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Early warning of gravitational waves (GWs) is essential for multimessenger observations of binary
neutron star and black hole-neutron star merger events. In this study, we investigate early warning prospects
from eccentric compact binaries, whose mergers are expected to comprise a significant fraction of detected
GW events in the future. Eccentric binaries exhibit oscillatory frequency evolution, causing GW
frequencies to recur multiple times through their coalescence. Consequently, generating eccentric
waveform templates for early warning requires specification of initial conditions. While the standard
approach involves initiating waveform generation when the orbit-averaged frequency enters the detector
band, we compare this with an alternative approach that uses the periastron frequency as the starting point.
Our analysis shows that initializing at the periastron frequency yields an improved signal-to-noise ratio and
sky localization. Additionally, including subdominant modes alongside the dominant (2, 2) mode
leads to further improvements in sky localization. We explore the parameter space of primary mass
m1 ∈ ½1.4; 15�M⊙, spin χ1 ∈ ½0; 0.8�, and eccentricity e ≤ 0.4 across three detector configurations: O5,
Voyager, and 3G. We find that in the O5 configuration, including eccentricity and subdominant modes, the
sky localization area can be reduced by 2%–80% at 1000 square degrees (from e5 ¼ 0.1 to e5 ¼ 0.4),
offering up to 41 seconds of additional early warning time. For neutron star-black hole (NSBH) systems,
subdominant modes alone contribute up to 70% reduction. For the Voyager configuration, the sky area
reduction due to eccentricity spans 2%–85%, with eccentricity increasing from 0.1 to 0.4, yielding up to
1 minute of extra early warning time at 1000 sq. deg. sky area. Subdominant modes contribute up to 94%
reduction for NSBH systems, though their impact is nearly zero for binary neutron star systems. In the 3G
detector scenario, the sky area reduction due to eccentricity reaches 80% (from e2.5 ¼ 0.1 to e2.5 ¼ 0.4) at
100 square degrees, and subdominant modes enhance the reduction up to 98% for NSBH systems.

DOI: 10.1103/j77m-dyym

I. INTRODUCTION

The LIGO-Virgo-KAGRA detector network [1–3] has
made significant strides, completing three observational
runs (O1, O2, O3) [4–6] and is currently in its fourth run.
Notably, O1 marked the historic detection of the first binary
black hole merger [7], whereas O2 observed the first binary
neutron star merger (BNS) and its electromagnetic
signals [8], and O3 reported the first neutron star-black
hole (NSBH) merger [9]. These events, particularly the
BNS and NSBH systems, have gained significant interest
due to their potential to constrain the neutron star equation
of state [10–12], facilitate independent measurements of

the Hubble constant [13,14], uncover the origins of short
gamma-ray bursts [15–17], and provide insights into heavy
element nucleosynthesis during mergers [18–20].
The GW170817 event, observed through multimessenger

astronomy, has already highlighted the significant science
that can be gained from such events [10,21–26]. The
advanced LIGO and Virgo detectors detected this event
with a combined signal-to-noise ratio (SNR) of 32. The
inspiral phase lasted about 100 seconds within the detectors’
sensitive band, followed by a gamma-ray burst 1.7 seconds
later [27,28], which could be associated with the event. The
combined data from three gravitational wave (GW) detectors
enabled an initial sky localization of 31 square degrees [8].
An electromagnetic follow-up campaign successfully iden-
tified a counterpart near the galaxy NGC4993 [21,29–33],*Contact author: priyanka.sinha@icts.res.in
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consistent with the localization and distance estimates
derived from the GW signals. Early ultraviolet monitoring
revealed a blue transient that faded within 48 hours [23,34],
while optical and infrared data indicated a redward evolution
over 10 days [21,35]. Radio and x-ray emissions were
initially absent and emerged approximately 9 and 16 days
after the merger [36,37]. These observations allowed us to
study the merger remnant, its environment, and the distinct
physical processes at play. Another BNS event, GW190425,
was observed but poorly localized initially [38]. This event,
however, did not have an associated gamma-ray burst or any
electromagnetic signals associated with it [39–42]. Three
notable NSBH merger events have also been observed:
GW190426, GW200105, and GW200115 [43]. For
GW200105, the absence of data from the LIGO Hanford
detector led to poor sky localization. In contrast, GW200115
was observed by multiple detectors and localized to an area
of approximately 900 square degrees [43]. Although these
events may have involved partial tidal disruption of the
neutron star, potentially producing an accretion disk and
ejecta [16,44], no associated electromagnetic counterparts
were detected despite extensive follow-up observations
[40,45–52]. Truly multimessenger events are therefore
relatively rare, but rich in scientific information. These
observations underscore the importance of early warning
systems and precise sky localization in facilitating success-
ful follow-up of those rare BNS and NSBH mergers which
will be accompanied by multimessenger signals [53,54].
Compact-object binaries formed through isolated stellar

evolution are expected to radiate away most of their orbital
eccentricity by the time they enter the GW detector’s
sensitivity band. In contrast, those formed through dynami-
cal interactions in dense environments, such as galactic
centers and globular clusters, can retain significant eccen-
tricity when they become detectable [55–59]. Additionally,
hierarchical triple systems can provide another pathway to
eccentric mergers via the Kozai-Lidov mechanism [60,61].
Therefore, identifying orbital eccentricity serves as a key
tool for distinguishing between different binary formation
channels. The majority of GW detections to date are
consistent with quasicircular binary orbits [4–6,62].
Some independent studies have suggested the presence
of eccentricity, however, there is little consensus on any
specific event [63–68]. With third-generation GWobserva-
tories, like the Einstein Telescope (ET) [69,70] and Cosmic
Explorer (CE) [71,72], we can explore vast regions of our
universe [73,74], bringing numerous galactic centers,
globular clusters, and other potential sites into observa-
tional focus. Eccentric mergers involving BNS and NSBH
systems could constitute a sizable fraction of the detected
events [75–77]. The presence of eccentricity in the last
inspiral stages can lead to complex and intriguing dynami-
cal outcomes, especially in cases with high eccentricity
[78–81]. To maximize the scientific gains of these relatively

rare eccentric merger events jointly with EM observations,
robust early warning is even more essential. Early warning
and localization of eccentric merger events would allow
telescopes to capture the earliest possible glimpse of the
merger, enabling the observation of potential precursors
[82], the intermediate merger products such as the remnant
disk or hypermassive neutron stars [83], or tracking the
detailed evolution of the kilonova light curves [23,84–86].
The possibility of early warnings for quasicircular

compact binaries has been extensively studied, including
the effect of subdominant modes in addition to the
dominant l ¼ jmj ¼ 2 mode of gravitational radiation
[87–89]. Similarly, early warning for spin-precessing
NSBH binaries has also been investigated for near-future
detectors [90]. A key relationship governing the frequency
of these emitted GWs in nonprecessing binary orbits is
flmðtÞ ≃mforbðtÞ [91], where flmðtÞ represents the instan-
taneous frequency of waveform multipoles with mode
numbers ðl; mÞ, and forbðtÞ is the orbital frequency.
This relationship directly implies that at any specific
moment, certain subdominant modes oscillate at frequen-
cies higher than that of the dominant mode. As a conse-
quence, they enter the sensitive frequency band of GW
detectors earlier than the dominant mode. And their time
spent within this detector band is significantly longer,
specifically by a factor of ðm=2Þ8=3 compared to the
quadrupole modes [92]. This offers a crucial advantage:
by including these modes in the analysis, we can achieve a
more extended early warning time for binary mergers
compared to relying solely on the dominant mode.
For eccentric binary systems, prior studies [93–95] have

investigated the potential for early warning using higher
harmonics induced by eccentricity in the dominant
l ¼ jmj ¼ 2 waveform multipole. These studies utilized
a nonspinning, inspiral eccentric waveform model in
frequency domain, constructed by applying the stationary
phase approximation to the postcircular (PC) expansion of
eccentric time-domain inspirals [96,97]. These eccentricity-
induced PC harmonics can indeed oscillate at higher
frequencies than the equivalent quasicircular (zero-
eccentricity) harmonic, allowing them to enter the GW
detector’s frequency band earlier. References [94,95] uti-
lized these PC harmonics to demonstrate the potential for
early warning for eccentric signals. In addition, recent work
has shown that for signals with non-negligible eccentricity
in detector band, an eccentricity-optimized algorithm can
significantly improve the sky localization areas [98], laying
the foundation for a matched-filtering based eccentric
early-warning system.
In this study, we build upon existing works and study the

impact of waveform modes sourced by higher-order source
multipoles than the quadrupole. Specifically, while
Refs. [94,95] include eccentricity-induced harmonics of
the quadrupolar GW emission alone, we include eccentric
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GW modes sourced by octupolar and higher-order source
multipoles by including hlm with l ≥ 2. Doing so allows
us to estimate the maximum possible early warning
possibilities for eccentric spinning binary mergers. See
Figs. 1 and 2 for the relative contributions of these
subdominant waveform modes. Our work utilizes the
time-domain eccentric inspiral-merger-ringdown waveform
model, ESIGMAHM [99]. This model incorporates the
effects of component spins (aligned to the orbital angular
momentum) and orbital eccentricity. It supports mild to
moderate initial orbital eccentricities, as it uses post-
Newtonian (PN) equations to describe the eccentric inspi-
ral, as well as a merger–ringdown piece that is restricted to
quasicircular orbits. Our early warning calculations are
based on the methodology outlined in Refs. [87–89], but
we have extended this approach to accommodate eccentric
GW signals. We study the impact of orbital eccentricity,
subdominant modes, and the primary component’s param-
eters on sky localization of both NSBH binaries and BNS.
Our findings indicate that orbital eccentricity has a sig-
nificant effect, enabling more precise sky localization than
noneccentric (quasicircular) binaries, with higher eccen-
tricities providing greater improvements. For instance, in
the BNS binaries in the O5 observing scenario, an
eccentricity of e5 ¼ 0.41 can lead to a 40% reduction in
the sky localization area compared to quasicircular BNS
(using only the dominant quadrupolar modes). This
improvement is found during the early-warning interval
when the eccentric binary has been localized to 100–1000
square degrees. In similar scenarios, eccentric NSBH
binaries see up to a 80% reduction in sky-localization
area. When subdominant modes are included in the
analysis, eccentric systems exhibit even more substantial
improvements: up to 85% reduction in sky area was found
for eccentric NSBH sources, accompanied by a 27%

increase in early warning time. We find that both mass
ratio and orbital eccentricity comparably enhance the
contribution of subdominant waveform harmonics, with
eccentricity playing a more pronounced effect at lower
mass ratios. In contrast, the influence of BH spin on both
sky localization and early warning is found to be relatively
weak. These gains further scale with detector sensitivity:
Voyager offers greater improvements than O5, and 3G
outperforms Voyager. From these results we conclude that
it is imperative to include subdominant harmonics when
attempting low-latency sky localization to provide early
warning for potentially EM-bright BNS and NSBH merger
events. We detail these findings in Sec. III B.
Furthermore, analyzing eccentric sources in Fourier

domain using waveform templates introduces a complexity
regarding the initial conditions of said templates for
Bayesian likelihood integration. For quasicircular binaries
one can generate a unique waveform from a specific orbital
frequency onward; but any given frequency occurs multiple
times for eccentric inspirals, implying that the starting point
of template generation for likelihood integration plays a
subtle role. Unlike quasicircular binaries, whose orbital
frequency increases monotonically, the instantaneous fre-
quency of eccentric binary signals oscillates significantly
during each orbit. Conventionally one generates waveform
templates when the orbit-averaged frequency enters the
frequency bandof the detector, given initial values for orbital
eccentricity and the mean anomaly angle that measures the
angular position of both components in an eccentric orbit.
However there remain some cycles in this moment’s past
when the instantaneous orbital (and therefore GW) fre-
quency was already in the detector band. This was clearly
pointed out in Fig. 3 of Ref. [100], and we illustrate it in
Fig. 3 for further discussion. Ignoring these extra cycles
limits the sky localization of the source to be suboptimal.
This motivates the need to instead specify the initial
conditions of analysis templates by fixing themean anomaly
angle to the periastron (since that is where the instantaneous
orbital frequency is highest during an orbit), and specifying
the initial orbital eccentricity and periastron frequency.
Currently, template banks used in early-warning efforts

[101,102] typically fix a reference orbital/GW frequency
and grid over the binary’s intrinsic parameters, such as
component masses and spin angular momentum, as defined
at the specified orbital/GW frequency [103–105]. While
this approach is sufficient for quasicircular binaries, the
development of robust early-warning template banks for
eccentric binaries might require gridding templates over
periastron frequencies and initial eccentricity instead. In
this paper we study both of these options. We show that
using periastron frequencies and eccentricity as initial
conditions yields measurably better sky localization com-
pared to the alternative. By the time a fiducial NSBH binary
(m1 ¼ 10M⊙; m2 ¼ 1.4M⊙) with eccentricity e ¼ 0.3 has
been localized to a fiducial sky area of, say, 103 sq. deg., we

FIG. 1. Amplitude of the dominant and subdominant modes of
GWs for an eccentric binary with m1 ¼ 10M⊙, m2 ¼ 1.4M⊙,
S1z ¼ 0.25, S2z ¼ 0.0, e10 ¼ 0.2, and dL ¼ 40 Mpc.

1We use ex to denote the orbital eccentricity of a binary at the
instant when the orbit-averaged frequency of its h2;2 multipole
crosses xHz; here x ¼ 5.
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would gain an additional early warning time of around
7.8 s, 13.5 s, and 185 s in the O5, Voyager, and 3G
scenarios, respectively, by starting our waveform filters
from periastron frequency. This gain will be an important
improvement in current early-warning systems already, and
will be especially significant for the third-generation
detector networks [101,102,106]. We therefore conclude
that the choice between these two ways of specifying the
initial conditions of analyses templates for eccentric
merger events can have a significant impact on the
effectiveness of early-warning sky localization. Early-
warning template banks for eccentric binary merger events
should grid templates over periastron frequencies and
initial eccentricities to optimize their efficacy. Note that
this applies generally to both time-domain and frequency-
domain template models. We detail our results in Sec. III A.
Tidal interactions are an inherent physical effect in BNS

systems and become particularly interesting during the late
inspiral. The dominant contribution arises from quadrupo-
lar adiabatic tides, with additional frequency-dependent
corrections associated with neutron-star oscillation modes
[107–110]. Close periastron passages can also transiently
enhance tidal interactions, leading to resonant excitation of
neutron-star oscillation modes [108]. These tidal effects
modify the orbital dynamics and imprint subtle signatures
on the gravitational-wave signal, especially at high frequen-
cies [107,111]. While tidal effects primarily influence
intrinsic parameter estimation and are not expected to
significantly affect sky localization, their impact has not
yet been quantified for eccentric BNS systems. In this
work, we explore quadrupolar tidal effects and effective
dynamical tides using the eccentric EOB model

TEOBResumS-Dali [112] and assess their impact on
sky localization. We explicitly demonstrate that their
cumulative impact is indeed negligible when it comes to
source localization efforts. These results are presented in
Sec. III C.
The article is organized as follows. Section II describes

methods for early warning and sky localization, various
observing scenarios considered, and the eccentric wave-
form model used in this paper. Section III presents the
results, with a particular focus on the initial conditions for
waveform and SNR integration for eccentric GW signals,
as well as the effects of subdominant modes on sky
localization and early warning time across the parameter
space of mass, spin, and eccentricity in different observing
scenarios. Finally, Sec. IVoffers a summary and outlook for
future research on the subject.

II. METHODS

A. Compact binaries and subdominant modes

Gravitational waves from coalescing compact binaries
with component masses m1 and m2 at luminosity distance
dL are detected as a real-valued time series hðtÞ. This signal
hðtÞ represents the response of the detector to the plus (hþ)
and cross (h×) polarizations of the GW. The measured
strain is given by [113],

hðtÞ ¼ FþhþðtÞ þ F×h×ðtÞ; ð1Þ

where Fþ and F× are the response functions of GW
detectors, which depend on the direction of propagation
of the GWwith respect to the plane of the detector. The two

FIG. 2. SNR ratio of subdominant mode relative to dominant (2, 2) mode for parameter space of mass m1 and dimensionless spin
χ1 ¼ ½0; 0; χ1z� of primary object, while fixing secondary object’s mass m2 ¼ 1.4M⊙, χ2 ¼ ½0; 0; 0�. Eccentricity at 10 Hz frequency
e10 ¼ 0.2, note that e10 denotes the orbital eccentricity at the instant when the orbit-averaged frequency of the dominant h2;2 crosses
10 Hz.
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polarizations above can be decomposed in the basis of spin-
weighted spherical harmonics as [114]

hþ − ih× ¼ 1

dL

X∞
l¼2

Xl
m¼−l

hlmðt; λ⃗ÞY−2
lmðι;φ0Þ; ð2Þ

where hlm are coefficients of this multipolar expansion, or
simply, multipoles of the waveform, and −2Ylm are spin −2
weighted spherical harmonics [115]. λ⃗ includes all intrinsic
binary parameters such as component masses, spins, orbital
eccentricity, etc.; and ι and ϕ0 are polar and azimuthal
angles from the source centered frame. For nonprecessing
binaries, the positive and negative m multipoles are related
as [116] hl;−m ¼ ð−1Þlh�l;m.
The dominant contribution of the GW signals comes

from the quadrupolar emission with l ¼ jmj ¼ 2
[117,118]. The next subdominant multipoles are
ðl ¼ 3; m ¼ �3Þ, ðl ¼ 4; m ¼ �4Þ, ðl ¼ 5; m ¼ �5Þ,
and ðl ¼ 2; m ¼ �1Þ [87] for quasicircular nonspinning
GW signals, and beyond these the contribution becomes
small. For systems with eccentricity and aligned spins, we
investigate and find that the mode hierarchy remains
unchanged. In Fig. 1, the amplitude of different modes
for a fiducial NSBH with m1 ¼ 10M⊙, m2 ¼ 1.4M⊙,
χ1z ¼ 0.25, χ2z ¼ 0.0, and e10 ¼ 0.2 is shown. It is evident
that the amplitude of subdominant modes is lower but may
contribute modestly relative to the (2, 2) mode.
We next analyzed the relative contribution of subdomi-

nant modes for a parameter space spanned by
m1 ∈ ½1.4; 15�M⊙, χ1 ∈ ½−0.8; 0.8�, while fixing the secon-
dary component mass m2 ¼ 1.4M⊙, and its spin χ2 ¼ 0.0.
We also fix the orbital eccentricity e10 ¼ 0.2. In our
notation, e10 denotes the orbital eccentricity at the instant
when the orbit-averaged frequency of the dominant h2;2
crosses 10 Hz. We consider multipoles with:
ðl; jmjÞ ¼ ð2; 2Þ; ð2; 1Þ; ð3; 3Þ; ð3; 2Þ; ð4; 4Þ; ð4; 3Þ; ð5; 5Þ.
We calculated the SNR ρlm for all modes,

ρ2lm ¼ 4

Z
fhigh

flow

jh̃lmðfÞj2
SnðjfjÞ

df; ð3Þ

where h̃lmðfÞ is the Fourier transform of the mode hlm, and
SnðjfjÞ is the design power spectral density for LIGO [119],
setting the frequency range from flow ¼ 10 Hz to fhigh ¼
1000 Hz to see the contribution of higher mode (HM)
relative to the dominant mode over the parameter space. In
Fig. 2, we present the SNR ratio for different subdominant
modes versus the dominant mode: ρlm=ρ22. It can be seen
that at mass ratio (q ¼ m1=m2) of 10, (3, 3) mode is
contributing around 17%, for (4, 4) and (2, 1) modes, this
is around 7%, other modes have relative contributions less
than 2%. As we increase the mass ratio, the HM contribution
increases as they get excited due to the mass asymmetry of
the system; with increasing spin, the SNR contribution does

not vary much for (3, 3), (4, 4), (5, 5) modes but does for (2,
1), (3, 2), (4, 3) modes, we can see some variation with their
overall contribution being higher for binaries with antia-
ligned primary spin. This is likely due to the merger
frequency for these antialigned-spin configurations being
reduced enough to lie close to the most sensitive frequency
range for the GW detectors. Furthermore, we observe that
increasing the eccentricity to e10 ¼ 0.4 minimally changes
the relative contribution from subdominant modes, com-
pared to the e10 ¼ 0.2 scenario. For BNS systems, the
contribution of the (3, 3), (4, 4), (2, 1) modes is observed to
be below 2%, while other subdominant modes contribute
less than 1%. Based on these results, in the remainder of this
paper we include ðl; jmjÞ ¼ ð2; 1Þ; ð2; 2Þ; ð3; 3Þ; ð4; 4Þ
modes to study the sky localization capabilities for both
NSBH and BNS sources, and discuss the results in
Sec. III B. Throughout Secs. III A and III B, we used
sampling rates of 214 for the NSBH system and 216 for
the BNS system.

B. Localizing GW sources

Practical low-latency GW astronomy efforts, such as
GstLAL [120,121], typically employ matched-filtering
techniques across a network of detectors to identify signals
and subsequently perform sky localization using rapid
parameter estimation algorithms. Early warning from
binary neutron stars has been shown using GstLAL and
SPIIR searches [101,102,106]. Other works have also
proposed machine-learning based systems for early warn-
ing [122]. Our goal here, however, is to understand the
theoretical limits on how well we can localize a given
source with and without subdominant modes. For this
purpose, we adopt the Fisher-matrix based approach out-
lined in Refs. [123,124] and summarize it below.
For a network of detector, sky localization uncertainty

can be computed using information in the time-of-arrival
measurement uncertainty for GW signals in each detector,
and their separation. Let us define frequency moments of
GW waveform, assuming stationary and Gaussian noise in
GW detectors, as

f̄n ≡ 4

Z
∞

0

fn
jh̃ðfÞj2
SðfÞ df; ð4Þ

where h̃ðfÞ is the Fourier transform of hðtÞ defined in
Eq. (1). The SNR and the effective bandwidth can be
computed from these frequency moments as,

ρ2 ¼ f̄0; σ2f ¼
f̄2

ρ2
−
�
f̄1

ρ2

�
2

: ð5Þ

From these two, we can calculate the expected uncertainty
in the arrival time of the GW signal at the detector,
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σt ¼
1

2πρσf
: ð6Þ

Let R be the source’s actual sky location in an Earth
centered coordinate frame (making it a unit vector), and T0

be the actual time the GW signal passes through the Earth’s
center. Then the time at which the GW signal passes
through the ith detector is Ti ¼ T0 −R · di; given di is the
separation between detector i and the center of Earth.
Similarly we can write the measured time at which the GW
signal passes through the ith detector, given the measured
sky position of the source r, as ti ¼ t0 − r · di The
probability distribution of measured arrival time of GW
signal in various detectors given the actual arrival time can
be written using the timing uncertainties for all detectors
(σi),

pð⃗tjT⃗Þ ¼
Y
i

1ffiffiffiffiffiffi
2π

p
σi
exp

�
−ðti − TiÞ2

2σ2i

�
; ð7Þ

where T⃗ and ⃗t are the vectors of the actual and measured
time of arrivals at all the detector in the network. Applying
Bayes’ theorem, the posterior distribution of the arrival
time given the prior distribution pðTiÞ is,

pðT⃗ j⃗tÞ ∝ pðTiÞ exp−
�X

i

ðti − TiÞ2
2σ2i

�
: ð8Þ

Using the relation between source position and arrival time
of GW at different detectors, we can express Ti and ti in
terms ofR and r. Then, the posterior distribution for actual
source position R given the measured source position r is
(a detailed derivation of this provided in the Appendix of
[124]),

pðRjr; t0Þ ∝ pðRÞ exp
�
−
1

2
ðr −RÞTMðr −RÞ

�
; ð9Þ

where M is the Fisher matrix that depends on the timing
uncertainties σi and the separation Di;j ¼ di − dj between
detectors i and j. It is given by

M ¼ 1P
kσ

−2
k

X
i;j

Di;jDT
i;j

2σ2i σ
2
j
: ð10Þ

The sky-localization area of the source with a probability p
can be estimated by projecting the Fisher matrixM onto the
directions orthogonal to r and then using the two smallest
eigenvalues of the projected matrix. If σ1 and σ2 are the
localization accuracies of the eigendirections of the pro-
jected matrix, then the calculated sky area for the source
with probability p is [124],

AreaðpÞ ≈ 2πσ1σ2½− ln ð1 − pÞ�: ð11Þ

In our sky area calculations, we use Eq. (11) for various
network scenarios (detailed in Sec. II D) to localize BNS/
NSBH sources with a probability of p ¼ 0.9.

C. Source models

In this paper we use the model ESIGMAHM [99], a time-
domain eccentric spinning inspiral generalized merger
approximant with higher-order modes that extends
ENIGMA [125–127] by incorporating the effects of aligned
component spins and including multiple subdominant wave-
form harmonics. ESIGMAHM combines an eccentric inspiral
piece with a quasicircular merger-ringdown (MR) stitched
together by matching and aligning the phase during
a transition time window. The inspiral evolution of
ESIGMAHM combines results from post-Newtonian theory
[128], self force approach [129], and black hole perturbation
theory [130], and the MR piece is based on a surrogate
model for quasicircular numerical relativity (NR)
simulations. ESIGMAHM requires that the binary nearly
circularize by the time the model transitions from inspiral
to MR prescription. It provides subdominant waveform
modes hlm with ðl; mÞ ¼ ð2;�1Þ; ð3;�3Þ; ð3;�2Þ;
ð4;�4Þ; ð4;�3Þ along with dominant (2;�2) multipoles.
ESIGMAHM models the inspiral dynamics on eccentric

orbits using quasi-Keplerian variables. The conservative
dynamics is encoded in the time evolution dynamics of PN
mean anomaly (l) and instantaneous phase (ϕ),

Mϕ̇ ¼ x3=2
�X3
i¼0

cixi þOðx4Þ
�
; ð12Þ

Ml̇ ¼ x3=2
�
1þ

X3
i¼1

dixi þOðx4Þ
�
: ð13Þ

And the radiative dynamics in the evolution equations of
PN parameter x and orbital eccentricity e, both encoding
the orbital energy and angular momentum radiated away,

Mẋ ¼ x5
�X4
i¼0

yixi þOðx9=2Þ
�
; ð14Þ

Mė ¼ x4
�X3
i¼0

zixi þOðx4Þ
�
: ð15Þ

From these, the orbital separation (r) and eccentric anomaly
(u) can be obtained by solving the following coupled
equations that map ðl; xÞ → ðr; uÞ,

r
M

¼ 1 − e cos u
x

þ
X3
i¼1

aixi−1; ð16Þ

l ¼ u − e sin uþ
X3
i¼2

bixi: ð17Þ
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The coefficients fci; di; yi; zig can be found in
Refs. [99,125,131,132]. The spherical harmonic modes
of the waveform are computed using relations that include
both instantaneous and hereditary effects. The instanta-
neous terms in waveform modes include nonspinning and
spinning corrections for general orbits [132–134], while the
hereditary part includes corrections that are available in the
zero-eccentricity limit [135]. See Table 1 of [99] for a
summary of all the terms that are included in both the
equations of motion and waveform mode expressions. The
merger-ringdown uses the numerical relativity surrogate
model NRSur7dq4 [136] capable of creating short wave-
forms for spinning precessing binaries on quasispherical
orbits with high accuracy. This choice restricts ESIGMAHM
to model eccentric binaries that nearly circularize in the
final stages of inspiral. As the domain of NRSur7dq4 is
restricted along the mass-ratio dimension, we substitute it
with SEOBNRv4PHM [137] for our entire study, which
explores NSBH binaries with higher mass ratios. In this
work we use the code implementation of ESIGMAHM in the
project ESIGMAPY [138].

D. Observing scenarios

In this work, we consider three imminent observing
scenarios of the ground-based GW detector network: O5,
Voyager, and 3G. The O5 scenario consists of a network of
five detectors (LIGO Livingston, LIGO Hanford, LIGO-
India, Virgo, and KAGRA). The three LIGO detectors are
assumed to have the same sensitivity as A+ [139–141],
while Virgo and KAGRA’s sensitivity is taken to be the
same as Virgo’s sensitivity corresponding to a BNS range
of 260 Mpc [142,143]. In our Voyager scenario, the
sensitivity of the three LIGO detectors in the O5 configu-
ration is upgraded to Voyager sensitivity [144,145], while
that of Virgo and KAGRA are upgraded to Aþ sensitivity
[139]. For the 3G scenario, we use a network of three
detectors: two CE [71,72] detectors with sensitivity corre-
sponding to a BNS range of 4200 Mpc, and one ET [69,70]
with sensitivity as in [140,146]. The geographical coor-
dinates of both CE detectors are identical to that of LIGO
Livingston and Hanford, while that of ET is kept similar to
Virgo’s. For optimal sky location in the O5 scenario,2 we
choose the right ascension, declination, and polarization
angle values as 60.06°, 3.99°, 331.41°, respectively [87].
For the 3G scenario the same angles are 197.45°, 113.38°,
0°, respectively [87]. Also we consider inclination angle (ι)
to be 60° to enhance the contribution of subdominant
modes. In Table I we present the initial parameters for all
the different scenarios. Throughout this article, the BNS
and NSBH binaries considered in the analysis are assumed
to be at a luminosity distance of dL ¼ 40 Mpc.

III. RESULTS

A. Initial conditions for eccentric
GW waveform templates

Analyses of GW detector data are performed most
efficiently in Fourier domain, as that makes it computa-
tionally inexpensive compared to doing so in time domain,
and also the noise power spectral density is most naturally
defined and measured in frequency domain. Analyses of
eccentric binary coalescence signals using waveform tem-
plates for Bayesian likelihood integration can get compli-
cated by the choice of template initial conditions. For
quasicircular binaries, the orbital frequency increases
monotonically allowing for unique waveform generation
from a given starting frequency, which is often the lower
frequency cutoff of the sensitive frequency band of
GW detectors. The instantaneous frequency of eccentric
systems, on the other hand, oscillates during every
orbit. Consequently, any specific frequency value can be
crossed multiple times, rendering the template’s starting
point critical for accurate parameter estimation.
Conventionally, templates are initialized when the orbit-
averaged frequency enters the detector’s band, given an
initial eccentricity (e0) and mean anomaly (l0). However,
this approach neglects preceding orbital cycles where the
instantaneous GW frequency may have already been within
the sensitive band [100]. The omission of these early, in-
band cycles can lead to suboptimal source sky localization.
We illustrate this in Fig. 3. In its left panel we show the

frequency evolution of dominant (2, 2) mode of the GW
signal from an eccentric NSBH binary with m1 ¼ 10M⊙;
m2 ¼ 1.4M⊙, and e7 ¼ 0.2, located at a distance of
40 Mpc. Different colors represent different frequency
evolutions: the instantaneous frequency evolution is shown
in gray, the orbit-averaged in blue, and the frequency of
periastron points in red. We observe that the periastron
frequency enters the frequency band (starting at 20 Hz) at
around −50 seconds, whereas the orbit-averaged frequency
enters the 20 Hz frequency at around −35 seconds, and the
time delay between these two is 15 seconds. For a binary
with e7 ¼ 0.4, this time delay increases to nearly 60 sec-
onds. So, the GW cycles associated with periastron
passages enter the sensitive band much earlier than when
the orbit-averaged frequency does. Ignoring these early
contributions can result in loss of SNR and reduced early
warning time. The right panel of Fig. 3 illustrates the
frequency evolution of the dominant mode emitted by
eccentric binary systems with m1 ¼ 10M⊙, m2 ¼ 1.4M⊙,
for different eccentricity values. Specifically, we consid-
ered eccentricities e7 ∈ f0; 0.2; 0.4g. The instantaneous
frequency evolutions reveal that signals from more eccen-
tric binaries oscillate at higher frequencies and enter the
detection band significantly earlier, despite their shorter
overall duration. Conversely, the inset displays the orbit-
averaged frequencies for the same signals. The orbit-

2The optimal sky location here corresponds to the point in the
sky where a detector network has maximal sensitivity.
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averaged frequency of eccentric signals is consistently
lower than that of quasicircular signals, leading to their
delayed entry into the GW detectors’ sensitive band.
To address this, we propose an alternative specifica-

tion for template initial conditions: fixing the mean
anomaly to its value at periastron (where instantaneous
orbital frequency is maximal) and defining the template
by an initial eccentricity and instantaneous frequency.
Current template banks for early-warning systems
[101,102] are typically constructed by fixing a reference
frequency and gridding over intrinsic parameters (e.g.,
masses, spins) defined at that frequency [103–105].
While adequate for quasicircular systems, robust early-
warning template banks for eccentric binaries may
necessitate gridding over parameters such as periastron
frequency and initial eccentricity. In this section we
investigate the implications of both of these template
initialization strategies in the context of early-warning
capabilities with current and future ground-based GW
detector networks. We compare them by quantifying the
resulting loss in sky-localization information from the
suboptimal strategy, across a range of initial eccen-
tricities for different observation scenarios.
We consider a fiducial NSBH binary and calculate the

sky-area to which it can be localized, as a function of time
to merger tc. We also calculate the signal-to-noise ratio
(SNR) accumulated as a function of time. We repeat these
calculations using both strategies for template initial
conditions. The first strategy (which we will call IC1
from here onward) considers the signal starting time to
correspond to when twice of the orbit-averaged orbital
frequency enters the detector’s sensitivity band, while
truncating the signal at the chosen time to merger tc.

Likelihood is integrated between the lower and upper
limits of the detector’s sensitivity band. Referring back to
the left panel inset in Fig. 3, this amounts to considering
the waveform for integration of frequency moments for
sky-localization area calculation from the vertical dot-
dashed line onward, and stopping it at the time at which
we want to report the sky area and SNR. The second
approach (we will call this IC2 here onward) involves
starting templates from the moment when the periastron
frequency enters the detector’s band and stopping it at tc.
This implies we start sky-area integration from the vertical
solid line onward in the same inset of Fig. 3, and stopping
again at the value of time coordinate at which we want to
report the sky area and accumulated SNR. In this case the
upper frequency limit of integration is chosen to be the
interpolated periastron frequency evaluated at the end time
of the signal.
Our results are shown in Fig. 4. The left column

illustrates the sky localization area and SNR as a function
of time until coalescence for different detector configura-
tions. In each panel the IC1 initial condition results are
shown through filled circles and those using IC2 through
filled asterisks. The detector configuration is denoted in the
lower left corner of each panel. In these panels we restrict
ourselves to the dominant l ¼ jmj ¼ 2 mode. We consider
an NSBH system with component masses m1 ¼ 10M⊙ and
m2 ¼ 1.4M⊙, and adopt an eccentricity of e5 ¼ 0.3
for the O5 and Voyager scenarios, and e2.5 ¼ 0.3 for 3G
(additional binary parameters are detailed in Sec. II D). For
O5 and Voyager, the likelihood integration begins at
fstart ¼ 10 Hz.
For 3G, likelihood integration starts at 5 Hz. These details

are summarized in Table I. The SNR and sky localization

FIG. 3. Left panel: Frequency evolution of the (2, 2) mode of the GW signal emitted by an eccentric binary system. The components of
this binary have masses m1 ¼ 10M⊙ and m2 ¼ 1.4M⊙, with an initial eccentricity of e7 ¼ 0.2 at a frequency of 7 Hz. The gray curve
shows the instantaneous GW frequency, it appears almost as a band because we show an extended time span spanning hundreds of
orbits; the red curve indicates the interpolated periastron frequency; and the blue curve denotes the orbit-averaged frequency evolution.
The inset provides an enlarged view near 20 Hz. In this inset, the solid vertical line marks the point at which the periastron frequency
reaches 20 Hz, while the dash-dotted line marks the crossing of the orbit-averaged frequency. The time difference between these two
events is approximately 15 seconds. Right panel: Frequency evolution for different values of initial eccentricity. As eccentricity
increases, the instantaneous frequency enters the frequency band of interest earlier. However, the inset reveals that the orbit-averaged
frequency crosses the band later for signals originating from more eccentric systems.

PRIYANKA SINHA et al. PHYS. REV. D 113, 123060 (2026)

123060-8



area are calculated following the methodology described in
Sec. II B, fixing the probabilityp ¼ 0.9 in Eq. (11) to obtain
90% credible sky areas. Fig. 4 quantitatively demonstrates
that the sky area obtained using IC2 initial conditions for
templates is consistently smaller than that obtained using
IC1 initial conditions across all the observing scenarios. For
example, for a sky area of 102 square degrees, starting search
templates from periastron frequency yield a time gain of 1.4,

2.7, and 54 seconds compared to the orbit-averaged fre-
quency in the O5, Voyager, and 3G scenarios, respectively.
At a sky area of 103 square degrees, the additional time gain
is 7.8 seconds for an SNR of 45 (O5), 13.5 seconds for an
SNR of 65 (Voyager), and 185 seconds for an SNR of 381
(3G). Therefore, the neglect of these extra cycles leads to
measurable deprecation of sky-localization abilities in all
observing scenarios.

FIG. 4. Left column: Sky area and SNR as functions of time to coalescence for a binary with m1 ¼ 10M⊙, m2 ¼ 1.4M⊙, computed
using periastron and orbit-averaged frequency evolution. Each row corresponds to a different observing scenario: O5, Voyager, and 3G,
with initial eccentricities set to e5 ¼ 0.3 for O5 and Voyager, and e2.5 ¼ 0.3 for 3G. For the SNR and sky area calculations, we consider
fstart ¼ 10 Hz for O5 and Voyager and 5 Hz for 3G. At any given time, starting from periastron frequency yields smaller sky area than
from orbit-averaged frequency. For a fixed sky area of 1000 sq. deg., the time gained using periastron frequency is approximately
7.8 seconds, 13.5 seconds, and 185 seconds for the O5, Voyager, and 3G scenarios, respectively, with corresponding SNRs of 45, 65,
and 381. Right column: Sky area ratio of eccentric to noneccentric cases for different initial eccentricity values. Solid lines represent the
sky area ratio when templates are initialized from a given periastron frequency, while the dash-dot lines represent the same using orbit-
averaged frequency.
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The right column of Fig. 4 presents the sky area
ratio of eccentric binaries compared to their quasicircular
counterparts for both initial condition strategies: orbit-
averaged (dash-dotted lines) and periastron frequency
(solid lines). Results are shown for initial eccentricities
e∈ f0.1; 0.2; 0.3; 0.4g. A sky-area ratio greater than 1
implies that the eccentric binary yields a larger localiza-
tion area than the circular case, requiring follow-up
telescopes to scan a broader region of the sky. When
the same is less than 1 it indicates that the sky area for
eccentric cases is smaller than that for noneccentric cases,
implying that the presence of eccentricity aids in local-
izing signals better than the circular case. For all the
detector scenarios, we can see the sky area ratio using IC1
initial conditions is always greater than 1, and increases
with increasing initial eccentricity. This is because as we
increase eccentricity, the instantaneous orbit-averaged
frequency decreases at any particular time, so it enters
the detector band later than the noneccentric case as
shown in the inset of right panel of Fig. 3. This leads to
lower SNR (hence, larger sky area) for eccentric GW
signals when using IC1 initial conditions for filter tem-
plates. E.g., at time −80 s, the sky area of a binary with
initial eccentricity e ¼ 0.4 is approximately 2.9 (3.1)
times as large as that of a circular binary in the O5
(Voyager) scenario. For the 3G scenario, the sky area is
approximately 4.3 times as large at −554 s. Therefore, it is
evident that IC1 initial conditions are not effective for
accurately localizing eccentric GW signals, compared to
circular binaries. In the same right column of Fig. 4, the
solid lines depict the sky area ratio of eccentric to
noneccentric signals, computed using the IC2 approach.
This ratio is consistently less than 1 across all scenarios
and further decreases with increasing eccentricity. This
reduction occurs because highly eccentric signals oscillate
at higher frequencies during each orbit, causing some
cycles to enter the detector’s band earlier (shown in right
plot of Fig. 3). Additionally, while the signal duration
shortens with increasing eccentricity, the amplitude
increases, contributing to a higher relative SNR, as
demonstrated in Ref. [127]. In summary, as eccentricity
increases, the periastron frequency rises, leading to earlier
band entry, and the enhanced amplitude of eccentric
signals results in a higher SNR and a smaller sky area.
As an example, in the O5 (Voyager) scenario, a NSBH
binary (m1 ¼ 10M⊙, m2 ¼ 1.4M⊙) with an initial orbital

eccentricity of 0.4 can be localized to a sky area that is
approximately 1=14 (1=19) that of an equivalent circular
binary at ∼ − 100 s before merger. Similarly, in the 3G
scenario, the sky area of the eccentric binary is approx-
imately 1=72 that of the noneccentric binary at ∼ − 663 s
before merger. As expected, the sky area ratio approaches
1 near merger due to the circularization of the eccen-
tric orbit.
In all panels in the right column of Fig. 4, note that at early

times, with orbit-averaged initial conditions (IC1) used to
start the waveform templates, the ratio of sky area to which
an eccentric binary is localized to that of a noneccentric
binary remains at unity. This is due to both configurations
initially localizing the source to the entire sky (41,253
sq. deg.). Over time, this ratio increases from unity as the sky
area for the noneccentric case starts to diminish, while the
sky area for the eccentric case remains the whole sky.
Eventually, the ratio declines as the sky area for the eccentric
case also begins to contract. Conversely, when starting with
periastron initial conditions (IC2), the sky area for the
eccentric case decreases first, while the noneccentric case
still covers the entire sky. This leads to an initial decrease in
the ratio, which then reverses and increases once the sky area
for the noneccentric case also begins to decrease. This
observation supports our conclusion that using the perias-
tron frequency as the initial condition yields better sky
localization for eccentric GW signals. Therefore, it should
be the preferred approach for effective localization of
eccentric binary GW sources by early-warning systems.
In summary, here we presented the preferred initial

condition for waveform templates of GWs emitted from
eccentric compact binaries. We compared two options: 1)
templates starting from a given orbit-averaged frequency,
and 2) templates starting from a given periastron frequency.
This comparison was conducted across a range of eccen-
tricity values and various detector configurations. Our
findings indicated that using the orbit-averaged frequency
as the initial condition for template generation resulted in
measurably poor sky localization for eccentric binaries,
especially when compared to the quasicircular case.
Conversely, initiating templates from periastron frequen-
cies yielded significantly improved sky localization for
eccentric signals relative to the quasicircular signals. In the
remainder of this paper, we therefore use the IC2 approach
to specify the initial conditions of waveforms for sub-
sequent calculations.

TABLE I. Initial parameters for GW waveform generation and SNR integration for different observing scenarios.

Observing
scenario

Waveform starting
frequency

Integration starting
frequency

Eccentricity
defined at

Modes for
Sec. III A Modes for Sec. III B

O5 5 Hz 10 Hz 5 Hz (2, 2) (2, 2), (3, 3), (4, 4), (2, 1)
Voyager 5 Hz 10 Hz 5 Hz (2, 2) (2, 2), (3, 3), (4, 4), (2, 1)
3G (ET, 2 × CE) 2.5 Hz 5 Hz 2.5 Hz (2, 2) (2, 2), (3, 3), (4, 4), (2, 1)
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B. Sky localization with subdominant modes

Section III A demonstrated the advantage of using the
periastron frequency to specify template initial conditions
and improving the sky localization of eccentric GW sources.
Based on that, from this section onwardwe proceedwith sky
localization calculations that utilize the periastron frequency
as the initial condition (i.e., strategy IC2).
In this section we will quantify the significance of

subdominant modes relative to the dominant GW modes
from eccentric binary mergers when it comes to early
warning. From Fig. 2, we note that the ðl; jmjÞ ¼
ð3; 3Þ; ð4; 4Þ, and (2, 1) modes contribute at least 2% of
the total SNR and other modes contribute lesser. Therefore,
in our subsequent calculations, we will include these three
subdominant modes alongside the dominant (2, 2) mode.
The specific initial parameters for different detector scenar-
ios are listed in Table I.
We start with the same fiducial NSBH binary as we

considered in the previous subsection. The top panel of
Fig. 5 illustrates the sky localization with and without
subdominant modes for various initial eccentricities for that
binary with masses m1 ¼ 10M⊙; m2 ¼ 1.4M⊙. As before
we consider O5, Voyager, and 3G scenarios (detailed in
Sec. II D). Solid lines represent sky localization using only
the dominant mode, while dashed lines represent sky
localization using all considered modes. The different
colors represent different initial eccentricity values.
Similar to the circular case, where the inclusion of
subdominant modes reduces the sky area (as demonstrated
in [87–89]), we observe that incorporating subdominant

modes with the dominant mode also decreases the sky area
for eccentric GW signals. Furthermore, increasing initial
eccentricity leads to an even greater reduction in the sky
area relative to the circular case, both with and without the
inclusion of subdominant modes. We found that the early
warning time gain for e ¼ 0.4 binary systems with respect
to the e ¼ 0 case is approximately 25 seconds, 40 seconds,
and 6.2 minutes for O5, Voyager, and 3G scenarios,
respectively at a sky area of 1000 square degrees when
considering only the dominant (2, 2) mode. When sub-
dominant modes are included alongside the dominant
mode, this time gain for e ¼ 0.4 binaries, relative to
e ¼ 0, increases to 41 seconds, 71 seconds, and 13 minutes
for the respective observing scenarios. Furthermore, for an
eccentric system with e ¼ 0.4, the early warning time gain
achieved specifically by including subdominant modes,
compared to their exclusion, is 27 seconds, 54 seconds, and
11.6 minutes at a fiducial sky area of 1000 square degrees
for the O5, Voyager, and 3G scenarios, respectively.
Bottom panel of Fig. 5 illustrates the same but for BNS

systems with m1 ¼ m2 ¼ 1.4M⊙. For BNS, as expected,
the effect of including subdominant harmonics is less
prominent. The effect of orbital eccentricity is manifestly
more prominent, and overtakes the effect of including
subdominant harmonics at higher eccentricities. Eccentric
BNS will therefore get substantially better localized in low
latency than their quasicircular counterparts, leading to
longer early-warning times.
We next extend our investigation by exploring the effect

of subdominant modes on the sky localization of eccentric

FIG. 5. Sky localization area as a function of time to coalescence for different initial eccentricities, shown for various observing
scenarios. Top panel: NSBH binary system with m1 ¼ 10M⊙, m2 ¼ 1.4M⊙, and χ1 ¼ χ2 ¼ 0. Solid lines represent the sky area
calculated using only the dominant (2, 2) mode, while the dashed lines include both dominant (2, 2) and subdominant modes. For the
e ¼ 0 case, at 1000 sq. deg sky area, time gain using the subdominant mode alongside dominant mode is 11 seconds, 23 seconds, and
4.6 minutes for O5, Voyager, and 3G scenarios. For the e ¼ 0.4 case, this early warning time gain increases to 27 seconds, 54 seconds,
and 11.6 minutes, respectively. Bottom panel: BNS system with m1 ¼ m2 ¼ 1.4M⊙. While subdominant modes offers only marginal
improvements in the sky area for these binaries, orbital eccentricity notably tightens sky localization compared to quasicircular systems.
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GW signals from binary neutron star and neutron star-
black hole binaries for a variety of binary component
masses and spins. Figure 6 shows the fractional reduction
in sky area when considering the dominant mode for
eccentric binaries compared to circular binaries for the O5
scenario. Different panels correspond to different initial
orbital eccentricities, as shown in their top left corner.
The x-axis of all panels represents the time to coalescence,
and the y-axis represents the primary mass m1 ∈ ½1.4; 15�,
with the secondary mass m2 ¼ 1.4M⊙ and zero spins on
both compact objects. For all our calculations
here, we fixed the secondary object’s mass to 1.4M⊙.
The color bar indicates the fractional reduction in sky area
ΔΩe, with

ΔΩeð%Þ ¼ Ωðe ¼ 0Þ − ΩðeÞ
Ωðe ¼ 0Þ × 100: ð18Þ

For eccentricities below 0.4, ΔΩe is initially close to zero
during the early inspiral phase. This reduction increases to
a maximum at some point during the inspiral and then
decreases. The small reduction at the beginning of the
inspiral occurs because the sky area is at its maximum
(41,253 square degrees) for both eccentric and noneccen-
tric binaries. This means both eccentric and noneccentric
binaries have not yet been meaningfully localized on the
sky. ΔΩe reaches a maximum as the inspiral progresses.
Subsequently, it decreases as the GW signals approach
merger, eventually returning to smaller values closer to
merger. This is because by the end both have nearly

accumulated all their SNR,3 and so the final fractional
reduction is simply a property of the relative SNRs of
eccentric and noneccentric sources. The contour lines on
the plot represent the actual sky-localization areas for the
eccentric signals, corresponding to 104; 103, and 102

square degrees. They help indicate the practically useful
regions of the figure. E.g., actual sky-localization areas
larger than 1,000 square degrees might be considered too
extensive for effective signal localization. We observe that
as the initial eccentricity (e5) increases from 0.1 to 0.4 for
NSBH systems, the fractional reduction in sky area, at an
actual sky-localization area (corresponding to eccentric
signals) of 1,000 square degrees (dash-dotted contours),
increases from less than 2% to 80%. For the fiducial
NSBH binary with m1 ¼ 10M⊙ and m2 ¼ 1.4M⊙ we find
an extra early warning time gain of 25 seconds. For an
absolute sky-localization area of 100 square degrees, this
reduction ranges from 1% to 30%, with an approximate
early warning time gain of 4 seconds. For the BNS system
(bottom edge of each panel), the fractional improvement
in sky-localization area ranges from 1% to 40% when the
source has been localized to within 1,000 sq. deg. with
initial eccentricities going from e5 ¼ 0.1 to e5 ¼ 0.4 with
an extra early warning time of 30 seconds. Furthermore,

FIG. 6. Fractional reduction of sky area due to eccentricity, given by Eq. (18), is shown using only the dominant (2, 2) mode for the O5
Scenario. The contours correspond to the absolute sky area, with white, cyan, and blue lines indicating absolute sky areas for eccentric
signals of 104; 103, and 102 sq. deg., respectively.

3In the O5 scenario, and considering only the dominant mode,
the total SNR accumulated by an eccentric NSBH binary (with
m1 ¼ 10M⊙; m2 ¼ 1.4M⊙) with an eccentricity of 0.4 is 167,
whereas for a quasicircular binary, this becomes 160.
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increasing the eccentricity expands the region in param-
eter space where the sky area reduction is high.
Figure 7 presents the ratio of sky areas for eccentric

versus noneccentric binaries, extending the analysis of
Fig. 6 by considering both the dominant and subdominant
GW modes for O5 and Voyager scenarios. As before, this
figure includes both BNS and NSBH systems. The contour
lines represent the actual sky-localization areas for the
eccentric binaries, corresponding to 104; 103, and 102

square degrees. In the O5 scenario, the fractional reduction
in sky area remains comparable to that shown in Fig. 6. As

eccentricity increases from e5 ¼ 0.1 to e5 ¼ 0.4, we
observe a gain in early warning time of approximately
6 seconds at 100 sq. deg. for a fiducial NSBH system of
ð10; 1.4ÞM⊙. For the Voyager scenario, we get somewhat
similar reductions due to eccentricity but overall better sky
localization since all contours move to earlier times. At 100
sq. deg., we get around 2% fractional reduction in sky area
for e5 ¼ 0.1 at tc ¼ −31 s, whereas for e5 ¼ 0.4 eccen-
tricity, this reduction goes up to 65% at tc ¼ −47 s for the
same NSBH system. So the extra early warning time gain
from e5 ¼ 0.1 to e5 ¼ 0.4 is around 16 seconds at 100

FIG. 7. Fractional reduction of sky area due to eccentricity, computed using subdominant modes along with dominant mode, is shown
for different initial eccentricities in the O5 and Voyager scenarios. The horizontal axis represents the time to coalescence, while the
vertical axis is the mass of the primary compact object in binary. The white, cyan, and blue contours represent absolute sky areas of 104,
103, and 102 sq. deg., respectively.
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sq. deg. For the BNS system, this additional time gain with
increasing eccentricity is around 10 seconds.
Figure 8 presents the same analysis as Fig. 7 but for the

3G scenario. Here, we present the results for NSBH and
BNS systems separately. As before, complete inspiral-
merger-ringdown waveforms are used for the NSBH
systems, whereas for BNS systems, only the inspiral
portion is considered due to the high computing memory
requirements of long-duration waveforms starting at low
frequencies. The waveforms are generated with an initial
eccentricity defined at 2.5 Hz, and the fstart for SNR

integration is 5 Hz, detailed in Table I. For NSBH
(m1 ¼ 10M⊙; m2 ¼ 1.4M⊙), at sky area of 100 sq. deg.,
the fractional reduction for eccentric ones with e2.5 ¼ 0.1 is
about 2% relative to circular binaries at tc ¼ −334 s, and
for e2.5 ¼ 0.4, this reduction is 80% at tc ¼ −572 s. The
extra time gain at 100 sq. deg., because of increasing
eccentricity (from 0.1 to 0.4) is 238 seconds (∼3.97
minutes). For BNS systems (with m1 ¼ m2 ¼ 1.4M⊙),
we can get 40 minutes of early warning time for e2.5 ¼
0.4 eccentricity at 1000 sq. deg sky area with fractional
reduction of 90%, while at 100 sq. deg. sky area, this early

FIG. 8. Same as Fig. 7, but for the 3G scenario. The sky area results for BNS and NSBH binaries are presented separately. For NSBH
systems, we use the complete inspiral-merger-ringdown waveform, whereas for BNS systems, we use only the inspiral portion of the
waveform.
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warning time is 16.8 minutes with fractional improvement
in sky localization of the eccentric case with e2.5 ¼ 0.4
being about 60%. From these results we conclude that,
though possibly rare, eccentric binaries with neutron stars
(NSBH/BNS) can have better early sky localization and
therefore have better chances of being followed up for
prompt electromagnetic emissions than their quasicircular
counterparts. Based on this we recommend that efforts
within the early-warning GW community consider low-
latency early-warning efforts targeted at these eccentric
binaries.

Figure 9 illustrates the impact of subdominant modes
relative to the dominant mode across the parameter space of
the primary mass at various eccentricities for the O5 and
Voyager scenarios. The color bar indicates the ratio of sky-
localization areas with versus without subdominant modes.
This is distinct from the previous figures, which quantified
the effect of orbital eccentricity instead. Here, a smaller ratio
indicates a stronger influence of subdominant modes,
leading to better sky localization. In the early inspiral, the
ratio is close to one as both sky areas are theirmaximum (i.e.,
no meaningful localization in either case). Across scenarios,

FIG. 9.
Ωð22þHM;eÞ
Ωð22;eÞ

for a range of primary BH’s mass (m1) while keeping m2 ¼ 1.4M⊙ at different eccentricity value, for the O5 and
Voyager scenario.
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the sky area ratio decreases with increasing m1 (while
m2 ¼ 1.4M⊙), indicating that, as we expect, the contribu-
tion of subdominant modes becomes more significant with
increasing mass ratio. At a mass ratio of 10, including
subdominant modes can lead to approximately a 70%ð90%Þ
reduction in sky area about 48(69) s before merger at 1000
square degrees sky areawith initial eccentricity, e5 ¼ 0.1, in
the O5(Voyager) scenario. As eccentricity increases, the
region of maximum gain from subdominant modes shifts to
earlier times because higher eccentricity causes the GW

signals to oscillate at higher frequencies and enter the
detector band sooner. For the same binary with mass ratio
10 with e5 ¼ 0.4, the reduction in sky area remains close,
observed at earlier times of 91(145)s before merger for the
O5(Voyager) scenario. For the BNS systems, the impact of
subdominant modes is expectedly minimal, with the sky
area ratio staying close to unity (consistent with the trends
seen in Fig. 2). Figure 10 extends this analysis to the 3G
scenario and presents results for NSBH and BNS systems
separately. For NSBHs, we can get up to 98% reduction in

(a) 3G: NSBH

(b) 3G: BNS

FIG. 10.
Ωð22þHM;eÞ
Ωð22;eÞ

for a range of primary BH’s mass (m1) while keeping m2 ¼ 1.4M⊙ at different eccentricity value, for the 3G
scenario. (a) is for a NSBH bianry system while (b) is for a BNS system.
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sky area by including subdominant modes to localize
sources with mass ratio 10. Similar to Fig. 9, as we increase
eccentricity the effectiveness of subdominant modes shifs to
early inspiral times. For most BNS system with mass ratio
near unity, we see the reduction due to subdominant mode
remains less than 3%, whereas for more asymmetric neutron
stars binaries with m1 > 2M⊙, a reduction of up to 20% is
achievable for an eccentricity of e2.5 ¼ 0.4 at early-warning
times of nearly half an hour.
The impact of the primary mass (m1) and eccentricity on

sky localization is explored in a different way in Figs. 11
and 12, respectively, by looking at three distinct moments
until coalescence: tc ¼ −90 s, −60 s, and −45 s. Figure 11
highlights the contribution of subdominant GW modes,
whereas Fig. 12 depicts the influence of eccentricity across
the relevant parameter space. As seen in Fig. 11, the impact
of subdominant modes on sky localization becomes more
pronounced with a larger primary BH mass (m1).
Moreover, this enhancement is even greater at earlier
inspiral stages (tc ¼ −90 s) as compared to the later
inspiral stages (tc ¼ −45 s), and is simultaneously lower
for higher eccentricities. These are expected trends, as
higher-modes become louder with increasing mass ratio
leading to better sky localization, and also the same
improvement can be achieved by turning up the initial
orbital eccentricity. Quantitatively, the maximum reduction
in sky localization area achieved by including subdominant

modes is 89% at tc ¼ −90 s, whereas it is 73% at
tc ¼ −45 s. In Fig. 12, we investigate the impact of
eccentricity by showing the ratio of sky area for eccentric
to noneccentric binaries using subdominant modes along
with the dominant mode for three different times to
coalescence. The vertical and horizontal axes represent
the primary mass m1 and eccentricity, respectively. With
increasing eccentricity, the sky area ratio of eccentric to
noneccentric cases decreases, highlighting the impact of
eccentricity. For an eccentricity of 0.4, the sky area
reduction relative to the noneccentric case reaches approx-
imately 84%; 77%, and 71% at a time to coalescence value
of tc ¼ −90 s, −60 s, and −45 s. As in Fig. 11 this
enhancement in sky localization due to eccentricity is
greater at earlier inspiral stages (tc ¼ −90 s) as compared
to the later inspiral stages (tc ¼ −45 s). Additionally, for a
fixed eccentricity, increasing the primary mass yields only a
modest improvement in the eccentricity-induced enhance-
ment of the sky localization. From these two figures, we
conclude that both mass-ratio and orbital eccentricity
comparably enhance the importance of subdominant wave-
form harmonics, with perhaps the eccentricity playing a
more important role at lower mass ratios, and consequently
lead to better sky localization of their sources.This is one of
the main results of this paper.
So far, our discussion has focused on the impact of

eccentricity and the subdominant mode on sky localization

FIG. 11. Row shows Ω22þHM;e=Ω22;e the columns are for three different tc values=[−90;−60;−45] sec for the O5 scenario.

FIG. 12. Row showsΩ22þHM;e=Ω22þHM;e¼0 and the columns are for three different tc values=[−90;−60;−45] sec for the O5 scenario.
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within the mass parameter space. Last, we examine these
effects across a range of the heavier black hole’s spin (χ1),
assuming no spin on the neutron star. We consider the
dimensionless primary spin χ1 ∈ ½0; 0.8� at various eccen-
tricity values e5 ¼ f0; 0.2; 0.4g for a fiducial NSBH binary
system with masses m1 ¼ 10M⊙, m2 ¼ 1.4M⊙, and χ2 ¼
0 in the O5 scenario.4 Figure 13 illustrates the influence of
the subdominant mode as a function of the heavier black
hole’s spin χ1. Consistent with our observations in Fig. 2,
where the SNR of the subdominant mode exhibited a very
weak dependence on black hole spin, we see a similar trend
here. With increasing spin, the impact of subdominant
modes on the sky area remains nearly constant for a given
tc across all considered eccentricity values. However, as
eccentricity increases, the region where this effect is most
pronounced (maximum reduction in sky area) shifts toward
earlier times. In Fig. 14, we demonstrate the improvement
in sky area achieved solely by including spin effects, that is,

we present
Ωχ1
Ωχ1¼0

. Solid and dashed lines show results with

and without subdominant modes. Notably, for zero eccen-
tricity, the reduction in sky area is maximal for the
dominant mode, showing approximately a 12% reduction.
The inclusion of the subdominant mode provides a reduc-
tion of around 10%. This reduction diminishes as we
transition to higher eccentricities; for e5 ¼ 0.4, the sky
area reduction due to spin is approximately 6% with and
without subdominant mode. Therefore, we can conclude
that the black hole’s spin has a relatively smaller influence
on sky localization and early warning time.

C. Tidal effects on sky localization

In binaries containing NS, tidal effects are an essential
component of the binary dynamics. It is therefore natural to

ask whether they influence sky localization, and we address
this in the current section.
A substantial amount of work has been devoted to

accurately modeling tidal effects in BNS systems, moti-
vated by their sensitivity to the neutron-star equation of
state. In PN theory, tidal contributions enter the gravita-
tional-wave phase at leading 5PN order [147], with higher-
order corrections currently known up to 7.5PN [148–150].
While PN-based descriptions are accurate during the early
inspiral, they become unreliable close to merger. To extend
tidal modeling into the strong-field regime, the effective-
one-body (EOB) [151,152] formalism incorporates tidal
effects directly into the Hamiltonian, including both adia-
batic tides and dynamical tides associated with f-mode
resonances. The two main EOB models implementing
these effects include SEOBNRv4T [153,154] and
TEOBResumS [112,155–157]. Although EOB models pro-
vide improved accuracy near merger, their computational
cost arising from the numerical solution of coupled
ordinary differential equations has motivated the develop-
ment of faster alternatives, such as reduced-order models

FIG. 13. Sky area ratio of 22+HM to 22 mode as a function of primary spin and time to merger, for different eccentricity values, for an
NSBH binary with m1 ¼ 10M⊙ and m2 ¼ 1.4M⊙. The eccentricities are defined at flow ¼ 5Hz. Here we consider the O5 scenario.

FIG. 14. Sky area ratio of spinning to nonspinning for 22 and
22+HM, for three different initial eccentricities at 5 Hz, the colors
shows different eccentricity values at tc ¼ −45s, the solid line for
the 22+HM and the dashed line for the 22 mode, for the O5
scenario.

4We defer this question for the 3G scenario due to computa-
tional constraints, but we expect the overall trend to be similar,
i.e., the effect of spins is subdominant to that of orbital
eccentricity and of subdominant harmonics in the GW signal.
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[158,159], postadiabatic approximations, machine learning
technique [160], and phenomenological waveform families
calibrated to EOB and NR simulations [161]. Notable
examples include the NRTidal [162] family, culminating
in NRTidalv3 [163], which incorporates mass-ratio
dependence and dynamical tidal effects using an expanded
NR dataset.
Tidal interactions produce an additional phase contribu-

tion to the gravitational-wave signal, primarily during the
late inspiral and merger stages, as the neutron stars develop
induced quadrupole moments in response to each other’s
tidal field [107,150,164]. For typical binary neutron star
systems with relatively stiff equations of state, dimension-
less tidal deformabilities Λ̃ ∼Oð102–103Þ [8], where the
reduced tidal parameter, expressed in terms of the compo-
nent masses ðm1; m2Þ and their tidal deformabilities
ðΛ1;Λ2Þ, is given by [107,165],

Λ̃ ¼ 16

13

ðm1 þ 12m2Þm4
1Λ1 þ ðm2 þ 12m1Þm4

2Λ2

ðm1 þm2Þ5
: ð19Þ

The cumulative tidal dephasing accumulated over the
sensitive frequency band of ground-based detectors is of
order Δϕtidal ∼Oð10Þ radians [111,150,166]. This contri-
bution remains small compared to the total inspiral phase,
ϕinsp ∼ 103–104 radians, yielding a relative effect Δϕtidal

ϕinsp
∼

10−3 − 10−2 [111,150,162]. The corresponding relative
shift in the inferred merger time is small though, with
Δttidal=tcoalescence ∼ 10−4 − 10−3 [167], which is intrinsic to
the source and therefore common to all detectors [155,162].
Tidal effects are important for intrinsic parameter

estimation and for constraining the neutron-star equation
of state [24,162,166]. However, for sky localization that is
based on triangulation and therefore relies almost entirely
on relative arrival times, network geometry, and antenna
patterns [123,124], tidal deformability is not expected to
measurably impact the reconstructed sky area. Having said
this, this expectation has not been rigorously quantified in
literature. To address this, we perform a dedicated analysis
to assess the influence of tidal effects on sky location
reconstruction. This will allow us to explicitly confirm that
tidal contributions remain negligible, both for anticipated
O5 sensitivities and for next-generation detector networks.
We employ the TEOBResumS-Dali waveform model

[112] in this section, which consistently incorporates tidal
interactions in the Hamiltonian and uses gravitational self-
force–resummed expressions for leading-order multipolar
terms [155,157,168]. We consider equal-mass, nonspinning
BNS systems with m1 ¼ m2 ¼ 1.4M⊙, at a luminosity
distance of 40 Mpc. Two orbital eccentricities are analyzed,
e ¼ ½0.0; 0.4�.5 We set Λ1 ¼ Λ2 ≡ Λ, so that a given value
of Λ corresponds to assigning the same tidal deformability
to both neutron stars. For each configuration, we vary the
dimensionless tidal deformability as Λ ¼ 0, 800, 1500. For
each configuration, we compute the network SNR and the
sky-localization area (Ω) using both O5 and 3G detector
networks, with low-frequency cutoffs flow ¼ 10 and 5 Hz,
respectively, at a sampling rate of 212. The results are
shown in Fig. 15, where rows correspond to different

FIG. 15. Network SNR, sky area, and the absolute value of the fractional sky area due to the tidal effect of a BNS system
(m1 ¼ m2 ¼ 1.4M⊙), at a luminosity distance of 40 Mpc, with e ¼ ½0; 0.4� for varying tidal deformability parameter Λ ¼ ½0; 800; 1500�.
This analysis is performed for the O5 and 3G detector scenarios, taking flow ¼ 10 Hz and 5 Hz, respectively, with a sampling rate of 212.
We can see that the curves with and without tidal effects in the SNR and sky area plots overlap with each other, while the absolute value
of the fractional sky area [as defined in Eq. (20)] due to tidal effects contributes less than 1% for both quasicircular and eccentric cases
across the detector scenarios.

5Note that for Sec. III C, the notation ex denotes the eccen-
tricity defined at a periastron frequency of x Hz.
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detector scenarios and columns display the network SNR,
the sky-localization area, and the absolute fractional change
in sky area due to tidal effects,

				ΩðΛÞ −ΩðΛ ¼ 0Þ
ΩðΛ ¼ 0Þ

				: ð20Þ

In each panel, curves are presented for the two eccen-
tricities, with different colors and line styles indicating the
values of Λ. As Fig. 15 shows, tidal deformability has
relatively more impact on eccentric systems than on
quasicircular ones. However the fractional change in sky
area for both quasicircular and eccentric systems remains
below 1% across all detector configurations.
These results confirm that our overall choice of neglect-

ing tidal effects in this article was justified: while tides may
affect intrinsic source parameters, they have a negligible
impact on the reconstructed sky area.

IV. CONCLUSIONS

We investigated early warning signals from eccentric
NSBH and BNS binary systems, given their significant
potential as sources for multimessenger astronomy.
Focusing on eccentric systems is crucial, as they are
expected to account for a considerable fraction of detect-
able mergers in upcoming observational runs and during
the era of third-generation (3G) detectors.
A key question we addressed concerns the optimal initial

starting point for generating eccentric waveform templates
for SNR integration. We considered two methods: one
using the orbit-averaged frequency as the initial condition
and the other using the periastron frequency for waveform
generation. Our results indicate that initiating waveform
generation and SNR integration with the orbit-averaged
frequency leads to a larger sky area and a lower SNR, and
this effect becomes more significant with increasing eccen-
tricity. In contrast, using the periastron frequency as the
initial condition results in a tighter sky localization com-
pared to the orbit-averaged frequency method. Moreover,
the sky localization even improves as the eccentricity
increases. We found that we can gain an extra early warning
time of 7.8 to 185 seconds for a binary with m1 ¼
10M⊙; m2 ¼ 1.4M⊙ with an initial eccentricity of 0.3,
moving from the O5 to the 3G detector scenario at a
1000 sq. deg. sky area, simply by using the periastron
frequencies as the initial condition instead of the orbit-
averaged frequency.
This highlights an essential point for accurately locating

eccentric GW sources in the sky: using periastron frequen-
cies as the initial condition when generating waveform
templates and calculating the SNR. This refined approach
will maximize the scientific output from future GW
observations of eccentric binary systems. This, in turn,
will enable more precise multimessenger follow-ups,
allowing us to connect GW signals with electromagnetic

and other astronomical observations, offering more pro-
found insights into the origin of these systems, their
postmerger dynamics, gamma-ray burst generation, rem-
nant properties, and signatures in the electromagnetic
spectrum.
Furthermore, we incorporated subdominant modes

alongside the dominant (2, 2) mode and analyzed the
results across a range of binary parameters. Our findings
indicate that including subdominant modes helps reduce
the sky area for eccentric binaries, similar to the circular
case. Notably, with increasing eccentricity, the sky area
decreases even further compared to the circular case, both
with and without the inclusion of subdominant modes.
Specifically, for a binary system with masses m1 ¼ 10M⊙
and m2 ¼ 1.4M⊙ at an eccentricity of e ¼ 0.4, the extra
early warning time gained solely by including the sub-
dominant modes is 27 seconds, 54 seconds, and
11.6 minutes for O5, Voyager, and 3G scenarios at a sky
area of 1000 sq. deg., respectively. We explored a param-
eter space with primary mass m1 ∈ ½1.4; 15�M⊙, dimen-
sionless spin χ1 ∈ ½0; 0.8�, and eccentricity e ≤ 0.4 for
various detector sensitivities. We quantified the fractional
reduction in sky area with eccentricity compared to circular
binaries, both with and without subdominant modes. For
NSBH binaries, we observed a sky area reduction of 2% to
80% as eccentricity increases from e5 ¼ 0.1 to e5 ¼ 0.4,
with an added 25 seconds early warning for the dominant
mode in the O5 scenario. BNS binaries showed a 40%
reduction at e ¼ 0.4, with even greater reductions when
subdominant modes are considered.
Specific improvements with subdominant mode for

different detector scenarios are as follows:
O5: The fractional reduction in sky area due to eccen-

tricity for the (2, 2) mode plus subdominant modes can
range from 2% to 80% as the eccentricity increases from
e5 ¼ 0.1 to e5 ¼ 0.4 at a sky area of 1000 sq. deg.,
providing an extra early warning time of 41 s. At a sky
area of 100 sq. deg., this reduction can vary from 2% to
40% with increasing eccentricity. Furthermore, we can
achieve a 70% sky area reduction due to the inclusion of
subdominant modes for NSBH systems, whereas for BNS
systems, this reduction is near zero.
Voyager: The fractional reduction in sky area due to

eccentricity can vary from 2.2% to 85% as the eccentricity
increases from 0.1 to 0.4 at a sky area of 1000 sq. deg.,
resulting in an extra warning time of more than 1 minute.
For a sky area of 100 sq. deg., this reduction can vary from
2% to 65%. The sky area reduction due to subdominant
modes can reach up to 94% for NSBH binaries, while for
BNS binaries, this reduction is close to zero.
3G: For the 3G scenario, considering subdominant mode

along with dominant mode, the reduction in sky area due to
eccentricity can reach up to 80% at early warning time of
9.5 minutes before merger at a sky area of 100 sq. deg. with
an eccentricity of 0.4 for NSBH systems. For BNS systems,
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the fractional reduction in sky area can reach up to 60% at
100 sq. deg. with an early warning time of 16 minutes at an
eccentricity of 0.4. Furthermore, at a larger sky area of 1000
sq. deg., the early warning time from such binaries can
extend to 40 minutes. The inclusion of subdominant modes
can lead to a sky area reduction of up to 98% for NSBH
binaries during the inspiral phase. For BNS binaries, a
reduction of less than 20% can be achieved during the early
inspiral; however, this reduction diminishes as the merger
approaches.
Additionally, we explored the effect of component spins

on the sky area for the O5 detector scenario, and found that
the sky area weakly depends on spin, with the reduction in
sky area due to spin being less than 12% across all
considered eccentricities.
Finally, we also explored the effect of neutron star tidal

effects on sky-location reconstruction for both quasicircular
and eccentric BNS mergers, in the O5 and 3G network
scenarios. We find that tides have a negligible impact on the
reconstructed sky area, and can be safely neglected for
source sky localization.
We conclude that the template starting point is crucial for

the study of eccentric gravitational-wave signals, particularly
in low-latency analysis. Our research shows that templates

initialized at periastron frequencies offer optimal sky locali-
zation for eccentric NSBH and BNS merger signals.
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