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The hadron-quark crossover equation of state (EOS) of neutron star (NS) matter is investigated by
combining relativistic mean-field hadronic models with the Nambu-Jona-Lasinio model for quark matter.
The vector and diquark coupling constants of the Nambu-Jona-Lasinio model are constrained using
perturbative QCD (pQCD) calculations at high density through a scale-averaging likelihood approach,
together with constraints from NS observations and the causality condition on the speed of sound. It is
found that the diquark coupling is tightly constrained to H ≃ 1.5Gs, while the vector coupling is restricted
to Gv ≲ 1.1Gs by the combined pQCD and astrophysical constraints. Crossover EOSs are constructed
based on three hadronic relativistic mean-field parameter sets, and their thermodynamic properties, sound
speed behavior, and trace anomaly are analyzed. The resulting EOSs are applied to calculate NS global
and dynamical properties, including mass-radius relations, tidal deformabilities, and fundamental radial
oscillation frequencies. Compared with pure hadronic EOSs, the hadron-quark crossover is shown to
significantly enhance the maximum NS mass, particularly for softer hadronic EOSs, while remaining
consistent with observational bounds. It is further shown that the fundamental radial oscillation frequencies
predicted by different EOSs exhibit pronounced differences, especially for intermediate-mass NSs,
indicating that radial modes may provide a sensitive probe of the internal composition of NSs. These results
indicate that quantitative NS observables may provide potential signatures of quark matter in NS interiors.

DOI: 10.1103/lb59-lwkr

I. INTRODUCTION

Neutron stars (NSs) are stellar remnants formed in the
supernova explosions of massive stars. The central density
of NSs can reach about 5–6 times the nuclear saturation
density (n0 ∼ 0.15 fm−3) [1]. Strong magnetic fields and
rapid rotation lead to periodic electromagnetic signals that
can be detected by radio telescopes on Earth. These
properties make NSs natural laboratories for studying the
equation of state (EOS) of dense matter and physics under
extreme conditions.
As the density increases, new degrees of freedom may

appear in the core of an NS, such as Δ resonances [2–7],
meson condensation [8–12], hyperons [13–21], and quarks
[22–25]. The appearance of strange matter, such as hyper-
ons, softens the EOS and reduces the maximum mass of
NSs, giving rise to the well-known hyperon puzzle [26].
Quantum chromodynamics (QCD) predicts that, once the

density exceeds several times the nuclear saturation density,
hadronic matter may become deconfined and transform into
quark matter, eventually forming a quark-gluon plasma
[27–30]. The possible presence of quark matter inside NSs
has therefore attracted significant attention and motivated
extensive discussion [31–36].
Several approaches have been proposed to describe the

transition from hadronic matter to quark matter, including
the Maxwell construction [24], the Gibbs construction [37],
and the crossover model [38]. In the Maxwell construction,
charge neutrality is imposed locally, and this approach
applies when the surface tension between the two phases is
very large. In contrast, the Gibbs construction enforces
global charge neutrality and is applicable when the surface
tension vanishes [39]. For finite surface tension, the system
may form nonuniform mixed phases with pastalike geom-
etries, commonly referred to as quark pasta, which can
modify the properties of the transition region [40]. When
the hadronic and quark phases cannot simultaneously
satisfy the equalities of pressure and chemical potential,
the crossover model provides an alternative description by
introducing a smooth interpolation. Typical interpolation
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schemes include parametrizing the pressure or energy
density as a function of baryon number density [41,42],
expressing the pressure as a function of energy density [43],
or expanding the pressure as a polynomial in the chemical
potential [38]. More recently, Gaussian process regression
has also been applied to construct crossover EOSs [44–46].
At low densities, the EOS of NS matter can be con-

strained by the properties of finite nuclei and by chiral
effective field theory around the nuclear saturation density
[47,48]. However, the EOS of the outer core still carries
large uncertainties, since terrestrial experiments cannot
reach such high densities or reproduce the neutron-rich
and β-equilibrated conditions of NS matter. At very high
densities, above 40n0, perturbative QCD (pQCD) becomes
reliable [49,50]. Although this density range lies far beyond
that realized in NS interiors, pQCD can still provide
meaningful constraints on the EOS. Komoltsev and
Kurkela showed that, by imposing thermodynamic stability
and causality, pQCD constraints can be consistently propa-
gated to lower-density nuclear matter [51].
In recent years, several studies have examined how

pQCD can be used to constrain the EOS of NSs by
enforcing thermodynamic stability, causality, and consis-
tent matching between low- and high-density regimes
[52–60]. At the same time, it is well established that quark
matter forms Cooper pairs at sufficiently low temperatures
and enters a color-superconducting phase, with energy gaps
on all or part of the Fermi surfaces [61–63]. This phase
introduces nonperturbative contributions to the EOS.
The pQCD description can be consistently combined with
the effects of color superconductivity [64]. The color-
superconducting phase should, therefore, be included when
constraining the EOS in the high-density region.
Over the past decade, advances in observational tech-

niques have led to significant progress in our understanding
of NS properties. Precise mass mesurements of PSR
J0348þ 0432 [65] and PSR J0740þ 6620 [66] have
confirmed that NS masses can exceed 2M⊙. The binary
NS merger GW170817 has provided important constraints
on the tidal deformability of NSs [67,68]. In addition,
intermediate-mass NSs, such as the recently reported PSR
J0614-3329 with a radius of R ¼ 10.29þ1.01

−0.86 km and a mass
of M ¼ 1.44þ0.06

−0.07M⊙, impose even tighter constraints on
the EOS [69]. The coexistence of small radii at intermediate
masses and large maximum masses requires the EOS to
stiffen rapidly at higher densities. This behavior leaves a
possibility of a transition from hadronic matter to quark
matter in NS interiors.
In this work, we further constrain the crossover EOS

by combining recent astronomical observations with
pQCD constraints. We describe the hadronic phase using
relativistic mean-field models and the quark phase using
the Nambu-Jona-Lasinio (NJL) model. The effects of
pQCD and color superconductivity are incorporated at
high densities. The theoretical framework, including the

hadronic EOS, the NJL model, and the pQCD constraints,
is introduced in Sec. II. The results and discussions are
presented in Sec. III. Our conclusions are summarized
in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Hadronic matter EOS

Three relativistic mean-field (RMF) models are
employed to describe the hadronic EOS, all of which
can reproduce the properties of finite nuclei. These include
the nonlinear RMF model (NLRMF) [70–73], the density-
dependent RMF model (DDRMF) [74,75], and the density-
dependent point-coupling model (DDPC) [76,77]. In the
following, we briefly summarize the theoretical framework
of these models and present the expressions for the energy
density and pressure used in this work.
In the NLRMF model, nucleons interact through the

exchange of mesons, including the scalar-isoscalar σ
meson, the vector-isoscalar ω meson, and the vector-
isovector ρ meson. The interaction between the ω and ρ
mesons is also included. The Lagrangian density of the
NLRMF model is given by

LNLRMF ¼
X
N¼n;p

ψ̄N

�
iγμ∂μ − ðMN − gσσÞ

− γμ
�
gωωμ þ

gρ
2
τ⃗ ρμ
!
��

ψN þ 1

2
∂
μσ∂μσ −

1

2
m2

σσ
2

−
1

3
g2σ3 −

1

4
g3σ4 −

1

4
WμνWμν þ

1

2
m2

ωω
μωμ

þ 1

4
c3ðωμωμÞ2 −

1

4
R⃗μνR⃗μν þ

1

2
m2

ρρ⃗
μρ⃗μ

þΛvðg2ωωμωμÞðg2ρρ⃗μρ⃗μÞ; ð1Þ

where Wμν and R⃗μν are the antisymmetric field tensors of
the ω and ρ mesons, respectively. In the mean-field
approximation, all meson fields are treated as classical
fields. For uniform matter, the total energy density and
pressure of hadronic matter can be derived from the energy-
momentum tensor and are expressed as

ENLRMF
HP ¼ 1

2
m2

σσ
2 þ 1

3
g2σ3 þ

1

4
g3σ4 þ

1

2
m2

ωω
2 þ 3

4
c3ω4

þ 1

2
m2

ρρ
2 þ 3Λvðg2ωω2Þðg2ρρ2Þ þ Ep

kin þ En
kin;

PNLRMF
HP ¼ −

1

2
m2

σσ
2 −

1

3
g2σ3 −

1

4
g3σ4 þ

1

2
m2

ωω
2 þ 1

4
c3ω4

þ 1

2
m2

ρρ
2 þΛvðg2ωω2Þðg2ρρ2Þ þPp

kin þPn
kin: ð2Þ

In the NLRMF model, the energy density and pressure
of hadronic matter consist of contributions from the meson
mean fields and from the kinetic terms of nucleons.
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The effective mass of nucleons is generated by the scalar σ field, while the vector fieldsω and ρ provide repulsive interactions.
The kinetic energy density and pressure are obtained by integrating over the Fermi seas of protons and neutrons:

Ei
kin ¼

γ

2π2

Z
kFi

0

k2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM�

i
2

q
dk ¼ γ

16π2

�
kFiE�

Fið2k2Fi þM�
i
2Þ þM�

i
4 ln

M�
i

kFi þ E�
Fi

�
;

Pi
kin ¼

γ

6π2

Z
kFi

0

k4dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM�

i
2

p ¼ γ

48π2

�
kFið2k2Fi − 3M�

i
2ÞE�

Fi þ 3M�
i
4 ln

kFi þ E�
Fi

M�
i

�
; ð3Þ

where γ ¼ 2 denotes the spin degeneracy factor.
In the DDRMF model, the nonlinear meson self-interaction terms of the NLRMF model are replaced by density-

dependent meson-nucleon coupling constants. The Lagrangian density of the DDRMF model is given by

LDDRMF¼
X
N¼n;p

ψN

�
γμ
�
i∂μ−ΓωNðnBÞωμ−

ΓρNðnBÞ
2

ρ⃗μτ⃗

�
− ðMN −ΓσNðnBÞσ−ΓδNðnBÞδ⃗ τ⃗Þ

�
ψN

þ1

2
ð∂μσ∂μσ−m2

σσ
2Þþ1

2
ð∂μδ⃗∂μδ⃗−m2

δδ⃗
2Þ−1

4
WμνWμνþ

1

2
m2

ωωμω
μ−

1

4
R⃗μνR⃗μνþ

1

2
m2

ρρ⃗μρ⃗
μ; ð4Þ

where the coupling constants depend on the vector density. In this framework, rearrangement terms ΣR arise from the
density dependence of the couplings and are essential for maintaining thermodynamic consistency. The resulting
expressions for the energy density and pressure of hadronic matter are shown:

EDDRMF
HP ¼ 1

2
m2

σσ
2 þ 1

2
m2

δδ
2 −

1

2
m2

ωω
2 −

1

2
m2

ρρ
2 þ ΓωNðnBÞωnB þ ΓρNðnBÞ

2
ρnB3 þ Ep

kin þ En
kin;

PDDRMF
HP ¼ nNΣRðnBÞ −

1

2
m2

σσ
2 −

1

2
m2

δδ
2 þ 1

2
m2

ωω
2 þ 1

2
m2

ρρ
2 þ Pp

kin þ Pn
kin: ð5Þ

In the DDPCmodel, the meson exchange interactions are replaced by zero-range point-coupling terms between nucleons.
Each interaction channel is represented by a local four-fermion interaction, with density-dependent coupling constants. The
Lagrangian density of the DDPC model is given by

LDDPC ¼
X
N¼n;p

ψ̄Nðiγμ∂μ −MNÞψN −
1

2
GSðnBÞðψ̄NψNÞðψ̄NψNÞ −

1

2
GVðnBÞðψ̄NγμψNÞðψ̄Nγ

μψNÞ

−
1

2
GTSðnBÞðψ̄N τ⃗ψNÞðψ̄N τ⃗ψNÞ −

1

2
GTVðnBÞðψ̄N τ⃗γμψNÞðψ̄N τ⃗γ

μψNÞ −
1

2
DSðnBÞð∂μψ̄NψNÞð∂μψ̄NψNÞ: ð6Þ

In this approach, both scalar and vector interactions, as well as their isovector components, are included. The energy
density and pressure of hadronic matter are obtained in a straightforward manner and are derived as

EDDPC
HP ¼ Ep

kin þ En
kin −

1

2
GSn2s −

1

2
GTSn2s3 þ

1

2
GVn2B þ 1

2
GTVn2B3;

PDDPC
HP ¼ Pn

kin þ Pp
kin þ

1

2
GSn2s þ

1

2
GTSn2s3 þ

1

2
GVn2B þ 1

2
GTVn2B3

þ 1

2

∂GS

∂nB
n2snB þ 1

2

∂GTS

∂nB
n2s3nB þ 1

2

∂GV

∂nB
n3B þ 1

2

∂GTV

∂nB
n2B3nB: ð7Þ

In these models, the scalar density ns, baryon density nB, and their isospin components are defined through the
expectation values of the nucleon fields:

ns ¼ hψ̄ψi ¼ nsp þ nsn;

ns3 ¼ hψ̄τ3ψi ¼ nsp − nsn;

nB ¼ hψ†ψi ¼ nBp þ nBn;

nB3 ¼ hψ†τ3ψi ¼ nBp − nBn: ð8Þ
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For the hadronic EOS, we adopt three representative
parameter sets, IUFSU [78,79] for the NLRMF model,
DDVTD [80] for the DDRMF model, and DDPC1 [81] for
the DDPC model. These parameter sets are known to
reproduce the properties of finite nuclei and provide
reasonable descriptions of nuclear matter over a wide
density range. They are, therefore, suitable for exploring
the hadronic phase of NS matter in this work.

B. Quark matter EOS and crossover

To describe quark matter, we employ the three-flavor
NJL model, which captures key features of low-energy
QCD, such as dynamical chiral symmetry breaking
[33,82,83]. In this framework, the NJL model provides
an effective description of quark matter in the density range
relevant for the crossover from hadronic matter. The
Hatsuda-Kunihiro parameter set is adopted, where GsΛ2 ¼
1.835 and KΛ5 ¼ 9.29, with Λ ¼ 631.4 MeV. The
Lagrangian of the three-flavor NJL model is

LNJL ¼ q̄ðiγμ∂μ −mÞq

þ Gs

X8
i¼0

½ðq̄τiqÞ2 þ ðq̄iγ5τiqÞ2� −Gvðq̄γμqÞ2

þH
X

A;A0¼2;5;7

½ðq̄iγ5τAλA0Cq̄TÞðqTCiγ5τAλA0qÞ

þ ðq̄τAλA0Cq̄TÞðqTCτAλA0qÞ�
− Kfdet½q̄ð1þ γ5Þq� þ det½q̄ð1 − γ5Þq�g: ð9Þ

It includes the scalar four-quark interaction with coupling
constant Gs, which drives chiral symmetry breaking, and
the Kobayashi-Maskawa–’t Hooft determinant interaction
with coupling K, which accounts for the Uð1ÞA anomaly.
A vector interaction term with coupling Gv is introduced to
describe repulsive interactions among quarks. In addition,
diquark interaction terms with coupling H are included
to account for attractive correlations in the color-
superconducting channel. The coupling constants Gv and
H are not well constrained and play an important role in
determining the stiffness of the quark-matter EOS.
The pressure of the quark phase from the NJL model is

generated from the thermodynamic potential

PNJL ¼ 2
X18
i¼1

Z
Λ d3p
ð2πÞ3

ϵi
2

−
X

i¼u;d;s

ð2Gsσ
2
i þHd2i Þþ4KσuσdσsþGvn2q; ð10Þ

where σ, d, and nq represent the chiral condensates, quark
condensates, and quark number density, respectively. ϵi are

the energy eigenvalues obtained from the inverse propa-
gator in the Nambu-Gorkov bases:

S−1ðkÞ ¼
 
γμkμ − M̂ þ γ0μ̂ γ5

P
iΔiRi

−γ5
P

i Δ�
i Ri γμkμ − M̂ − γ0μ̂

!
; ð11Þ

where Mi are the constituent masses of u, d, and s quarks
and Δ1;2;3 are the gap energies. μ3 and μ8 are the color
chemical potentials, Q ¼ diagð2=3;−1=3;−1=3Þ is the
charge matrix in flavor space,

Mi ¼ mi − 4Gsσi þ Kjϵijkjσjσk;
Δi ¼ −2Hdi;

μ̂ ¼ μq − 2Gvnq þ μ3λ3 þ μ8λ8 þ μQQ;

ðR1; R2; R3Þ ¼ ðτ7λ7; τ5λ5; τ2λ2Þ: ð12Þ

The mean fields are determined from the gap equations:

∂PNJL

∂σi
¼ ∂PNJL

∂di
¼ 0: ð13Þ

To enforce the conditions of local electromagnetic charge
neutrality and color charge neutrality, three other equations
to be satisfied are

∂PNJL

∂μ3
¼ ∂PNJL

∂μ8
¼ ∂PNJL

∂μQ
¼ 0: ð14Þ

The pressure and quark chemical potential can be rewritten
by explicitly separating the contributions from the vector
interaction. In this form, the effects of the vector coupling
Gv enter only through the quark number density:

PNJL ¼ PGv¼0 þ Gvn2q;

μq ¼ μGv¼0 þ 2Gvnq: ð15Þ

This treatment allows the thermodynamic quantities to be
obtained from the Gv ¼ 0 case and then extended to
arbitrary values of Gv in a straightforward manner.
When considering the constraints of pQCD, the param-

eter space of the NJL model is greatly reduced, and it is
difficult to match astronomical constraints. Therefore,
a chemical potential dependent NJL model was proposed
[84]. To better address the thermodynamic consistency
of the NJL model with medium-induced contributions, the
density-dependent NJL (DDNJL) model is derived, where
the parameter Gv depends on the vector density. In the
mean-field approximation, the terms related to Gv in the
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Lagrangian of the NJL model can be rewritten as

Gvððq†qÞÞðq̄γμqÞ2

≃
�
Gvðhq†qiÞ þ

∂Gv

∂nq
ððq†qÞ − hq†qiÞ

�
ðq̄γμqÞ2

¼ GvðnqÞð2hq†qiðq†qÞ − hq†qi2Þ

þ ∂Gv

∂nq
ððq†qÞhq†qi2 − hq†qi3Þ: ð16Þ

Therefore, the pressure and quark chemical potential are
modified by the derivative of Gv with respect to density,
which reflect the influence of the medium effect on the
vector interaction:

PDDNJL ¼ 2
X18
i¼1

Z
Λ d3p
ð2πÞ3

ϵi
2
−
X

i¼u;d;s

ð2Gsσ
2
i þHd2i Þ

þ 4Kσuσdσs þGvn2q þ
∂Gv

∂nq
n3q

¼ PGv¼0 þ Gvn2q þ
∂Gv

∂nq
n3q;

μ̂DDNJL ¼ μq − 2GVnq −
∂Gv

∂nq
n2q þ μ3λ3 þ μ8λ8 þ μQQ;

μq ¼ μGv¼0 þ 2Gvnq þ
∂Gv

∂nq
n2q ¼ μGv¼0 þ 2G�

vnq;

ð17Þ

with

G�
v ¼ Gv þ

1

2

∂Gv

∂nq
nq; ð18Þ

which combines the original density-dependent coupling
and the rearrangement contribution. This effective cou-
pling G�

v governs the strength of the vector interaction
in the quark chemical potential. It plays a key role in
controlling the stiffness of the quark-matter EOS at
different densities.
In present unified EOS, the region with a baryon number

density below 2n0 is the hadronic phase, and the region
above 5n0 is the quark phase. The crossover region between
the hadron phase to the quark phase is described by a
smooth interpolation in the pressure-chemical potential
space. The pressure is expanded as a fifth-order polynomial
of the chemical potential:

PIðμBÞ ¼
X5
i¼0

Ciμ
i
B; ð19Þ

and the parameters Ci are determined by the boundary
conditions:

dnPI

dμnB

����
μL

¼ dnPH

dμnB

����
μL

;

dnPI

dμnB

����
μH

¼ dnPQ

dμnB

����
μH

ðn ¼ 0; 1; 2Þ; ð20Þ

where μL and μH are the chemical potential corresponding
to nB ¼ 2.0n0 and nB ¼ 5.0n0. The pressure and its first
and second derivatives with respect to the baryon chemical
potential are required to match those of the hadronic EOS at
μL and the quark EOS at μH. These conditions ensure the
continuity of the pressure, baryon density, and compress-
ibility across the crossover region.

C. Constraints from pQCD

As a nonrenormalizable theory, the NJL model cannot
absorb the cutoff parameters required to regularize diver-
gent momentum integrals into renormalized quantities [85].
The cutoff scale, therefore, limits the range of applicability
of the model. This limitation appears as cutoff artifacts
in NJL calculations. Because of cutoff artifacts, as the
chemical potential approaches the cutoff scale, the pairing
gap begins to decrease and eventually vanishes [86–88].
When addressing this problem, a reliable approach is the
renormalization group improved NJL model [89].
However, in this work, we determine the valid regime of
the NJL model by identifying the region where the ultra-
violet cutoff has negligible effect.
To determine the upper limit of the effective range of

the NJL model, we first perform calculations with
Gv ¼ 0. We identify the chemical potential at which
the pairing gap Δ starts to decrease. The termination
point of the effective chemical potential range is then
defined as a value 60 MeV below this chemical potential.
The termination points, denoted by μT, for arbitrary
values of Gv are obtained using the method described
in the previous subsection.
The approach in Ref. [51] is followed to impose the

constraints of pQCD, and thermodynamic stability and
causality are used to determine whether the two end points
ðnL; μL; PLÞ and ðnH; μH; PHÞ can be connected, where
μL ¼ μT , μH ¼ 2.6 GeV:

ΔPmin ≤ PH − PL ≤ ΔPmax; ð21Þ

where

ΔPmin ¼
1

2

nL
μL

ðμ2H − μ2LÞ;

ΔPmax ¼
1

2

nH
μH

ðμ2H − μ2LÞ: ð22Þ

CROSSOVER EQUATION OF STATE CONSTRAINED BY … PHYS. REV. D 113, 103002 (2026)

103002-5



At high chemical potential, the matter in the NS is
assumed to be in the color-flavor-locked (CFL) phase. This
phase preserves the symmetry under combined color-flavor
rotations. The pressure and the baryon number density are
given, respectively, by

PHðμHÞ ¼ PpQCDðμHÞ þ PCFLðμHÞ

¼ PpQCDðμHÞ þ
1

3π2
Δ2μ2H;

nHðμHÞ ¼ npQCDðμHÞ þ nCFLðμHÞ

¼ npQCDðμHÞ þ
2

3π2
Δ2μH; ð23Þ

where the second term on the right-hand side represents the
contribution of CFL color superconducting [90,91].
The pQCD results are obtained from the weak-coupling

expansion of QCD up to next-to-next-to-leading order
(N2LO). The strong coupling constant αs is evaluated at
the two-loop level [92–94]. The pressure of unpaired quark
matter with Nf ¼ 3 massless flavors is given by

PpQCD ¼ Nf
ðμB=3Þ4
4π2

�
1−

2

π
αs −

Nf

π2
α2s lnαs −

α2s
π2

×

�
c1 þNf

�
ln
Nf

π
− c2

�
þ
�
11−

2

3
Nf

�
lnX

�	
;

ð24Þ

αsðΛ̄Þ ¼
4π

β0L

�
1 −

2β1
β20

lnL
L

�
; ð25Þ

with

L ¼ lnðΛ̄2=Λ2

MS
Þ; Λ̄ ¼ 2XμB=3; ð26Þ

β0 ¼ 11 −
2

3
Nf; β1 ¼ 51 −

19

3
Nf; ð27Þ

where c1 ¼ 18 − 11 ln 2 and c2 ¼ 0.535832 are constants.
The quantity Λ̄ denotes the renormalization scale, and
X is the corresponding dimensionless scale parameter.
The QCD scale ΛMS is fixed by the condition
αsð2 GeVÞ ¼ 0.2994.
We assume that the pairing gap follows a power-law

dependence on the chemical potential as shown in
Ref. [95]:

ΔCFL ¼ Δ�
CFL

�
μB
μ�B

�
α

; ð28Þ

where μ�B is the reference chemical potential and Δ�
CFL is

the corresponding gap. α is a constant exponent, where
α ≈ −0.23 in the weak-coupling case and α ≈ 0.45 in the

functional renormalization group approach [95,96]. These
values well approximate the gap derived from both theo-
ries. Taking 2.0 GeV as the reference chemical potential
[97,98], the gap at point H in the weak-coupling case is
approximately ΔH ≈ 0.94Δ2.0 GeV. In fact, for large Gv, μL
already exceeds 2.0 GeV. If a more conservative gap range
of ½0.9; 1.1�ΔL is chosen, it will lead to a deviation of about
0.05Gs from the case with ΔH ¼ ΔL. Therefore, we select
the same gap value for two points. In the NJL model, the
gaps Δ1 and Δ3 are generally not equal. We, therefore,
define an effective pairing gap using the root-mean-square

form Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
3

P
iΔ2

i

q
[99].

We adopt the scale-averaging interpretation to quantify
the pQCD uncertainties [100]. The dimensionless renorm-
alization scale X is assumed to follow a logarithmically
uniform distribution in the interval ½1=2; 2�. This choice
allows us to construct a likelihood function that quantifies
whether a given EOS is consistent with the pQCD con-
straints. The resulting pQCD likelihood function is

PR ¼
Z

lnð2Þ

lnð1=2Þ
dðlnXÞ× ⊮½0;1� ðIpQCDðX;EOSÞÞ; ð29Þ

where ⊮½0;1� ðIpQCDðX;EOSÞÞ is an indicator function that
determines whether the EOS satisfies the pQCD constraints
for a given value of X.

III. RESULTS AND DISCUSSIONS

The pQCD constraints on the vector and diquark
coupling constants, Gv and H with the pQCD likelihood
functions from Eq. (29), are illustrated in Fig. 1. In
principle, when the value of PR is located in [0, 1], the
EOS from NJL at high density should satisfy the pQCD
constraints. Therefore, the magnitude of Gv should be less

FIG. 1. The pQCD likelihood function as a function of the
vector and diquark coupling constants, Gv and H in the NJL
model.
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than 1.2Gs atH ¼ 1.6Gs. IfGv was too small, the EOS will
be softer. It cannot be matched to the pQCD results at small
values of X within the thermodynamically allowed range.
Therefore, the PR < 1 for small Gv. As Gv increases, the
NJL EOS becomes stiffer, allowing the matching condition
to be satisfied for all X in the interval [0.5, 2]. For
sufficiently large Gv, however, the EOS becomes overly
stiff, and the pQCD results at large X can no longer be
connected to the effective end point of the NJL model.
Meanwhile, as the diquark coupling H decreases, the
pQCD constraints become more restrictive, leading to a
further reduction in the allowed range of Gv. It is less than
1.0Gs at H ¼ 1.0Gs.
Because of the ultraviolet cutoff, the NJL model is

applicable only up to a finite chemical potential or baryon
density, which defines an effective end point for matching
to pQCD. In this work, the end point is chosen at the
chemical potential 60 MeV below the point where the
quark pairing gap starts to decrease for Gv ¼ 0. To avoid
numerical instabilities, the chemical potential is fixed
at 1340 MeV, which corresponds to a baryon density of
nL ¼ 1.32 fm−3 and can be extrapolated to an arbitrary Gv.
In Fig. 2(a), the EOSs obtained from the NJL model with

different values of Gv at H ¼ 1.5Gs are compared with the
pQCD likelihood regions at nL ¼ 1.32 fm−3 and X ¼ 0.5
and 2.0 in the p − ε plane. It is found that the end point of
the EOS with Gv ¼ 1.4Gs lies outside the allowed shaded
region and should, therefore, be excluded. In Fig. 2(b), the
same EOSs are compared with the PR − ΔPmax constraint
in the p − μ plane. From Eq. (21), the condition PL >
PH − ΔPmax must be satisfied, with PH ¼ PpQCD þ PCFL.
Therefore, if an EOS is consistent with the pQCD con-
straints, the pressure from the NJL model should remain
above the lower bound PH − ΔPmax. For Gv ¼ 1.4Gs, the
NJL pressure around μ ¼ 2.2 GeV already exceeds this

lower bound. This result shows that the constraints
illustrated in Figs. 2(a) and 2(b) are fully consistent with
each other.
The vector and diquark coupling constants, Gv and H,

are constrained not only by pQCD but also by NS
observables and by the behavior of the speed of sound,
c2s , in the hadron-quark crossover region. In the present
work, the crossover density range is taken to be 2 − 5n0.
For the crust region, we adopt results calculated with the
IUFSU parameter set, which has a symmetry energy slope
L close to those of the models considered for uniform
matter. Three hadronic outer-core EOSs based on RMF
parametrizations, DDPC1, DDVTD, and IUFSU, are
included in the analysis. The saturation properties of
symmetric nuclear matter—including the saturation density
n0, energy per nucleon E=A, incompressibility K, skewness
parameter Q, symmetry energy Esym, symmetry-energy
slope L, and symmetry incompressibility Ksym—obtained
from these parameter sets are summarized in Table I. It is
found that the density dependence of the symmetry energy
differs significantly among the three models, with the
DDPC1 parameter set exhibiting a stiffer behavior.
The diquark coupling constantH is tightly constrained to

be H ≃ 1.5Gs by NS mass-radius measurements and by
the behavior of c2s . For the DDPC1 and DDVTD para-
meter sets, the allowed range of Gv is mainly determined
by the causality condition c2s < 1. This leads to Gv ≃
0.680–0.935Gs for DDPC1 and Gv ≃ 0.689–1.017Gs for
DDVTD. In contrast, for the IUFSU parameter set, the
upper limit of Gv is primarily constrained by pQCD. As a
result, the allowed range is Gv ≃ 0.812–1.1Gs.
Furthermore, the NJL model is now also extended

to the density-dependent vector coupling case in this
work to better satisfy the pQCD constraints. Its functional
form is

FIG. 2. Left panel: EOSs from NJL models with different Gv at H ¼ 1.5Gs compared to the pQCD likelihoods in p − ε plane with
nL ¼ 1.32 fm−3 and X ¼ 0.5, 2.0. The end points are marked as stars. Right panel: these EOSs also compared to the lower limits of the
pressure PR − ΔPmax in the p − μ plane.
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GvðnqÞ ¼
a

1þ expðbnqÞ
Gs; ð30Þ

where nq is the quark number density, a and b are
determined by the NS observables, c2s , and pQCD. In
Ref. [84], Gv was proposed as the chemical potential
dependence. In this work, it is assumed as the quark
number density dependence, which was hinted by the
density-dependent RMF model in hadron level. The
present form will be convenient to calculate the arrange-
ment term in Eq. (18) with an analytical form. The two
free parameters a and b are chosen such that the speed
of sound in the crossover region reaches its limit
and satisfies the constraints from the pQCD likelihood
function. They are a¼2.20;b¼1=7 for DDPC1, a¼2.48;
b¼1=5 for the DDVTD set, and a ¼ 2.91; b ¼ 1=5 for
the IUFSU set, respectively. For convenient description,
these three density-dependent quark vector coupling
parameters are named as G1

v; G2
v, and G3

v.
The relationships between pressure and energy density

for the crossover EOSs, constructed from three types of
RMF hadronic models and the NJL quark model, are
presented in Fig. 3. In this figure, constraints from neutron-
star observables, the sound-speed condition, and pQCD are
taken into account. The dashed (dash-dotted) lines indicate
the crossover region spanning densities from 2 to 5n0. The
allowed shaded regions are bounded by different choices of
the density-independent vector coupling constant Gv.

The pure hadronic EOS based on the DDPC1 parameter
set is extremely stiff. At high densities, it is even stiffer than
the pure quark-matter EOS obtained from the NJL model.
In contrast, the EOSs derived from the DDVTD and IUFSU
parameter sets are significantly softer. Furthermore, quark-
matter EOSs generated with a density-dependent vector
coupling GvðnBÞ are softer than those obtained with a
constant Gv. Consequently, in order to support massive
neutron stars, the crossover EOS must become sufficiently
stiff in the intermediate energy-density region.
The speed of sound of NS matter, c2s , as a function of

baryon density is shown in Fig. 4 for the crossover EOSs
displayed in Fig. 3. A pronounced peak in the speed of
sound appears in the crossover region. When the density-
independent vector coupling is weak, this peak occurs at
higher densities. In contrast, for stronger vector coupling,
the peak shifts to lower densities. For the DDNJL models,
c2s rapidly reaches its maximum value and then decreases
sharply. All of the present parameter sets for Gv obey the
causality limit c2s ≤ 1.
The mass-radius relations of NSs obtained with our

constructed crossover EOSs and pure hadronic EOSs are
shown in Fig. 5. Observational constraints from four NSs,
PSR J0740þ 6620, PSR J0030þ 0451, PSR J0437-4715,
and PSR J0614-3329, are also indicated. The results for
pure hadronic matter are shown as solid curves. For the
DDVTD and IUFSU parameter sets, the pure hadronic
EOSs are too soft to reach the mass requirement of
PSR J0740þ 6620.

TABLE I. Saturation properties of nuclear matter.

n0 ðfm−3Þ E=A ðMeVÞ K ðMeVÞ Q ðMeVÞ Esym ðMeVÞ L ðMeVÞ Ksym ðMeVÞ Qsym ðMeVÞ
DDPC1 0.1519 −16.06 229.99 −1118.23 33.00 70.12 −108.00 201.11
DDVTD 0.1535 −16.91 239.34 −762.46 31.80 42.58 −117.39 873.05
IUFSU 0.1547 −16.40 231.55 −289.77 31.31 47.24 28.642 369.13

FIG. 3. The pressure as a function of energy density of the crossover EOSs constructed by three RMF hadronic and NJL quark models.
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Compared with the pure hadronic case, most crossover
EOSs can support massive NSs with maximum masses
exceeding 2M⊙. The increase in the maximum mass is
more pronounced for softer hadronic EOSs. For the
DDVTD set, the maximum mass increases by nearly
20%. Recent observations of PSR J0614-3329 suggest
that NSs should have relatively small radii at the canoni-
cal mass of 1.4M⊙. When the crossover occurs with a
weak density-independent vector coupling in the NJL
model, the radii of intermediate-mass NSs are reduced
and become more consistent with the constraints from
PSR J0614-3329. In contrast, in the DDNJL model, the
radii around 1.4M⊙ are noticeably larger than those
obtained with density-independent vector coupling.
This difference arises because the corresponding cross-
over EOSs are stiffer, which also allows the formation of
more massive NSs.

The dimensionless tidal deformability Λ is a new
property of NS that quantifies how a compact object is
deformed under the action of an external gravitational field
[101,102] in the multimessenger astronomy era. In Fig. 6, it
is presented as a function of NS mass, and the constraint
from the GW170817 event is also included. The tidal
deformabilities at 1.4M⊙ from the pure hadronic EOSs
generated by the three RMF sets can all satisfy the
constraints of GW170817. When the quark phase is
included, the magnitude of Λ is obviously influenced by
the vector coupling constants. Weak coupling can reduceΛ,
and strong coupling will make it increase. They are in the
ranges of Λ as 193–300, 223–339, and 448–496, with
DDPC1, DDVTD, and IUFSU, respectively, with the
density-independent vector coupling constant Gv. Once
the density dependence ofGv is considered, the Λ at 1.4M⊙
will be larger.

FIG. 4. The square sound speed as a function of baryon density of the crossover EOSs shown in Fig. 3.

FIG. 5. The mass-radius relations of NSs obtained with our constructed crossover EOSs and pure hadronic EOSs, together with
observational constraints.

CROSSOVER EQUATION OF STATE CONSTRAINED BY … PHYS. REV. D 113, 103002 (2026)

103002-9



FIG. 7. The trace anomaly as a function of energy density with crossover and pure hadronic EOSs.

FIG. 8. The radial oscillation frequency as a function of NS mass at fundamental mode with present EOSs.

FIG. 6. The tidal deformability as a function of NS mass with different crossover and pure hadronic EOSs.
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The trace anomaly Δ ¼ 1
3
− P

ϵ is commonly used as a
measure of conformality [103,104]. Under the requirements
of thermodynamic stability and causality, it must satisfy the
condition − 2

3
< 1

3
− P

ϵ <
1
3
. As shown in Fig. 7, when the

crossover is taken into account, the trace anomalies of
the hybrid EOSs corresponding to different quark vector
coupling strengths exhibit significant differences. A stiffer
quark EOS leads to a rapid decrease of the trace anomaly,
whereas a softer quark EOS shows the opposite trend. At
high densities, the differences among EOSs with different
values of Gv become much smaller. For the EOSs generated
by the DDNJL models, Δ decreases rapidly at low densities
and tends to zero in the high-density region.
With the advancement of gravitational-wave detection

techniques, gravitational waves generated by oscillations
of NSs can serve as probes of their internal structure
[105–110]. The radial oscillation frequencies ν of crossover
and pure hadronic EOSs for the fundamental mode,
obtained with different parameter sets, are shown in Fig. 8.
For pure hadronic EOSs, except for the DDPC1 set, the
radial oscillation frequency first increases with the NS
mass, reaches a maximum around 0.5M⊙, and then
decreases. In contrast, for the crossover EOSs, the oscil-
lation frequency tends to reach its maximum at a larger
mass, around 1.8M⊙. For crossover EOSs with stronger
quark vector coupling, the radial oscillation frequency
becomes larger, with an increase of about 20%–40%.
Moreover, the DDNJL model can generate a higher
maximum frequency. As a result, a two-peak structure
appears in the ν −M plane. This behavior may provide a
potential observational signature to distinguish pure neu-
tron stars from hybrid stars through measurements of their
radial oscillation frequencies.

Finally, the global properties of NSs—including the
central pressure at 1.4M⊙ (P1.4), the radius at 1.4M⊙
(R1.4), the dimensionless tidal deformability (Λ1.4), the
fundamental radial oscillation frequency at 1.4M⊙ (ν1.4),
the mass range of the crossover regionMcross, the maximum
mass (Mmax), and the corresponding radius (Rmax)—
obtained with the three hadronic and crossover EOSs are
summarized in Table II.
For the DDPC1 parameter set, the maximum NS mass is

2.06M⊙ for the pure hadronic EOS. When a weak quark
vector coupling is included in the crossover scenario,Mmax
decreases to 1.93M⊙. As the vector coupling is increased
to Gv ¼ 0.935Gs, the maximum mass rises to 2.15M⊙.
Similar trends are observed for R1.4, Λ1.4, ν1.4, and Rmax. As
Gv increases, the NS mass range of the crossover region
expands from 0.69 − 1.72M⊙ to 0.69 − 2.11M⊙, and the
onset of pure quark matter is delayed. The NS properties
obtained with the DDVTD and IUFSU parameter sets
exhibit behavior consistent with that of DDPC1, except for
the maximum mass. For the pure hadronic EOSs, Mmax in
the DDVTD and IUFSU sets takes the smallest values
among the three models. As Gv increases, the maximum
mass grows significantly, reflecting the fact that these EOSs
are relatively soft in the absence of quark matter.

IV. SUMMARY AND PERSPECTIVES

In this work, the hadron-quark crossover in neutron
star matter was studied by consistently combining RMF
hadronic models with the NJL description of quark matter.
The vector and diquark coupling constants in the NJL
model were constrained using pQCD calculations at
high density through a likelihood-based scale-averaging
procedure, together with constraints from latest NS

TABLE II. Properties of NSs obtained by the hadronic and crossover EOSs.

Gv ðGsÞ P1.4 ðMeV=fm3Þ R1.4 (km) Λ1.4 ν1.4 (kHz) Mcross ðM⊙Þ Mmax ðM⊙Þ Rmax (km)

DDPC1 � � � 92.86 11.65 268.96 2.94 � � � 2.06 10.08
0.680 122.97 11.22 193.47 2.68 0.69–1.72 1.93 9.81
0.8 94.02 11.62 263.16 3.00 0.69–1.91 2.03 10.33
0.9 84.99 11.76 293.12 3.23 0.69–2.06 2.12 10.77

0.935 83.13 11.79 300.28 3.28 0.69–2.11 2.15 10.93
G1

vðnBÞ 78.27 11.88 320.76 3.40 0.69–2.05 2.07 11.18

DDVTD � � � 92.40 11.57 271.71 2.77 � � � 1.85 9.94
0.689 110.00 11.32 223.51 2.60 0.66–1.75 1.94 9.86
0.8 85.91 11.66 292.10 3.05 0.66–1.92 2.03 10.34
0.9 77.81 11.79 321.78 3.38 0.66–2.07 2.12 10.79

1.017 73.64 11.86 338.58 3.62 0.66–2.22 2.24 11.32
G2

vðnBÞ 68.54 11.95 365.82 3.88 0.66–2.10 2.11 11.63

IUFSU � � � 58.35 12.58 483.44 2.78 � � � 1.94 11.23
0.812 63.91 12.48 448.16 2.38 0.94–1.88 2.01 10.35
1.0 57.42 12.60 486.70 2.91 0.94–2.14 2.17 11.18
1.1 56.15 12.62 496.50 3.04 0.94–2.26 2.26 11.63

G3
vðnBÞ 54.06 12.66 510.59 3.28 0.94–2.27 2.27 12.42
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mass-radius observations and the causality requirement on
the speed of sound.
It was found that the diquark coupling was strongly

constrained to H ≃ 1.5Gs by the combined requirements
from the sound speed behavior and NS mass-radius
measurements. In contrast, the allowed range of the
vector coupling Gv was shown to depend on both the
hadronic EOS and the quark sector, with pQCD providing
a robust upper bound of Gv ≲ 1.1Gs. For softer hadronic
EOSs, the hadron-quark crossover was demonstrated to
substantially enhance the maximum NS mass, with
increases of up to about ∼20%, while remaining con-
sistent with current observational constraints. When the
crossover was considered, the fundamental radial oscil-
lation frequency may rise rapidly in the intermediate-
mass NSs, or a double-peaked structure may emerge,
which could provide a new probe for exploring the
internal structure of neutron stars.
To better satisfy the pQCD constraints, the vector quark

coupling strength in the NJL model was extended to be
density dependent, leading to a peak in the speed of sound
at relatively low densities. A systematic comparison
between constant and density-dependent vector couplings
in the NJL model was also performed. It is demonstrated
that the density-dependent vector coupling is capable of
generating a shorter-ranged and faster stiffening in the
crossover region; accordingly, the resulting neutron-star
radii, tidal deformabilities, and radial oscillation frequen-
cies fall outside the envelope established by the weak and
strong constant vector coupling scenarios. This behavior
highlighted the nontrivial role of the density dependence of

quark interactions in determining neutron-star observables.
In addition, characteristic features in the sound speed and
trace anomaly were identified, including a pronounced
peak in c2s in the crossover region and a rapid approach
toward the conformal limit at high density.
In future studies, the present framework could be

extended to include finite-temperature effects, rotation,
and nonradial oscillation modes, which would be relevant
for applications to binary mergers and postmerger rem-
nants. A more systematic treatment of uncertainties in both
the hadronic and quark matter sectors, together with
improved pQCD inputs, may further strengthen the robust-
ness of the conclusions. We expect that future multimes-
senger observations will be able to detect the distinctive
signatures of quark matter in NS identified in this work,
such as the rapid increase in oscillation frequencies for
intermediate-mass neutron stars and the potential double-
peak structure in radial oscillations.
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