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We investigate the post-Newtonian (PN) dynamics of energy-momentum squared gravity (EMSG), with
particular emphasis on the possibility of self-acceleration inN-body systems. A central challenge in matter-
type modified gravity theories, including EMSG, is the nonvanishing divergence of the energy-momentum
tensor, arising from the nonminimal interaction between the standard and modified matter fields.
This feature can, in principle, influence the N-body dynamics. In our previous work, its effects on the
external-dependent part of the motion were studied in an EMSG class known as quadratic EMSG. Here, we
extend the analysis to the internal-structure-dependent contributions, namely self-acceleration. To this end,
we relax the reflection-symmetric assumption adopted in E. Nazari, Phys. Rev. D 110, 064023 (2024) and
derive the complete equations of motion for a self-gravitating body in an N-body system up to the first PN
order. By introducing a suitable expression for the center-of-mass acceleration and employing virial
identities—including one newly emerging within the quadratic-EMSG framework—it is shown that self-
acceleration vanishes. Furthermore, we establish a PN integral conservation law for the total momentum,
demonstrating that, as in general relativity, EMSG admits a conserved linear momentum compatible with
the absence of self-acceleration. Binary pulsar experiments provide stringent bounds on self-acceleration,
and our analysis shows that, within the present level of accuracy, EMSG is consistent with these constraints.
Therefore, the theory remains viable in the strong-gravity regime probed by binary pulsars.
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I. INTRODUCTION

In the previous paper [1], we studied theN-body equations
of motion in the post-Newtonian (PN) limit of the energy-
momentum squared gravity (EMSG). In this theory, classi-
fied as amatter-typemodified theory of gravity, the covariant
divergence of the energy-momentum tensor Tμν is nonzero,
i.e., local conservation of energy and momentum is
violated [2–5]. It is the result of a nonminimal interaction
between the standard and modified matter fields [6]. Beyond
this theory, several other modified gravity theories also
feature a nonvanishing divergence of the energy-momentum
tensor. For instance, see [7–9] on Einstein-Æther theory
and [10,11] on scalar-tensor theories. In [12,13], the covar-
iant divergence of the energy-momentum tensor in curved
spacetime is questioned, and a class of viable gravitational
theories—modifications of the ordinary Brans-Dicke theory
with ∇μTμν ≠ 0—is introduced.
The nonzero divergence of Tμν implies that the trajecto-

ries of massive or massless particles may deviate from
geodesics. Such deviations can arise from external forces
associated with scalar, vector, or tensor fields, from internal

unbalanced interactions, or from preferred-frame or pre-
ferred-location effects. To investigate this central aspect of
the EMSG theory, previous studies have examined the
motion of a test particle in the field of a single spherically
symmetric body [14,15], as well as the trajectory of a
massive self-gravitating body in the field of an N-body
system [1], up to the first PN order. It turns out that,
without additional information about the system
under study or the parameters of the theory, the EMSG
corrections can be absorbed into the definition of the
system’s mass. As a result, this modified theory cannot
be distinguished from general relativity (GR), at least not
by Solar System experiments. In terms of the parameters
introduced in the parametrized post-Newtonian (PPN)
formalism [16–19], the EMSG theory yields γ ¼ 1 and
β ¼ 1. For the current experimental bounds on these PPN
parameters, we refer the reader to [20–22]. Therefore, with
respect to the interpretation of these PPN parameters1 the
curvature of space and the nonlinearity of the gravitational
field in EMSG are, up to the PN order, the same as in GR.

*Contact author: elhamnazari@tafreshu.ac.ir,e.nazari@ipm.ir

1We cautiously adopt these identifications of γ and β at the
level of physical observables.
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On the other hand, the discussion above does not provide
the complete picture, as another potentially measurable
EMSG effect can be inferred from the study of the N-body
equations of motion. To clarify this point, let us highlight
an important assumption underlying our previous work:
each body in the N-body system was assumed to be
reflection-symmetric about its center of mass [1]. In the
Solar System, where bodies are highly symmetric and
orbits are nearly circular, this assumption is well justified,
since asymmetric effects are utterly negligible. However,
such symmetries do automatically eliminate a significant
contribution to the N-body equations of motion—namely,
the self-acceleration of the body. In general, the motion of a
body’s center of mass depends not only on external fields
but also on its internal structure and composition, giving
rise to self-acceleration [23]. While self-acceleration is
absent in GR, even in asymmetric cases, it can emerge in
non-GR theories, particularly when Tμν is not divergence-
free. The condition ∇μTμν ≠ 0 thus sets the stage for the
possibility of self-acceleration in modified gravity theories.
This component of the N-body acceleration is especially
relevant in the dynamics of asymmetric systems, with
binary pulsars in eccentric orbits serving as a prime
example. As high-precision laboratories, binary pulsars
impose stringent constraints on gravitational theories in the
strong-field gravity regime and provide a critical bench-
mark for their viability (see [24] and references therein).
Self-acceleration can also be tested with high accuracy in
these systems [25–27]. Consequently, if a gravity theory
predicts self-acceleration in a binary system, its free
parameters must be tightly constrained to remain consis-
tent with binary pulsar observations. The EMSG theory
has already been confronted with several gravitational
experiments in both weak and strong-field regimes
[1,14,15,28–34]. Motivated by the unparalleled precision
of binary pulsar observations, in this paper we study the
complete N-body equations of motion in the EMSG
framework, with a particular focus on the possibility of
self-acceleration.
The central aim of this work is to relax the aforemen-

tioned assumption of reflection symmetry, thereby captur-
ing the full range of possible EMSG effects in N-body
dynamics and enabling the study of eccentric binary
systems within this modified gravity framework. Among
the several classes of EMSG theories [2–5,31,35–37], we
concentrate on the quadratic-EMSG category, which incor-
porates second-order matter contributions into the field
equations. If self-acceleration arises, it will manifest in the
orbital dynamics, a subject we investigate up to the first PN
order. Accordingly, the main purpose of the present work is
to examine the PN consistency of the theory at the level of
N-body dynamics, independent of the separate question of
its full cosmological viability. Appendix A summarizes the
PN limit of this theory and provides the foundation for the
subsequent analysis. In Sec. II, we present the conventional

quadratic-EMSG field equations, and derive the general
form of the N-body equations of motion, incorporating all
relevant EMSG effects. Section III is devoted to the
extraction of self-acceleration, for which we introduce
virial identities in this modified theory. The derivation in
this section is conceptually straightforward but technically
lengthy, so the detailed steps are deferred to Appendix B.
Since self-acceleration is intrinsically linked to the break-
down of momentum conservation [23], we dedicate Sec. IV
to this issue in the quadratic-EMSG setting. Finally, Sec. V
provides an overview of our results and draws the
conclusions.
Throughout this work, we adopt the conventions of our

previous study [1], to which readers are referred for
additional background, concepts, and definitions.

II. MOTION OF ISOLATED BODIES IN ENERGY-
MOMENTUM SQUARED GRAVITY

Initially, our discussion focuses on the introduction of
the quadratic-EMSG theory. The conventional form of the
matter-type modified gravity theories has recently been
analyzed in [6]. In these theories, the second metric
derivative of the matter Lagrangian density, Lm, is assumed
to vanish. Upon careful examination, it becomes apparent
that using the standard formulation confines the analysis to
the level of the field equations, effectively precluding a full
action/Lagrangian formulation for this class of modified
theories. Accordingly, we first introduce the conventional
quadratic-EMSG field equations and then proceed to the
detailed derivation of the N-body dynamics.

A. Energy-momentum squared gravity

The quadratic-EMSG field equations are introduced
in [3]. According to the notation used in [1], they are
expressed as follows:

Gμν ¼ kðTμν þ f00ðgμνT2 − 4Tσ
μTνσ − 4ΨμνÞÞ; ð1Þ

where k ¼ 8πG=c4, f00 is the free parameter of the theory,
gμν is the spacetime metric with the determinant g, Gμν ¼
Rμν − 1

2
gμνR is the Einstein tensor, where Rμν and R are the

Ricci tensor and the Ricci scalar, respectively, and

Ψμν ¼ −Lm

�
Tμν −

1

2
Tgμν

�

−
1

2
TTμν − 2Tαβ ∂

2Lm

∂gαβ∂gμν
: ð2Þ

Here, Lm is the matter Lagrangian density, T is the trace of
the energy-momentum tensor Tμν, and T2 ¼ TμνTμν. It
should be mentioned that the matter Lagrangian density is
independent of metric derivatives.
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Using the Bianchi identities, we get

∇μT
μν
eff ¼ 0: ð3Þ

Teff
μν is the effective conserved energy-momentum tensor

defined as

Teff
μν ¼ Tμν þ TEMSG

μν ; ð4Þ

in which Tμν is the standard portion and

TEMSG
μν ¼ f00ðgμνT2 − 4Tσ

μTνσ − 4ΨμνÞ; ð5Þ

is the EMSG part. Rewriting Eq. (3) yields

∇μTμν ¼ −∇μT
μν
EMSG; ð6Þ

which indicates that the standard matter does not conserve
energy and momentum independently; any momentum lost
or gained by the standard part is exchanged with the EMSG
field. In fact, in this theory, the usual stressed matter is
represented by the energy-momentum tensor, which,
unlike in GR, is not divergence-free. Hereafter, we assume
that the standard matter is a perfect fluid described by
Lm ¼ p [38,39] and consistently omit the last term in the
definition of Ψμν [6].
Closely patterned after our previous works [1,14,30,31],

we consider that, in this class of modified theories, baryon
number is unambiguously conserved, assured by the
continuity equation

∇μðρuμÞ ¼ 0: ð7Þ

Here, ρ is the rest-mass density, uμ ¼ γðc;vÞ is the four-
velocity, where v is the three-velocity field, c is the
speed of light, and γ ¼ u0=c. This equation illustrates that
the rescaled mass density, defined as ρ� ¼ ffiffiffiffiffiffi−gp

γρ, is
conserved:

∂tρ
� þ ∂jðρ�vjÞ ¼ 0: ð8Þ

This relation, together with the redefinition of density,
provides a powerful and frequently used tool for simplify-
ing the calculations presented below.

B. Center-of-mass variables

To introduce the N-body dynamics, we begin with the
definitions of the center-of-mass variables that characterize
the motion of a body in an N-body system. As a starting
point, we consider the definition of total inertial mass in
general spacetimes. Unlike Newtonian gravity, no coor-
dinate-invariant definition of total inertial mass exists in
curved spacetime. Nevertheless, for systems in asymptoti-
cally flat spacetimes, several notions of mass have been
developed, each useful in different contexts—for example,

the ADM (Arnowitt-Deser-Misner) mass [40], the Komar
mass [41,42], and the Bondi mass [43]. In addition, the
inertial mass can be expressed as the spatial integral of the
energy density [23]. Building on this point, we introduce
the inertial mass in the EMSG framework through the total
mass energy.
In [1], by examining the temporal component of Eq. (3),

the total mass-energy of a body, hereafter denoted by A, is
shown to be

MA ≡mA þ EA

c2
; ð9Þ

where mA ¼ R
A ρ

�d3x, the integral being taken over the
volume occupied by body A, and EA denotes its total
energy, given by

EA ¼ T A þΩA þ Eint
A þ f00c

4MA þOðc−2Þ: ð10Þ

Here, T A is the kinetic energy, ΩA is the gravitational
potential energy, Eint

A is the internal energy, and MA
represents the EMSG contribution to the body’s energy.
The definitions of these scalar quantities are provided in
Appendix B; see (B7a)–(B7d). Given these definitions,
the integral form of the total mass energy of body A is
written as

MA ≡
Z
A
ρ�
�
1þ 1

c2

�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
��

d3x

þOðc−4Þ; ð11Þ

where UA is the internal part of the standard potential,
U ¼ UA þ U−A, with

UA ¼ G
Z
A

ρ�0

jx − x0j d
3x0; ð12aÞ

U−A ¼
X
B≠A

G
Z
B

ρ�0

jx − x0j d
3x0: ð12bÞ

Here, Π is the internal energy of a fluid element divided by
its mass and v̄ ¼ v − vAð0ÞðtÞ is its velocity relative to the
velocity of body A, vAð0Þ. Another useful relative vector is
x̄ ¼ x − rAð0ÞðtÞ, which measures the position of the
element with respect to the center of mass of body A,
located at rAð0Þ. The precise definitions of rAð0Þ and vAð0Þ are
given below.
According to Eq. (11), the center-of-mass position of

body A is formulated as follows:

Rj
A≡ 1

MA

Z
A
ρ�xj

�
1þ 1

c2

�
Πþ1

2
v̄2−

1

2
UAþf00c

4ρ�
��

d3x

þOðc−4Þ; ð13Þ
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whose lowest-order term is represented by rAð0Þ. Given
that dMA=dt ¼ 0 [1], and introducing vA ≡ dRA=dt, we
obtain

vjA ≡ 1

MA

�Z
A

�
ρ�vj

�
1þ 1

c2

�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
��

þ 1

c2

�
pv̄j −

1

2
ρ�W̄j

A þ f00c
4ρ�2v̄j

��
d3x

�

þOðc−4Þ; ð14Þ

where

W̄j
A ¼ G

Z
A
ρ�0v̄0k

ðx − x0Þkðx − x0Þj
jx − x0j3 d3x0: ð15Þ

To simplify Eq. (14), we employ Eq. (8), the Newtonian
order of Eqs. (A3), (A4), and the integral identities
presented in Appendix C of [1]. We also make use of
the fact that both the pressure and density vanish at the
surface of the bodies. The quantity vAð0Þ denotes the
leading-order contribution to the velocity of the body’s
center of mass, as given in Eq. (14).
Finally, considering the definition aA ≡ dvA=dt, we

arrive at

ajA ¼ 1

MA

�Z
A
ρ�
�
1þ 1

c2

�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
��

dvj

dt
d3x

þ 1

c2

�
Pj

A þ 1

2
ðT j

A − T �j
AÞ þ

Z
A

�
∂tpv̄j −

p
ρ�

∂jp

�
d3xþ vkA

Z
A
v̄j∂kpd3x −

1

2

d
dt

Z
A
ρ�W̄j

Ad
3x

�

þ f00c
2

�
Ω��

A
j þ vjA

d
dt

MA þ
Z
A
ρ�∂jpd3x − 2

Z
A
ρ�2v̄j∂kv̄kd3x − 2

Z
A
ρ�vjv̄k∂kρ�d3x

��
þOðc−4Þ: ð16Þ

This expression represents the complete form of the
equations of motion of isolated gravitating bodies in the
quadratic-EMSG theory. The vector quantities T A, T �

A,
Ω��

A , and PA, which pertain to the internal structure of the
Ath body, are defined in Eqs. (B8b), (B8c), (B8g), and
(B8h), respectively. In the absence of the EMSG correc-
tions, this equation reduces to the standard expression for
the acceleration of the body’s center of mass given in [23]
[see Eq. (6.39) therein]. Under the additional assumption of
reflection symmetry about the origin of the body, Eq. (16)
further simplifies to its first term, i.e.,

R
A ρ

� dvj
dt d

3x, at the
first PN order of the N-body dynamics, as discussed in
detail in [1]. In the present work, however, we relax this
symmetry assumption to investigate the effect of self-
acceleration on the body’s motion, which leads to a more
complex relation. The analysis of Eq. (16) forms the focus
of the following section.

III. SELF ACCELERATION IN ENERGY-
MOMENTUM SQUARED GRAVITY

First, by means of a crude estimation, we show that the
EMSG contribution can modify the N-body dynamics, in
particular through the component determined purely by the
body’s internal structure. Subsequently, we examine all the
terms in Eq. (16) to identify the role of the EMSG
corrections in self-acceleration.

A. Crude estimation

In the previous section, we obtained that aA ∝R
A ρ

�ðdv=dtÞd3x at the lowest order. From the perspective

of fluid dynamics [see Eq. (A3)], several EMSG corrections
contribute to dv=dt at both Newtonian and PN orders.
Following a similar approach to [1], we adopt the
Newtonian Euler equation, supplemented by a relativistic
contribution from the EMSG terms, i.e., 4f00c

2ρ�∂jUEMSG.
Thus, we have

ρ�
dvj

dt
≈ ρ�∂jU − ∂jp − 2f00c

4ρ�
�
∂jρ

� −
2

c2
∂jUEMSG

�
:

ð17Þ

Substituting this relation into the definition of aA yields

Z
A
ρ�ðdvj=dtÞd3x¼

Z
A
ρ�½∂jUAþ∂jU−A

þ4f00c
2ð∂jUEMSG;Aþ∂jUEMSG;−AÞ�d3x;

ð18Þ

in which the gravitational potentials are separated into two
parts; see the third assumption mentioned in Appendix A.
Specifically, UA and U−A denote the internal and external
pieces of U, as defined in Eqs. (12a) and (12b), respec-
tively. Similarly,

UEMSG;A ¼ G
Z
A

ρ�02

jx − x0j d
3x0; ð19aÞ

UEMSG;−A ¼
X
B≠A

G
Z
B

ρ�02

jx − x0j d
3x0; ð19bÞ
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represent the internal and external pieces of the EMSG
gravitational potential UEMSG, respectively. By inserting
Eqs. (12a)–(12b) and (19a)–(19b) in Eq. (18), using the
definition of the relative vector x̄, and after interchanging
the integration variables x̄ ↔ x̄0, one finds that

ajA ∝
Z
A
ρ�
h
∂jU−Aþ4f00c

2ð∂jUEMSG;Aþ∂jUEMSG;−AÞ
i
d3x:

ð20Þ

As seen, the internal part of U does not contribute to the
body’s motion, whereas UEMSG;A, which depends solely on
the body’s internal structure, can change it. This EMSG
term may therefore induce a self-acceleration, ajself , in this
theory. It should be noted that imposing the symmetry
condition on the bodies causes this term to vanish auto-
matically. This estimation also suggests that UEMSG;−A may
play a role in the external part of the equations of motion,
indicated by ajN-body, which was the focus of our previous
work [1]. A closer inspection of Eq. (16) further reveals that
additional EMSG terms, such as the vector quantity Ω��

A ,
may also induce self-acceleration in the body’s motion.

B. Equations of motion

To complete this analysis, we investigate each term in
Eq. (16). To do so, we employ the PN EMSG Euler
equations (A3) for the first part of Eq. (16), namelyR
A ρ

� dvj
dt d

3x, while the remaining PN-order parts are
simplified using the Newtonian EMSG Euler equations.
For convenience in later calculations, we introduce the
auxiliary potentials Φ1–Φ6 [cf. Eqs. (B2a)–(B2f)], which
allow us to rewrite ψ þ V ¼ 3

2
Φ1 −Φ2 þΦ3 þ 3Φ4 and

∂ttX ¼ Φ1 þ 2Φ4 −Φ5 −Φ6 þ 2f00c
4UEMSG. Since ∂ttX is

a PN correction, it is derived using the Newtonian EMSG
Euler equations. In this notation, the potential Ψ appearing
in Eq. (A3) can be expressed as Ψ ¼ 2Φ1 −Φ2 þΦ3 þ
4Φ4 − 1

2
Φ5 − 1

2
Φ6 þ f00c

4UEMSG [1].
To address the complex expression for aA, we decom-

pose the first long integral into smaller, more manageable
components, referred to as force integrals. This is given by

Z
A
ρ�

dvj

dt
d3x ¼ Fj

0 þ
X30
n¼1

Fj
n þOðc−4Þ; ð21Þ

where Fj
0–F

j
30 are defined in Appendix B. For the next part

of Eq. (16), we arrive at

1

c2

Z
A
ρ�
�
Πþ 1

2
v̄2 −

1

2
UA þ f00c

4ρ�
�
dvj

dt
d3x

¼ −Fj
3 þ Fj

21 −
1

2
Fj
25 þ

1

6
Fj
28 þ

X38
n¼31

Fj
n þOðc−4Þ; ð22Þ

in which Fj
31–F

j
38 are also introduced in Appendix B.

By applying the first, third, and fourth assumptions
outlined in Appendix A, and using the relative vectors x̄
and v̄, together with the identity

R
A ρ

�v̄k∂kρ�d3x ¼ 1
2
d
dtMA,

the force integrals Fj
0–F

j
38 are simplified, cf. Eqs. (B5a)–

(B6t). Among these force integrals, Fj
19–F

j
30, F

j
36–F

j
38, as

well as a part of Fj
12 arise from the EMSG field. Substituting

these results into Eqs. (21) and (22), subsequently into
Eq. (16), we obtain, after some manipulations,

MAa
j
A¼mA∂jU−Aþ

1

c2

�
vkA

�
2LðjkÞ

A þ3Kjk
A −4HðjkÞ

A −δjk
d
dt
PAþ2f00c

4ð2QðjkÞ
A −δjkQAÞ

�

−
1

2
½tjAþPj

A−T �
A
jþT j

A−3T ��
A

jþΩ�
A
j−3f00c

4Ω��
A

j�þ∂jU−A½3PAþ2T AþΩAþEAþ3f00c
4MA�

−4∂kU−A½Ωjk
A þ2T jk

A þδjkPAþf00c
4δjkMA�−

1

2

d
dt

Z
A
ρ�W̄j

Ad
3xþ2f00c

4

�Z
A
p∂jρ�d3x−

d
dt
Pj

A−
Z
A
ρ�2v̄j∂kv̄kd3x

��

þmA

c2

�
∂jU−Aðv2A−4U−AÞ−vjAð3∂tU−Aþ4vkA∂kU−AÞ−4vkAð∂jUk;−A−∂kUj;−AÞþ4∂tUj;−Aþ2∂jΦ1;−A−∂jΦ2;−A

þ∂jΦ3;−Aþ4∂jΦ4;−A−
1

2
∂jΦ5;−A−

1

2
∂jΦ6;−Aþ5f00c

4
∂jUEMSG;−A

�
þOðc−4Þ: ð23Þ

Parentheses around indices denote symmetrization; for
example, TðjkÞ ¼ 1

2
ðTjk þ TkjÞ. The new scalar, vector,

and tensor quantities in the above relation are defined in
Appendix A. Here, we apply the identity Λj

A ¼ − 1
2
Ω��

A
j to

simplify this relation. SinceMA ¼ mA þ EA
c2 , the Newtonian

term mA∂jU−A can be combined with the PN part EA
c2 ∂jU−A

in the second line, yielding MA∂jU−A. For the remaining
PN terms, mA can simply be replaced by MA.
In comparison with Eq. (33) of [1], it becomes evident

that several additional vector quantities—most prominently
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the EMSG-induced terms arising purely from the body’s
internal structure—enter the acceleration equation. These
contributions, which have no analog in the standard PN
framework of GR, represent genuinely novel effects that
may influence the N-body dynamics and, in particular, can
give rise to self-acceleration of bodies. To complete the
analysis, we impose the second assumption from
Appendix A, namely the internal dynamical equilibrium
of body A, to further simplify the above result. For this
purpose, we introduce the virial identities in the following
subsection.

C. Virial identities

In [1], we derived the virial identities constructed from
the total time derivatives of the quadrupole-moment tensor
Ijk, Eq. (B9a), in EMSG. For convenience, they are listed
below.

1

2

d
dt

IjkA ¼ 1

2
SjkA þ

Z
A
ρ�x̄kv̄jd3x; ð24aÞ

1

2

d2

dt2
IjkA ¼ 2T jk

A þ Ωjk
A þ δjkPA þ f00c

4δjkMA þOðc−2Þ;
ð24bÞ

1

2

d3

dt3
Ijk¼ 4HðjkÞ

A −2LðjkÞ
A þδjk

d
dt
PA−3KðjkÞ

A

−f00c
4

�
4QðjkÞ

A −δjk
d
dt
MA

�
þOðc−2Þ: ð24cÞ

Here, the spin tensor SjkA in the first identity vanishes for a
nonspinning body; For details, the reader is referred to
Sec. III. C of [1]. Another relevant vectorial identity is
obtained from the total time derivative of the internal-
structure-dependent quantity

R
A ρ

�W̄j
Ad

3x. After some alge-
bra, we find

d
dt

Z
A
ρ�W̄j

Ad
3x ¼ −Ω�

A
j − Pj

A − tjA − T j
A þ T �

A
j

þ 3T ��
A

j − f00c
4Ω��

A
j þOðc−2Þ; ð25Þ

in which the Newtonian EMSG Euler equation is
employed. It is worth noting that these results are retained
only to the PN order required to simplify the equations of
motion.
After making use of the virial identities (24a)–(24c) and

(25), we derive the equilibrium conditions:

0 ¼
Z
A
ρ�x̄kv̄jd3x; ð26aÞ

0 ¼ 2T jk
A þ Ωjk

A þ δjkPA þ f00c
4δjkMA þOðc−2Þ; ð26bÞ

0 ¼ 4HðjkÞ
A − 2LðjkÞ

A þ δjk
d
dt

PA − 3KðjkÞ
A

− f00c4
�
4QðjkÞ

A − δjk
d
dt

MA

�
þOðc−2Þ; ð26cÞ

0 ¼ −Ω�
A
j − Pj

A − tjA − T j
A þ T �

A
j þ 3T ��

A
j − f00c4Ω��

A
j

þOðc−2Þ; ð26dÞ

where the total time derivatives of all internal quantities are
set to zero, reflecting the internal dynamical equilibrium of
the body. Furthermore, to complete this result, we consider
the trace of Eq. (26b) as an additional equilibrium con-
dition, namely

0 ¼ 2T A þ ΩA þ 3PA þ 3f00c
4MA þOðc−2Þ: ð27Þ

D. Final result

We are now in a position to finalize the derivation.
Substituting the conditions (26a)–(26d) and (27) into
Eq. (23), we deduce that

ajA ¼ ðajAÞNewt þ ðajAÞself þ ðajAÞN-body; ð28Þ

where

ðajAÞNewt ¼ ∂jU−A; ð29aÞ

ðajAÞself ¼
2f00c2

MA

�
Ω��

A
j þ

Z
A
p∂jρ�d3x

−
Z
A
ρ�2v̄j∂kv̄kd3x

�
þOðc−4Þ; ð29bÞ

ðajAÞN-body¼
1

c2

�
∂jU−Aðv2A−4U−AÞ−vjAð3∂tU−A

þ4vkA∂kU−AÞ−4vkAð∂jUk;−A−∂kUj;−AÞ
þ4∂tUj;−Aþ2∂jΦ1;−A−∂jΦ2;−Aþ∂jΦ3;−A

þ4∂jΦ4;−A−
1

2
∂jΦ5;−A−

1

2
∂jΦ6;−A

þ5f00c4∂jUEMSG;−A

�
þOðc−4Þ; ð29cÞ

correspond, respectively, to the Newtonian acceleration, the
self-acceleration, and the N-body acceleration. Here,
invoking the internal dynamical equilibrium of the body,
we also assume that d

dtP
j
A ¼ 0, d

dt P
j
A ¼ 0, and d

dtMA ¼ 0.
As seen, ðajAÞNewt and ðajAÞN-body are entirely determined

by the external components of the gravitational potentials,
unaffected by internal-structure-dependent terms such as
the kinetic energy T A and the internal energy Eint

A . We have
shown in [1] that in the quadratic-EMSG theory, these parts
of the body’s acceleration ultimately reduces to the
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corresponding expression in GR. On the other hand, the
asymmetry of the body apparently dictates a self-accel-
eration in the dynamics of the body, which is purely
composed of terms dependent on the internal structure.
As expected from the strong equivalence principle in GR,
no contribution from GR appears in ðaAÞself ; only EMSG-
induced terms contribute. The presence of these EMSG
structure-dependent terms in the equations of motion may
lead to significant departures from GR, warranting careful
investigation.
To further simplify the self-interaction part of Eq. (28),

we examine the new condition d
dtP

j
A ¼ 0 that emerges in

the EMSG framework. Referring to the definition of Pj
A in

Eq. (B8k), and using Eq. (8), the Newtonian limit of
Eq. (A3), as well as the integral identities given in
Appendix C of [1], we obtain

d
dt
Pj

A ¼Ω��
A

jþ
Z
A
p∂jρ�d3x−

Z
A
ρ�2v̄j∂kv̄kd3x¼ 0: ð30Þ

This relation constitutes a brand-new equilibrium condition
specific to the present theory. Imposing this condition
reveals, quite remarkably, that ðajAÞself ¼ 0. Consequently,
this modified theory, like GR, does not predict any self-
acceleration. Therefore, according to this finding and the
result of [1], the motion of a body within the field of an
N-body system is governed by equations that are structur-
ally similar in both GR and the quadratic-EMSG theory.
As a final remark in this section, it is worth noting that

self-acceleration is closely related to a violation of

momentum conservation [23]. Keeping this fact in mind,
and in light of our derivation, it is natural to anticipate the
presence of a conserved PN linear momentum in the
quadratic-EMSG theory, much as in GR, although it
emerges through distinct internal-structure considerations.
In the next section, we proceed to identify this conserved
quantity explicitly.

IV. CONSERVATION OF MOMENTUM IN EMSG

The result obtained in the previous section naturally
raises the question of the form of the conserved total
momentum in the EMSG theory. To address this, we
introduce the PN integral conservation law for the total
momentum. There are two approaches to derive this
conserved quantity. The first is to identify an energy-
momentum pseudotensor, τμν, whose ordinary divergence
is zero in the PN limit of the quadratic-EMSG theory, i.e.,
∂ντ

μν ¼ 0. This will provide us with an integral conserva-
tion law for the total momentum (to the PN order) [23]. The
second approach is to integrate the PN EMSG hydro-
dynamic equations of motion over all space and search for a
time-independent quantity [44]. In what follows, we adopt
the latter method.
We return to the local conservation statement (3) and

focus on its spatial component. Employing the Christoffel
symbols introduced in [1] together with the definition of
Tμν
eff for a perfect fluid, and after carrying out the necessary

manipulations and simplifications, this component can be
expanded up to the first PN order as follows:

0¼ ∂tðρ�μvjÞþ ∂kðρ�μvjvkÞþ ∂jp−ρ�∂jUþf00c4∂jρ�2

−
1

c2

�
ρ�∂jU

�
Πþ3

2
v2−Uþ p

ρ�

�
−2U∂jpþρ�∂jΨ−2ρ�

d
dt
ðUvj−2UjÞ−4ρ�vk∂jUk

−2f00c4
�
∂tðρ�2vjÞþ ∂kðρ�2vjvkÞ−

1

2
∂jðρ�2ðv2−2Πþ6UÞÞ−2ρ�∂jUEMSGþ ∂jðρ�2UÞ−2ρ�2∂jU

��
þOðc−4Þ; ð31Þ

where μ ¼ 1þ 1
c2 ðΠþ p

ρ� þ 1
2
v2 þ UÞ. Here, the definition

of the total time derivative, i.e., d=dt ¼ ∂t þ vk∂k, and the
Newtonian limit of the EMSG Euler equation are utilized.
Integrating the above relation over the fluid volume, we
obtain

0¼ d
dt

�Z
ρ�μvjd3x−

1

c2

�
2

Z
ρ�vjUd3xþ 1

2

Z
ρ�Φjd3x

−
1

2

Z
ρ�Ujd3x− 2f00c4

Z
ρ�2vjd3x

��
; ð32Þ

after applying Gauss’s theorem, the exchange trick x ↔ x0,
and the integral identities given in Appendix C of [1]. Here,
to simplify this relation, we also make use of the identities

R
ρ�∂jUEMSGd3x ¼ −

R
ρ�2∂jUd3x and ∂tjX ¼ −Uj þΦj,

where Φj is defined in Eq. (B2g). Substituting the defi-
nition of μ, and noting that

R
ρ�Ujd3x ¼ R

ρ�Uvjd3x, we
derive the conserved linear momentum, including the
EMSG contribution, as

Pj¼
Z

ρ�vj
�
1þ 1

c2

�
Πþ1

2
v2−

1

2
Uþ p

ρ�
þ2f00c4ρ�

��
d3x

−
1

2c2

Z
ρ�Φjd3xþOðc−4Þ; ð33Þ

whose total time derivative vanishes, d
dt P

j ¼ 0. This
demonstrates that the EMSG theory admits PN integral
conservation laws for the total momentum of isolated
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gravitating systems. Consequently, no anomalous self-
acceleration arises in the EMSG framework (up to the
first PN order), in agreement with the result obtained in the
previous section.

V. DISCUSSION AND CONCLUSION

A primary motivation of this work is to investigate
whether self-acceleration is a feature of the EMSG theory.
A challenge inherent in the matter-type modified theories of
gravity, including EMSG, is the nonvanishing divergence
of Tμν, which naturally opens the possibility of self-
acceleration. Such self-interaction effects can, in principle,
be constrained by observations of asymmetric systems,
such as eccentric binary pulsars. Given their high precision,
binary pulsar observations provide a stringent test of the
theory’s viability in the strong-gravity regime. From this
perspective, investigating self-acceleration within EMSG is
both relevant and necessary.
The present study has followed the framework of our

previous work [1], except that here we have relaxed the
reflection-symmetric assumption in order to examine the
role of self-acceleration in N-body dynamics. This relax-
ation comes at the cost of more intricate equations of
motion within the EMSG framework. We have analyzed
this relativistic effect on the motion of a massive self-
gravitating body in an N-body system, up to the first PN
order. By introducing a suitable expression for the center-
of-mass acceleration, invoking several virial identities
(including one that is new in the EMSG framework),
and applying the resulting dynamical equilibrium condi-
tions, we have ultimately concluded that aself ¼ 0.
It is worth emphasizing that this conclusion is estab-

lished within the complete first PN framework, namely in
the leading relativistic order where anomalous center-of-
mass effects or self-acceleration could first arise in slowly
moving gravitating systems. In the present analysis, the
internal-structure-dependent terms appear explicitly in the
intermediate steps of the derivation, see Eq. (29), but they
finally cancel out after imposing the virial identities,
including the new EMSG relation given in Eq. (30).
Therefore, the vanishing of self-acceleration is not a
consequence of neglecting relevant first PN contributions,
but rather a nontrivial result of the full first PN dynamics.
Possible higher-order corrections beyond the first PN order
remain an interesting topic for future investigation.
This noteworthy result, when combined with our pre-

vious study, demonstrates that internal-structure-dependent
terms do not affect N-body dynamics. Consequently, the
strong equivalence principle—specifically its manifestation
as the Gravitational Weak Equivalence Principle—is
indeed satisfied in the quadratic-EMSG theory.
Moreover, our analysis indicates that, in light of the
extremely small measured self-acceleration of the center
of mass in binary pulsar systems [27,45–47], the quadratic-
EMSG theory remains viable, akin to GR, since its

foremost criterion at the level considered here—consis-
tency with current self-acceleration bounds—is satisfied.
We stress, however, that the present notion of viability

refers specifically to the absence of self-acceleration in
compact-body dynamics and compatibility with binary-
pulsar constraints at the first PN order. A broader phe-
nomenological assessment of the quadratic-EMSG theory
should also include Solar-System tests, strong-field astro-
physical observations, and cosmological data. Such con-
straints restrict the acceptable range of the coupling
parameter f00, but do not by themselves mean that the
theory is ruled out entirely. Since the EMSG corrections
scale with matter variables through TμνTμν, their observa-
tional impact can depend significantly on the density
regime under consideration. Determining whether a
common parameter region simultaneously satisfy local
tests and yields viable late-time cosmology requires a
dedicated global analysis and lies beyond the scope of
the present work.
An immediate consequence of the present result is that

observational bounds derived from binary pulsar observa-
tions, specifically the constraints on self-acceleration (which
are technically related to the second and third timederivatives
of the pulsar’s spin frequency in binary systems [25–27]) do
not impose direct constraints on the quadratic-EMSG cou-
pling parameter at the first PN order considered here, since
the predicted self-acceleration vanishes, as in GR. This does
not imply, however, that the theory is observationally uncon-
strained. Rather, meaningful bounds may arise from other
sectors that are sensitive to matter-dependent corrections,
including binary-pulsar timing parameters, compact-star
structure, neutron-star mass-radius measurements, gravita-
tional-wave inspiral phasing, and cosmological observations.
Accordingly, the absence of self-acceleration in EMSG
should be viewed not as a loss of predictability, but as a
successful and consistent result, while the most stringent
parameter constraints are expected to arise from compact-
object and cosmological observations.
It is well established that self-acceleration is closely tied

to the violation of momentum conservation [23]. Building
on this point, we have stretched our calculation and derived
the PN integral conservation law for the total momentum,
fulfilling the requirement of zero self-acceleration within
the EMSG framework. Quoting the result of this law, we
have inferred that there is an EMSG linear momentum, P,
that is conserved up to the first PN order. In the language of
the PPN framework, and according to the results of Secs. III
and IV, one can conclude that the PPN conservation-law
parameters α3, ζ1, ζ2, ζ3, and ζ4 all vanish in the quadratic-
EMSG theory—ironically, just as in GR. From this point, it
can be asserted that this theory falls into the category of
semiconservative theories [23]. Furthermore, based on the
result of [1], it follows that the quadratic-EMSG theory
yields the same values for the PPN parameters γ and β as
GR, namely γ ¼ 1 and β ¼ 1. We leave the discussion of
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the remaining three PPN parameters in the EMSG theory,
and more generally in matter-type modified theories, to
future work. Nevertheless, the issue is not necessarily
limited to these ten parameters. Since a new type of
potential is added to the well-known set of PN potentials,
it is plausible that additional potentials (and possibly
additional PPN parameters) may be required to properly
capture the PN limit of matter-type modified theories. This
suggests that the PPN formalism needs to be developed for
such theories. Importantly, this necessity is not unique to
this theory; other modified gravity theories, such as the
massive scalar-tensor theory [48] and Chern-Simons
theory [49], also demand an extended PPN framework.
We conclude this section by discussing the conservation of

energy-momentum in the EMSG theory and the status of its
Lagrangian formulation. From the result of Sec. IV and
Sec. III. B of [1], it follows that a conserved four-momentum
exists in this modified theory at the PN order. Moreover, as
shown in [6], the conventional formulation of this theory is
confined to the level of the field equations, effectively ruling
out its original Lagrangian formulation. On the other hand,
according to the conjecture proposed in [50] at the PN order,
there is an equivalence between the existence of a conserved
four-momentum in a metric theory of gravity and the
existence of a Lagrangian formulation. Thus, based on this
conjecture, it is conceivable that the conventional form of the
EMSG theory can be Lagrangian-based, possessing an
alternative formulation that, however, cannot coincide with
the original one.
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APPENDIX A: POST-NEWTONIAN LIMIT
OF EMSG

In the PN approximation, we consider systems charac-
terized by weak gravitational fields and objects moving

slowly compared to the speed of light. The PN limit of the
quadratic-EMSG theory was derived in Sec. II. B and
Appendix A of [1]. In this appendix, we summarize the
PN relations required for the present work, in order to
streamline the subsequent calculations. The analysis is
carried out under the following assumptions:

(i) The system consists of N well-separated bodies,
each described as a perfect fluid governed by the PN
EMSG hydrodynamic equations. Magnetic and ra-
diation fields are neglected.

(ii) Each body is self-gravitating, nonspinning, and in a
state of internal dynamical equilibrium.

(iii) The gravitational potentials are decomposed into
internal and external parts, associated with the body
itself and with the remaining bodies, respectively.
The internal parts are denoted by the index “A,”
while the external ones are indicated by “−A.”

(iv) Bodies are not assumed to be symmetric about their
centers of mass.

As mentioned earlier, the matter sector of the system is
modeled as a perfect fluid, with the energy-momentum
tensor as

Tμν ¼
�
ρþ ϵ

c2
þ p
c2

�
uμuν þ pgμν; ðA1Þ

where ρ is the proper mass density, p is the pressure, and ϵ
is the proper internal energy density. The corresponding
EMSG contribution to the energy-momentum tensor is
given by

Tμν
EMSG ¼ f00

��
2c2ρ2 þ 8ρpþ 4ρϵ

þ 1

c2
ð6p2 þ 8pϵþ 2ϵ2Þ

�
uμuν

þ ðc4ρ2 þ 2c2ρϵþ 3p2 þ ϵ2Þgμν
�
: ðA2Þ

A key result needed for the present analysis is the PN
limit of the Euler equation in the quadratic-EMSG frame-
work. The spatial component of the conservation law
∇μT

μν
eff ¼ 0 yields

ρ�
dvj

dt
¼ −∂jpþ ρ�∂jU þ 1

c2

��
Πþ p

ρ�
þ 1

2
v2 þU

�
∂jp − vj∂tpþ ρ�½ðv2 − 4UÞ∂jU − vjð3∂tU þ 4vk∂kUÞ

þ 4vkð∂kUj − ∂jUkÞ þ 4∂tUj þ ∂jΨ�
�
− 2f00c

4ρ�
�
∂jρ

� −
1

c2

�
vjðvk∂kρ� þ ρ�∂kvkÞ −

�
Π −

3

2
v2 − 7U

�
∂jρ

�

þ 1

ρ�
∂jðρ�pÞ þ 2f00c

4ρ�∂jρ� − ρ�∂j

�
Π −

1

2
v2 − 3U

�
þ 2∂jUEMSG

��
þOðc−4Þ; ðA3Þ
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which is expressed up to the first PN order. Here,Π ¼ ϵ=ρ�.
It should be noted that the gauge conditions, together with
the continuity equation, determine the order of magnitude
of the theory parameter [13,31]. In particular, imposing the
harmonic gauge conditions has been shown to constrain
the parameter of the quadratic-EMSG theory, f00, to be of
the order c−4 [1]. Furthermore, the time component of
∇μT

μν
eff ¼ 0 leads to the local conservation of energy, i.e.,

the first law of thermodynamics,

dΠ
dt

¼ p
ρ�2

dρ�

dt
þOðc−2Þ: ðA4Þ

As expected, this relation remains unaltered in this modi-
fied theory. Importantly, local energy conservation, to-
gether with local baryon number conservation (8), depends
solely on the matter description (here assumed to be a
perfect fluid) and not on the underlying gravitational
theory [23].
In what follows, we introduce the integral form of the

Newtonian and PN gravitational potentials that enter the
PN Euler equation (A3). Here, Ψ ¼ ψ þ V þ 1

2
∂ttX and

U ¼ G
Z
M

ρ�0

jx − x0j d
3x0; ðA5aÞ

Uj ¼ G
Z
M

ρ�0v0j

jx − x0j d
3x0; ðA5bÞ

UEMSG ¼ G
Z
M

ρ�02

jx − x0j d
3x0; ðA5cÞ

ψ ¼ G
Z
M

ρ�0

jx − x0j
�
Π0 þ 1

2
v02 −

1

2
U0

�
d3x0; ðA5dÞ

V ¼ G
Z
M

ρ�0

jx − x0j
�
3p0

ρ�0
þ v02 −

1

2
U0

�
d3x0; ðA5eÞ

X ¼ G
Z
M

ρ�0jx − x0jd3x0; ðA5fÞ

where primed quantities are functions of t and x0. The
integration domain M denotes a three-dimensional sphere
of radiusR with boundary ∂M, representing the near-zone
region in the PN framework. As seen, a new potential—
indicated by the EMSG potential UEMSG—appears in
addition to the standard set of PN potentials. This suggests
that further potentials (and possibly additional PPN param-
eters) are required to properly capture the PN limit of
matter-type modified theories. Consequently, the PPN
formalism itself must be extended in order to accommodate
such theories. This need for an extended PPN framework is
not unique to the matter-type modified theories; other
modified gravity theories, such as the massive scalar-tensor

theory [48] and Chern-Simons theory [49], also require an
extension of the PPN formalism.

APPENDIX B: FORCE INTEGRALS

In this appendix, we present the force integrals primarily
to establish the framework for the calculations in Sec. III.
To manage the complexity of Eq. (16), we decompose it
into several components, referred to as force integrals. We
first introduce these forces and subsequently simplify them
using the methods and mathematical techniques out-
lined in [1,44].
The first set of force integrals, constructed entirely within

GR, is defined as

Fj
0 ≡

Z
A
ðρ�∂jU − ∂jpÞd3x; ðB1aÞ

Fj
1 ≡ 1

2c2

Z
A
v2∂jpd3x; ðB1bÞ

Fj
2 ≡ 1

c2

Z
A
U∂jpd3x; ðB1cÞ

Fj
3 ≡ 1

c2

Z
A
Π∂jpd3x; ðB1dÞ

Fj
4 ≡ 1

c2

Z
A

p
ρ�

∂jpd3x; ðB1eÞ

Fj
5 ≡ −

1

c2

Z
A
vj∂tpd3x; ðB1fÞ

Fj
6 ≡ 1

c2

Z
A
ρ�v2∂jUd3x; ðB1gÞ

Fj
7 ≡ −

4

c2

Z
A
ρ�U∂jUd3x; ðB1hÞ

Fj
8 ≡ −

3

c2

Z
A
ρ�vj∂tUd3x; ðB1iÞ

Fj
9 ≡ −

4

c2

Z
A
ρ�vjvk∂kUd3x; ðB1jÞ

Fj
10 ≡ 4

c2

Z
A
ρ�vk∂kUjd3x; ðB1kÞ

Fj
11 ≡ −

4

c2

Z
A
ρ�vk∂jUkd3x; ðB1lÞ

Fj
12 ≡ 4

c2

Z
A
ρ�∂tUjd3x; ðB1mÞ

Fj
13 ≡ 2

c2

Z
A
ρ�∂jΦ1d3x; ðB1nÞ
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Fj
14 ≡ −

1

c2

Z
A
ρ�∂jΦ2d3x; ðB1oÞ

Fj
15 ≡ 1

c2

Z
A
ρ�∂jΦ3d3x; ðB1pÞ

Fj
16 ≡ 4

c2

Z
A
ρ�∂jΦ4d3x; ðB1qÞ

Fj
17 ≡ −

1

2c2

Z
A
ρ�∂jΦ5d3x; ðB1rÞ

Fj
18 ≡ −

1

2c2

Z
A
ρ�∂jΦ6d3x: ðB1sÞ

Here, the auxiliary potentials Φ1–Φ6 are respectively given
by

Φ1 ≡G
Z
M

ρ�0v02

jx − x0j d
3x0; ðB2aÞ

Φ2 ≡G
Z
M

ρ�0U0

jx − x0j d
3x0; ðB2bÞ

Φ3 ≡G
Z
M

ρ�0Π0

jx − x0j d
3x0; ðB2cÞ

Φ4 ≡G
Z
M

p0

jx − x0j d
3x0; ðB2dÞ

Φ5 ≡G
Z
M

ρ�0∂j0U0 ðx − x0Þj
jx − x0j d

3x0; ðB2eÞ

Φ6 ≡ G
Z
M

ρ�0v0jv
0
k
ðx − x0Þjðx − x0Þk

jx − x0j3 d3x0; ðB2fÞ

Φj ≡G
Z
M

ρ�0v0k
ðx − x0Þjðx − x0Þk

jx − x0j3 d3x0: ðB2gÞ

To complete this set of potentials, we also introduce Φj

here. The next set of force integrals, resulting from EMSG
contributions, is as follows:

Fj
19 ≡ 3f00c

2

Z
A
ρ�v2∂jρ�d3x; ðB3aÞ

Fj
20 ≡ 14f00c

2

Z
A
ρ�U∂jρ

�d3x; ðB3bÞ

Fj
21 ≡ −2f00c2

Z
A
ρ�Π∂jρ�d3x; ðB3cÞ

Fj
22 ≡ 2f00c

2

Z
A
ρ�vjvk∂kρ�d3x; ðB3dÞ

Fj
23 ≡ 2f00c

2

Z
A
ρ�2vj∂kvkd3x; ðB3eÞ

Fj
24 ≡ 2f00c

2

Z
A
∂jðρ�pÞd3x; ðB3fÞ

Fj
25 ≡ 4f020 c

6

Z
A
ρ�2∂jρ�d3x; ðB3gÞ

Fj
26 ≡ f00c

2

Z
A
ρ�2∂jv2d3x; ðB3hÞ

Fj
27 ≡ −2f00c2

Z
A
ρ�2∂jΠd3x; ðB3iÞ

Fj
28 ≡ 6f00c

2

Z
A
ρ�2∂jUd3x; ðB3jÞ

Fj
29 ≡ 5f00c

2

Z
A
ρ�∂jUEMSGd3x; ðB3kÞ

Fj
30 ≡ −2f00c4

Z
A
ρ�∂jρ�d3x: ðB3lÞ

Among these definitions, Fj
30 is the Newtonian term, while

the others are relativistic, i.e., PN corrections. The third
group of force integrals, associated with the fourth
assumption discussed in Appendix A, is defined as

Fj
31 ≡ 1

2c2

Z
A
ρ�v̄2∂jUd3x; ðB4aÞ

Fj
32 ≡ −

1

2c2

Z
A
ρ�UA∂jUd3x; ðB4bÞ

Fj
33 ≡ 1

c2

Z
A
ρ�Π∂jUd3x; ðB4cÞ

Fj
34 ≡ −

1

2c2

Z
A
v̄2∂jpd3x; ðB4dÞ

Fj
35 ≡ 1

2c2

Z
A
UA∂jpd3x; ðB4eÞ

Fj
36 ≡ −f00c2

Z
A
ρ�v̄2∂jρ�d3x; ðB4fÞ

Fj
37 ≡ f00c

2

Z
A
ρ�UA∂jρ

�d3x; ðB4gÞ

Fj
38 ≡ −f00c2

Z
A
ρ�∂jpd3x; ðB4hÞ

in which the first five integrals are GR-induced, while the
last three are EMSG induced.
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Applying the methods described in detail in [1,44], we
derive the following expressions for the force integrals:

Fj
0 ¼ mA∂jU−A; ðB5aÞ

Fj
1 ¼

1

c2

�
vkAL

kj
A þ 1

2

Z
A
v̄2∂jpd3x

�
; ðB5bÞ

Fj
2 ¼ −

1

c2
½PA∂jU−A þ Pj

A�; ðB5cÞ

Fj
3 ¼

1

c2

Z
A
Π∂jpd3x; ðB5dÞ

Fj
4 ¼

1

c2

Z
A

p
ρ�

∂jpd3x; ðB5eÞ

Fj
5 ¼ −

1

c2

�
vjA

d
dt

PA þ
Z
A
v̄j∂tpd3x

�
; ðB5fÞ

Fj
6 ¼

1

c2
½2vkAHkj

A þ tjA þmAv2A∂jU−A

þ 2T A∂jU−A�; ðB5gÞ

Fj
7 ¼ −

4

c2
½Ωj

A − 2ΩA∂jU−A þ Ωjk
A ∂kU−A

þmAU−A∂jU−A�; ðB5hÞ

Fj
8 ¼ −

3

c2
½T �

A
j − vkAH

jk
A þ vjAHA þmAv

j
A∂tU−A�; ðB5iÞ

Fj
9 ¼ −

4

c2
½vjAHA þ vkAH

jk
A þ T j

A þmAv
j
Av

k
A∂kU−A

þ 2T jk
A ∂kU−A�; ðB5jÞ

Fj
10 ¼

4

c2
½T �

A
j þ vjAHA − vkAH

jk
A þmAvkA∂kUj;−A�; ðB5kÞ

Fj
11 ¼ −

4

c2
mAvkA∂jUk;−A; ðB5lÞ

Fj
12 ¼

4

c2
½Ωj

A − 2ΩA∂jU−A þ Pj
A þ vkAH

jk
A þ vjAHA

þ T j
A þmA∂tUj;−A� − 8f00c2Λ

j
A; ðB5mÞ

Fj
13 ¼ −

2

c2
½2vkAHkj

A þ tjA −mA∂jΦ1;−A�; ðB5nÞ

Fj
14 ¼

1

c2
½Ωj

A −mA∂jΦ2;−A þ Ωjk
A ∂kU−A�; ðB5oÞ

Fj
15 ¼ −

1

c2
½εjA −mA∂jΦ3;−A�; ðB5pÞ

Fj
16 ¼ −

4

c2
½Pj

A −mA∂jΦ4;−A�; ðB5qÞ

Fj
17 ¼ −

1

2c2
½2Ωjk

A ∂kU−A − 2ΩA∂jU−A þΩj
A þ Ω�

A
j

þmA∂jΦ5;−A�; ðB5rÞ

Fj
18 ¼ −

1

c2

�
vjAHA þ vkAH

jk
A þ T j

A − 3vkAK
jk
A −

3

2
T ��

A
j

þ 1

2
mA∂jΦ6;−A

�
; ðB5sÞ

as well as

Fj
19 ¼ 3f00c

2½2vkAQkj
A þQ�

A
j�; ðB6aÞ

Fj
20 ¼ 14f00c

2

�
Λj
A −

1

2
MA∂jU−A

�
; ðB6bÞ

Fj
21 ¼ −2f00c2

Z
A
ρ�Π∂jρ�d3x; ðB6cÞ

Fj
22 ¼ 2f00c

2½vkAQjk
A þQj

A þ vjAQA�; ðB6dÞ

Fj
23 ¼ 2f00c

2

�
Ω��

A
j −

d
dt

Pj
A þ

Z
A
p∂jρ�d3x − 2vjAQA

�
;

ðB6eÞ

Fj
24 ¼ 0; ðB6fÞ

Fj
25 ¼ 0; ðB6gÞ

Fj
26 ¼ −2f00c2½Q�

A
j þ 2vkAQ

kj
A �; ðB6hÞ

Fj
27 ¼ 4f00c

2

Z
A
ρ�Π∂jρ�d3x; ðB6iÞ

Fj
28 ¼ 6f00c

2½Ω��
A

j þMA∂jU−A�; ðB6jÞ

Fj
29 ¼ −5f00c2½Ω��

A
j −mA∂jUEMSG;−A�; ðB6kÞ

Fj
30 ¼ 0; ðB6lÞ

Fj
31 ¼

1

2c2
½tjA þ 2T A∂jU−A�; ðB6mÞ

Fj
32 ¼ −

1

2c2
½Ωj

A − 2ΩA∂jU−A�; ðB6nÞ

Fj
33 ¼

1

c2
½εjA þ Eint

A ∂jU−A�; ðB6oÞ
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Fj
34 ¼ −

1

2c2

Z
A
v̄2∂jpd3x; ðB6pÞ

Fj
35 ¼ −

1

2c2
Pj

A; ðB6qÞ

Fj
36 ¼ −f00c2Q�

A
j; ðB6rÞ

Fj
37 ¼ f00c

2Λj
A; ðB6sÞ

Fj
38 ¼ −f00c2

Z
A
ρ�∂jpd3x: ðB6tÞ

In these integrals, the external parts of all potentials, after
differentiation, are evaluated at the leading order of the
center-of-mass position, i.e., x ¼ rAð0Þ. For instance,
∂jU−A ¼ ∂jU−Aðt; rAð0ÞÞ. Note that certain integral terms
in the above forces are left unsimplified, since they
ultimately cancel each other out in the final expression
of the acceleration.
We define below the scalar, vector, and tensor quantities

that appear in the force integrals. Each type of quantity is
introduced separately for clarity. The scalar quantities are
defined as follows:

T A ≡ 1

2

Z
A
ρ�v2d3x; ðB7aÞ

ΩA ≡ −
1

2
G
Z
A

ρ�ρ�0

jx − x0j d
3x0d3x; ðB7bÞ

Eint
A ≡

Z
A
ρ�Πd3x; ðB7cÞ

MA ≡
Z
A
ρ�2d3x ðB7dÞ

QA ≡
Z
A
ρ�v̄k∂kρ�d3x; ðB7eÞ

PA ≡
Z
A
pd3x; ðB7fÞ

HA ≡ G
Z
A
ρ�ρ�0

v̄0 · ðx − x0Þ
jx − x0j3 d3x0d3x: ðB7gÞ

The vector quantities are defined as

tjA ≡G
Z
A
ρ�ρ�0

v̄02ðx − x0Þj
jx − x0j3 d3x0d3x; ðB8aÞ

T j
A ≡G

Z
A
ρ�ρ�0

v̄0jv̄0 · ðx − x0Þ
jx − x0j3 d3x0d3x; ðB8bÞ

T �
A
j ≡G

Z
A
ρ�ρ�0

v̄jv̄0 · ðx − x0Þ
jx − x0j3 d3x0d3x; ðB8cÞ

T ��
A

j ≡G
Z
A
ρ�ρ�0

ðx − x0Þj½v̄0 · ðx − x0Þ�2
jx − x0j5 d3x0d3x; ðB8dÞ

Ωj
A≡G2

Z
A
ρ�ρ�0ρ�00

ðx−x0Þj
jx0−x00jjx−x0j3d

3x00d3x0d3x; ðB8eÞ

Ω�
A
j ≡G2

Z
A
ρ�ρ�0ρ�00ðx0 − x00Þ · ðx − x0Þ

×
ðx − x0Þj

jx0 − x00j3jx − x0j3 d
3x00d3x0d3x; ðB8fÞ

Ω��
A

j ≡ G
Z
A
ρ�ρ�02

ðx − x0Þj
jx − x0j3 d

3x0d3x; ðB8gÞ

Pj
A ≡G

Z
A
ρ�p0 ðx − x0Þj

jx − x0j3 d
3x0d3x; ðB8hÞ

εjA ≡G
Z
A
ρ�ρ�0Π0 ðx − x0Þj

jx − x0j3 d
3x0d3x; ðB8iÞ

Λj
A ≡G

Z
A
ρ�ρ�0

∂j0ρ
�0

jx − x0j d
3x0d3x; ðB8jÞ

Pj
A ≡

Z
A
ρ�2v̄jd3x; ðB8kÞ

Qj
A ≡

Z
A
ρ�v̄jv̄k∂kρ�d3x; ðB8lÞ

Q�
A
j ≡

Z
A
ρ�v̄2∂jρ�d3x; ðB8mÞ

and the tensor quantities are defined as

IjkA ≡
Z
A
ρ�x̄jx̄kd3x; ðB9aÞ

SjkA ≡
Z
A
ρ�ðx̄jv̄k − x̄kv̄jÞd3x; ðB9bÞ

T jk
A ≡ 1

2

Z
A
ρ�v̄jv̄kd3x; ðB9cÞ

Ljk
A ≡

Z
A
v̄j∂kpd3x; ðB9dÞ

Ωjk
A ≡ −

1

2
G
Z
A
ρ�ρ�0

ðx − x0Þjðx − x0Þk
jx − x0j3 d3x0d3x; ðB9eÞ

Hjk
A ≡G

Z
A
ρ�ρ�0

v̄0jðx − x0Þk
jx − x0j3 d3x0d3x; ðB9fÞ
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Kjk
A ≡G

Z
A
ρ�ρ�0

v̄0 · ðx − x0Þðx − x0Þjðx − x0Þk
jx − x0j5 d3x0d3x;

ðB9gÞ

Qjk
A ≡

Z
A
ρ�v̄j∂kρ�d3x: ðB9hÞ

Among these, M, Q, Qj, Q�j, Pj, Λj, Ω��j, and Qjk are
new quantities that arise within the quadratic-EMSG
framework. It can be demonstrated that QA ¼ Qkk

A ¼
1
2
dMA
dt and

R
A ρ

�2v̄k∂jv̄kd3x ¼ −Q�
A
j. These relations are

used to simplify the final form of the acceleration.
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