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A broad experimental program is targeting the QCD axion band predicted by single-axion solutions to
the strong CP problem. Multiaxion theories provide a well-motivated departure from this canonical picture,
since additional states generically modify the mass-photon-coupling relation. We investigate the general
structure of multiaxion solutions to the strong CP problem and study the different qualitative mass-
coupling patterns that arise, including axions to the right of the QCD band, axions in the experimentally
accessible region to its left, and scenarios in which the QCD axion band itself is displaced. This general
treatment reveals a broad set of phenomenological possibilities that are not captured by more restrictive
assumptions. In particular, we identify the structure of Peccei-Quinn (PQ) symmetry breaking and the
relative alignment between the QCD and electromagnetic anomalies as key ingredients determining the
location of the axions in parameter space. Combining these ingredients, we derive a general sum rule for N-
axion systems that incorporates both general PQ breaking and nonuniversal anomaly coefficients. We apply
the framework to the two-axion system and to general multiaxion setups, identifying UV-complete theories
in which the different phenomenological regimes arise naturally. Our results motivate an extended axion
search program and have implications for our understanding of fundamental physics and the ultraviolet

4.8

completion of the Standard Model.
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I. INTRODUCTION

The absence of CP violation in QCD is one of the most
robust and remarkable fine-tuning puzzles of the Standard
Model (SM). Although CP violation in the Standard
Model arises from an O(1) complex phase in the
Yukawa sector, the nonobservation of a neutron electric
dipole moment implies the stringent bound |0 = |6gcp +
arg det(Y,Y,)| < 10719 [1]. Since no symmetry enforces
such a small value or parametric cancellation, this discrep-
ancy gives rise to the so-called strong CP problem.

Despite recent discussions regarding its interpretation
[2-12], the QCD axion [13—17] remains a compelling
dynamical solution to the strong CP problem. In this
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approach, a global U(1)pq Peccei-Quinn (PQ) symmetry,
anomalous under QCD and spontaneously broken at a scale
f 4> provides a pseudo—Nambu-Goldstone boson, the axion,
which acquires a mass through instanton effects and whose
dynamics relax @ to zero, thereby explaining the smallness
of the QCD vacuum angle. The simplicity of this mecha-
nism, along with its possible role as a dark matter candidate
[18-20] and its generic realization in string theory [21-28],
makes it a compelling candidate for beyond the Standard
Model (BSM) physics.

In the canonical QCD axion solution, the mass of the
axion m,, is set by nonperturbative QCD effects and related
to the PQ breaking scale f, via

J/m,m
oS = A

, 1
VT = N (1)

mafagm

where Agep =~ 76 MeV. Additionally, the axion mass is
closely tied to the axion-photon coupling. In axion models,
this coupling receives two distinct contributions. The first is
model independent and arises from pion-axion mixing, a
generic feature of the axion solution to the strong CP
problem. The second depends on the implementation of the
QCD and electromagnetic anomalies in the Peccei-Quinn
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model and is determined by the ratio of the corresponding
anomaly coefficients, E/N [29]. Taking both contributions
into account, the axion-photon coupling can be written as

E
N_)(

Ma
2
Agep

m
=Coyl-5—> (2
! A%)CD

o Aem
|gay| = E

where C, = 1.92(4) [30] (see also Refs. [31,32]). This
relation defines the so-called QCD line in the m, — g,,
plane, or rather QCD band, since it is defined by the class
of UV-complete axion models for which the photon
coupling is fully calculable. This band provides a well-
motivated experimental target and includes most of the
simplest axion constructions. Imposing, in addition, a
viable cosmological history together with theoretical con-
sistency conditions further restricts the parameter space to
an axion window [33-37], which typically corresponds
to |C,,| €[0.03, 1.5] x 1072,

The possibility of identifying axion solutions to the
strong CP problem that deviate from Egs. (1) and (2)
has motivated extended theoretical efforts [24,38-43].
Specifically, the mass of the axion can be modified by
enhancing instanton effects. This can be achieved, for
instance, via modified coupling running [44-46] or by
embedding QCD into a higher-dimensional theory [47,48]
in order to trigger the confinement at a higher scale. It has
also been pointed out that instantons originating from
particular classes of UV extensions, such as models
with extended confining sectors [41,49-51] or nontrivial
embeddings of QCD into a UV gauge group [52-58],
could provide the dominant contribution to the axion
mass, even if the UV theory remains weakly coupled.
Therefore, they would modify the prediction of Eq. (1) and
open new regions of axion parameter space. Other mech-
anisms relying on the misalignment between the axion-
mass and interaction bases have been explored e.g., in
[59.,60].

A common feature of some of these different approaches
is the presence of multiple axions, whose masses and
couplings are typically shifted relative to the standard QCD
axion relation, Eq. (2), often lying to the right of the
canonical QCD line [41,42,52-54,56,61-72] in parameter
space, and, perhaps less generically, to its left [40,60,73—
75]. Moreover, multiaxion systems naturally appear in
well-motivated extensions of the SM, such as in theories
with additional confining sectors commuting with QCD
[41,42,63,75-79], nontrivial embeddings of QCD [52-56],
extra dimensions [80-82] or string theory [21-28], among
others. On the experimental side, the presence of multiple
axion solutions motivates the search for these particles
outside of the QCD axion band. In fact, axions lying to the
left of the QCD line are already within the reach of current
and future experiments, whereas those to the right might
require entirely new experimental searches. In both
regimes, multiaxion scenarios can qualitatively modify

experimental signatures and discovery prospects, including
laboratory experiments [83—86].

Although theories with multiple axions have been
considered in several works, see Refs. [59,60,73,87,88],
most existing analyses focus on specific classes of axion
solutions or impose additional assumptions that do not
capture the full structure of multiaxion theories. In this
paper, we develop a general framework for multiaxion
solutions to the strong CP problem and identify the
conditions under which axion states populate experimen-
tally and theoretically relevant regions of parameter space,
both to the left and to the right of the QCD band. In
particular, we go beyond the assumptions that the axion
potential preserves a PQ symmetry broken only by QCD
and that all axions share a universal E/N anomaly
coefficient ratio. Relaxing these assumptions reveals a
substantially broader and phenomenologically richer axion
landscape. We show that this landscape can be organized
into qualitatively distinct scenarios, whose mass-coupling
patterns encode the structure of Peccei-Quinn symmetry
breaking and point to specific classes of ultraviolet real-
izations. Understanding the underlying structure of multi-
axion systems then allows a systematic study of their
qualitative phenomenology and a general theory landscape
classification, shown in Fig. 1.

Our results therefore highlight the multiaxion paradigm
as a powerful framework for understanding fundamental
physics and the ultraviolet completion of the SM. At the
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FIG. 1. Theory landscape of (multi)axion solutions to the
strong CP problem. We show that (multi)axion systems are
governed by two structural conditions: whether there exists a PQ
symmetry only broken by QCD (QCD-PQ) or more general PQ
breaking is present (general-PQ), and whether anomaly coeffi-
cient ratios E;/N; are universal for all axions (then the QED and
QCD anomaly vectors E and N are parallel) or not. These two
conditions connect the experimental phenomenology with the
low-energy axion system and with possible ultraviolet comple-
tions, allowing a systematic study and a general classification.
Representative UV realizations of each scenario are included as
illustrative examples, not as an exhaustive list.
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same time, they provide strong motivation for a combined
effort from the experimental side, including present and
new experimental techniques.

The paper is organized as follows. In Sec. II, we define
the generic multiaxion setup. In Sec. III, we study the
structure of the simplest two-axion example and identify
the different qualitatively distinct regimes, while also
deriving a general sum rule that incorporates nonuniversal
anomaly coefficients and general PQ breaking structure.
Guided by these results, we turn to the analysis of a general
multiaxion theory in Sec. IV, and identify the relevant
conditions as well as regimes under which axions can lie in
different regions of parameter space. Similarly, we are able to
identify the sum rule that governs the general N axion
system. Finally, we conclude and outline possible future
directions in Sec. V. In Appendix A we include a simplified
yet comprehensive introduction to well-motivated UV com-
plete realizations of the phenomenological scenarios dis-
cussed in the main text. Appendix B introduces an alternative
parametrization of the multiaxion setup to that of Sec. II,
which provides complementary perspectives on the structure
of the axion theory. Appendix C provides additional details
on the two-axion setup studied in Sec. III. Although the main
analysis of this paper focuses on the photon coupling, in the
Appendix D we comment on the structure of other phenom-
enologically relevant couplings in multiaxion systems,
namely those to the lighter fermion families. Finally, in
the Appendix E we show that axionlike particles (ALPs)
whose mixing with other axions is not induced by QCD
instantons can also be mapped onto the phenomenological
scenarios studied in the main part of this work.

II. GENERAL STRUCTURE
OF MULTIAXION SYSTEMS

A. Classification of solutions to strong CP
and anomaly structure

Let us define the generic setup of U(l)IPYQ symmetries

anomalous under QCD.1 In this case, we can write the low-
energy Lagrangian as

Ay T A = em g7 n
= S(NT.a- e g R F
L 3 (N"-a-0)GG 3 aFF, (3)

where we define vectors in the N-axion space in bold

letters,

_ (1 ... 1\T _(E1 ... Eya1\T
N_(ﬂ m>’ E—<Mﬂ ﬁm)’
a=(a - GN)T- (4)

Here, the fields a; correspond to the Nambu-Goldstone
bosons (NGBs) associated to the U(I)Q’Q symmetries.

'In Appendix E we consider the presence of U(1) symmetries
not anomalous under QCD in the interaction basis.

We have used the common redefinition f; = v;/N;, where
v; represent the corresponding vacuum expectation values
(VEVs), associated to the spontaneous symmetry breakings
(SSBs) of the Abelian symmetries. Similarly, we allow for
all different axion fields to have a generic anomalous
coupling N; (E;) to QCD (QED). Additionally, we work in
a basis with diagonal and canonically normalized axion
kinetic terms, in which anomaly coefficients and f; are
taken as generic effective parameters.

After QCD-confinement the gluon couplings generate a
potential for the axions, which can be written as’

V(a) = —Abcpcos (NT -a—0) + Vpg(a),  (5)

where the QCD-potential breaks one direction of the
PQ-symmetries, and, assuming all axions to be massive,
the generic potential Vpg(a) may generically break all the
U(1)p symmetries.

To solve the strong CP problem without spoiling the
“quality” of the axion mechanism, it is sufficient (though
not necessary) to impose that Vpg preserves a PQ sym-
metry only broken by QCD. We refer to such cases as
QCD-PQ systems. More generally, however, there exist
multiaxion systems where Vpg breaks all PQ symmetries
and yet the minimum of the complete potential is CP
conserving. We refer to these as general-PQ systems. An
illustrative example of the latter in a two-axion system is
provided by an axion potential of the form,

a, a, -
V =—A? cos<—1+—2—0>
Qep fi 2

— A} cos <771—§1> — A3 cos (;—2—9_2) (6)

1 2

If we impose A; = 0 or A, = 0, then one of the two PQs
U(1)pg x U(l)%Q is only broken by QCD, the minimum is
CP conserving and this is a QCD-PQ system. Otherwise, if
both A; and A, are nonzero, the potential still has a
CP-conserving minimum if we impose @ = 6, + 6,. In this
case both PQ symmetries are generally broken beyond
QCD effects, the strong CP problem is solved and this is a
general-PQ system.

A natural UV realization of such a potential with the
condition & =68, +6, is provided by models where
QCD emerges as the diagonal subgroup of a larger strong
sector, e.g., SU(N); x SU(N'), = SU(3)qcp [53-56]
(see also Appendix A 3b). In this case, the effective
QCD phase emerges as 6 = 0, + 0,, where the 0;_;,
are the CP-violating phases associated with the individual

*For simplicity, we show only the leading cosine (harmonic)
approximation of the QCD contribution. Our results and con-
clusions are unchanged by retaining the full form of the QCD
potential.
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gauge groups in the UV. Each of them introduces an
independent source of strong CP violation, but in the
presence of two axions the generalized PQ mechanism
dynamically relaxes all of them simultaneously, thereby
also driving 6 to zero. Importantly, the instanton effects of
the additional confining sectors generically break all PQ
symmetries, and in some cases all of them are larger than
the QCD instantons [53,56]. We note that this construction
is not unique and in the Appendix A we introduce more
examples of general-PQ systems that originate from well-
motivated UV theories. Therefore, in order to capture the
most general multiaxion dynamics, we do not restrict our
analysis to QCD-PQ systems, unlike Refs. [59,88]. We also
note that enforcing a CP-conserving minimum in general-
PQ systems is nontrivial in a model-independent approach,
and it is an interesting direction for future work. For this
paper, explicit UV realizations of all phenomenological
scenarios discussed are included in the Appendix A, with
references to the broader literature, and motivate our
bottom-up approach.

Finally, the photon coupling at low energies is also
modified by the mixing between the axion and the pion.
Taking into account this universal contribution, the photon
couplings at low energies can be defined as

1 N
L::Zggy-aFF, (7)

with

a
gay:%(E_C)(N)

®em [ [E E T

-=(l-clk - [B-clh)

— [ Cayy Cayy r

= (% )" ®)
where CWE“;—;[“(%—CX).

In this notation the mass matrix of the axion system can
be written as

1
LD EaTMza, 9)

with

IVpg(a)
oaoa’ |,_y

M? = AbcpNNT + My, Mo = (10)

If we impose the existence of a PQ symmetry only broken
by QCD dynamics, i.e., we restrict to QCD-PQ systems,
then

det(M3,) = 0. (11)

However, this condition is sufficient but not necessary to
solve the strong CP problem, as discussed before, and in

particular it excludes well-motivated classes of multiaxion
systems with nontrivial phenomenology.

Finally, since the mass matrix is real-symmetric, we can
diagonalize it with orthonormal eigenvectors u; such that
M?*u; = m?u; and define the corresponding mass-eigen-
state axions @; = u! - a. Using the completeness relation of
the vector space >, u;ul = 1 the photon coupling of the

mass-eigenstate is
1 T r 1 T -
L= ) E gay - uu; -alF = ZZga}, ‘u;a;FF
i i
I—. .= . -
~ 3 Zgai,aiFF, with g, = gk, - u;. (12)

In Ref. [59] it was shown that, if Eq. (11) is imposed, the
QCD axion sector satisfies a sum rule. Concretely, Eq. (11)
implies the existence of a vector w such that

Mo -w =0, (13)

which we can normalize as N7 - w = 1. Acting with the full
mass matrix on this vector then gives

M?-w = AyepN. (14)

Assuming M? has no zero eigenvalues so that it is
invertible, we can write

1=N"-w = AyepN"M2N

(NT -u;)?

which is precisely the sum rule derived in Ref. [59],
with u; and m? the eigenvectors and eigenvalues of M?,
respectively.

A second sum rule was also obtained in Ref. [59] under
the additional assumption that all axions couple to photons
with the same anomaly ratio, i.e., that the photon anomaly
vector is aligned with the gluon anomaly vector. It then
follows immediately from Eqs. (12) and (15) that

A4
Qo ay g, (16)

Equivalently, these sum rules imply a strict constraint on
each individual axion eigenstate,

~2 2
Yay < Cay

2 =47
mj AQCD

, (17)

namely that all axions lie to the right of the QCD line as
defined in Eq. (2). In Ref. [59], the authors also identified
and studied the maxion limit, in which all axions contribute
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equally to the sum rule, resulting in the maximal displace-
ment of the QCD line by a factor of v/N.

In this paper, we will explore the behavior of axion
masses and photon couplings beyond the maxion configu-
ration. Moreover, we will explore the relaxation of the two
assumptions of the QCD sum rule: the existence of a PQ
symmetry broken exclusively by QCD, and the alignment
of the photon coupling with the QCD anomaly vector. Once
either of these assumptions is relaxed, an even richer
multiaxion phenomenology emerges; first, the QCD axion
line itself can be displaced by much more than the /N
bound implied by the sum rule. Second, once the alignment
between the photon and gluon anomaly vectors is relaxed,
the strict condition of Eq. (17) no longer applies, and axions
can be naturally found to the left of the QCD line. Crucially,
as we will show in the following sections, the phenom-
enology of multiaxion solutions to the strong CP problem
is largely determined by those two aforementioned struc-
tural conditions:

(i) PQ structure: det(Mpg) =0

det(M3g) # 0 (general-PQ);

(ii) Anomaly structure: E||N or E } N.
The first condition is related to MIZBQ; in QCD-PQ systems,
one PQ direction remains broken only by QCD, while in
general-PQ systems the additional potential may lift all PQ
directions, without necessarily spoiling the CP-conserving
minimum. The second condition depends on the alignment
of E and N. When E||N, all axions share a universal value
of the anomaly ratio E;/N;, so that the photon-coupling
vector is aligned with the QCD direction. When E } N, the
anomaly ratios are nonuniversal, and this will be shown to
open qualitatively new possibilities for the axion mass-
coupling relation.

These two ingredients connect the experimental phe-
nomenology with the low-energy multiaxion system as
well as the UV completion, allowing a general theory
landscape classification as shown in Fig. 1 and a systematic
exploration of all the qualitatively distinct phenomenologi-
cal scenarios.

(QCD-PQ) or

B. From axion potential to mass matrix parametrization

We begin from the general axion potential introduced in
the previous section, Eq. (5). The Vpg potential contains all
sources of PQ breaking beyond QCD and is defined as a
sum over generic periodic functions,’

a) = ZVI ZFI

a—-0,). (18)

3For axion potentials generated by instantons or explicit PQ-
breaking scalar couplings, it is common and typically accurate to
perform harmonic expansions of the periodic functions, express
them as cosines (up to phase shifts), and retain only the leading
harmonic, F;(v! -a—0;) ~ —A} cos(v! -a - 0)).

where each v; € R" is an anomaly vector specifying a
distinct PQ-breaking source. In order to efficiently study
the different phenomenological scenarios arising in multi-
axion systems, we split the set of vectors v; into two
nonoverlapping subsets:

{v,} = CUA. (19)

We define the set of PQ-breaking sources fully aligned with
QCD as those whose component orthogonal to N vanishes,
i.e., those that are exactly collinear with N:

CE{U[|U]:f[N for fleR} (20)
All remaining sources of PQ breaking are defined as
nonfully-aligned and belong to the set

A={v|v; # &N for any & €R}. (21)

Crucially, this classification is defined at the level of the
elementary vectors that build the axion potential in
Eq. (18), directly related to the fundamental sources of
PQ symmetry breaking, and is invariant under orthogonal
field redefinitions of a. The complete axion potential can be
decomposed as

For any generic contribution, the mass matrix is extracted
around the minimum a, as

PV,

Saad| = FI0T-ax = 0vivl = xAjvpvf. (23)

where F} (vl -a, — 6;) = k;A} is a real number, which in
general can be positive or negative. We use a convenient
parametrization where A; is a positive dimensionful scale
while xk; = —1, 1 controls the sign. The total mass matrix
therefore splits into two contributions; one fully aligned to
the QCD anomaly vector

R oNNT = <A4QCD N ZK,A;*53>NNT, (24)
I1eC

while the remaining contributions containing the PQ-
symmetry breaking effects that are not fully aligned to
QCD are collected in

M=) kAo (25)
IeA

The total mass matrix, given by
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M?* = AycpNNT + M3, (26)

now presents a parametrization that will be useful later to
classify the various phenomenological scenarios. Note that,
in full generality, AQCD is a real parameter that can be either
positive or negative, while M3 is symmetric but not
necessarily positive semidefinite. This is because in both
cases, the coefficients x; can be negative. However, the
analysis of positivity performed in the Appendix B reveals
that when AQCD < 0 or M3 has a negative eigenvalue, the
phenomenology resembles other scenarios that are also
present when AQCD >0 and M3 is positive semidefinite.
For simplicity, in the following we restrict to the latter case,
which is a sufficient condition to ensure positivity of the
full mass matrix. We refer to the corresponding axion mass-
coupling relation as the generalized QCD line, or more
informally simply the QCD line, defined by AQCD. In
QCD-PQ scenarios one automatically has AQCD = Aqcp»
while in general-PQ scenarios this need not be the case.

Furthermore, it is always possible to perform a rotation
that diagonalizes M3 while preserving the rank-one structure
of the A‘éCD contribution. This is achieved by rotating the
axion fields and the anomaly-coefficient vectors with
orthogonal matrices, redefining the decay constants f; and
A;. In the following general analysis, we assume that we
are working in this basis, where M3 = diag(A}/f3,
...y A%/ f%). Since such a basis can always be found, the
discussion remains fully general, and any phenomenological
scenario can be mapped onto it (see Appendix C2 for an
explicit example in a two-axion setup).

This parametrization isolates the subset of PQ-breaking
effects that are fully aligned with QCD, treating the QCD
direction as special and allowing for a direct comparison
with the generic breaking scales encoded in M3. Generic
nonfully-aligned sources can nevertheless have nonzero
projection onto the QCD direction, and their effect is not
lost in the diagonal—Mf, basis; it is encoded in the
eigenvalues of Mi together with the orientation of the
rotated anomaly vector N.

While this basis is particularly useful to classify various
phenomenological scenarios, it does not explicitly decom-
pose PQ-breaking effects into components parallel,
orthogonal, or mixed with respect to N. Appendix B
introduces a complementary and fully general parametri-
zation, in which the same mass matrix is expressed in terms
of a parallel component, a mixing vector, and an orthogonal
block. This makes the decomposition with respect to the
QCD direction manifest and is particularly useful for
interpreting generic PQ-breaking effects. In the two-axion
case, this alternative parametrization reproduces the same
qualitatively distinct phenomenological scenarios dis-
cussed in the following sections. An analysis of the
N-axion system within the framework of Appendix B is
beyond the scope of this paper and is left for future work.

Consequently, in the following we continue to use the
present parametrization and indicate the correspondence
between the two parametrizations in the Appendix B 1.

III. PHENOMENOLOGY OF THE
TWO-AXION SYSTEM

The two-axion system illustrates the general features of
multiaxion phenomenology while remaining analytically
simple. In particular, it allows us to identify the different
parametric regimes and the corresponding locations of
axions in the (m,, g,,,) plane, which we later generalize
to more complex multiaxion systems. In this section, we
first characterize the distinct regimes of two-axion systems
and study the mathematical structure that gives rise to them.
Second, we observe that some of these cases are not
captured by the sum rule in Eq. (16), and we show that
the discovery of one or more axions violating this rule
could provide insight into different UV realizations.
Finally, we comment on the phenomenological parameter
space of two-axion systems.

A. The structure of the two-axion system

We consider a system of two axions associated with two
broken PQ symmetries U(1)pq X U(l)l%Q, both anomalous
under QCD, leading to a generic axion potential as in
Eq. (5). In the spirit of the general parametrization detailed
in Sec. I B, we decompose the mass matrix into a fully
QCD-aligned contribution and a nonfully-aligned one, and
work in a basis where the latter is diagonal. The former
effectively redefines Agcp — KQCD, as well as the scales
[, allowing us to write, without loss of generality, the mass
matrix as

K4 4 N4
AQCD+A1 AQCD

){'2 .f]fZ
2 71
Ll W @)
e R

This includes contributions from the QCD potential as
well as from a generic potential Vpg that can break” both
PQ symmetries nontrivially. The redefined Agcp, as
introduced in Eq. (24), accounts for PQ-breaking effects
that fully align with QCD, and captures the fact that, in
general-PQ systems, the QCD direction itself can be
displaced, for example, in mirror world constructions
[40,42,75] (see also Appendix A 3a). In the absence of
such effects, one has Agcp = Agep. The remaining
PQ-breaking effects from Vpg are captured by the diagonal
entries A;_; ,, with anomaly coefficients and f; treated as
effective parameters.

“As illustrated in Sec. II, having a PQ symmetry only broken
by QCD is a sufficient but not necessary condition to solve the
strong CP problem.
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In this setup, the eigenvectors can be written using the
mixing angle 6,

associated with the eigenvalues m? . The explicit formulas
for eigenvalues and eigenvectors can be found in
Appendix C. We can study the different regimes in which

u, = (cos sinf)", u_=(—sing cosd)’, the axions can be found by computing the ratios between
(28) mass and photon couplings,
|
Tay (Cayyc080f5 + C,,, sinOf)? -
m2 fPA%sin@® + fAA% cos 62 + (f,sin@ + f,cos0)2Ad (29)
+ 1132 21\ 1 2 QCD
7, (Cyypysin@f, — C, , cosOf)?
m2 F2A3cos 8 + fAAYsin @ + () cos@ — frsin0)*Adcp (30)
- 132 24\ 1 2 QCD
I
Note that in the cases where one axion originates mostly P (Cy = C, )2 ten\2 (Ey /N, = Ey/N, )2
from the QCD direction, i.e., g5 /mg~ Cg,/Agep, this OF AT <ﬂ> 1 14 24 2
QCD-like axion may already be significantly displaced m- (AT +A3) 2n (AT +A3)
from the canonical QCD band if Agcp # Agep, Which (33)

already signals a general-PQ system. In the following,
when characterizing the different regimes of the two-axion
system from Eqgs. (29) and (30), we refer to this modified
line as the “QCD line”, which would lie within the
canonical QCD band in the absence of PQ-breaking effects
fully aligned with QCD, or when such effects are negli-
gible, so that AQCD = AQCD'

We begin by taking the limit A, > AQCD, for which we
obtain

2 2 2 2 2

Ya,y _ Cdz]’ Caz}’ Ga_y _ C”l]’ 31
VR Vi sl v S v I G2

mi Ay Agep M= AT H Agep

provided that f$A3 — f3A1 > 0. In this limit, both axions
are displaced to the right of the QCD line, unless A; = 0. If
Ay > Aqgep, there is approximatively no mixing between
the two original axions, and both axion mass eigenstates are
aligned with one of the A; associated with a single PQ
symmetry U(l){,Q. If, on the other hand, A; < AQCD, one
axion is QCD-like. In both regimes, since the mixing is
very small, we observe that each state retains its corre-
sponding photon coupling.

At first sight, Eqs. (29) and (30) might suggest that
both axions should always lie to the right of the QCD
line, since the quantities in the denominator of both
expressions are positive and therefore [--:] > /§4QCD.
While this is always true for the heavy axion in
Eq. (29), for the light state in Eq. (30) it holds only if
f2sin@ — £ cos@ # 0. In the limit cos@ — (f,/f)sin6,
both expressions reduce to

g%ﬂ’ = — (Cazyf% + Calyf%>2
mi  Abep(fi + 27 + FIA3 + f3A]

(32)

We see that, in this limit, the first expression is sensitive to
AQCD, whereas the second is not. This second expression
exhibits two interesting features. First, for E, /N = E, /N,
it vanishes, implying that the axion moves rapidly to the
right of the QCD line. If the two E;/N; differ, the position
relative to the QCD line is instead entirely determined by
the combination AT + A3.

To identify the position of the light axion with respect to
the QCD line, we need to find the limit in which
(f2sin@ — ficosf) - 0. As one can see in the
Appendix C, there exist two ways to achieve this limit.
The first one corresponds to the limit in which
AQCD > Ay, hence when the two E;/N, differ, it is clear
that the light axion state is to the left of the QCD line since

47 Gz, _ (E\/N, — Ey/N,)?
am M2 (AT +A3)

g M=

(E]/Nl__ E,/N;)?
Adep

(34)

We also note that this result is independent of the choice of
f1 and f», the only requirement being that KQCD > Ay A
second important point is that placing an axion to the left of
the QCD line is only possible when the anomaly coefficient
ratios are different. When E,/N| = E,/N,, the expression
is instead suppressed by KQCD as

m> (4 3HAL + AD A o

with C, , = C,,, = C,,. For Agcp = Agcp. this contribu-
tion is always smaller than that of the traditional QCD
axion; therefore, the axion lies to the right of the canonical
QCD line and exhibits a suppressed photon coupling.
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Instead, if IKQCD < Agcp, one may still achieve an extra
axion to the left of the canonical QCD line when E;/N; are
equal, but here the QCD-like state is itself to the left of the
canonical QCD line.

The second way to achieve the limit of Eq. (33) is by
taking f| — A}f,/A3 [see Eq. (C33)]. In this case, note
that with equal ratios of anomaly coefficients, the expres-
sion cancels again, and the axion moves below the QCD
line, while in the case of different E;/N;, the position with
respect to the QCD line is determined by the size of A, ,.

We have identified the behavior of the system, as well as
the conditions under which an axion lies to the left or to the
right of the QCD line. However, the underlying reason for
this behavior still remains to be explained. The first limit is
realized when the mixing vanishes, & — 0. In this case,
each axion is sensitive to its respective photon coupling.
The second limit found here depends on the hierarchy of
scales, AQCD > A ,, and the behavior with respect to the
QCD line is determined by the alignment, or misalignment,
of the EM anomaly vector with the gluon anomaly vector.
There also exists the degenerate limit A?/f, = A3/ f, and,
similarly to the previous case, the numerator of Eq. (33)
approaches zero when the EM anomaly vector is again
aligned with the gluon anomaly vector.

These limits are related to the particular structure of the
mass matrix. First, turning our attention to the potential and
applying the condition /_\QCD > Ay, A\,, the mass matrix
shows an interesting behavior. In this limit, it is dominated
by the QCD-like potential,

M? =~ A}, NN, (36)

and is constructed entirely from a single vector. Therefore,
it is manifestly rank one. As a result, only one linear
combination of axions acquires mass, while the orthogonal
combination remains approximately massless. In this nota-
tion, the corresponding eigenstates are immediately iden-
tified; the massive eigenstate is aligned with the vector that
defines the rank-one mass matrix, whereas the orthogonal
state is massless up to mass-corrections coming from the
other sources of breaking A; and A;:

o eIt N <f2>
oA T T IND VR A\A

(37)
) AHA

2 TN :Nl: 1 (fl)
SRR TN VAR

(38)

Using the eigenvectors we can compute the value of the
photon coupling of the two mass-eigenstates

Cay 1 f3+Canyy /3 (+)

fifa/ 413 (39)
Aem E1/N1—E> /N, (_)

where in the case E; /N, = E,/N, the result simplifies to

ga+y = Cay V f% + f%/fle and ga_y = O(A(_QéD) The rea-
son behind these results can be traced back to the form of
the anomalous vector coupling, namely,

gaiy =8y UL =

_ em fz—llf% "‘%f% _c \N
T v
Tem E, E
w 1 (B BNy
27[ fl +f2 Nl N2

where for the case E,/N, = E,/N,, the result simplifies
further to g,, = %= (£ — C,)N, showing that the photon
coupling is fully aligned to the gluon anomaly vector. This
trivially leads to the result mentioned above, g, , =
gl, N, =0.

The second limit (A2/f, — A3/f,) is also interesting,
although it can only happen in the presence of contributions
almost fully aligned to QCD and tuning of PQ-breaking
effects to cancel mixing with the orthogonal direction. In
this case, the diagonal PQ-breaking potential leads to a
universal contribution to the masses A}/f?1. In this case,
one can immediately see that there exist two eigenvectors,

N AN N
M2W = <A§5CD|N|2 + f—%‘> N’ (41)
N, A*N
M=l (42)
INL| - 1IN

Although the relation A?/f; = A3/f, is a special limit
from the bottom-up point of view, it can be enforced by an
exchange symmetry between the two axion sectors. For
example, in mirror-world constructions with identical PQ-
breaking dynamics in the two sectors, the non-QCD
contribution to the mass matrix is proportional to the
identity in the two-axion subspace, leading to the eigen-
vectors being aligned and orthogonal to the QCD anomaly
vector.

In both limits, we can see that the eigenvector associated
to the second axion is orthogonal to the QCD anomaly
vector. Therefore, in both limits, if the photon coupling is
aligned to N, the remaining axion is naturally “photo-
phobic”. We also note that, since the axion-pion contribu-
tion is aligned with the gluon-anomaly vector, it leaves a
residual, though suppressed, contribution to GG. As a
result, the corresponding contribution to the photon cou-
pling remains suppressed as well. In both cases, one of the
axion states approaches the QCD-anomaly vector while the
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other becomes orthogonal, hence a photon coupling
aligned to the QCD-anomaly leads to a suppressed photon
coupling.

B. Modifications to the axion sum rule

We can now turn to the photon coupling sum rule in
Eq. (7) and study how it is modified in this more general
setup. Substituting Egs. (29) and (30) into Eq. (16), we
achieve a general sum rule that takes into account general
anomaly coefficients and PQ-breaking effects,
Z@ _ ngyl\‘l‘ + CtzwAg + (Cﬂz}’ B CGIV)ZAA‘QCD

— m? ATAGep + ASAGep + ATAS

i 1

(43)

We can now explore a few limits in which the original
relation in Eq. (16) is violated. Let us begin with the regime
A] s A2 > AQCD’ for which

) 2 2 2
S ay, Cap y Caw o Cor (44)
M Aj A5 AQCD

In this case, independently of whether the anomaly coef-
ficients are universal or not, the sum rule implies that both
axion trajectories are displaced to the right of the QCD line.
In this scenario there is no axion in the QCD line and all
axions can be found to the right. This regime originates
naturally in axion solutions of the strong CP problem
where QCD arises as the diagonal subgroup of a larger
strong sector [53—56], which is a framework that naturally
motivates multiaxion systems.

The second limit of interest is obtained by sending one of
the extra scales to zero, e.g., A, — 0 (and analogously for
A; — 0), which yields

Z@ — C‘%z}’ 4 <C02?’ — Cal)’)z > Cg}’ (45)
m? Al Af T A
i i QCD 1 QCD

Here the inequality follows because both terms are man-
ifestly positive. This expression shows that, if the photon
coupling coefficients are nonuniversal, the position of one
axion with respect to the QCD line is mostly determined by
Ay If A} < Agep, then we have one axion to the left of the
QCD line that dominates the sum rule. Otherwise, if
A > AQCD, then the sum rule is mostly dominated by
the QCD-like contribution and the exotic axion is to the
right of the generalized QCD line. Note that even restricting
to QCD-PQ systems where /iQCD = Aqcp, there are still
corrections to the sum rule of Eq. (16) induced by the
presence of nonuniversal anomaly coefficients. If they can
be determined experimentally, these would rule out simple
GUTs as UV completions of the SM, because they predict
universal anomaly coefficients [88], even if both axions are
in the canonical QCD line or to the right. Note that if

Aqep < Ageps both axions can be to the left of the
canonical QCD-line without requiring nonuniversal
anomaly coefficients.

Finally, if both A;, Ay < Agep we obtain

zggfr ~ ClzleA‘l‘ + sz'Ag _ 1 (CazJ’ — C“IJ’)Z
m? AT+ A Abep AL+ A5

+ O(Agep)- (46)

If the photon coupling -coefficients are universal,
Cy,y = C,y» the second term vanishes and for KQCD =
Aqcp the sum rule in Eq. (16) is approximately recovered,
with only small corrections.’ By contrast, for nonuniversal
couplings the second term dominates, implying that a
sizeable displacement of one axion to the left of the
QCD line is possible. Note in particular that taking
Ay = 0 or A, - 0 with AQCD = Aqcp does not restore
the original sum rule; rather, it takes us back to Eq. (45),
where the nonuniversal term controls the result.

A particular case presented in Ref. [59] is the maximally
deviating QCD axions, or maxions. Defining a measure of
distance with respect to the (generalized) QCD line,

Do MRt MR AN @,

then the sum rule can be read as

> Ly (48)

iqi

Therefore, the maxion configuration occurs when both
q; = 2. If one of the ¢g; were larger, the other would have to
be smaller, and vice versa; consequently, the distance to the
QCD line would be reduced. Assuming universal EM
anomaly coefficients, the maximal contribution to the
sum rule is

CZ
- o . (49)

- A4A4
Maxion 2 ( A? + '—2>
QCD T At+AS

~2
gaiy

2
m;

In the limit of A; — 0 (or equivalently A, — 0) and
AQCD = Aqcp, the maxion is displaced by a factor of

1/ /2 from the traditional QCD line, as found in Ref. [59].
If AQCD # Aqcp, then the generalized maxions are dis-
placed with respect to the QCD line defined by Agcp.

> Naively, one may interpret these corrections as a reintroduc-
tion of A@. Instead, if the naive A@ is in tension with nEDM
experiments, one may interpret this as a general-PQ system where
the strong CP problem is solved. Then the specific pattern of data
could motivate specific UV theories, as shown by the simplified
examples of Appendix A.
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FIG. 2. Left: Behavior of the two-axion model as a function of A, fixing A, =2 x 1073 GeV, f, = 10> GeV, and f, = 10'! GeV,

for two choices of (E1 /Ny, E;/N,). Right: Parameter scan in the m, —g,,,, plane, varying f;

€[107,10'7] GeV and A, € [107*,50] GeV,

with A, = 0. The colors correspond to the same choices as in the left plot, and the curves shown on the right correspond to the lines in

the left plot. For this plot we used the code available in Ref. [89].

However, if both scales A;, are nonzero, the above
expression shows that the QCD line can indeed be
displaced more than /2, even for KQCD = Aqcp- Note
that the maxion limit requires imposing a very particular
condition on the potential. Choosing A, = 0 (analogously
for A; =0), the maxion limit is satisfied when

= (f1 + f3)Abep/f3- Regardless of the sign of the
coefficients and the hierarchy between scales f; and A;, the
maxion limit implies that the two axions are to the right of
the QCD line. The maxion condition can be further
generalized in the case of different photon couplings, see
Eq. (C37) in the Appendix C.

C. The two-axion parameter space

In Fig. 2 we numerically exemplify the analytical results
derived in this section. For this analysis, we assume
Agep = AQCD6 and consider two benchmarks for the
anomaly ratios E;/N;; in the first, we take
E,/N, =E,/N, =8/3, while in the second we fix
E,/N,=8/3 and E,/N,=2/3. In the left plot of
Fig. 2, we fix the scales to f; =10 GeV,
fo=10" GeV, and A, =2 x 1073 GeV, while varying
A,. The peak at lower values of A; corresponds to the limit

°If Agcp # Ageps then the reference QCD line changes and
moves the entire axion contours in the right panel of Fig. 2 to the
left or to the right.

in which f; — f,A?}/A3. Modifying the benchmark point
of A, would shift the position of this peak.

In the left plot of Fig. 2 we can distinguish two clear
regimes. The first one (to the right) corresponds to
Ay > Agep. In this case, for both scenarios, the heavier
axions move towards smaller values of ggﬂ /m? relative to
the QCD axion reference, i.e., it is displaced to the right of
the QCD line. The second regime (to the left) is instead
characterized by A; << Agcp, and here the behavior differs
significantly between the two benchmarks. For universal
values of E;/N;, the lighter axion moves towards smaller
values of §2_,/m?, and hence to the right of the QCD line.
This behavior is captured by the analytical expression in
Eq. (35), and originates from the vanishing of the photon
coupling in the Agcp limit, as can be seen from Eq. (39).
By contrast, when the anomaly coefficients are different,
Fig. 2 shows an axion moving towards larger values of
G2 ,/m?, i.e., to the left of the QCD line, in agreement with
the analytical expression in Eq. (34). The intermediate
regime is sensitive to the choice of scales f%s, or the sign of
E;/N; but it leads to no qualitatively different results in the
limits explained above.

The right plot of Fig. 2 shows the same benchmarks, now
scanning over the three relevant scales, with
fi€[107,10"7] GeV and A, €[1074,50] GeV, and dis-
playing the region populated by the scan points. We also
superimpose, as colored lines, the same trajectories shown
in the left plot in order to illustrate how they map onto the
full parameter space.
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We see that the region corresponding to A > Agcp is
qualitatively similar in both benchmarks. One axion is in the
QCD line while the other has a similar photon coupling but it
is heavier. Testing this region would require a significantly
enhanced sensitivity of haloscopes/helioscopes experiments,
complemented by stronger axion tests via astrophysics and
cosmology. Interestingly, in the regime A;, A, > Agep,
both axions move to the right and there is no axion in the
QCD line, yet they retain a photon coupling similar to
the usual QCD axion. The purple-green lines show a bench-
mark in this regime (A; = 150 GeV, A, =80 GeV).7
Discovering such a scenario may point to particular struc-
tures in the UV, such as a QCD emerging as the diagonal
subgroup of a larger strongly coupled sector.

Conversely, the opposite regime, A; < Agcp shows
qualitative differences between the two benchmarks for
the anomaly coefficients. For the benchmark with universal
E;/N;, the model populates only the region to the right of
the QCD line, while in the nonuniversal case it instead
extends to the left. The plot shows that the phenomenology
of these axions changes dramatically depending only on
whether the electromagnetic anomaly ratios are universal or
nonuniversal. In the first case, one axion is light and
“photophobic”, and therefore practically invisible, whereas
in the second case the axion lies in a region that could be
probed by proposed future DM experiments [90-93].
Similarly, haloscopes targetting the QCD line [94-103]
could also probe these axions if they constitute dark matter
of the Universe, while helioscopes such as the proposed
TAXO [104] could detect them even if they do not account
for dark matter.

An important caveat for the phenomenology of these
models is the production of dark matter, see Ref. [105] for a
related study in a multiple-axion setup. The sensitivity of the
haloscopes shown in Fig. 2 depends on the local axion dark
matter density, and the projected reach typically assumes that
the axion makes up all of the local dark matter. The
misalignment mechanism [18-20] may account for this
abundance, and has been studied for two-axion systems in
several works [79,86,106—111]. Nevertheless, a fully reliable
prediction usually requires UV input, because thermal
corrections to the potential can be important and are generally
related to the origin of the U(1)pq-breaking terms. For this
reason, the dark matter abundance must ultimately be
determined on a model-by-model basis, and lies beyond
the scope of the present generic low-energy analysis.

D. Summary

The main results of this section can be summarized as
follows. If there exist PQ-breaking effects that fully align

"We choose these values to exemplify this limiting case.
In the particular models of Appendix A based on SU(3), x
SU(3), = SU(3)qcp=142> one finds a maximum A; ~ 1 GeV

simultaneously.

with the QCD direction, then one can have an effective scale
AQCD that sets an effective “QCD line”. This line may already
be significantly displaced from the traditional QCD band to
the left or to the right, while still solving the strong CP
problem, see e.g., Appendix A 3 a for simplified models and
references therein. In systems where such PQ-breaking
effects fully aligned with QCD do not exist, then
AQCD = AQCD' In the limit AQCD > Al ) Az, the mass matrix
is approximately rank-one and aligned with the gluon
anomaly vector N, yielding one eigenstate on the QCD line
and a lighter state with mass controlled by A; and A,. The
photon coupling can be decomposed in the eigenbasis
defined in terms of NV, implying two different patterns for
the two-axion setup depending on the anomaly coefficients:

(i) If E,/N, = E,/N,, the photon coupling vector is
fully aligned with N, suppressing the photon cou-
pling of the lighter axion eigenstate. Although both
the mass and the photon coupling vanish in this
limit, the former scales as O(A?},) while the latter
scales as O(A‘l"z), such that the photon coupling
approaches zero parametrically faster than the mass,
implying that the lightest axion remains confined to
the right of the QCD line. In this case the sum rule
approximates to 1, or is exactly 1 if one of the two
scales is exactly zero.

(ii) If E;/N, # E,/N,, although the mass of the lighter
axion is smaller than the QCD-like axion mass, the
photon coupling does not vanish, and the correspond-
ing state is therefore shifted to the left of the QCD
line, in agreement with the analytical results of
Egs. (30) and (33) to (35). Similarly, in the regime
f1 = f2A%/A3, the axion eigenstates approach the
same limit, and one finds again that the photon
coupling of the light axion vanishes when it is aligned
with the gluon anomaly vector. For different E;/N;,
the sum rule in Eq. (43) is generally larger than 1.

In the regime in which one or both A; > KQCD, the mixing
between the axion states is negligible, and each axion is
therefore associated with its corresponding photon coupling
and mass scale. If both scales are larger than AQCD, both
axions lie to the right of the QCD line. In this case, the
generalized sum rule yields a value smaller than 1 when the
photon couplings are equal. If instead one of the scales is of
order AQCD or smaller, one axion is QCD-like, and the sum
rule approaches 1 in the limit in which one of the two scales
vanishes.

Note that if KQCD < Agcps then one can have both
axions to the left of the canonical QCD band even when the
anomaly coefficients are universal. Moreover, even if we
restrict to QCD-PQ systems (where KQCD = Aqcp) where
the exotic axion is to the right of the QCD line, there are
still corrections to the general axion sum rule induced in the
presence of nonuniversal anomaly coefficients. If they can
be identified experimentally, these would rule out simple
GUTs as a UV completion of the SM, even if both axions
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are in the canonical QCD line or to the right (see discussion
in Sec. IV D).

IV. PHENOMENOLOGY OF N-AXION SYSTEMS

Having identified the origin of the different phenom-
enological scenarios in the structure of the mass matrix and
the photon couplings of the two-axion system, in this
section we generalize these results to a system with an
arbitrary number of axions. We then show how the sum rule
is extended to a general N-axion system, and illustrate the
various scenarios through a numerical benchmark. Finally,
we comment on their possible UV realizations.

A. General regimes of N-axion systems

We will assume a general system of N axions. As we did
for the two-axion case, we work in a basis where we have
diagonalized any contribution not fully aligned with the
QCD direction. In this basis, the mass matrix of the fully
general N axion system is

M? =M; +A6CDNNT’ (50)
where M2 = diag(A?/f? 42 ,
2 =diag(AT/f1.....AN/fx)- A; encode the

breaking of the individual effective U(1)p, symmetries,
|

and the off-diagonal contribution with the redefined AQCD
accounts for QCD-breaking and for potential PQ-breaking
effects beyond QCD which fully align with the QCD
direction. As discussed in Sec. IIl and Appendix A 3 a,
their interference with Agcp could be positive or negative,
such that both Agcp < Agep and Agep > Agep are pos-
sible and compatible with multiaxion solutions of the
strong CP problem. In absence of PQ-breaking effects
fully aligned with the QCD direction, we have simply
KQCD = Agcp- We still denote “QCD line” to the line
defined with mass-coupling relation dictated by AQCD.

We begin by decomposing the matrix M7 into three
contributions; larger (M i), similar order (M(z)) and smaller
(M2) with respect to Aj-pN N7,

M3 =M% + M} + M2, (51)

in such a way that there are K axions associated with M2,
M axions related to M(z) and, finally, N — M — K corre-
sponding to M%. We can now define the corresponding
gluon anomaly vectors associated with these scales such
that the mass matrix can be written as

M? = Abcp Y NiNj+ M2 + M} + M2
1.J

~Abep > NiNT + NyepN_NT + AbcpNo NT + M2 + M3 + M. (52)

=40~

By construction, we have A, > Agcp ~ Ag > A_. Therefore, we can approximate the mass matrix to a block diagonal

form of the type,

A}

7 0 0 0 0 0
1
A4
0 ... X 0 0 0 . 0
I3
K4 4 K4 K4 K4
0 --- 0 Adep Ak Agep Adep . Agep
2 Srerfmrk Srerfmrkn Srarfn
K+1
M? ~ (53)
0 o | b RNy | A R
: S — : g
Sk Sk Tk Suixfmikn Suixfn
K4 K4 K4 K4
0O --- 0 Moo Agen Agep ~ Aoen
Sk Sk Suik1 Sk ik Suixifn
0 --- 0 Aep Adep A‘écn Aep
ISk Fuixfn ISk %
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From the structure of Eq. (53), we immediately see that
the first block of the matrix is approximatively diagonal.
Therefore, there exist K axions whose masses are indepen-
dent (in good approximation) of the QCD direction. Since the
mixing of theses states is suppressed, the photon coupling of
each axion a; is determined by its corresponding electro-
magnetic anomaly coefficient E;/N; and decay constant f;,
for i € K. These axions still receive a contribution from pion-
axion mixing and therefore have a nonzero photon coupling
even in the absence of an electromagnetic anomaly. In the
case in which all scales are larger than AQCD, sothat K = N,
all axions lie to the right of the (generalized) QCD line and
there is no QCD-like axion. Beyond the maxion configura-
tion of [59], this is the only way to “move” the QCD line
when KQCD = Aqcp, and it is only possible in general-PQ
systems.

We can now reduce the dimensionality of the axion
matrix® and work with the N — K axions left. This sub-
matrix is approximately of rank 1+ M, where the one
corresponds to the QCD direction while M are the con-
tributions of the scales close to AQCD. We do not need to
attempt the diagonalization of this matrix, since we know
that there exist eigenvectors with a zero eigenvalue asso-
ciated to the light eigenstates, in the limit A_ — 0. These
eigenstates correspond to the orthogonal components of

Ng’u_yi:(), NT‘u_’i:NI‘u_inO. (54)

The first condition is easy to obtain, since we can assume
that the eigenvector lives in the V_-subspace of the V; @
V_ — vector space. From the second condition we also get
that the masses correspond to the mass matrix projected
onto the subspace orthogonal to NV_,

m? ., =ul PTM*Plu_;

-1

with P7 =1-N_NT, (55)

where N_ = N_/|N_| stands for the normalized vector. In
our classification, we note that 1 + M axions will in general
have sizeable gluon couplings and live in the vicinity of the
generalized QCD line. When the scales are close to AQCD
we expect a quasimaxion regime [59] characterized by a
maximum displacement of \/1 + M from the generalized
QCD line. Finally we have (N — M — K) — 1 axions with
a mass-scale relation smaller than /_\QCD. However, to
identify the existence of states to the left of the QCD line
we need to study the form of the photon-coupling vector,

Q
=—""(E-1.92N)" -u_,,
2”( ) u-,l

aem — aem
== E"-P] u_;= > E_ -u_; (56)

~— o7
Ga;y = 8ay "U— i

$The zero-block off-diagonal entries can mix with the lighter
axions, but their contributions are subleading.

where E_ is the projection of the E orthogonal to N. We see
that, naturally, the contribution from the pion-axion mixing
is suppressed for these states, just from the orthogonality
conditions in Eq. (54). Similarly, if E « N with all E;/N;
equal, all states would be photophobic. In general, aside
from accidental tuned cancellations, the existence of a
subset of equal ratios E;/N; is not by itself sufficient to
guarantee a subset of vanishing photon couplings. The
reason is that, in a generic light-sector mass matrix, the
light eigenvectors u_ ; are linear combinations of all axion
directions in the V _-subspace, so the corresponding photon
couplings probe the full projected anomaly vector rather
than individual entries. As a result, equal values of E;/N; in
a subset of components do not, in general, imply the
existence of photophobic light eigenstates. However, it may
happen that a subset of the axions has universal E;/N,;. As
mentioned above, mixing with the other light states can
nevertheless induce a nonzero photon coupling. If this
mixing is small, for instance due to a hierarchy among the
A, scales, or if the coupling arises only through successive
rotations before reaching a nonuniversal contribution, the
resulting photon coupling is correspondingly suppressed.

A robust partial cancellation can only arise when the
corresponding sector of the projected light mass matrix
forms a degenerate block Mﬁght D m7 1;, as we also saw in

the two-axion section, in the limit of A}/f; = A}/f,. In
this case, the light eigenspace associated with that block is
well-defined independently of the rest of the spectrum. If
the restricted electromagnetic anomaly vector is aligned
with the restricted QCD anomaly vector, then all light states
but one, for the QCD direction, in that block have vanishing
photon coupling.

The counting of photophobic states is particularly trans-
parent when the projected light-sector mass matrix contains
an exactly degenerate block / of dimension d. In this case,
the corresponding eigenspace is the full block, and the light
states are selected only by orthogonality to the restricted
QCD anomaly vector N;. Their photon couplings are
controlled by the restricted electromagnetic anomaly vector
E;, so photophobic directions are those orthogonal to both N;
and E;. Therefore, the counting depends only on whether E;
and N; are aligned. If E; xN;, the two orthogonality
conditions coincide, and all d — 1 light states in the block
are photophobic. If instead E; ¢¢ N, the two conditions are
independent, leaving a (d — 2)-dimensional photophobic
subspace and one photon-coupled direction within the light
subspace. Thus, the detailed pattern of E;/N; entries inside
the block is irrelevant for the counting; only the distinction
between alignment and misalignment matters.

B. A general axion sum rule

As we did for the two axion case, we turn our attention to
computing the modifications to the sum rule in Eq. (16). It
is useful to note that this sum rule can be written in a
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manifestly invariant form,

~2
Ry o ) )
Zni;:gz;}"Mdi%]g'gay:gz;y'UT'M 2-U'ga},

:ggy'M_z'gay' (57)

Although the computation of the inverse may be challeng-
ing, using the fact that the sum rule is basis-independent we
can work out this equation in the most adequate form.
Concretely, in Sec. II, we defined the full mass matrix as
M?* = M3y + AycpNN' , ie., it is composed of the generic
mass matrix M%Q corrected by the rank-1 contribution of

|

the QCD direction. Since we assume all axions are
massive,9 then M? is invertible and the inverse can be
calculated by using the Sherman-Morrison formula [112],"°
which reads

B Q—luvTQ—l

Q@ +uv')' =0 m (58)

provided that 1 + v”Q~'u # 0, where Q is a square matrix
and u, v column vectors. Identifying Q = Mléa and u =

v= AZQCDN and using Eq. (58) for our case, we obtain

7 2 M3NN"M;32
Yay — 5T 2 5 _ [%nm T T ) 4 PO PG
Z mz ~ Ber M 8ar = <2ﬂ) (B -GN (MBQ ~ A A‘éCDNTM;éN) (E=GN)
Q, 271 r (ETM—zN)z
== E—-CN)M32(E—-C,N)+—— | ETMZ2E — A PQ 5
(27r> [l—i-r( /N) Mg (E - C, )+1+r( PG QCD )], (59)

where we have defined r = AcpN" MpgN. The equation
above is explicitly basis independent and uses a generic
parametrization that only isolates the QCD contribution. We
can immediately note that the second piece cancels exactly,
whenever E is parallel to N, and, since this expression can
be used in any basis, if originally the vectors are aligned,
the second piece is in any basis zero. Deviations from the
assumptions det(MﬁQ) =0, as we will see below, are
captured by the r factor. In the basis of Appendix B 1, the
sum rule can also be obtained [see Eq. (B19)], which makes
the interplay between the aligned and orthogonal contribu-
tions with respect to QCD particularly transparent.

|

27\ 2 32, 1 E, 2 A¢
4 ay i QCD
oo () S = [ -e) R

! i

1 3 E; 2 Ngep
1+r [ . (Ni 1) AP T
—— i

1

det(M2)#0

We see that this expression exhibits two departures from the
sum rule of Eq. (16). The first is associated with general-PQ
solutions to the strong CP problem and is encoded in the
factor 1/(1+ r) and in the presence of /_\QCD. Indeed,
assuming all axions to be massive, the existence of a PQ
symmetry only broken by QCD translates to the following
equivalence:

3QCD-PQ & det(M3) = 0 (62)

& [det(M3) = 0] A [Aqep = Agen)- (63)

To identify the different phenomenological scenarios, we
follow the procedure outlined in Sec. II B and extract from
MI%Q any contribution fully aligned with QCD. The full
mass matrix is decomposed as

M?* = M7 + AycpNNT. (60)

Using this parametrization, we now write explicitly
Eq. (59) in the basis of Eq. (50) where M3 =
diag(AY/f1, ... AN/ ) and r = 3" | Adep/Al

i=1

i

AgCDA?)CD E, E;\?
—a |-~ . (61)
2 At NN,
————

ZE_% A?)CD ZA4QCD B Z EA%)CDA%)CD :
N AP )\ A N A}

nonuniversal £

The second departure arises from the nonuniversality of the
photon anomaly vector. Restoring the two assumptions
underlying the QCD sum rule of Eq. (15), one recovers
the result of Eq. (16). Explicitly, taking E = %N , Eq. (61)

°Our results can also be applied if some axions were to be
massless. If M out of the N eigenstates are massless, one can
block diagonalize those states first, and then apply our results to
the (N — M) x (N — M) dimensional matrix.

'"The Sherman-Morrison formula is a particular form of the
Woodbury formula, which extends this equation to rank-k
corrections to matrices.
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further simplifies to

27\ 2 G2, E
A4 . iV — I
Qcp (a ) Z m? N

1

A6CD r
/i‘éCD 1+r

2
cx>
Aqeco=raep 2
e <_ _ C)() )
N

Here, the limit » — oo corresponds to sending the determi-
nant of M3 to zero, and together with AQCD = Aqcp imposes
det(Mf;Q) = 0. We thus recover precisely the sum rule of
[59], showing that Eq. (59) provides its natural form for a
general multiaxion system, while using the basis of Eq. (50)
gives a particularly descriptive form in Eq. (61). We also note
that, in the limit E = (E/N)N, the modification to the sum
rule of Eq. (16) is given by

(64)

4
AQCD r

A4QCD z ggm’ _ (65)

cz, m? _/i‘éCDl—i—r'
Therefore, general-PQ systems can give values of the
generalized sum rule larger or smaller than one. The PQ-
breaking effects that do not fully align with QCD, contained
in M3 and described in our particular basis by A;, tend to
make the sum rule smaller than 1, since r/(1+r) < 1, i.e.,
they can only move the QCD line to the right.'' In contrast,
the presence of PQ-breaking effects that fully align with
QCD can make the sum rule larger or smaller than 1, since
both AQCD < AQCD and AQCD > AQCD are pOSSible and
generated in consistent UV theories (an illustrative example
|

2 7 AQCD “Aacp 1 (E
A4 ir= A4 =
Qcb (aem) Zm AT\,

E, E)\?
N, N;)°

i

Agep
2 AT
j=2 Y

E, 2
21 ¢
(Nl l>

In this limit, it is clear that the second term contributes only
for nonuniversal anomaly coefficients. It is possible to
rewrite the expression, simplifying the comparison to
Eq. (16):

"Note that the fully aligned contribution feeds only into the
QCD direction, while a partially aligned contribution also feeds
in the orthogonal. For a partially aligned contribution to dominate
the QCD direction (i.e., to exceed Agcp), a much larger A; in the
interaction basis is needed, which will then raise as well the
orthogonal direction and make other eigenvalues heavy. If there
exists a dominant almost fully aligned contribution that turns N
into an approximate eigenvector of M3, this regime simply
resembles qualitatively the Agcp # Agep scenario.

is mirror world constructions, see e.g., [40,42,75] and
Appendix A 3 a).

In the event that several axions are observed, a sufficiently
precise experimental determination of the sum rule yielding a
value below one would point to two possibilities (or to a
combination of both); 1) additional axions remain to be
discovered or 2) the underlying theory does not contain an
exact QCD-PQ direction, i.e., no PQ combination is broken
exclusively by QCD. One could still attempt to reconstruct an
ansatz for the multiaxion potential that describes data, and
identify the right conditions that lead to a CP-conserving
minimum. This would help identify candidate UV theories
that naturally generate such a multiaxion potential. Similarly,
the sum rule yielding a value larger than one, would point to
two possibilities (or to a combination of both); 1) the
presence of specific dynamics in the UV that can generate
PQ-breaking effects that interfere destructively with QCD.
To interpret such effects in the context of axion potentials, we
again refer the reader to the aforementioned literature or to
Appendix A 3 a. Inthis case, one can have axions to the left of
the QCD line with universal anomaly coefficients. 2)
Nonuniversal anomaly coefficients, as we explore in the
following.

For simplicity, and to explore the deviations from the
sum rule in Eq. (16), let us now consider a QCD-PQ
system, where the solution to strong CP is ensured by
imposing deth;Q = 0. This implies AQCD = Aqcp and
det M3 = 0, meaning that at least one eigenvalue of the M3
matrix must vanish. Assuming that only one eigenvalue is
zero,'” one has Adep/ A = o0, and therefore 1/(1 + r) —

A1/ Noep- The expression then simplifies to

AL E\?2
QCD _Ej
){> A4Z j < 1 N]> :|

(66)
[
A4 ~) A4
QCD N\~ Yaiy QCD
Cf,lyzi:m%_H; AE; 21, (67)
where
a 2(E, E;\2
AE; = o — -1 68
! (27[ Caly) (Nl Nj) ( )

Hence, a measurement of the sum rule yielding a value
greater than one could point to a nonaligned photon

"The Sherman-Morrison formula cannot be applied if more
than one eigenvalue of Mi vanishes, because a rank-one addition
is not sufficient to render the matrix invertible.
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anomaly vector. This may be accompanied by axions to the
left of the QCD line or not. As discussed in Sec. IV D, the
former has been shown to have important implications for
the UV completion of the SM, such as ruling out simple
GUTs [88]. However, the latter is also interesting. In
principle, one may have a perfectly valid system of axions
to the right of the QCD line with distinct anomaly
coefficients. That would also lead to a sum rule larger
than one and would similarly rule out simple GUTs.
However, the deviation will be small if all A; > Agcp,
while more pronounced if at least one of the scales is much
smaller, so the axions to the left of the QCD line or to the
right but close to it are likely the most accessible scenarios.

For completeness, we also study the maxion case.
However, for simplicity we will limit ourselves to the case
of equal photon couplings to show the departure from
Eq. (16), once general PQ breaking is considered. In
Eq. (65), we obtain the structure of the sum rule in the
case when the QED and QCD anomalies are aligned. All
axions will contribute equally to the photon sum rule when

A?)CD 7y _ iAA(SCD r
Czy mi  NAgepl+r

l

, (69)

where the specific value of g2 ,/m? will depend on the
specific theory at hand through r. With respect to the sum
rule in Eq. (16), here the (generalized) maxions can
displace a generalized QCD line that depends on AQCD
and r (controlled by the sum of all A; scales). This
generalized QCD line may be to the left or to the right
of the canonical QCD line. If this generalized QCD line is
found to the right of the traditional QCD line, it could be
either because the PQ-breaking effects fully aligned with
QCD interfere constructively, i.e., AQCD > Aqcps  OF
because PQ-breaking effects nonfully aligned with the
QCD direction are much larger than Agcp. If it moves
to the left, it means that we have A; << Agcp for at least one
i, and the PQ-breaking effects fully aligned with QCD
interfere negatively. The generalized maxions can further
displace this generalized QCD line by a maximum factor of
VM, with M being the number of (generalized) maxions.

We recover the maxion condition from Ref. [59], valid
only for QCD-PQ systems with fully universal anomaly
coefficients, if we take the limit » — oo, which corresponds
to at least one A; — 0, and impose AQCD = Aqcp-

In summary, it is important to emphasize that the logic of
this sum rule stems from the fact that, while the left-hand
side can in principle be accessed experimentally—through
measurements of photon couplings and masses, appropri-
ately combined and normalized to Agcp—the right-hand
side is diagnostic and interpretative rather than uniquely
reconstructible. It can be used to guide the interpretation of
data and to motivate candidate axion potentials or UV
completions, but it does not uniquely determine the

TABLEI. Benchmark point used for Fig. 3. More details can be
found in the main text.

ag ay as ay as dg

A; [GeV] 42 61x10° 3x10* 2.1x10™* 107 10~
E;/N, 5/3 =5/3 2 -5/3  8/3 83

underlying axion system. In the event of detecting a
multiaxion system, one can confront our sum rule with
the one of [59], that we recover as a special limit of our
general sum rule. For a given system, if the sum rule <1
then in principle one may invoke the sum rule of [59] to
predict the existence of undiscovered axions and to identify
the regions of parameter space where they can be detected.
Instead, if those predicted axions are not found, one may
drop the assumptions of [59] to use our more general sum
rule in Eq. (59), and identify alternative theories that
describe the main data. The details of the axion spectrum
may be able to disentangle between both approaches. In
contrast, if the sum rule >1, the system can only be
described with our more general sum rule. Here our sum
rule would guide candidate theories that agree well with
data, since it connects the experimental data directly with
the structure of PQ breaking and alignment of anomaly
coefficients. But one could still go beyond our assumptions,
i.e., consider the presence of ALPs from U(1) symmetries
not anomalous under QCD (see Appendix E), and propose
theories that may also describe data well. Again, the
specific details of the axion spectrum may (or may not)
be able to disentangle.

C. A numerical example

Finally, as we did for the previous section, we will verify
numerically the results of this section. We will choose for
this a setup of six axions, assuming AQCD = Aqcp with the
rest of scales and couplings shown in Table 1.

Following our arguments, we see that in this benchmark
one scale is larger than QCD, and hence we expect an axion
widely separated to the right of the QCD line with
unsuppressed photon coupling. Next we have a scale close
to QCD and four scales much smaller with two of them
being degenerate. For the photon coupling, we have chosen
coefficients that typically appear in axion models, and fixed
E;/N; arbitrarily, except for the two scale-degenerate
axions, since we want to show numerically that a universal
subset of photon couplings gives rise to a photophobic light
axion. Hence, following the results of this section we
expect two axions close to the QCD line, one axion to the
right of the QCD line with unsuppressed photon coupling,
and another with a light mass and suppressed coupling, and
finally two axions to the left of the QCD line.

The numerical result of this model is presented in Fig. 3,
where we scan over all f; € [10°, 10'4] GeV, with the only
constraint of f5 = f to show this degenerate limit. We also
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FIG. 3.
eigenstates. More details can be found in the main text.

discard points that may break the hierarchy of the matrix. In
Fig. 3 we observe the predictions given above, with one
clear axion state far to the right of the QCD line (brown),
two QCD-like axions (pink and purple), one photophobic
light axion (blue) and two axions to the left of the QCD line
(green and orange). We note that we have forced the
degeneracy of two of the states to show this feature.
However, the bottom line of this study should be that
barring this highly tuned degeneracy, we expect all light
states to be to the left of the QCD band, unless the EM
anomaly vector is universal. The remaining states are then
found to the right of the QCD line. Finally, although there
exist points in between which mix some of the regions, the
distinction of axions to the left and to the right is fully
captured by the arguments above.

D. Implications for UV theories

Before concluding this section, we comment on the
theoretical plausibility of the scenarios discussed here and
on their consistency within natural UV-complete theories.
A simplified yet comprehensive introduction to multiaxion
model-building can be found in the Appendix A. This
includes simplified models that capture the core mecha-
nisms underlying well-motivated UV constructions in the
literature. A general conclusion from this section is that PQ
structure and anomaly structure not only govern the low-
energy phenomenology of the multiaxion system, but also
connect this with potential UV completions and allow a
systematic classification of the strong CP axion-theory
landscape, as shown in Fig. 1.

106

10~ 10-2 100 102

m; [eV]

Numerical scan of the six-axion benchmark of Table I, with the six regions corresponding to the six different axion mass

First, we note that, while it is well-known that a generic
ALP that is not anomalous under QCD but has an
anomalous coupling to photons can broadly populate the
(Mg, g4,) plane, our analysis shows that multiaxion systems
exhibit a nontrivial interplay between axion masses and
photon couplings. The way in which this behavior maps
onto regions of parameter space lying to the left or to the
right of the QCD line is, in itself, an interesting result of our
study. If such a particle is ever discovered, it would be
theoretically possible (even if experimentally difficult) to
discriminate whether it is a generic ALP or a member of a
multiaxion system if the photon coupling can be measured
with enough precision to disentangle a potential GG
(axion-pion mixing) component.

On the other hand, the general multiaxion system
explored here does not need to originate from an ad-hoc
set of PQ symmetries, since well-motivated UV construc-
tions have been proposed in which more than one axion is
naturally predicted, for instance to relax additional sources
of CP violation in BSM theories, as illustrated in the
Appendix A 3 with simple examples. Another motivated
class of multiaxion systems arises in theories with extra
dimensions or in string theory, where a tower of 4D
pseudoscalars coupled to GG may originate from a single
bulk axion, and multiple bulk or brane axions may arise
from higher-dimensional gauge fields (see Appendix A 4
for simple examples). In Appendix A 1, we provide a brief
introduction to multi-PQ systems and general model-
building guidelines, while in the Appendix A 2 we discuss
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how axion mixing may originate from explicit PQ breaking
in the scalar sector.

In particular, finding extra axion states to the right of the
QCD line, while there exists a QCD axion, is a prediction of
very generic multiaxion models and compatible with generic
UV completions of the SM. On the other hand, if no QCD
axion is found but several axions are found away of the QCD
band, this would suggest the existence of a general-PQ axion
system. Depending on the specific pattern of axions, and
considering the value of the generalized axion sum rule, this
could motivate specific UV completions. For example,
finding axions to the left of the QCD line but no QCD
axion, could imply that KQCD # Aqcp, some A; are smaller
than Agep and no A; is accidentally on the QCD band. This
delivers a sum rule larger than one, and would suggest a
mirror world construction [40,42,75] or nontrivial embed-
ding of QCD in a parent-color group [58] (see also
Appendix A 3 a). In contrast, finding all axions to the right
of the QCD band would more likely suggest that all A; are
much larger than Agcp, which can happen for example if
QCD emerges as the diagonal subgroup of a larger strong
sector [53-56] (see also Appendix A 3 b). This delivers a
sum rule smaller than one.

Moreover, by discovering a multiaxion system with
nonuniversal anomaly coefficients, one may extract crucial
information about the UV completion of the SM. This
could be verified by finding an axion to the left of the QCD
line, as discussed in [88], but also by measuring a
generalized sum rule larger than one in a system with all
axions to the right of the QCD line, as discussed in this
paper. In principle, different ratios of anomaly coefficients
for different axions can be achieved in very generic
scenarios, not requiring fine-tuning nor convoluted UV
theories. For example, one may consider a generalization of
the KSVZ model [113,114] with a different fermion
representation for each PQ symmetry, e.g., U;~
(3,1,2/3) for U(1)pq and D, ~ (3,1,-1/3) for U(1)zq
in a two-axion system. This would naturally induce
E,/N, # E,/N,. Similarly, one could envisage implemen-
tations of the Dine—Fischler—Srednicki—Zhitnitsky (DFSZ)
model [115,116] with different choices of fermion PQ
charges or nonminimal DFSZ models. In fact, as long as the
QCD or QED anomalies are induced by different fermion
representations, this scenario generically arises, which from
the point of view of the SM seems more natural than having
degenerate PQ sectors with exactly the same fermion
representations.

Nevertheless, when QCD and QED are embedded in the
same simple gauge group, the ratio of anomaly coefficients
depends only on the index of embedding [88,117-120], and
is therefore independent of the fermion representations
inducing the anomaly. For instance, embedding the SM in
SU(5) or SO(10) yields E/N = 8/3 irrespective of the
representation. Here, one may still achieve different E;/N;
in nonminimal scenarios involving an additional unbroken

hidden U(1) with large kinetic mixing with hypercharge,
generalizing the mechanism of [121]. It may also be
possible to achieve axions to the left of the QCD line in
mirror world constructions with negative instanton inter-
ference [40,75]. Instead, if QCD and QED are not
embedded within a single simple group, then different
E;/N; can be generically obtained. Explicit examples
include the Pati-Salam [122], flipped SU(5)/SO(10)
[123,124] and trinification [125] models."

On the other hand, it is possible, and in fact relatively
generic, to realize axions with different E;/N; factors from
string theory, for instance in intersecting D-brane models
from Type II compactifications [25-28], where QCD and
QED originate from different sectors. Another example
could be heterotic string theory with gauge symmetry
Eg x Eg, where QCD and QED can be embedded in
different Eg factors [126,127]. Therefore, the discovery
of such an axion would rule out well-motivated UV
scenarios and point to specific embeddings of the SM in
the UV. We believe this to be a strong theoretical motivation
to search for these states in axion experiments, taking
advantage of the general formalism and sum rule developed
in this paper.

V. CONCLUSIONS AND OUTLOOK

Multiaxion solutions to the strong CP problem lead to
nongeneric phenomenology and motivate axion searches
beyond the traditional QCD axion band. While this
framework is well-motivated and has attracted increasing
attention in recent years, a systematic and fully general
study has been missing from the literature, where the
relevant phenomenological details are often diluted because
most works focus on specific models or scenarios. In this
paper, by contrast, we have carried out a systematic and
general analytical study of these systems, highlighting the
different phenomenological opportunities to probe multi-
axion scenarios in axion experiments. In doing so, we have
also uncovered new scenarios that remain under-explored
in the literature, despite their strong theoretical and exper-
imental motivation.

In this work, we have considered a general multiaxion
system with N Peccei-Quinn symmetries anomalous under
QCD. In addition to the QCD contribution to the axion
potential, we allow for a generic PQ-breaking potential that
generically breaks all PQ symmetries, assuming no mass-
less axions. In contrast to much of the existing literature, we
do not restrict our analysis to potentials that preserve a PQ
symmetry broken only by QCD. While this is a sufficient
condition to solve the strong CP problem, it is not a
necessary one; in particular, it is not realized in some UV-

“In principle, one may still achieve unification of gauge
couplings by incorporating cyclic symmetries to these groups. In
fact, to achieve different E;/N; in the trinification setup, the
simplest possibility suggests a multiaxion system.
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TABLE II.

Structural classification of multiaxion solutions to the strong CP problem. The PQ-breaking structure and anomaly

alignment determine the qualitatively distinct spectra and the implications for UV completions. The sum rule acts as a diagnostic tool
that helps to discriminate experimentally between the different scenarios.

PQ structure Anomaly structure  Sum rule Spectrum UV implications
QCD-PQ: A; < Agep E|N =1 Photophobic + QCD axion Canonical multiaxion
QCD-PQ: A; > Agep E|N =1 Heavy gluon-coupled + QCD axion Canonical multiaxion
QCD-PQ: A; ~ Agep E|N =1 Maxions Coincidence of scales
QCD-PQ: E#N >1 Axions left, or right but close Simple GUTs ruled out
A; < Agep Ai > Agep — non-GUT/string/
intersecting branes
General-PQ: Agep < Agep E|N >1 Axions left but GUT-compatible Negative alignment
— mirror-worldlike
(axion nonlinear)
General-PQ: Agcp > Agep E|N <1 No axion in QCD band, Positive alignment
left requires E # N — mirror-worldlike
axion linear),
parent-color
General-PQ: A;_; > Agcp E|NorE §N <1 No axion in QCD band nor left Embedded/diagonal QCD

complete models that naturally motivate multiaxion sys-
tems as a way to relax new sources of strong CP violation,
see e.g., [53-56] and Appendix A 3. Moreover, we allow
for the possibility that the different axions have different
E/N anomaly coefficient ratios, rather than assuming them
to be universal, as is often done in the literature. This more
general treatment uncovers a wide range of phenomeno-
logical possibilities, some of which remain underexplored
in the literature despite providing strong motivation for new
axion searches.

We have classified systems with a PQ symmetry only
broken by QCD as QCD-PQ systems, while we denote the
more general case as general-PQ systems. Within the latter,
there is the possibility that there exist PQ-breaking effects
that fully align with QCD, interfering positively or neg-
atively, while still solving strong CP. A well-known
example of this are mirror world constructions, see e.g.,
Appendix A 3a. This defines a generalized QCD line
controlled by an effective parameter KQCD, which could
be to the right or to the left of the traditional QCD band.

A fundamental result of our work is that the aforemen-
tioned PQ structure (whether the system is QCD-PQ or
general-PQ) and the (non)universality of the anomaly
coefficient ratios E;/N; for all axions govern the multi-
axion system. They connect the low-energy phenomenol-
ogy with the underlying system and the ultraviolet
completion, allowing a simple yet general and systematic
classification of qualitatively distinct scenarios.

For a system of N axions we have identified an
illustrative basis choice where N diagonal sources of PQ
breaking beyond QCD, characterized by scales A;
(i=1,...,N), allow to describe qualitatively all the fol-
lowing phenomenological scenarios, together with the
conditions under which they arise. We have highlighted
how these different scenarios occur in a general two-axion

system, and then we have generalized the system to N
axions and extracted the conditions under which the various
scenarios arise, using a generalized vector formalism that
allows to classify the various scenarios in a very simple way
in terms of submatrix rank and anomaly vector alignment in
the N-axion vector space. This allowed us to derive a
general axion sum rule that controls the behavior of mass
and photon couplings in the general multiaxion system.
Under the discovery of a multiaxion system, our sum rule
and the more restricted sum rule of [59], which only applies
to QCD-PQ systems with universal anomaly coefficients,
can be contrasted to identify the structure of PQ symmetry
breaking in the multiaxion system, hence helping in the
reconstruction of the axion potential and pointing to
specific constructions in the UV.

The various phenomenological scenarios and the con-
ditions under which they arise are summarized in Table II
and are the following:

(i) If A;> Agep = Agep for i = 1,..., K, then there

are K axions that are generally heavier than the usual
QCD axion, but have a similar photon coupling
induced by pion mixing or, in addition, UV con-
tributions. This scenario may be probed through a
combined effort involving significantly improved
haloscope and helioscope experiments, together
with cosmological and astrophysical tests;

(i) If K = N, then the non-QCD PQ-breaking potential
provides the leading breaking of all PQ symmetries
and there is no axion in the QCD band. The signal of
the axion solution to the strong CP problem would
be here the presence of multiple axions to the right
of the QCD band, perhaps suggesting a nontrivial
embedding of QCD in the UV. This may be
tested by a complemented effort of significantly
enhanced haloscopes/helioscopes experiments and
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(iif)

(iv)

)

(vi)

cosmology/astrophysics tests. This scenario predicts
a sum rule <1;

If A; < Agep with i =1,..., M, then there are M
axions generally lighter than the usual QCD axion.
Their coupling to photons depends crucially on the
E/N ratios. If these are universal, meaning E;/N; =
E;/N;fori,j=1,...,M, then the photon coupling
is further suppressed than the axion mass, and all
these axions are photophobic and very difficult to
discover in axion experiments;

Conversely, if some of the E;/N; differ, so that the
photon-coupling vector is not fully aligned with the
gluon-anomaly vector, then these states generically
lie to the left of the QCD band, and may fall within
the projected sensitivity of haloscopes and helio-
scopes. From the theoretical point of view, this
appears to be a rather generic PQ scenario from
the perspective of the SM, since it can be realized
simply by introducing different fermion representa-
tions that generate the PQ anomalies. However, the
detection of such an axion would rule out the
possibility of embedding QCD and QED into
the same simple group, including well-motivated
unification frameworks such as SU(5) and SO(10),
which predict a universal value E/N = 8/3 inde-
pendently of the fermion representations [88]. In-
stead, such an observation would point towards
more specific embeddings of the SM, such as
Pati-Salam, trinification or string theories where
QCD and QED originate from different sectors
[25-28];

Similarly, one may have a system with a generic
QCD axion and other axions to the right of the QCD
line that have nonuniversal anomaly coefficients.
This would also rule out simple GUTs, and may be
identified by measuring a value of our general axion
sum rule larger than one, but would likely require
very high experimental precision if all the extra
axions are very far to the right of the QCD line;
If AQCD < Agcp then one could measure axions to
the left of the QCD line that have universal anomaly
coefficients, meaning they are compatible with
gauge unification of QCD and QED in the same
simple group, but also suggesting more nontrivial
dynamics in the UV such as the aforementioned
mirror-world constructions. Crucially, this scenario
predicts a sum rule >1. Conversely, if IKQCD >
Aqcp, then one could see axions to the left of the
QCD line but no axion in the QCD line. These two
scenarios allow to distinguish whether the PQ-
breaking effects that fully align with QCD interfere
positively or negatively. Together with the case
Ai—i...v > Agep = Agep and the maxion case of
Ref. [59], these are the only ways to avoid the QCD
band in a multiaxion system, since otherwise at least

one axion is expected to live in the traditional
QCD band.

Taken together, our results establish a systematic link
between experimental axion searches, multiaxion phenom-
enology, and the ultraviolet structure of solutions to the
strong CP problem. They also show that axions away from
the canonical QCD band should not be interpreted solely as
generic ALPs; they can arise as characteristic signatures of
multiaxion solutions to the strong CP problem. Their
discovery could have implications for our understanding
of fundamental physics and the ultraviolet completion of
the Standard Model.
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APPENDIX A: UV COMPLETIONS

In this section, we present explicit UV completions that
give rise to two-axion systems with massive axions that
naturally mix. We show how these constructions realize the
different phenomenological regimes discussed in the main
text. All models can be straightforwardly generalized to the
case of N axions. Rather than attempting a comprehensive
review of the literature, we instead provide general guide-
lines for multiaxion model building and highlight simple
setups that naturally motivate the emergence of multiaxion
systems.
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1. Multi-Peccei-Quinn model building

Let us consider a renormalizable model with two SM
singlet complex scalars S;, ~ (1,1,0),
L£> ‘aﬂsllz + |6MSZ|2 - V<Sl,2)' (Al)
If the scalar potential only contains trivial self-conjugate
quadratic terms, i.e., terms of the form [S;|"[S,|" with n,
m=20, 2, 4 and n+m <4, then the Lagrangian is
invariant under two independent global U(1) symmetries
associated with independent re-phasing of the two singlets.

If both fields develop VEVs, (S;) = v;/+/2, then both U(1)
symmetries are spontaneously broken and the scalar fields
can be decomposed in terms of two radial and two angular
(axion) modes,

1 )
Si, = ﬁ (Ul,z +p1’2)eza1,z/m.2‘ (AZ)

Assuming both scalars couple to arbitrary colored fermions
such that an anomaly under QCD is induced, then the
following anomalous couplings arise at low energies,

a  d 5 Qem [(Ey ap E; a,
£D<+>GG+ < +—= >FF A3
8m 1 2 8z \Nif1 Nif2 ( )

where we have absorbed the QCD anomaly coefficients
into a redefinition of the VEVs as f; = v;/N,;. The anomaly
coefficients depend on the representations of the colored
fermions, where the most popular classes of models
include:

(i) KSVZ models: the anomalies are induced by new
heavy fermions that are vectorlike under the SM but
chiral under the PQ symmetries, getting their mass
from (S;). For example, one may consider one heavy
quark for each PQ symmetry, like the set U; ~
(3,1,2/3) and D, ~ (3,1,—1/3), which gives
E,/N, =8/3, E,/N, =2/3. Choosing SM-like
representations is desirable since these mix and decay

J

V x~ —A? cos< +——9) Acos( L % 5),
QLENS T o Z ’fr

into SM fermions, while more exotic representations
like ¥ ~ (3,1,0) generically lead to stable colored
relics and fractionally charged hadrons unless these
are diluted by inflation." Slmllarly, smaller sets of
colored representations are preferable to avoid the
formation of dangerous domain walls from PQ
spontaneous breaking. This is classified in terms of
the domain wall number Npw = N/k, where k
accounts for the largest true discrete symmetry Z; C
U(1)pq that remains unbroken after PQ breaking. In
simple models typically k = 1 and Npw = N. Fora
single heavy quark in the fundamental of QCD we
have N = 1, while foraquark doublet Q ~ (3,2,1/6)
we have N = 2 as this contains two fundamentals. In
general, Npw > 1 leads to a domain wall problem
unless PQ breaking happens before inflation;

(ii)) DFSZ models: the anomalies are induced by SM
fermions. To be consistent with the structure of
Yukawa couplings of the SM, one needs to add a
second Higgs doublet, in such a way that H,, couples
to up-quarks and H, to down-quarks, both charged
under PQ along with the PQ breaking scalar(s) S;.
Minimal DFSZ models involve charging SU(2)
singlets with flavor-universal PQ charges, and the
only freedom remaining is whether charged leptons
couple to H,, or Hy, resulting in E/N = 8/3 or 2/3
respectively. In either case, Npw > 3. To address
this without invoking inflation, one must go beyond
minimal DFSZ, e.g., considering flavor-dependent
PQ charges [128—131], extra Higgs doublets, extra
fermions, etc.

In principle, when building multi-PQ models one needs to
take into account the considerations above for each PQ
symmetry. Generically, each PQ sector could be realized by
its own KSVZ or DFSZ mechanism.

Regardless of the fermion content inducing the anoma-
lies, after QCD confinement the resulting low-energy
potential contains the QCD contribution generated by
the axion-gluon couplings, plus contributions from generic
sources of PQ breaking,

(A4)

with §; being new generic CP-violating phases that may originate from the non-QCD sector. Note that here we approximate
sources of PQs breaking to cosine functions in axion fields thanks to the periodicity of the axion potential. In some cases,
one needs to go beyond this approximation, as discussed later. The mass matrix is then

YFor a catalogue of consistent KSVZ models see Ref. [37].
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In the absence of PQs breaking beyond QCD, the linear

combination mass

a, = ﬁ(fz% + fi1ay)  gets

fi CD while d; = —L— (- + i
rom Q while 4, m( fia, + fra,) remains

massless. The presence of PQ breaking sources beyond
QCD leads to the rich phenomenology discussed in the
main text. In the following, we discuss well-motivated
explicit constructions that give rise to PQs breaking
sources beyond QCD and without introducing a quality
problem in the solution of strong CP. We also distinguish
between scenarios were a PQ symmetry is only broken
by QCD (QCD-PQ), and scenarios were all PQ sym-
metries are generally broken beyond QCD (general-PQ),
showing well-motivated UV scenarios that realize each
|

PQ-breaking structure while achieving a CP-conserving
minimum.

2. Explicit breaking from scalar sector

If the scalar potential in Eq. (Al) contains a nonself-
conjugate coupling of the form,

V(S1,) 248" (SS7)" + He., (A6)

then the above coupling breaks the two PQs down to a

subgroup U(1)p, x U(1)j, = U(1)p5" 7. By substitut-

ing the polar decomposition of §;,, Eq. (A2), and taking

into account the hermitian conjugate term, the cosine
potential emerges as

VBQ(a17 (12) ~ _M|

(N1f1)" (Nafy)™ .

ln+ms)/2-1

"2 g (A7)

os<ﬂﬂ:|:
Nifi Naofs

where the (+) sign corresponds to the case S|' S5 in Eq. (A6) and the (-) sign to S} (ng) )"2. Any other case is equivalent by
an overall minus sign that does not affect the cosine. The resulting mass matrix is

Lz flf (N 7 ) (N ¥ ) ”%/21\7% i("l/N})}"z/Nz)
f 1f2 f1)(Nofr)™ /i 12
2 A4 1 A
M ao| oo |+ 2(mi+n)/2-1 (11/N1)(n3/Ny) /N ’ (A8)
T +TThR 7

where n; +n, =4 if 1 is a dimensionless coupling,
otherwise 4 will account for the Wilson coefficient of a
nonrenormalizable operator. In the (+) case, if Nyn; #
N,n, the residual PQ is only broken by QCD, therefore the
system reabsorbs € at the minimum and this is a QCD-PQ
system. In this case, the mass matrix reveals that, in general,
QCD gives mass to a linear combination while the
orthogonal state is either heavier or lighter depending on
how the A-dependent term compares to Agep, as studied in
the main text.

In principle, if the coupling in Eq. (A6) is renormaliz-
able, we need extremely small values of 4 so that one of the
axions is not extremely heavy and completely decoupled
from the (m,,, g,,,) plane. In this sense, we note that A being
small is technically natural (i.e., radiatively stable).
Alternatively, the coupling A may originate from non-
renormalizable operators or at loop-level if the PQ sym-
metries are broken in the fermion sector, see for instance
[132—-135], while the residual PQ is preserved. In the QCD-
PQ case, one needs to make sure that other couplings
breaking the residual PQ are either not present or extremely
suppressed. This corresponds to the familiar PQ quality
problem arising in our simplified two-axion setup.

A possibility to protect the quality of the model while
still generating a scalar coupling that breaks the 2 PQ
symmetries down to a residual PQ is incorporating an

I
extended gauge symmetry."> For example, the trihyper-
charge models of Refs. [139-141] impose the flavor
deconstruction of SM hypercharge in the UV,
U(1)y, 1y, xU(1)y, = U(1)y. This is spontaneously bro-
ken by scalars with hypercharges ¢, ~ (—1/6,1/6) and
¢y~ (1/2,—1/2). This choice of hypercharges is not
ad hoc, but it is chosen so that these scalars couple to
SM fermions, dynamically generating the flavor structure
of the SM. Remarkably, at the renormalizable level, these
allow only the nonself-conjugate coupling ¢t31¢,; in the
scalar potential, i.e., corresponding to the n; = 3 and n, =
1 case of our general setup. Any operator of the form ¢g ¢}
is forbidden by the gauge symmetry, including nonrenor-
malizable ones, except for (¢7¢,)", all of them leaving
unbroken the residual PQ that is a good candidate for the
QCD axion. This is just an example of how one may still
achieve accidental PQ symmetries and a high quality
solution to strong CP in multiaxion models with explicit
multi-PQ breaking.

Alternatively, the system may contain several couplings
of the form of Eq. (A6) that break all PQ symmetries,
including the QCD direction. In this case, to achieve a CP-

5This idea is similar to the one studied in the context of one
axion/ALP, cf. [136-138].
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conserving minimum, one may enforce conditions over the
CP phases that could be motivated by a symmetry in the
UV. An example is the (4) case of Eq. (A8) when
Nyn; = N,n,, then one may enforce § = arg(1) to achieve
a CP-conserving minimum, and introduce another scalar
coupling to give mass to the orthogonal axion. This would
constitute an example of general-PQ system as studied in
the main text.

3. New strong sectors
a. Commuting with QCD

In general, new confining sectors introduce new sources
of strong CP violation (see e.g., [42,63,75-79]). For
example, new strong sectors under which QCD-PQ is
anomalous can generate new CP-violating contributions
that destabilize the single axion solution to the strong CP
problem. In these cases, the effective axion potential gains
another term,

V & =Adcp cos (% - é) — A% cos (1;:] I 94) (A9)

where the additional 8, may originate generically from a
new confining sector that commutes with QCD, or even by
colored gravitational instantons, which are a generic
prediction of the SM with General Relativity [77]. This
motivates the introduction of a second PQ symmetry to
relax the new source of CP violation, implying the
existence of a “companion axion” with the potential,

Va—A2 cos( +—9>
Qb fi

— A% cos <C1f + CZE_éd>
where ¢; = N¢/N, and ¢, = N¢/N..

Imposing ¢; # ¢, solves strong CP and leads to a QCD-
PQ system. This leads to the following mass matrix:

(A10)

Lo g oo
f fifa . fif2

2 A4 1 4 1

M =Noeo| | A T (A11)
VA 3
l 2 L

If A, is generated by colored gravitational instantons, then
it is estimated to be Ag ~ (0.04-0.6)Aycp, [77]. Therefore,
we expect a QCD-like axion as well as a lighter companion,
whose coupling to photons crucially depends on E;/N;.
Alternatively, dark strong sectors can generate A, > Agcp-
Here, we expect again a QCD axion and a heavier
companion. The GG coupling of the QCD-like axion is
controlled by ¢; — ¢,, which typically is a O(1) number.

Instead, in the case ¢; = ¢, = ¢, one can still achieve a
CP-conserving minimum in the potential of Eq. (A10) by

imposing @ = cf. A natural realization of this condition
originates if the new strong sector resembles a mirror QCD,

SU(3)qcp * SU(3) (A12)

mitror?
where a discrete symmetry Z, exchanges both strong
sectors SU(3)qcp <> SU(3) This naturally imposes
0 = O, and a degenerate PQ sector for both strong
sectors, i.e., naturally realizing ¢; = ¢, = 1. In this case,
the QCD axion is a; + a, while the orthogonal combina-
tion is massless. We may lift the mass of the orthogonal
combination by adding a suitable scalar coupling of the
form of Eq. (A6). For example, we choose 4(S;5})?. The
resulting mass matrix is (assuming N, = 1 for simplicity)

mirror*

1 1
7 hh
2 4 4 1
M- = (AQCD + Amirror) 1 1
RE
Lz _ 1
f Jif2
1 I (A13)
Sif2 7

If SU(3)imor 1S spontaneously broken at a very high
scale, the small-size instantons generating A, can be
calculated reliably using the dilute instanton gas approxi-
mation (DIGA) [56,142-144], and in general one finds
Amirror 3> Aqcp.» such that the axion solving strong CP in
this system can be much heavier than the traditional QCD
axion. This is another example of general-PQ system,
where all PQ symmetries are broken beyond QCD effects,
and yet the minimum is CP conserving. This simplified
model can be consistently extended to full mirror world
constructions [42].

Another possibility would be to impose 6, =0 +
while ¢; = ¢, =1 in the potential of Eq. (A10). Such a
potential would be naturally generated in a mirror world
construction where Z, is nonlinearly realized by one axion
field as a; — a; + nf; (in the UV theory, this could be
realized e.g., if a PQ scalar is odd under Z,), as in [40,75].
Then the two cosines interfere negatively as

ar -
V > =A% cos 1+——9)
eb (fl f2
Ak cos <ﬂ—|—%—9—ﬂ'>
1 2

+——® (A14)
fi |2

Expanding near the vaccuum reveals that the mass-decay
constant relation of the QCD-like state goes like
mgfa ~Aoep = Abirror- I Amirror  Aqcp, then the lead-
ing cosine approximation is not reliable, and a full

_[A‘(SCD + A?nirror COS(]T)] cos <
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treatment of the axion potential reveals that the CP-
conserving extremum is actually not a minimum but a
maximum. However, we find that if Ao/ Agcp < 0.77,
the minimum is CP conserving, and by saturating the
inequality the QCD-like axion may be found significantly
to the left of the canonical QCD band. This is another
example of general-PQ system with nontrivial axion
phenomenology, and yet the minimum of the axion
potential is CP conserving, and the strong CP problem
is solved.

Note that in models with new confining sectors, the
criteria to identify a domain wall problem depends on the
determinant of the anomaly coefficients matrix,

N — Ny N
ANy N
1 2
such that Npy = det(N). Therefore, multiaxion models of

this kind allow for large anomaly coefficients while
avoiding a domain wall problem if det(N') = 1 [78].

(A15)

b. Embedding of QCD

Let us now assume that QCD emerges as the diagonal
subgroup of a larger strong sector (see e.g., [53-56]). For
simplicity, let us assume two fundamental SU(3) factors in
the UV which are spontaneously broken down to QCD by
the VEV of a bifundamental scalar ® ~ (3, 3),

SU(3), % SU(3),~=5SU(3)gen-

(A16)
This implies a matching condition between the gauge
couplings of the larger strong sector and the QCD gauge
coupling,

9192

g = .
VI + 5

For each separate coupling, this implies g, , > g, at the
matching scale, meaning that both new sectors are neces-
sarily strongly coupled. In the unbroken phase, the model
allows for two independent sources of strong CP violation,

(A17)

ap - a
- gelGlﬂy

L 5,69, (A18)

G + 22 6,G4
871
In the broken phase, one gets the usual QCD term as
0 = 6, + 6,. One may introduce one axion to relax only 6,
but then one still has dangerous CP violation from the
broken direction, which couples to all SM fermions as well
regardless of the fermion embedding in the full symmetry.
Moreover, new instantons induced by SU(3), and SU(3),
introduce new contributions to the axion potential that
destabilize the single-axion solution to the strong CP
problem. Therefore, this motivates the introduction of

two axions to relax 6, and @, simultaneously. The two-
axion potential is then given by

V=AY cos(ﬂ—l—%—é)—A“cos(c ﬂ—é)
VN : !

a _
— A3 cos <c2]72 - 92>,

(A19)

where ¢y = N|/N; and ¢, = N)/N, take into account
potentially different anomaly coefficients. If ¢; = ¢, =1,
the minimum of this potential (a,/f, —8,) = (ay/f> —
0,) =0 is CP conserving and solves the strong CP
problem by a generalization of the Vafa-Witten theorem
[145]. It also removes CP violation from the broken
direction and protects against SU(3), and SU(3), instan-
tons breaking the single axion solution to strong CP.
Therefore, this class of models naturally motivates the
existence of a second axion. The model is naturally UV-
completed by having two PQ symmetries, one anomalous
under each SU(3);. Then we expect the fermions inducing
these anomalies to transform simultaneously under one
single SU(3);, naturally generating c¢;, = 1. One can see
that in the axion potential of Eq. (A19), there is no PQ
symmetry only broken by QCD, but the minimum is CP
conserving. This constitutes another example of general-
PQ system. The resulting mass matrix is

=+ 0
7 fif 2
2 4 1 1
M- = AQCD . . Al (AZO)
nno 7 0 =
) 7

The phenomenology is crucially determined by how the
A, compare to Agcp. As in the mirror QCD example, the
small-size instantons generating A; can be calculated
reliably using again the DIGA [56,142-144]. It is beyond
the scope of this paper to do a quantitative analysis, but we
will highlight the qualitative behavior and give some
indicative values of what can be achieved. Both A,
grow with larger VEVs (@), and separately with their
corresponding gauge couplings. Taking into account the
matching condition, g; > g, ~ g, enhances A, while g, >
g, ~ g, enhances A,. Moreover, fermions transforming
under a given SU(3); suppress the corresponding A;.
For example, assuming for simplicity all SM quarks
embedded under SU(3),, then typically A; < A, for most
values of the gauge couplings. The suppression of fermions
becomes less relevant as the VEV increases, e.g., for (®) ~
10'7 GeV we find the largest simultaneous value of A; to be

Al ~ A2 ~1 GeV > AQCD? (A21)
showing that they can be simultaneously larger than Agcp,
leaving no axion in the QCD line. Indeed this is not only an
example of a general-PQ system, but one in which the
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breaking effects of the QCD-PQ direction can be large
enough to have important phenomenological conse-
quences, while still solving strong CP.

For smaller VEVs, typically one finds A, >
Agcep > Ay, meaning that one axion is in the QCD line
and the other one is heavier. However, for very small VEVs
such as (®) = 1 TeV and g, < g; we find configurations
where

Ay~ Ay ~ 1073 GeV < Agep, (A22)
where we have one axion in the QCD line and the other one
is much lighter, with the position in the (m,, g,,,) plane
crucially depending on the E;/N, ratios. We comment that
if the third family of quarks is embedded in a different SU
(3) with respect to the light families, one can generate
dynamically small CKM quark mixing. Such a model will
be explored in great detail in an upcoming publication
[146]. More generally, this construction is a fundamental
component in many models of flavor deconstruction, a
nonexhaustive list includes [147—-151]. All of them lead in
general to large strong CP-violation effects and would
benefit from a multiaxion implementation.

Another well-motivated class of models that generates
general-PQ systems is that of nontrivial embeddings of
QCD into a parent-color group, see e.g., [57,58]. The
breaking of the parent group provides a new strong sector
that commutes with QCD but whose strong CP-violating
phase is aligned with @ due to the gauge structure, and an
axion solution still solves strong CP with the PQ symmetry
broken by QCD and by nonperturbative effects of the
commuting subgroup. The qualitative effect is similar to
linearly realized Z, in mirror world constructions, dis-
cussed in the previous section.

We conclude that the presence of new strong sectors
beyond QCD naturally motivates the existence of multiaxion
systems and allow for general-PQ systems. Well-motivated
UV models can realize the complete phenomenology
described in the main text.

4. Axions from extra dimensions

For simplicity, we will just consider the case of a single
bulk axion model in flat 5D spacetime (to go beyond our
simplified scenario, see e.g., [81,82]). The metric is then
ds* = n,,dx,dx, — dy*, with 7, = diag(1,—1,—1,—1)
being the Minkowski metric in the mostly minus con-
vention, with x* the 4D coordinates and y representing the
extra dimension. We assume the extra dimension is com-
pactified on a flat interval of length L, with ye|[0,L].
Therefore, the model is controlled by a single geometric
parameter, the size of the extra dimension L, and the
boundaries at y =0 and y = L define 4D branes. We
assume the PQ symmetry is implemented by a com-
plex scalar field in the bulk with Neumann boundary
conditions 9, ®[,_,, =0. We assume the bulk scalar

breaks spontaneously the PQ symmetry, (®) = f5/v/2,
such that the axion is the corresponding angular mode
a(x,y), which inherits Neumann boundary conditions. We
note that the same physics can be described through an
extra dimension compactified as an orbifold § 1 /Z,, ie., a
flat interval generated by a physical circle with the
identification y — —y, with the bulk scalar being Z,-even.
The fermion content will induce a single anomaly coef-
ficient ratio E/N for the 5D axion. Now we assume that
QCD lives on the y = 0 brane, such that the action is

s= [ @ ["dr3 (007 - (0,0)

0)a, .~
44 a(x—,_SGG.
+/ AR

The strong CP problem is automatically solved by the PQ
mechanism, now realized in 5D. Since the extra dimension
is compactified, to obtain the effective 4D theory we
expand the axion field in Kaluza-Klein (KK) modes

(A23)

(5]

a(x,y) =Y a, (),

n=0

(A24)

where a,(x) represents the 4D degrees of freedom and
v, (y) the wave function profiles in the extra dimension. To
find the correct y, we require that the action becomes
diagonal in KK modes, then the y-derivative term returns
the eigenvalue equation,

dy, (y)
dy?

= muy, (), (A25)
with boundary conditions dyy,|,_o, =0. Then we
obtain m, =zn/L with n=20,1,2,..., yy=C and
v, = Acos(m,y). We finally fix the constants by requiring
canonically normalized 4D kinetic terms to obtain

a(x,y) = \%ao(x) + \Ei a,(x) cos (%) (A26)

Reinserting this expression into Eq. (A23) we obtain the
effective 4D action,

5= / ') [f:(aﬂan)z 59 m%a%}

n=0 n=1

(A27)

where fo = VLfs, f, = fo/+/2 and the 5D decay constant
has mass dimension 3/2. The resulting 4D theory therefore
contains a single axion zero mode together with a tower of
massive KK pseudoscalars. Since QCD couples to the
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axion field evaluated on the brane, the instanton potential
depends on the linear combination of all KK modes
appearing in a(x, 0), leading to a mixed multifield potential
for the axion and its KK excitations,

ay  ~=a, I <&
V & =Adcp €08 (f_o + Zf_n> +3 Z; mia2. (A28)

n=1

Regardless of the fact that the KK modes cannot be
interpreted as pseudo-Goldstone bosons (their shift sym-
metries are explicitly broken by the KK masses), one can
still interpret the system as an (infinite) set of approximate
U(1) symmetries, inherited from the higher-dimensional
PQ symmetry, of which a single linear combination is
broken by QCD while the explicit KK masses break the
remaining ones. Indeed, the mass matrix of the system is
fully captured by the general formalism of the main text,

|

1 V2 V2
V2 o202
V222

4
AQCD
2

M =
fo

V222

In this form, the connection with our general multiaxion
formalism in Sec. II is manifest; the brane-localized QCD
contribution gives a rank-one matrix Ay NN, while the
KK masses provide a positive diagonal contribution to
M 12;@ The n-th KK mode gets a heavier mass with respect to

the first mode by a factor n. If we allow for small L™, the
model predicts a full multiaxion spectrum that spans some
of the regimes studied in Sec. IV.

Finally, if QED is localized in the y = 0 brane like QCD,
the photon coupling in the 5D theory is

) /d4x£a(x’o) Yem g5
N f5 87'[

(A31)

so all modes effectively share the same E/N and inherit the
same pion-mixing factor after QCD confinement. This
could change by doing simple modifications to the 5D
axion model:

(i) Assume QCD and QED propagate in the bulk, but
heavy PQ fermions that induce anomalies are
localized on different branes, e.g., one fermion in
y = 0 and another one in y = L. When we insert the
KK expansion, each KK mode couples with differ-
ent strength

<£) — E]WH(O) +E21//n(L)
N n Nan(O) +N2Wn(L)

. (A32)

and therefore also the phenomenology. As a simplified
example, let us now truncate the KK sum for the first mode
to achieve an effective two-axion system,

M2:A4QCD(1 \/§>+ﬂ_2<0 o>
f2\v2 2) 1*\o 1)

Therefore, we generally expect a QCD-like axion plus a
lighter or heavier companion depending on the size of L™!.
If only the 5D axion lives in the bulk, then L~! is almost
unconstrained and the exotic companion can be light or
heavy. Instead, if gravity also propagates in the bulk then
L~ > 1073 eV [152], which is typically larger or at most
comparable to the QCD contribution for the typical values
of f (which can still be independently controlled by fs).
When including higher modes, the mass matrix is

(A29)

V2 000 0
2 01 0 0
”2
2 [+5 004 0 (A30)
2 00 0 n?

(i1) Introduce multiple bulk axions. This is essentially a
5D generalization of the 4D multi-PQ model studied
in the Appendix A 1. Each PQ may carry its own
E/N ratio as usual, and the different sets of 4D KK
modes inherit these coefficients;

(iii) Localized QCD and QED in different branes,'® e. g.,
in y=0 and y = L, respectively, such that their
overlap with the bulk axion differs. Then,

Since in our case y,(L)/y,(0) = (-1)", the E/N
ratio alternates sign for the KK tower.

In the following, we study if the presence of 5D gauge
fields propagating in the bulk may generate an effective 5D
bulk axion model such as the one we just described. For
simplicity, let us consider a SD Abelian gauge field A,; with
M = pu, 5, with gauge symmetry acting as

In more realistic constructions QCD and QED can indeed
live in different brane stacks, as in intersecting D-brane con-
structions in type II string theory. This provides different E/N
factors for different axions and KK modes [25-28], as illustrated
in our simplified example. However, the two branes must
intersect at some point for a realistic SM.
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Ay = Ay + oy A(x,y). (A34)
The A, components describe a 4D gauge field, A, —
A, +09,A(x,y), while the fifth component A, = As
describes a 5D scalar in canonical normalization,
and transforms as As — As +dy,A(x,y). If we impose
Dirichlet boundary conditions A,|,_o, =0 for the 4D
gauge field and Neumann for the fifth component
0,As| y=0,. = 0, only the latter has a zero mode. For gauge
parameters compatible with the boundary conditions we
have A(x,y) = Ao+ y(Ap —Ag)/L, up to sine-mode
gauge redundancies that vanish at the boundaries. In
unitary gauge, this sine-mode redundancies are removed
and As — As + (A — Ag)/L has a constant shift, that we
identify with the Peccei-Quinn symmetry.

If there exist fermions in the QCD brane y = 0 chiral
under this residual PQ, then they can induce a Wess-
Zumino term in the brane [153]. In unitary gauge this can
be described as

As(x,0) ay _ ~
So [ x5 GG,
/ Tfs 8

where f5 = 1/(NgsL) in our toy model, with gs being the
gauge coupling of the bulk U(1) with mass dimension
—1/2 and N the QCD anomaly coefficient. We can see
that the fifth component of the gauge field As(x,y) may
couple like the bulk axion in Eq. (A23), possibly leading to
a similar multiaxion model'’ in the effective 4D theory.

This toy model captures the core mechanism by which
multiple axions emerge from higher-dimensional theories
such as string theory. The extra degrees of freedom from
higher-dimensional gauge fields can provide 4D scalars
exhibiting a shift symmetry. In realistic string construc-
tions, additional axions arise from higher-form gauge fields
propagating in nontrivial compact manifolds, such as
Calabi-Yau manifolds. In particular, in intersecting D-brane
constructions in type II string theory, QCD and QED are
commonly localized in distinct brane stacks that intersect.
From the point of view of multiaxion systems, this can
naturally lead to nonuniversal E/N factors for the various
axions [25-28], as illustrated by our toy 5D model with
QCD and QED localized on separate branes.

In conclusion, extradimensional theories naturally gen-
erate multiaxion systems in the 4D effective theory, which
motivate the phenomenological scenarios described in the
main text. Here we have developed a toy 5D model that

(A35)

l7Strictly speaking, in our toy flat interval gauge-theory
realization, the nonzero KK modes of As(x,y) are eaten by
the massive KK vectors via the Stiickelberg mechanism, so only
the zero mode survives as a physical state. More general
boundary conditions, boundary symmetry breaking, or enlarged
gauge sectors may instead leave a physical tower of KK
pseudoscalars from As(x,y), thereby reproducing the genuine
bulk axion phenomenology.

illustrates the basic mechanism at work in more realistic
constructions. An important message is that some classes of
extra dimensional and stringy theories generically predict
nonuniversal £/N and multiple axions.

APPENDIX B: ALTERNATIVE
PARAMETRIZATION AND GENERAL
SUM RULE

1. General results
a. Definitions

In this Appendix, we provide further details on the
decomposition of the mass matrix M? introduced in
Eq. (10), and connect it to an alternative parametrization
that illustrates, in full generality, how PQ-breaking sources
decompose along the QCD direction. Consider a generic
n X n system,

M? = N pNNT + M3, (B1)

First, we normalize N and define N = N/|N/|. Then, we

choose an orthonormal basis {Ni,...,NL } of the
orthogonal subspace, satisfying

NT.N+ =0,

NiT Nt =36 (B2)

ijs

and we collect these orthogonal vectors into a matrix

N = (R R, (B3)
The decomposition of M? becomes
M? = BNNT + N6 N*T + NL6NT + NLEN'T. (B4)
The coefficient f is given by

B=N"M}N + AbepNI. (B5)

The mixing between the QCD direction and the orthogonal
subspace is parametrized by §, whose components are

5, = N" M?N7, (B6)

while the orthogonal subspace is given by a symmetric
(n—1) x (n — 1) matrix, whose entries are

b. Dictionary between parametrizations

The correspondence with the parametrization in the main
text, Eq. (26), is given by

B=A¢cpIN? + N"MAN = Adp|NP +Bs. (BS)
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while X and 6 are the same i.e.,

(2A>ijENilTMiNJ+:NiLTM2NjL:E
(6A)i ENTMiNZL :NTM2NIJ_ — 61',

ijs

(B9)

because the AQCD-term has vanishing overlap with the
vector space spanned by {N7}. Equivalently, we see that,
while the AQCD—term contains only contributions from v,
vectors exactly parallel to N, the matrix M3 contains the
orthogonal and mixed components, as well as the parallel
projections of the nonfully-aligned vectors (i.e., f4):

(B —Ba)

A4 T — T
AbcpNNT = WNN ,
M? = p,NNT + N6"N+" + NL6NT + NLENLT,

(B10)

Equivalently, we can also relate f, § and X to the explicit
decomposition of the axion potential in Sec. II B:

& o
p= (A‘(SCD + ZKIA‘}W—IP NP+ kAN vp)?

IeC Ie A
= AgepINI* + ZKIAA}(NT )%,

Ie A
6, = ZKIAHNT o) (v] -N?),
IeA
X = ZKIM(N:'HUI)(UIT Ny ).
IeA

c. Positivity condition

The positivity condition on the full mass matrix M>
expressed in the parametrization of Eq. (26) is given by

Rbep|NP + By —872;16,>0 and £,~0, (BI1)

where the symbol >0 denotes positive-definiteness. Note
that M3 is not required to be positive definite, hence f34
could be negative, whereas positivity of the full mass
matrix forces f = Adep|N|* + 4 > 0. In particular, two
interesting regimes can be seen from the positivity
conditions:

@G If /i‘éCD is negative, the potentially dangerous
direction that may lead to a negative eigenvalue,
and hence to a violation of positivity, is aligned with
N. Positivity of the full mass matrix then requires the
nonaligned sector Mi to compensate along this
direction. In particular, while positivity already
requires X,>0 (and hence 61X7'6, >0) in the
orthogonal subspace, one further needs a sufficiently
large positive projection along the QCD direction,

Pa> 612316, + |/§‘(SCD]|N|2 >0, (BI2)
which in particular implies 4 > 0 and therefore that
M3 is positive definite. In the basis where M3 is
diagonal, this means that all its eigenvalues are
positive, and that the spectrum is dominated by
the A sector. The system then reproduces qualita-
tively the regime A; > AQCD explored in Secs. III
and IV;
(ii) Alternatively, M5 can have only one negative
eigenvalue only if
pa— 612716, <0, (B13)
in which case the instability lies again along the
QCD-aligned direction. Positivity of the full mass
matrix then requires a positive aligned contribution,
so that necessarily Ad,cp > 0, with
AyepINPP > 832316, — 4> 0. (Bl4)
In this case, if the mixing term dominates,
032716, > Ayep|N|?, the system is effectively
M?’-dominated and reduces qualitatively to the
regime A; > Agcp. Conversely, if Adep|N|* >
67x.16,, the light mode aligns with the (general-
ized) QCD direction.
The parametrization adopted in the main text makes
explicit the nontrivial interplay, highlighted at the end of
Sec. II B, between &‘éCD and f3,; while their sum is required
to be positive, the individual contributions need not be.

d. Details on the {N, N} basis

Coming back to the parametrization given in Eq. (B4),
we can define the matrix V = (NN ...N:-,), and rotate the
mass matrix in the new basis to get

6T
VIM?V = (ﬁ ) (B15)
0 X
which is positive-definite provided that
20 and f— 8760, (B16)

In particular, this also implies > 0. The inverse, necessary
to compute the sum rule in this basis, is given by

(p-8TE7'8)" - EE
o p-8T=T6
M= = ( __ =5 $-1 4 ezl | (B17)
p—6T215 p—67E5

The Schur complement § — 672716 = detM?/ det X cor-
responds to the effective curvature along the QCD direction

N after accounting for mixing with the orthogonal
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subspace. In other words, it represents the component of the
mass matrix aligned with N once the mixing with the
orthogonal sector has been removed. Physically, it can be
interpreted as the reduction of the naive parameter f due to
the “leaking” of the system along orthogonal directions,
and it vanishes precisely when a flat direction develops in
the spectrum i.e., when there is at least one massless axion.

Note that £ corresponds to the restriction of M? to the
subspace orthogonal to N. Since M? is assumed to be
positive definite (all axions are massive i.e., no zero
eigenvalues), it is invertible and all its principal submatrices
are also positive definite. In particular, X is positive definite
and therefore invertible, with full rank n — 1. If N is an
eigenvector of M? (with eigenvalue f), the mixing vector &
vanishes and X simply coincides with the block of M?
acting on the orthogonal subspace. Otherwise, when N is
not an eigenvector, 6 # 0 but X still describes the dynamics
in the (n — 1)-dimensional orthogonal subspace.

e. General sum rule

In this basis, similarly to Sec. III B, we can compute the
general sum rule. We start by decomposing the photon
coupling in our new basis:

8ay = (gH 81 )T = g||N+ Zgﬂz_,yﬁf_

- ‘%m (El = C,IN|)N + E-N 1. (B18)
T

This makes the computation of the sum rule straightfor-
ward, as we simply contract M~> on both sides with the
anomaly vector to obtain

(9 —06"Z7"'g,)?
A4QCD|N|2 + ﬂp@ - 6Tz 1§

2
7 .

> S —glx g, + (B19)
m

i i

where fpg = N TM%;QZ\AZ . The second term of the sum rule
shows that the photon coupling of the QCD direction can be
modified by mixing with the orthogonal sector. The first
term shows that the orthogonal sector always contributes if
E is not parallel to N. This general sum rule shows that the
system distinguishes between two qualitative regimes:

(1) Nonuniversal anomaly coefficients: In this regime,
the first term can dominate the sum rule. This only
happens when E is not parallel to N, and the best
example is when there are light axions. The second
term of Eq. (B19) is typically pulled down by the
leaking of parallel photon coupling into the orthogo-
nal direction via mixing, and by the presence of
parallel contributions inside MI%Q Then, if there are
orthogonal states that are light and E is not parallel
to N, the first term dominates the sum rule, and there
are light axions either to the left of the QCD line
(these states become orthogonal automatically) or to

the right but close to it. The sum rule can be larger
than 1;

(i1) Universal anomaly coefficients: This regime corre-
sponds to the situation in which anomaly coeffi-
cients are universal,

EI/NIZ"':EVL/NnégL:O' (BZO)

This means that E is parallel to N and the sum rule
reduces to

Zggw __ (32INI(E/N - C)))?
~ mi  AbepIN* + g —6"Z716

i 1

(B21)

Here the light states are orthogonal and photo-
phobic. If there are large PQ-breaking effects very
well-aligned with QCD, these translate into a large
Ppe that could be positive or negative, moving a
dominant QCD-like state to the left or to the right of
the QCD line. This is the effect captured by AQCD in
the main text, and the sum rule can be larger or
smaller than 1. For generic PQ-breaking that has
nonzero parallel projection (even if they are not
very well-aligned), if these effects are large they
will lead to very heavy states that pull the X term
down and feed into fpg until they overcome QCD.
This is the A; > Agcp regime in the main text (or
A > AQCD if one were to extract the fully aligned
effects). The sum rule is then equal to one or
smaller for the latter case.

f. Axion coupling to GG

Additionally, using our general parametrization, we can
derive the axion coupling to GG in the mass basis. Starting
from

1 ~
L5 84,-aGG, (B22)
we rotate the axion fields to the basis {N, N*}. We denote
by u; the ith normalized eigenvector written in the {N, N}
basis as u; = (ul-'uf)T. The gluon coupling of the mass
eigenstate d; is

R P I [
gdig - |gﬁg|ui - E |N|Mi . (B23)
The eigenvalue equation reads
5T U H
p ) =m ). (B24)
6 x/)\ut) " \ut

Solving the equation in the orthogonal subspace, one finds

ut = —( - m?1)~16u).

1

(B25)
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This shows'® that the orthogonal component is entirely
induced by mixing and is proportional to ull. Imposing the
normalization condition on the eigenvectors and substitut-
ing the expression above, one obtains

ul = [1467(2 — m21)=26]"1/2, (B26)

Therefore, the explicit gluon coupling in the mass basis is

a V|
22\ /1+6T(Z-m1)26

Jag = (B27)

2. Example: Two-axion system

Let us apply our generic derivation of Appendix B 1
to the simple two-axion system. Consider a mass matrix
given by

o

2 __ A4 T [ 12
M —AQCDNN + Ay AT , (B28)

fif2 f3

where N = (1/f,,1/f,)T. We apply the procedure
describe in the previous section and rotate M? to a new
basis,

1)
VIM2V = (ﬂ ) (B29)
5 X
with the rotation defined as
V:212<f2 fl). (B30)
VI+ N =

The matching between {f, %, 5} < {A], A},, Ab} is given
by

80 the nondegenerate case, where all eigenvalues are distinct,
(£ —m?1) is invertible for any eigenstate with nonvanishing

overlap with the QCD direction i.e., ul-l #0. If u‘i‘ =0, the
corresponding state is entirely contained in the orthogonal
subspace and its gluon coupling vanishes. In the presence of
degenerate eigenvalues, (X — m?1) may be noninvertible even for
a QCD-coupled eigenspace. Since the QCD direction is one-
dimensional, one may choose an orthonormal basis of the
degenerate eigenspace such that at most one state has non-
vanishing projection along N, while the remaining states are fully
orthogonal to NV and therefore decouple from gluons. One may
then project out the QCD-decoupled directions and work in the
complementary subspace, where the inverse of (X —m?1),
understood as the inverse restricted to that subspace, is well-
defined.

g SINEA2ALNE TNy SIS
A+ 1) s
s AP =20 + A2
i+ 13
5 AN = ) + 7N - ) B3
fif2(f1+ 13)
We can now define
cos® —sind 1 26
R = < ) > @' = —arctan . (B32)
sind@  cosé 2 p-Z
and rotate the mass matrix into diagonal form:
200
RT(VI M2V)R = (m* ) (B33)
0 m?

Equivalently, the full rotation from the original basis to the
mass basis can be written as

UTM2U = (mi 0 )

0 (B34)

1
where we defined"’

cosf —sind fi
U= . , 0=¢ -0, ¢=arctan—.
sinf cosé@ P
(B35)
The eigenvalues are
> o1
m2 = ﬁ% SB-zr s (B3
Positive-definiteness translates to
detM?> >0 px—-6>>0 and X >0, (B37)

which implies # > 0 and that the mixing cannot be arbitrary
large for fixed f# and X. Since f is strictly positive, it follows

that £ must be sufficiently large, such that X > ‘;—; >0, or

equivalently that § must be sufficiently small, 6> < fZ, in
order to ensure positivity of the full mass matrix. In other
words, the contribution of PQ breaking in the direction
orthogonal to QCD and the contribution in the mixed

YNotice that, in the limit & = ¢, one finds that the total
rotation angle § = ¢ — @' vanishes, so that U = 1. This implies
that the mass matrix is already diagonal in the original (a;, a,)
basis, and no further rotation is required to reach the mass
eigenstates. Equivalently, the mixing induced by the mass matrix
exactly compensates the rotation to the {N, N1} basis. In this
situation, the QCD-aligned direction coincides with one of the
mass eigenstates, and the system exhibits no mixing already in
the original basis.
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direction are not independent of the contribution along the
QCD direction. In particular, the limit £ — O implies that
the mixing vanishes too i.e., d — 0.

Before turning to the sum rule in the two-axion system,
let us first examine the different regimes and how the
positivity condition is realized in each of them.

a. Vanishing mixing (6 = 0) This is the regime where N
and Nt are eigenvectors of the full M? matrix, and, in
particular, of Mf;Q matrix. The eigenvalues of the mass
matrix reduce to

m% = max(, ), m? =min(B,%), (B38)

so that the mass ordering is determined by whether the
QCD-aligned direction (/) or the orthogonal direction (%)
provides the dominant contribution.

b. Vanishing contribution along QCD, (X — 0) This is
the limiting case ¥ — 0, which, from the positivity con-
dition, implies vanishing mixing (6 — 0). In this limit, the
eigenvalues reduce to

m% — B, m: -0, (B39)
so that one state remains massive, while the orthogonal
direction becomes parametrically massless due to the
absence of explicit breaking along QCD .

¢. Degenerate diagonal limit (X — ) Imposing £ =
leads to the condition Imposing X = f, the eigenvalues
reduce to

mi=p+|5

, (B40)

so that the degeneracy is lifted by the off-diagonal entry. In
this limit, the mixing angle becomes maximal,

0 - %sign(é), (B41)

implying that the mass eigenstates are equal combinations
of the two directions.

d. p-dominated regime In the limit f — oo with X and
fixed, the eigenvalues behave as

mk =~ j, m* =%, (B42)

up to corrections of order 6°/f. Moreover, if the QCD
contribution dominates over all PQ-breaking scales,
A4QCD > A*, one has

B~ A ,
WP 313

Therefore the mass matrix is approximately already diago-
nal in the {1\7 ,NL} basis, with eigenvalues

. i+ f3
APy

¥ ~0, 5~0. (B43)

m2 =~ A m? 0. (B44)

In other words, one eigenstate is a heavy QCD-aligned
axion, while the orthogonal combination remains para-
metrically light and only acquires a mass from the sub-
leading PQ-breaking effects.

Conversely, in the regime A“QCD < A, the QCD con-
tribution to f is subleading, and both eigenvalues are
generically set by the PQ-breaking scales. In this case,
the orthogonal combination is no longer parametrically
light, and a light state can only arise if the PQ-breaking
matrix itself exhibits an approximate flat direction.

e. Z-dominated regime In the limit X — oo with f and &
fixed, the eigenvalues behave as

ml =%, m2 ~ 3, (B45)
up to corrections of order 6°/%. In this regime, the heavy
eigenstate is predominantly aligned with the N+ direction,
while the lighter one remains approximately aligned with the
QCD direction. Therefore, large PQ-breaking effects along
QCD| can raise the orthogonal eigenvalue without affecting
either the QCD-aligned contribution or the mixing.

a. Maximal mixing regime

Unlike in the previous cases, the mixed contribution
cannot be increased arbitrarily. Positivity of the mass
matrix requires

16| < \/BZ.

The maximal mixed contribution is therefore approached as
this bound is saturated,

8] = V/BE.

for which the determinant tends to zero and the eigenvalues
become

(B46)

(B47)

2

m: =0, mdop+x (B48)

Thus, the mixed contribution can be made sizeable only as
the mass matrix approaches an approximate flat direction,
beyond which positivity is lost.

b. QCD-PQ system

Let us now consider the case in which the PQ-breaking
matrix has rank one, so that its determinant vanishes,

YY)
det| M 0= AMAR (AR =0, (B49
el i oae | T 1Ay - (AR)T =0.  (B49)

12 2

fif f3

This implies that only two of the three PQ-breaking scales
are independent, and that the PQ-breaking contribution is
aligned along a single direction in field space. Since the
determinant is basis-independent, the same condition holds

in the {N, N} basis. Defining
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f2 + f2
Prg =P~ Noeo =z (B50)
/2
the rank-one condition implies
ProZ — 5 =0 < 8 = fpg=. (B51)

Thus, in this limit, the three quantities B, £ and 6 are no
longer independent, and the off-diagonal entry is entirely
fixed by the diagonal ones.

As a consequence, the PQ-breaking matrix alone is
positive semidefinite, with one vanishing eigenvalue. Its
nonzero eigenvalue is given by

Mpg . = Ppa + . Mpg_ = 0. (B52)

Including the QCD contribution, the determinant of the full
mass matrix becomes

fi+13
fif3
and positivity of the full mass matrix requires X > 0.
If Aep > A}, the eigenvalues of the full mass matrix
simplify to

det M? = % — 6% = Njcp z,  (B53)

2, 2

fit/s :— {2, m> ~%,
fif2

up to corrections suppressed by fpg/Abcp N[> Thus,

although the PQ-breaking matrix is rank one and would
by itself leave one direction massless, the QCD contribu-

% = N (Bs4)

2

corresponds to the orthogonal direction and is controlled
by Z.

Conversely, in the regime Agcp < Aj', the full mass
matrix remains close to rank one, and the QCD contribution
only weakly lifts the flat direction. The eigenvalues then
behave as

AAéCD

Hence, the lighter eigenstate is parametrically suppressed
and originates from the QCD-induced lifting of the flat
direction of the PQ-breaking matrix.

INPE.  (BSS)

c. Sum rule of the two-axion system

The general sum rule Eq. (B19) takes a particular simple
form in the two-axion system. First, we decompose the
photon coupling along the two directions, according to the
notation in Eq. (B18),

1 f
gH = <_2 Cfll}’ +_1C¢12}’>’ (B56)

VIA+ 5\ f2
c,,—C,
gL =—F—. (B57)
VIt
In the mass basis, we have

Ga.y = gjcos® + g, sin€, g, , =g, cost/ —gsind.

B58
tion lifts this flat direction. The heavy eigenstate is aligned (B38)
with the QCD direction, while the lighter eigenstate = The sum rule of the two-axion system becomes

|
2 B(Cury = Cay)? = 25(Capy = Cu) (2 Coy +22Cu ) +2(2€C,, +2C )
gai,, 1 ayy axy ary ay)\ fi Tar fr a2y f1 ary fr a2y (B59)

2 2 2
= m;  fi+/3

which makes the QCD-aligned, orthogonal, and mixed
contributions particularly transparent in connection with
the C,,,. The correspondencezo with Eq. (43) is immediate

1t is worth stressing what we mean here by “correspon-
dence”. The basis used in Eq. (43) is different from the one used
here, and is obtained after decomposing M? = A4QCDNN T+ M3
starting from the explicit axion potential and diagonalizing the
nonfully-aligned part M3, as explained in Sec. IIB. In this

Appendix, we directly work in a basis defined by N and its
orthogonal subspace. To match the two descriptions, we simply
identify here how the parametrization of the main text can be
recovered from the parametrization of this Appendix by appro-
priately choosing the parameters so as to reproduce its structure,
without actually performing a change of basis. The exact
correspondence is worked out in Eq. (B8), Eq. (BY) and
Eq. (B11).

Bz — 82

|
upon setting A, — 0, replacing , X and 6 using Eq. (B31),
and performing the redefinition,

(f1 + /2) (Adep = Aep)
fifs

The regimes identified in the previous section can be

studied for the particularly simple 2 x 2 case:

(1) Nonuniversal anomaly coefficients: In this regime, if
there are light states the sum rule is dominated by

Z@Nﬁ
m: T

i 1

B = B—Pas Pa=

(B60)

(B61)

Here there is light state (which trivially becomes
approximately orthogonal) that dominates the sum
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rule and is to the left of the QCD line. The other state

is QCD-like, but that generalized QCD line can

move in parameter space via general-PQ effects;
(i) Universal Anomaly Regime: In this regime,

91 =0, (B62)

namely C,, = C,,,, so that the photon coupling
is fully aligned with the QCD direction g =

Cuy\/ f1+ f3/f1f2- The sum rule becomes

%y (IN(E/N-C)P
2= -

(B63)
' mi AgeplNI? + g — &

Here either there is a QCD axion, or this is displaced
by general-PQ effects, as discussed before. The
other state is either light and orthogonal (photo-
phobic) or heavy.

APPENDIX C: USEFUL FORMULAS
FOR THE TWO-AXION SYSTEM

1. Exact diagonalization

In this section, we provide more details on the diago-
nalization of the two-axion system and consider the
following matrix:

A4+AgCD Abep AT,
11 fifa
2 _
M= A oA ASEAY (C1)
QCD 12 QCD
fif2 13

We work in the basis obtained after performing the
procedure outlined in Sec. II B, while allowing for off-
diagonal terms A}, for completeness and fully general
formulas. It is worth stressing that the procedure guarantees
that one can always go to a basis where M3 is diagonal, and
the reader interested in matching to the original formulation
of the main text in Eq. (27) can do so by setting A, — 0
and replacing Agcp — AQCD in the rest of this section. The
eigenvectors that diagonalize M? can be parametrized by an
angle 0

u_ = (—sinfcos)7,

u, = (cos@sin)7, (C2)

given by

e \/ 30+ Meo) = FRA + Afep) + &

2A
_ \/f%f%([Mz]n - [M?],,) + A (C3)
2A
0= flf2(A4QCD + AD)
SInG = f2 A4+A“ A4+A4 N
A\/ QCD QCD
:flfz( QCD+A12) (C4)
Acosd ’
where we defined
A= [(f3AT = [IA3 = (fT = f3)Noep)®
+4f1f5(A1 + AQCD) 22, (Cs)
The eigenvalues are given by
AT+ A¢ A3+ A
mk = %0052 0+ %sin2 0
1 2
Aep + A
% sin 26, (C6)
12
A} + A A+ A
m? = TQCDsinzé’ + %cos2 0
1 2
Adep + AT
—7@}’ 7 2 5in 26, (C7)
1J2
or directly in terms of matrix entries
2(MS+ A + f3(A} + A + A
", = il ocp) + f3( oep) £ . (c8)

21113

In order to have m? > 0, the following condition must be
fulfilled:

|
F1(AS + AQCD) + f3(A] + AQCD)] >A%, (C9)
which is only valid if
! 4 1/4
A< [\/(A + AQCD)(AZ + AQCD) Aoep (C10)

We can now compute the contributions to the axion sum
rule:
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~2
Ya,y _

(Cyypfac080+ C,, f15in6)>

mi  f3AYcos? 0+ fIASsin? 0 + f1f2A%, sin260 + (f5cos 0+ fysin0)? Adep |

~2
Ya_y o

(Cappf1€080 = C, , f25in0)>

(C11)

m2 f3AYsin? 0+ fIA3 o0 — f1f2Ad, sin20 + (f5sin 6 — f cos 0)>Adep

In the limit Agep >> A5 12, the QCD contribution domi-
nates the mass matrix and enforces alignment along the
QCD direction. The heavy eigenstate a, becomes the QCD
axion, while a_ is the orthogonal combination that remains
insensitive to QCD at leading order. We obtain

By (Copft+ Cayf3)?

mi o (1413 Moo
Fay M
m: AT+ A -2A%,

, (C13)

(C14)

In this regime, the sum rule cleanly separates into a QCD-
controlled contribution and a purely orthogonal PQ sector.
The orthogonal mode is sensitive only to the relative
misalignment of anomaly coefficients and decouples if
Cal}’ = CazJ/'

In the limit A; > A; p0cp, only one eigenvalue
becomes parametrically large. The heavy eigenstate aligns
with the first axion direction, a, =~ a;, while the orthogonal
combination remains finite and inherits the residual QCD
curvature. We find

=2 2
ay _Ca
Jorr par, (C15)
m7  Aj
7 Ca
ot ot (C16)

m2 " A+ A

The first contribution exhibits genuine decoupling, sup-
pressed by the large PQ-breaking scale A;. In contrast,
the light eigenstate remains sensitive to both its intrinsic
PQ-breaking scale and QCD effects, showing that the QCD
curvature is effectively transferred to the surviving light
direction.

In the limit A, > A, 1, ocp, the situation is reversed; only
one eigenstate becomes heavy, aligning with the second
axion direction, a, =~ a,, while the orthogonal state remains
finite and approximately aligned with a;. We obtain

3
Jar 0, (C17)
m?

G G

ot (C18)

m2 AAI' + A‘éCD '

More precisely, the first contribution scales as Cﬁﬂ / A‘z‘ and
vanishes in the strict decoupling limit. This regime therefore

(C12)

|
exhibits a screening effect, where the heavy state becomes
invisible to photons, and the sum rule is entirely saturated by
the remaining light axion.

Finally, in the limit Agcp — 0, the QCD contribution
vanishes and the mass matrix is entirely controlled by
PQ-breaking effects. In this case, the sum rule reduces to

Z @ ~ C‘%Z}’A? + 6‘1211}’[\421 - ZCQIVCGZ}’A?Z . (C19)

~ m ATAS =AY,
In this regime, the sum rule is entirely controlled by the
PQ-breaking sector and the interplay between diagonal and
off-diagonal entries. In the absence of mixing (A, — 0),
the expression factorizes and the two axions contribute
independently. In contrast, as A}, — A?A3, the denomi-
nator vanishes and the sum rule is enhanced, signaling the
emergence of an approximate flat direction and a para-
metrically light eigenstate (see also Appendix B 2 b).

Overall, these limits illustrate how the sum rule is
dynamically redistributed depending on the hierarchy of
PQ-breaking scales: QCD dominance enforces alignment
along a single direction, while hierarchical PQ scales
remove one degree of freedom and project the phenom-
enology onto the remaining light sector, with nontrivial
suppression or enhancement controlled by mixing and
anomaly structure.

The limit cos@ — %Sin 6, which gives an axion to the

left of the QCD line provided that the QCD scale
dominates, can be expressed using Eq. (C4) as

fzx/A‘fz + A?)CD
VA '

Replacing with the expression for cos 8 given by Eq. (C3),
we get an equation for A:

cosf — (C20)

!
1A+ A6CD) + f%(AA(SCD — A} +2A1,)=A, (C21)

provided that

1

2
Aty > ) <AA1‘ - A?)CD - JT; (A3 + A4QCD))' (C22)
2

In this case, we can solve Eq. (C21) for e.g., f;, by
replacing with the explicit form of A from Eq. (C5). We
obtain
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2A4 204

cosd — Lsing & fi— g [F2—=21 (c23)
fi A, — A3

under the assumption that either of the following conditions
1s satisfied:

1A, <Ay

and A2 > A127 (C24)

2.A2 < A12 and A12 > A] . (CZS)
Condition 2. is however incompatible with the requirement
that m? is always positive i.e., Eq. (C10), so only the
regime imposed by condition 1. is valid for this limit. The

allowed region for A, is therefore,

% <A41t = Nbep — ;i (A3 + AQCD)) (C26)
<A?, <min (A}, A3), (C27)
which is nonempty only if
VY 11
3 <A1 — Aoep — 7 (A JrAQCD)) (C28)
<min (A, A}). (C29)

If these conditions are satisfied and in the limit Eq. (C23),
we get

g%_y _ (Cazy - Cu,y)z
m: (A} + A3 —2A1,)
2(E,/N, — E,/N,)?
2 (AT + A5 —2A%,)

which is positive, again because of condition 1.. In the limit

of equal photon coupling i.e., th = Ca,y — Cay and
Agcp > Ay 512, We obtain
By CHUM = AN (R AL?

m2 " (f1+ /37 (AT+ AF - 2A?2)A§)CD ‘

The two-axion systems simplifies in the limit Agep >
Aj 51, in the same way as in Eq. (37), except for m?2 which
becomes

» AT AT -2A%,

R+ .

As discussed at the beginning of this appendix, matching to
Eq. (27) requires taking the limit A;, — 0, and all the relevant
expressions can be directly obtained from Appendix C 1 by
setting A, = 0. Notice that the condition for m2 > 0 in
Eq. (C10) becomes trivially satisfied. The limit cos@ —

%sine is obtained by a similar derivation, and the only
condition to satisfy is Eq. (C22) with A;, = 0. We obtain

A2
cosea%sine@flafgl (C33)

1 2

Note that this limit does not assume any hierarchy between
Agep and Ay . In terms of the structure of the multiaxion
theory, as discussed in Sec. Il and Eq. (41), the mass matrix
induced by the additional PQ-breaking potential is universal
for both axion states, and the corresponding eigenvectors are
given by a linear combination aligned with the gluon anomaly
vector and an orthogonal combination.

Additionally, it is straightforward to check that in the
regime Agcp > A, we have

Agep>A| (f% - f%)(f%AAZt - f%Aéll)

——(f1 + f3)AL CENE
O(1/Noep):

and we recover Eqgs. (37) and (38). In the limit of f; —
fo=f and A; - A, = A, the rotation is maximal i.e.,

cos @, sinf — 1/\/§ and, we have

CD+

(C34)

2A4QCD + A* Aqep>A 2AQCD
f? V.

2
my =

(C35)

2 A4 Aqep>A1
m: - — ——>(

7 (C36)
As it can be seen, if we further assume that Agcp > A 5,
we obtain an axion with a vanishing mass and a QCD axion
whose mass is shifted from the QCD line by a factor /2, as
can be appreciated in Fig. 2 (left).

In the case for two axions, it is interesting to study the
value that A; must have to exhibit this maxion behavior for
nonuniversal photon couplings, in the limit where A, — 0
(analogously for A; — 0), that is, when only one U(1)p,
symmetry remains anomalous under QCD. In this case, A
must satisfy the following relation:

4
Az}t :AQCD al}'fl 42 Cayy — azy:l: f_4 f2 Cu17
4 Cglz?’f CﬂzJ’ f2 f2

6Ca|}’2cazy + 4C£2lz)/ Cim’ CZ]Y + 4Cu]7’2Ca77 4C527 . (C37)
Caz? Caz)’ Caz]’
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2. Solving the two-axion system

For the two-axion system, it is instructive to highlight how
the parametrization of the main text can be explicitly derived
and how it connects to the one outlined in Appendix B 1. As
detailed in Sec. II B, the decomposition of the mass matrix
M? is done by separating the contribution fully-aligned with
the QCD direction i.e., N. One writes

M? = Ayep NNT + M3, (C38)
where we use the notation introduced in Sec. II B. In the ortho-
normal basis {N,N-+}, the two contributions take the form

A4 2
AQCD|N| 0)’ VTM%V: (ﬂA 5)’
0 0 6 X

(C39)

Adep-term = <

where

pr=N"MAN, 6=N"M3N*+,  ==NTM3N*,

(C40)

and V = (NN*). The matrix M? is diagonalized by

cos@, —sinf, 1 25
R,=1| . , 0, = —arctan ,
sin@, cosf, 2 Pa—Z
(C41)
such that
T Pa O : 4 702 A4 g2
Ri(7Y )Ry =disg(A /£ A F2) (C42)

with

A_i:ﬁA—i_zil
2T 2 %2

(Bs —Z)2 44582 (C43)

The Aqgcp-term is also rotated and becomes AgepN'N',
with N' = RTVTN.

Since we diagonalize part of the full mass matrix in
Sec. II B i.e., the nonfully-aligned part M3, it is also useful
to provide explicit and general formulas starting from a
generic 2 X 2 symmetric matrix as in Eq. (C1), such that the
procedure outline in Sec. II B can be directly implemented
for any 2 x 2 system. The full mass matrix can be put into
the form

LML 0 (f2c03 £, sin )2 (f2c05 411 sindh)(f1 cos sinh)
RTMR — 21313 gy 11 1313 (C44)
0 BAAM-N QD (£, cos gt £, sing) (1 cosp=f sinh) (f1cos = sindh)® ’
2/113 13 1ir
where the rotation matrix is given by A= AT+ N + A
T 2(frcos¢+ frsing)*
S 4
R = <C?S ¢ Sm¢> . p= larctan (—ffiszzn 4) , A4 = SN+ f1A; = A (C43)
singg  cos¢p 2 FoA] = fiAs T 2(f1cosg — frsing)?
(C45)
d wh 5o defi With these definitions, we can write
and where we also define
TR — dino( A4 /2 A4 /#2\ 1+ R4 ANINIT
A= \FA + AN 2133200 - AfAY). (cdp)  ROMR = dig(NL/F AS/2) 4 AgepVNT, - (C49)

The correspondence between the original parameters
{fi,A;} in Eq. (C1) and the effective parameters in the
rotated basis is given by

Efzcosqﬁ—l-fl sin ¢

il 1 _ficosd—frsing
f- A F

fif2 ’
(C47)

and

with N = RTN = (1/f,.1/f_)T.

3. Explicit example

We can workout the particular example of two-
axion system in Ref. [60].21 Consider the following axion
model

2Other models, such as those in Refs. [154,155], can be
mapped to these expressions.
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1
£°§_P4}“ﬂ+0“ﬁ)HH+“<l f)GG

+ Aem | Cq, Lie, FF} C50
( J’f 2Y f2> ( )
where, following again the notation of Eq. (23), we have

{vi} ={N.(cn/fr.cnn/f2)"} {Ar} = {Aqcps An}s
(C51)
|

2 4 0 0 A4QCD
M- =Aj 0 ?_21+ 2
1

¢ + 2 2 2 2
ﬁ) JiChn + f2ch

giving the mass matrix

2

izl CnaCnt NI
f ff f ff
=Afl 7 T  abe| ) T ] (cs2)
C2Cnl Ciz L LZ
hi> 7 Nz f

Following the procedure introduced in Sec. IIB, we
immediately identify v, as nonfully-aligned22 to QCD
and, after diagonalizing the A, contribution to the mass
matrix, we obtain

The QCD contribution remains rank one, while the new QCD and EM vectors are

cnfienfs )
b

1
N/:—<Ch1—ch2 —
vV f%C%zZ +f%6%11 Np

In the limit where Aj, > Aqcp the axion a; decouples and
we are left with a QCD-axion given by

m2 o~ A (Chl - Ch2)2 - CayyCnl ~ CayCh2
a_ = AQep 72 Yay ="15
ficin+ faem’ VI + 3,
(C55)
so the photon-mass ratio becomes
2
Aéc]) ga e (Cazychl - CalyZhZ) (C56)
mg_ (cn =)

In the case in which A, << Agcp, the lightest axion is
associated to the perpendicular vector of the new N’ and
hence the mass and coupling23 are given by

2

2 4 (enr —cp) Cayy ~ Cayy
my; =Ny, ————7>—, Gay = ——= (C57)

‘ fi+fs VA

where if we write the photon-mass ratio
Coy = Cy ) 2 AL
AA(SCD ga Yo < ay a17> QSD , (ng)
mg_ Chi — Cn2 Ay

we note that this is the same result as in Eq. (34) with the
replacement of A} + A3 - A}(cj — cj2)?, which is in-
duced by the reparametrization of the matrices.

Note that the coefficients ¢, = N;/N; depend on the
ratio of anomaly coefficients. Generating hierarchical

“In the case ¢j,; = ¢j, vy, is fully aligned with QCD and the
orthogonal state is massless.

»Note that in this limit the photon coupling can be obtained
from the original basis §, , = E'"-N| =E-N,.

(chi — Cim)? (chl—chz);c?f%chlfg)
1f2
C53
(cm=cn)(crnfi+ensf3) (craf2+cnf3)? ( )
fif2 1212
[— Ca Ch2f2+ca Chlf2
E = (Caz}/chl - Calych2%>. (C54)

|
coefficients via having large fermion representations in
the hidden confining group has been put forward as a
method to increase the photon couplings of the QCD
axion [60]. For this to occur, however, the EM anomaly
vector must be nonaligned. The reason is that if the
electromagnetic anomaly vector is universal, it is aligned
with the QCD anomaly vector, so both vectors are rotated
identically and no deviation from the QCD line is gen-
erated. This can be understood directly from the sum rule in
Eq. (16) and its generalization in Eq. (59), where it is clear
that shifts of this kind require a nonuniversal electromag-
netic anomaly vector. In particular, the ratios N;/N; can be
absorbed into a redefinition of the corresponding scales A;.
As a corollary, modifying the anomaly coefficients entering
Vpg cannot evade the previous condition on the photon
coupling vector: misalignment of the electromagnetic
anomalies remains the crucial ingredient for generating
axion states to the left of the QCD line.

This example corresponds to Aj, = /A A,
Eq. (C44), with the inverse ordering for the eigenvalues.
Because of this different ordering, we work here with

[ cos¢ sing _1 2f1f2/\?2>
R_<—sin¢ cosq’;)’ ¢_2ar0tan(f%/\§—f%/\? '

(C59)

Matching Eq. (C53) with our parametrization, we have

o _2fifrcosg+ (f5= f})sing
" £+ 13) ’

(fT = f3)cosp +2f 1 f>sing
N7+ 13)

(C60)

Cn2 = ) (Cel)
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which satisfy

Cnfi+cnfi =1L (C62)
In the parametrization of Eq. (C40), we have
fi+5
B—=Noco =55 =ba
WP 113
o (e + cm)?
= KhA4(NT . vh)z = KhA4 5
! "
R . = c?
5:KhA4(NT'Uh)(NLT"Uh):Kh 4 Ch1 i
" "1
3 (cn = Chz)z
Y= KhA;t(NLT . ‘Uh)z = KhAiW (C63)

Notice that positivity forces A; # Ay, © ¢j; # ¢, Which
is equivalent to enforcing X > 0, as required for M? to be
positive definite [see Eq. (B37)]. In this setup with

Ay = /A1 Ay, there are no (real) solutions for cosf —

%sinH in terms of f| or f,, contrary to the fully generic

setup. This can be seen for example by evaluating
Eq. (C23) at A}, = /A A,, which implies that e.g., f;
becomes complex. Equivalently, when A, = \/A[A,, it is
not possible to satisfy neither condition 1. in Eq. (C24) nor
condition 2. in Eq. (C25). One way to see this is to think of
VAA, as a geometric mean, and the mean cannot be
smaller nor bigger than both numbers separately. Therefore,
the condition cosd — %Sine can only be realized in the

regime Agcp > A, where QCD dominates the mixing
and enforces alignment along the QCD direction.
Expanding in this limit, we obtain

%1 Ca _Ca 2
fraica (c6
mZ (Al - A2)

for C,, # C,,. In this case, the orthogonal state remains
sensitive only to the relative misalignment of the anomaly
coefficients, while its mass is set purely by PQ-breaking
scales. In contrast, for aligned photon couplings
(C, = C,y, =C,), the leading contribution cancels and
the result becomes

oy, CalF3A] + f1A3)?

m2 " (f} 4 3 A

(C65)

This suppression reflects an approximate alignment in
coupling space i.e., the orthogonal mode becomes weakly
coupled and its contribution is controlled by higher-order
effects in the QCD-dominated expansion.

APPENDIX D: AXION FERMION COUPLINGS

In this appendix, we discuss the behavior of other
couplings relevant for axion phenomenology, such as the
couplings to nucleons. The axion Lagrangian at low energies
in Eq. (3) can be extended with the fermion couplings

T

a _ = _
LD ”2 : (cuuuynyM + caddyy},Sd + cueey;ﬂ@e)’ (Dl)
where in this notation,
Caif Ccavr \T
Caf = (Nl.]f| NNI.\;(N) : (Dz)

In order to compute the couplings to nucleons, it is
convenient to perform a chiral field redefinition of the light
quark fields. Following Ref. [17], we consider the generic
transformation,

) a’ N
q — exp | iys QuT q.

where 9, is a matrix satisfying Tr Q, = 1, so as to remove
the gluonic anomalous coupling. A convenient choice is

(D3)

—1
_ M
T TrM;"

(D4)

which eliminates axion—pion mass mixing, with M, =
diag(m,, m,) the light-quark mass matrix. Under this rota-
tion, the fermion-coupling vectors in Eq. (D2) are shifted
according to
caf —)Caf—(squaN. (DS)
At low energies, the derivative couplings to nucleons can
be written as [17]

Cap = _( Mad Ay " Ad)N + Aucy, + Adcyy,
my +md m, +md

m, +m

1 _
LD EﬁﬂaT . caNN}/”y5N, (D6)
with the proton and neutron couplings given by
(D7)
Ad)N + Adc,, + Auc,yy. (D8)
d
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Another relevant effect is the renormalization-group
equation (RGE) evolution of the electron coupling, which
receives contributions induced by the photon anomaly
vector. Following Refs. [17,118,156], in a multiaxion setup
one finds

3a2 24 A
sc,, — e [k,g (f_) g 2dma g <_x> N] ,

4z’ HIR 3 m,+my HIR
(D9)

with A, ~ 1 GeV.

Altogether, the axion nucleon-couplings contain a com-
ponent aligned with N induced by the chiral rotation, and
the electron coupling a running contribution éc,,,. Both of
these pieces vanish for axion eigenstates orthogonal to the
QCD direction. Once again, if the ratios c,,/N; are
universal, the corresponding fermion-coupling vector
remains aligned with the QCD direction. However, it is
arguably more natural for the coefficients ¢, to be
universal instead. In that case, if the N; anomalies differ,
the fermion couplings are generically not aligned with the
QCD direction.

Finally, it is worth stressing that the running of the electron
coupling can itself induce misalignment through the photon
anomaly vector. In particular, whenever E ¥N, the RGE
contribution éc,, is not aligned with the QCD direction,
providing an additional source of nonuniversality.

APPENDIX E: PSEUDO-NAMBU GOLDSTONE
BOSONS WITH N=0

Here we consider the existence of pseudo-Nambu
Goldstone bosons that originate from U(1) global sym-
metries not anomalous under QCD, i.e., with QCD
anomaly coefficient N = 0. If they do not mix with axions
(which originate from U(1) anomalous under QCD), then
they do not belong to the multiaxion system, and can
trivially appear in the entire (m,, g,,) parameter space via
their independent mass scales and QED coefficients E. The
only nontrivial scenario is when these states mix with
axions. To understand their effect, let us consider a test
system with potential

a 5 a a
V=—-A%.cos|——0 —A4cos<c —+c——6’>.
b <f1 ) " TR

(E1)

The QCD cosine defines the vector NT = (1/f,0), while
the non-QCD cosine defines v! = (¢,/f1, ¢;/f2). To solve
strong CP, it is sufficient to impose ¢, # 0. Expanding
around the minimum, the quadratic mass matrix is

2

10 7RE
M> = A4 | + A4l E2
QCD(O 0 "oee & (E2)

Nfr f3

Thus the system is genuinely mixed only if c¢; #0,
otherwise one state becomes a decoupled ALP. The regime
Ay, < Agep trivially resembles the light axion scenario of
the main text; the heavier mass eigenstate is the QCD
axion, approximately aligned to N, while the lighter state
gets a suppressed coupling to GG via the small mixing
~N;/Agcp- The main difference is that the photon cou-
pling of the light state will be dominated by E,, rather than
by the difference E,/N; — E,/N, in the main text.
Qualitatively, this scenario mimics the light axion scenarios
to the left of the QCD line in the main text.

Naively, the regime Aj > Agcp seems nontrivial,
because here the off-diagonal blocks dominate and v, is
approximately the heavier eigenstate. We define the heavy
and light-state decay constants by

- .
FT=51T5 m=Ga (E3)
Ta 1S3 i fifs
The approximate mass eigenvalues and eigenstates are
2 i 2 G
my ~ —, m; =~ Ayep =5 - (E4)
g ey
ci/fi 1 (—cfy
”HﬁfH< ) uLz—< > (ES)
2/ f2 fo\ eifs

Crucially, the GG coupling of a mass eigenstate is
obtained by projecting the original QCD anomaly vector
onto the corresponding eigenvector,

A ~ O leH 2 ~
L5 2 (N-u)a; GG == (5 ay ——>a;, |GG.
g 1) 8n< T )

(E6)

The equation above contains the full story; the heavy state
inherits a GG coupling through its @, component, that goes
to zero when ¢; = 0. The lighter state naturally also gets a
GG coupling, unless ¢, = 0, when it becomes massless.
Both couplings are controlled by effective decay constants
that define their own mass-coupling line. We can finally
write the GG coupling-mass relations for both states,

(N-u )2 fu\*(Aocp \*
Ny = (1) (Z22) <1 (EY)
H

S Ay,
N - 2 2/ £2 1
( lzlL) ~ 4C2/J;‘L 5 — 1 . (ES)
my AQCDCZ/ /1 AQCD

Here it is clear that the heavy state is generally to the
right of the QCD line, while the light state indeed recovers
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the usual QCD axion relation. Therefore, in general, this
scenario is qualitatively similar to the heavy axion scenario
described in the main text. Since both axions inherit GG
coupling in general, the presence of the E, and E,/N,
typically leads to just O(1) variations in the photon
coupling (up to fine-tuning).

We have explored in more complicated systems (with
three states, combining axions and ALPs and with non-
trivial mixing structures among them) that the qualitative
phenomenological scenarios remain unchanged, and hence
we conclude that the existence of ALPs with N =0 can
trivially populate the entire (m,, g,,) plane (if they do not
mix), or mimic the phenomenology of the multiaxion
systems from the main text. As such, one may generalize
our framework from the main text to include the presence

of these states, and then our general framework will cover
scenarios that consider this kind of states, like the clock-
work mechanism [60,73].

However, from the model-building point, these states
seem less motivated. Even though they can inherit GG
couplings through mixing, they do not appear in the QCD
cosine so they cannot participate in the relaxation of 6.
Apart from specific mechanisms to modify the phenom-
enology of the QCD axion, or from a potential string theory
origin, they do not seem particularly well-motivated in the
context of the strong CP problem. Compared to extra-
dimensional axions, KK towers or product gauge groups,
the N = 0 ALPs that mix with the QCD state seem more
model-engineered and less predictive than the QCD-only
anomaly structure.
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