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To create a static traversable wormhole, exotic matter that meets the Morris-Thorne conditions is required.
It is well known that the expectation value of the vacuum stress-energy tensor can violate the null energy
condition and thus has long been considered the best candidate for exotic matter. In this paper, we investigate
whether the renormalized stress-energy tensor of a nonminimally coupled massive scalar field in a zero-tidal
wormhole can satisfy the Morris-Thorne conditions. Within the Hadamard renormalization framework, we
calculate the renormalized stress-energy tensor using the pragmatic mode-sum regularization method recently
established by Levi and Ori. By varying the dimensionless scalar field mass and coupling constant, we find
that there are three disconnected regions in this two-dimensional parameter space that satisfy the Morris-
Thorne conditions. We identify two intervals in the dimensionless scalar field mass, within which the Morris-
Thorne conditions cannot be satisfied irrespective of the value of the coupling constant. This establishes two
mass exclusion regions that constitute a no-go regime for the construction of traversable wormholes.
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I. INTRODUCTION

The concept of traversable wormholes was brought into
the physical domain by Morris and Thorne [1] in 1988.
To maintain the structure of a wormhole, they found that the
matter at the wormhole throat needs to satisfy the Morris-
Thorne conditions, and this will lead to a violation of
energy conditions. Because of this exotic behavior, they
referred to the matter at the wormhole throat as exotic
matter. It is well known that the quantum stress-energy
tensor can violate energy conditions. Accordingly, Morris
et al. first supposed that it could serve as a candidate for
exotic matter [2].
To investigate whether a quantum scalar field can serve

as exotic matter, analytical approximations of the quantum
stress-energy tensor has been employed to examine
whether the Morris-Thorne conditions can be satisfied
[3–10]. Using analytic approximation expression of the
quantum stress-energy tensor [11], the first wormhole
solution of the semiclassical Einstein field equations has
been obtained in [12]. The expectation value of ϕ2 for the
thermal state is calculated in the short-throat worm-
hole [13]. By introducing additional boundaries, the
Casimir effect is employed to investigate whether it can
serve as the exotic matter required for wormholes [14,15].
Calculating the exact quantum vacuum energy-momentum
tensor has always been a difficult task. To avoid this
difficulty, a short-throat flat-space wormhole model has

been studied in [16]. This model consists of two identical
copies of Minkowski space, each with spherical regions
excised, whose boundaries are to be identified. Thus, the
spacetime is everywhere flat except a two-dimensional
singular spherical surface. Within this model setup, the
vacuum stress-energy tensor has been obtained [16]. It
represents an infinitesimally thin exotic matter layer at the
wormhole throat, indicating a discontinuous distribution in
spacetime. To gain a deeper understanding of the behavior
of the quantum stress-energy tensor at the wormhole throat,
it is natural to calculate the exact renormalized vacuum
stress-energy tensor in more realistic wormhole models.
The naive computation of the quantum stress-energy

tensor leads to a divergent result. Thus, renormalization must
be considered, which constitutes the primary challenge in
computing the quantum stress-energy tensor. Using the point-
splitting method [17,18], the expression for the divergent
terms of the energy-momentum tensor was obtained in [19].
In 1984, Candelas and Howard [20] developed a method
to calculate the expectation value of ϕ2. They applied
this method to compute the expectation value of ϕ2 in
Schwarzschild spacetime [20]. Subsequently, Howard [21]
used this method to calculate the expectation value of the
stress-energy tensor in Schwarzschild spacetime. This
approach involves using a Wick rotation to convert the
Lorentzian metric into a Euclidean one. Recently, Levi
and Ori [22,23] proposed the pragmatic mode-sum regulari-
zation method for computing the renormalized stress-energy
tensor. This approach allows direct calculations in Lorentzian
backgrounds. When applying the point-splitting technique
in the two aforementioned regularization methods, it is
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necessary to subtract the corresponding counterterms to
remove the divergences. In [19], the explicit expression of
the counterterm is provided. However, it takes the form of a
power series in terms of 1=m2

0, which is inconvenient for
explicit calculations. The Hadamard renormalization
approach directly computes the divergent terms by exploiting
the singular structure of the two-point correlation function,
thereby avoiding the computational complexity arising from
series expansions. The Hadamard renormalization for a
quantized scalar field has been developed in [24]. By
employing the bitensor expansion technique outlined
in [19] and the geometric expressions given in Ref. [24],
one can in principle derive the counterterms required for
Hadamard renormalization.
To our best knowledge, the exact vacuum quantum stress-

energy tensor for wormholes has so far been calculated
only under the short-throat flat-space approximation [16].
To investigate whether it can sustain the wormhole throat,
we must transition to more realistic wormhole models. In
this paper, we study the renormalized stress-energy tensor of
a massive scalar field with nonminimal coupling at the throat
of a zero-tidal wormhole, which is the simplest traversable
wormhole with zero radial tides. Within the Hadamard
renormalization framework [24], we employ the mode-sum
regularization method developed by Levi and Ori [22,23] to
compute the renormalized stress-energy tensor. We explore
the parameter space of the dimensionless scalar field’s mass
and coupling constant to identify regions where the Morris-
Thorne conditions are fulfilled.
This paper is organized as follows. In Sec. II, we briefly

review the Morris-Thorne conditions and the zero-tidal
wormholes. In Sec. III, we quantize scalar fields in a zero-
tidal wormhole spacetime. In Sec. IV, we numerically
calculate the renormalized stress-energy tensor and exam-
ine whether it satisfies the Morris-Thorne conditions at the
wormhole throat. In Sec. V, we discuss the results.

II. ZERO-TIDAL WORMHOLES AND THE
MORRIS-THORNE CONDITIONS

In this section, we first briefly review the general
traversable wormhole model, as well as the energy con-
ditions required for traversable wormholes, namely the
Morris-Thorne conditions. Then, we introduce the zero-tidal
wormhole model, the simplest traversable wormhole with
zero radial tides we will consider in this paper.
The metric of the static and spherically symmetric

wormhole can be written as [1]

ds2 ¼ −e2ΦðrÞdt2 þ
�
1 −

bðrÞ
r

�
−1
dr2 þ r2dΩ2: ð1Þ

Here ΦðrÞ is the redshift function and bðrÞ is the shape
function. To achieve the traversable wormhole geometry,
ΦðrÞ and bðrÞ are required to satisfy the following
conditions [1]:

(A1) There exists an r0 > 0 such that bðr0Þ ¼ r0 and
1 − bðrÞ

r ≥ 0 for r ≥ r0.
(A2) d2r

dr2�
> 0 near r0, where r�ðrÞ ¼ � R

r
r0
ð1 − bðrÞ

r Þ−1
2dr

is the proper radial distance.
(A3) ΦðrÞ is everywhere finite.
Items (A1) and (A2) imply the existence of a wormhole

throat at r ¼ r0. Item (A3) ensures the absence of a
horizon, thereby rendering the wormhole traversable.
Now, let us consider what kind of stress-energy tensor is

required for traversable wormholes. Let feaug be an ortho-
normal tetrad corresponding to the static observer, which
can be written as

ea0 ¼ e−ΦðrÞ
�
∂

∂t

�
a
; ea1 ¼

�
1 −

bðrÞ
r

�1
2

�
∂

∂r

�
a
;

ea2 ¼
1

r

�
∂

∂θ

�
a
; ea3 ¼

1

r sin θ

�
∂

∂ϕ

�
a
: ð2Þ

Using this set of frames, the Einstein field equations can be
written as

ρ ¼ T00 ¼
1

8πr2
d
dr

bðrÞ; ð3Þ

τ ¼ −T11 ¼
1

8π

�
b
r3

−
2

r

�
1 −

b
r

�
d
dr

ΦðrÞ
�
; ð4Þ

p ¼ T22 ¼ T33 ¼
r
2

�
ðρ − τÞ d

dr
ΦðrÞ − d

dr
τ

�
− τ: ð5Þ

Using items (A1)–(A3), the conditions for making a worm-
hole traversable can be expressed as

τ0 > 0; ð6Þ

η0 ¼ τ0 − ρ0 > 0; ð7Þ

where τ0 ¼ τjr¼r0 and ρ0 ¼ ρjr¼r0 . Conditions (6) and (7)
are called the Morris-Thorne conditions. The difficulty is
that the Morris-Thorne conditions are not easily satisfied.
From condition (6), we can see that τ > 0 implies a tension
exists at the wormhole throat, rather than a pressure as
would correspond to a perfect fluid for τ < 0. Furthermore,
condition (7) leads to the violation of energy conditions by
the matter at the wormhole throat. Therefore, matter
satisfying conditions (6) and (7) is referred to as exotic
matter. It is well known that the vacuum energy-momentum
tensor in quantum field theory can violate energy condi-
tions. Thus, quantum vacuum fluctuations might maintain
the geometric structure of a wormhole.
In this paper, we consider the zero-tidal wormhole which

is the simplest traversable wormhole with the zero radial
tides. By choosing ΦðrÞ ¼ 0 and bðrÞ ¼ b0 in (1), the line
element of the zero-tidal wormhole can be written as
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ds2 ¼ −dt2 þ
�
1 −

b0
r

�
−1
dr2 þ r2dΩ2: ð8Þ

To explore the parameter space of spacetime and scalar
fields, we will consider the Morris-Thorne conditions
within the dimensionless m0b0 − ξ parameter space.

III. QUANTUM FIELD THEORY IN
WORMHOLE SPACETIME

In this section, we shall quantize scalar fields in the zero-
tidal wormhole spacetime and derive the expression of the
renormalized energy-momentum tensor. Detailed calcula-
tion procedures are provided in Appendix A.
We begin by reviewing the classical Klein-Gordon scalar

field. The associated action is given by

S ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ðgab∇aϕ∇bϕþm2
0ϕ

2 þ ξRϕ2Þ; ð9Þ

wherem0 is the mass of the scalar field and ξ is the coupling
constant of the scalar field. The equation for a nonmini-
mally coupled massive scalar field can be written as

ð∇a∇a −m2
0 − ξRÞϕ ¼ 0: ð10Þ

The stress-energy tensor is given by

Tuv ¼ ð1 − 2ξÞϕ;uϕ;v þ
�
2ξ −

1

2

�
guvgρσϕ;ρϕ;σ − 2ξϕϕ;uv

þ 2ξguvϕ∇a∇aϕþ ξ

�
Ruv −

1

2
Rguv

�
ϕ2

−
1

2
guvm2

0ϕ
2: ð11Þ

Now, we quantize the Klein-Gordon scalar field. Using
spherical symmetry, the mode functions can be written as

ψωlmðt; r; θ;φÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
4πjωjp e−iωtYlmðθ;φÞ

RωlðrÞ
r

: ð12Þ

The radial function RωlðrÞ satisfies the following equation:

d2Rωl

dr2�
þ ðω2 − VeffÞRωl ¼ 0; ð13Þ

where the r� is the proper radial distance which is defined in
(A2) of Sec. II and the effective potential is given by

VeffðrÞ ¼ fðrÞ
0
@m2

0 þ ξRþ lðlþ 1Þ
r2

þ 1

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞhðrÞp d

dr

0
@

ffiffiffiffiffiffiffiffiffi
fðrÞ
hðrÞ

s 1
A
1
A: ð14Þ

Here we take

fðrÞ ¼ 1; hðrÞ ¼
�
1 −

b0
r

�
−1
: ð15Þ

Following [25], we choose two linearly independent basis
functions for Eq. (13), denoted RL

ωl and RR
ωl. R

L
ωl and RR

ωl
correspond to the waves coming from r� → −∞ and
r� → ∞, respectively. The boundary conditions for RL

ωl
and RR

ωl are given by

RL
ωl ¼

8<
: ei

ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� þRL

ωle
−i

ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� ; r� → −∞;

T L
ωle

i
ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� ; r� → ∞;

RR
ωl ¼

8<
: e−i

ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� þRR

ωle
i

ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� ; r� → ∞;

T R
ωle

−i
ffiffiffiffiffiffiffiffiffiffi
ω2−m2

0

p
r� ; r� → −∞:

ð16Þ

Thus, we have two linearly independent mode functions
ψL
ωlm and ψR

ωlm which are given by

ψL=R
ωlmðt; r; θ;φÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffi
4πjωjp e−iωtYlmðθ;φÞ

RL=R
ωl ðrÞ
r

: ð17Þ

The field operator can then be conveniently expressed as

ϕ̂ðxÞ ¼
Z

∞

0

dk
X∞
l¼0

Xm¼l

m¼−l

�
aLωðkÞlmψ

L
ωðkÞlmðxÞ

þ aRωðkÞlmψ
R
ωðkÞlmðxÞ þ aL†ωðkÞlmψ

L�
ωðkÞlmðxÞ

þ aR†ωðkÞlmψ
R�
ωðkÞlmðxÞ

�
: ð18Þ

Here ωðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ k2
p

.
The vacuum state j0i, corresponding to the annihilation

operators aLωðkÞlm and aRωðkÞlm, is defined by

aLωðkÞlmj0i ¼ 0; aRωðkÞlmj0i ¼ 0: ð19Þ

In Appendix A, we derive the expression for the renor-
malized energy-momentum tensor Tuv;rem using Hadamard
renormalization, which can be expressed as
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Tuv;remðxÞ ¼
v1
4π2

guv þ lim
x0→x

�
ð1 − 2ξÞ

�
gvv

0
Gðx; x0Þ;uv0 − gvv

0
Cðx; x0Þ;uv0

�

þ
�
2ξ −

1

2

�
guv

�
gρσ

0
Gðx; x0Þ;ρσ0 − gρσ

0
Cðx; x0Þ;ρσ0

�
− 2ξ

�
guu

0
gvv

0
Gðx; x0Þ;u0v0 − guu

0
gvv

0
Cðx; x0Þ;u0v0

�

þ2ξguvðGðx; x0Þ;ρ;ρ − Cðx; x0Þ;ρ;ρÞ þ ξ

�
Ruv −

1

2
Rguv

�
ðGðx; x0Þ − Cðx; x0ÞÞ − 1

2
m2

0guvðGðx; x0Þ − Cðx; x0ÞÞ
�
:

ð20Þ

IV. THE RENORMALIZED STRESS-ENERGY
TENSOR AND MORRIS-THORNE CONDITIONS

In this section, we utilize the pragmatic mode-sum
regularization method [22,23] within the Hadamard
renormalization framework [24] to calculate the renormal-
ized stress-energy tensor for a scalar field at the throat of the
zero-tidal wormhole. We vary the dimensionless scalar field
mass m0b0 and coupling coefficient ξ of the scalar field to

analyze whether the quantum vacuum stress-energy tensor
satisfies the Morris-Thorne conditions.

A. Setup

The expression for the renormalized stress-energy tensor
is given by (20). For computational convenience, we need
to rewrite (20) in a more manageable form. The detailed
calculations are provided in Appendix B. Then the renor-
malized stress-energy tensor (20) can be written as

Tuv;remðxÞ ¼ ð1 − 2ξÞG1uv;remðxÞ þ
�
2ξ −

1

2

�
guvgρτG1ρτ;remðxÞ − 2ξG2uv;remðxÞ

þ 2ξguvgρτG0uv;rem þ ξ

�
Ruv −

1

2
Rguv

�
Grem −

1

2
m2

0guvGrem þ v1
4π2

guv: ð21Þ

The definitions of notationsGiuv;rem andGrem are provided in Appendix B and the explicit expressions are given in (B18)–(B20)
and (B23). These expressions provide us with a convenient form for calculating the stress-energy tensor.
Now, we turn to the calculation of the renormalized stress-energy tensor (21) using the pragmatic mode-sum regularization

method [22,23]. We need to compute the values of Giuv;rem and Grem defined in (B18)–(B20) and (B23). Since the calculation
processes for these terms are very similar, we will present the detailed procedure for G1uv;rem as an example.
The explicit form of G1uv;rem is derived in Appendix B, which can be expressed as

G1uv;remðxÞ ¼
Z

∞

0

�
F1uvðx; kÞ −

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p F1uv;singðx;ωðkÞÞ
�
dk

−
Z

m0

0

F1uv;singðx;ωðkÞÞdω − e1uvðxÞ: ð22Þ

Using (17) and (B12), the specific forms of the components of F1uv can be written as

F1ttðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

ω

4πr2
jYlmðθ;φÞj2ðjRL

ωlj2 þ jRR
ωlj2Þ

F1r�r� ¼
X∞
l¼0

Xm¼l

m¼−l

1

4πω
jYlmðθ;φÞj2

����� d
dr�

�
RL
ωl

r

�����2 þ
���� d
dr�

�
RL
ωl

r

�����2
�

F1φφðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

1

4πωr2
jYlm;φðθ;φÞj2ðjRL

ωlj2 þ jRR
ωlj2Þ; ð23Þ
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where RL
ωðkÞlmðxÞ and RR

ωðkÞlmðxÞ satisfy the radial equa-

tion (13), with their boundary conditions given by (16). The
value of F1θθ can be derived from F1φφ by exploiting
spherical symmetry. The summation over m in (23) can be
evaluated using the following identities:

Xm¼l

m¼−l
jYlmðθ;φÞj2 ¼

2lþ 1

4π
;

Xm¼l

m¼−l
jYlm;φðθ;φÞj2 ¼

lðlþ 3lþ 2l2Þ
8π

: ð24Þ

The explicit form of F1uv;sing is given in Appendix B and
can be expressed as

F1uv;singðx;ωÞ ¼
1

6
a1uvðxÞω3 − b1uvðxÞω−

2

π
c1uvðxÞ logðωÞ

− d1uvðxÞ
1

ωþ e−γ
: ð25Þ

Here the explicit forms of a1uv, b1uv, c1uv, d1uv, and e1uv
[from (22)] are given in (B26).

B. Numerical results

In this subsection, we numerically compute the renor-
malized energy-momentum tensor Tuv;rem given by (21).
To achieve this goal, we need to compute the values of
Giuv;rem and Grem as given in (21). As discussed in the
previous subsection, the computations of Giuv;rem and Grem

are highly similar; for concreteness, we focus on G1uv;rem,
whose explicit form was already derived in the preceding
subsection.
To calculate G1uv;rem given by (22), we need to numeri-

cally compute F1uv. The expression for F1uv is given by (23).
Accordingly, we need to numerically compute the mode
functions RL

ωðkÞlm and RR
ωðkÞlm, which satisfy (13) and are

subject to the boundary conditions specified in (16).
By numerically solving the radial equation (13) with the

given boundary conditions (16), we obtain RL
ωðkÞlmðxÞ and

RR
ωðkÞlmðxÞ for k between 0 and 60 with a uniform step of

dk ¼ 1=20. For any fixed ω, we sum over l in (23) until the
corresponding contribution falls below 10−12.
Figure 1 presents the numerical results of F1tt for r ¼ r0

withm0 ¼ 0. As can be seen from Fig. 1, F1tt increases with
the growth of k, thus directly integrating it will lead to
divergence. The divergence arises from the two-point corre-
lation function satisfying the Hadamard condition (A2).
For computational convenience, we consider the symmetric
two-point function ω2;sym given by (A3). After this symmet-
rization operation, the expressions of the first two terms in
Eq. (A2) become those in Eq. (A5). When calculating the
expectation value of ϕ̂2, we set x → x0, which causes σ → 0
and thus leads to the divergence of the first two terms in (A5).

This kind of divergence naturally enters the calculation of the
expectation value of the energy-momentum tensor, since the
energy-momentum tensor is obtained by taking derivatives of
the two-point correlation function. The F1tt in Fig. 1 grows
rapidly as k increases, which numerically confirms the
existence of this divergence. Therefore, renormalization is
required. Since the expression for the energy-momentum
tensor (A11) involves an integral over the mode functions,
we need to also express the divergent term (A5) and its
corresponding form in the energy-momentum tensor expres-
sion as an integral. We provide the detailed calculation in
Appendix B.
By subtracting the divergent part F1tt;singðx;ωðkÞÞ given

by (B17), we define two quantities

F1ttregðx; kÞ ¼ F1ttðx; kÞ −
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
0

p F1tt;singðx;ωðkÞÞ

ð26Þ
and

H1ttðx; kÞ ¼
Z

k

0

�
F1ttðx; k1Þ −

k1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þm2

0

p F1tt;sing

× ðx;ωðk1ÞÞ
�
dk1: ð27Þ

Figure 2 presents the numerical results ofF1ttreg for r ¼ r0
with m0 ¼ 0. A comparison between Figs. 1 and 2 shows
that the divergence of F1ttreg relative to F1tt has been
substantially alleviated; this indicates that we have success-
fully eliminated the divergent component in F1tt caused by
F1tt;sing. Now, F1ttreg exhibits strong oscillatory character-
istics. To verify whether F1ttreg converges after integration,
we perform an integration on F1ttreg. Figure 3 displays the
numerical results ofH1tt for r ¼ r0 withm0 ¼ 0which is the
integral value of the function F1ttreg with respect to k.
Comparing Figs. 2 and 3, we observe that the divergence is
further weakened. However, the highly oscillatory nature

0 10 20 30 40 50 60

0

1000

2000

3000

4000

5000

k

FIG. 1. The curve in this figure displays the value of F1tt for
r ¼ r0, ξ ¼ 0, and m0 ¼ 0 in the zero-tidal wormhole.
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does not vanish after the integration and the result still does
not converge. The origin and nature of oscillations are
presented in [22]. In essence, this phenomenon arises from
the fact that a null geodesic emanating from a spatial point
can return to that spatial point. Thus, we can find two
spacetime points, x ¼ ðt; r; θ;φÞ and x0 ¼ ðtþ ϵ; r; θ;φÞ,
that can be connected by a null geodesic. In such cases,
σ in (A5) equals zero, which gives rise to a singularity. As
shown in [22], when we convert these singularities into
integral form, they exhibit the oscillatory behaviors. In fact,
due to these divergent behaviors, we are actually dealing
with an generalized integral. To handle such integrals, we
need to employ the self-cancellation method developed
in [22,23].
First, let us briefly review the self-cancellation method

presented in [22,23]. To address such oscillatory integrals,
at the analytical level, we can adopt the Abel-summed
integral, where the value of the generalized integral of h is
defined as the limit of the following expression:

lim
ϵ→0þ

Z
∞

0

e−ϵωhðωÞdω; ð28Þ

where we assume that this integral exists for all ϵ > 0 and
that the limit exists as ϵ → 0þ. However, this is not suitable
for numerical calculation, since in practice we can only
evaluate hðωÞ over a finite range 0 < ω < ωmax. To numeri-
cally handle the generalized integral, we need to employ the
self-cancellation method. To introduce this method, we first
define the integral

HðωÞ ≔
Z

ω

0

hðxÞdx: ð29Þ

This method requires that the oscillations of HðωÞ have
well-defined frequencies. The H1tt in Fig. 3 indeed satisfies
this condition. If we assume the period of oscillation is λ, the
self-cancellation operation Tλ is defined by

Tλ½HðωÞ� ≔ HðωÞ þHðωþ λ
2
Þ

2
: ð30Þ

To eliminate oscillations at a fixed frequency, we apply the
cancellation procedure iteratively. Once oscillations at one
dominant frequency are removed, the next oscillatory
component—with relatively smaller amplitude—becomes
dominant. We therefore sequentially eliminate the leading
oscillatory modes until the remaining oscillations become
negligible. This multiple self-cancellation operator can be
written as

T� ≔ ðTλ1Þn1ðTλ2Þn2…ðTλmÞnm: ð31Þ

Therefore, in the self-cancellation method, the value of the
generalized integral of hðxÞ is defined as the limit of the
following expression:

lim
ω→∞

T�½Hω�: ð32Þ

It is pointed out in [22] that, when a convergent value is
obtained by the self-cancellation method, the Abel-summed
integral also converges, and they yield the same result.
By applying the self-cancellation method to H1tt and

taking into account the second and third terms on the right-
hand side of (22), we obtain the numerical results ofG1tt;rem;k.
Figure 4 presents the numerical results ofG1tt;rem;k for r ¼ r0
with m ¼ m0. From Fig. 4, we observe that G1tt;rem;k

converges to a constant as k increases. This indicates that
the self-cancellation method has successfully eliminated
oscillations, yielding a convergent result. By comparing
Figs. 1 and 4, we observe that the numerical magnitude
changes from 103 to 10−5, indicating that high precision must
be maintained when solving the mode functions (17).
By repeating the above procedure, we can obtain the

numerical results for all Giuv;rem and Grem. By taking them
into (21), we obtain the expectation value of the renor-
malized stress-energy tensor Tuv;rem at the wormhole throat.
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FIG. 2. The curve in this figure displays the value of F1ttreg for
r ¼ r0, ξ ¼ 0, and m0 ¼ 0 in the zero-tidal wormhole.
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FIG. 3. The curve in this figure displays the value of H1tt for
r ¼ r0, ξ ¼ 0, and m0 ¼ 0 in the zero-tidal wormhole.
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Now, we can check whether the expectation value of
the quantum vacuum stress-energy tensor can satisfy the
Morris-Thorne conditions given by (6) and (7). We define

τrem ¼ −Tr�r�;remðr0Þ; ð33Þ

ηrem ¼ −T tt;remðr0Þ − Tr�r�;remðr0Þ: ð34Þ

Figure 5 presents the numerical results of τrem and ηrem for
m0 ¼ 0. From Fig. 5, we observe that there exists a
parameter interval for ξ where τrem > 0 and ηrem > 0.
When the coupling constant ξ lies within this interval,
the quantum vacuum stress-energy tensor tends to maintain
the wormhole structure. When the coupling constant ξ lies
outside this interval, the quantum vacuum stress-energy
tensor tends to disrupt the wormhole structure. Thus, we
find that, for the massless case, the coupling constant ξ
plays opposite roles in wormhole stability across different
parameter regions.
To systematically investigate the impact of dimension-

less scalar field mass m0b0 and coupling constant ξ on the
stability of the wormhole throat, we perform calcula-
tions for various parameter values to explore whether the
vacuum renormalized energy-momentum tensor satisfies

the Morris-Thorne conditions. In Fig. 6, we explore the
Morris-Thorne conditions in the parameter space spanned
by the dimensionless scalar field mass m0b0 and coupling
constant ξ. The red regions indicate that the renormalized
energy-momentum tensor satisfies the Morris-Thorne con-
ditions, thereby maintaining the wormhole structure.
Figure 6 clearly reveals three disconnected regions satisfy-
ing the Morris-Thorne conditions. There exist four critical
masses, m1b0 ¼ 0.0805, m2b0 ¼ 0.1400, m3b0 ¼ 1.2910,
and m4b0 ¼ 1.3002. When m0b0 > m4b0, the Morris-
Thorne conditions are satisfied only for ξ > 0, correspond-
ing to the upper-right red region in Fig. 6. In this parameter
regime, the associated vacuum stress-energy tensor tends to
support the wormhole structure. When the dimensionless
scalar field mass m0b0 lies in the range m2b0 < m0b0 <
m3b0, the set of allowed ξ values is overwhelmingly
dominated by negative coupling constants, with positive
instances constituting a negligible minority. This corre-
sponds to the red area in the bottom-left part of Fig. 6. If the
scalar field parameters lie in this region, its vacuum stress-
energy tensor tends to support the wormhole structure.
When 0 < m0b0 < m1b0, there is a small parameter win-
dow allowing the Morris-Thorne conditions to hold.
It is interesting to note that there exist two intervals

Iex1 ¼ ðm1b0; m2b0Þ and Iex2 ¼ ðm3b0; m4b0Þ such that,
when m0b0 ∈ Iex1 ∪ Iex2, no value of the coupling constant
ξ can satisfy the Morris-Thorne conditions. Thus, the union
Iex1 ∪ Iex2 represents a strict no-go regime for wormhole
solutions.

V. CONCLUSIONS

In this paper, we study the renormalized stress-energy
tensor of a nonminimally coupled massive scalar field in
a zero-tidal wormhole. Within the Hadamard renormaliza-
tion framework, we numerically calculate the renorma-
lized stress-energy tensor using the pragmatic mode-sum
regularization method recently established by Levi and
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FIG. 4. The curve in this figure displays the value of G1tt;rem;k
for r ¼ r0, ξ ¼ 0, and m0 ¼ 0 in the zero-tidal wormhole.
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FIG. 5. The curves in this figure display the numerical values of
τrem and ηrem for m0 ¼ 0.
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m0b0 1.2910
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FIG. 6. This figure illustrates how the Morris-Thorne condi-
tions depend on the dimensionless scalar field mass m0b0 and the
coupling constant ξ. The red regions indicate where the Morris-
Thorne conditions are satisfied.
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Ori [22,23]. By varying the dimensionless scalar field mass
m0b0 and coupling constant ξ, we identify the parameter
regions in the m0b0-ξ space where the Morris-Thorne
conditions hold. These results are presented in Fig. 6.
As shown in Fig. 6, the dimensionless scalar field mass

m0b0 and coupling constant ξ exert a nontrivial influence
on the Morris-Thorne conditions. There exist three dis-
connected parameter regions that satisfy the Morris-Thorne
conditions. For m0b0 > m4b0, the Morris-Thorne condi-
tions are satisfied only for ξ > 0. However, for m2b0 <
m0b0 < m3b0, the vast majority of ξ values that satisfy the
Morris-Thorne conditions are negative. Furthermore,
within the interval 0 < m0b0 < m1b0, there exists a param-
eter region that is significantly smaller than the other two
regions and satisfies the Morris-Thorne conditions. When
m0b0 ∈ ðm1b0; m2b0Þ ∪ ðm3b0; m4b0Þ, no value of ξ can
satisfy the Morris-Thorne conditions. Thus, this set con-
stitutes a no-go regime for traversable wormhole solutions.
Our results demonstrate that the renormalized energy-

momentum tensor can satisfy the Morris-Thorne condi-
tions across a broad range of parameters. Consequently,
within these parameter regions, the renormalized energy-
momentum tensor tends to maintain the wormhole struc-
ture. This suggests the possibility of utilizing the quantum
vacuum of a scalar field to construct wormholes. On the
other hand, we also identify two parameter regions that
together constitute a no-go regime for traversable worm-
hole solutions. Through straightforward dimensional analy-
sis [26,27], the natural scale of semiclassical vacuum
wormholes must be at or even smaller than the Planck
length. As pointed out in [14], in order to obtain semi-
classical wormholes having scales larger than Planckian,
one may need to consider thermal states at temperature T or
vacuum polarizations (the Casimir effect) with additional
boundary constraints on a typical scale R. In both cases,
there exist extra macroscopic dimensional parameters. We
intend to explore these scenarios in our future work.
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APPENDIX A: HADAMARD
RENORMALIZATION OF THE ENERGY-

MOMENTUM TENSOR

In this appendix, we will discuss the singularity structure
of the two-point correlation function, namely the Hadamard
condition, as well as the expression of the renormalized

energy-momentum tensor under the Hadamard renormal-
ization scheme.
In Sec. III, we introduce the field operator ϕ̂ðxÞ and

vacuum state j0i. Then, we may calculate the vacuum
expectation value of ϕ̂2, and its expression is

h0jϕ̂2ðxÞj0i ¼
Z

∞

0

dk
X∞
l¼0

Xm¼l

m¼−l

�
ψL�
ωðkÞlmðxÞψL

ωðkÞlmðxÞ

þ ψR�
ωðkÞlmðxÞψR

ωðkÞlmðxÞ
�
: ðA1Þ

However, one may find that this expression diverges. This is
because physically reasonable states need to satisfy the
Hadamard condition [29–31], which describes the short-
distance singular behavior of the two-point correlation
function. It is useful to introduce a few concepts before
presenting the Hadamard condition. The convex normal
neighborhood is a globally hyperbolic subspacetimeU ⊂ M
such that any x; x0 ∈U can be connected by a unique
geodesic within U. For any x; x0 ∈U, we can define the
signed squared geodesic distance σðx; x0Þ uniquely [29].
Since U is a time oriented subspacetime, we can define a
time function TðxÞ on U. The Hadamard condition can be
defined as follows [31]. For any x; x0 ∈U, the two-point
correlation function ω2ðx; x0Þ has the general form

ω2ðx; x0Þ ¼ lim
ϵ→0þ

1

4π2

�
Δ1

2ðx; x0Þ
σ þ iϵT

þ Vðx; x0Þ

× logðσ þ iϵTÞ þWωðx; x0Þ
�
; ðA2Þ

where Δ1=2 is the square root of Van Vleck–Morette
determinant, V can be obtained by Hadamard recursion
relation [32], T ¼ TðxÞ − Tðx0Þ, Wω is a state-dependent
smooth function on U ×U, and ϵ → 0 in the distribu-
tion sense.
It should be noted that the first two terms on the right-hand

side of Eq. (A2) exhibit singular behavior when x → x0.
Because of this singular behavior, the expression (A1)
diverges and requires renormalization. Fortunately, Δ1=2

and V are determined uniquely by the local geometry, which
makes renormalization possible.
In this paper, we use the Hadamard renormalization

scheme [24]. First, let us recall how to obtain the renor-
malized expectation values of ϕ̂2 within the Hadamard
framework. For convenience, we use the symmetric two-
point function to eliminate the ϵ part in (A2). The symmetric
two-point function is defined by

ω2;sym ¼ 1

2
ðω2ðx; x0Þ þ ðω2ðx0; xÞÞ: ðA3Þ

For any two-point correlation function ω2ðx; x0Þ
given in (A2), the corresponding renormalized vacuum
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expectation value of ϕ̂2 is formally given by

ω2;remðxÞ ¼ lim
x0→x

ω2;sym − Cðx; x0Þ ¼ lim
x0→x

1

4π2
Wωðx; x0Þ;

ðA4Þ

where the symbol ω2;rem represents the corresponding
renormalized vacuum expectation value of ϕ̂2 and Cðx; x0Þ

is given by

Cðx; x0Þ ¼ 1

4π2

�
Δ1

2ðx; x0Þ
σ

þ Vðx; x0Þ log jσj
�
: ðA5Þ

Similarly, according to the expression of the classical
energy-momentum tensor (11), the renormalized vacuum
energy-momentum tensor Tuv;rem can be written as

Tuv;remðxÞ ¼ lim
x0→x

T̃uvðx; x0Þ
�
1

2
ðω2ðx; x0Þ þ ω2ðx0; xÞÞ − Cðx; x0Þ

�
þ v1
4π2

guv

¼ lim
x0→x

1

4π2
T̃uvðx; x0ÞWωðx; x0Þ þ

v1
4π2

guv; ðA6Þ

where the second term on the right-hand side corresponds to the trace anomaly [33] and the T̃uvðx; x0Þ is given by [24]

T̃uvðx; x0Þ ¼ ð1 − 2ξÞgvv0∇u∇v0 þ
�
2ξ −

1

2

�
guvgρσ

0∇ρ∇σ0 − 2ξguu
0
gvv

0∇u0∇v0

þ 2ξguv∇ρ∇ρ þ ξ

�
Ruv −

1

2
Rguv

�
−
1

2
m2

0guv; ðA7Þ

where guu
0
is the bivector of parallel displacement [19].

In practice, we know that expressions are represented in the form of mode functions, such as (A1), rather than in the form
presented in (A2). Therefore, we cannot obtain the analytical expression forWωðx; x0Þ and it is convenient to utilize the first
line of (A6) for the calculation. For convenience, we define the symmetrized two-point correlation function, which can be
written as

Gðx; x0Þ ¼ h0j
h
ϕ̂ðxÞ; ϕ̂ðx0Þ

i
þ
j0i ¼

Z
∞

0

dk
X∞
l¼0

Xm¼l

m¼−l

�
fψL�

ωðkÞlmðxÞ;ψL
ωðkÞlmðx0Þg þ fψR�

ωðkÞlmðxÞ;ψR
ωðkÞlmðx0Þg

	
; ðA8Þ

where

h
ϕ̂ðxÞ; ϕ̂ðx0Þ

i
þ
¼ 1

2

�
ϕ̂ðxÞϕ̂ðx0Þ þ ϕ̂ðx0Þϕ̂ðxÞ

	
ðA9Þ

and

fXðxÞ; Yðx0Þg ¼ 1

2
ðXðxÞYðx0Þ þ YðxÞXðx0ÞÞ: ðA10Þ

Similarly, the derivative ∇u∇0
v of the symmetrized two-point correlation function is given by

Gðx; x0Þ;uv0 ¼ h0j
h
∇uϕ̂ðxÞ;∇v0 ϕ̂ðx0Þ

i
þ
j0i

¼
Z

∞

0

dk
X∞
l¼0

Xm¼l

m¼−l

�
fψL�

ωðkÞlmðxÞ;ψL
ωðkÞlmðx0Þg;uv0 þ fψR�

ωðkÞlmðxÞ;ψR
ωðkÞlmðx0Þg;uv0

	
: ðA11Þ
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Other derivatives can be obtained in a similar manner. Thus, the expression of T̃uv;rem can be rewritten as

T̃uv;remðxÞ ¼ lim
x0→x

�
ð1 − 2ξÞ

�
gvv

0
Gðx; x0Þ;uv0 − gvv

0
Cðx; x0Þ;uv0

	

þ
�
2ξ −

1

2

�
guv

�
gρσ

0
Gðx; x0Þ;ρσ0 − gρσ

0
Cðx; x0Þ;ρσ0

	
− 2ξ

�
guu

0
gvv

0
Gðx; x0Þ;u0v0 − guu

0
gvv

0
Cðx; x0Þ;u0v0

	

þ2ξguvðGðx; x0Þ;ρ;ρ − Cðx; x0Þ;ρ;ρÞ þ ξ

�
Ruv −

1

2
Rguv

�
ðGðx; x0Þ − Cðx; x0ÞÞ − 1

2
m2

0guvðGðx; x0Þ − Cðx; x0ÞÞ
�
:

ðA12Þ

Here Gðx; x0Þ and its derivative can be obtained by solving
the radial equation (13) numerically, while Cðx; x0Þ and its
derivative can be obtained using the method developed
in [19,24].

APPENDIX B: EXPLICIT EXPRESSIONS FOR
THE RENORMALIZED ENERGY-MOMENTUM

TENSOR

In this appendix, we need to rewrite the formula (20) into
a form more conducive to numerical computation. Here are
four types of terms in (20), which can be written as

1: lim
x0→x

�
gvv

0
Gðx; x0Þ;uv0 − gvv

0
Cðx; x0Þ;uv0

	
;

2: lim
x0→x

�
guu

0
gvv

0
Gðx; x0Þ;u0v0 − guu

0
gvv

0
Cðx; x0Þ;u0v0

	
;

3: lim
x0→x

ðGðx; x0Þ;uv − Cðx; x0Þ;uvÞ;
4: lim

x0→x
ðGðx; x0Þ − Cðx; x0ÞÞ: ðB1Þ

Let us consider the first term of (B1), which can be
expressed as

G1uv;remðxÞ ¼ lim
x0→x

�
gvv

0
Gðx; x0Þ;uv0 − C1uvðx; x0Þ

	
; ðB2Þ

where

C1uvðx; x0Þ ¼ gvv
0
Cðx; x0Þ;uv0 : ðB3Þ

As pointed out in [23], for the sake of computational
convenience, we rewrite (B2) as

G1uv;remðxÞ ¼ lim
x0→x

�
G1uvðx; x0Þ − ðg−1ÞvσC1uσðx; x0Þ

	
:

ðB4Þ

Here, G1uvðx; x0Þ means we use the coordinate system of
point x to take the covariant derivative with respect to both
x and x0 once each.

Similarly, the second term of (B1) can be written as

G2uv;remðxÞ
¼ lim

x0→x

�
G2uvðx; x0Þ − ðg−1Þuρðg−1ÞvτC2ρτðx; x0Þ

	
ðB5Þ

and the third term term of (B1) can be written as

G0uv;remðxÞ ¼ lim
x0→x

ðG0uvðx; x0Þ − C0uvðx; x0ÞÞ;
ðB6Þ

where

C2uvðx; x0Þ ¼ guu
0
gvv

0
Cðx; x0Þ;u0v0 ðB7Þ

and

C0uvðx; x0Þ ¼ Cðx; x0Þ;uv: ðB8Þ

Here, G0uvðx; x0Þ corresponds to taking the covariant
derivative twice with respect to x using the coordinate
system of point x. Similarly, G2uvðx; x0Þ corresponds to
taking the covariant derivative twice with respect to x0 using
the coordinate system of point x.
Now, returning to (B2), since the spacetime is static, we

separate the points in the t direction. We choose

x ¼ ðt; r; θ;φÞ; x0 ¼ ðtþ ϵ; r; θ;φÞ: ðB9Þ

Then, the limit x0 → x corresponds to ϵ → 0. Using (17),
we have

ψL=R
ωlmðx0Þ ¼ ψL=R

ωlmðxÞe−iωϵ: ðB10Þ

Then, inserting (A11) into (B4), we get

G1uv;remðxÞ

¼ lim
ϵ→0

Z
∞

0

F1uvðx; kÞ cos ðωðkÞϵÞdk − L1uvðx; ϵÞ; ðB11Þ

where
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F1uvðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

�
fψL�

ωðkÞlm;uðxÞ;ψL
ωðkÞlm;vðxÞg

þ fψR�
ωðkÞlm;uðxÞ;ψR

ωðkÞlm;vðxÞg
	

ðB12Þ

and

L1uvðx; ϵÞ ¼ ðg−1ÞvσC1uσðx; x0Þ: ðB13Þ

The specific expression of L1uvðx; ϵÞ can be obtained
through the method in [19], and its general form can be
written as

L1uvðx; ϵÞ ¼
a1uvðxÞ

ϵ4
þ b1uvðxÞ

ϵ2
þ c1uvðxÞ

ϵ

þ d1uvðxÞ logðjσjÞ þ e1uvðxÞ þOðϵÞ: ðB14Þ

It is convenient to rewrite the expression for L1uvðx; ϵÞ in
integral form. To achieve it, we can utilize the following
identities [11,23]:

Z
∞

0

ω3 cosðωϵÞdω ¼ 6

ϵ4
;Z

∞

0

ω cosðωϵÞdω ¼ −
1

ϵ2
;Z

∞

0

logðσÞ cosðωϵÞdω ¼ −
π

2ϵ
;Z

∞

0

1

ωþ μe−γ
cosðωϵÞdω ¼ − logðμϵÞ þOðϵÞ; ðB15Þ

where γ is the Euler constant. Then, we can rewrite (B11) as

G1uv;remðxÞ ¼ lim
ϵ→0

Z
∞

0

F1uvðx; kÞ cos ðωðkÞϵÞdk − lim
ϵ→0

Z
∞

0

F1uv;singðx;ωðkÞÞ cos ðωðkÞϵÞdω − e1uvðxÞ

¼ lim
ϵ→0

Z
∞

0

�
F1uvðx; kÞ −

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p F1uv;singðx;ωðkÞÞ
�
cosðωðkÞϵÞdk

− lim
ϵ→0

Z
m

0

F1uv;singðx;ωðkÞÞ cos ðωðkÞϵÞdω − e1uvðxÞ; ðB16Þ

where

F1uv;singðx;ωÞ ¼
1

6
a1uvðxÞω3 − b1uvðxÞω −

2

π
c1uvðxÞ logðωÞ − d1uvðxÞ

1

ωþ e−γ
: ðB17Þ

The limit and integral order can be directly exchanged in the third line of (B16), whereas the interchange in the second
line of (B16) is nontrivial. We need to employ the self-cancellation technique developed in [22,23] to handle this integral.
By treating this integral as a generalized integral and applying self-cancellation to it, we can take the limit. Thus, we have

G1uv;remðxÞ ¼
Z

∞

0

�
F1uvðx; kÞ −

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p F1uv;singðx;ωðkÞÞ
�
dk −

Z
m0

0

F1uv;singðx;ωðkÞÞdω − e1uvðxÞ: ðB18Þ

This gives the final computational form for the first term of (B1). Similarly, the expressions for the second and third terms
of (B1) can be written as

G2uv;remðxÞ ¼
Z

∞

0

�
F2uvðx; kÞ −

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p F2uv;singðx;ωðkÞÞ
�
dk −

Z
m0

0

F2uv;singðx;ωðkÞÞdω − e2uvðxÞ ðB19Þ

and

G0uv;remðxÞ ¼
Z

∞

0

�
F0uvðx; kÞ −

kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

0

p F0uv;singðx;ωðkÞÞ
�
dk −

Z
m0

0

F0uv;singðx;ωðkÞÞdω − e0uvðxÞ; ðB20Þ

where

F2uvðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

�
fψL�

ωðkÞlmðxÞ;ψL
ωðkÞlm;uvðxÞg þ fψR�

ωðkÞlmðxÞ;ψR
ωðkÞlm;uvðxÞg

	
ðB21Þ
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and

F0uvðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

�
fψL�

ωðkÞlm;uvðxÞ;ψL
ωðkÞlmðxÞg þ fψR�

ωðkÞlm;uvðxÞ;ψR
ωðkÞlmðxÞg

	
: ðB22Þ

Now we consider the fourth term of (B1), which can be written as

GremðxÞ ¼ lim
x0→x

ðGðx; x0Þ − Cðx; x0ÞÞ

¼
Z

∞

0

�
Fðx; kÞ − kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
0

p Fsingðx;ωðkÞÞ
�
dk −

Z
m

0

Fsingðx;ωðkÞÞdω − eðxÞ; ðB23Þ

where

Fðx; kÞ ¼
X∞
l¼0

Xm¼l

m¼−l

�
jψL

ωðkÞlmðxÞj2 þ jψR
ωðkÞlmðxÞj2

	
ðB24Þ

and

Fsingðx;ωÞ ¼ −bðxÞω −
2

π
cðxÞ logðωÞ − dðxÞ 1

ωþ e−γ
: ðB25Þ

The Fiuv;sing and F can be derived via the method outlined in [19], combined with the explicit geometric forms given
in [24]. After some calculations, we obtain

a0tt ¼ a2tt ¼ −a1tt ¼ −
3

2π2
; b0tt ¼ b2tt ¼ −b1tt ¼ −

m2
0

8π2
; c0tt ¼ c2tt ¼ −c1tt ¼ 0;

d0tt ¼ d2tt ¼ −d1tt ¼ −
1þ 20m4

0r
6

640π2r6
; e0tt ¼ e2tt ¼ −e1tt ¼

ð1þ 20m4
0r

6Þð−3þ log 2Þ
1280π2r6

;

a0r�r� ¼ a2r�r� ¼ −a1r�r� ¼ −
1

2π2
; b0r�r� ¼ b2r�r� ¼ −b1r�r� ¼

1 − 3m2
0r

3

24π2r3
;

c0r�r� ¼ c2r�r� ¼ −c1r�r� ¼ 0; d0r�r� ¼ d2r�r� ¼ −d1r�r� ¼
1 − 40m2

0r
3 þ 60m4

0r
6

1920π2r6
;

e0r�r� ¼ e2r�r� ¼ −e1r�r� ¼ −
−3þ 60m4

0r
6ð−1þ log 2Þ þ log 2 − 40m2

0r
3 log 2

3840π2r6
;

a0φφ ¼ a2φφ ¼ −a1φφ ¼ −
r2

2π2
; b0φφ ¼ b2φφ ¼ −b1φφ ¼ −

1þ 6m2
0r

3

48π2r
;

c0φφ ¼ c2φφ ¼ −c1φφ ¼ 0; d0φφ ¼ d2φφ ¼ −d1φφ ¼ −1þ 10m2
0r

3 þ 30m4
0r

6

960π2r4
;

e0φφ ¼ e2φφ ¼ −e1φφ ¼ 3 − 60m4
0r

6ð−1þ log 2Þ − 20m2
0r

3 log 2þ log 4
3840π2r4

;

b ¼ −
1

4π2
; c ¼ 0; d ¼ m2

0

8π2
; e ¼ −

m2
0 log 2
16π2

: ðB26Þ
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