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The Laser Interferometer Space Antenna (LISA) will enable precision studies of extreme and
intermediate mass ratio inspirals (EMRIs/IMRIs), providing unique probes of astrophysical environ-
ments of galactic nuclei and strong-field gravity. Using a fully relativistic pipeline across primary
masses m1 ∈ ½5 × 104; 107�M⊙ and secondary masses m2 ∈ ½1; 104�M⊙, we map instrumental perfor-
mance directly to detection horizons and parameter measurement precision. EMRIs with m1 ¼ 107M⊙
and m2 ∼ 1M⊙ are the most sensitive to instrument degradation, with redshift horizons at z ∼ 0.01,
while IMRIs are the least sensitive to degradation and reach redshifts z ∼ 1–3. All prograde systems
considered achieve subpercent spin precision within 3 months of observation. The full 4.5-yr mission
increases the horizon of systems with m1 ¼ 107M⊙ and m2 ∼ 1M⊙ by a factor of ∼4 and improves sky
localization by 1 to 2 orders of magnitude reaching < 10 deg2. IMRI detection is robust
against degradation, but their parameter estimation is more vulnerable due to fewer cycles in band.
With the full baseline, EMRI observations constrain scalar dipole emission and Kerr quadrupole
deviations below ground-based bounds by 1 to 2 orders of magnitude. We release the accompanying
software and an interactive website to enable the community to rapidly quantify the scientific potential
of EMRIs and IMRIs.

DOI: 10.1103/k15y-nq5f

I. INTRODUCTION

The Laser Interferometer Space Antenna (LISA)
mission is a space-based gravitational wave (GW)
observatory that was adopted by the European Space
Agency in January 2024 and is planned to be launched in
the mid-2030s [1]. The main scientific goal of LISA is to
observe gravitational wave sources in the millihertz
frequency range. Key astrophysical sources in this fre-
quency region are extreme and intermediate mass
ratio inspirals (EMRIs/IMRIs) [2]. These systems consist
of a stellar-mass compact object inspiralling into a
massive black hole, producing long-lived gravitational
wave signals. Such signals encode rich information for
probing fundamental physics [3–22], astrophysical

environments [23–32], black hole demographics [33–
37], and cosmology [38,39]. Their observations are
expected to achieve the two key LISA mission science
objectives identified in the LISA Definition Study Report
[1]: “Probe the properties and immediate environments of
Black Holes in the local Universe” and “Explore the
fundamental nature of gravity and Black Holes.”
Previous studies have extensively explored the scientific

potential of these sources. The most general study on EMRI
science was performed in Ref. [2], where different astro-
physical formation channels were considered to estimate
detection rates and parameter estimation capabilities. Other
studies have linked the scientific achievement of the EMRI
and IMRI objectives to specific mission performance
requirements, such as mission duration in Ref. [40], failure
of laser measurements [41], and instrument calibration in
Ref. [42]. This work is part of the ongoing effort for the*Contact author: lorenzo.speri@esa.int
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definition of LISA Figures of Merit to assess the achieve-
ment of science objectives for all LISA sources, including
EMRIs/IMRIs, to quantify the overall scientific perfor-
mance of LISA [43].
Valid performance requirements for the mission must

be robust against the large uncertainties in astrophysical
population rates, which span orders of magnitude
[44,45]. While the scientific value of these sources is
clear, a systematic quantification of how instrumental
degradation (sensitivity loss) and mission duration
explicitly degrade the quality of the science return
(detection horizon and measurement precision) across
the full parameter space is lacking. Bridging this gap is
essential for defining mission-critical thresholds that
ensure science objectives are met regardless of the
specific event rate.
In this work, we quantify the scientific potential of

EMRIs and IMRIs by mapping LISA’s instrumental
performance directly to observable metrics. Instead of
relying on specific population models, we adopt a grid-
based approach covering the relevant parameter space
with primary masses m1 ∈ ½5 × 104; 107�M⊙ and secon-
dary massesm2 ∈ ½1; 104�M⊙. We utilize a fully relativistic
waveform generation pipeline to compute signal-to-noise
ratios (SNRs) and Fisher information matrices, assessing
detection horizons and parameter estimation precision.
We formulate a “degradation framework” to translate
these findings into illustrative instrumental performance
criteria.
We find that the science reach for EMRIs and IMRIs

responds differently to instrumental performance. EMRIs
with m1 ∼ 107M⊙ and m2 ∼ 1M⊙ are the most demanding
sources: their detection horizon is most vulnerable to
sensitivity degradation, and their sky localization
improves by orders of magnitude with a nominal 4.5-yr
mission duration. Conversely, IMRIs are robust in detec-
tion, but their characterization is highly sensitive to noise
levels due to their rapid evolution. Crucially, we show that
measuring the primary black hole spin with precision
better than 10−3 is achievable even in conservative
scenarios, while probing environmental effects requires
the full mission duration.
We do not consider the science objectives associated

with cosmology, as these require population models and are
left for future work [38].
This work is organized as follows. In Secs. II A–II B, we

discuss how to convert the science objectives for EMRIs
and IMRIs into a source grid of representative sources. In
Sec. II C, we discuss the LISA sensitivity, resolution, and
operational lifetime. In Sec. II D, we define the data
analysis quantities used in this work and how they are
computed. In Sec. III, we discuss how example instru-
mental performance criteria can be defined and present the
results for the sources in the grid and which ones are going
to be most affected.

II. METHODS

A. Science objectives and investigations

EMRIs and IMRIs are expected to probe the properties
and immediate environments of black holes in the local
Universe and explore the fundamental nature of gravity and
black holes [1]. Associated with these science objectives
are science investigations (SIs), which for completeness we
repeat below following Ref. [1].
SI 3.1 aims to detect gravitational-wave signals from

EMRIs with massive black hole masses, m1, between a
few times 104M⊙ and a few times 107M⊙ at redshifts up
to z ∼ 3, for inspiralling objects of m2 ≈ 10M⊙. This
investigation aims to address the following questions.
What are the mass and spin distributions of massive black
holes? In what types of stellar and gaseous environments
do these massive black holes live? Which physical
processes dominate stellar dynamics near these massive
black holes?
SI 3.2 aims to detect gravitational waves from IMRIs at

low redshift, z < 2, in which the intermediate-mass black
hole has mass in the range 103–104M⊙. How readily do
intermediate mass black holes form in stellar clusters and
Galactic nuclei? How do these intermediate-mass black
holes subsequently grow, and what are their properties?
How often do these intermediate-mass black holes merge
with massive black holes?
SIs 5.2–5.5 aim to probe theories of gravity alternative to

General Relativity (GR); for example, are the massive
objects observed at the centres of galaxies consistent with
the rotating Kerr solution predicted by GR, and are there
new fundamental fields that induce hair on black
holes? [46].
Finally, for SI 5.3, we probe various GW emission

channels. For example, are there GW emission channels
beyond GR? Are there new physical degrees of freedom
and extra GW polarisations, as predicted by some exten-
sions of the standard model and of GR?
Given the uncertainties on the astrophysical population

of EMRIs and IMRIs (detection rates range between 1 and
1000 [44,45]), we do not make an explicit assumption
on the underlying formation channels and theoretical
astrophysical distribution of these sources [47]. Instead,
we adopt the following principles for constructing a
grid of the parameter space of interest for the science
investigations:

(i) We consider mass ranges within the validity of our
waveform generation framework, here adopted to be
FastEMRIWaveform (FEW), for eccentric equatorial
inspirals into rapidly-spinning black holes imple-
mented through the class FastKerrEccentricEquatorialFlux

of FEW [48–52].
(ii) We ensure the secondary stellar-mass object mass in

EMRIs spans the current range of masses observed
by the LIGO-Virgo-KAGRA Collaboration [53].
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(iii) we choose sources to span the LISA sensitivity band
in order to cover the time-frequency evolution of
EMRIs and IMRIs.

B. Source assumptions

The science objectives and investigations are translated
into the source population presented in Fig. 1. We
consider sources with primary masses in the range
m1 ∈ ½5 × 104; 107�M⊙ and secondary masses in the range
m2 ∈ ½1; 104�M⊙, with mass ratios m2=m1 spanning from
10−3 to 10−7.
The primary masses cover the expected mass range of

massive black holes observed with electromagnetic obser-
vations such as those from Sloan Digital Sky Survey Data
Release 16 Quasar catalog (SDSS DR16Q) [54], active
galactic nuclei (Table III of Ref. [55]), quasiperiodic
oscillations and eruptions (see Table 1 in Ref. [56]; see
also Refs. [57–65]), and tidal disruption events (TDEs)

[66]. For more information on the electromagnetic obser-
vations, see Appendix A. Smaller primary masses than
these would lead to a GW frequency plunge above the
LISA sensitivity band, while larger primary masses would
lead to initial frequencies below it. The secondary masses
cover the expected mass range of stellar-mass black holes
observed with ground-based detectors [53].
Having defined the component masses, we then need to

consider the orbits of the inspiralling object around the
massive black hole. We consider prograde and retrograde
orbits labeled by the positive and negative sign of the
dimensionless Kerr spin parameter a of the primary
massive black hole. We neglect the spin of the secondary
object, as its effect on the waveform is negligible at first
order in the mass ratio expansion [67,68] and currently not
implemented.
Prograde orbits are more likely to be observed due to the

higher-frequency content of the signal and the longer time
spent in band. Retrograde orbits allow us to set conservative
requirements on the instrumental capabilities due to their
lower frequency content. This difference is shown in the
left panel of Fig. 2, where the GW frequency evolution as a
function of time is shown for different primary masses and
at fixed mass ratio m2=m1 ¼ 10−3. We choose a reference
absolute spin of jaj ¼ 0.99 [69]. This is below the Thorne
limit a ∼ 0.998 [70] and above the median spin ∼0.98
considered in Ref. [44] and is consistent with observations
presented in Ref. [71]. We do not aim to model astrophysi-
cally motivated spin distributions but rather to cover the
parameter space of interest for the science investigations,
from pessimistic to optimistic scenarios.
Although there are generic EMRI models [50], they have

been shown to be inaccurate in estimating the SNR and the
measurement precision for high spin and eccentricity [48].
Therefore, we consider equatorial orbits, and we do not
include orbital inclination as a parameter of the source
population.
We consider two final eccentricities ef ¼ 0; 10−2 to

cover circular and eccentric orbits. The precise definition
of final eccentricity will be given in Sec. II D 1. Most of our
analysis will be focused on circular orbits which are going
to be more relevant for detection purposes, since, for fixed
inspiral duration, larger eccentricities are likely to provide
lower SNRs. However, future investigations should include
the impact of eccentricity and its relation to specific
formation scenarios [47], such as the loss cone [72], wet
EMRIs [55,73], and tidal-separation [74] formation sce-
narios. Depending on the mass ratio and primary mass, the
initial eccentricity can vary from nearly circular to highly
eccentric [44]. This effect can be seen in the right panel of
Fig. 2 where the eccentricity evolution as a function of GW
frequency is shown for different primary masses and at
fixed mass ratio m2=m1 ¼ 10−3.
To assess EMRIs’ observations to probe astrophysical

environments and modifications to GR, we use the

FIG. 1. Top: electromagnetic observations of massive black
holes with primary mass m1 and redshift z that could potentially
host companions and therefore be the target of LISA observa-
tions. We present estimates of quasars (blue dots), active galactic
nuclei (AGN) (black cross), quasiperiodic eruptions and oscil-
lations (QPE and QPO) (violet diamond), and tidal disruption
events (green plus). These redshift and mass measurements are
characterized by large uncertainties and are only representative of
the capabilities of electromagnetic observations. Bottom: EMRIs
and IMRIs component masses considered in this work, source-
frame primarym1, and secondary massm2. The horizontal shaded
area (yellow) shows the ground-based masses from gravitational
wave observations of the LIGO-Virgo-KAGRA Collaboration.
The diagonal lines indicate constant mass ratios m2=m1.
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parametrized post-Einsteinian framework [75], which
allows us to capture a wide range of physical effects in
a model-agnostic way. Since such a formalism cannot be
easily generalized to generic orbits (although there are
extensions to precessing orbits and bursts in Refs. [76,77]),
we consider only circular EMRIs. These effects are
implemented through power-law corrections to the rescaled
total angular momentum flux [24],

L̇=ðν2m1Þ ¼ L̇GW þ A

�
p

10m1

�
nr
·
32

5

�
p
m1

�
−7=2

; ð1Þ

where ν ¼ m1m2=ðm1 þm2Þ2 is the symmetric mass ratio,
the first term L̇GW is the gravitational-wave contribution,
and the second term incorporates the deviation from
(vacuum) GR. The dimensionless amplitude A is the
fractional deviation at semilatus rectum p ¼ 10m1 in the
flux, while nr is a power-law index determined by
the physical mechanism responsible for the departure from
vacuum GR.
Different choices of nr describe the leading (weak-field)

behaviors of both GR modifications and astrophysical
environmental effects incorporating different science
investigations:

(i) nr ¼ 8 corresponds to migration torques in the
fiducial α-disk model for accretion-disk effects
[25,26,28].

(ii) nr ¼ 5.5 corresponds to dynamical friction from a
constant density dark matter distribution [78–80].

(iii) nr ¼ 1 corresponds to dipolar emission of the scalar
charge carried by the stellar-mass secondary com-
pact object in a broad class of modified gravity
theories [7,16,18–21,81].

(iv) nr ¼ −2 corresponds to deviations from the Kerr
multipole structure of massive black holes (i.e.,
violations of the no-hair theorem) [13,82,83].

For our analysis, we assume no deviation and study the
constraint on the amplitude A. In Appendix B, we provide

further details on these deviations and describe how the
fractional amplitude A can be mapped to physical quantities
of interest (e.g., disk density and accretion rate for nr ¼ 8).
For the scalar charge emission ðnr ¼ 1Þ, we also consider
the fully relativistic case, described in Appendix B 3.

C. Instrumental constraints

The LISA mission has temporal and operational con-
straints that affect its scientific capabilities [1]. In this
section, we summarize the key instrumental constraints
relevant to the purpose of this work.
The nominal science phase is scheduled to last 4.5 yr

from the beginning of operational observations. However,
this nominal period does not represent continuous unin-
terrupted observations. The mission availability, also
referred to as the duty cycle, is specified as a percentage
of the actual usable data assumed to be 82%. Recent work
[84] has demonstrated that the (median) effective duty
cycle after accounting for the merging of data gaps is
∼84%, implying that our results (when assuming a duty
cycle of 82%) should be interpreted as conservative. The
duty cycle of the LISA mission accounts for scheduled
maintenance intervals, instrument calibration activities,
spacecraft decommissioning procedures, and unforeseen
operational interruptions. When these factors are accounted
for as data gaps, the actual accumulated science observing
time is approximately 3.69 yr, which represents the
effective duration of gravitational wave data suitable for
scientific analysis.
In this work, we do not explicitly model the effect of data

gaps, but this effect could be approximated by applying a
factor of

ffiffiffiffiffiffiffiffiffi
0.82

p
to SNRs and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=0.82

p
to precision

statements. This approximation would start to break down
near plunge but would still provide a rough estimate to the
loss of parameter precision and SNR.
The strain sensitivity is related to the instrument sensi-

tivity through the transfer function of the detector, which
accounts for the response of the interferometric arms to GW

FIG. 2. GW frequency evolution as a function of time (left) and eccentricity (right) for an inspiral of 3 months for different primary
massm1 and prograde (solid line) and retrograde dimensionless spin a (dashed line). The GW frequency is given by twice the azimuthal
fundamental frequency of the orbit. The mass ratio is fixed to m2=m1 ¼ 10−3 and the horizontal lines indicate the Nyquist frequency
corresponding to different sampling rates Δt.
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signals. The instrument sensitivity is characterized by the
noise power spectral density (PSD) of the time-delay
interferometry (TDI) data stream channels [85].
The LISA data processing framework employs TDI as its

foundation to remove laser frequency noise while retaining
GW signals [86–89], with supporting techniques to sup-
press clock noise [90,91], spacecraft jitter [92–95], and
other instrumental effects [96,97]. We will express a
degradation d of the LISA sensitivity as an increase in
the noise PSD of the TDI channels.
The fundamental performance limits are due to test mass

acceleration noise at frequencies below approximately
1 mHz and photon shot noise at higher frequencies, with
the former limitation validated through the LISA Pathfinder
mission [98]. A practical constraint from the Galactic
binary foreground exists in the frequency band from 0.3
to 3 mHz, but this represents astrophysical signals rather
than instrumental limitations. To account for these instru-
mental and processing constraints, we utilize the LISA
sensitivity curves specified for the TDI second-generation
A and E channels shown in Fig. 3, which incorporate both
instrumental noise according to Ref. [85] and the galactic
white dwarf confusion foreground [99]. The PSD is
interpolated and smoothed to mitigate numerical artifacts
associated with sharp nulls in the TDI transfer functions
[100] (see dashed red line in Fig. 3). These nulls arise from
complex exponential delays in the TDI response and,
although physically present, can amplify spectral leakage
effects in finite data segments. We consider three mission
durations: T ¼ ½0.25; 1.5; 4.5� yr, representing, respec-
tively, an early mission, midstage, and nominal-phase
scenario. Since we have access only to two estimates of
the PSD and foreground models [99] from Ref. [43], we

adopt the 1.5-yr PSD for mission durations of 0.25 and
1.5 yr and the 4.5-yr PSD for the mission duration of 4.5 yr.
We neglect the null T channel since it suppresses the GW
signals below a certain frequency [101,102] and it is not
going to meaningfully affect the results.

D. Pipeline implementation

The numerical implementation of our analysis is based
on a Python pipeline available at [103].
The pipeline takes as input the source-frame masses

ðm1; m2Þ in solar masses, the primary dimensionless spin
parameter a, redshift z, final eccentricity ef, and the time to
the end of the inspiral T in years (also referred to as the time
to plunge). The user can also specify the LISA noise PSD
file, the sampling interval Δt, the number of Monte Carlo
realizations NMC over phases, sky locations, and spin
inclinations as well as whether to include the parametrized
beyond-vacuum GR effects discussed previously. The
output of the pipeline is a set of files containing the
SNR and Fisher matrix results for each Monte Carlo
realization. In the following, we describe in detail the
main stages of the pipeline and define the aforementioned
quantities.

1. Trajectory generation

The first step of the pipeline is to compute the EMRI
trajectory used by the waveform generator, which requires
detector-frame masses and the initial orbital elements
semilatus rectum and eccentricity (p0, e0). We use the
FEW [48] package to generate EMRI trajectories and
waveforms in eccentric, equatorial orbits in Kerr [48].
The input source-frame masses are converted into detector-
frame masses using the standard cosmological relation
m1;det ¼ ð1þ zÞm1 and m2;det ¼ ð1þ zÞm2. The luminos-
ity distance is computed from the redshift using a Planck18
cosmology [104,105]. Since we consider equatorial orbits,
the inclination is fixed, and prograde and retrograde orbits
are determined by the sign of the dimensionless spin a
(positive for prograde and negative for retrograde).
Initial orbital parameters ðp0; e0Þ are obtained by inte-

grating the orbital elements backward from the separatrix
psða; efÞ (plus a small buffer of 2 × 10−3, enforced by the
model’s domain of validity), defined at the final eccentricity
ef. The inspiral equations of motion, including radiation-
reaction effects, are solved using the KerrEccEqFlux model
with adaptive step-size control and an absolute tolerance
of 10−13.
For systems with parametrized deviations from vacuum

GR, we employ the modified module KerrEccEqFluxPowerLaw,
which implements the model in Eq. (1) for trajectory
evolution. In this case, we restrict to circular orbits, for
which the energy and angular momentum losses satisfy the
balance relation Ė ¼ ΩϕL̇, where Ωϕ is the azimuthal
orbital frequency [106,107]. For the nr ¼ 1 case, we also

FIG. 3. LISA time delay interferometry sensitivity curves for
second-generation A and E channels. The blue solid line
represents the instrumental noise only, while the dashed and
dot-dashed lines include the galactic white dwarf confusion
foreground estimated for durations of 1.5 and 4.5 yr, respectively.
At frequencies above 10−2 Hz, we apply a smoothing of the
sensitivity curve, shown as a dashed red line, to avoid numerical
artifacts due to the zeros of the response. At frequencies below
10−4 Hz, we impose a smooth increase to account for the lower-
frequency limit guaranteed by the requirements.
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performed a comparison with the fully relativistic trajec-
tory, implemented in the KerrCircEqFluxScalar class and
described in Appendix B 3.

2. Waveform generation

The waveform parameter space is given by

θ ¼
�
m1;det; m2;det; a; p0; e0; dL;ΩS;ΩK;Φ0|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Monte Carlo

; A; nr

�
; ð2Þ

where the parameters ½m1;det; m2;det; a; p0; e0; dL; A; nr� are
derived from the input quantities as described above. The
remaining parameters are sampled randomly. The sky
position ΩS ¼ ðθS;ϕSÞ and the Kerr spin orientation
ΩK ¼ ðθK;ϕKÞ in the Solar System barycenter are drawn
uniformly over the sphere, while the initial azimuthal and
radial orbital phases Φ0 ¼ ðΦϕ;0;Φr;0Þ are sampled uni-
formly in ½0; 2π�.
The FEW package provides the plus and cross polar-

izations hþðtÞ and h×ðtÞ in the Solar System barycenter
frame. These are projected onto the LISATDI 2.0 A and E
channels using FASTLISARESPONSE [108], which accounts
for the LISA orbital motion, unequal arm lengths, and the
detector. Our choice of LISA orbits introduces small
correlations between the A and E channels, which are
neglected in this analysis. As shown in Ref. [108], this
approximation leads to only marginal changes in the SNR
and parameter uncertainties, even for observation times of
up to 4 yr.
We include waveform harmonics down to a relative

mode-amplitude threshold of 10−5, ensuring that the
residual signal is of the order of 10−5 (see Ref. [48] for
further details on the mode selection).
The pipeline is executed on graphics processing units,

and the results presented here were obtained using an
NVIDIA A100 with 41 GB of memory. This memory
capacity is required to store the long-duration waveforms
and intermediate quantities for the Fisher matrix calcula-
tion. To optimize memory usage, we adopt different
durations and sampling intervals:

Δt ¼ 0.6 s for m1 ¼ 5 × 104; 105M⊙; ð3Þ

Δt ¼ 10 s for m1 ¼ 106M⊙; ð4Þ

Δt ¼ 100 s for m1 ¼ 107M⊙: ð5Þ

For beyond-vacuum GR systems observed over 4.5 yr,
we use Δt ¼ 10 s for m1 ¼ 106M⊙ and Δt ¼ 3 s for
m1 ¼ 105M⊙. This is the maximum memory capacity
allowed, and we checked that our results are insensitive
to these choices.

3. Calculating detection and inference proxies

A complete end-to-end LISA data-analysis pipeline for
EMRIs/IMRIs is not yet available. So, we adopt a sim-
plified approach to capture the essential aspects of data
analysis, which is sufficient for the purpose of this work,
i.e., to define illustrative instrumental performance criteria.
We consider one EMRI or IMRI present in the data and
assume that all the other detectable LISA source types have
been identified and subtracted from the data.
We adopt two standard diagnostics that capture the

essential aspects of data analysis: (i) detection, quantified
through the optimal matched-filter SNR, and (ii) inference,
quantified through Fisher-matrix parameter uncertainties.
These quantities directly inform higher-level analyses such
as hypothesis testing and population studies.
The optimal matched-filter SNR is computed using the

noise-weighted inner product,

ρ2CðθÞ ¼ 4

Z
fmax

fmin

jh̃Cðf; θÞj2
SnðfÞ

df; ð6Þ

where h̃Cðf; θÞ is the Fourier transform of the waveform in
TDI channel C for source parameters θ. The one-sided
noise power spectral density (PSD) SnðfÞ is the same for
the two TDI channels C ¼ A, E and is a combination of
instrumental noise and the galactic white dwarf confusion
foreground as described in Sec. II C.
The integration bounds are determined from the har-

monic content of the waveform, enlarged by a 1% safety
margin. Equation (6) assumes a stationary, Gaussian noise
process; extensions to more realistic noise models are
deferred to future work [109]. In practice, Eq. (6) is
evaluated using discrete Fourier transforms of tapered
time-domain waveforms. We apply a one-day Tukey
window prior to transformation to suppress spectral
leakage.
For each Monte Carlo realization over sky location ΩS,

spin orientation ΩK , and initial phases Φ0, we compute

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
C¼A;E

ρ2C

s
ð7Þ

and report the median over NMC realizations,

SNR ¼ median
ΩS;ΩK;Φ0

½ρ�; ð8Þ

which reduces sensitivity to orientation-driven outliers. To
estimate parameter uncertainties, we use the Fisher infor-
mation matrix [110,111], valid in the large-SNR limit under
the same Gaussian, stationary noise assumptions,

ΓC
ij ¼

�
∂hC
∂θi

				 ∂hC
∂θj



ð9Þ
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¼ 4Re
Z

fmax

fmin

∂θi h̃
�
CðfÞ∂θj h̃CðfÞ
SnðfÞ

df; ð10Þ

with corresponding covariance matrix Σ ¼ ðPC ΓCÞ−1 and
1-σ uncertainties

σθi ¼ median
ΩS;ΩK;Φ0

½
ffiffiffiffiffiffi
Σii

p
�: ð11Þ

Waveform derivatives are computed numerically using the
StableEMRIFisher package [112], which implements adaptive
central finite differences. We employ fourth-order schemes
for vacuum inspirals and eighth-order schemes when
including parametrized GR deviations, which require
higher numerical precision.
We reparameterize the eccentricity via e → log e, which

allows us to numerically differentiate in the low-
eccentricity regime while ensuring positivity. After inver-
sion in logarithmic space, uncertainties are mapped back
to the physical parameter basis using the appropriate
Jacobian transformation. A Jacobian transformation is
also used to convert detector-frame into source-frame
mass measurements.
As for the SNR, we compute the Fisher matrix for each

Monte Carlo realization and report the median fractional
uncertainties,

σm1
=m1; σm2

=m2; σa=a; σe0=e0; σdL=dL; σA;

as well as the sky-localization area,

ΔΩS ¼ 2π sin θS
ffiffiffiffiffiffiffiffiffiffiffiffi
detΣS

p �
180

π

�
2

½deg2�; ð12Þ

computed from the 2 × 2 submatrix ΣS associated with
ΩS ¼ ðθS;ϕSÞ [113].
The computational cost of the pipeline is displayed in

Table I for an NVIDIA A100 on the Spider Cluster for the
results presented in Secs. III B 4 a–III C. We note that the
timing includes diagnostic plots and checks and the 1000
Monte Carlo realizations. The timing results exhibit a
pronounced separation between the detection and inference
stages. Detection analyses over 580 systems take a total of
1.9 days, with a median of 4 min. per system, ranging from
a minimum of 2 to a maximum of 10.4 min. The inference
analyses over 216 systems are substantially more expen-
sive, with a total of 8.9 days and a median of 33 minutes per
system, from a minimum of 4.6 minutes up to a maximum
of 377 minutes. Consequently, population-scale studies
will be dominated by inference expense which can be
mitigated by running on different GPUs in parallel.

III. RESULTS

The results of our study are organized around progress
from a conservative to more ambitious science reach. We

first establish what LISA can achieve with the nominal
instrument and a conservative 3-month observation win-
dow (Secs. III A–III B 4 a), then quantify how those capa-
bilities improve with the full mission duration (Sec. III C),
and finally assess probes of beyond-vacuum GR with the
complete 4.5-yr baseline (Sec. III D). For each science
capability, we provide an example performance criterion
quantifying the maximum allowable degradation before
that capability is compromised.

A. Instrumental degradation framework

A requirement is a clear, testable statement that a system
shall satisfy in order to meet an identified stakeholder need.
Requirements must be expressed using mandatory language
(“shall”), bemeasurablewith quantitative criteria, and remain
traceable to the underlying science objectives [114–121].
The science objectives associated with EMRIs and

IMRIs can only be achieved if these sources are both
detected and accurately characterized. However, require-
ments derived directly from the expected astrophysical
population would be strongly affected by large uncertain-
ties in source rates and distributions. For this reason, we
formulate requirements in terms of instrumental perfor-
mance and its impact on detection and parameter estima-
tion, rather than on absolute source counts.
We adopt the reference noise power spectral density

SnðfÞ as the baseline instrumental configuration that
defines reference values for the SNRref and parameter
uncertainties σref . Instrumental degradation is parametrized
by a multiplicative factor d applied to the noise PSD,

SnðfÞ → d SnðfÞ: ð13Þ

Under this transformation, the detection and inference
performance scale as

SNRðdÞ ¼ SNRrefffiffiffi
d

p ; σðdÞ ¼ σref
ffiffiffi
d

p
: ð14Þ

TABLE I. Table of computational cost of the pipeline for the
detection and inference analyses. Each system is defined
as a unique combination of primary mass, secondary mass,
primary spin, final eccentricity, time to plunge, and redshift
ðm1; m2; a; ef; T; zÞ for which 103 Monte Carlo realizations of
sky position, spin orientation, and initial phases are performed to
obtain the median SNR (eetection) and parameter uncertainties
(inference). The runtime is measured on an NVIDIA A100 GPU
with 41 GB of memory.

Metric Detection Inference

Number of systems 580 216
Total runtime (days) 1.93 8.87
Median runtime (minutes) 4 33
Minimum runtime (minutes) 2 4.6
Maximum runtime (minutes) 10.4 377

QUANTIFYING THE SCIENTIFIC POTENTIAL OF … PHYS. REV. D 114, 064012 (2026)

064012-7



These scalings follow directly from the noise-weighted
inner products entering the SNR and Fisher matrix defi-
nitions [Eqs. (6)–(10)]. In reality, the impact of degradation
may be more complex, depending on specific noise features
and their interplay with signal characteristics. In particular,
the confusion noise estimated at 1.5 and 4.5 yr with the
reference PSD might not be affected by a degradation in
sensitivity. For the purpose of our work, we ignore this
effect, and we apply the degradation factor to the overall
PSD envelope assuming this leads to more conservative
results. This allows us to use the scalings of Eq. (14) to
provide a tractable, instrument-facing framework.
Based on this, we provide examples of criteria that define

acceptable performance. Requiring that the SNR does not
decrease by more than 30% gives approximately

SNRðdÞ ≥ 0.7SNRref ⇒ d ≤ 2: ð15Þ

The SNR sets the detection threshold SNRdet relevant for
population studies, since the number of detected sources
scales approximately as Ndet ∝ ðSNR=SNRdetÞ3 [31].
Instead, requiring that parameter uncertainties do not
increase by more than 40% gives

σðdÞ ≤ 1.4σref ⇒ d ≤ 2: ð16Þ

Both thresholds correspond to the same degradation factor
d ¼ 2, which also coincides with the loss-of-one-arm
scenario (see Sec. 4.5 of Ref. [1]). These statements are
directly verifiable; a given instrumental configuration either
satisfies the bound on d or it does not. In the following
sections, we provide examples of how to formulate perfor-
mance requirements and identify which sources are themost
sensitive to degradation. The reader can interactively check
the results and the impact of degradation through the
interactive website and decide which level of degradation
is best suited for their scientific goal. We stress that these
requirements are not supposed to be imposed at any level but
are examples of how to formulate a quantitative instrumental
performance requirement within our framework.

B. Baseline science reach

We first characterize LISA’s science reach under the
nominal instrument and a 3-month observation window
(T ¼ 0.25 yr). This baseline scenario represents the most
conservative assessment: a short snapshot of the sky using
only a fraction of the total mission duration. We evaluate
detection performance across cosmic history (Sec. III B 1),
then use the resulting detection redshifts to evaluate
parameter estimation at a fixed SNR threshold across four
science probes: intrinsic masses and spin (Sec. III B 2),
orbital eccentricity (Sec. III B 3), and source localization
(Sec. III B 4). Example performance criteria for each
capability are provided at the end of the relevant subsection.

1. Detection horizon

To investigate detection performance and illustrate how a
performance criterion can be defined, we compute the SNR
of sources across cosmic history. We run the pipeline with
input parameters ðm1; m2; a; ef ¼ 0; T ¼ 0.25 yr; zÞ across
the redshift range ½10−3; 10�, sampled logarithmically in 10
bins. The corresponding luminosity distance range is
approximately 4 Mpc to 102 Gpc. The minimum redshift
of 10−3 is motivated by the range of dynamical black hole
mass measurements [122,123], while z ∼ 10 corresponds to
the epoch when the first massive black hole seeds are
expected to form in assembling galactic nuclei [124–126].
We consider the 15 mass pairs ðm1; m2Þ of Fig. 1, each

with spins a ¼ �0.99, yielding 30 system configurations.
We employ the noise PSD corresponding to a mission
duration of T ¼ 1.5 yr. By interpolating the median SNR
as a function of redshift for each ðm1; m2; aÞ configuration,
we obtain the detection horizon zðSNRÞ shown only for
prograde orbits in Fig. 4 for a ¼ þ0.99 and SNR ¼ 30
[127]. Retrograde orbits are not shown but are discussed in
the text. We encourage the reader to explore the full set of
results, including retrograde orbits, through the interactive
website.

FIG. 4. EMRI/IMRI redshift horizon for different source-frame
primary masses m1 and dimensionless spin a ¼ þ0.99 with
source-frame secondary mass m2 for a detection threshold of
SNR ¼ 30. The observational window and the time to plunge are
set to T ¼ 0.25 yr. We present estimates of quasars (blue dots),
active galactic nuclei (AGN) (black cross), quasiperiodic erup-
tions and oscillations (QPE and QPO) (violet diamond), and tidal
disruption events (green plus).
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Three features stand out. First, the redshift horizon
increases monotonically with secondary mass m2, since
SNR scales linearly with m2 at fixed primary mass and
distance. Second, the horizon peaks around m1 ∼ 106M⊙:
the primary mass sets the gravitational wave frequency, and
the LISA band reaches its minimum strain sensitivity at
∼7.9 × 10−3 Hz, which for a ¼ þ0.99 (a ¼ −0.99) corre-
sponds to a last-stable-orbit frequency from a primary of
m1 ∼ 3 × 106M⊙ (m1 ∼ 3 × 105M⊙). Third, and most rel-
evant for mission planning, the systems at the extremes of
the mass-ratio range—light secondaries (m2 ¼ 1M⊙) and
retrograde orbits—have the shallowest horizons and are
therefore most sensitive to sensitivity degradation.
From the horizon plot, LISA will detect EMRIs in

electromagnetically observed galactic centers up to redshift
z ∼ 0.01–0.1. IMRIs, with their heavier secondaries, reach
much further: LISA can assess whether high-redshift
quasars host heavy IMRIs with m1 ¼ 107M⊙, m2 ¼
103M⊙ out to z ∼ 1.2.

Detection requirement By choosing T ¼ 0.25 yr and the
lightest secondary m2 ¼ 1M⊙, we provide the following
example requirement on detection performance: the LISA
performance shall ensure that, for every pair fm1; ag in the
EMRI/IMRI reference population with m2 ¼ 1M⊙ and
zref ¼ 0.0215, the median SNR does not decrease by more
than 30% relative to the baseline PSD evaluation.
The acceptance criterion is SNRðdÞ=SNRref ≥ 0.7 for all

such sources, verified with the pipeline. The reference
redshift zref ¼ 0.0215 can be replaced by any redshift
within the horizon, since the requirement is on the relative
SNR loss. The 30% threshold is motivated by the cubic
scaling Ndet ∝ ðSNR=SNRdetÞ3; a 30% SNR loss corre-
sponds to roughly a factor-of-2 reduction in detectable
sources. By using both spins a ¼ �0.99, we ensure the
requirement covers the full spin distribution, from the most
optimistic prograde to the most pessimistic (retrograde)
scenarios. A degradation of d ¼ 1.5 would reduce the SNR
by ≈20%, marginally within the acceptable range; the first
sources lost are EMRIs with m2 ¼ 1M⊙ on retrograde
orbits around m1 ¼ 107M⊙ primaries.

2. Masses and spin inference

If the detection requirement is satisfied, we proceed to
evaluate parameter estimation. For each system configu-
ration ðm1; m2; aÞ, we place the source at the redshift
zðSNR ¼ 30Þ obtained from the detection horizon analysis
and run the inference pipeline with ef ¼ 0, T ¼ 0.25 yr.
Systems that do not reach SNR ≥ 30 within z∈ ½10−3; 10�
are excluded; in practice, this affects only a ¼ −0.99,
m1 ¼ 107M⊙, and m2 ¼ 1; 10M⊙. The full list of results
is provided in Appendix C and in Table II. In the following,
we present the results for prograde orbits.

a. Mass measurements. The top panel of Fig. 5 shows the
relative uncertainty on the source-frame primary mass
σm1

=m1. Precision improves for smaller secondary masses
with precision of σm1

=m1 ∼ 0.34% for low-mass systems
(m1 ¼ 105M⊙, m2 ¼ 1M⊙), degrading to ∼98% for high-
mass, and high-mass-ratio systems (m1 ¼ 106M⊙,
m2 ¼ 103M⊙). The secondary mass follows the same trend,
from∼0.3% at the lowest mass ratios to∼77% for q ¼ 10−3.
These source-frame uncertainties are dominated by the
luminosity distance uncertainty, which enters through the
Jacobian transformation as σdL=ð1þ zÞdz=ddL. Detector-
frame masses are measured with substantially higher
precision, in the range ∼10−5 − 10−1, representing an
improvement of 1 to 2 orders of magnitude relative to
source-frame quantities. Precision degrades slightly at the
edges of the LISA band (lowest and highest m1), while
retrograde orbits worsen σm1;det

=m1;det by approximately an
order of magnitude compared to prograde.

FIG. 5. Relative measurement precision for source-frame pri-
mary mass m1 (top panel) and dimensionless spin a (bottom
panel) as a function of component masses m1, m2 for prograde
orbits (a ¼ 0.99) at fixed median SNR of 30 and 3-month
observations.
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b. Spin measurements. The bottom panel of Fig. 5 shows
the dimensionless spin precision σa=a. Owing to the strong
dependence of the EMRI waveform phase on the Kerr spin
[15], spin is measured with accuracy, typically in the
range 10−6 − 10−2. All systems achieve subpercent spin
precision, with the tightest constraints obtained for low-
mass secondaries (m2 ≤ 10M⊙) largely independent of
primary mass. This accuracy enables precision tests of
the Thorne limit (a≲ 0.998) and constraints on black hole
formation and growth scenarios. The largest uncertainties
occur for IMRIs with m2=m1 ¼ 10−3; the tightest meas-
urement, σa=a ≈ 4 × 10−6, is achieved for m1 ¼ 106M⊙
and m2 ¼ 1M⊙. Retrograde orbits are worse by up to 3
orders of magnitude: for m1 ¼ 107M⊙, the spin becomes
effectively unconstrained, while the best retrograde con-
straint reaches σa=a ≈ 3 × 10−3 for m1 ¼ 5 × 104–105M⊙
and light secondaries.
c. Caveat: secondary spin. In this analysis, we neglect

the contribution of the secondary spin to the orbital phase.
This effect enters the radiation-reaction fluxes at second
order in the mass ratio and contributes only Oð1Þ radians
over the full inspiral, compared to the dominantOðm1=m2Þ
phase evolution [68]. For EMRIs, previous studies on
circular orbits around nonrotating primaries show that
the secondary spin is not directly detectable and has
negligible impact on other parameters; we therefore expect
our EMRI results to be unaffected. For IMRIs, however,
including the secondary spin leads to a degradation of
intrinsic parameter measurements by approximately 1 order
of magnitude due to strong parameter correlations [68], so
the IMRI mass and spin measurements reported here
should be regarded as optimistic. A reassessment will be
required once waveform models including secondary spin
become available.

3. Orbital eccentricity

The orbital eccentricity of EMRI/IMRIs also encodes
key information about their formation channels. Systems
formed through two-body relaxation in dense stellar cusps
are expected to retain significant eccentricity at plunge
[72], while those formed via tidal capture or in accretion
disks are expected to be nearly circular [47].
Across all sources in Fig. 1, we set ef ¼ 10−2 and T ¼

0.25 yr to study their measurement precision for the initial
eccentricity e0. Fixing ef ensures that all systems with the
same spin follow identical orbital trajectories in the semi-
latus rectum–eccentricity (p–e) plane; with this choice,
IMRIs have larger initial eccentricities than EMRIs.
Figure 6 shows σe0=e0 as a function of e0 for different

combinations of m1 and m2=m1. The precision depends
strongly on mass ratio and for fixed mass ratio scales
approximately as σe0=e0 ∝ e20 for mass ratios 10−3, 10−4,
and 10−5. This relation can be explained by the direct
proportionality between relative measurement precision

and the square root of the mismatch, which was shown
in Fig. 18 of Ref. [48] to scale as ðe0Þ2. This is expected
because higher eccentricities produce richer harmonic
content that breaks parameter degeneracies. The relative
precision σe0=e0 ranges from 50% for m1 ¼ 107M⊙; m2 ¼
100M⊙ to 0.002% for m1 ¼ 5 × 104M⊙; m2 ¼ 50M⊙. The
achieved precision should be sufficient to discriminate
between wet and dry formation channels (see Table I of
Ref. [47]), providing a powerful probe of black hole growth
and stellar dynamics in galactic nuclei.

4. Source localization and distance

Accurate source localization, determined by the sky
position ΩS and luminosity distance dL, is essential for
multimessenger astronomy; it enables targeted electromag-
netic follow-up of EMRI/IMRI host galaxies and allows
these systems to be used as standard sirens for cosmol-
ogy [38].
Figure 7 shows the localization performance at fixed

median SNR of 30 and 3-month observations. LISA can
typically localize EMRIs to within 30–500 deg2, with the
best performance for systems with m1 ∼ 105M⊙ and low-
mass secondaries. Luminosity distance is measured with
σdL=dL ∼ 11–32% across the parameter space, with weak
dependence on source configuration. In this work, we
neglect the impact of peculiar velocities and gravitational
lensing, which contribute at the few-percent level to the
redshift uncertainty at low redshift (z ¼ 0.1) and at the
∼10% level for z≳ 1 [128]. Compared to previous works
[44] where 10 deg2 ≳ ΔΩS, the sky localizations are
substantially larger. This is due to the shorter duration

FIG. 6. Relative precision on the initial orbital eccentricity
σe0=e0 as a function of e0 for different primary masses m1

(indicated by the markers) and mass ratios (indicated by line
colors).
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(3 months), the systems considered (EMRI to IMRIs) and
the considered orbits (equatorial circular). These large
uncertainties on the sky localization would make multi-
messenger science particularly challenging. However, these
results are for 3 months observations and equatorial circular
orbits. As we will see in Sec. III C, a longer observational
baseline would allow sky localization below 10 square
degrees.

Inference requirement The three subsections above
(Secs. III B 2–III B 4) together allow us to define the
following example of the inference requirement: the
LISA performance shall ensure that, for every source in

the EMRI/IMRI reference population, the relative uncer-
tainties on source-frame component masses σm1;2

=m1;2,
primary spin σa=a, luminosity distance σdL=dL, and sky
localizationΔΩS do not increase by more than 40% relative
to the baseline evaluation.
The acceptance is σðdÞ=σref ≤ 1.4 for each parameter,

verified with the pipeline. Under the degradation scaling of
Eq. (14), this corresponds to d ≤ 2. The sources most
sensitive to degradation are IMRIs, whose shorter in-band
duration concentrates most of the signal power near plunge,
making their parameter estimation more susceptible to
noise increases than the extended EMRI signal.

C. Impact of mission duration

The 3-month baseline of the previous section is delib-
erately conservative. In practice, the mission duration
changes what EMRI/IMRI science is possible, through
three effects. First, longer observations accumulate more
orbital cycles, directly increasing the SNR. Second, addi-
tional phase information from a longer signal breaks
parameter degeneracies, improving mass and spin preci-
sion. Third, an extended observation baseline amplifies the
Doppler modulation and parallax effects that encode sky
position, substantially improving localization. These
effects are more impactful for EMRIs than IMRIs, since
they are longer lived and accumulate SNR uniformly in
time. Nonetheless, IMRIs’ detection horizon still grows
with mission duration.
We quantify these effects by varying the time to plunge

together with the mission duration over 0.25, 1.5, and
4.5 yr and computing detection horizons and parameter
estimation precision for systems with mass ratios
m2=m1 ≤ 10−3 at fixed SNR. Fixing the SNR allows us
to isolate the improvement in measurement precision
arising from waveform information only rather than from
changes in signal strength. Figure 8 shows the results for a
representative system with m1 ¼ 107M⊙, a ¼ þ0.99, and
zero eccentricity.
For the m2 ¼ 1M⊙ system, extending observation from

0.25 to 4.5 yr increases the detection horizon redshift by a
factor of ∼4. For parameter estimation at fixed SNR ¼ 30,
the gains from the full 4.5-yr mission are substantial:

(i) The redshift horizon increases by factors of ∼2–4
relative to the 0.25-yr baseline, with the largest gains
for low-mass-ratio systems that remain in band longer.

(ii) The mass precision improves by factors of ∼2–3,
with detector-frame measurements reaching
σm1;det=m1;det ∼ 10−5 for optimal configurations;
the improvement exceeds 1 order of magnitude
for secondary masses m2 ¼ 1; 10; 100M⊙ and
amounts to a factor of a few for m2 ¼ 103M⊙.

(iii) Sky localization improves by factors of ∼10–100,
achieving precision of ΔΩS < 10 deg2 for m2 ¼
1; 10M⊙.

FIG. 7. Sky localization uncertainty ΔΩS in square degrees (top
panel) and relative luminosity distance precision σdL=dL (bottom
panel) for prograde EMRI/IMRI systems (a ¼ 0.99) at fixed
median SNR of 30 and 3-month observations. In the top panel,
the sky localization for primary mass m1 ¼ 107M⊙ and m2 ¼
1; 10; 102M⊙ are similar, so the curves overlap. In the bottom
panel, the distance precision for primary masses m1 ¼
5 × 104M⊙ are similar, so the three curves overlap.
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(iv) Luminosity distance precision improves by at most a
factor of 2, occurring for m2 ¼ 1M⊙.

(v) Spin precision improves by up to 2 orders of
magnitude for the most extreme mass ratios
(m2 ¼ 1–10M⊙), while IMRI systems show modest
improvement.

Retrograde orbits with a ¼ −0.99 show similar qualita-
tive trends with systematically worse absolute precision.
For prograde systems with ef ¼ 0.01, longer observations
also substantially improve eccentricity constraints. The
relative precision σe0=e0 improves by approximately 1
order of magnitude for m2 ¼ 1–10M⊙ and nearly 2 orders

of magnitude for m2 ¼ 100–1000M⊙, enabling sharper
discrimination between formation channels.

1. Mission duration requirement

An example performance requirement on mission dura-
tion is that the LISA performance shall ensure that the SNR
and measurement precision at 4.5 yr shall not degrade by
more than 30% and 40%, respectively.
The acceptance is σðd;T¼4.5yrÞ=σrefðT¼4.5yrÞ≤1.4

for each parameter and SNRðdÞ=SNRref ≥ 0.7 for all
sources, verified with the pipeline. This requirement can
then be translated into mission-duration and duty-cycle
allocations.

D. Probing beyond-vacuum general relativity

Having established in Sec. III C that the full nominal
4.5-yr mission substantially improves parameter estima-
tion, we now consider the extended observation time to
constrain deviations from vacuum GR. The analysis is
restricted to prograde orbits with a ¼ þ0.99, as these
configurations cause the secondary object to probe the
strongest-field region around the primary.
We consider vacuum EMRIs (A ¼ 0) and, for each

fixed power-law index nr, include A as a free parameter
in the inference. Its inferred uncertainty is then interpreted
as the minimum fractional deviation from vacuum that
would be detectable. We focus on two fiducial circular
EMRI systems with source-frame masses ðm1; m2Þ ¼
ð106; 102ÞM⊙ and ð105; 10ÞM⊙, placed at redshifts z ¼
0.5 (dL ¼ 2.92 Gpc) and z ¼ 0.25 (dL ¼ 1.30 Gpc), with
median SNRs of 118 and 42, respectively. These sources
correspond to two golden EMRIs with distinct frequency
evolutions, both lying within the bucket of the LISA
sensitivity band. Since deviations from vacuum GR are
expected, in most cases, to be small, these two systems can
be regarded as proxies for the most favorable scenarios in
which to probe such effects. Future work should extend this
analysis to a full population-level study [129].
Figure 9 summarizes the results for all physical effects

(nr) considered. A key trend governs the results: systems
with lower primary mass place tighter constraints on
nr > 0, while systems with higher primary mass are more
effective for nr < 0. This is expected as lower-mass
systems have a faster frequency evolution in the detector
frame and therefore, for the same observation time prior to
plunge, enter the observational band at larger orbital
separations where the deviation amplitude A at nr > 0 is
enhanced. Conversely, higher-mass systems spend longer
in the strong-field region and are more effective at
constraining strong-field effects with nr < 0.
a. Disk torques (nr ¼ 8). Migration torques from a

surrounding gas disk, exerted by spiral density waves
launched by the compact object’s orbital motion, enter
the angular-momentum flux with a steep radial

FIG. 8. Redshift horizon and parameter measurement precision
as a function of mission duration equal to time to plunge for
systems with primary mass m1 ¼ 107M⊙ and dimensionless spin
a ¼ þ0.99 for fixed median SNR ¼ 30. From top to bottom:
redshift horizon, detector-frame mass uncertainties σm1;det

=m1;det

and σm2;det
=m2;det, sky localization uncertainty ΔΩS, and relative

luminosity distance uncertainty σdL=dL.
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dependence, nr ¼ 8, in the fiducial α-disk model [130] (see
Appendix B 1 for details on the mapping between the
power-law amplitude and the disk parameters, e.g., the
accretion rate). We find median measurement precision
of σnr¼8

A ¼ 3.3 × 10−7 for the ð106; 102ÞM⊙ system and
σnr¼8
A ¼ 1.2 × 10−11 for the ð105; 10ÞM⊙ system. For

reference, A ¼ 1.4 × 10−6 for a disk with α ¼ 0.05 and
fEdd ¼ 0.01 around a 106M⊙ primary, with A ∝ α−1f−3Edd.
Over the astrophysically relevant range α; fEdd ∼ 0.01–0.1,
which implies that LISA will be sensitive to gaseous disk
environments around lower-mass EMRIs, in agreement
with previous studies [24,131].
For a shorter observation time prior to plunge, the

constraints degrade by ∼5 orders of magnitude for the
high-mass system, as expected: the signal begins at a
smaller initial radius, reducing the accumulated deviation in
the angular-momentum loss relative to GR (which in this
model scales as ∝ p8). At this level, the resulting bounds
cannot exclude realistic astrophysical disk configurations,
and this particular science investigation would therefore not

be achievable in that observing scenario. Finally, we note
that relativistic corrections, ignored here, can enhance the
torque magnitude by up to an order of magnitude in the
strong-field regime [132–135], further improving LISA’s
sensitivity to these effects.
b. Dynamical friction from dark matter (nr ¼ 5.5).

Dynamical friction [136,137] from a constant-density
dark matter environment imprints a radial slope nr ¼ 5.5
on the inspiral (see Appendix B 2 for details). For the same
reason as for the disk torques, the lower-mass system
provides tighter constraints: σnr¼5.5

A ¼ 1.1 × 10−8 com-
pared to σnr¼5.5

A ¼ 7.8 × 10−7 for the higher-mass system.
For reference, A ≈ 6.5 × 10−6 (6.5 × 10−9) for ρDM ¼

1017M⊙=pc3 (1016M⊙=pc3) and m1 ¼ 106M⊙ (105M⊙).
Dark matter overdensities formed by adiabatic contraction
around massive black holes can reach densities of ρDM ≲
1019M⊙=pc3 [138,139] (and boson clouds grown via
superradiance can be even denser [140]), and as in disks,
relativistic corrections can further boost dynamical friction
by orders of magnitude in the strong-field regime [32,141–
145]. These results confirm that LISA can constrain the
existence of dark matter structures in galactic nuclei, in
agreement with previous studies [28,80,131,146].
c. Secondary scalar charge (nr ¼ 1). A broad class of

scalar-tensor theories predicts that the secondary compact
object acquires a scalar charge d, which sources dipole
radiation entering at −1 post-Newtonian (PN) order relative
to the GR quadrupole flux in the weak-field region,
corresponding to nr ¼ 1 (see Appendix B 3). We obtain
σnr¼1
A ¼ 8.8 × 10−6 for ðm1; m2Þ ¼ ð106; 100ÞM⊙ and

σnr¼1
A ¼ 7.6 × 10−6 for ðm1; m2Þ ¼ ð105; 10ÞM⊙ from the

parametrized power-law trajectory. We also derive con-
straints from a fully relativistic scalar-emission model by
mapping it onto the parametric formalism, which enters the
weak-field regime at −1PN order relative to the General
Relativity quadrupole flux [see Eq. (B11) and
Appendix B 3 for details]. This fully relativistic trajectory
yields σA ¼ 4.5 × 10−6 for ðm1; m2Þ ¼ ð106; 100ÞM⊙
and T ¼ 4.5 yr, and σA ¼ 3.6 × 10−6ð1.6 × 10−4Þ for
ð105; 10ÞM⊙ at T ¼ 4.5ð0.25Þ yr.
The relativistic flux model provides constraints which

are a factor of a few smaller than the parametrized model.
This is expected because the relativistic flux model does not
follow a power law with nr ¼ 1 but contains a more
complex dependence on radius that makes the slope
effectively steeper (approximately nr ∼ 1.15).
For this case, a shorter observation time of T ¼ 0.25 yr

does not worsen the constraints by so many orders of
magnitude as for more negative nr. Nonetheless, they are
comparable to the ground-based constraint from the event
GW230529 [147], which set AGW230529 ≲ 1.6 × 10−4 for
nr ¼ 1 (see Appendix B 3 for details). LISA improves on
this bound by roughly 1 order of magnitude (although note
that this is probing a different range of the binary parameter

FIG. 9. Expected constraints on deviations from vacuum
General Relativity with circular extreme mass ratio inspiral
observations with primary and secondary masses ðm1; m2Þ and
observation length of T. The y axis shows the measurement
precision on the fractional amplitude A of angular momentum
loss deviating from vacuum General Relativity. We show two
classes of deviations: modifications to General Relativity, de-
noted by beyond GR effects, and environmental effects. These
deviations modify the inspiral rate with a characteristic radial
dependence ∝ pnr , shown as vertical lines. Any effect with an
amplitude above the constraint line would be detectable by such
an observation. Stars indicate the tightest constraints from
ground-based events GW241011 and GW230529. For the case
of scalar emission nr ¼ 1, we also show the expected constraints
obtained with a fully relativistic beyond GR model as plus
markers.
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space). Also, a previous study concluded that constraints
from the Einstein Telescope for a GW230529-like event
should be ∼1 order of magnitude better than the one set by
LVK [7] but still worse when compared with our prediction
for LISA. For a more detailed comparison see Fig. 11 and
Appendix B 3.
d. Quadrupole deviations from Kerr (nr ¼ −2).

Deviations from the Kerr quadrupole moment enter the
waveform as a weak-field correction with power-law index
nr ¼ −2 (a 2PN effect) [148,149]. As a result, they are
more tightly constrained for higher-mass primaries, which
accumulate more cycles in the strong-field regime prior to
plunge (see Appendix B 4). Using the notation of Ref. [13]
and the energy flux of Ref. [150], the forecasted constraint
σA ≃ 10−5 for the m1 ¼ 106M⊙ system translates to
σδQ ≃ 5 × 10−4, given δQ ≃ 50A (i.e., the deviation from
the Kerr quadrupole moment is δQ). This is tighter than the
bounds shown in Fig. 1 of Ref. [13]—which employed a
kludge model, 1 yr of data, m2 ¼ 100M⊙, and SNR ¼
100—and is consistent with the ranges reported in Fig. 13
of Ref. [44] and Fig. 1 of Ref. [151].
For comparison, the ringdown analysis of GW250114

[152] yields jδQj≲ 0.3, corresponding to jAjGW250114 ≲
6 × 10−3. Likewise, GW241011 [153] provides a precise
measurement of the primary spin, implying an upper bound
on the spin-induced quadrupole deviation jδQj≲ 0.17, or
jAjGW241011 ≲ 3 × 10−3. The EMRI constraint from the
ðm1; m2Þ ¼ ð105; 10ÞM⊙ system improves on these ring-
down bounds by ∼2 orders of magnitude and the higher-
mass EMRI by roughly an additional order of magnitude.
We caution the reader against interpreting these compar-

isons as indications that LISA performs better than ground-
based detectors, or vice versa. These constraints probe
complementary regions of the binary parameter space and
rely on different portions of the gravitational-wave signal.

1. Beyond-GR requirement

For environmental effects (large positive nr), the loosest
constraints are set by the m1; m2 ¼ ð106; 102ÞM⊙ binary;
for the no-hair test (nr ¼ −2), the loosest constraint comes
from the m1; m2 ¼ ð105; 10ÞM⊙ binary. An example
requirement across all effects is that the LISA performance
shall ensure that the measurement precision of the inspiral
rate deviation A at each slope nr, as defined in Eq. (1), does
not increase by more than 40% relative to the baseline
evaluation for the two reference binary systems in Fig. 9
for T ¼ 4.5 yr.
For the validation, run the pipeline for the two

reference sources with the updated PSD, and verify that
σAðdÞ=σrefA ≤ 1.4. These two sources are taken as repre-
sentative of the most favorable configurations for probing
deviations from vacuum GR, for the reasons discussed
above. In particular, the low-mass EMRI probes the early
inspiral, corresponding to more positive values of nr, while

the higher-mass system probes the region closer to the
horizon. Therefore, if even these benchmark sources fail to
satisfy the requirement, it is unlikely that any other system
would enable this science investigation. This is justified by
the fact that the two reference systems bracket the relevant
parameter space; e.g., if one expects weaker constraints for
a ðm1; m2Þ ¼ ð106; 10Þ EMRI (since the frequency evolu-
tion is slower), this behavior should already be captured by
the two reference sources, ensuring that the requirement is
conservative. Moreover, since beyond-vacuum GR science
requires the full 4.5-yr mission, any reduction in mission
duration introduces an additional risk to this investigation,
as quantified by the mission-duration requirement in
Sec. III C.

IV. CONCLUSIONS

This work develops a pipeline linking LISA instrument
performance to the EMRI/IMRI science objectives and
derives quantitative performance thresholds for detection,
parameter estimation, and tests of beyond-vacuum GR.
Figure 10 summarizes the science reach under the
conservative 3-month baseline. The left panel shows the
redshift horizon for probing stellar-remnant and intermedi-
ate-mass companions around galactic nuclei, overlaid with
the LIGO-Virgo-KAGRA mass distribution. The right
panel compares the horizon for massive black hole char-
acterization with existing electromagnetic samples, high-
lighting LISA’s unique coverage of the low-mass end
currently inaccessible to electromagnetic surveys. The
main findings of this work are:

(i) Detection. With the baseline PSD, the reference
EMRI/IMRI systems can be detected at SNR ≥ 30
with 3 months of data out to z ∼ 0.01–0.1 for EMRIs
and z ∼ 2 for heavy IMRIs (m1 ¼ 106M⊙). The
detection horizon peaks at m1 ∼ 106M⊙ and is most
prone to sensitivity degradation for light secondaries
(m2 ¼ 1M⊙) on retrograde orbits.

(ii) Parameter estimation. At median SNR ¼ 30 and
prograde orbits, source-frame masses are measured
at Oð10−2Þ precision, dominated by the luminosity
distance uncertainty; detector-frame masses reach
σ=m ∼ 10−5 − 10−2. Spin is constrained to σa=a∼
10−6 − 10−3, enabling precision tests of the Thorne
limit. Sky localization ranges from 30–500 deg2 k
and luminosity distance precision is 11%–32%.
Initial eccentricity relative precision stays below
20% for mass ratios m2=m1 ¼ 10−3. The first
sources impacted by sensitivity degradation are
IMRIs, due to their shorter in-band duration.

(iii) Mission duration. Extending observations from
3 months to 4.5 yr increases the detection horizon
by a factor of ∼4 for m2 ¼ 1M⊙ systems and
improves sky localization by 1 to 2 orders of
magnitude, reaching precision below 10 squared
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degrees. Mass precision improves by more than an
order of magnitude for low-mass secondaries and
spin precision by up to 2 orders of magnitude for
extreme mass ratios. These gains are compounding:
longer baselines simultaneously increase SNR,
break parameter degeneracies, and amplify the
Doppler modulation that encodes sky position.

(iv) Beyond-vacuum GR and astrophysical environ-
ments. With the full 4.5-yr mission, LISA can
constrain the fractional inspiral-rate deviation A to
σA ∼ 10−5 for scalar charge (nr ¼ 1, improving on
GW230529 by roughly 1 order of magnitude) and
σδQ ∼ 5 × 10−4 for quadrupole deviations from Kerr
(nr ¼ −2). Environmental effects from accretion
disks (nr ¼ 8) and dark matter overdensities
(nr ¼ 5.5) are best constrained by lower-mass pri-
maries, which probe larger orbital separations,
where these effects are enhanced. Overall, LISA
can probe a wide range of realistic configurations for
these astrophysical environments.

More specifically for the science investigations, the main
implications of these results are as follows. For SI 3.1, the
EMRI horizon across m1 ∼ 105–107M⊙ for a secondary
object of m2 ∼ 10 is between redshifts z ∼ 0.1–0.5 (right

panel of Fig. 10), and the massive black hole detector-frame
mass and dimensionless spin measurements are below 1%
and 0.1%, respectively (Fig. 5). For SI 3.2, the IMRI
horizon in them2 ∼ 103–104M⊙ range is z ∼ 1–3 (left panel
of Fig. 10). For SI 5.2–5.5 (including SI 5.3), the projected
bounds on inspiral-rate deviations for representative slopes
nr ¼ 8; 5.5; 1;−2 show that LISA can test Kerr consistency
and beyond-GR dissipation channels associated with new
fields or additional GW emission mechanisms, with
stronger constraints than current ground-based constraints
for the full 4.5-yr observing phase.
Example performance criteria emerge from this analysis:

(i) SNR shall not decrease by more than 30% relative to
baseline (d ≤ 2) for any fm1; ag configuration with
m2 ¼ 1M⊙; (ii) parameter uncertainties shall not increase
by more than 40% relative to baseline (d ≤ 2) for any
source in the reference population; (iii) mission duration
and duty cycle shall not decrease below the 4.5-yr nominal
phase; and (iv) the σA precision shall not exceed the
envelope of Fig. 9 for the slopes considered.
Future work should extend the parameter-space coverage

to IMRIs withm1 < 5 × 104M⊙ and incorporate secondary
spin (which will likely worsen IMRI mass measurements
by an order of magnitude), resonances [154], orbital

FIG. 10. Science horizon for EMRI/IMRI sources with prograde spin a ¼ þ0.99 and time to plunge of 3 months for different source-
frame primary masses m1 and secondary masses m2 for a detection threshold of SNR ¼ 30. Left: probes of compact objects around
galactic centers compared to the binned LIGO-Virgo-KAGRA mass distribution. Right: probes of massive black holes in the local
Universe compared to the binned electromagnetic observations of quasars (blue dots), active galactic nuclei (AGN) (black cross),
quasiperiodic eruptions and oscillations (QPE and QPO) (violet diamond), and tidal disruption events (green plus).
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inclination, and astrophysically motivated distributions of
eccentricity and time to plunge. Beyond EMRIs and IMRIs,
this study should be extended to similar sources like
extreme-mass ratio bursts [155–157] and extremely large
mass ratio inspirals [158].
Regarding beyond vacuum effects, we identify three key

developments needed. First, an extensive exploration of
IMRIs potential to probe beyond-vacuum GR. Second, a
parametrized post-Einsteinian framework [75] for IMRIs/
EMRIs in generic orbits is missing and will be crucial for
allowing tests of fundamental physics. Third, a more
comprehensive mapping between the parametrized inspiral
deviation and specific physical models is needed [81], as
theory-specific mappings (e.g., scalar charges in scalar
Gauss-Bonnet theories [7]) can produce different con-
straints from the agnostic power-law analysis presented
here [159].
Taken together, this work establishes a population-

independent framework for exploring the scientific poten-
tial of EMRIs and IMRIs and how these are affected by the
LISA instrument performance. The pipeline and illustrative
performance criteria derived here go beyond a single
snapshot because they are tied to observable metrics rather
than assumed event rates. They remain valid across a wide
range of astrophysical uncertainties and can be updated as
the waveform and LISA instrument models mature. As
LISA advances toward launch, the quantitative thresholds
established here provide a direct bridge between instrument
design decisions and the depth of the science the mission is
capable of delivering.
This work makes use of the Black Hole Perturbation

Toolkit.
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DATA AVAILABILITY

This work comes with publicly available software [103]
to compute detection horizons and parameter-estimation
uncertainties as well as an interactive notebook [160] and
website [161] for exploring these results.

APPENDIX A: ELECTROMAGNETIC
OBSERVATIONS

This appendix describes the electromagnetic observa-
tions used in this work to contextualize the EMRI/IMRI
parameter space accessible to LISA. We compile measure-
ments from multiple observational campaigns spanning
different mass regimes and wavelengths. We stress that all
the electromagnetic observations are used only as repre-
sentative and are not intended to provide precise measure-
ments of masses and redshifts.
We utilize the Sloan Digital Sky Survey Data Release

16 Quasar catalog (SDSS DR16Q) for massive black hole
mass measurements at cosmological distances. The cata-
log provides black hole masses derived from virial mass
estimators using broad emission lines and single-epoch
measurements [54]. The SDSS DR16Q catalog reports
black hole masses as log10ðMBH=M⊙Þ with associated
uncertainties σ½log10M�, typically of order 0.3-0.5 dex.
We do not use the full catalog, but we consider only
observations with masses log10ðMBH=M⊙Þ < 7.05 rel-
evant for LISA, and exclude poorly constrained mea-
surements σ½M�=M > 0.5. After these cuts, the sample
containsOð104Þ quasars with black hole masses spanning
105M⊙ ≲MBH ≲ 107.05M⊙ and redshifts 0.01≲ z≲ 5.
Additionally, we include 11 nearby active galactic
nuclei from Table III of Ref. [55] obtained with black
hole mass measurements from x-ray reverberation map-
ping [162,163].
We include 11 sources exhibiting quasi-periodic erup-

tions or oscillations from Ref. [56] based on Refs. [57–
65]. These X-ray transient phenomena are hypothesized
to arise from orbiting bodies near the innermost stable
circular orbit of massive black holes, making them
potential electromagnetic counterparts to EMRI systems.
The QPE/QPO sample spans MBH ∼ 105–108M⊙ at red-
shifts z ∼ 0.005–0.13. The masses are derived from
various methods including stellar velocity dispersion
measurements, X-ray spectral modeling, and optical/
UV disk fitting. Systematic uncertainties on these masses
can be substantial (∼0.5–1 dex, where 1 dex corresponds
to a factor of 10 in the linear quantity) [56], reflecting the
challenges in measuring black hole masses in active
systems.
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We include the observations of black holes and redshift
from Tidal Disruption Events presented in Ref. [66]. Black
hole masses are inferred from the late-time optical/UV
plateau luminosity of TDE light curves, which arises from
an accretion disc forming after stellar disruption.

APPENDIX B: MAPPING OF BEYOND-VACUUM
GENERAL RELATIVITY EFFECTS

Here, we describe how to map the parametrized power-
law model for deviations from the vacuum General
Relativity driven EMRI evolution in Eq. (1) to physical
quantities of interest (and vice-versa). Each physical effect
is represented by a typical index slope (nr). In the
following, we will be using rescaled angular momentum
fluxes as done in Eq. (1).

1. Disk Migration Torques (nr = 8)

The first effect we consider is the interaction of EMRIs
with a surrounding gaseous medium forming an accretion
disk around the massive black hole. A significant fraction
of galaxies (≳10%) are accreting at high rates, forming
highly luminous active galactic nuclei (AGN) [164] whose
disks can be sufficiently dense to influence the evolution
of EMRIs.
The dominant environmental effect for these systems

arises from so-called migration torques [165,166],
which are exerted by spiral density waves generated
by the orbital motion of the compact object.
These waves propagate through the disk and excite
resonances at specific radial locations, leading to an
exchange of angular momentum between the EMRI and
the disk. The magnitude of these torques depends
sensitively on the density profile and thermodynamic
properties of the disk [167]. The most widely used
model for radiatively efficient, optically thick, geomet-
rically thin accretion disks is the α-disk model [130].
In this model, the shear stresses responsible for
angular momentum transport (which are driven by
turbulence due to magnetohydrodynamic instabilities)
are parametrized by an effective viscosity param-
eter α ∼ 0.01–0.1.
For a given opacity law and equation of state, which vary

across different disk regions, the surface density and
vertical scale height of the disk are fully determined by
α and by the mass accretion rate. The latter is usually
expressed as a fraction of the Eddington accretion rate,
fEdd ∼ 0.01–0.1. In the inner regions of the disk, where
EMRIs are expected to be observable by LISA, migration
torques for circular motion (the interaction with the disk
tends to damp eccentricity very effectively) can be written
as [24,26,28]

L̇disk ¼ A

�
p

10m1

�
8 32

5

�
p
m1

�
−7=2

; ðB1Þ

A ¼ 7 × 10−10
�

α

0.1

�
−1
�
fEdd
0.1

�
−3
�

m1

106M⊙

�
; ðB2Þ

We note that relativistic corrections can enhance the
magnitude of these torques by up to an order of magnitude
in the strong-field region [132–135], where they will not be
perfectly described by a power law. In addition, stochastic
fluctuations in the disk torques [168,169], arising for
example from asymmetries in the gas flow or from
turbulent processes, can induce systematic shifts in the
effective radial power-law index nr inferred from the
inspiral dynamics [170].

2. Dynamical Friction in Dark Matter (nr = 5.5)

Next, we consider the effect of a dark-matter
medium on EMRI, which can be dense due to the
adiabatic contraction of an initial flat dark matter
profile after a low-mass seed black hole forms at its
center. Similarly to what happens in disks, as the
secondary compact object travels through the environ-
ment, it experiences a gravitational drag, also known as
dynamical friction, arising from the formation of a
density wake trailing the perturber. This wake exerts a
net force opposite to the direction of motion and
leads to a secular loss of orbital energy and angular
momentum.
In the simplest treatment, the dynamical-friction force

can be written in the Chandrasekhar form [136],

FDF ¼
4πρDMm2

2

v2
IðvÞ ðB3Þ

where ρDM is the local DM density, v is the relative speed of
the compact object with respect to the medium, and IðvÞ is
a dimensionless function related with the geometry of the
environment’s mass distribution, which is typically of order
Oð1Þ. For quasi-circular motion, this drag torque is
conveniently expressed as an effective angular-momentum
loss rate per unit mass m2,

L̇DF ¼ 4πIðvÞm2
1ρDM

�
p
m1

�
2

; ðB4Þ

Using the circular-orbit relation v2 ∼m1=p (in geometrized
units) and rewriting the result in the same factorized form
adopted for the disk-migration model, one finds that the
leading scaling of the dynamical friction contribution
relative to the gravitational-wave angular-momentum
flux corresponds to an effective radial power-law index
nr ¼ 5.5 [28,146]

L̇DF ¼ A

�
p

10m1

�
11=2 32

5

�
p
m1

�
−7=2

; ðB5Þ
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A ¼ 6 × 105ðm2
1ρÞ ðB6Þ

≈6.5 × 10−5
�

m1

106M⊙

�
2
�

ρDM
1018M⊙=pc3

�
; ðB7Þ

where we implicitly assumed IðvÞ ∼Oð1Þ.
As in disks, relativistic treatments of dynamical friction

enhance its magnitude by orders of magnitude in the
strong-field region [32,141–145].

3. Secondary scalar charge (nr = 1)

In addition to astrophysical environmental effects,
EMRIs can also be affected by modifications to General
Relativity and by the presence of new fundamental fields
[7,16–21,81]. By following the approach developed in
Ref. [20], we consider a broad class of theories with a
massless (shift-symmetric) scalar field non-minimally
coupled to gravity, described by the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R

16πG
−
1

2
∂μϕ∂

μϕ

�
þ αcSc½g;ϕ�

þ Sm½g;ϕ;Ψ�; ðB8Þ

where R is the Ricci scalar, g is the metric tensor, ϕ is a
massless scalar field, αc is a theory-dependent coupling
constant with dimensions ½mass�n, where n > 1, Sc½g;ϕ�
encodes scalar–gravity interactions, and Sm denotes the
matter action of the matter fields Ψ. We assume that Sc is
invariant under the shift-symmetry ϕ → ϕ þ constant, and
that the solutions of the field equations derived from
Eq. (B8) are continuously connected to GR solutions
for αc → 0.
In this class of theories, black holes can acquire a

dimensionless scalar charge d ∼ αc=massn (not to be
confused with the degradation factor of the LISA sensi-
tivity). For asymmetric binaries, at leading (adiabatic)
order, the scalar charge of the primary black hole, if any
[171–176], is then suppressed, and the background metric
can be adequately described by the Kerr metric. The
deviations from GR are instead encoded in the scalar
charge of the secondary, which sources scalar radiation
and modifies the inspiral dynamics. At adiabatic order, the
dissipative gravitational and scalar fluxes are fully
decoupled, so that the total energy loss for circular orbits
is given by

Ė ¼ ĖGW þ Ėscal;

Ėscal ¼
X∞
l¼1

Xl
m¼−l

Ė∞
lm þ ĖH

lm; ðB9Þ

where Ėscal, directly proportional to d2, has been computed
with the C++ code presented in [81] by summing up all the
modes ðl; mÞ emitted at infinity ðĖ∞

lmÞ and absorbed by the

horizon ðĖH
lmÞ necessary to reach 10−8 accuracy. The fluxes

have been computed on the same parameter-space grid
of FEW (for e ¼ 0) [48] and implemented into the
KerrCircEqFluxScalar trajectory, also available at [177].
The scalar charge d can be mapped onto the parametric

model considered here. Indeed, the leading scalar contri-
bution corresponds to dipole radiation, which in the weak-
field regime enters at −1PN order relative to the General
Relativity quadrupole flux, so that [178]

Ė−1PN
scal ¼ d2

12

�
p
m1

�
−4
; L̇−1PN

scal ¼ d2

12

�
p
m1

�
−5=2

: ðB10Þ

The latter reduces to the power-law expression in Eq. (1)
for nr ¼ 1 and

A ≃
25

192
d2: ðB11Þ

We stress that relativistic corrections in the strong-
field regime modify the effective behavior, such that the
scalar flux is no longer described by a simple power law.
By fitting the logarithm of the fluxes for a ¼ 0.99
as function of the logarithm of the semi-latus rectum p
in the range 1.55 ≤ p ≤ 100 we obtain Ėscal ∼ p1.15p−5

and L̇scal ∼ p1.15p−7=2.
For a given theory, the charge d can be related to the

fundamental coupling constant αc. For instance, in scalar
Gauss–Bonnet gravity, assuming that the secondary is a
black hole,

d ≃
αGB
2μ2

; ðB12Þ

where μ is the mass of the secondary charged object.
Observations by ground-based detectors, in particular the
event GW230529, have placed a stringent upper boundffiffiffiffiffiffiffiffi
αGB

p ≲ 1.4 km [147]. For a representative secondary mass
μ ≃ 3.6M⊙, this translates into

d ≲ αGB
2μ2

≃ 0.035; ðB13Þ

which implies, using the leading-order relation (B11), a
constraint from GW230529 given by

AGW230529 ≃
25

192
d2 ≲ 1.6 × 10−4: ðB14Þ

This value provides a useful benchmark for assessing the
detectability of scalar dipole radiation in EMRI systems.
However, this constraint is only approximate, given that it
uses a leading-order mapping between the scalar charge
and the power-law amplitude A, which does not capture the
relativistic corrections to the scalar fluxes and the jacobian
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transformations between the different parametrizations of
deviations from GR.
A more accurate mapping can be obtained by

comparing the results in Fig. 9 to the agnostic deviation
in phase δφ adopted in Ref. [147] which is usually
plotted versus post-Newtonian orders, equal to the
negative of the slope nr. The mapping is performed
following the steps outlined in Appendix D of Ref. [179],
or using the formalism described in Eqs. (96–97) of
Ref. [180], Eq. (21) of Ref. [181] and Eqs. (28–29) of
Ref. [182]. We show in Fig. 11 the constraints on δφ
obtained in Ref. [147]. For comparison, we also show
the approximate mapping obtained for GW230529 as
an orange star, which is smaller than the constraint of
Ref. [147]. We decide to show in the main text the
tightest of the two.

4. Tests of the No-Hair Theorem (nr = − 2)
Another scientific goal of LISA is to test the nature of

compact objects, in particular the Kerr solution. In General
Relativity, Kerr black holes obey the no-hair theorem and
are fully characterized by their mass M and spin a.
Equivalently, all their mass and current multipole moments
satisfy the relation

Ml þ iSl ¼ MðiMaÞl; ðB15Þ
so that the lowest-order multipoles are given by the mass
M0 ¼ M, the angular momentum S1 ¼ J ¼ M2a, and the
quadrupole moment

Q ¼ M2 ¼ −M3a2; ðB16Þ

with higher multipoles fixed accordingly.
If the primary compact object is not described by the

Kerr solution, this relation is violated. We parametrize
deviations in the quadrupole moment as

Q ¼ −M3a2ð1þ δQÞ; ðB17Þ

where δQ is a dimensionless parameter measuring frac-
tional deviations from Kerr.
The weak-field expansion of the gravitational potential

then takes the form

Φ ¼ −
M
r
−

Q
2r3

P2ðcos θÞ þ � � � ; ðB18Þ

so that the deviation from the Kerr potential is

δΦ ¼ −M3a2
δQ
r3

: ðB19Þ

This correction enters the equations of motion at order r−3,
corresponding to an effective 2PN contribution to the
inspiral dynamics. In our parametric model for deviations
from General Relativity in EMRI inspirals, this implies that
quadrupole deviations contribute with exponent nr ¼ −2.
Using the notation of Ref. [13] and the energy flux of
Ref. [150], the associated correction to the angular-momen-
tum flux can be written as

L̇δQ ¼ A

�
p

10m1

�
−2 32

5

�
p
m1

�
−7=2

; ðB20Þ

A ≃ 2 × 10−2δQ; ðB21Þ

Recently, the event GW250114 [152] provided the first
measurement of an overtone in the post-merger ringdown
signal, enabling an independent test of the Kerr nature of
the remnant. The observed quasinormal mode frequencies
were found to be consistent with the Kerr spectrum at the
level

δf
f
≲ 30%: ðB22Þ

FIG. 11. Comparison of the constraints on the phase deviation
at different post-Newtonian (PN) orders obtained from Fig. 9
where we mapped ðA; nrÞ → ðδφ;PN orderÞ. We show the
current constraints obtained from the gravitational wave event
GW230529 and using the GW transient catalogs of the third
observing run (GWTC-3) [147]. Pentagon markers correspond to
forecasts obtained for a GW230529-like binary observed by the
Einstein Telescope (ET) [179].
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In generic parametrized deviations from Kerr, small
changes in the quadrupole moment induce linear shifts
in the mode frequencies,

δf
f
≃ CδQ; ðB23Þ

where C is a dimensionless sensitivity coefficient that
depends on the mode and the remnant spin and is typically
of Oð1Þ. Assuming this, the GW250114 constraint there-
fore implies

jδQjGW250114 ≲ 0.3: ðB24Þ

Using the mapping above, this translates into a bound on
the radiation-reaction amplitude,

jAjGW250114 ≲ 6 × 10−3; ðB25Þ

in our EMRI parametrization.
This estimate is necessarily model dependent, as the

precise relation between quasinormal mode spectra and
multipole deviations depends on the underlying theory of
gravity. Nevertheless, it provides a useful order-of-magni-
tude connection between existing ringdown tests of the
Kerr hypothesis and constraints on inspiral deviations
relevant for LISA.
Similarly, the event GW241011 [153] yields a

precise measurement of the primary black hole
spin, setting a non theory-dependent upper bound on
the spin-induced quadrupole momentum at 90%
credibility

jδQjGW241011 ≲ 0.17: ðB26Þ

which with the mapping above corresponds to

jAjGW241011 ≲ 3 × 10−3: ðB27Þ

APPENDIX C: MEASUREMENT PRECISION
TABLE

We provide in Table II the median measurement pre-
cision values of the results presented in Sec. III B 2
for T ¼ 0.25 yr.
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