquark potential

Choosing the following string ansatz,

τ ¼ t; σ ¼ χ; ξ ¼ ξðσÞ;
ξðσ ¼ �L=2Þ ¼ ξmax ¼ ∞; ð78Þ

corresponding to a simple symmetric string shape depicted
in Fig. 1, one can find our main quantities for the potential
and distance expressions,

gp ¼ GttGχχ ¼ −a2cξ2ð1þ a2cξ2Þ; ð79Þ

gr ¼ GttGξξ ¼ −
a2cξ2

1þ a2cξ2
: ð80Þ

The first integral takes the following value:

C ¼ −acξm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2cξ2m

q
; ð81Þ

where the physical value of the string turning point, ξm,
satisfying ξ ≥ 0, C2 ≥ 0, ac > 0, is given by

ξm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4C2 þ 1

p
− 1

p
ffiffiffi
2

p
ac

: ð82Þ

In the special case of an acceleration ac ¼ 1=ξm, the first
integral is a universal constant C ¼ −

ffiffiffi
2

p
.

Now, using (79)–(82), one can analytically calculate the
integrals in the expressions for the distance (42) and
potential (44) between quarks. Direct calculations (see
Appendix C for details) lead to the following expressions
for the distance L and potential V:

L ¼ 2ξmRe

�
Π̃ðn;mÞ − Kð1 −mÞ

1 − n

�
; ð83Þ

πα0V ¼ 1

ac
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2c
þ ξ2m

s
Re½iKðmÞ − ẼðmÞ� ð84Þ

¼ 1

ac
−
CL
2

þ ξmC
n

Re½K̃ðmÞ − nΠ̃ðn;mÞ − ẼðmÞ�; ð85Þ

where we introduced linear combinations of the complete
elliptic integrals

Π̃ðn;mÞ ¼ mΠð1 − n; 1 −mÞ þ iΠðn;mÞ; ð86Þ

K̃ðmÞ ¼ mKð1 −mÞ þ iKðmÞ; ð87Þ

ẼðmÞ ¼ Eð1 −mÞ þ iEðmÞ; ð88Þ

with the characteristic n, elliptic modulus k, and parameter
m given by

n ¼ −a2cξ2m; m ¼ k2 ¼ n
1 − n

: ð89Þ

It was tested that the expressions (83)–(85) give the same
result as direct numerical integrations of (83) and (44) in
the Rindler-AdS case. Notably, the elliptic integrals in the
context of the static interquark potential are also arisen in
different setups, for instance, [251,252].
Calculations of the asymptotic behavior lead to the

following expressions:

TH ∼ ac ¼
1

R
⟶ 0∶ L∼ L̂¼ 2ξm log

�
4

acξm

�
;

V ∼
acξm
4

ðL̂− 3ξmÞ ¼
ffiffiffi
π

p

2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffi
jV0j
L0

s
ðL̂þ 6

ffiffiffi
2

p
βV0Þ; ð90Þ

TH ∼ac ¼
1

R
⟶∞∶ L∼L0; V ∼V0∼−

1

L0

; ð91Þ

where L0 and V0 are the conformal results in pure AdS
defined in (65) and (66), correspondingly, and β is given by
(55). Interestingly, the high-temperature (large acceleration
or small curvature) limit in the Rindler-AdS asymptotically
comes to the results for a conformal case of pure AdS. The
opposite limit is related to the logarithmic divergencies
caused by a singularity in the metric (69).
To compare different AdS geometries (different radii R)

while keeping a fixed reference length l, it is convenient to
introduce a dimensionless scaling parameter a0 via the
relation ac ¼ a0=l, where l is a fixed reference length, for
example, the AdS radius of a chosen “reference” geometry
(so that a0 ¼ 1 in that case). This parametrization empha-
sizes that, when l is held fixed, the dimensionless number
a0 distinguishes one geometry from another, whereas ac (or
equivalently 1=R) absorbs the dimensional dependence.
Consequently, physical observables should depend on

acceleration only through dimensionless combinations. For
example, in the final part of this section, we see that the
quark-antiquark potential, written as dimensionless func-
tion, acV, of the dimensionless distance between quarks,
acL, is independent of the specific numerical choice of a0,
which is a direct consequence of the unphysical nature of
ac. On the other hand, the dimensionless ratio V=l
expressed as a function of L=l retains an explicit depend-
ence on a0, thereby reflecting how the underlying geometry
changes with the rescaled acceleration parameter.
We show dependencies of the potential and distance

between quarks in the Rindler-AdS background in Fig. 6
for several values of the acceleration parameter
a0 ¼ acl ¼ 0.4, 0.6, 1, 2. To avoid dimensions, we
express all the quantities in terms of l. Also, the potential
is multiplied by πα0 to keep arbitrariness of α0.
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Again, one can observe a double-valued behavior for the
potential and separation distance, so we refer to Sec. III for
the explanation. However, now a critical value of the string
turning point, ξc, at which the potential takes a zero value,
VðξcÞ, is related to the acceleration/curvature as

ξc ¼
3

πac
¼ 3R

π
; ð92Þ

where the temperature is

Tc ¼
π

3
TH ¼ ac

6
; ð93Þ

that is depicted by a red dashed line in the contour plots in
Fig. 7. Note that it is slightly higher (the factor is ≈1.05)
than the horizon temperature TH, which is depicted by a
black/white line in Fig. 7.

The parameter relation for the separation length can be

find from the condition ∂Vðac;ξmÞ
∂ξm

jξm¼ξs
¼ 0, from which one

finds

E

�
1þ a2cξ2s
1þ 2a2cξ2s

�
¼ 1

2
K

�
1þ a2cξ2s
1þ 2a2cξ2s

�
: ð94Þ

The approximate solution of (94) and corresponding
temperature are

ξs ≈
0.5163
ac

; Ts ¼ TðξsÞ ≈
ac

2π · 0.5163
; ð95Þ

which are shown in Fig. 7 by a green dashed line.
In Fig. 8, we also show three-dimensional plots of the

distance and potential in the acceleration–temperature at
the string turning point plane. As one can see, at low
acceleration a0 and temperatures TðξmÞ, the distance and

FIG. 7. Contour plots of the distance L (first pane) and potential V (second pane) between quarks as functions of the dimensionless
acceleration parameter a0 ¼ acl and of the dimensionless temperature at the string turning point lT ¼ l=ð2πξmÞ. Different values of V
or L, corresponding certain contours, are depicted by colors and labels. Different dashed lines correspond to several important relations
between ac and ξm: green for the screening length (95), red for V ¼ 0, and black/white for the Hawking temperature TH.

FIG. 6. Numerical calculations in the Rindler-AdS background (69) for (1) the quark-antiquark potential V (44) depending on the
distance L (42) between quarks. (2) the potential V as a function of the absolute value of constant C, and (3) the distance L as a function
of the absolute value of constant C. Different line colors correspond to different values of the acceleration: blue for ac ¼ 0.4=l, red for
a ¼ 0.6=l, black for ac ¼ 1=l, and green for ac ¼ 2=l.
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potential undergo faster growth and diverge in the limit of
ac ⟶ 0 and TðξmÞ ⟶ 0.
An accelerated observer in a Rindler wedge has access

only to the part of spacetime limited by its horizon. As
acceleration increases, the observer moves closer to the
horizon. Two accelerated quarks, in order to remain in
causal connection with each other, must be closer to each
other; otherwise, the horizon will break the string between
them. The critical distance at which the string can exist
decreases with increasing acceleration, see Fig. 6. The
shorter string is in a more “compressed” state. The energy
stored in the string per unit length (tension) is constant, but
due to the curvature of spacetime and the horizon influence,
the effective energy that must be expended to separate the
quarks increases. This manifests itself as an increase in the
interquark potential, which can be seen in Fig. 6.
Hence, the characteristic temperature increases with the

acceleration ac ¼ a0=l ¼ 1=R. This occurs either by
increasing the dimensionless parameter a0 at fixed curva-
ture scale l, or by decreasing l at fixed a0, which is the

same as the AdS horizon R decrease. However, one can
argue that the acceleration parameter ac is unphysical, so a
certain value of this sets only the scale between time and
space coordinates. One can perform a transformation of the
coordinates in the Rindler-AdS metric (69) and redefine the
originally chosen acceleration value ac to another value or
even get rid of the acceleration by the coordinate trans-
formation x̃i ¼ acxi.
Indeed, the potential scaled onto acceleration value,

Ṽ ¼ acV, as a function of the acceleration-scaled distance,
L̃ ¼ acL, shows no dependence on the certain acceleration
value ac, see Fig. 9. Similar scaling is also observed in the
lattice QCD calculations [253,254]. In such terms, the
Hawking temperature is a universal constant T̃H ¼ 1=2π,
which does not depend on the acceleration or AdS radius
values. Hence, the characteristic temperatures are also
constants: T̃c ¼ ðπ=3ÞT̃H ¼ 1=6 and T̃s ≈ 1=ð2π · 0.5163Þ.
For a comparison, we also show results obtained in

Sec. III at several values of the Hawking temperatures. As
one can see, scaled results in the Rindler-AdS space are

FIG. 9. The scaled onto acceleration potential, Ṽ ¼ acV, as a function of the acceleration-scaled distance, L̃ ¼ acL. Results in the
black brane background (51)–(52) are also shown at different Hawking temperatures,RTH ¼ TH=ac ¼ 0.35, 0.30, 0.25, depicted in the
legend.

FIG. 8. Three-dimensional plots of the distance L (first panel) and potential V (second panel) between quarks as functions of the
dimensionless acceleration parameter a0 ¼ acl and of the dimensionless temperature at the string turning point lT ¼ l=ð2πξmÞ; the
potential V as a function of the distance L and acceleration parameter a0 (third panel).
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very close to the results in the black brane background
at RTH ¼ TH=ac ≈ 0.3.

V. CONCLUSIONS

In this paper, we have presented calculations of the
separation distance and static potential energy for a heavy
quark-antiquark pair within string theory for an arbitrary
stationary background. We established that for a simple
U-shaped string with only radial dependence on the
space string coordinate, x0rðσÞ ≠ 0, the string is generally
not symmetric with respect to the turning point, and
the symmetry (at least for the EoM) restores only for
backgrounds with a single constraint: hpr ¼ G00Gpr −
G0pG0r ¼ 0. Consequently, such asymmetric strings may
probe a possibility of the parity violation in the quark-
antiquark interaction, taking into account that confident
evidences of the violation should be extracted from other
appropriate invariant quantities.
Nevertheless, we obtained general expressions for the

distance (33) and potential (37) within a nonsymmetric
arbitrary string profile. Then, we show that for a simple
string ansatz (only radial dependency x0i ¼ 0, x0r ≠ 0 and
symmetry with respect to the turning point, see Fig. 1) one
can directly isolate a linear-in-distance term even for
complicated nondiagonal metrics with the only one con-
straint (hpr ¼ 0), see Eq. (44). It is a wide class of the
backgrounds, including simple diagonal (or semidiagonal
with respect to p and r as for the AdS family solutions)

cases, stationary metrics, special cases with Gpr ¼ G0pG0r

G00
,

where one can diagonalize this metric part by a simple time
shift depending on r and p, etc. It also means that one can
initially work with a simplified version of the Nambu-Goto
action, expressed in terms of the first integral and the
distance between string end points (quarks), see (45).
As a first example, we apply our general formulas to the

AdS/CFT at a finite temperature formulated in terms of N
coincident D3-branes (the black brane), which are in the
large-N limit dual to the finite-temperature N ¼ 4 SYM
plasma. We obtained precise analytic expressions for the
separation distance (51) and static potential (52) in terms of
the hypergeometric functions. We noted that the potential
may be expressed in terms of the separation and its
derivative by temperature, see Eqs. (53) or (61) for an
expression obtained completely in temperature terms. We
found values of the parameters and temperatures at the
critical separation and screening length and analyze their
dependence on the Hawking temperature. Performing a
small-temperature expansion, it was shown that the series
coefficients are expressed in terms of the dimensionless
product of the separation distance in the conformal limit
and Hawking temperature, L0TH, and the “swallowtail”
behavior of the potential and distance are caused by
temperature corrections for the separation distance.

In the last part of the work, within the framework of the
holographic duality between the Rindler-AdS space and the
accelerated N ¼ 4 SYM plasma, we find analytic expres-
sions for the distance (83) and static potential (84) and (85)
between quarks in terms of the elliptic integrals. Analyzing
their asymptotics, we observed that the high Hawking
temperature (high acceleration or small curvature) limits of
the Rindler-AdS results come to the conformal expressions
obtained for a pure AdS. We show that the distance between
quarks decreases, the static potential between them increases,
and the characteristic temperatures, Tc ¼ ðπ=3ÞTH ¼ ac=6
andTs ≈ ac=ð2π · 0.5163Þ, increasewith an acceleration,ac.
However, we observe that an acceleration-scaled potential,
Ṽ ¼ acV, as a function of the acceleration-scaled distance,
L̃ ¼ acL, does not depend on the certain value of the
acceleration, ac. This result, reflecting self-similarity of the
holographic setup, can be also obtained in the dimension-
less metric after rescaling of the coordinates onto the
acceleration, x̃i ¼ acxi, for which one obtains universal
values of the characteristic temperatures.
Finally, we want to note that the interquark potential

obtained in the Rindler-AdS background has a similar
dependence on the distance as in the case of the pure AdS
[128], D-brane [130], and D instanton [205] in the AdS
space, the Schwarzschild-AdS and Kerr-AdS black holes
[204], and other cases [136,190,206,250,251]. Therefore,
we can conclude that this is a common feature of the simple
string ansatz (78) in the AdS-like backgrounds.

ACKNOWLEDGMENTS

We are grateful to V. Braguta, E. Kolomeitsev, and A.
Golubtsova for the valuable discussions. The work was
supported by the grant of the Foundation for the
Advancement of Theoretical Physics and Mathematics
“BASIS” No. 25-1-5-80-1.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this paper. Requests for further information or
data should be sent to the authors.

APPENDIX A: THE VIRASORO CONSTRAINTS

The Nambu-Goto action has invariance under repara-
metrization (τ; σ ⟶ τ̃; σ̃), but it will be lost after fixing of
the gauge. To restore this symmetry and eliminate unphys-
ical degrees of freedom, one must impose the Virasoro
constraints, which require the vanishing of the world sheet
stress-energy tensor.
Let us start from the general Lagrangian density without

any constraints on the background and string configuration,

L̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðẊμẊμÞðX0νX0

νÞ þ ðẊμX0
μÞ2

q
; ðA1Þ

STATIC HEAVY QUARK-ANTIQUARK POTENTIAL WITHIN … PHYS. REV. D 114, 026024 (2026)

026024-15



where we denoted ẋ ¼ ∂x=∂τ and x0 ¼ ∂x=∂σ. In the
Polyakov approach, the Virasoro constraints can be found
by nullifying of the Hilbert stress-energy tensor, but for the
Nambu-Goto action the tensor is trivial because the induced
metric gab ¼ GMN∂aXM

∂bXN is not an independent vari-
able. In such a case, we must use the Noether’s theorem,
where one finds the Canonical stress-energy tensor,

Θa
b ¼

∂L̃
∂ð∂aXμÞ ∂bX

μ − δabL̃: ðA2Þ

The explicit view of the components is

Θτ
τ ¼

∂L̃
∂Ẋμ Ẋ

μ − L̃ ¼ PðτÞ
μ Ẋμ − L̃;

Θτ
σ ¼

∂L̃
∂Ẋμ X

0μ ¼ PðτÞ
μ X0μ; ðA3Þ

Θσ
σ ¼

∂L̃
∂X0μ X

0μ − L̃ ¼ PðσÞ
μ X0μ − L̃;

Θσ
τ ¼

∂L̃
∂X0μ Ẋ

μ ¼ PðσÞ
μ Ẋμ: ðA4Þ

Now, we come back to the stationary background (3), fix
the gauge, and nullify the components of Θa

b,

Θτ
τ ¼ PðτÞ

μ Ẋμ − L̃ ¼ PðτÞ
0 − L ¼ 0;

Θτ
σ ¼ PðτÞ

μ X0μ ¼ PðτÞ
i x0i ¼ 0; ðA5Þ

Θσ
σ ¼ PðσÞ

i X0μ − L̃ ¼ Pp þ Pix0i − L ¼ 0;

Θσ
τ ¼ PðσÞ

μ Ẋμ ¼ P0 ¼ 0: ðA6Þ

Here, PðσÞ
μ ⟶ Pμ, L̃ ⟶ L, Xi ⟶ xi are our common

notations in the paper.
Finally, we obtain the Virasoro constraints for our

general string configuration in arbitrary stationary back-
ground,

PðτÞ
0 ¼ L; PðτÞ

i x0i ¼ 0; ðA7Þ

Pp ¼ −Pix0i þ L ¼ −H ¼ −C; P0 ¼ 0; ðA8Þ

where we used the expression for the (reduced)
Hamiltonian density with the constant C fixed by the string
turning point in the configuration, see (6), (14), and (16).
As one can see, total Hamiltonian density is zero (A5), but
the reduced one (A7) is constant, which is more convenient
quantity for calculations. Hence, in any case of the string
configuration like (6) in a stationary background, one can
simply use our general expressions obtained in Sec. II
without any problems with the Virasoro constraints.

APPENDIX B: ANALYTIC CALCULATIONS IN
THE ADS/CFT AT FINITE TEMPERATURE

Inserting (48) into (42) leads to

L ¼ 2jCj
Z

∞

Um

dU
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−gr
gpðgp þ C2Þ

r

¼ 2R2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U4

m −U4
T

q Z
∞

Um

dU
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðU4
T −U4ÞðU4

m − U4Þ
p

¼ ==x ¼ UT

U
; dU ¼ −UT

dx
x2

; x0 ¼
UT

Um
==

¼ 2
R2

U3
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U4

m −U4
T

q x3

3
F1

�
3

4
;
1

2
;
1

2
;
7

4
; x4;

x4

x40

�����x0
0

¼ R2

Um

πffiffiffi
2

p
β

ffiffiffiffiffiffiffiffiffiffi
1 − z

p
2F1

�
1

2
;
3

4
;
5

4
; z

�
; ðB1Þ

where F1ða; b1; b1; c; x; yÞ is the Appell hypergeometric
function of two variables, 2F1ða; b; c; xÞ is the Gauss
hypergeometric function, and we show a temporary vari-
able transformation inside the double slashes. Here, we also
introduced a convenient shorthand notation,

z ¼ U4
T=U

4
m; ðB2Þ

and coefficient,

β ¼ Γð1
4
Þ2

4
ffiffiffi
π

p ¼ π

2 2F1

�
1

2
;
1

2
; 1;

1

2

�
¼ K

�
1

2

�
; ðB3Þ

which is actually the elliptic integral of the first kind,

KðmÞ ¼
Z

1

0

dx
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − x2Þð1 −mx2Þ
p ; ðB4Þ

with the elliptic modulus k ¼ ffiffiffiffi
m

p ¼ 1=
ffiffiffi
2

p
.

The expression for the potential may be calculated in a
similar way. After a paste of (48) into (43), one obtains

πα0V ¼
Z

∞

Um

dU
ffiffiffiffiffiffiffiffi
−gr

p
0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gp

gp þ C2

s
− 1

1
CA −

Z
UT

Um

dU
ffiffiffiffiffiffiffiffi
−gr

p

¼
Z

∞

Um

dU

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U4

T − U4

U4
m −U4

s
− 1

1
CA −Um þ UT

¼ ==x ¼ UT

U
; dU ¼ −UT

dx
x2

; x0 ¼
UT

Um
==

¼ UT

Z
x0

0

dx
x2

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x4

1 − x4

x4
0

vuut − 1

1
CA −Um þ UT
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¼ UT −Um þUT

"
3x7

7x40
F1

 
7

4
;
1

2
;
1

2
;
11

4
; x4;

x4

x40

!
−
x3

3

�
1þ 2

x40

�
F1

 
3

4
;
1

2
;
1

2
;
7

4
; x4;

x4

x40

!
þ 1

x

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1− x4

p ffiffiffiffiffiffiffiffiffiffiffiffi
1−

x4

x40

s !#�����
x0

0

¼ UT þUmð1− zÞ πffiffiffi
2

p
β

"
1

2 2F1

 
1

2
;
3

4
;
5

4
; z

!
− 2F1

 
3

4
;
3

2
;
5

4
; z

!#
: ðB5Þ

One can recognize a linear-in-distance term in the potential due to the first hypergeometric function. Moreover, it is
possible to express the second hypergeometric function in terms of the first one, hence, express the potential in terms of the
distance explicitly. Using the following identity:

2F1

�
3

4
;
3

2
;
5

4
; z

�
¼ 2F1

�
1

2
;
3

4
;
5

4
; z

�
þ 2z

d
dz 2F1

�
1

2
;
3

4
;
5

4
; z

�
; ðB6Þ

we obtain the final view of the potential,

πα0V ¼ UT −
U2

m

R2

ffiffiffiffiffiffiffiffiffiffi
1 − z

p �
L
2
þ 2

ffiffiffiffiffiffiffiffiffiffi
1 − z

p

Um
z
d
dz

�
UmLffiffiffiffiffiffiffiffiffiffi
1 − z

p
��

;

¼ UT −
U2

m

R2

ffiffiffiffiffiffiffiffiffiffi
1 − z

p �
1þ z
1 − z

L
2
þ 2z

∂L
∂z

�
: ðB7Þ

It is easy to check that an application of the second formula (44) leads to the same result as above.

APPENDIX C: ANALYTIC CALCULATIONS IN THE RINDLER-ADS BACKGROUND

First, inserting (79)–(82) into (42) leads to the following expression for the distance between string end points L:

L ¼ 2jCj
Z

∞

ξm

dξ
1þ a2cξ2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2cξ2ð1þ a2cξ2Þ − C2

p
¼ ==x ¼ acξ; xm ¼ acξm== ¼ 2jCj

ac

Z
∞

acξm

dx
1þ x2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 − x2mÞðx2 þ x2m þ 1Þ

p
¼ ==y ¼ x

xm
; n ¼ −x2m; m ¼ k2 ¼ n

1 − n
== ¼ 2iξm

Z
∞

1

dy
1 − ny2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − y2Þð1 −my2Þ

p
¼ 2iξmΠðarcsin y; n;mÞjy⟶∞

y¼1 ; ðC1Þ

where for clarity we show auxiliary variable redefinitions inside the double slashes. Here, we also introduced

Πðz; n;mÞ ¼
Z

z

0

dx
1

ð1 − nx2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x2Þð1 −mx2Þ

p ; ðC2Þ

Πðn;mÞ ¼ Πðz ¼ π=2; n;mÞ; ðC3Þ

which are the incomplete and complete elliptic integrals of the third kind, correspondingly, with the characteristic n and
elliptic modulus k ¼ ffiffiffiffi

m
p

.
One can note that n ¼ −a2cξ2m < 0 and m ¼ k2 ¼ n=ð1 − nÞ < 0, so the modulus k is complex valued. While this

representation is mathematically well defined, the analytic continuation of elliptic integrals to complex parameters
introduces branch ambiguities, so to avoid this problem, we take the real part of the analytically continued expression.
Using the identity for the asymptotic behavior of the elliptic integral of the third kind with imaginary argument,
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limα⟶∞Πð−iα; n;mÞ ¼ i
Fð−π=2; 1 −mÞ − nΠð−π=2; 1 − n; 1 −mÞ

1 − n

¼ −i
nΠð1 − n; 1 −mÞ − Kð1 −mÞ

1 − n
; ðC4Þ

we can evaluate the upper limit explicitly. Substituting this into our expression for the proper length yields

L ¼ 2ξmRe

�
nΠð1 − n; 1 −mÞ − Kð1 −mÞ

1 − n
þ iΠðn;mÞ

�

¼ 2ξmRe

�
Π̃ðn;mÞ − Kð1 −mÞ

1 − n

�
; ðC5Þ

where we introduced the following shorthand notation:

Π̃ðn;mÞ ¼ mΠð1 − n; 1 −mÞ þ iΠðn;mÞ: ðC6Þ

Similarly, one can calculate an analytic formula for the potential. After direct substitution of (79)–(82) into (43), we
obtain

πα0V ¼
Z

∞

ξm

dξ
a2cξ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2 − a2cξ2ð1þ a2cξ2Þ
p −

Z
∞

0

dξ
acξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2cξ2
p ;

where the calculations of the second integral are straightforward,

Z
∞

0

dξ
acξffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2cξ2
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2c
þ ξ2

s ����ξ⟶∞

ξ¼0

: ðC7Þ

The first integral is calculated in a similar way as (C1), namely,

Z
∞

ξm

dξ
a2cξ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2 − a2cξ2ð1þ a2cξ2Þ
p ¼ ==y ¼ ξ=ξm; n ¼ −a2cξ2m; m ¼ k2 ¼ n

1 − n
==

¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2c
þ ξ2m

s "Z
∞

1

dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −my2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − y2

p −
Z

∞

1

dy
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − y2Þð1 −my2Þ
p

#

¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2c
þ ξ2m

s
½Eðarcsin y;mÞ − Fðarcsin y;mÞ�

����y⟶∞

y¼1

;

where

Fðz;mÞ ¼
Z

z

0

dx
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − x2Þð1 −mx2Þ
p ; ðC8Þ

Eðz;mÞ ¼
Z

z

0

dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −mx2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ; ðC9Þ

are the incomplete elliptic integrals of the first and second kind, correspondingly. In turn, at the lower bound y ¼ 1, one
comes to the complete integrals of the first, KðmÞ, and second, EðmÞ, kinds,

KðmÞ ¼ Fðz ¼ π=2;mÞ; ðC10Þ

NIKITA TSEGELNIK PHYS. REV. D 114, 026024 (2026)

026024-18



EðmÞ ¼ Eðz ¼ π=2;mÞ: ðC11Þ

At the upper integration bound y ⟶ ∞, one can use the
following limit for Fðz;mÞ:

limy⟶∞Fðarcsin y;mÞ ¼ −iKð1 −mÞ; ðC12Þ

while for Eðz;mÞ one must explicitly perform the imagi-
nary-argument transformation,

Eðiϕ;mÞ ¼ i

�
Fðψ ; 1 −mÞ − Eðψ ; 1 −mÞ

þ tanψ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð1 −mÞ sin2 ψ

q �
: ðC13Þ

At y ⟶ ∞, the two first terms transform to the complete
integrals with minus sign. The last term in (C13) diverges in
the same way as the upper bound in (C7), so we can get rid
of them both. Collecting (C7)–(C13), we come to the
following formula for the potential:

πα0V ¼ 1

ac
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2
þ ξ2m

r
Re½iKðmÞ − Eð1 −mÞ − iEðmÞ�;

¼ 1

ac
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2
þ ξ2m

r
Re½iKðmÞ − ẼðmÞ�; ðC14Þ

where we also explicitly used only a real part of the
expression as was done for L in (C5) and the defined
common shorthand notation,

ẼðmÞ ¼ Eð1 −mÞ þ iEðmÞ: ðC15Þ

Similarly, starting from (44), one can obtain the second
form of the potential,

πα0V ¼ 1

ac
−
CL
2

þ ξmC
n

Re½K̃ðmÞ − nΠ̃ðn;mÞ − ẼðmÞ�;

ðC16Þ

where

K̃ðmÞ ¼ mKð1 −mÞ þ iKðmÞ: ðC17Þ
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Kubizňák, Robert B. Mann, and Alï Ovgün, Holographic
thermodynamics of accelerating black holes, Phys. Rev. D
98, 104038 (2018).

[239] Ruth Gregory and Andrew Scoins, Accelerating black hole
chemistry, Phys. Lett. B 796, 191 (2019).

[240] Pietro Ferrero, Jerome P. Gauntlett, Juan Manuel Pérez
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