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Stress-energy tensor of quantized scalar fields in a zero-tidal wormhole
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To create a static traversable wormhole, exotic matter that meets the Morris-Thorne conditions is required.
It is well known that the expectation value of the vacuum stress-energy tensor can violate the null energy
condition and thus has long been considered the best candidate for exotic matter. In this paper, we investigate
whether the renormalized stress-energy tensor of a nonminimally coupled massive scalar field in a zero-tidal
wormhole can satisfy the Morris-Thorne conditions. Within the Hadamard renormalization framework, we
calculate the renormalized stress-energy tensor using the pragmatic mode-sum regularization method recently
established by Levi and Ori. By varying the dimensionless scalar field mass and coupling constant, we find
that there are three disconnected regions in this two-dimensional parameter space that satisfy the Morris-
Thorne conditions. We identify two intervals in the dimensionless scalar field mass, within which the Morris-
Thorne conditions cannot be satisfied irrespective of the value of the coupling constant. This establishes two

mass exclusion regions that constitute a no-go regime for the construction of traversable wormholes.
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I. INTRODUCTION

The concept of traversable wormholes was brought into
the physical domain by Morris and Thorne [1] in 1988.
To maintain the structure of a wormhole, they found that the
matter at the wormhole throat needs to satisfy the Morris-
Thorne conditions, and this will lead to a violation of
energy conditions. Because of this exotic behavior, they
referred to the matter at the wormhole throat as exotic
matter. It is well known that the quantum stress-energy
tensor can violate energy conditions. Accordingly, Morris
et al. first supposed that it could serve as a candidate for
exotic matter [2].

To investigate whether a quantum scalar field can serve
as exotic matter, analytical approximations of the quantum
stress-energy tensor has been employed to examine
whether the Morris-Thorne conditions can be satisfied
[3-10]. Using analytic approximation expression of the
quantum stress-energy tensor [11], the first wormhole
solution of the semiclassical Einstein field equations has
been obtained in [12]. The expectation value of ¢ for the
thermal state is calculated in the short-throat worm-
hole [13]. By introducing additional boundaries, the
Casimir effect is employed to investigate whether it can
serve as the exotic matter required for wormholes [14,15].
Calculating the exact quantum vacuum energy-momentum
tensor has always been a difficult task. To avoid this
difficulty, a short-throat flat-space wormhole model has
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been studied in [16]. This model consists of two identical
copies of Minkowski space, each with spherical regions
excised, whose boundaries are to be identified. Thus, the
spacetime is everywhere flat except a two-dimensional
singular spherical surface. Within this model setup, the
vacuum stress-energy tensor has been obtained [16]. It
represents an infinitesimally thin exotic matter layer at the
wormhole throat, indicating a discontinuous distribution in
spacetime. To gain a deeper understanding of the behavior
of the quantum stress-energy tensor at the wormhole throat,
it is natural to calculate the exact renormalized vacuum
stress-energy tensor in more realistic wormhole models.
The naive computation of the quantum stress-energy
tensor leads to a divergent result. Thus, renormalization must
be considered, which constitutes the primary challenge in
computing the quantum stress-energy tensor. Using the point-
splitting method [17,18], the expression for the divergent
terms of the energy-momentum tensor was obtained in [19].
In 1984, Candelas and Howard [20] developed a method
to calculate the expectation value of ¢>. They applied
this method to compute the expectation value of ¢ in
Schwarzschild spacetime [20]. Subsequently, Howard [21]
used this method to calculate the expectation value of the
stress-energy tensor in Schwarzschild spacetime. This
approach involves using a Wick rotation to convert the
Lorentzian metric into a Euclidean one. Recently, Levi
and Ori [22,23] proposed the pragmatic mode-sum regulari-
zation method for computing the renormalized stress-energy
tensor. This approach allows direct calculations in Lorentzian
backgrounds. When applying the point-splitting technique
in the two aforementioned regularization methods, it is
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necessary to subtract the corresponding counterterms to
remove the divergences. In [19], the explicit expression of
the counterterm is provided. However, it takes the form of a
power series in terms of 1/m3, which is inconvenient for
explicit calculations. The Hadamard renormalization
approach directly computes the divergent terms by exploiting
the singular structure of the two-point correlation function,
thereby avoiding the computational complexity arising from
series expansions. The Hadamard renormalization for a
quantized scalar field has been developed in [24]. By
employing the bitensor expansion technique outlined
in [19] and the geometric expressions given in Ref. [24],
one can in principle derive the counterterms required for
Hadamard renormalization.

To our best knowledge, the exact vacuum quantum stress-
energy tensor for wormholes has so far been calculated
only under the short-throat flat-space approximation [16].
To investigate whether it can sustain the wormhole throat,
we must transition to more realistic wormhole models. In
this paper, we study the renormalized stress-energy tensor of
amassive scalar field with nonminimal coupling at the throat
of a zero-tidal wormhole, which is the simplest traversable
wormhole with zero radial tides. Within the Hadamard
renormalization framework [24], we employ the mode-sum
regularization method developed by Levi and Ori [22,23] to
compute the renormalized stress-energy tensor. We explore
the parameter space of the dimensionless scalar field’s mass
and coupling constant to identify regions where the Morris-
Thorne conditions are fulfilled.

This paper is organized as follows. In Sec. I, we briefly
review the Morris-Thorne conditions and the zero-tidal
wormholes. In Sec. III, we quantize scalar fields in a zero-
tidal wormhole spacetime. In Sec. IV, we numerically
calculate the renormalized stress-energy tensor and exam-
ine whether it satisfies the Morris-Thorne conditions at the
wormhole throat. In Sec. V, we discuss the results.

II. ZERO-TIDAL WORMHOLES AND THE
MORRIS-THORNE CONDITIONS

In this section, we first briefly review the general
traversable wormhole model, as well as the energy con-
ditions required for traversable wormholes, namely the
Morris-Thorne conditions. Then, we introduce the zero-tidal
wormhole model, the simplest traversable wormhole with
zero radial tides we will consider in this paper.

The metric of the static and spherically symmetric
wormhole can be written as [1]

b -1
ds? = —2® g2 4 (1 - ﬁ) dr’ + r2dQ*. (1)
r

Here @(r) is the redshift function and b(r) is the shape
function. To achieve the traversable wormhole geometry,
®(r) and b(r) are required to satisfy the following
conditions [1]:

(Al)  There exists an ry > 0 such that b(ry) = ro and
1—@20forr2r0. ]

(A2) Zirg’ > 0 near ro, where r,(r) = + [ (1 - @)_Mr
1s the proper radial distance.

(A3)  @(r) is everywhere finite.

Items (A1) and (A2) imply the existence of a wormhole
throat at r = ry. Item (A3) ensures the absence of a
horizon, thereby rendering the wormhole traversable.

Now, let us consider what kind of stress-energy tensor is
required for traversable wormholes. Let {e%} be an ortho-
normal tetrad corresponding to the static observer, which
can be written as

W om0\ . b(r)\z( 0\*
(@) - (-2 (@)

1/0\e 1 [0\
¢ =— (= = 2 2
275 (ae) R rsin9<6¢) @)

Using this set of frames, the Einstein field equations can be
written as

T 1 d
p= 00 82 dr

e (T

p=Ta=Ta=} =0 ge0) - fz| -5 ©)

b(r), (3)

dr

Using items (A1)—(A3), the conditions for making a worm-
hole traversable can be expressed as

T > 0, (6)

no =79 —pPo >0, (7)

where 7y = 7|,_, and p, = pl,_,, . Conditions (6) and (7)
are called the Morris-Thorne conditions. The difficulty is
that the Morris-Thorne conditions are not easily satisfied.
From condition (6), we can see that 7 > 0 implies a tension
exists at the wormhole throat, rather than a pressure as
would correspond to a perfect fluid for 7 < 0. Furthermore,
condition (7) leads to the violation of energy conditions by
the matter at the wormhole throat. Therefore, matter
satisfying conditions (6) and (7) is referred to as exotic
matter. It is well known that the vacuum energy-momentum
tensor in quantum field theory can violate energy condi-
tions. Thus, quantum vacuum fluctuations might maintain
the geometric structure of a wormhole.

In this paper, we consider the zero-tidal wormhole which
is the simplest traversable wormhole with the zero radial
tides. By choosing ®(r) = 0 and b(r) = b in (1), the line
element of the zero-tidal wormhole can be written as
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b -1
ds? = —di® + <1 - —0) dr? + 2dQ2. (8)
r

To explore the parameter space of spacetime and scalar
fields, we will consider the Morris-Thorne conditions
within the dimensionless mb, — & parameter space.

III. QUANTUM FIELD THEORY IN
WORMHOLE SPACETIME

In this section, we shall quantize scalar fields in the zero-
tidal wormhole spacetime and derive the expression of the
renormalized energy-momentum tensor. Detailed calcula-
tion procedures are provided in Appendix A.

We begin by reviewing the classical Klein-Gordon scalar
field. The associated action is given by

S= —% / dx/=g(g"*V oV, + mid? + ERPY),  (9)

where my is the mass of the scalar field and £ is the coupling
constant of the scalar field. The equation for a nonmini-
mally coupled massive scalar field can be written as

(V, V4 = m2 — ER) = 0. (10)

The stress-energy tensor is given by
1
- (1 - 2§)¢;u¢;v + <2§ - 5) guvg/)”¢;p¢;a - 2§¢¢,m

1
+ 2§guv¢vava¢ + g(RLHJ - 5R9u1/> ¢2

1
—Eguvmgqﬁz. (11)
Now, we quantize the Klein-Gordon scalar field. Using
spherical symmetry, the mode functions can be written as

e_ithlm (9’ 90)

Woin(t,7,0,0) =

1 le<r) 12
Varlal o 1

The radial function R, (r) satisfies the following equation:

dszl
dr?

+ (@* = V)R = 0, (13)

where the r, is the proper radial distance which is defined in
(A2) of Sec. II and the effective potential is given by

1+ 1
Velr) = £7) i + 4 5D

L d [ JOV)

T FoRm dr \ \ ()

Here we take

=1 an=(1-2)" a3

r

Following [25], we choose two linearly independent basis
functions for Eq. (13), denoted R%, and RR,. RL, and RX,
correspond to the waves coming from r, - —oco and
r, — oo, respectively. The boundary conditions for RE,
and R, are given by

RL B el\/m—mr* + RL l\/(l)—mér* r, > —00,
! Tmle \/w—’”o’* r, = 00,
RR B e—i\/mh RRlez\/wz—mér* r, — 00,

(16)

Thus, we have two linearly independent mode functions
wk and wR,~which are given by

. ol (1)
e 't Ylm (9’ (P> —ol o

(17)

L/R
woR(t.r.0.¢) =

1
\4r|w|

The field operator can then be conveniently expressed as

(0yim (%)
)lm(x)

+ aﬂk)zmlr”fy?k)zm (x)) . (18)

Ax:/ dkig(w

0 m=-—1

Lt Lx
+ aw(k)lmwf)(k)lm (x) + Aoty im¥ o (k

Here w(k) = \/m} + k>

The vacuum state |0), corresponding to the annihilation

operators a’ (kyim And a5< o 18 defined by
ol =0, @l 0)=0.  (19)

In Appendix A, we derive the expression for the renor-
malized energy-momentum tensor 7', ;e Using Hadamard
renormalization, which can be expressed as
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Tu'u,rem(x) = Ulz Guv T )}/12’)1{ |:(1 - 25) <g'uU/G(x’ x/);uv’ - gv“/C(X, xl);m/)

4n?

1 / / ’ " ’ v
+ <2§ - E) Guv <g/m G(x’ x/);pa’ - g/m C(x’ xl);prr’) -2 (guu .ng G(.X, xl);u/v’ = 9" 9» C(x’ x/);u’v’>

+2§guv<G(x’x,>;p;p - C(X, x/);p;p) + §<Ruv - %Rguv> (G(X, X/) - C(X, xl)) - %m%guv(G(x’ xl) - C(X, xl)>:| .

(20)

analyze whether the quantum vacuum stress-energy tensor

IV. THE RENORMALIZED STRESS-ENERGY satisfies the Morris-Thorne conditions.

TENSOR AND MORRIS-THORNE CONDITIONS

In this section, we utilize the pragmatic mode-sum A. Setup
regularlzgtlop method [22,23] within the Hadamard The expression for the renormalized stress-energy tensor
renormalization framework [24] to calculate the renormal- is given by (20). For computational convenience, we need
ized stress-energy tensor for a scalar field at the throatof the  ( [ewrite (20) in a more manageable form. The detailed
zero-tidal wormhole. We vary the dimensionless scalar field calculations are provided in Appendix B. Then the renor-
mass mgb, and coupling coefficient £ of the scalar field to 1 4lized stress-energy tensor (20) can be written as
|

1
Tuv,rem(x) = (1 - 2§)G1uv,rem(x> + <2§ - 5) guyngGll)T,rem(x) - 2§G2uv.rem('x)

U1

1 1
+ 2§gu1fngG0u1f,rem + 5 (Rm; - 5R91w> Grem - 5 m%gmGrem + mgm‘- (21)

The definitions of notations G, rem and Gy, are provided in Appendix B and the explicit expressions are given in (B18)—(B20)
and (B23). These expressions provide us with a convenient form for calculating the stress-energy tensor.

Now, we turn to the calculation of the renormalized stress-energy tensor (21) using the pragmatic mode-sum regularization
method [22,23]. We need to compute the values of G, rem and G, defined in (B18)—(B20) and (B23). Since the calculation
processes for these terms are very similar, we will present the detailed procedure for Gy, rem as an example.

The explicit form of Gy, ;e is derived in Appendix B, which can be expressed as

0 k
Gluprem(X) = Fl,(x, k) ————=F 1 psine (X, ©(k)) | dk
1 ,rem( ) A |: 1 ( ) \/m 1 ,sng( ( ))
m
_/) Fluv.sing(x’a)(k))dw_elm)(x)’ (22)

Using (17) and (B12), the specific forms of the components of F;,, can be written as

3
I

- 1)
Fia(w.k) =3 > 5 1Vi(0.0) P(RG P + RS))
=0 m——1
co m=Il L 2 L 2
1 d (R d (R
=55 L aisar( (S |2 (%))
;m:_l4ﬂa) dr, \ r dr, \ r
Figg0:0) =D 3 5 Vi (0.0) PR P+ RE ), (23)
=0 m=-1

025001-4



STRESS-ENERGY TENSOR OF QUANTIZED SCALAR FIELDS ...

PHYS. REV. D 114, 025001 (2026)

where R ), (x) and R, (x) satisfy the radial equa-
tion (13), with their boundary conditions given by (16). The
value of Fjgy can be derived from F,,, by exploiting
spherical symmetry. The summation over m in (23) can be
evaluated using the following identities:

m=I
21 +1
Z |Ylm(07 (ﬂ>|2 =

=, - 4z
m=I 2
[(I+31+21
S Winplo.p)p = T2 oy
m=—1 4

The explicit form of F'y,, sy, 18 given in Appendix B and
can be expressed as

1 2
Fluv,sing<x’a)) :galuv(x)a)3 - bluv<x>w_;clm}('x> log(a))

1
_dlttv(x)w+e_y'

(25)

Here the explicit forms of a;,,, b1, C1up> d1uy, and €y,
[from (22)] are given in (B26).

B. Numerical results

In this subsection, we numerically compute the renor-
malized energy-momentum tensor 7', ., given by (21).
To achieve this goal, we need to compute the values of
Giuprem and Gy as given in (21). As discussed in the
previous subsection, the computations of G;,;, rem and Gy,
are highly similar; for concreteness, we focus on Gy, rem»
whose explicit form was already derived in the preceding
subsection.

To calculate G, m given by (22), we need to numeri-
cally compute Fy,,. The expression for F';,, is given by (23).
Accordingly, we need to numerically compute the mode

functions Ré(k) m and RR (ke Which satisfy (13) and are

subject to the boundary conditions specified in (16).

By numerically solving the radial equation (13) with the
given boundary conditions (16), we obtain R: (K)im (x) and
RR (kyim (%) for k between 0 and 60 with a uniform step of

dk = 1/20. For any fixed w, we sum over [ in (23) until the
corresponding contribution falls below 10712,

Figure 1 presents the numerical results of F for r = r
with my = 0. As can be seen from Fig. 1, F';,; increases with
the growth of k, thus directly integrating it will lead to
divergence. The divergence arises from the two-point corre-
lation function satisfying the Hadamard condition (A2).
For computational convenience, we consider the symmetric
two-point function @, s, given by (A3). After this symmet-
rization operation, the expressions of the first two terms in
Eq. (A2) become those in Eq. (AS5). When calculating the

expectation value of &2, we set x — x/, which causes ¢ — 0
and thus leads to the divergence of the first two terms in (AS).

. S:O,_mO:O .
50001
4000¢

Fiylrol
(98]
S
S
(e}

2000¢
1000

0 10 20 30 40 50 60
k

FIG. 1. The curve in this figure displays the value of F; for
r=ry, £ =0, and my = 0 in the zero-tidal wormhole.

This kind of divergence naturally enters the calculation of the
expectation value of the energy-momentum tensor, since the
energy-momentum tensor is obtained by taking derivatives of
the two-point correlation function. The F, in Fig. 1 grows
rapidly as k increases, which numerically confirms the
existence of this divergence. Therefore, renormalization is
required. Since the expression for the energy-momentum
tensor (A11) involves an integral over the mode functions,
we need to also express the divergent term (AS) and its
corresponding form in the energy-momentum tensor expres-
sion as an integral. We provide the detailed calculation in
Appendix B.

By subtracting the divergent part F' gne (X, @(k)) given
by (B17), we define two quantities

k
Flttreg(x» k) = Fiy(x, k) = —=—=F1u sing(x’ w(k))
S
(26)
and
k k
Hltt(x7 k) :/ [Fm(x’ kl) _71F1ttsing
0 k2 +mi
X (x,a)(k,))] dk,. (27)

Figure 2 presents the numerical results of F ., for r = r
with my = 0. A comparison between Figs. 1 and 2 shows
that the divergence of Fy, relative to Fy, has been
substantially alleviated; this indicates that we have success-
fully eliminated the divergent component in F'; caused by
Fysing: NOW, Fye, exhibits strong oscillatory character-
istics. To verify whether F ., converges after integration,
we perform an integration on F'y.,. Figure 3 displays the
numerical results of H, for r = r, with m, = 0 which is the
integral value of the function Fyy., with respect to k.
Comparing Figs. 2 and 3, we observe that the divergence is
further weakened. However, the highly oscillatory nature
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§=0,my=0

200¢

100¢

Fltt,reg [70]

-100¢}

-200¢

0 10 20 30 40 50 60
k

FIG. 2. The curve in this figure displays the value of F'j, for
r=rqy, £ =0, and my = 0 in the zero-tidal wormhole.

§=0,my=0
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20¢
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FIG. 3. The curve in this figure displays the value of H, for
r=rqy, £ =0, and my = 0 in the zero-tidal wormhole.

does not vanish after the integration and the result still does
not converge. The origin and nature of oscillations are
presented in [22]. In essence, this phenomenon arises from
the fact that a null geodesic emanating from a spatial point
can return to that spatial point. Thus, we can find two
spacetime points, x = (#,7,0,¢) and X' = (t +€,r,0,¢),
that can be connected by a null geodesic. In such cases,
o in (A5) equals zero, which gives rise to a singularity. As
shown in [22], when we convert these singularities into
integral form, they exhibit the oscillatory behaviors. In fact,
due to these divergent behaviors, we are actually dealing
with an generalized integral. To handle such integrals, we
need to employ the self-cancellation method developed
in [22,23].

First, let us briefly review the self-cancellation method
presented in [22,23]. To address such oscillatory integrals,
at the analytical level, we can adopt the Abel-summed
integral, where the value of the generalized integral of % is
defined as the limit of the following expression:

lim [ eh(w)dw, (28)

e—0" Jo

where we assume that this integral exists for all ¢ > 0 and
that the limit exists as € — 0. However, this is not suitable
for numerical calculation, since in practice we can only
evaluate h(w) over a finite range 0 < @ < @yq. To numeri-
cally handle the generalized integral, we need to employ the
self-cancellation method. To introduce this method, we first
define the integral

H(w) = A " h(x)dx. (29)

This method requires that the oscillations of H(w) have
well-defined frequencies. The H,, in Fig. 3 indeed satisfies
this condition. If we assume the period of oscillation is 4, the
self-cancellation operation 7'; is defined by

H(w) + H(w + %)
5 .

1,[H(w)) = (30)

To eliminate oscillations at a fixed frequency, we apply the
cancellation procedure iteratively. Once oscillations at one
dominant frequency are removed, the next oscillatory
component—with relatively smaller amplitude—becomes
dominant. We therefore sequentially eliminate the leading
oscillatory modes until the remaining oscillations become
negligible. This multiple self-cancellation operator can be
written as

T, = (T),)"(T;,)"...(T;, )" (31)

Therefore, in the self-cancellation method, the value of the
generalized integral of h(x) is defined as the limit of the
following expression:

lim7,[H,]. (32)

W— 00

It is pointed out in [22] that, when a convergent value is
obtained by the self-cancellation method, the Abel-summed
integral also converges, and they yield the same result.

By applying the self-cancellation method to H;, and
taking into account the second and third terms on the right-
hand side of (22), we obtain the numerical results of Gy e k-
Figure 4 presents the numerical results of Gy e x for r = rq
with m = m,. From Fig. 4, we observe that Gy emx
converges to a constant as k increases. This indicates that
the self-cancellation method has successfully eliminated
oscillations, yielding a convergent result. By comparing
Figs. 1 and 4, we observe that the numerical magnitude
changes from 10° to 10, indicating that high precision must
be maintained when solving the mode functions (17).

By repeating the above procedure, we can obtain the
numerical results for all G, ;e and G, By taking them
into (21), we obtain the expectation value of the renor-
malized stress-energy tensor T',,,, ., at the wormhole throat.
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Gltt,rem,k [ro]

FIG. 4. The curve in this figure displays the value of Gy rem
for r = ry, £ =0, and my = 0 in the zero-tidal wormhole.
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-0.0002¢
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-04 -02 0.0 02 04 06 08 1.0
¢

FIG.5. The curves in this figure display the numerical values of
Trem and 7o, for my = 0.

Now, we can check whether the expectation value of
the quantum vacuum stress-energy tensor can satisfy the
Morris-Thorne conditions given by (6) and (7). We define

Trem — _Tr*ry,rem(ro)v (33)

Mrem = _Ttt.rem(rO) - Tr*rx,rem(r0>' (34)

Figure 5 presents the numerical results of 7., and 7., for
mg = 0. From Fig. 5, we observe that there exists a
parameter interval for & where 7., > 0 and 7, > O.
When the coupling constant & lies within this interval,
the quantum vacuum stress-energy tensor tends to maintain
the wormhole structure. When the coupling constant ¢ lies
outside this interval, the quantum vacuum stress-energy
tensor tends to disrupt the wormhole structure. Thus, we
find that, for the massless case, the coupling constant &
plays opposite roles in wormhole stability across different
parameter regions.

To systematically investigate the impact of dimension-
less scalar field mass myb, and coupling constant & on the
stability of the wormhole throat, we perform calcula-
tions for various parameter values to explore whether the
vacuum renormalized energy-momentum tensor satisfies

[l |:
L ” 1
T L |
Ay i
[ |'I
o it
2 L . I‘I
T 4
Bl [
A U R b E T S
1y - ! — mobg = 0.0805
! N —mgbg = 0.1400
—ob ! —mgbg =1.2910
|; || mobg = 1.3002
:; L
—4p d
|: W
0.0 0.5 1.0 1.5 2.0 2.5 3.0

mgby

FIG. 6. This figure illustrates how the Morris-Thorne condi-
tions depend on the dimensionless scalar field mass myb, and the
coupling constant £. The red regions indicate where the Morris-
Thorne conditions are satisfied.

the Morris-Thorne conditions. In Fig. 6, we explore the
Morris-Thorne conditions in the parameter space spanned
by the dimensionless scalar field mass myb, and coupling
constant £. The red regions indicate that the renormalized
energy-momentum tensor satisfies the Morris-Thorne con-
ditions, thereby maintaining the wormhole structure.
Figure 6 clearly reveals three disconnected regions satisfy-
ing the Morris-Thorne conditions. There exist four critical
masses, mby = 0.0805, m,by = 0.1400, msby = 1.2910,
and myby = 1.3002. When mgby > myby, the Morris-
Thorne conditions are satisfied only for & > 0, correspond-
ing to the upper-right red region in Fig. 6. In this parameter
regime, the associated vacuum stress-energy tensor tends to
support the wormhole structure. When the dimensionless
scalar field mass mgb lies in the range m,by < moby <
m3bg, the set of allowed & values is overwhelmingly
dominated by negative coupling constants, with positive
instances constituting a negligible minority. This corre-
sponds to the red area in the bottom-left part of Fig. 6. If the
scalar field parameters lie in this region, its vacuum stress-
energy tensor tends to support the wormhole structure.
When 0 < myby < m; by, there is a small parameter win-
dow allowing the Morris-Thorne conditions to hold.

It is interesting to note that there exist two intervals
[exl = (mlbo,mzbo) and Iex2 = (m3b0,m4b0) such that,
when mgbg € 1.1 U I, no value of the coupling constant
£ can satisfy the Morris-Thorne conditions. Thus, the union
I U I, represents a strict no-go regime for wormhole
solutions.

V. CONCLUSIONS

In this paper, we study the renormalized stress-energy
tensor of a nonminimally coupled massive scalar field in
a zero-tidal wormhole. Within the Hadamard renormaliza-
tion framework, we numerically calculate the renorma-
lized stress-energy tensor using the pragmatic mode-sum
regularization method recently established by Levi and
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Ori [22,23]. By varying the dimensionless scalar field mass
mob, and coupling constant £, we identify the parameter
regions in the myby-¢ space where the Morris-Thorne
conditions hold. These results are presented in Fig. 6.

As shown in Fig. 6, the dimensionless scalar field mass
mob, and coupling constant £ exert a nontrivial influence
on the Morris-Thorne conditions. There exist three dis-
connected parameter regions that satisfy the Morris-Thorne
conditions. For mgby > m4b,, the Morris-Thorne condi-
tions are satisfied only for & > 0. However, for m,b, <
myby < m3by, the vast majority of £ values that satisfy the
Morris-Thorne conditions are negative. Furthermore,
within the interval 0 < myby < m b, there exists a param-
eter region that is significantly smaller than the other two
regions and satisfies the Morris-Thorne conditions. When
mobo S (mlbo, mzbo) U (I’I’l3b0, m4b0), no value of 5 can
satisfy the Morris-Thorne conditions. Thus, this set con-
stitutes a no-go regime for traversable wormhole solutions.

Our results demonstrate that the renormalized energy-
momentum tensor can satisfy the Morris-Thorne condi-
tions across a broad range of parameters. Consequently,
within these parameter regions, the renormalized energy-
momentum tensor tends to maintain the wormhole struc-
ture. This suggests the possibility of utilizing the quantum
vacuum of a scalar field to construct wormholes. On the
other hand, we also identify two parameter regions that
together constitute a no-go regime for traversable worm-
hole solutions. Through straightforward dimensional analy-
sis [26,27], the natural scale of semiclassical vacuum
wormholes must be at or even smaller than the Planck
length. As pointed out in [14], in order to obtain semi-
classical wormholes having scales larger than Planckian,
one may need to consider thermal states at temperature 7" or
vacuum polarizations (the Casimir effect) with additional
boundary constraints on a typical scale R. In both cases,
there exist extra macroscopic dimensional parameters. We
intend to explore these scenarios in our future work.
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APPENDIX A: HADAMARD
RENORMALIZATION OF THE ENERGY-
MOMENTUM TENSOR

In this appendix, we will discuss the singularity structure
of the two-point correlation function, namely the Hadamard
condition, as well as the expression of the renormalized

energy-momentum tensor under the Hadamard renormal-
ization scheme.

In Sec. III, we introduce the field operator ¢(x) and
vacuum state |0). Then, we may calculate the vacuum

expectation value of ¢2, and its expression is

. oo m=l
OF @0 = [Ta> 3 (wsz‘k>,m<x>wf)(k>,m<x>

=0 m=-1

+ Wf}?k)lm ('x)wf)(k)lm (x)) : (A1)

However, one may find that this expression diverges. This is
because physically reasonable states need to satisfy the
Hadamard condition [29-31], which describes the short-
distance singular behavior of the two-point correlation
function. It is useful to introduce a few concepts before
presenting the Hadamard condition. The convex normal
neighborhood is a globally hyperbolic subspacetime U C M
such that any x,x' €U can be connected by a unique
geodesic within U. For any x,x’ € U, we can define the
signed squared geodesic distance o(x,x’) uniquely [29].
Since U is a time oriented subspacetime, we can define a
time function 7'(x) on U. The Hadamard condition can be
defined as follows [31]. For any x,x’ € U, the two-point
correlation function w,(x, x’) has the general form

1

As(x, X'
@y (x,x') = lim —( 2 x)

i ARLVANT GV
a—l—i€T+ (xx)

e—0" 471'2

x log(o + i€T) + W, (x, x’)), (A2)

where A!/2 is the square root of Van Vleck—Morette
determinant, V can be obtained by Hadamard recursion
relation [32], T = T(x) —T(x'), W, is a state-dependent
smooth function on U x U, and ¢ — 0 in the distribu-
tion sense.

It should be noted that the first two terms on the right-hand
side of Eq. (A2) exhibit singular behavior when x — x’.
Because of this singular behavior, the expression (Al)
diverges and requires renormalization. Fortunately, A'/?
and V are determined uniquely by the local geometry, which
makes renormalization possible.

In this paper, we use the Hadamard renormalization
scheme [24]. First, let us recall how to obtain the renor-
malized expectation values of 4?52 within the Hadamard
framework. For convenience, we use the symmetric two-
point function to eliminate the ¢ part in (A2). The symmetric
two-point function is defined by

(@2 (x, &) + (@', x)). (A3)

N =

W3 sym =

For any two-point correlation function @,(x,x’)
given in (A2), the corresponding renormalized vacuum
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expectation value of ¢ is formally given by

. . 1
W) rem ()C) = illillwlsym - C(x’ x/) = /\16’1—1314_71'2 Wa)(xv x/)’

(A4)

where the symbol w,,., represents the corresponding
renormalized vacuum expectation value of ¢* and C(x, x’)

1

T (x, X)W (x. ') +

is given by
————— 4 V(x,x')log |a|>. (AS)

Similarly, according to the expression of the classical
energy-momentum tensor (11), the renormalized vacuum
energy-momentum tensor 7, ., can be written as

Uy

= BT (00) |5 05 ) 4 02622) = O )| +

Uy
—q,,, A6
22 S (A6)

where the second term on the right-hand side corresponds to the trace anomaly [33] and the T, (x, x') is given by [24]

~ , 1 / ’
Tuv ()C, )C/) = (1 - 25)901) Vuvv' + <25 - 2> gm)g/)(ﬂv/)vd - 25914“ gv” vu'vv’

+ 2§gm}vpvp + é(Rm:

where g, is the bivector of parallel displacement [19].

1 2
__Rguv —5Mo9uv»

. (A7)

In practice, we know that expressions are represented in the form of mode functions, such as (A1), rather than in the form
presented in (A2). Therefore, we cannot obtain the analytical expression for W, (x, x) and it is convenient to utilize the first
line of (A6) for the calculation. For convenience, we define the symmetrized two-point correlation function, which can be

written as
R . . oo m=l[
Glx.X) = (0] [B(x). ()] [0) = A ak > (Wm0 0+ 0 00 0 (F), (A8
=0 m=-1
where
g ] Lrs ] (N
30.0)] =3 ($PE) + D)) (A9)
and
1
{X(x). Y()} = 3 (XY () + Y (1)X(¥)). (A10)
Similarly, the derivative V,V/, of the symmetrized two-point correlation function is given by
Gl )y = (01| Vud(). V()] 10)
o oo m=I[
= /0 k> S (Wm0 im0 s+ 0 )W (b ) (ATD)

=0 m=-1
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Other derivatives can be obtained in a similar manner. Thus, the expression of 7', ., can be rewritten as

X' —x

Ty rem(x) = lim [(1 —-2¢) (gD”'G(x, X = 9,7 C(x, x’);,w,>

1 ; ; ’ v ’ ’
+ <2‘§ - E) Guw (g/m G(x7 x/);pg’ - .QWy C(X, x/);pg/) - 25 (.guu gvb G(xv x/);u/y/ - guu gvv C(x» xl);u/v’)

+2fg,w(G(x,x’);p;ﬂ - C(x, x/);p;p) + €<Ru1)

Here G(x, x") and its derivative can be obtained by solving
the radial equation (13) numerically, while C(x,x’) and its
derivative can be obtained using the method developed
in [19,24].

APPENDIX B: EXPLICIT EXPRESSIONS FOR
THE RENORMALIZED ENERGY-MOMENTUM
TENSOR

In this appendix, we need to rewrite the formula (20) into
a form more conducive to numerical computation. Here are
four types of terms in (20), which can be written as

1. lim (gL‘U,G(x’ x/);m:’ - gvv/c(x’ x/);m;’) ’

X —x
2. lim (gu ’
X =X
G

u gL,”/G(x, X ) — gu”/gv”lC(x, x’);u,v/),
(X, X)
x,x

3},121( - C()C, x/);uv)’
4. 1im (G(x,x') = C(x,x")). (B1)

)CI —>X

Let us consider the first term of (B1), which can be
expressed as

Gluv,rem(x) = l,lm (gUU/G(x, x/);uv’ - Clm)(xa X/)> 5 (BZ)
where
Cluv(x7 xl) = gv”/C(x, x/);uv" (B3)

As pointed out in [23], for the sake of computational
convenience, we rewrite (B2) as

Gluv,rem(x) = lim (Gluv(x7 .X/) - (g_l)vgclurr(x’ x/)) .

X' —x

(B4)

Here, G,,,(x, x') means we use the coordinate system of
point x to take the covariant derivative with respect to both
x and x" once each.

_ %Rg,w> (G(r.x) = C(x, X)) = - m2gun(G(x, &) — Clx, x/))} .

2
(A12)

Similarly, the second term of (B1) can be written as

G2mz,rem(x)
= lim (qul}('x’ X/) - (g_l )u/)(g_l )WTCQ/”(X’ x/)) (BS)

X —x

and the third term term of (B1) can be written as

Gouv.rem(X) = },ifg(GOm; (x,x") = Coup(x, X)),

(B6)
where
Coun(2.X') = 9, 9," C(x, X )1 (B7)
and
Coun(x.4) = Cx. ), (B8)

Here, G,,(x,x’) corresponds to taking the covariant
derivative twice with respect to x using the coordinate
system of point x. Similarly, G,,,(x,x’) corresponds to
taking the covariant derivative twice with respect to x’ using
the coordinate system of point x.

Now, returning to (B2), since the spacetime is static, we
separate the points in the 7 direction. We choose

x=(t,r,0,9), X' =(t+e,r,0,0). (B9)

Then, the limit x’ - x corresponds to ¢ — 0. Using (17),
we have

L/R

L/R —iwe
l//m{m ()C/) =Y olm (x)e . (BIO)

Then, inserting (A11) into (B4), we get

Gluurem(x)

—lim [ Fy(x k) cos (o(k)e)dk — Ly, (x,€), (B11)

e=0 Jo

where
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It is convenient to rewrite the expression for L,,(x,€) in

Fiup(x, k) = Z Z <{’I/ k)lm, u(x K)lm. 1)( x)} integral form. To achieve it, we can utilize the following
1=0 m=-1 identities [11,23]:
+ {wgfk)lm.u (.X), lﬁf}(k)lm,v(x) }> (BlZ)
0 6
and / w® cos(we)dw = —,
0 €
Lluv(x’ 6) = (g_1>vgclu0(x’ x/)' (Bl?’) /00 (l)COS<CU€)da) = _i27
0 €
The specific expression of Li,,(x,€¢) can be obtained o P
through the method in [19], and its general form can be /) log(o) cos(we)dw = T2’
written as - |
———cos(we)dw = —log(ue) + O(e), (B15)
aluv(x) blmz(x) Cluv(x) ‘/0 Cl)+/,£€ !
le) (x’ 6) = 4 + +

€ €2 €

+ d1,p(x) log(lo]) + e (x) + O(e).  (B14) where y is the Euler constant. Then, we can rewrite (B11) as
|

Gluv,rem(x) = lim ” Fluv (X, k) Cos (w<k)€)dk - hn(} ” Fluv,sing<x’ w<k>> COs ((l)(k)€)d0) - eluv<x)
e=0 Jo

e—=0 Jo

. ® k
- 11_136 0 |:Fluv(x’ k) - \/W:Flmz smg(x a)(k)):| cos(a)(k)e)dk
—lim [ "y ing (3 0(0)) €05 ((k)e)deo = 1, (). (B16)
e—=0 Jo
where
1 X 2 1
Fluﬂ,sing(x’ a)) = galuv(x)ar - bluv<x)w - ; Clm}(x> log(a)) - dluv(x) m . (B17)

The limit and integral order can be directly exchanged in the third line of (B16), whereas the interchange in the second
line of (B16) is nontrivial. We need to employ the self-cancellation technique developed in [22,23] to handle this integral.
By treating this integral as a generalized integral and applying self-cancellation to it, we can take the limit. Thus, we have

k
/k2

This gives the final computational form for the first term of (B1). Similarly, the expressions for the second and third terms
of (B1) can be written as

Glm;,rem(x) = Aoo |:Flm;<x’ k) - Fluv smg( (k)):| dk — Amo Flm},sing(x’ w(k))dw - eluv(x)' (BIS)

G2m;,rem(x) = Am |:F2m;<x’ k) 2uv smg (k)):| dk — Amo F2m;,sing (x’ w(k))dw ) (x) (B19)

and
Gm;remx :/oo |:Fm;x’k uv,sin xwk :|dk_/m0Fuvsin x,a)k da)_Equ, B20
O’()o 0()\/70g (k)) OO,g( (k)) oun (%) (B20)
where
oo m=I[
F2m/ X, k Z ( (x)’llli,(k)lm;uv(x)} + {ngk)lm(x)»l//f,(k)lm;w(x)}) (B21)
=0 m=—
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and
oo m=l
FOuv(x’ k) = Z Z ({Wg)?k)lm;u1i (x)’ Illf}(k)lm ()C)} + {Wf)ﬂ(‘k)lm;uv ()C), Wf}(k)lm (x)}> :
=0 m=-1

Now we consider the fourth term of (B1), which can be written as

Grem(x) = lim (G(x, x') = C(x, x"))

X' —x

[P = e P (8 | dk = [ Fng . (k) deo = ().

where
oo m=l
=3 > (Wi (P + Wi IP)
=0 m=—
and
Fngx, ) = —b(x)a — > ¢(x) log(@) — d(x) —
sing (Y, @) = —b(x)a = —c(x) log(e X)

(B22)

(B23)

(B24)

(B25)

The Fi,ping and F can be derived via the method outlined in [19], combined with the explicit geometric forms given

in [24]. After some calculations, we obtain

3 mg
Aoy = Aoy = —Ayy = _2_71_2’ boy = by = =by, = _gv Coy = Coy = —C1y =0,
1+ 20mgrs (14 20mgro) (=3 + log2)
doy = doyy = —dyyy = _464071'21”% ) €onr = €2t = €1y = 10280”2,.6 ’
1 1 —3mr
Aor,r, = A2y r, = —A1pr, = _2_71_2» bOr*r* = b2r*r* = _blr*r* = 2471'21'03
1 — 40m2r3 4+ 60ma r®
Cor,r, = C2r,r, = —Clr,r, = 0, dOr*r* = er*r* = _dlr*r* = 1902071'2}’6 0 s
~ =3+60mré(—1+log2) 4 log2 — 40m3r’ 10g2
€or r, e2r*r* elr*r* - = 38407z2r6
r? 1+ 6mir?
Aogy = A2gp = ~CAipy = o2 bogy = brpy = =b1yy = — 4822y
-1+ 10m3r? + 30mr®
Copp = C2pp = —C1yp = 0, dogy = dayy = —dipp = 9607227 )
3 — 60mgro(—1 +1log2) — 20m3rilog2 + 10g4
Copp = €209 = “Clpp = 38407217
1 m3 m3log2
b:—m, c=0, d:g, €= - 1622 (B26)
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