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This paper is a continuation of our earlier work, which aimed to develop methods for understanding the
renormalization group of tensorial group field theories within the stochastic quantization framework. In that
first study, we showed that the equations governing melonic structures, together with Ward identities, make
it possible to close the hierarchy of flow equations, thereby reproducing the results of equilibrium theory. In
the present work, we go further by extending the formalism to the out-of-equilibrium regime, while also
examining the stability of dynamical equilibrium, specifically, potential violations of the fluctuation-
dissipation theorem. Our objective here is purely methodological, and we focus on a simplified “toy”
Abelian model that retains only the characteristic nonlocalities of group field theories.
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I. INTRODUCTION

Nowadays, gravity remains the last fundamental inter-
action resisting quantization, while the other three inter-
actions have successfully undergone quantization (albeit
with subtleties, particularly for the strong interaction) [1].
Several approaches to quantum gravity have been pro-
posed, the most prominent, judging by the number of
adherents, being string theory [2] and loop quantum gravity
(LQG) [3]. The latter belongs to a broader class of so-called
discrete approaches, with dynamical triangulations provid-
ing one alternative example [4]. Group field theory (GFT)
has emerged as a promising framework for addressing the
problem of LQG dynamics within a field-theoretic setting,
where Feynman diagrams naturally take the form of spin
foams (see [5,6] or [7,8] for recent results, including
developments in quantum cosmology and Hilbert space
formulations).
A crucial contribution to the development of GFTs came

from random matrix models [9], and their higher-dimen-
sional generalizations, the colored tensor models [10,11].
Like matrix models, these theories have the advantage
of being characterized by a well-defined power coun-
ting. This property is essential for establishing a robust

renormalization program and led to the formulation of
tensorial group field theories (TGFTs) [12–15]. For
these theories, solid renormalization theorems have been
established, along with nonperturbative analyses [16–25].
Moreover, the role of phase transitions in the geometro-
genesis scenario highlights the importance of studying the
renormalization group in GFTs. Progress has been made in
this direction since the introduction of TGFTs more than a
decade ago, but the main difficulty lies in the specific
nonlocal structure of their interactions, which introduces
important novelties compared to ordinary field theories.
In particular, the fact that the anomalous dimension already
plays a role in the symmetric phase raises subtleties that
cast doubt on the reliability of common approxima-
tions [26].
This article continues within this framework and builds

on our previous work [27], from which we borrow several
results. As in that earlier study, our objective is not to solve
a specific problem in quantum gravity but rather to provide
methodological tools. To this end, we consider a “toy”
model chosen to be as simple as possible: an Abelian theory
known to be just renormalizable [14]. The model we study
is stochastic, described by a Langevin-type tensor equation,
and we analyze it using the functional renormalization
group. In our first paper, we restricted attention to equi-
librium dynamics, an assumption that we relax in this work.
We show how, in the symmetric phase, the structure of
melonic interactions dominating the UV flow, together with
the nontrivial Ward identities of the model (arising because
unitary invariance is broken by the classical action), makes
it possible to close the hierarchy of flow equations. This
strategy has already proven effective: the same authors
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developed it for equilibrium GFTs in [26,28], where its
advantages compared to the standard vertex expansion
were discussed in detail.
We will not revisit the physical foundations of the model,

whichwere already presented in detail in [27].1 Let us briefly
summarize the essential points. At the mathematical level,
our approach can be viewed as a stochastic quantization of a
GFT. Physically, “time”maybe interpreted relationally as the
state of a scalar field weakly coupled to the quantum
gravitational field,2 which serves as a physical clock (in a
regimewhere quantum effects of the scalar field itself can be
neglected). This relational perspective can be regarded as a
semiquantum counterpart of the classical view in general
relativity, where contiguity relations between fields define
spacetime properties, and coupling to gravitation defines the
metric field [24,29–36].

II. MODEL AND CONVENTIONS

In this section, we define the stochastic models, the path
integral representation, and the conventions used in the rest
of the paper. For a general review on this topic, the reader
may consult the standard references [37–39].
To put in a nutshell, a group field φ is a field defined on d

copies of some group manifold G:

φ∶ðg1;…; gdÞ∈ ðGÞ×d → φðg1;…; gdÞ∈K: ð2:1Þ

We focus on complex group fields, i.e., K≡ C. For
convenience, we denote by g ≔ ðg1;…; gdÞ the elements
of ðGÞ×d, and by φðgÞ the value of the field at the point
g∈ ðGÞ×d. We generally assume that the classical field φ is
square integrable, with the standard L2ððGÞ×dÞ norm
defined by the inner product

ðφ;φ0Þ ≔
Z

dg φ̄ðgÞφ0ðgÞ; ð2:2Þ

which is assumed to be bounded: kφk ≔ ðφ;φÞ < ∞. Here,
φ̄ is the standard complex conjugation of φ, and dg means

dg ≔ dg1dg2 � � �dgd; ð2:3Þ

where dgl is the Haar measure overG, normalized such thatZ
dg ¼ 1: ð2:4Þ

For the purpose of this paper, we further assume that this field
is a dynamic variable, depending on time t, which is taken to

be a real variable. Finally, the evolution of the field is
postulated to satisfy the dissipative Langevin equation:

φ̇ðg; tÞ ¼ −Ω
∂

∂φ̄ðg; tÞH½φ; φ̄� þ ηðg; tÞ; ð2:5Þ

where the noise ηðg; tÞ is a Gaussian random group fieldwith
zero mean and variance:

hηðg; tÞη̄ðg0; t0Þiη ¼ Ωδðg0g−1Þδðt − t0Þ; ð2:6Þ

the notation hXiη meaning average over η with respect to
some Gaussian probability density dρðηÞ=d½η�. Moreover
δðg0g−1Þ ≔Q

d
l¼1 δðg0lg−1l Þ, the Dirac delta δðglg−1l Þ being

such that Z
dg δðg0g−1ÞfðgÞ ¼ fðg0Þ: ð2:7Þ

Finally, Ω > 0 denotes an arbitrary timescale, the “dot”
stands for d=dt, and the classical Hamiltonian H is
assumed to be invariant under unitary transformations.
Occasionally, we will also use the dot to indicate the RG
flow, but the context should prevent any ambiguity.
The behavior of the stochastic field can be understood

in a probabilistic description. Let us denote as qðtÞ ≔
fφðg; tÞ; φ̄ðg; tÞg a given “position” for the random com-
plex field in the configuration space. For some initial
conditions qðt0Þ ¼ q0 fixed at time t0, the transition prob-
ability Pðq; t; q0; t0Þ to find the system at the place q at time
t > t0 is

Pðq; t; q0; t0Þ ¼ hδðqðtÞ − qÞiη: ð2:8Þ

Note that it is convenient to assume initial conditions and to
adopt the simplified notation Pðq; tÞ for Pðq; t; q0; t0Þ. The
transition probability follows a Markov process and sat-
isfies a Fokker-Planck-type equation, which can be derived
from (2.5) (see, for instance, [39]). Explicitly,

∂

∂t
Pðq; tÞ ¼ ΩĤPðq; tÞ; ð2:9Þ

with

Ĥ ≔
Z

dg

�
δ2

δφðgÞ∂φ̄ðgÞ þ 2
δ2H

δφðgÞ∂φ̄ðgÞ þ
δH

δφðgÞ
δ

δφ̄ðgÞ

þ δH
δφ̄ðgÞ

δ

δφðgÞ
�
: ð2:10Þ

The long time solution,

ρðqÞ ≔ lim
t→þ∞

Pðq; t; q0; t0Þ; ð2:11Þ

1While preparing this paper, we discovered some typos in the
computations of that reference, which invalidate certain con-
clusions but not the overall methodology. Readers are encouraged
to consult the revised arXiv version.

2In this setting, the GFT toy model plays the role of
gravitational degrees of freedom.

VINCENT LAHOCHE and DINE OUSMANE SAMARY PHYS. REV. D 114, 046028 (2026)

046028-2



which corresponds to stationary solutions of the Fokker-
Planck equation if the system reach equilibrium, is given by

ρðqÞ ∝ e−2H; ð2:12Þ

and exists if it is normalizable, i.e., if the corresponding
partition function exists. In the equilibrium dynamics
regime, the transition probability can be expressed as a
path integral using the Martin-Siggia-Rose formalism3

[37,39]:

Z½J; J̄; |; |̄� ¼
Z

dqdχ e−Ω
2S½q;χ �þJ·qþ|·χ ; ð2:13Þ

where the Martin-Siggia-Rose action is given by

Ω2S½q; χ � ≔
Z

dtdg

�
Ωχ̄ðg; tÞχðg; tÞ

þ iχ̄ðg; tÞðφ̇þΩδφ̄H̃Þðg; tÞ

þ ið ˙̄φþ ΩδφH̃Þðg; tÞχðg; tÞ
�
: ð2:14Þ

The field χ , called the response field, arises as an
intermediate field, ensuring that the action is linear with
respect to the Hamiltonian. In (2.13), | ¼ ð|; |̄Þ is the
source for the response field, and JðtÞ ¼ J̄ðg; tÞ; Jðg; tÞ is
the source for the complex field (conjugate to the coor-
dinate q). Moreover, the dot product is defined as

J · q ≔
Z

dtdgφ̄ðg; tÞJðg; tÞ þ
Z

dtdgJ̄ðg; tÞφðg; tÞ:

ð2:15Þ

Note that this construction assumes that the path integral is
defined according to the Itô prescription, in particular
fixing the value of the Heaviside function at zero as
θð0Þ ¼ 0; see our previous work [27] for a detailed
discussion. In this paper, we focus on the Abelian model
G ¼ Uð1Þ, for which the irreducible representations of the
group are eipθ with p∈Z (the standard momenta in the
Fourier series transform). In Fourier space, the Hamiltonian
we consider is given by

H̃½T; T̄� ≔
X
p∈Z5

Z þ∞

−∞
dω T̄pðωÞðp2 þm2ÞTpðωÞ

þ λ

2π

X5
l¼1

X
fpig

Z Y4
i¼1

dωiδðω1 þ ω3 − ω2 − ω4Þ

×WðlÞ
p1;p2;p3;p4Tp1ðω1ÞT̄p2ðω2ÞTp3ðω3ÞT̄p4ðω4Þ;

ð2:16Þ

where p2 ≔
P

d
l¼1 p

2
l,

WðlÞ
p1;p2;p3;p4 ≔ δp1lp4l

δp2lp3l

Y
j≠i

δp1jp2j
δp3jp4j

; ð2:17Þ

and the Fourier transform is defined as

φðg; tÞ ¼
Z þ∞

−∞

dωffiffiffiffiffiffi
2π

p e−iωt
X
p∈Zd

TpðωÞ
Yd
l¼1

eiplθl : ð2:18Þ

The Kronecker delta involved in the definition of the
quartic kernel ensures that the quartic interaction is
invariant under unitary transformations acting independ-
ently on the different group variables of the field, namely,

φðgÞ → φ0ðgÞ ≔
Z

dg0
�Yd
l¼1

Ulðgl; g0lÞ
�
φðg0Þ: ð2:19Þ

The matricesUl, with entriesUlðgl; g0lÞ, are assumed to be
unitary, satisfying UU† ¼ I. It has long been established
that this property defines a regular nonlocality for the
interactions, known as “tensoriality,” and the terms appear-
ing in the expansion of H are tensorial invariants [12]. A
theorem proved in [40] shows that for d ¼ 5 and G ¼ Uð1Þ
(the simplest Abelian Lie group), the Euclidean quantum
field theory corresponding to equilibrium states is just
renormalizable and corresponds to the so-called quartic
melonic T4

5 model in the literature. In particular, for melonic
diagrams, which are the leading-order contributions in such
a field theory, the Feynman amplitudes AðGÞ for a melonic
graph G scale superficially as AðGÞ ∼ Λωmelon for some UV
cutoff Λ, where the superficial divergence index is

ωmelon ¼ 4 − NðGÞ; ð2:20Þ

where NðGÞ denotes the number of external edges. Note
that the melonic bound also serves as an upper bound since
the number of external edges is fixed. Moreover, only the
melonic graphs require renormalization. Standard reviews
and papers on melonic graphs and perturbative renormal-
ization (including proofs of Bogoliubov-Parasiuk-Hepp-
Zimmermann theorems) exist in this context; see, for
instance, [12,13,28].
Feynman graphs in this setting admit a convenient

representation, which we summarize here. First, vertices
can be represented as a d-colored bipartite regular graph,
where black and white nodes correspond to the fields φ and
φ̄, respectively, and colored edges represent Kronecker
delta contractions in the definition of the interaction.
Explicitly, for d ¼ 3,3More details are provided in the previous paper, [27].
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ð2:21Þ

Such an interaction pattern of a connected graph is called a bubble vertex, or simply a bubble. Figure 1 shows a typical
Feynman graph for d ¼ 3, where dashed edges represent Wick contractions with the bare propagator.
Within these notations, it is easy to find an explicit expression for the classical action S½q; χ �. Defining kinetic and

interaction parts as

S≕ Skin þ Sint; ð2:22Þ

we have

Skin ¼
X
p∈Z5

Z þ∞

−∞
dω̂

�
χ̄pðω̂Þχpðω̂Þ þ iχ̄pðω̂Þð−iω̂þ p2 þm2ÞTpðω̂Þ þ iT̄pðω̂Þðiω̂þ p2 þm2Þχpðω̂Þ

�
; ð2:23Þ

and

ð2:24Þ

Note that in the previous equation we introduced a
graphical rule: the response fields χ and χ̄ are represented
by black and white square nodes, respectively. Moreover,
the dimensionless frequency is defined as ω≡Ωω̂.
To conclude, let us make a few remarks about the

equilibrium bare theory. First, note that the free propagator
C takes the form of a 2 × 2 matrix, with components
denoted as Cχχ̄ , CTχ̄ , CχT̄ , and CTT̄ . The response field does
not propagate, which implies that

Cχχ̄ðω̂; p2Þ ¼ 0: ð2:25Þ

Other components are explicitly the following:

Cχ̄Tðω̂; p2Þ ¼
1

Ω2

ω̂ − iðp2 þm2Þ
ω̂2 þ ðp2 þm2Þ2 ;

CT̄χðω̂; p2Þ ¼ −
1

Ω2

ω̂þ iðp2 þm2Þ
ω̂2 þ ðp2 þm2Þ2 ; ð2:26Þ

and

CTT̄ðω̂; p2Þ ¼
1

Ω2

1

ω̂2 þ ðp2 þm2Þ2 : ð2:27Þ

An interesting (and straightforward to prove) result is
that (2.25) remains valid to all orders in perturbation theory.
This is an exact statement: the intermediate (response) field

does not propagate, i.e.,

Gχχ̄ðω̂; p2Þ ¼ 0: ð2:28Þ

The proof given in [41] is illuminating, and we reproduce
it here. Consider the generating functional (2.13). We
may add to the Hamiltonian H a linear driving term
1
Ω

R
dt
P

p k̄pðtÞTpðtÞ þ c:c. It is straightforward to see
that this is equivalent to shifting the sources | and |̄ as

|p → |p − ikp; |̄p → |̄p þ ik̄p: ð2:29Þ

FIG. 1. A typical Feynman graph for d ¼ 3, involving three
bubble vertices.
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By construction, the partition function is normalized to
unity, namely, Z½J ¼ 0; J̄ ¼ 0� ¼ 1. But is that case, this
condition becomes Z½0; 0;−ik; ik̄� ¼ 1, and then

Gχχ̄ ¼ −
δ2

δkpδk̄p0
Z½0; 0;−ik; ik̄�≡ −

δ21

δkpδk̄p0
¼ 0: ð2:30Þ

Finally, it is easy to check that

Cχ̄Tðω̂; p2Þ − Cχ̄Tð−ω̂; p2Þ ¼ 2ω̂CT̄Tðω̂; p2Þ; ð2:31Þ

which is the zero order version of an exact result called
fluctuation dissipation theorem (FDT), coming from time
reflexion symmetry and relating exact two-point function
components:

Gχ̄Tðω̂; p2Þ −Gχ̄Tð−ω̂; p2Þ ¼ 2ω̂GT̄Tðω̂; p2Þ: ð2:32Þ

See Ref. [41] for details. Recall that until this point, we
choose Ω ¼ 1.

III. FUNCTIONAL RENORMALIZATION
GROUP

A. General formalism

The general objective of the functional renormalization
group (FRG) is to construct a continuous interpolation
between the classical action S and the effective action Γ,
gradually incorporating the effects of quantum fluctua-
tions through a redefinition of the couplings and fields.
Comprehensive reviews on the subject can be found in
[42–46], while further details are provided in our previous
work [27].
The interpolation, generally denoted as Γk, corres-

ponds physically to the effective action for the integrated
out modes. The standard procedure to construct it is the
following. First, we add to the classical actionS a regulator of
the form

ΔSk ¼
X
p∈Zd

X
a;b

Z þ∞

−∞
dω Ξ̄aðp;ωÞRab;kðp;ωÞΞbðp;ωÞ;

ð3:1Þ

where Ξðp;ωÞ ¼ ðχpðωÞ; TpðωÞÞ. The regulator function
Rab;kðp;ωÞ is assumed to be a differentiable function of k, p,
and ω (k∈ ½0;Λ� for some UV cutoff Λ. Physically, it
behaves as a scale-dependent mass and is designed such
that high energymodes concerning the scale k (i.e., such that
ω̂=k2; p2=k2 ≪ 1) receive a small mass whereas low energy
modes decouple from IR physics. The effective average
action Γk is then defined as

Γk½M; σ� þ ΔSk½M; σ� ¼ M · J þ σ · | −Wk½J; |�; ð3:2Þ

where M ≔ ðM̄;MÞ and σ ≔ ðσ̄; σÞ denote the classical
fields, which are formal statistical averages:

M ≔
δWk

δJ̄
; σ ≔

δWk

δj̄
: ð3:3Þ

The fundamental equation of the FRG is the so-called
Wetterch-Morris equation [42]:

∂

∂k
Γk ¼ Tr

∂Rk

∂k
ðΓð2Þ

k þ RkÞ−1; ð3:4Þ

where capital bold letters denote 2 × 2 matrix-valued
functions and the trace runs over all field indices. This
equation describes how the effective average action evolves
as the IR cutoff k decreases from the UV to the IR, such
that ΓΛ ≃ S (the classical action, with no fluctuations
integrated out) and Γk¼0 ≡ Γ (the full effective action,
with all fluctuations integrated out). Note that, because of
the regulator, it is appropriate to consider the continuum
limit Λ → ∞ in the flow equation (3.4).

B. Regulator and truncation

In order to preserve the condition that the response field
does not propagate along the RG flow, we assume the
regulator to be of the following form in matrix notation:

Rkðp;ωÞ ≔
 

Rð2Þ
k ðp;ωÞ þiRð1Þ

k ðp;ωÞ
iRð1Þ

k ðp;−ωÞ 0

!
; ð3:5Þ

where Fourier components are defined such as

Rkðp; tÞ ≔
1

2π

Z
dω e−iωt Rkðp;ωÞ: ð3:6Þ

Time reversal symmetry imposes a constraint on the
definition of the regulator function, derived in our previous
work [27] but inspiring from [47]:

Rð1Þ
k ðp; t0 − tÞ − Rð1Þ

k ðp; t − t0Þ − 2

Ω
Ṙð2Þ
k ðp; t0 − tÞ ¼ 0:

ð3:7Þ

To simplify the presentation of the general methodology,
we assume that no coarse graining is applied to the
frequency spectrum and that the regulator function depends
only on p2. Under this assumption, the previous equation

shows that we can set Rð2Þ
k ¼ 0. In this way, causality and

time-reversal symmetry are not explicitly broken by the
regulator.
The exact flow equation (3.4) cannot be solved exactly

and requires approximations. In our recent investigation
[27], we considered the following approximation:
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Γk½M; M̄; σ; σ̄�

¼
X
p∈Z5

Z þ∞

−∞
dω̂

�
YðkÞσ̄pðω̂Þσpðω̂Þ

þ iσ̄pðω̂Þð−iYðkÞω̂þ ZðkÞp2 þm2ðkÞÞMpðω̂Þ
þ iM̄pðω̂ÞðiYðkÞω̂þ ZðkÞp2 þm2ðkÞÞσpðω̂Þ

þ i

�
σ̄pðω̂Þ

δĤint;k

δM̄pðω̂Þ
þ σpðω̂Þ

δĤint;k

δMpðω̂Þ
��

; ð3:8Þ

where the kinetic Hamiltonian Hint looks as a local
expansion:

Ĥint;k½M; M̄� ¼
Z

dt̂
X
b

kdimðbÞ ZnðbÞðkÞλ̄bTrb½φðt̂Þ; φ̄ðt̂Þ�;

ð3:9Þ

where the sum runs over bubbles b, with the symbol Tr
denoting the unitary-invariant contraction of the field
indices. Moreover, dimðbÞ is the scaling dimension of
the bubble b, computed from the equilibrium theory. One
can show that, even in the context of a field theory without a
background space-time, the dimension must be defined as
follows [12,20,28].
Definition 1. Let b be a bubble having nðbÞ white

vertices and G be the set of two-point diagrams made of a
single vertex of type b. The scaling dimension dimðbÞ is
defined as

dimðbÞ ¼ 2 −max
r∈G

ωðrÞ: ð3:10Þ

In particular, it is straightforward to verify that, for the rank-
five Abelian model, the mass has dimension 2, while the
melonic quartic bubble is dimensionless, with all other
interactions being irrelevant. In (3.8), YðkÞ, ZðkÞ, and
m2ðkÞ denote the wave function renormalization and the
effective mass, respectively. The chosen parametrization
preserves time-reversal symmetry, corresponding to the
transformation

T 0
pðtÞ ¼ Tpð−tÞ; χ0pðtÞ ¼ χpð−tÞ þ

2i
Ω
Ṫpð−tÞ: ð3:11Þ

Before the computations, let us clarify some points. First
of all, we will assume the regulator to be of the form

Rð1Þ
k ðpÞ ¼ k2ZðkÞrkðp2Þ; ð3:12Þ

where for rkðp2Þ we choose the standard Litim regulator
[48]:

rkðp2Þ ≔
�
1 −

p2

k2

�
θðk2 − p2Þ: ð3:13Þ

Remark. The definition of the regulator above imposes
a bound on the anomalous dimension. Indeed, suppose
that η� is the value reached at some fixed point; we have
ZðkÞ ¼ kη� by definition of the anomalous dimension. The
k dependency of the regulator then became k2þη� , and the

condition limk→∞ Rð1Þ
k ðpÞ → ∞, imposes

η� > −2: ð3:14Þ

C. The nonbranching melons theory space

The tensorial theory space is highly intricate, but several
subregions stable under renormalization have been identi-
fied by various authors. In particular, the nonbranching
melonic sector, stable in the deep UV regime, defined as

Λ ≪ k ≪ 1; ð3:15Þ

has been considered in [19,20,49], and in [28], as a sector
where the infinite hierarchy of the flow equation can be
closed, using the nontrivial Ward identities (see the dis-
cussion below). Here, we recall the definition of the cyclic
melonic sector.
For d-colored graphs, melonic graphs can be defined

recursively [10]. The basic piece is the elementary melon,
namely,

ð3:16Þ

From b1, any melon can be defined as follows.
Definition 2. Any melonic bubble bκ of valence κ may be

deduced from the elementary melon b1 by replacing
successively κ − 1 colored edges (including maybe color
“0”) by a (d − 1) dipole, the (d − 1)-dipole insertion
operator Ri being defined as

ð3:17Þ

In the formula, bκ ≔ ðQκ−1
α¼1RiαÞb1.

Nonbranching melons are now defined as follows.
Definition 3. A nonbranching melonic bubble of valence

κ, bðlÞκ is labeled with a single index l∈ ⟦1; 5⟧, and defined
such that

bðlÞκ ≔ ðRlÞκ−1b1: ð3:18Þ

Figure 2 provides the generic structure of melonic
nonbranching bubbles in rank 3. Note that the definition
holds for diagrams involving square nodes.

D. Boundary of a Feynman graph

The last ingredient needed to construct the β function is
the concept of the boundary graph, which we briefly review
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in this section. This concept is particularly useful for
identifying the contributions of the different bubbles that
appear on both sides of the flow equation (see below). The
definition is straightforward and is illustrated in Fig. 3.
Definition 4. Let G be a regular (dþ 1)-colored

Feynman diagram with 2N external dotted edges. These
edges are attached to 2N black and white nodes, called
external nodes. The boundary diagram ∂G of G is then
defined as the regular d-colored graph obtained by dis-
carding the edges of color 0 and such that
(1) Nodes of ∂G are external nodes of G.
(2) Edges with color ≠ 0 linking two external nodes are

conserved.
(3) Any open cycle made of colors 0 and i between two

external nodes n and n̄ is replaced by a link of color i
in ∂G.

Note that the boundary diagram is melonic, but not in the
nonbranching sector in the example provided by the figure.

E. Method for computing β functions

Before closing this section, let us illustrate how to
compute the β functions. In this paper, we focus on the
symmetric phase, that is, we expand the effective average
action in powers of the classical field. Moreover, the
truncation is taken to be linear in the response field, which
is expected to be a good approximation in the equilibrium
dynamics phase (see below and [50]). In general, tensorial
methods are restricted to expansions around the symmetric
phase (see [22,51,52]), although expansions beyond the
symmetric phase have also been considered in certain
regimes (see, for instance, [25,49]). Here, we illustrate
the general strategy for the truncation described above,
noting that the methodology is the same in general.

The first step is to take a successive functional derivative
with respect to classical fieldsM; M̄; σ; σ̄. We introduce the
compact notation Ξ ¼ fM; σg, Ξ̄ ¼ fM̄; σ̄g, and we define

Γð2PÞ
k;Ξ̄a1 ���Ξ̄aP ���Ξb1ΞbP

¼ δ2PΓk

δΞ̄a1
p1 ðω̂1Þ � � � δΞ̄aP

pP ðω̂PÞ � � � δΞbP
p0P
ðω̂0

PÞ
;

ð3:19Þ

for ai; bi ¼ 0, 1, Ξ0 ¼ M, Ξ1 ¼ σ. The truncation (3.8)
gives, for instance,

Γð2Þ
k;σ̄σ ¼ YðkÞδp1p2δðω̂1 − ω̂2Þ ð3:20Þ

and

Γð4Þ;ðlÞ
k;σ̄MM̄M ¼ i

π
πð2Þk ðp2

1l; p
2
3lÞ
�
WðlÞ

p1;p2;p3;p4 þ p2 ↔ p4
�

× δðω̂1 − ω̂2 þ ω̂3 − ω̂4Þ: ð3:21Þ

The vertex function πð2Þk ðp2
1l; p

2
3lÞ, including in principle

the full dependency on the vertex on external momenta, is
normalized such that

πð2Þk ð0; 0Þ≕ λðkÞ ð3:22Þ

is the effective quartic coupling at scale k. Note that, in the
symmetric phase, the flow equation for Y vanishes exactly,
but not the one of Z (which will be clear below, but more
details can be found in [27]). Because the two-point
function plays an important role in the computation, it is
suitable to introduce the notations

FIG. 3. Illustration of the mapping G → ∂G for a six-point Feynman diagram in rank 3.

FIG. 2. Structure of the nonbranching melons, from the smallest one b2.
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Γð2Þ
k;Ξ̄a1Ξa2

≕ γð2Þk;Ξ̄a1Ξa2
ðp1; ω̂1Þδp1p2δðω̂1 − ω̂2Þ; ð3:23Þ

and we have, because of the definition (3.8),

γð2Þk;σ̄Mðp ¼ 0; ω̂1 ¼ 0Þ ¼ i m2ðkÞ ð3:24Þ

and

d
dω̂1

γð2Þk;σ̄Mðp ¼ 0; ω̂1 ¼ 0Þ ≔ YðkÞ;
d

dp2
i
γð2Þk;σ̄Mðp ¼ 0; ω̂1 ¼ 0Þ ≔ iZðkÞ: ð3:25Þ

Now, let us illustrate how that work with some details.
Taking the derivatives with respect to σ̄ andM on both sides
of the flow equation, we get, setting all the fields to zero on
both sides,

γ̇ð2Þk;σ̄Mðp1; ω̂1Þδp1p2δðω̂1 − ω̂2Þ ¼ −Tr Ṙk GkΓ
ð4Þ
kσ̄M••Gk;

ð3:26Þ

with the trace Tr running over momenta, frequencies and
fields, and the dots in the four-point function being for the
field involved in the trace. Moreover, the notation “dot” is
for the derivation with respect to lnðk=ΛÞ. The propagator
G is a 2 × 2 matrix, that reads as

Gk ≔ ðΓð2Þ þ RkÞ−1; ð3:27Þ

and in the symmetric phase, the components are explicitly

Gk;σ̄Mðp2; ω̂Þ ¼ −
1

k2
i

ZðkÞ
1

f̂ðx;−yÞ ð3:28Þ

and

Gk;M̄Mðp2; ω̂Þ ¼
1

k4
1

Z2ðkÞ
1

f̂ðx; yÞf̂ðx;−yÞ ; ð3:29Þ

where, in the derivative expansion approximation,

f̂ðx; yÞ ¼ iyþ xþ m̄2 þ rðxÞ ð3:30Þ

and

p2 ¼ k2x; ω ¼ ZðkÞk2Y−1ðkÞy: ð3:31Þ

Finally, barred quantities (dimensionless), are defined such
that

m2 ≕ZðkÞk2m̄2; πð2Þk ¼ Z2ðkÞπ̄ð2Þk ; ð3:32Þ

in agreement with the power counting. Graphically, the
resulting flow equation for the two-point function reads as

In this equation, the dotted edges with gray circles materialize propagators, and the cross circle materializes the
regulator contribution Ṙk. The conventions for the edges are the following:

ð3:33Þ

In (5.4), only the two first diagrams on the right-hand side are melonic, and in the deep UV regime we consider, they
dominate the flow, and we discard the nonmelonic contributions. The diagrams can be computed explicitly, for instance,
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where x1 ≔ p2
1=k

2, and assuming k large enough sums can
in the definition of L21ðx1Þ be replaced by integrals. Setting
external momenta in (5.4) to zero, we get because of the
definition (3.24)

˙̄m2 ¼ −ð2þ ηÞm2 − dλ̄L21ð0Þ; ð3:34Þ

where

L21ðx1Þ ≔
4

π

Z
Rdþ1

dx0 dyδðx01 − x1Þμ1ðx0; yÞ

×
1þ τ̂ðyÞrðx0Þ

f̂ðx0; yÞf̂2ðx0;−yÞ ; ð3:35Þ

and the anomalous dimension is

η ≔
1

ZðkÞ k
d
dk

ZðkÞ: ð3:36Þ

The equation for the quartic coupling λ can be derived in
the same way. In this case, however, the right-hand side
involves diagrams such as those shown in Fig. 4. Particular
attention must be paid to the edge diagrams: the rule is that
only those diagrams whose edge diagram corresponds to
the interaction whose flow is being studied should be
retained on the right-hand side.
The diagrams involve sextic couplings (at zero

momenta):

Γð6Þ;ðlÞ
k;σ̄MM̄MM̄M

				
0

¼ 9i
π2

κδðω̂1 − ω̂2 þ ω̂3 − ω̂4 þ ω̂5 − ω̂6Þ;

ð3:37Þ
or are quadratic with respect to the quartic coupling. Each
diagram can be computed in the continuum limit, and we get

βλ ¼ −2ηλ̄ −
3

2
κ̄ðL21ð0Þ − L22ð0ÞÞ þ

8λ̄2

π

�
L31 þ

1

2
L32

�
;

ð3:38Þ

where

L32 ≔
Z
R4þ1

dxdyμ1ðx; yÞ
1

f2ðx; yÞf2ðx;−yÞ ; ð3:39Þ

L31 ≔
Z
R4þ1

dxdy
μ1ðx; yÞ
f2ðx; yÞ

1

fðx; yÞfðx;−yÞ : ð3:40Þ

The last piece is the anomalous dimension, and from the
definition (3.25),

η ¼ −λ̄0L21ð0Þ − λ̄
d

dp2
1

L21ðx1Þjx1¼0; ð3:41Þ

where the first term is the derivative of the effective vertex

d
dp2

1

πð2Þk ðp2
1; p

2
1Þ
				
p1¼0

≕Z2ðkÞk−2λ̄0: ð3:42Þ

A distinctive feature of tensorial field theories is that η
exhibits a nontrivial flow in the symmetric phase, which is
exceptional and arises from the nonlocality of the inter-
actions (the flow of Y vanishes because the interactions are
local in time).
In principle, this procedure can be continued indefinitely,

with the flow of the sextic coupling generating an octic
coupling, and so on. The method we presented in [27], as
a continuation of [16,28], allows this infinite hierarchy to
be closed, and the otherwise elusive function λ0 can be
computed. The main steps of this construction are recalled
in the next section, and they form the basis for the
remainder of this paper. In summary,
(1) The effective vertex function κ can be computed

using the Schwinger-Dyson equations in the melonic
sector.

(2) The function λ0 can be fixed nonperturbatively using
the nontrivial Ward identities arising because of the
explicit symmetry breaking of the bare propagator.

IV. HIGHLIGHTS OF STOCHASTIC DYNAMICS
IN GROUP FIELD THEORY

In this section, we review the results obtained in the
equilibrium dynamics regime in our previous work [27],

FIG. 4. Typical contributions involved on the right-hand side of the flow equation for λ.
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both because these results are useful for later developments
and to make this article sufficiently self-contained to be
read independently of the first. In particular, we first focus
on establishing the explicit expression for κ. Since the
initial theory is quartic, the sextic interactions are purely
effective and can be constructed, for instance, perturba-
tively. The recursive structure of the melonic diagrams
imposes strong constraints on the structure of the Feynman
graphs, which resemble trees and can be easily resummed.
Equivalently, the same results can be obtained from the
Schwinger-Dyson equations (see [16,28,53,54] and the
appendix of [27]).
We consider on the set of Feynman graphs S ¼

fF−1½Ḡ0�j∂Gi ¼ ∂G0 ∀ Gi ∈F−1½Ḡ0�g, where the boun-
dary ∂G0 corresponds to the cyclic sectic melonic
interaction:

ð4:1Þ

Hence, the zero momenta effective vertex function

Γð6Þ;ðlÞ
k;σ̄MM̄MM̄M

			
0
must decompose as

Γð6Þ;ðlÞ
k;σM̄MM̄MM̄

			
0
¼ 12 ×

X
G∈ S

AG; ð4:2Þ

whereAG denotes Feynman amplitude for the graphG. It is
easy to check that the effective six-point function must have
the following structure:

ð4:3Þ

As before, gray discs represent effective propagators, while
here the bubbles correspond to effective vertices. The dia-
grams can be easily computed using the observation in [28]
that the effective propagator can be replaced by the truncation
(3.28) and (3.29) for superficially UV-convergent functions
(an approximation consistent with the Ward identities).
Using definition (3.37), we then obtain

κ̄ ¼ 32λ̄3

π

Z
R4

dx
Z

dy
1

f3ðx; yÞfðx;−yÞ : ð4:4Þ

Explicitly,

κ̄ ¼ 4π2λ̄3ðm̄2ðm̄2 þ 3Þ þ 3Þ
ð1þ m̄2Þ3 : ð4:5Þ

Remark 2. The relevance of this approach lies in the
reliability of the approximation, which consists of replacing
the (superficially convergent) inner loop by its truncation-
based approximation. The validity of this approximation
has been discussed in [16], where an alternative method
was presented that fixes the sextic interactions directly
using Ward identities, a method we will employ in the
following. We will return to the question of the reliability of
this approximation in Sec. V D.
The computation of λ0 requires evaluating the nontrivial

Ward identities that arise from the kinetic action, which
breaks the unitary symmetry,

Tp → T 0
p ¼

X
qi ∈Z

UpiqiTqjqj¼pj ∀ j≠i; ð4:6Þ

for some unitary transformation U. Owing to the path
integration, the partition function is formally expected
to be invariant. Expanding this invariance condition for
an infinitesimal unitary transformation, we obtain

ϵ̂i½T�p ≔
X
qi

ϵpiqiTqjqj¼pj;j≠i; ð4:7Þ

where ϵpiqi is a natural representation of the Lie algebra,
and we obtain the condition

0≡
Z

dqdχ ½ϵ̂i½S½q; χ �� þ ϵ̂i½ΔSk½q; χ ��

− ϵ̂i½J · qþ | · χ ��e−S½q;χ �−ΔSk½q;χ �þJ·qþ|·χ : ð4:8Þ
After some effort, and introducing the notations

Gðnþn̄;MþM̄Þ
p1���pn;p̄1���p̄n̄;pI ���pM;p̄1���p̄M̄

≔
Yn
i¼1

∂

∂J̄pi

Ȳn
ī¼1

∂

∂Jp̄ī

YM
I¼1

∂

∂|̄pI

YM̄
Ī¼1

∂

∂|p̄Ī

Wk ð4:9Þ

and

Mp ≔
∂Wk

∂J̄p
; M̄p ≔

∂Wk

∂Jp
; σp ≔

∂Wk

∂|̄p
; σ̄p ≔

∂Wk

∂|p
;

ð4:10Þ
one can obtain the following statement:

VINCENT LAHOCHE and DINE OUSMANE SAMARY PHYS. REV. D 114, 046028 (2026)

046028-10



Proposition 1. The Green functions of the equilibrium dynamical model satisfy the following Ward-Takahashi identity:

0 ¼
Z

dω
X
p;p0

Y
j≠i

δpjp0
j

��
iZ∞½p2

i − p02
i � þ i

h
Rð1Þ
k ðp;ωÞ − Rð1Þ

k ðp0;ωÞ
i��

Gð1;1̄Þ
k;σ̄Mðp0;ω; p;ωÞ þ σ̄pðωÞMp0 ðωÞ

�

þ
�
iZ∞½p2

i − p02
i � þ i

h
Rð1Þ
k ðp;−ωÞ − Rð1Þ

k ðp0;−ωÞ
i��

Gð1̄;1Þ
k;M̄σ

ðp;ω; p0;ωÞ þ σp0 ðωÞM̄pðωÞ
�

þ ½Rð2Þ
k ðp;ωÞ − Rð2Þ

k ðp0;ωÞ�
�
Gð0;1þ1̄Þ

k;σ̄σ ðp0;ω; p;ωÞ þ σp0 ðωÞσ̄pðωÞ
�

− J̄pðωÞMp0 ðωÞ þ Jp0 ðωÞM̄pðωÞ − |̄pðωÞσp0 ðωÞ þ |p0 ðωÞσ̄pðωÞ
�
δpipδp0

ip
0 : ð4:11Þ

Differentiating the above expression with respect to the classical fields and then setting them to zero yields relations
between effective vertices and their momentum dependence. In particular, differentiating the Ward identity (4.11) with

respect to Mqðω1Þ and σ̄q̄ðω̄1Þ provides a relation between Γð4Þ
k;σM̄MM̄ and Γð2Þ

k;σ̄M. This relation becomes more transparent
when expressed in the graphical notation, which explicitly reveals the nonlocal structure of the interactions:

ð4:12Þ

where

Δkðp;ωÞ≡
 

0 iZ∞δp2 þ iδRð1Þ
k ðp;ωÞ

iZ∞δp2 þ iδRð1Þ
k ðp;−ωÞ 0

!
δpipδp0

ip
0

≕Δ0
kðp;ωÞδp2; ð4:13Þ

the variation δp2 ≔ p2
i − ðp0

iÞ2 being at first order in the dif-
ference. Moreover, Z∞ is the field renormalization required
to make the continuum limit well defined (Λ → ∞), and is
fixed by the renormalization of the equilibrium theory (see
[28]), Z−1

∞ ∼ lnΛ. We set q⊥ ¼ q0⊥, p0 ¼ qi, p ¼ q̄i, and
p ¼ p0 þ 1, and make use of the continuum limit to replace
the finite difference by derivatives. The final result looks as a
constraint in the continuum limit

4iλ̄ðkÞ
π

Z
dy
Z
R4

dx
θð1 − xÞ − Z∞Z−1ðkÞ

f̂ðx; yÞf̂2ðx;−yÞ → 1:

This relation has been investigated in [16,28] and serves as an
intermediate result for what follows. Note that the previous

equation can give a misleading impression. In reality, the
integral proportional to Z∞ cannot be accurately computed
using the truncation. The same applies to the other integral,
where the momentum window coincides with that in the
flow equations; however, in the former integral, significant
deviations from the local potential approximation are
expected in the UV. Indeed, it has been shown in [28] that
using f as given by the truncation to evaluate an unbounded
UV integral leads to paradoxes.
Taking the third functional derivative with respect to the

classical field and once with respect to the response field,
we obtain a relation linking the variation of the four-point
vertex function with respect to the external momenta to the
local quartic and sextic couplings. Graphically,
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ð4:14Þ

Translating this relation into an equation, and using (4.14), we get

λ̄0 ¼ 32λ̄2

3π

Z
R4

dx
Z

dy
1

f3ðx; yÞfðx;−yÞ þ
8λ̄2

π

�
L̄ð1Þ
k;2jZ∞¼0 þ L̄ð2Þ

k;2jZ∞¼0

�
; ð4:15Þ

where

L̄k;1 ≔ 2

Z
dy
Z
R4

dx

�
ðZ∞Z−1ðkÞ − θð1 − xÞÞ 1

f̂ðx; yÞf̂2ðx;−yÞ

�
;

L̄ð1Þ
k;2 ≔ −

Z
dy
Z
R4

dx

�
ðZ∞Z−1ðkÞ − θð1 − xÞÞ 1

f̂ðx; yÞf̂2ðx;−yÞ

�
:

The resulting flow equations for m2 and λ formally
resemble those obtained for the equilibrium theory in [16],
which is not surprising given the assumption of equilibrium
dynamics. However, although the equations are the same,
their interpretation differs (see below). In particular, we
recover the fact that the theory is asymptotically free:

˙̄λ ¼ −4π2λ̄2 þOðλ̄3Þ: ð4:16Þ
Moreover, no reliable global fixed point exists in the UV
regime: the theory remains essentially trivial for much of its
history. Let us mention that this situation could be different
in the deep IR [21,51,52], although investigations beyond

the symmetric-phase analysis seem to suggest a negative
answer [25].
The absence of a reliable UV fixed point does not imply

that the physics of the flow is trivial in the IR, as is well
known for the nonperturbative nature of the IR limit of
Yang-Mills theories [1]. Indeed, by integrating the flow
equation (4.16), we find, for instance,

λðkÞ ¼ λ0
1þ 4π2 lnðk=ΛÞ ; ð4:17Þ

where λ0 ≔ λðΛÞ is the UV coupling. A finite RG-time

singularity occurs at k ¼ Λe
1

4π2λ0 . Numerical integration of
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the nonperturbative flow shows that this pole, which
notably ignores mass feedback, is essentially a perturbative
artifact. As shown in Fig. 5, the flow converges after a
transient regime. However, this conclusion is partly incor-
rect, as it is linked to the presence of a “false” attractive
fixed point. A more elaborate method, which we will
develop later, will eliminate this problem and indicate that
the phenomenon of a singularity at a finite scale is likely
unavoidable. We will return to this issue in Sec. V D.

V. EXPLORING DYNAMICS BEYOND
EQUILIBRIUM

The method developed in [27], which we have summa-
rized, applies under the assumption of equilibriumdynamics,
that is, for a system that starts in equilibrium at t ¼ −∞ and
returns to it at t ¼ þ∞. In this regime, the evolution is both
time-reversal invariant (as expressed by the FDT) and
invariant under time translations. Here, we consider a para-
metrization that allows deviations from time-reversal sym-
metry. The procedure we propose has been previously
applied to disordered random matrices by the same authors
in [55], and the discussion below is inspiredby that reference.

A. Parametrization

The fluctuation-dissipation theorem (2.32) comes from
time reversal symmetry [41], and is formally a direct

consequence of the following matricial form for the Γð2Þ
k

kinetic function

Γð2Þ
k ðp;ωÞ ¼

�
A Bðp;ωÞ

Bðp;−ωÞ 0

�
: ð5:1Þ

The time-reversal symmetry implies that the wave func-
tion renormalization for the response field equals the
wave function renormalization for η̄ Ṫ. In other words,
if ðΓð2ÞkÞη̄η ¼ A, then we must have Bðp;ωÞ ¼ −Aωþ
ifkðpÞ. This simple observation suggests a way to move
away from the FDT: one may choose a truncation that does
not enforce this constraint (while still using a regulator that
preserves it), for example, taking Bðp;ωÞ ¼ −ωþ ifkðp; Þ
but allowing A ≠ 1. In this case, A necessarily develops a
nontrivial flow, which requires modifying the truncation so
that A can evolve, including interactions that would
normally be forbidden by perturbation theory.
Such a situation arises, for instance, when the flow

exhibits a finite-time singularity [56–59], as is expected for
asymptotically free theories. This approach is not unusual
in the study of phase transitions (particularly first order; see
[57] and references therein); it is standard to assume that
operators forbidden in perturbative expansions can become
relevant in certain regions of phase space connected to the
Gaussian fixed point, where they then play a central role in
determining the IR physics (see also [56–59]). The role of
these new interactions will be made clear in the numerical
analysis of the flow equations, to which we will return
in Sec. V D.
We will therefore restrict our attention to “new” inter-

actions of the type shown in Fig. 6, namely cyclic melons
with two conjugate response fields (see [55] for details).
The quartic melons, for example, contribute both to the
vertex η̄η and to corrections of the two-point vertex η̄Φ. As

a result, the flows of mass and coupling ðΓð2Þ
k Þη̄η are not

independent, while causality guarantees that the flow
equation for u2 remains essentially unaffected.

1 2 3 4
log(k)

0.165

0.170

0.175

1 2 3 4
log(k)

0.330

0.332

0.334

0.336

0.338

FIG. 5. Typical behavior of the RG flow in the vicinity of the Gaussian fixed point, with initial conditions being m̄2ð0Þ ¼ −0.08 and
λ̄ ¼ 0.1.

FIG. 6. The nonbranching melons involving two response fields.
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For the kinetic part of the effective average action, the truncation reads as

Γð2Þ
k ðp;ωÞ ¼

�
1þ Δþ Δ0p2 −ωþ iZðkÞðp2 þ k2m̄2Þ

ωþ iZðkÞðp2 þ k2m̄2Þ 0

�
: ð5:2Þ

Note that the contribution Δ0p2 arises because the melonic
quartic vertices with two response fields have dimension
−2, the same as Δ0.
In the next two sections, we will explore this parametriza-

tion using two types of approximations. The first is a
semiperturbative expansion, in which interactions normally
forbidden by perturbation theory are treated perturbatively
via a vertex expansion. The second is an improved scheme
that relies on themachinery ofWard identities. For clarity, we
will from now on refer to interactions with a single response
field asmonogamous interactions, and to those involving two
combined response fields as bigamous interactions.

B. Breaking FDT: Expansion around
equilibrium dynamics

In this first part, we develop a simple, easy-to-implement
approximation, which consists essentially in retaining only
the first-order feedbackof bigamous interactions onmonoga-
mous ones. Let us briefly recall the general philosophy. In
this region of phase space, we assume that instabilities arise
which generate operators breaking time-reversal symmetry.

Our aim is to determine whether such operators become
relevant in the large-scale description of the theory. Since the
theory is constructed as the asymptotic one at t ¼ þ∞, the
corresponding IR regime is defined by small momenta p.
Because these interactions are forbidden by perturbation
theory, standard melonic relations between six- and four-
point functions—built from formal resummations of the
(renormalized) perturbative series—lack contributions from
bigamous interactions. Denoting by λ2 and κ2 the melonic
bigamous interactions represented in Fig. 6, the contribution
of bigamous interactions to κ is expected to be, at best,
of order Oðλ2λ2Þ, which sets the limit of validity of the
approximation. Finally, we will neglect the momentum
dependence of the bigamous vertices, a simplification that
facilitates the computation of the flow of Δ0. The discarded
contributions are expected to be of order λ22.
Let us start with the flow of the σ̄M component of the two-

point function. According to the general method described in
Sec. III E, and using Eq. (3.26), a direct inspection shows
that no melonic contributions arise from bigamous inter-
actions. Consequently, the graphical flow equation remains
unchanged from the previous case, namely,

Hence, the β function for the mass reads as, computing the integrals in (3.34) and taking into account the contributions
arising because of Δ and Δ0 in GM̄M,

˙̄m2 ¼ −ð2þ ηÞm̄2 − 10π2λ̄
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�
: ð5:3Þ

Moreover, η is again given by Eq. (5.76), and we will return on the computation of λ0 below. Now, let us move on the
computation of the flow equations for Δ and Δ0. We get

ð5:4Þ
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The loop integral is the same as for the mass, but Δ is dimensionless, and λ2 must have dimension −2, i.e., λ2 ≔ k−2λ̄2. We
then have, setting external momenta to zero,4

Δ̇ ¼ −10π2λ̄2
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�
: ð5:5Þ

Note that we choose the same numerical conventions for the normalization of bigamous and monogamous interactions,
explaining the factor 10 ¼ 2 × 5. The extraction ofΔ0 follows the same strategy as for the anomalous dimension (neglecting
the full momentum dependency of the vertex here)

Δ̇0 ¼ −λ2
d

dp2
1

L21ðx1Þ
				
x1¼0

: ð5:6Þ

The integral can be easily computed exactly, and expanding it at the leading order in p2
1, leads to

k2Δ̇0 ¼ −2π2λ̄2
Δ̄0

ð1þ m̄2Þ2
�
1þ η

6

�
þ 2π2λ2

ηð1þ Δ̄Þ
ð1þ m̄2Þ2 þ

4π2

3
λ̄2

1þ Δ̄þ Δ̄0

ð1þ m̄2Þ2 ; ð5:7Þ

or, by arranging a little,

˙̄Δ0 ¼ 2Δ̄0 −
2π2λ̄2

ð1þ m̄2Þ2
�
2

3

�
1þ Δ̄ −

Δ̄0

2

�
þ η

�
1þ Δ̄ −

Δ̄0

6

��
: ð5:8Þ

The expression for η has been recalled in Sec. III E, Eq. (5.76). We have, explicitly,

η ¼ −2λ̄0π2
1þ Δ̄þ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�
þ λ̄π2

1þ Δ̄þ 2Δ̄0=3
ð1þ m̄2Þ2 ð4þ ηÞ − 2π2λ̄Δ̄0

ð1þ m̄2Þ2
�
1þ η

6

�
; ð5:9Þ

which can be solved as

η ¼ 2π2
ð2λ̄ − λ̄0Þð1þ Δ̄þ 2Δ̄0=3Þ − λ̄Δ̄0

ð1þ m̄2Þ2 þ ðλ̄0 − 3λ̄Þπ2ð1þ Δ̄þ 2Δ̄0=3Þ=3þ π2λ̄Δ̄0=3
: ð5:10Þ

We will restrict the truncation to sextic order for
monogamous interactions and to quartic order for biga-
mous interactions, a choice consistent with power-counting
arguments. In principle, the approximation could be refined
by a systematic analysis of higher-order contributions and
by examining the possible convergence of IR properties,
such as the critical exponents associated with potential
fixed points. Such investigations have been carried out, for
instance, in [20]. Nevertheless, this line of study will
ultimately be superseded by the more exact method
presented in the following section, of which the present
discussion should be viewed as an introduction.
Let us first turn to the flow equation for λ. We make

the simplifying assumption that the monogamous sextic
interaction κ remains unaffected by the presence of

bigamous interactions. In other words, we assume that
the exact relations inherited from perturbation theory
remain valid, up to the point where they would break
down, the neglected terms being at most of order λ2λ2.
More precisely, in our approximation scheme, the flow of
the sextic coupling is dominated by leading melonic
contributions that preserve the same insertion topology.
Bigamous interactions contribute only through mixed
channels that do not generate leading melonic corrections
to the sextic vertex. From the IR scaling perspective used
in Sec. V.2, these contributions are therefore subleading
and affect the sextic beta function only at higher order.
Neglecting them is thus consistent with the truncation
used to close the flow equations. Including these effects
would also introduce additional mixed kernels and
significantly complicate the system of equations. Since
our goal is to capture the leading IR behavior, keeping
only the dominant melonic contributions provides a
controlled approximation.

4Note that the coupling λ2 arises with a factor −i to agree with
the formula above.
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As a result, part of the β function for λ has, in principle,
already been computed. It suffices to replace 1 → 1þ Δþ
2Δ0=3 in the numerators of the effective loops, as illustrated
in the computation of the mass flow. We denote this

contribution by ˙̄λjmono:

˙̄λjmono ≈ −2ηλ̄þ 4π2λ̄2
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ3
�
1þ η

6

�

×

�
1 − 6π2λ̄

�
1

ð1þ m̄2Þ2 þ
�
1þ 1

1þ m̄2

���
:

ð5:11Þ

The flow still needs to be completed by the contribution
of the bigamous melons. It is easy to see that there can be
no melonic contributions of the type λ22, and the only terms
actually contributing to the flow of λwill be of the form λλ2,

as shown in Fig. 7. Let us call this contribution ˙̄λjbig; we
have, computing the effective loop,

˙̄λjbig ¼ 4π2
λ̄λ̄2

ð1þ m̄2Þ2
�
1þ η

6

�
; ð5:12Þ

and then, we obtain the final approximation for ˙̄λ:

˙̄λ ≈ −2ηλ̄þ 4π2λ̄2
1þ Δþ 2

3
Δ̄0

ð1þ m̄2Þ3
�
1þ η

6

��
1þ λ̄2

λ̄

1þ m̄2

1þ Δþ 2
3
Δ̄0 − 6π2λ̄

�
1

ð1þ m̄2Þ2 þ
�
1þ 1

1þ m̄2

���
: ð5:13Þ

Now, we have to compute the last piece, ˙̄λ2. One can expect two kinds of contributions, like λλ2 and like λ22, both pictured
in Fig. 8. Note that, as announced, we neglect the contributions of bigamous sextic interactions. The computations of the
relevant diagrams follows the same method as before, and, taking into account symmetry factors, we get

˙̄λ2 ¼ ð2 − ηÞλ̄2 þ π2λ̄λ̄2
1þ Δþ 2

3
Δ̄0

ð1þ m̄2Þ3
�
1þ η

6

�
þ 2π2

λ̄22
ð1þ m̄2Þ2

�
1þ η

6

�
: ð5:14Þ

FIG. 7. Contributions for the contribution of bigamous vertices to ˙̄λjbig.

FIG. 8. Contributions for the contribution of bigamous vertices to ˙̄λ2.

VINCENT LAHOCHE and DINE OUSMANE SAMARY PHYS. REV. D 114, 046028 (2026)

046028-16



The numerical investigation of these equations is
reported in Sec. V D.

C. Ward identities method

In this section, we aim to improve upon the pre-
vious expansion by incorporating the constraints
imposed by Ward identities, following the general
framework of effective vertex expansion developed in
[28]. It is worth emphasizing once more that, although
this strategy has not always been implemented in
renormalization group analyses of TGFTs (primarily
due to technical challenges associated with nonlocal-
ity), it is by no means unusual. Indeed, Ward identities
play a central role in ordinary quantum electrodynam-
ics, where they enforce, for example, the equality
between wave function renormalization and vertex
renormalization.
As a first step, since it will be needed later, we

establish the full flow equation for λ2, including the
sextic contributions. The corresponding diagrams are
displayed in Fig. 9, and their evaluation proceeds
along the same lines as the computation of the mass
flow, differing only by a numerical factor. We thus
obtain

˙̄λ2 ¼ ð2 − ηÞλ̄2 − 3π2κ̄2
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�

þ 2π2λ̄λ̄2
1þ Δþ 2

3
Δ̄0

ð1þ m̄2Þ3
�
1þ η

6

�

þ 4π2
λ̄22

ð1þ m̄2Þ2
�
1þ η

6

�
: ð5:15Þ

We moreover recall the expression of ˙̄λ with explicit
monogamous sextic coupling κ:

˙̄λ ¼ −2ηλ̄ − 3π2κ̄
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�
þ 4π2λ̄2

1þ Δþ 2
3
Δ̄0

ð1þ m̄2Þ3
�
1þ η

6

�
: ð5:16Þ

We will also need to improve our calculation of the flow of Δ0, taking into account, as we did for η, the vertex-specific
moment dependence. We obtain by a similar calculation

˙̄Δ0 ¼ 2Δ̄ − 2π2λ̄02
1þ Δþ 2Δ̄0=3

ð1þ m̄2Þ2
�
1þ η

6

�
−

2π2λ̄2
ð1þ m̄2Þ2

�
2

3

�
1þ Δ̄ −

Δ̄0

2

�
þ η

�
1þ Δ̄ −

Δ̄0

6

��
; ð5:17Þ

where λ̄02 is the (dimensionless) derivative of the vertex with respect to the external momenta, analogous to (3.42).
Now, let us focus on the Ward identities. Relevant relations concerned by the truncation we consider can be

obtained from the statement (4.11), taking derivatives ∂
2=∂Mqðω1Þ∂σ̄q̄ðω̄1Þ and ∂

2=∂σqðω1Þ∂σ̄q̄ðω̄1Þ, and setting the
classic field to zero at the end of the computation (symmetric phase condition). Let us investigate them separately.
Graphically, the resulting relations for the first one lead to, keeping only the melonic contributions,

ð5:18Þ

FIG. 9. Sextic (κ2) contribution to the flow of λ̄2.
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where the diagonal operator Δk is defined by (4.13).
Note that bigamous vertices are absent, and it is easy
to check that their contributions involve the propagator
Gχ̄χ , which vanishes. Thus, formally, the relation is the
same as in the equilibrium dynamics phase and
simplifies to

ð5:19Þ

where the following approximation is employed (see
[27] for details):

½γð2Þk;σ̄Mðp; 0Þ − γð2Þk;σ̄Mðp0; 0Þ�jpi¼0 ≈ iZδp2 þOðδp2Þ: ð5:20Þ

Formally, the resulting relation retains the same structure
as at equilibrium, with the difference that, in the “IR”
interval selected by the regulator derivative in Δ0

k—which
coincides with the momentum window selected by Ṙk in
the flow equation—the propagator must be replaced by its
truncated form (5.2) (see [16,26,28] for an extended
discussion). Explicitly,

2λðkÞLðkÞ ¼ Z∞ − ZðkÞ; ð5:21Þ

where λðkÞ is the renormalized quartic coupling, and

LðkÞ ≔ Lð∞ÞðkÞ þ Lð0ðkÞ; ð5:22Þ

where

Lð0ÞðkÞ≔ k2ZðkÞ
X
p∈Z4

∂

∂p2
1

rkðpÞ
1þΔþΔ0p2

ðZp2 þm2 þZk2rkðp2ÞÞ2
;

ð5:23Þ

and

Lð∞ÞðkÞ ≔ 4iZ∞λðkÞ
π

Z
dω
X
p∈Z4

Gk;M̄Mðp;ωÞGk;σ̄Mðp;ωÞ:

ð5:24Þ

This expression is admittedly obscure, and as emphasized
earlier, one cannot simply replace the propagator compo-
nents by their truncation; doing so leads to inconsistencies
arising from the global UV divergence, as analyzed in [28].
Nevertheless, we shall see that this calculation is, to some

extent, unnecessary if a few assumptions are accepted. The
first of these is that Z∞ is essentially determined by the
equilibrium theory (see, for instance, [16] and the appendix
of the preceding work [27]):

Z∞ ¼ 1

1 − 2λrA2

; ð5:25Þ

where λr is the renormalized constant (for the IR equilib-
rium theory, the vertex renormalization equaling the wave
function renormalization), and

A2 ¼
X
p∈Z4

G2
kðp2Þ; ð5:26Þ

where Gk is the renormalized propagator of the equilibrium
theory. Moreover, let us recall the exact β function for the
renormalized coupling λðkÞ∶

λ̇ðkÞ ¼ −2λ2ðkÞȦ2: ð5:27Þ

All these results can be found in [16] and the references
therein; we recall them here for the discussion. For
instance, the result (5.27) shows that, since λðkÞ denotes
the renormalized coupling at the scale k, it must be finite,
and consequently Ȧ2 must also be convergent. This
expectation arises when exchanging the order of differ-
entiation and integration, and observing that the regulator
affects only the differences in the region where it contrib-
utes significantly. The argument is, however, somewhat
subtle; see, for example, the discussion in [60]. In this
work, we prefer to rely on the interpretation of (5.27).
Furthermore, recall from (5.25) that the continuum limit
imposes Z−1

∞ ∼ lnΛ, as already noted.
Let us compute the derivative of (5.21) with respect to

ln k=Λ; we get

2λLðkÞ λ̇
λ
þ 2λL̇ðkÞ ¼ −Zη: ð5:28Þ

The first term can be replaced by −ZðkÞ ≈ 2λLðkÞ (in the
continuum limit). Moreover,

L̇ðkÞ ¼ L̇ð∞ÞðkÞ þ L̇ð0ÞðkÞ: ð5:29Þ

The second term of this expression is straightforward to
compute from (5.47). The first term, however, involves the
derivative with respect to lnðk=ΛÞ of a quantity that
vanishes in the equilibrium dynamics. We further expect
that the modifications induced by the bigamous operators
affect this quantity only in the IR, without altering the
ultraviolet contributions, which, as shown by (5.27), must
be suppressed through multiplication by Z∞. On this basis,
we adopt the following reasonable hypothesis:
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L̇ð∞ÞðkÞ ≈ 0: ð5:30Þ

Then, because

∂

∂p2
1

rkðpÞ ¼ −
1

k2
θðk2 − p2Þ; ð5:31Þ

we find

Lð0ÞðkÞ ¼ −
π2

2Z

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ2 ð5:32Þ

and the derivation with respect to lnðk=ΛÞ leads to

L̇ð0ÞðkÞ ¼ −
π2

2Z2

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ2

×

�
−ηþ

˙̄Δþ 2
3
˙̄Δ0

1þ Δ̄þ 2
3
Δ̄0 −

2 ˙̄m2

1þ m̄2

�
: ð5:33Þ

Now, taking into account that, from the definition

˙̄λ ¼ λ̇ − 2ηλ

Z2
; ð5:34Þ

we have the constraint

˙̄λþ ηλ̄ − λ̄2π2
1þ Δ̄þ 2

3
Δ̄0

ð1þ m̄2Þ2
�
η −

˙̄Δþ 2
3
˙̄Δ0

1þ Δ̄þ 2
3
Δ̄0 þ

2 ˙̄m2

1þ m̄2

�
¼ 0: ð5:35Þ

This relation coincides with the one obtained in [28], up to
the modifications introduced by the bigamous operators. It
is worth noting that, in this context, these operators appear
as a natural extension of equilibrium dynamics, yet they
seem to arise only within the stochastic formalism.
Now consider the relation coming from the derivative of

the general Ward identity (4.11) by ∂
2=∂σqðω1Þ∂σ̄q̄ðω̄1Þ.

Because in the symmetric phase5

∂
2

∂σ∂σ̄
Gk;σ̄M ¼ −Gk;σ̄•Γ

ð4Þ
σσ̄••Gk;•M; ð5:36Þ

where the • materialize fields, the construction of the
relation has to be understood as a matrix product. The only
suitable configuration is the following:

∂
2

∂σ∂σ̄
Gk;σ̄M ¼ −Gk;σ̄MΓ

ð4Þ
σσ̄MM̄Gk;M̄M: ð5:37Þ

Then, graphically, and in the melonic regime, the relation
reads as

ð5:38Þ

The loop integral is the same as before, and the same
arguments can be repeated here. We get

2λ2Lþ Δ0 ¼ 0: ð5:39Þ

Taking the first derivative with respect to lnðk=ΛÞ, the
relation simplifies as

−ZðkÞ λ̇2
λ
þ 2λ2L̇

ð0Þ þ Δ̇0 ¼ 0; ð5:40Þ

or, again,

˙̄λ2 − ð2 − ηÞλ̄2 − λ̄2λ̄π
2
1þ Δ̄þ 2

3
Δ̄0

ð1þ m̄2Þ2
�
η −

˙̄Δþ 2
3
˙̄Δ0

1þ Δ̄þ 2
3
Δ̄0 þ

2 ˙̄m2

1þ m̄2

�
− λ̄ð ˙̄Δ − 2Δ̄Þ ¼ 0: ð5:41Þ

From Eqs. (5.41) and (5.35), associated with the flow
equations, (5.16), and (5.15), we deduce explicit expres-
sions for κ and κ2. Let us call these two solutions
κdyn≔ κdynðm;λ;λ2;Δ;Δ0Þ and κ2dyn≔ κ2dynðm;λ;λ2;Δ;Δ0Þ

respectively. Now let us look at the two missing pieces, λ0
and λ02, for which we will need the expressions for κ and κ2.
Remark 3. Note that the method developed in [16] has

the clear advantage of avoiding the estimation of sextic
couplings through the evaluation of an unbounded loop
integral, as was required in the approach summarized in
Sec. IV. Nevertheless, both methods yield similar results at5We drop field indices here to simplify notations.
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equilibrium, and in particular confirm the absence of
reliable fixed points.
The derivation of these relations follows the same

method as in the equilibrium case, and the monogamous

part retains the same structure as (4). Taking two derivatives
with respect to M, one with respect to M̄, and one with
respect to σ̄, we obtain

ð5:42Þ

We assumed p0 ≠ q0 to cancel the last term on the right-hand side, proportional to δp0q0 . This relation can be translated as a

differential equation for πð2Þk as follows. We set pj ¼ p0
j ¼ qj ¼ q̄j ¼ 0 ∀ j ≠ i, pi ¼ p0

i þ 1, q0 ¼ q̄0 ¼ 0, pi ¼ q̄i and
p0
i ¼ qi. Within this configuration, we showed in [27] that the two remaining terms on the right-hand side become

d
dp2

i
πð2Þk ð0; p2

i Þ
				
pi¼0

¼ 1

2

d
dp2

i
πð2Þk ðp2

i ; p
2
i Þ
				
pi¼0

: ð5:43Þ

In the same way, taking one derivative with respect to M, one with respect to M̄, one with respect to σ, and finally one
with respect to σ̄, we get
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ð5:44Þ

with the same momentum configuration as before. Let us now translate these relations into explicit equations. Starting from
(5.3), one part reduces to the expression already obtained in the equilibrium dynamics, while accounting for the
modifications introduced by the bigamous operators. For the monogamous contribution to λ0, we find

λ0jmono ¼ −κLþ 8λ2L3; ð5:45Þ

where, as before,

L3 ≔ Lð∞Þ
3 þ Lð0Þ

3 ; ð5:46Þ

with

Lð0Þ
3 ðkÞ ≔ k2ZðkÞ

X
p∈Z4

∂

∂p2
1

rkðpÞ
1þ Δþ Δ0p2

ðZp2 þm2 þ Zk2rkðp2ÞÞ3
: ð5:47Þ

As before, the UV counterpart Lð∞Þ
3 involves a momentum integral from deep UV to deep IR,

Lð∞Þ
3 ∝ iZ∞

Z
dω
X
p∈Z4

Gk;M̄Mðp;ωÞGk;σ̄Mðp;ωÞ × ð2Gk;σ̄Mðp;ωÞ þGk;σ̄Mðp;−ωÞÞ
				
pi¼0

: ð5:48Þ

But, here, the integral is superficially convergent, and, following [28], in the continuum limit Λ → ∞, Lð∞Þ
3 must go to zero

because of Z∞. The remaining integral can be easily computed, and we get

Lð0Þ
3 ðkÞ ¼ −

π2

2k2Z2

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ3 : ð5:49Þ
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Finally, because of (5.21), we must have L ≈ −Z=2λðkÞ,
and we obtain the good enough approximation

λ0jmono ¼
κZ
2λ

− 8λ2
π2

2k2Z2

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ3 ; ð5:50Þ

which agrees with the results of [16], setting Δ ¼ Δ0 ¼ 0,
as expected. Using dimensionless couplings, we get

λ̄0jmono ¼
κ̄

2λ̄
− 4λ̄2π2

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ3 : ð5:51Þ

The contribution of the bigamous interactions, λ0jbig,
requires more careful treatment, since the inner loop is
logarithmically divergent and the same trick as before can
no longer be applied. More precisely, the integral typically
involves a product of the form Gk;σ̄Mð−ωÞ; Gk;σM̄ð−ωÞ;
Gk;σM̄ð−ωÞ. A careful analysis of the pole structure shows
that this integral closely resembles the one appearing in the
definition of L [(5.24)]. In both cases, the relevant
expression reduces to an integral of the typeZ

dy
1

iyþM
1

ð−iyþMÞ2 ∼
1

M2
: ð5:52Þ

Moreover, the equilibrium relation Gk;M̄M ¼ −; Gk;σ̄M;
Gk;M̄σ is expected to remain valid in the deep UV, since
the wave function renormalization of the response field
exhibits a vanishing flow in the symmetric phase. The IR
instabilities Δ and Δ0 only arise at later stages, in a regime
where the integral is no longer divergent and which
collapses into the continuum limit once multiplied by
Z∞. Concretely, we obtain

λ0jbig ¼ −Kλλ2A; ð5:53Þ

where K is a numerical factor that will be computed later
(the minus sign appears here due to the conventions for λ2,
which arise with an additional factor−i compared to λ), and

A ≔ i
Z

dω
X
p∈Z4

�
Z∞ þ k2Z

∂

∂p2
1

rkðpÞ
�

×Gk;σ̄Mð−ωÞGk;σM̄ð−ωÞGk;σM̄ð−ωÞ: ð5:54Þ

The term proportional to the derivative of the regulator can
be readily computed using the regulator, as done previ-
ously. We denote it by A0, and obtain

A0 ¼
π

4

π2

2Z

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ2 ≡ −
π

4
Lð0Þ: ð5:55Þ

Let us focus on the first term of (5.54). Because of what we
stated previously, we have

Að∞Þ ≈−iZ∞

Z
dω
X
p∈Z4

Gk;σ̄MðωÞGk;MM̄ð−ωÞ ¼ −
π

4
Lð∞Þ;

ð5:56Þ
and because of (5.21), we have also

Að∞Þ ≈
π

4

�
Z
λ
þ Lð0Þ

�
: ð5:57Þ

All that remains is to compute the factor K, and it is
straightforward to see that, within the chosen momentum
configuration, K ¼ 4×4

π . Finally,

λ̄0 ¼ κ̄

2λ̄
− 4λ̄2π2

1þ Δ̄þ 2
3
Δ̄0

ð1þ m̄2Þ3 − 2λ̄2: ð5:58Þ

The final piece, λ02, can be obtained from (5.3), giving us all
the ingredients required for the computation. We then find

λ02 ¼ −κ2Lþ 4λλ2L3 þ
16

π
λ22A: ð5:59Þ

Because of the previous result, we obtain finally

λ02 ¼
κ̄2
2λ̄

− 2λ̄λ̄2π
2
1þ Δ̄þ 2

3
Δ̄0

ð1þ m̄2Þ3 þ 4λ̄22
λ̄

: ð5:60Þ

This last relation closes the hierarchy, up to the replacement
of κ and κ2 by κdyn and κ2dyn, and we will give a numerical
analysis of the flow equations in Sec. V D.

D. Numerical investigations

In this section, we numerically explore the equations
derived above, comparing the semiperturbative method
around the solution provided by the effective vertex
expansion (EVE) approach with the results obtained via
the Ward identities. This section will also retrospectively
justify certain assumptions made in the choice of
parametrizations.

1. Perturbative EVE

The analysis of the flow equations reveals the existence
of both isolated fixed points and fixed-point lines, which
we now examine separately. Isolated fixed points occur at
the following values:

P1 ¼ ðm̄2 ≈−0.87; λ̄≈ 0.00017; Δ̄≈ 1.01; λ̄2 ¼ 0; Δ̄0 ¼ 0Þ;
ð5:61Þ

P2 ¼ ðm̄2 ≈−0.52; λ̄≈−0.013; Δ̄≈−5.05; λ̄2 ¼ 0; Δ̄0 ¼ 0Þ:
ð5:62Þ

Note that the reliability of these fixed points is rather low,
since the magnitudes of the bigamous interactions are large
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compared to those of the monogamous interactions.
The fixed point P2 is likely an artifact of the truncation,
as the anomalous dimension η2 ≈ −6.66 violates the bound
(3.14). For P1,

η1 ≈ 0.99: ð5:63Þ
This is a rather large value for the derivative expansion,
once again casting doubt on the reliability of this fixed
point (see [61]). The calculation of the critical exponents
shows that the fixed point P1 possesses only irrelevant
directions, along with a single marginal direction,

Θ ¼ ð−11.77;−3.08;−2;−11.78; 0Þ; ð5:64Þ
and therefore essentially corresponds to an IR attractor.
Nevertheless, the interpretation that can be drawn is a
global instability of the flow within the basin of attraction
of the fixed point. Numerical analyses also appear to
indicate that finite-scale singularities prevent a perturbation
around equilibrium from reaching the fixed point P1, as
illustrated in Fig. 10. In this context, such behavior seems
rather pathological and further supports the view that these
fixed points are merely artifacts of our approximations.
Now, let us investigate the line of fixed point. The two

fixed point lines, L1 and L2 have both the structure

L1 ¼ ðλ̄ ¼ fiðm̄2Þ; Δ̄ ¼ giðm̄2ÞÞ; ð5:65Þ

with the other couplings set to zero. Figure 11 shows the
behavior of the corresponding anomalous dimensions.
Only L1 respects the bound (3.14) for the anomalous
dimension. The behavior of L1 is illustrated in Fig. 12.
However, the only region where δ is not too large
corresponds to a negative value of λ, around m̄2 ≈ 0.53,
with λ̄ ≈ −0.02 and η ≈ −0.40. Owing to the negative sign
of λ, this region lies far from the equilibrium regime (where
the path integral must be normalizable and bounded), and is
therefore excluded. In conclusion, no reliable fixed point
appears to be identifiable using this method.

2. Improved EVE

We now turn to the investigation of the second method,
based on Ward identities. This approach significantly
improves upon the EVE method presented in Sec. III E
by avoiding the approximations associated with the
derivative expansion when computing nonperturbative

loops in Γð6Þ
k . In this framework, a parameter κ is derived

directly from the interplay between the flow equations in
the melonic approximation and the constraints imposed
by the Ward identities, using the derivative expansion
only within the momentum window selected by the
regulator. As studied in [16], this method shows that
no spurious global fixed point arises in the equilibrium
theory, leaving the flow unconstrained. Consequently,
the phenomenon of finite-scale singularities, predicted
by perturbation theory, is recovered, as illustrated in
Fig. 13. These singularities highlight the complexity of
the IR limit and suggest the presence of first-order phase
transitions, rather than behavior controlled by an isolated
nonperturbative fixed point.
Recall that in this case the flow equations are exactly

those that we established in Sec. V C by setting Δ ¼ Δ0 ¼
λ2 ¼ 0. Explicitly,6
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FIG. 10. Behavior of the RG flow for the initial conditions m̄2 ¼ −0.87; λ̄ ¼ 0.00017; λ̄2 ¼ 0.01, the other couplings being zero.
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FIG. 11. Behavior of the anomalous dimension for L1 (in blue)
and for L2 (in yellow).

6This expression corrects a little, inconsequential mistake in
the arxiv version of Ref. [16].
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η ¼ −
6π2λ̄ðπ2λþ 2ð1þ m̄2Þ3Þ

π4λ̄2 þ π2λ̄ð3m̄2 þ 5Þð1þ m̄2Þ2 − 3ð1þ m̄2Þ5 ;

ð5:66Þ

and

8<
:

˙̄m2 ¼ −ð2þ ηÞm̄2 − 10π2λ̄
ð1þm̄2Þ2 ð1þ η

6
Þ;

˙̄λ ¼ −ηλ̄ ð1þm̄2Þ2−π2λ̄
ð1þm̄2Þ2 þ 2π2λ̄2

ð1þm̄2Þ3 ˙̄m2:
ð5:67Þ

The equation for λ is initially fixed by the Ward identity
[Eq. (5.35) without the bigamous interactions]. Now,
consider the complete set of equations, including all
bigamous terms, namely (5.3), (5.5), (5.15), (5.16),

(5.35), (5.41), as well as (5.58) and (5.60), which are used

to compute η and ˙̄Δ0.
Let us first consider the isolated fixed point. Numerical

investigations of the resulting flow equations (without
imposing any restrictions on the magnitude of the biga-
mous interactions) indicate that no reliable fixed-point
solutions are expected. Indeed, assuming η� ≠ 0, the

conditions ˙̄λ ¼ ˙̄λ2 ¼ 0 impose

λ̄2 þ λ̄Δ̄0 ¼ 0; ð5:68Þ

λ̄π2
1þ Δ̄þ 2

3
Δ̄0

ð1þ m̄2Þ2 ¼ 1: ð5:69Þ

Substituting into the flow equations, we determine Δ from
the condition Δ̇ ¼ 0, and then, inserting this into ˙̄m2,
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FIG. 12. Behavior of λ̄ and Δ on the fixed point line L1.
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FIG. 13. Top: behavior of the RG flow for the initial conditions m̄2ð0Þ ¼ 0.3 and λ̄ ¼ 0.1. Bottom: the behavior of mass and quartic
coupling for the initial conditions m̄2ð0Þ ¼ −0.03 and λ̄ ¼ 0.4. A finite scale singularity arises for k ≈ Λ − 0.86.
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we find ˙̄m2 ¼ 4m̄2, which implies m̄2 ¼ 0. Substituting
into the remaining flow equations, we observe that the
equations become singular, and no fixed point can be
obtained in this way. The alternative condition, setting
η� ¼ 0, leads only to complex solutions. Hence, no reliable
fixed point is expected. Claim 1. No reliable global fixed
point is expected in the bigamous nonbranching melonic
sector at the leading order of the derivative expansion.
Let us now turn to the trajectories of the flow. As

observed, the flow in the equilibrium dynamics leads to

singularities at finite scales. Figures 14–16 summarize the
main results, which we shall now discuss. In Fig. 14, the
initial conditions were chosen such that

m̄2ð0Þ ¼ λ̄ð0Þ ¼ 0.1: ð5:70Þ

The red curve shows that the flow exhibits a finite-scale
divergence, similar to that seen in Fig. 13. The yellow curve
is obtained with the same initial conditions as in (5.70), but
with a slight perturbation of the time-reversal symmetry,
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FIG. 14. Influence of a small deviation of the exact FDT (yellow curve) on a singular trajectory (blue dashed cuve).
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λ̄2ð0Þ ¼ 10−8. In this example, the trajectories remain very
close to each other, and, as shown in Fig. 15, the bigamous
interactions Δ̄, Δ̄0, and λ̄2 remain very small. In other
words, the system behaves almost identically to the
equilibrium dynamics.
At the point of divergence, however, the bigamous

interactions “fly away” (Fig. 15), allowing the system to
temporarily avoid the singularity, as indicated by the red
region in the figures. Subsequently, the bigamous inter-
actions tend to zero again, except for Δ̄, which remains in a
scaling regime at a constant value down to the IR. This
suggests that bigamous interactions play a crucial role in
shaping the IR behavior in regions where the flow is
singular.
These numerical observations support the existence of a

discontinuous phase transition to a nonequilibrium regime,
which likely corresponds to the IR reality of the system.
Importantly, this interpretation is only possible within the
stochastic formalism; equilibrium field theory cannot
assign a meaningful interpretation to finite-scale singular-
ities. Singularities indicate that equilibrium states are non-
normalizable, meaning the system cannot be at equilibrium
in regions exhibiting a singularity.
This behavior is not unique; many other numerically

identified regions in phase space display similar patterns.
Although it would be possible to map these regions, this is
beyond the scope of the present work. Finally, not all
singular trajectories are resolved by this process, sug-
gesting that other interactions may be relevant. This is
the case, for example, for the singular trajectory in Fig. 13.
Recall that our truncation was chosen for simplicity
and primarily to illustrate, beyond methodology, a clue

motivated by analytical results obtained in related con-
texts [55,62].
Let us point out that these results are quite similar

to those obtained for example in the recent series
[57–59,63,64], where operators forgotten by perturbation
theory play a similar role in the construction of the IR
limit, avoiding finite-scale singularities. In this case, the
argument was still supported by the choice of a 2PI
formalism, allowing the phenomenon to be interpreted
directly as a phase transition. In the present case, this
interpretation is indirect, and based on an analogy
concerning the behavior of the flow. One could never-
theless hope that a 4PI formalism gives similar results,
its implementation being however more complex due to
the renormalization of the UV divergences. We will
return to this in a later work.
Finally, let us mention the case of trajectories without

any singularity. Figure 16 illustrates what can be expected
in general, for the initial conditions

m̄2ð0Þ ¼ 0.9; λ̄ð0Þ ¼ 0.1: ð5:71Þ

With these initial conditions, the flow converges in the
absence of bigamous interactions. Introducing a small
perturbation, λ̄2ð0Þ ¼ 10−8, we observe that the system
remains arbitrarily close to the equilibrium regime through-
out the flow, as summarized in Fig. 16. The bigamous
interactions tend to zero, except for Δ, which stabilizes at a
value of the order of the initial perturbation. This provides a
measure of the asymptotic deviation from equilibrium,
which remains essentially constant during the flow, illus-
trating the stability of the equilibrium regime.
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FIG. 16. Behavior of the RG flow around a convergent trajectory, including a small deviation from FDT.
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E. Time-reversal symmetry

To conclude, we turn to a specific study of the stability
of the time-reversal hypothesis. It should be noted that
symmetry breaking is expected even in elementary models.
This has been explicitly observed for tensor theories in
[62], although the result is quite general and does not rely
on the tensorial nature of the field; for instance, a simple
Langevin-type model describing the response of a particle
in a nonstationary bath exhibits similar behavior [65].
The parametrization we consider is inspired by our

recent work on similar models: in [55] for the p ¼ 2 soft
spin dynamics, and in [57–59,66] for related issues in the
FRG context. We focus on the following truncation for the
kinetic effective average action:

Γð2Þ
k ðp⃗;ω;ω0Þ ¼

�
A Bðp;ωÞ

Bðp;−ωÞ 0

�
δðω − ω0Þ

þ i

�
0 Δk

Δk 0

�
; ð5:72Þ

where Δk is a dimensionless constant, independent of ω,
and serves as the order parameter for time-translation
symmetry. In the absence of further guidance, simplicity
provides a natural choice. At first order (neglecting the
variable p for simplicity), we then obtain

Gk;η̄Φðω;ω0Þ ¼ B−1ðωÞδðω − ω0Þ − iB−1ðωÞB−1ðω0ÞΔk

þOðΔ2
kÞ: ð5:73Þ

Note that this expression is in fact exact, since the next-
order term involves the integral

R
dω; B−1ðωÞ, which

vanishes due to the so-called Heteroclyte condition
[27]. This condition ensures that interactions not involv-
ing the response field cannot be generated,7 in particular
guaranteeing that the response field does not propagate;
see also [50]. Importantly, this analysis does not require
extending the truncation beyond the kinetic action, as we
focus on sufficiently small deviations from equilibrium
dynamics.
The flow equations for λ and m̄2 have, graphically, the

same structure as in the equilibrium dynamics. We only
need to add to the terms already calculated in Sec. III E the
corrections arising from the modifications of the propaga-
tor, retaining only those contributions that are local in time.

In particular, the contributions to Δ in the equation for Γ̇ð2Þ
k

are identified in this way, by keeping on the left-hand side
the term proportional to δðtÞ; δðt0Þ.
A direct inspection shows that the β functions for m̄2 and

λ̄ are unaffected by the nonlocal contributions. For instance,
the mass tadpole in the flow equation for m̄2 typically

involves the product Gk;σ̄MGk;M̄M. The order-Δ correction
involves a term of the form ΔGk;σ̄MðωÞGk;M̄MðωÞ×
Gk;σ̄Mðω0Þδðω0 − ω −ΩÞ, where Ω denotes the sum of
external frequencies, and the propagators in the product
are taken at zeroth order in Δ. The Dirac delta from the
interaction is canceled by the integration over ω0, and the
expansion to zeroth order inΩ produces a contribution only
to the flow of Δ. The same reasoning applies to all loops:
locality is destroyed by any nonlocal insertion. Conse-
quently, ˙̄m2 and λ̇ are again given by their equilibrium
dynamics expressions:

˙̄m2 ¼ −ð2þ ηÞm̄2 −
10π2λ̄

ð1þ m̄2Þ2
�
1þ η

6

�
; ð5:74Þ

˙̄λ ¼ −2ηλ̄ − 3π2κ̄2
1

ð1þ m̄2Þ2
�
1þ η

6

�

þ 4π2λ̄2
1

ð1þ m̄2Þ3
�
1þ η

6

�
: ð5:75Þ

The expression for η is also the same as in the
equilibrium regime, explicitly,

η ¼ −λ̄0L21ð0Þ − λ̄
d

dp2
1

L21ðx1Þjx1¼0; ð5:76Þ

and explicitly,

η ¼ −2λ̄0π2
1

ð1þ m̄2Þ2
�
1þ η

6

�
þ λ̄π2

ð1þ m̄2Þ2 ð4þ ηÞ;

ð5:77Þ

which can be solved as

η ¼ 2π2
2λ̄ − λ̄0

ð1þ m̄2Þ2 þ λ̄0π2=3 − λ̄π2
: ð5:78Þ

Remark 4. As pointed out in [16], the presence of
þλ̄0π2=3 in the denominator avoids the singularity in the
region m̄2 > −1, and then, extends maximally the region
where the symmetric phase can be considered comparing
with standard vertex expansion.
Because of the previous discussion, the explicit expres-

sion for Δ̇ can be deduced from the melonic contributions
in the tadpole diagrams of (5.4). At the order 1 in Δ, we
easily get

Δ̇ ¼ −
�
π2λ̄

1þ η
6

ð1þ m̄2Þ2
�
Δ: ð5:79Þ

Everywhere in the symmetric phase, in the region λ > 0
where stability of the expansion is expected, Δ increases
toward the IR scale.

7A simple argument is that Cσ̄Mðt − t0Þ ∝ θðt − t0Þ, and the Itô
prescription imposes θð0Þ ¼ 0.
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VI. CONCLUSION

In this paper, we have developed a general formalism for
the nonperturbative renormalization group of a stochasti-
cally quantized TGFT in the symmetric phase. The pro-
posed framework, building on [27,28] and inspired by the
recent work of the same authors on disordered matrix fields
[55], goes beyond the standard vertex expansion, which
often leads to poorly controlled approximations [19,67]. By
restricting ourselves to the regime of nonbranched melons,
we showed that the hierarchy of flow equations can be
closed around the just-renormalizable sector, as determined
by the power counting of the equilibrium theory. The
method combines Ward identities, made nontrivial due to
the form of the propagator, with Schwinger-Dyson equa-
tions in the melonic limit. This reduces the problem to a
small set of equations, whose approximations can be
benchmarked at equilibrium against analytic results, for
instance in the large-d limit [68]. The comparison with
analytic results available in the large-d limit is mainly
intended as a way to test the reliability of our approxima-
tion scheme. In this limit, the combinatorial structure of
diagrams simplifies, and some contributions become ana-
lytically controllable. This provides a useful benchmark to
check whether our truncation correctly captures the dom-
inant contributions and reproduces the expected scaling
behavior. However, performing a systematic comparison
would require extending the present analysis to explicitly
incorporate the large-d scaling structure, which is beyond
the scope of the current work.
We investigated two types of perturbations, and in

both cases we observed an instability of the equilibrium

dynamics. While this outcome is limited to a toy model
with little direct physical relevance, it could nonetheless
extend to other models. Studying such cases within this
general methodology will be the subject of future work.
The main limitation of this work is that it only considers

nonbranched melonic graphs. This restriction is essential to
close the system of closed equations. In the nonbranched
melonic sector, insertions follow a simple recursive struc-
ture that allows all corrections to be absorbed into a single
self-energy channel. This makes it possible to reduce
the Schwinger-Dyson hierarchy to a closed system involv-
ing only a few effective two-point quantities. Including
branched melonic graphs would break this structure by
introducing multiple insertion channels and several inde-
pendent self-energy kernels, leading to a hierarchy of
coupled equations rather than a closed system. Extending
the formalism would therefore likely require a multikernel
self-consistent framework. We expect the main IR mecha-
nism identified in the paper to remain robust, since it relies
on melonic dominance. However, including all melonic
graphs could produce quantitative changes, such as shifts
in critical parameters or modifications of the phase transition
properties. A full treatment of branched melonic contribu-
tions is beyond the scope of the present work but, is an
important direction for future research following the method
outlined in [28].
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