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Characteristic decomposition for relativistic numerical simulations.
I1. Magnetohydrodynamics
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The characteristic decomposition for general relativistic magnetohydrodynamics in the comoving frame
of the fluid has been known for a long time. However, it has not been known in the coordinate frame of the
simulation and in terms of the conserved variables evolved in typical numerical simulations. This paper
applies the method of quasi-invertible transformations developed in Paper I to derive this decomposition.
Among other benefits, this will allow us to use the most accurate known computational methods, such as
full-wave Riemann solvers. The results turn out to be simpler than expected based on earlier attempts.
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I. INTRODUCTION

Relativistic flows with strong magnetic and gravitational
fields are associated with extremely energetic astrophysical
phenomena, such as pulsar winds, anomalous x-ray pulsars,
soft gamma-ray repeaters, gamma-ray bursts, and jets in
active galactic nuclei. The merger of two neutron stars or a
neutron star and a black hole is another arena where we
need to be able to deal with this kind of physics.

Much of the time, the magnetic field can be treated in the
ideal magnetohydrodynamic limit (MHD), where the fluid
is treated as a perfect conductor. General relativity (GR)
describes the gravitational field and modifies the equations
of MHD from their nonrelativistic form. General relativistic
magnetohydrodynamics (GRMHD) is used both to model
LIGO mergers involving neutron stars and to match
observations with the Event Horizon Telescope.

Numerical simulations with GRMHD are much more
challenging than purely hydrodynamic simulations in GR.
There are more equations and they are more complicated.
In addition, there are physical instabilities that can require
very high resolution to study accurately. And the con-
servation law that the divergence of the B-field must vanish
can be difficult for the evolution equations to satisfy
numerically. The numerical methods currently used are
variants of high-resolution shock-capturing methods first
developed for hydrodynamics.

There is a serious remaining theoretical gap in the
implementation of all GRMHD codes, both with finite-
difference and discontinuous Galerkin techniques. The gap
is the lack of a complete characteristic decomposition
for the system of equations. In numerical relativity, the
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evolution of fluids, magnetic fields, and the metric itself is
done with hyperbolic evolution equations. Hyperbolicity
means that at every point the field admits a decomposition
into independent waves, each with its own wave speed.
Formally, the decomposition is carried out by solving an
eigenvalue problem. The most accurate numerical algo-
rithms typically make use in some way of this characteristic
decomposition. These uses include accurate imposition of
boundary conditions and treatment of shock waves.
Moreover, the most robust and accurate prescriptions for
numerical fluxes across subdomain boundaries are based
on characteristic decomposition.

The characteristic decomposition of the MHD equations
in general relativity was first studied by Bruhat [1] and then
by Anile and Pennisi [2]. The Anile and Pennisi work uses
essentially the same form of the equations as Bruhat, except
for changing one of the independent thermodynamic vari-
ables from enthalpy to pressure. This work was reproduced
in Anile’s book [3], from which the results have been widely
used in the literature. We note that, although Bruhat was the
first to completely analyze the MHD characteristic speeds in
full general relativity directly from the characteristic matrix,
her work has never been cited in this connection by
subsequent authors, with the exception of Ref. [4].

A key result of the Anile and Pennisi work is that there is
a formulation of the MHD equations that is strongly
hyperbolic, a necessary condition for having a well-posed
initial-value problem and thus being suitable for numerical
computations. However, the equations studied in this
early work are not in the form typically used in current
numerical work.

Virtually all numerical codes today use equations in
conservation form: A set of evolved variables is chosen so
that their spatial derivatives appear only in the divergences
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of fluxes. Equations in conservation form allow a wide
variety of robust and accurate treatments of shocks and
other discontinuities in the flow. As shown in Ref. [5],
the equations in conservation form differ from those of
Bruhat and Anile by the addition of multiples of the
divergence constraint V-B = 0. This does not change
the solutions, but does change the principal part of the
equations (the highest derivative terms of the evolved
variables). Changing the principal part changes the eigen-
values and eigenvectors of the characteristic matrix, and
hence can affect the hyperbolicity of the system. In fact,
Ref. [5] shows that the usual conservative system, the
so-called Valencia formulation (see, e.g., the review in [6]),
is only weakly hyperbolic and thus does not have a well-
posed initial-value problem.

One of the challenges of MHD simulations, both as
relativistic and in the Newtonian limit, is to guarantee that
the divergence constraint remains satisfied during the
evolution. Various computational techniques have been
developed to ensure this, one of which is divergence
cleaning [7-9]. In this method, we introduce a scalar field
with an evolution equation that damps the divergence of the
magnetic field and also advects it off the grid. Interestingly,
Ref. [10] has shown that the divergence cleaning formu-
lation of the Valencia scheme is strongly hyperbolic and
thus has a well-posed initial-value problem, making it
attractive for numerical simulations.

In Paper I [11], we introduced a new method for finding
characteristic decompositions of fluid flows in relativity,
which we describe further below. The goal of the current
paper is to apply this method to GRMHD. Besides the
work of Anile [3], the previous works on the charac-
teristic decomposition problem for GRMHD that are
most related to this paper are those of Antén et al. [12],
Ibafiez et al. [13], Schoepe et al. [5], and Hilditch and
Schoepe [10]. We will discuss the connections at appro-
priate points in the text. A detailed comparison with the
work of Antén et al. [12] is given in Appendix A 1 and with
that of Schoepe et al. [5] in Appendix A 2. For other
references to earlier work, see, for example, the introduc-
tion to Ref. [12].

As discussed in more detail in Paper I [11], in the 3 + 1
decomposition we introduce a coordinate frame and con-
sider the evolution with respect to the ¢ = const slices
of this frame. The tangent vectors 1* = (d/d1)* to the
t-coordinate lines are related to the normal n to the slices by

t* = an® + p°.

(1.1)

Here a is the lapse function and ¢ is the shift vector.'

'In this paper, Roman letters a, b, ... from the beginning of the
alphabet label 4D abstract spacetime indices. Roman letters
i,Jj,... from the middle of the alphabet label 3D spatial indices
in some particular coordinate system.

A special case is to choose the comoving or Lagrangian
frame, where the shift vector is chosen so that the spatial
coordinates are comoving with the fluid. In this case ¢ is
proportional to u¢, the four-velocity of the fluid. As noted
in Paper I and by many previous authors, the characteristic
decomposition for hydrodynamics or MHD is most easily
determined in this frame, since it is the natural frame
associated with the fluid flow. Ultimately, however, we will
want the characteristic decomposition in the 3 + 1 coor-
dinate frame and for the conserved variables in that
frame. We noted in Paper I that we can first find the
decomposition in the Eulerian frame, which is the frame of
observers at rest in the ¢ = const slices and whose four-
velocity is simply n“ Then Eq. (3.7) of Paper I shows that
the eigenvalues in the 3 + 1 coordinate frame are simply
related to those in the Eulerian frame, while the eigen-
vectors are the same. So it is sufficient to find the
decomposition in the Eulerian frame.

In Paper I, we introduced a method of doing this entire
procedure for hydrodynamics by first finding the decom-
position for a set of primitive variables in the comoving
frame and then transforming the eigensystem to the
conserved Eulerian variables. The key difference between
this algorithm and previous transformation techniques is
the use of a quasi-invertible transformation. The main
technical innovation in the current paper is the extension of
the quasi-invertible transformation procedure from the
relatively simple case of the fluid velocity to the more
challenging case of the magnetic field. We will first apply
the technique to the nonconservative Anile formulation,
even though this formulation is not used in numerical work.
This will make contact with previous literature and is also
useful because many of the results are identical for the
conservative divergence cleaning formulation, which we
study afterward.

This paper is organized as follows: In Sec. II we derive
a system of equations equivalent to those of Anile [3] for
the nonconservative formulation of GRMHD. We then
carry out the comoving decomposition in Sec. I A in
enough detail to make the subsequent developments clear.
Section II B contains the main technical accomplishment of
the paper, the quasi-invertible transformation from the
comoving variables {u“,b*} to the Eulerian variables
{v*, B*} and vice versa. This transformation is then applied
to the comoving decomposition to get the decomposition in
the Eulerian frame. Section III introduces the conserved
variables. The Jacobian transformation matrix from primi-
tive to conserved variables is given in Sec. III B. The
inverse transformation is given in Sec. IIIC in a form
much simpler than in previous work. These transformations
are then applied to the Eulerian Anile eigenvectors to
express them in terms of conserved variables. These are
not the eigenvectors for the conservative evolution equa-
tions, but make contact with earlier work and will be useful
in presenting the correct conservative decomposition.
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We present this decomposition for the conservative for-
mulation with divergence cleaning in Sec. IV.

II. NONCONSERVATIVE FORMULATION OF
MAGNETOHYDRODYNAMICS

In the MHD approximation, the electromagnetic field is
completely determined by the comoving magnetic field
xpab — ybpa _ yapb

bt = —*Faby, (2.1)

Here *F¢’ is the dual of the electromagnetic field tensor:

1
*Fab = EGadech. (22)

Note that all electromagnetic field quantities in this paper

are renormalized by a factor 1/+/4z, the standard con-
vention in numerical work. Also, note that the Levi-Civita
tensor €,,.4 1s defined with the convention [14] that in flat
spacetime €y;,3 = -+1. The Maxwell equation V,*F* = 0
becomes

V., (ubb? — ub”) = 0. (2.3)
The projection of this equation along u;, gives the diver-
gence constraint, which can be written in several equivalent
forms:

V,b% + uubV,b, =0, (2.4a)
Vb — bubVyu, =0, (2.4b)
h*V,b, = 0. (2.4¢)

Here h is the projection tensor that projects ortho-
gonal to u“:
h = g + uub. (2.5)
Equation (2.4b) follows from Eq. (2.4a) using u“b, = 0.
Equation (2.4¢) follows from Eq. (2.4a) using V, b* =
(h® — uub)V ,b,. As we will see below, the divergence
constraint plays an important role in distinguishing differ-
ent formulations of the MHD equations.
We will start out using u“ and b* as two of the primitive
variables. In addition, we need two variables describing the

thermodynamic state for a perfect fluid. Of course, at some
stage we have to enforce the constraints

We insert the minus sign in front of this equation so that the
corresponding term on the diagonal of the matrix A% in Eq. (2.26)
is positive, the same as the sign of the other diagonal terms.
This simplifies the orthogonality relation for the eigenvectors
[cf. Eq. (4.39) of Paper I].

uu, = —1,

ub, =0, (2.6)
reducing the number of independent variables from 10 to 8.
It does not make much difference which two thermo-
dynamic variables we choose as primitive variables; it is
easy to transform from one set to any other. We will choose
the pair (p,€), where p is the pressure and e the specific
internal energy density. This choice simplifies the algebra
slightly. Later we will replace p by p, the rest-mass density,
since (p, €) are more convenient in astrophysical codes.
Associated with the fluid are also the total energy density
e, the specific entropy s, and the specific enthalpy /. These
quantities are related by the following equations:

e=p(l+e), (2.7)
h=1+¢+ p/p. (2.8)
Tds = de + pd(1/p) (First Law), (2.9)
p=plp,e) (Equation of state), (2.10)
dp :Z—ﬁedp—l—g—ipde = ydp + kde. (2.11)

Here T is the temperature. The quantities y and k are related
to the speed of sound ¢, by

1 p
=5 (r+ )

(cf. e.g., Appendix A of Paper 1).

We now present a formulation of the MHD equations
equivalent to that of Anile [3], but in slightly simpler
form. In particular, there are only eight dynamical equa-
tions since the constraints u“u, = —1 and u“b, =0 are
explicitly enforced. The formulation here is equivalent to
that in Ref. [5].

A basic equation for fluid flow is the equation of mass
conservation,

(2.12)

u~N p + pV,u® = 0. (2.13)

The next fundamental equation is the energy equation.
This can be derived from the projection of the conservation
equation V,T% along u,, where T¢" is the total stress-
energy tensor. It is simpler to proceed as follows: Since the
fluid is taken to be perfect, the flow is isentropic (except at
shocks). Accordingly, we set ds = 0 in Eq. (2.9) and get

d d
E_L2 (2.14)
dr  pedr

Here 7 is the proper time along the fluid worldlines. Rewrite
d/dr =uV, and use Eq. (2.13) so that the energy
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equation becomes

u“VaeJrBVau” =0. (2.15)
p

To use p as a primitive variable, we need its evolution
equation. Equation (2.11) gives

dp _ dp _ de

dr _Xdr—i_KdT

_ A%

- (IJFK/)Z) dr
d

:hcg—p,

dr
where we have used Eqgs. (2.14) and (2.12). So finally,

(2.16)

uv,p + phc2V u = 0. (2.17)
The total stress-energy tensor for the matter plus mag-
netic field is

T% = ph*uub + p*g® — beb, (2.18)

where

1
ph* = ph + b, p* :p—|—§b2. (2.19)
The Euler equation follows from projecting the conserva-
tion equation V, 7% = 0 orthogonal to u“ using h“*. This

gives

ph*h? uV ,ub + heV p

+ h?,b4(VPb, — V b?) — b4V b = 0. (2.20)
The term proportional to Vb in this equation turns out to
be problematic in determining the characteristic decom-
position below because the derivative contains pieces
both along and perpendicular to u“. Accordingly, the
characteristic matrix is not completely orthogonal to u“.
|

We eliminate this problematic term by forming the combi-
nation

bV, T’ + ph*[lhsof Eq. (2.4b)] = 0.  (2.21)
This equation simplifies to
1
V.b* = ——0bV,p. (2.22)

ph

Note that the u“ component of the derivative on the right-
hand side of Eq. (2.22) drops out because it is projected
along b“. Substituting Eq. (2.22) in Eq. (2.20) gives the
final form

ph*h?,u~ ,ub + h%V p

bd
+ b | ke, (VPb, — V,bP) + —Vop| =0 (223)
P

This equation is equivalent to Eq. (2.75) of Ref. [3] when
that equation is projected with /,;; the component of that
equation along u, is zero.

We used the component of the Maxwell equation (2.3)
along u;, in Eq. (2.21), so we only need the projection
with h.,. This gives

—he, (b°V ub — uV ") + b .V, u® = 0. (2.24)
This equation is equivalent to Eq. (2.76) of Ref. [3] when
that equation is projected with &,;, and Eq. (2.17) is used.
Again, note that the component of Eq. (2.76) in Ref. [3]
along u, is zero.

To enforce the condition u“u, =
equations we use the identity

—1, in the above

V., u¢ = h*,V ul. (2.25)
Then Eqgs. (2.23), (2.24), (2.17), and (2.15) can be written
as a quasilinear system [Eq. (2.9) of Paper I] for the
variables (u“, b*, p,€), where the matrices A are

uahcb (bbhca - bahcb)/(/)h*) hca/(/)h*) + bcba/(/)zhh*) 0
—b%hb + b.hb* hbu® 0 0
Av = e+ ot (2.26)
phc2hbe 0 u® 0
(p/p)h* 0 0 u

A. Comoving decomposition

1. Characteristic speeds

As explained in Sec. II of Paper I, to find the characteristic speeds in the comoving frame, we introduce a vector

o = Yyl + Z.:a’

(2.27)
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where y, is the comoving eigenvalue (characteristic speed)
and ¢, is a unit vector orthogonal to u, defining the
direction of the decomposition. We then set to zero the
determinant of the characteristic matrix A%q,. The deter-
minant is evaluated in Appendix B, and we find up to a
constant factor the well-known result

det(A%q,) = a*(B? — ph*a*){a*Gb* — pha*

+ c2pha*(a* + G) — B*G|}, (2.28)
where we use the common notation
a=qu,, B = ¢“b,, G =q,. (2.29)

From Eq. (2.28), we see that there are three classes of
characteristic speeds:
(1) There is a doubly degenerate eigenvalue given
by a =uq, =y, =0.
(i) Two Alfvén waves have speeds given by B =
++/ph*a. With our conventions, the choice B =

—+v/ph*aleadstoy, = +b%C,//ph*, which we will
take to be the “first” Alfvén eigenvector.

(iii) Four magnetosonic waves have speeds given by the
roots of
N = a®>Gb? — pha*

+ c2pha*(a* + G) — B*G] =0, (2.30)

a quartic in g“.

2. Right eigenvectors in the comoving frame
The right eigenvectors follow from solving (A%, )X = 0.
Take X to be of the form
X
Y,
X7
Xy

(2.31)

Here the unknown vectors X, and Y, can be taken to be
orthogonal to u®. Using the explicit form (2.26) of A* and
the definitions (2.29), we get the equations

1
GXC + — <bbybhacqa - BYC

ph
Bb
+ qh, X7+ CX7> =0, (2.32a)
ph
BX, — b.q°X, — a¥,. =0, (2.32b)
phc2q*X, +aX; =0, (2.32¢)
P . _
L gax, + aXg = 0. (2.32d)
p

Of course, these equations are not linearly independent
when we insert a ¢“ corresponding to an eigenvalue.

Eigenvectors for the degenerate eigenvalues. Setting
q°u, = 0 and solving Egs. (2.32) from the bottom up,
we get in turn Xy arbitrary, ¢“X, =0, X, =0, X; =0.
Then we can take the two linearly independent eigenvectors
to have either Y, =0 or X3 = 0:

0 0
0 habqb

Xenl:ropy = ol X constraint = (2 3 3)
1 0

Here we have followed the standard convention of naming
these eigenvectors the entropy and constraint eigenvectors.
The entropy eigenvector emerges naturally when using
entropy as one of the two thermodynamic variables in the
analysis, while the constraint eigenvector is associated with
the divergence constraint equation.

Alfvén eigenvectors. Inserting B = —/ph*a in Egs. (2.32),
we find Xg = X7 = ¢°X, = b’Y, =0and Y. = —/ph'X...
Thus, X, and Y, are both orthogonal to ¢ and b“. Since
they must also be orthogonal to u“, we can take

€apeat’b g’
—VPh e gpequ’ b g
0
0

Xar = (2.34)

The other eigenvector has a positive square root and a
corresponding change in ¢“.
We can write the Alfvén eigenvectors in an alternative

form by introducing two “tangential” vectors ﬁ?m) that are

orthogonal to ¢“ and u“. (These vectors are tangential
because g* = y,u® + {“ implies that they are spatial in the
comoving frame and orthogonal to the normal vector {“.)
Requiring X, to be a linear combination of these tangential
vectors that is orthogonal to b* gives for the case
B =—\/ph*a

byl = byt
— /PR (bt4, — byt
Xy = P (baffy) = bitfy)) (2.35)
0
0

where b = baﬁ(“l), b, = baﬂﬁz). This expression agrees with
that of Ref. [5].

Magnetosonic eigenvectors. To solve Egs. (2.32) in the
magnetosonic case, we can proceed as follows:
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(1) Use Egs. (2.32b) and (2.32c) to eliminate Y, and X5
from Eq. (2.32a).

(i) Dot the resulting equation with b° to get an
expression for b°X, and substitute this expression
back into the equation.

(iii) Solve the resulting equation for X.. Simplify the
result using the eigenvalue equation (2.30): Solve
that equation for h?> and eliminate b> from the
equation for X,.. Discard the overall normalization
factor (which is proportional to X“g,). The result is
surprisingly simple:

X, = BGb, — pha*h,q". (2.36)

(iv) Use the solution (2.36) to determine the other
unknowns. The resulting eigenvector is

BGb, — pha*h,,q"
phal(a® + G)b, — Bhyyq"]

Xmag = s 2.37

. ohaG (2.37)
pag/(pcs)

where, using Eq. (2.30),

G = [pha*(a® + G) — B>G|c?/a* = pha® — Gb*>.  (2.38)

3. Left comoving eigenvectors
The left eigenvectors follow from solving L(A%g,) = 0
analogously to the steps to find the right eigenvectors in
Sec. I A 2. Take L to be of the form
L=[L, Y, L; Lgl. (2.39)

with L, and Y, orthogonal to u’. Using the explicit form
(2.26) of A? and the definitions (2.29), we get the equations

aL, — BY,
+ heaq(B°Y), + phciLy + pLg/p) =0, (2.40a)
BL,—b.q°L, — pah*Y. =0, (2.40b)
Bb“L, + ph(q°L, + pah*L;) =0,  (2.40c)
alg = 0. (2.40d)

Degenerate eigenvectors. There are two linearly dependent
eigenvectors corresponding to the degenerate eigenvalue
given by a = 0. In this case, we see from Eqs. (2.40b) and
(2.40c) that L. = 0. Then one solution has Y. = 0 while

the other has L; = Lg = 0:

Lentropy:[o 0 _P/P phC%},

Lconstraint = [O hahqb 0 O] (241)

Alfvén eigenvectors. The left Alfvén eigenvectors are very

similar to the right eigenvectors. The L. and Y, parts are

once again orthogonal to ¢ and b“. The eigenvector for

B = —\/ph*a is

Ly = [ ph*eabcdubbch _eabcdubbch 0 0]~
(2.42)

The other eigenvector has no minus sign and the appro-
priate change in ¢“. An alternative representation analo-
gous to Eq. (2.35) is

LAlf:[Vph*(bzﬂ?l)_blﬁzz)) _<b2ﬂl(ll)_blﬂ?2)> 0 O]-
(2.43)

Magnetosonic eigenvectors. By steps similar to those
resulting in Eq. (2.37), we find from Eqgs. (2.40) that the
magnetosonic eigenvectors are

B(a’> + G)b,/a — ph*ah,,q* 1T
((12 + G)ba - Bhabqb

G/(phcs)
0

(2.44)

mag —

It is easy to check that the eigenvectors are all mutually
orthogonal: The matrix of the left row eigenvectors
multiplied by the matrix of the corresponding right column
vectors is diagonal (see Sec. IVF of Paper I). Showing
orthogonality among the four different magnetosonic
eigenvectors is actually a little more complicated and
requires the explicit expressions for the eigenvalues. The
diagonal elements of the matrix product correspond to
the norms of each eigenvector. We will not bother to
renormalize the eigenvectors to unit norm, since in practice
it is easier to renormalize the eigenvectors numerically if
necessary.

B. Eulerian eigensystem

Most relativistic MHD codes use as primitive variables a
fluid velocity and magnetic field that are purely spatial,
rather than the pair (u“, b*). We will use the Eulerian
velocity and magnetic field, that is, the quantities measured
by an observer whose four-velocity is n¢, the unit normal to
the ¢ = const hypersurface. This is the observer at rest
in the 3 + 1 coordinate system defined with respect to n®.
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In covariant form, these quantities are defined as

e = ybu, W, B® = n,*F" = Wb + u(n,b"),
(2.45)
with the inverse relations
u® = W(v* + n%), b* = h*’B,/W. (2.46)
Here
W= —-nu = . (2.47)
VI=17,
is a generalized gamma factor, and
e = g% 4 pand (2.48)

is the projection tensor orthogonal to n? that serves as the
corresponding spatial three-metric.

1. Transformation between (v*, B*) and (u“, b*)

As shown in Paper I, to get both the left and the right
transformed eigenvectors, we need the Jacobian matrix for
the transformation from the eight variables U,y = (u“, b*)
to the six variables U = (v“, B%), as well as the matrix for
the inverse transformation. Since these Jacobian matrices
are effectively 8 x 6 and 6 x 8, they cannot be true matrix
inverses. Recall the detailed discussion in Paper I for the
case without a magnetic field. We invoked a theorem
from linear algebra to conclude that, starting with the
matrix oUq/0U = ou¢/dv”, we could find a left inverse
oU /Uy = 0v*/ou such that

ov? ou‘ B

The left inverse is not unique, and we were able to fix this
nonuniqueness by imposing the additional “inverse”
requirement

du® ov°
——=h%,. 2.50
ov° oub b ( )
This relation plays a crucial role in showing that the
transformation is quasi-invertible, as defined and discussed
in Sec. VIIB of Paper I and also below. The explicit
Jacobian matrices satisfying these conditions are

a a

azb = Wy, + W2ulv,, (2.51)
w1 1

auh — Wﬁah + Wu“nh. (252)

Formally, we have satisfied the quasi-invertible condition
of Eq. (7.8) in Paper I,

ou oU 14
A4 = A4 & AT = A1 ¢ 2.53
old aU‘)]d old oU ( )
by the conditions
oUu oU,
o, (2.54)
U,y oU
U,y oU
ZHod Y (2.55)
oU 90U 4

We now need to generalize these transformations to
include the magnetic field. We will see that, while we are
always guaranteed to be able to find a left inverse 0U /90U 4
for 0U)q/0U as in Eq. (2.54), we will not be able to make
this left inverse unique by imposing Eq. (2.54). Fortunately,
we can find an alternative criterion that still gives us a
quasi-invertible transformation. To see how to proceed,
we will attempt to enforce Eq. (2.55) and see where it
breaks down.

We start by differentiating Ugyq = (1%, b*). Since in
Egs. (2.45) and (2.46) the relations between u“ and v
are independent of the magnetic field, Eqs. (2.51) and
(2.52) are still valid. In addition, contributions to the
Jacobian matrices like dv“/0b® and ou“/0B’ are zero.
To find the nonzero terms, start with Eq. (2.46) in the form

b* = h?,y¢,B/W. (2.56)
Differentiating gives
ob* 1
— =—h"y%. 2.57
de w Vb ( )
Similarly, since 0W/dv” = W3v,, we get
ob*? 1 [ou® ou,
= —-Wou,h* B+ — | — ~u“ | B¢
ov’ e +W<avbuC+6vbu >
= u’B;, — WB%, + WB . (y*, + Wuv,), (2.58)

where we have used Eq. (2.51) and made some simple
substitutions.

Now Eq. (2.54) becomes [cf. (2.49) with no magnetic
field]

[ ov® ou¢

o B o b¢) | o O ||ap ©

3w, b%) a(vP,BY) | 0B* 9B | | b obe

L ou®  0b° o’ 0B’

_[7e O (2.59)
L0 Y

This gives two conditions on the magnetic field part of the
transformation:
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0B% ou®  0B“ ob°¢

Z2 LT, 2.60

ou‘ ov®  ob° av® (2.60)
0B® db°¢

Let us first consider Eq. (2.61) and determine 0B*/db...
The most general expression for this quantity can be written
in term of n“, u¢, B%, and the metric. Also, from Eq. (2.45)
we expect the magnetic field to enter the Jacobian matrix at
most linearly. So we set

oB*
ob¢

= Aé*. + Buu. + Cu®n, + Dn“u,. + En“n,

+ FB*u, + Gu*B. + HBn. + In“B... (2.62)
(Note that the scalars A, B, ... used in this subsection are
not related to the same symbols used elsewhere in the
paper.) Substitute this expression and Eq. (2.57) in
Eq. (2.61). Thus, find

o0B¢
ob¢

= W&, + Bu®u, + un. + Dnu. + FB%u,.. (2.63)

We will return to Eq. (2.60) in a moment. Note that the
“inverse” requirement (2.55) multiplies the matrices in
Eq. (2.59) in the opposite order. This gives the two
conditions

ob® ov° b 0B o

— 420 2.64
ov° ou®  0BC ou® ' ( )
ob® 0B¢
WW - hab. (265)

The question mark over the equals sign in Eq. (2.64) is to
remind us that we will find that we cannot, in fact,
accomplish this requirement.
Turning our attention first to Eq. (2.65) and using
Egs. (2.57) and (2.63), we find B = F = 0 in Eq. (2.63).
Next, set

oB* - - - _ _
P Adé?. + Buu. + Cun, + Dnu. + En“n,
u

+ FBu, + Gu°B,. + HB%n, + In"B,. (2.66)
Substitute this expression into Eq. (2.64) and choose the
coefficients to zero the expression. However, do not try to
zero the terms proportional to u®. You will find that it is not
possible to do so and simultaneously zero all the other
terms. Instead, use the corresponding coefficients to help
zero the remaining terms. We will explain at the end of this
subsection why this procedure works.

Proceeding in this way, we find

0B* - -
- = Dnu. + En“n. + In“B,
ou‘
1
+ W [B4(Wu, —n.) — (BPu,) (W&, + un,)].

(2.67)

Finally, substitute the results so far into Eq. (2.60). Thus,
find D = WI and E = 0.

We are free to set the remaining coefficients D, I, and D
to zero so that

i(Bana) = i (Bn,) = 0.

P e (2.68)

Thus, the final form of the transformation matrices is

oB* 1

b - W [B(Wuy, = ny) = (B"u,) (W%, + uny)],
(2.69)

oB¢

W = Wéab + I/lal’lh. (270)

We now explain why the above procedure works. Recall
that a quasi-invertible transformation ensures that the
matrices of right and left eigenvectors are inverses:

Uy OU

1=L-X= Lold(Agldna)WF]d
(¢}

Xga. (271

Here we have used the transformation rules for going from
the comoving to the Eulerian eigenvectors, Egs. (5.3) and
(7.13) of Paper I. Notice that the factor (A% 4n,) gives zero
when acting on u“. Accordingly, we can allow the right-
hand side of Eq. (2.55) to differ from the identity by an
off-diagonal term proportional to u“ and Eq. (2.71) will
still hold. [In fact, instead of zero, the right-hand side of
Eq. (2.64) turns out to be u“b,.] Since the inverse of a
matrix is unique, we are assured that any procedure that
finds the correct inverse L of the matrix X must be valid.
Essentially what we have done is to require that the quasi-
invertible condition (2.53) only needs to hold when
projected along n,,.

2. Eigenvalues for the Eulerian frame

In the Eulerian frame, the vector g, defined in Eq. (2.27)
becomes

Qa = yn(l + sa’ (2'72)
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where s, is a unit spatial vector in the direction of the
decomposition. Here y is now the eigenvalue in the
Eulerian frame.

The degenerate eigenvalues corresponding to a =
q“u, = 0 have the value in the Eulerian frame

y = v%s,. (2.73)

For the Alfvén eigenvalues, the condition B = —y/ph*a
gives
_pis 4 B4s,
Yair = V8q W2(\/pl + Bev,)

(2.74)

The other eigenvector has the opposite sign for the square
root. The magnetosonic eigenvalues require the solution of
the quartic equation (2.30) expressed in Eulerian variables.

3. Right eigenvectors in the Eulerian frame
The transformation from the comoving to the Eulerian
right eigenvectors is given by the Jacobian matrix
d(v®, B%)/d(ub, b"). This matrix acts on the vector part

of each eigenvector. The scalar part of the eigenvectors is
unchanged.

Degenerate eigenvectors. Applying this transformation to
the degenerate eigenvectors (2.33) and setting ¢“ =
yn¢ + s, we get

0

— (s"vp)v
0
0

a a

X (2.75)

entropy — > X constraint —

0
0 s
0
1

Alfvén eigenvectors. For the Alfvén eigenvectors, we have
not found a simple way of transforming the expression
(2.35). Thus, we start with Eq. (2.34). The transformation
of the first component of that expression consists of the
following steps:

(i) The Jacobian matrix (2.52) gives

a

ou®

A 1 .
€ pea’bq’ = W€“bcdubb°qd

1
+ W un,ep.qu’bcqd. (2.76)
(i) Replace b* and u“ by their Eulerian equivalents B¢
and 09, Eq. (2.46). Also set g = y;pn® + s°.
(iii) Expand B¢ and »“ in the orthonormal Eulerian
spatial basis:

Ba e ana —|— Blt((ll) + th((lz),

v = 0,87 4 vty + 0oty (2.77)

The (s, 1{}). 1(;)) components of the result are all

proportional to €,.,n°s” [EI)’ té), which is unity.

(iv) Substitute for y,; from Eq. (2.74). Simplify the
result using B,v, + Byv, + B,v, = B%v, and v2 +
v+ 03 =1-1/W2

Repeat the procedure to find the second component of the
eigenvector using Eqgs. (2.69) and (2.70). The result is

"B, (B vy — Byvy)/ri W7
(7232—7”31]2)/7"1W2
(—rzBl + r31)1)/r1W2
0
XAlf = - s (278)
r4vy + Byy/ph
—raUp —Bl\/ph*
0
L 0 i

where

ry = B%, + \/ph*,

ry = B2 + r;Bv,W?,

Iy = Bnyn =TI
ry = BB, + r B v, W2,
(2.79)

In Eq. (2.78) the first six components are the (s, 1(}. 1(;))
components of each of the vectors.

Equation (22) in Ref. [13] gives an implicit expression
for x4y that uses (B%, 0%, s%) as a basis instead of the
orthonormal basis (s¢, tE‘l), t?z))' We have computed that
expression explicitly and have verified that our expression
is equivalent up to the normalization, but is somewhat
simpler.3

Magnetosonic eigenvectors. Next we consider the magne-
tosonic eigenvectors. We need to apply the Jacobian matrix
d(v®, B)/d(u”, b") to the expression (2.37). For the first
component of Eq. (2.37), we find that

There is a typo in the (2,2) term of the characteristic matrix
in [13]. The term B'B; should be —B'B,;.
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ov?
ou‘

(BGb® — pha*htq,)

_ BG(bPnyu® + Wb*) — pha*(n®q,u® + Wq*)
W2

(2.80)

Replace b* and u“ by their Eulerian equivalents B* and v,
Eq. (2.46). Also set g“ = ypen® + s¢. Thus, get

BGB* — pha*(s* — yinuet®)
w2 '

(2.81)

Transforming the second component of Eq. (2.37) in the
same way with Egs. (2.69) and (2.70), we get

pha a a a
W [B (GW - ymaga) - Wz(B - aBbUb)(s - ymagv )} .

(2.82)

Making the replacement B = aB’v,, + B’s,/W gives the
final expression

BGB® — pha®W (5" = Ve v*)
WZ
Xmag = pha[Ba(l _ymagvn) _Bn(sa _ymagva)}
phaG
pag/(pc3)

(2.83)

The above equation agrees with Eq. (25) in [13]. The
authors remark, “The expressions of the eigenvectors have
been obtained after tedious algebraic manipulations.” And
this for only the right eigenvectors, and not in terms of the
conserved variables.

We can also express the vector parts of Eq. (2.83) in the
(59,1}, 1(,)) basis to give the result

[ [BGB,, — pha®W (1 = yuaev,)]/ W |
[BGB, + pha*Wy 1]/ W?
[BGB; + pha* Wy, 2]/ W?

0
pha[B (1 = YinagVy) + 018, Yimae]
pha[Bs(1 = Yinag¥) + V2B, Yimag]
phaG
pag/(pcs)

X (2.84)

mag —

4. Left eigenvectors in the Eulerian frame

The transformation from comoving to Eulerian frames
for the left eigenvectors is more complicated than the one
for the right eigenvectors. The reason is that the trans-
formation is not invertible, but only quasi-invertible. As
shown in Paper I, the transformation is given by

anld

L = Lyq(Agqna) oU

(2.85)
[Eq. (7.13) of Paper I]. Here the matrix 0U,;q/0U must be
chosen to satisfy the quasi-invertible condition and takes
the form

_aC —
=0 00
ov
Uy | obe obe
oa_ |2
0 0 10
Lo 0 0 1

Using Egs. (2.26), (2.51), (2.57), and (2.58), we find after
some simplifications

_ | -
cab - b°n,)h® + WHb" b‘n.)b* — phWH* 0
B W) (b = phVE
oU __(ab a,b
(Ana) =5 = 0 (% 4 Wuto?) 0 0 (2.87)
ou —phc2W3pb 0 -w 0
~ Ly 0 0 —W
L P 4
Here
1
Ccb = e {[(6n.)* = ph*W?h®® + W(bn,)Hb® + W3H(b*v® + ph*n®) + W2(b°n, )b v" },
p
HY =u"—n?/W. (2.88)
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Degenerate eigenvectors. Applying the transformation
(2.87) to the eigenvectors (2.41) corresponding to the
degenerate eigenvalues gives

b = [0 0 —p/p phe?].

lconstraint = [0 7abqb 0 O] (289)

Alfvén eigenvectors. Applying the transformation (2.87) to
the Alfvén eigenvectors (2.42) is straightforward but a little
lengthy. We have verified our calculations with computer
algebra. The transformation consists of the following steps:
(i) Multiply the eigenvector (2.42) into the matrix
(2.87) and then convert all quantities to their
Eulerian counterparts using Eq. (2.46).
(i1) Substitute g* = ypen® + s with y ¢ from Eq. (2.74).
(iii) Expand the vectors B¢ and »* when contracted into
€apeq 1IN the (57, tE‘l), t?z)) basis.
(iv) Project the vector pieces of the eigenvector along
(s“,t(“l),t‘(l2)) and simplify. A useful relation for
this is

BB, = [ph* — (B%v,)"]W? — phW?.  (2.90)

(v) Divide out a common scale factor of €, ;n%s” tf1)’?2)'

The result is

i 11(Byvy — B1vy) 1"
1,(B,vy = Byv,) + By (b* + phW?)
ll(Blvn - Bnyl) - Bl(b2 +phW2)

ph*v,(B vy — Byvy)

Ly = ,
Al _\/ph*BZ(l - U%l) - UZ(Vph*Bn”n + bz)
Vph*Bl(l - U%) + Ul(Vph*ann + bz)
Byvy — By,
L 0 i
(2.91)
where
I, = B,\/ph* — phv,W?2, (2.92)

Magnetosonic eigenvectors. For the magnetosonic eigen-
vectors, we multiply Eq. (2.44) into Eq. (2.87). We use the
definitions (2.29) and then convert the remaining quantities
to their Eulerian counterparts using Eq. (2.46). Simplify the
eigenvector using the eigenvalue equation (2.30) to replace
a term B>G. The manipulations are straightforward but a
little lengthy, and we have again verified the results with
computer algebra. The result is

a(B*B, + phW?)s, — (Sv, +TB,)/a T
(aB, + KB"v,)v, + KB,/W? + B,s,/W

lnag = GBB :
ag K + zn
pha
0
(2.93)
where
K= AYmag — GW = _W<1 - Unymag)’
S = B,GW?B%v, + aKB*B,,
T = B,(a*> + G) — aKBv,. (2.94)

5. Transformation to (p.€)

Since many numerical codes use the pair (p,¢) as
primitive variables rather than (p,e), we transform the
Eulerian eigenvectors determined above to these variables.
(The transformation procedure is similar for any other
pair of thermodynamic variables.) The transformation is
invertible:

AUy d(p.e) [x «

dU ~ d(p.e) [o 1]’ (2:95)
du  op.e) [Vx —x/x

dUga  9(p.e) [ 0 1 ] (296)

The part of the transformation acting on the vector part of
the eigenvectors is the identity matrix, so we have not
bothered to write it explicitly. Applying Eq. (2.96) to the
Eulerian right eigenvectors above, we find that X qrain: @nd
Xy are unchanged, while

0 BGB® — pha®W (5" — yaev°) i
W2
0
Xentropy = . Xag = | Pha [BY(1 = yinags®vs) = B (5% = Yinag )] (2.97)
—K
pag/c;
X
I pag/(pcs)
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Note that we have not bothered to introduce a separate
notation to distinguish (p,e) eigenvectors from (p,€)
eigenvectors since these are only being used as intermediate
quantities on the way to using conserved variables.

Similarly, applying Eq. (2.95) to the left eigenvectors
leaves Il onsaine Unchanged. The entropy eigenvector
becomes

lentropy = [0 0 —){P/,U )(,0]- (298)
Equation (2.91) for 1,}; is unchanged, except that the last
two elements become

Byv; — Bywy) T
[J(( 20 1 2)} ‘ (2.99)

K(Byv) — Byvy)
Equation (2.93) for l,,,,, is unchanged, except that the last
two elements become

{;((K + GBB,,/pha?) ] T. (2.100)

k(K + GBB, /pha®)

III. CONSERVED FORMULATION

In this section we introduce the conserved variables,
which are almost universally used in practical codes. Our
ultimate goal is to give the complete characteristic decom-
position for the evolution of these variables. However, this
decomposition cannot be found by simply transforming our
previous results to these new variables. The reason is that as
shown in Ref. [5], the formulation of GRMHD in terms of
conservation equations is not simply a linear combination
of the Anile evolution equations. The two formulations
differ by multiples of the divergence constraint. Since the
divergence constraint contains derivatives, the principal
parts of the equations differ, and hence so do the eigen-
systems.

Reference [5] also showed that the popular “Valencia”
conservation formulation of GRMHD is only weakly
hyperbolic: For certain directions of the spatial normal
chosen for making the characteristic decomposition, there
is not a complete set of eigenvectors. This implies that the
system is not well posed and is not a good candidate for
numerical simulations. Accordingly, in the next section we
will focus on a divergence-cleaning conservation formu-
lation that is well posed.

In the remainder of this section we will define the usual
set of conserved variables. We then give the transformation

matrix between these variables and the primitive variables,
and also give the inverse matrix. Next we transform the
Anile eigenvectors to the conserved variables. We must
emphasize again that these eigenvectors are not the eigen-
vectors for the evolution system of the conserved variables.
We present them to make contact with previous literature,
and also because the actual eigenvectors we will want in the
end are very similar to these ones.

In Appendix A1 we discuss the relation between our
approach and the method of Ref. [12].

A. Conserved variables

The primitive variables in the Eulerian frame are
Uogq = [v*, B, p,€]. (3.1)

We will want to transform from these variables to the
conserved variables

S = ph*W?p® — (ab®)b*,

B¢ = B4,
D = pW,
T =ph*W? — p* — (ab®)? — pW. (3.2)
Here
ab® = —n,b* = u,B* = W(v;B"). (3.3)

Alternative expressions in terms of the Eulerian magnetic
field are

S® = (phW? + B®B,)v* — (Bbv,)B*,

1 1
7 =phW? — p — pW + <1_W>B B“_E(B )%

(3.4)

B. Transformation matrix for right eigenvectors

We will get the eigenvectors for the conservative
formulation by transforming from a primitive variable
formulation rather than deriving them directly from the
equations of motion in conservation form. Using U4 from
Eq. (3.1), and denoting the conserved variables by
U= (8 B D,z), the transformation matrix 0U/0U 4
consists of the following derivatives:
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o(S*,B*,D,7)
d(v®,Bb p.€)
PhW?(y%, + 2W2v%v,) + (BB..)y%, — BB, 2v°B, — B%v, — (v°B.)r%, (1+e+ )W (p+ K)W?r?
B 0 7% 0 0
pW3u, 0 w 0
p(2hW — )W, + (B°B.)v, — (v°B.)B, (2= 1/W?)B, — (v°B.)vy, (1+e+x)W—y=W (p+Kx)W? -«
(3.5)
Here we have used the expressions (3.4), and the deriva- oW W[Z(1 — W?) — W?(B,)?] 0Z
tives of ph have been computed using ph = p +pe + p. It or Z(Z + B°B,) or (3.12)
is convenient when using this matrix to replace 1 + ¢ by
h — p/p since this makes it easier to introduce the sound Next, Eq. (3.7) gives
speed (2.12).
op D oW
. . . E - - W? . (3 13)
C. Transformation matrix for left eigenvectors
We need the inverse of the Jacobian matrix (3.5) to Equation (3.9) gives, after some simplifications,
compute the left eigenvectors. The inverse can be found by
computing the necessary partial derivatives directly. We use a_P _ Z + b? d_Z (3.14)
the idea in Refs. [12,15] of defining an intermediate or Z+ BB, or’ '
variable
Then Eq. (3.8) gives after simplification
_ 2
ocr D Dor’ '

Write the primitive variables in terms of the conserved
variables and Z:

D
_2 3.7
= (3.7)
zZ pW
=142 P 3.8
¢ TowT D (38)
V4 D <BaS“)2+ 1 ! B°B,, (3.9)
= - T - -y .
P 27 aw? )7 e
S B*(B"S,)
a= . 3.10
Y T Z BB, Z(Z+ BB, (3.10)

The last two equations follow from Egs. (3.4).

As an example of the calculations, consider the deriv-
atives of the primitive variables (v, BY, p, €) with respect
to 7, keeping S B¢ and D constant. Differentiating
Eq. (3.10) and simplifying with the first equation in (3.4),
we get

ov®  BY(B®S,)+ 7’1" 0Z
or  Z*(Z+BB,) or’

(3.11)

Since oW /0v® = W3v,, we find

The final relation we need is one for 0Z/dzr. We get this by

using the equation of state information, p(p, €):
ap ap de
—=y— —. 3.16
or d or K or ( )

Equating this expression to Eq. (3.14) and solving the
resulting linear equation for dZ/dr gives

0Z _(x+p)(Z+B'B,)
or D ’

(3.17)

where
D = p[b? — ¢2(Bv,)* + phc? + Z(1 = ). (3.18)

Of course, 0B?/dr = 0, as are dB*/dD and 0B“/dS".
Using a similar procedure for the other variables, we find

v’ B*(B’S,) + Z*v“ 0Z

= : 3.19
oD 7*(Z + B*B,) oD (3.19)
oW WIZ(1 - W?) = W3(B“v,)*] 9Z (3.20)
oD Z(Z+ B“B,) oD’ '
dgp 1 DWw
P (3.21)

oD W W2oD’
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9 Z+b oz
oy, LED 08 (3.22)
oD Z + B*B, 0D
de _(D+p)W—Z pow (3.23)
oD D>W DD’ '
9Z _ [(x(W = h) + phc} + pW](Z + B*B,)
z_ o , (3.24)
0v _ Zy'y + BB, B“(B"S,) +Z°v" 0Z (3.25)
os* ~ Z(Z+B“B,) Z(Z+B“B,) 9S"’ '
ow W3[(Bv,)B), + Zvy)
os* —  Z(Z+ B“B,)
W(Z(1 - W?) - W3(Bv,)] 0Z (3.26)
Z(Z 1 B°B,) oSk’ .
op D oW
= e 527
9p _ BBy = (B'va)By | Z+B O g,
oSt Z+ BB, Z+ BB, oS’ '
e w p oW
=" D" Do 5:29)
0z 2
g5 = {"IK(Z +B'B,) + p(B*B, + Ze3) v,
+p(B*v,)(1 = ¢2)By}/D, (3.30)
ov' _ Zy*,(B"v,) + BS, — 2Zv'B,,
oBP Z(Z + B“B,)
B4(B’S,) + Z*v* 0Z (3.31)
Z2(Z+B'B,) 0B '
|
hW (k — pc2)v®
Reniropy = ’ R
entropy = . , Alf =
Kk(hW = 1) — phWc?
—Bbv,s* + (2B, — v,B"v},)v* — v,B*/W?
s —v,v¢
Rconstraint = 0

B,(2—1/W?) —2v,B%,

—V/ph*|B,B3; + BBy + ri\W*(By + v1 By + v,B3,)]
Vph*(B,B3; — BaBy + riW3(B| — v,By, + v,B3;)]

OW W (Bv,)(Sy + Zv,) = 2ZW(W? ~ 1)B,

0B” Z(Z + B°B,)
WI[Z(1 - W?) — W?(B%v,)?] 0Z
Z(Z + B“B,) 0B
dap D oW
B~ TWaR (3:33)
Op _ [(B“B,) +Z(2W? — 1) + W*(Bv,)*|B,
oB" W2(Z + B*B,)
Z(Bv)vy | Z+Db* OZ (3.34)
Z+ BB, Z+ B“B,0B"’ '
Oe B, + W?(B%v,)v, p oW
B~ Wb DB (3.35)
0Z
5 —{[pZ2W? =1 =2(W? =1)c?)
+«(Z + BB,) + p(BB,)|B,
+ W(Bv,)[k(Z + B*B,) + p(B*B, + Zc3)]v,,
—pW3 (B v,)(1 = ¢3)S,}/W?D, (3.36)
0B®
TR (3.37)

D. Right eigenvectors in conserved variables

We use Eq. (5.3) of Paper I with the matrix (3.5) and the
eigenvectors in Sec. II B 5 to express the right eigenvectors
in terms of the conserved variables. (Once again: these
quantities are not the eigenvectors for the conservative
evolution equations.) Using R to denote the right eigen-
vectors in conserved variables, we find

—2\/,0/’1*B2] (Bn + ry UnWZ) -

0
VPR By + vyry
—VpI* By — 1y
—pWBy;
By W(2W+/ph*ry —p) -
my 8¢ + my,v* + mgB*
Pha[B*(1 = Yinagy) = By (8¢ = Yimagv®)]
—pBGB, /a — p*ah(ya — GW)

my

R

mag —

(3.38)
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Here r; and r4 are defined in Eq. (2.79), while
By = Byvy — Byvs, B3 = B,v; — Byv, B3, = B,vy — Byvy, (3.39)

and

mis = phaW(BB“v, — ph*a),
my, = ph{B,Bv,(ya +2GW) —2aB2 — aW[ya(B"B,/W? + ph) + (1 — 1/c?)GW]},
myg = ph[B(ya — GW) + 2B, (a*> + G)]/W,
my = (p/a){a*B>h — 2B2h(a* + G) + B>W(2yah — G) + B,B(G + 2hWG — 2yah)
+ GWa*hW(1 — ¢2) = 1]/c? + pha®ly — 2yh*W + a(W — h*)] }. (3.40)

While these expressions are somewhat complicated, they are much simpler than expected based on previous attempts.
See, for example, Ref. [12] and the discussion in Appendix A 1.

E. Left eigenvectors in conserved variables

Similarly, applying the transformation matrix defined by the elements in Sec. III C to the left Anile eigenvectors of
Sec. II B 4, we find

1 1
Lentropy =7 [Wvb 7baba h—W _W] > Lconstraint = 1_—2 [O Sp 0 0]7

phe; Vs
i By yaie 17
By + Byyaie
=B — B3y as, — BGWB,/Za + f1,vp (3.41)
L. — 1 —By1yairvph® , L - Bs, + g18Bp, + 91,0 ’
VPR | =(By 4 Byyai)Vph* ¢ hy + Gk — pc?) /p*c?
(By + B31yai)Vph* hy
—By;
L —By, i
|
where IV. CONSERVATIVE DIVERGENCE CLEANING

FORMULATION

fiv=W(=G + BGB,W/Za> + GW(x + p)/ Zpcs), The divergence cleaning formulation of MHD is typi-

(3.42) cally presented as a set of equations in flux-conservative
form. To apply our methods, however, we need to start with
an equivalent representation in the comoving formulation.

_ 2 (2
918 = GeW/pZes = (a” + G)/ W, (3.43) Fortunately, Ref. [10] has done this for us. The derivation
below is patterned after that work, which shows that these
giv = Bv,W?g\5 + W(aB + GBW?/Za), (3.44)  equations are linear combinations of the flux-conservative
ones. Recall, as mentioned in Paper I, that the eigenvectors
hy = =(f1 + ya). (3.45) of Eq. (2.11) and the determinant in Eq. (2.12) of Paper I

are invariant under forming linear combinations of the rows
of the matrix A“q,.

In the divergence cleaning formulation, the Maxwell
equation (2.3) is modified to become

Note that entries 4-6 in L 5j; are just —/ph* times entries
1-3. Note also that finding the relatively simple expressions
for L, required considerable human ingenuity, showing

that sometimes such ingenuity can surpass brute force bra arh b )
computer algebra, at least for now. Va(u?b® —u'b® — g ¢p) = —k.n"¢. (4.1)
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The constant «, is the inverse of the timescale for driving

the divergence constraint exponentially toward zero.

Projecting this equation along u;, now gives the evolution

equation for ¢ instead of the divergence constraint (2.4c):

u'v,p +x,Wep + h**V b, = 0. (4.2)

Projecting Eq. (4.1) perpendicular to wu; gives the
replacement for Eq. (2.24):

— hey, (b°V ub — uV,b") + b .V u

+ hcbvb¢ —_ K‘rhcbnb¢ = O (43)
With the divergence cleaning prescription added to the
Maxwell equation, we cannot derive the energy equation
corresponding to Eq. (2.17) simply by using the First Law
(2.9) as we did in the nonconservative Anile formulation.
Instead, we have to go back to first principles and use the
conservation equation
u,V,T% = 0. (4.4)
Subtracting the modified Maxwell equation (4.1) projected
along b, from this equation and simplifying, we find

(1= )T [{(1=7) -] o]
X p p
+ phV u® — b*(V,p — k.n,¢p) = 0. (4.5)

Now rewrite Eq. (2.13) in terms of (p, €) using Eq. (2.11):

)l(u“(vap —«kV,e)+pV,ut =0. (4.6)

Use this equation to eliminate u“’V,e from Eq. (4.5).
Simplify and find

u*~ ,p + phc2V u® — g b (V,p—kn,p) =0. (4.7)

Similarly, using Eq. (4.7) to eliminate u“V,p from
Eq. (4.6) and simplifying gives
|

u’V e +%(pvuu“ — bV, + k. pbn,) =0. (4.8)

Finally, we get the Euler equation from the projection of
V,T% = 0 orthogonal to u®. This gives Eq. (2.20) as
before. Now, however, we cannot eliminate the problematic
term V,b” using the divergence constraint as we did in
Eq. (2.21). This equation is no longer valid in the presence
of the scalar field ¢, being replaced by Eq. (4.1). So instead
we write

Vb = (h®* — u®u”)V b, = h®®N ,b;, + u?b*V 4u,,.
(4.9)

It is convenient not to introduce another term containing
u*V,u,, so consider

0 - b“Vngb
= b*V,p + (ph + b*)b°u’Vyu, — b*V ,b*

= b9V, p + phV,b" — (ph + b*)h**V,,b,. (4.10)

where we have used Eq. (4.9) to get the last equation. We
now eliminate V,b% from Eq. (2.20) using this relation
and find

ph*hd uV ,ub + h%V p

b? h*
+ ba hdh(vbbu - Vab") +—hvup —Zbdh“”v,,bu = 0
P

(4.11)

This equation is identical to Eq. (2.23) except for the last
term, which is proportional to the divergence constraint.

To enforce the condition u“u, = —1, in the above equa-
tions we again use the identity (2.25). Then Egs. (4.11),
(4.3), (4.7), (4.8), and (4.2) can be written as a quasi-
linear system [Eq. (2.9) of Paper I] for the variables
(u®,b%, p,e, ), where the matrices A¢ are

uh.? (B°h* = bh.") [ (ph*) = bk [ (ph) b [(ph*) + b/ (p*hh*) 0 0
—b%h. + b hbe h.u 0 0 h.“
A? = phc2hbe 0 u? 0 —«xb%/p (4.12)
(p/p)h* 0 0 ut  =b"/p
0 hba 0 0 ul
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A. Characteristic speeds

The characteristic speeds are the zeros of the determinant
of the characteristic matrix A%g,. The determinant is
evaluated in Appendix B 2, and we find up to a constant
factor

det(Aq,) = aG(B? — ph*a*){a’Gb* — pha*

+ c2[pha*(a* + G) — B*G|}. (4.13)
Comparing with Eq. (2.28), we see that the Alfvén and
magnetosonic speeds are the same as in the nonconserva-
tive formulation. However, the entropy eigenvalue (a = 0)
is no longer degenerate with the constraint eigenvalue. The
constraint eigenvalue is replaced by two eigenvalues,
reflecting the increase from an eight- to a nine-dimensional
system. We call these the scalar eigenvalues since they arise
from introducing the scalar field. They are the roots of
G=¢q%,=1-y>=0. SO Yyuu = £1, which are the
wave speeds for any choice of unit timelike and normal
vectors to define g“.

B. Comoving eigensystem

1. Right eigenvectors in the comoving frame

The right eigenvectors follow from solving (A%g,)X =0.
Take X to be of the form (2.31) with an extra component Xg
at the end. Then the analog of Egs. (2.32) is

1
aX,.+— <bbehacq“ - BY,
ph

Bb h*b
X7+ —SX;——S4"Y, ) =0, (4.14
+q N, 7+ph 1T 4 b> (4.14a)
BXC - bcqaxa - aYc - hacqux9 = 0’ (414b)
B
phc2q*X, + aX; — K—X9 =0, (4.14¢)
p
B
P X, +aXg——Xo =0, (4.14d)
p p
q°Y,+aXe=0. (4.14¢)

These equations differ from (2.32) in the extra last term in
the first four equations as well as the new fifth equation.

Entropy, Alfvén, and magnetosonic eigenvectors. The
(nondegenerate) entropy eigenvector corresponding to
a =0, as well as the Alfvén and magnetosonic vectors,
are the same as the expressions given in Sec. I A 2 with a
zero appended. This follows since Eq. (4.14e) has a
solution Xg = ¢“Y, =0. Then Egs. (4.14) reduce to
Egs. (2.32) and have the same solutions found there, since
those solutions satisfy ¢g*Y, = 0.

Scalar eigenvectors. It remains to find the two scalar
eigenvectors corresponding to the eigenvalues given by
G = 1 — y? = 0. Since the equations are linearly dependent
when the eigenvalue is inserted, it is easy to get 0 = 0. One
way of proceeding is as follows:

(1) Use Eq. (4.14e) to eliminate Xg from the other
equations.

(i) Use Eq. (4.14c) to eliminate X5 from Eq. (4.14a).

(iii) Dot Eq. (4.14a) with b° and solve the resulting
equation for ¢°Y..

(iv) Dot Eq. (4.14a) with ¢, use the expression for g°Y .
from the previous step, and solve for b°Y .

(v) Also use the expression for ¢gY,. in Eq. (4.14b) and
solve the equation for Y. in terms of X,., ¢°X,,
and b°X,.

(vi) In Eq. (4.14a), make the substitutions for ¢°Y,,
b°Y., and Y.. Dot with b¢ and solve for bh°X,.
Substitute this back in the equation and solve for X .
An overall factor of ¢°X, is an arbitrary normali-
zation. Choose it to remove the denominator of X,
to find

X, =K,Bh.yq" + pa*(1 - c2)b,., (4.15)

where

K, =K+ pci. (4.16)

(vii) Use this expression to backsolve for the other
quantities.

The final expression for the eigenvector is

K,Bhayq” + pa*(1 — c2)b,
—K,aBb, + h,,q°[k,B*/a + p*ha(1 — c2)]
—K,aBph
—aBlp + p(h - )]

—p*ha*(1 - c3)

X scalar —

(4.17)

This agrees with Eq. (36) in [10] when expressed in a
spatial basis in the comoving frame.

2. Left eigenvectors in the comoving frame
The equations L(A%g,) = 0 for the left eigenvectors are
very similar to the case of the Anile formulation treated in
Sec. IT A 3. There is an additional scalar Lg in the equation
corresponding to (2.39). The equations are the same as
those in Eq. (2.40) except that there is an additional term in
Eq. (2.40b) of the form

h*hcaqa<Lbbb/h _pL9)’ (418)
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and there is a new fifth equation

B(xL; + Lg) — paLy — pY’q, = 0. (4.19)

Entropy eigenvector. The entropy eigenvector correspond-
ing to a=0 is again the only one with Lg # 0.
Equation (2.40c) again implies L, = 0, and solving the
remaining equations gives

Lenwopy = [0 hapq’xB/G —p/p phc? 0]. (4.20)

Scalar eigenvectors. For the other eigenvectors, we set
Lg =0 and use the remaining two scalar equations to
eliminate L, and Lg from the two vector equations. For the
scalar eigenvector (G = 0), the Anile case (2.41) suggests
the ansatz L;, = 0. We then find

[0 hpq” 0 0 —al. (4.21)

L scalar —

Alfvén eigenvectors. Similarly, for the Alfvén eigenvector
we try the ansatz that L, and Y, are both orthogonal to g¢
and b*. Then we find that for B = —\/ph*a the eigenvector
is the same as Eq. (2.42) with a zero appended:

Laig = [ VPR €apcatt”b*q"  —€apeau’°q’ 0 0 0]
(4.22)

The other eigenvector has no minus sign and the appro-
priate change in ¢“. There is an alternative representation in
the form of Eq. (2.43) with a zero appended.

Magnetosonic eigenvectors. For the magnetosonic eigen-
vectors, since Eq. (2.40) is the same in the divergence
cleaning case, we make the ansatz that the corresponding
quantity L, is the same too, namely the first element in
Eq. (2.44). We look for Y, as a linear combination of b, and
hp.q® and find a solution very similar to Eq. (2.44). The
differences are shown boxed in the following equation:

B(a* + G)b,/a — ph*ahg,q" 17
(a2 + G)ba - Bhabqb |:] - K/)g/)/(pG) :|
Lmag = Qp s
0
| 9Bl /a+tra/(pG)] |
(4.23)
where

G, = G/phcs. (4.24)

C. Eigenvectors in the Eulerian frame

1. Right eigenvectors in the Eulerian frame

As for the nonconservative formulation, the transforma-
tion from the comoving to the Eulerian right eigenvectors is
given by the Jacobian matrix d(v“, B)/d(u”, b*). This
matrix acts on the vector part of each eigenvector. The
scalar part of the eigenvectors is unchanged. Since all the
comoving right eigenvectors in the divergence cleaning
formulation are the same as for the nonconservative
formulation (with a zero appended) except X .u.» the
eigenvectors in the FEulerian frame are the same as
Egs. (2.75), (2.78), and (2.84) with a zero appended.
The scalar eigenvector is the only one that is different.
There are two eigenvectors corresponding to the roots
y=*lof G=1-y>=0:

Xscalar

[k,BWF® + (1 — c2)pa*B“]/W? T
n’q,x,BB*/W + [k,BB, + (1 = c})p*ha®*W]F/a
= —Kk,phBa ,

—[p+p(h - x)|Ba
—p*ha*(1 - ¢3)

(4.25)

where F* = y®q, + (nq,)v*. Note that F* = 5% — yp*
and n®q, = —y with y = %1, but we will not make these
substitutions yet.

Applying the transformation (2.96) to Eq. (4.25) to
change the thermodynamic variables from (p, €) to (p, €),
we find that only the third entry changes:

—k,phBa — —(k + p)pBa. (4.26)
Note that the authors of Ref. [10] were not able to find a

simple expression for X, using their dual frames
approach.

2. Left eigenvectors in the Eulerian frame

The transformation (2.87) for the divergence cleaning
case has some additional terms. First, expand (2.87) to a
5 x5 matrix by padding it with zeros. Then add the
following terms:

0 Wbvb/(ph) 0 0 0

0 0 0 0 —WH¢

0 0 0 0 —k(bn,)/p (4.27)
0 0 0 0 —(b"n,)/p

0 —Waot 0 0 -w
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Applying this transformation to the left eigenvectors
in Sec. IVB2 and changing from (p.e) to (p,e),
we find

1

entropy

= [0 Bywq®/G —pW/p phWc? b°n,—Bqn,/G],
(4.28)

lscalar:[o }/abqb 00 _qana]' (429)

Since the comoving Alfvén eigenvector (4.22) is essen-
tially the same as Eq. (2.42), we find that the transformation
to the Eulerian frame gives the same form as Eq. (2.91)
for the first eight components. The change to (p, €) trans-
forms the seventh and eighth components to Eq. (2.99).
Only the ninth (last) component is new, and it takes the
simple form

_(BZUI - Bll)z). (430)
The magnetosonic eigenvectors turn out to be the same

as Eq. (2.93) except for some small changes shown boxed
below.

M 1
aW

Rscalar =

with y = +1. Here

kp = k,B* + (1 — c3)p*a’h,

Kg, = kgB v, — k,paBh*. (4.33)

2. Left eigenvectors for conserved variables

For the divergence cleaning case, the field ¢ is both a
primitive and a conservative variable. Thus, the inverse
transformation matrix derived in Sec. III C simply gets an
extra row and column of zeros, with a 1 in the lower-right
corner. Applying the transformation to the left eigenvectors
given in Sec. IV C 2, we get

I Wuo, 17
1 Ybab® = (B,/GW)s,,
Lentropy = /ch h—-W , (4.34)
-W
| WB“v, — B,v,,/GW |

——[(y&p + 2x,aBB,)B* + W?Bkp(s* + yv*) — 2Wk,BB3v*]
K,yBB*/W + (s* — yv*)[x,BB, + (1 — c})p*a*hW]/a

{x,BI2B2 + pa(ah’ — y)] = kB = 265, 3W + (1 = 2)p*a®B, } /a

[ a(BB,+phW?)s,—(Sv,+TB,)/a 7
KB, (B, G,x,B
(aBn—l—KB"v,,)vu—l—W <W —% )su
L - K+GBB,,
mag pha?
0
BK(Gp—G,x,) +GB,[p(a’ +G) = G,«]
i Gpa ]
(4.31)

Transforming from (p,€) to (p,€) changes the third and
fourth terms to those shown in Eq. (2.100).

D. Eigenvectors for conserved variables

1. Right eigenvectors for conserved variables

As mentioned already in Sec. IV C 1, with the exception
of the scalar eigenvectors, the right eigenvectors are the
same as for the Anile case with a zero appended. Since the
transformation matrix (3.5) is the same, the eigenvectors for
the conserved variables are the same as in Eq. (3.38), with
the exception of R, raini- Which gets replaced by the scalar
eigenvectors.

The scalar eigenvectors transform to

K,ypB — (1 = ¢3)paB, ’ (4.32)
—(1=c)p*a*h |
[
S ERL
T
Lcatar = m 0 . (435)
"I o
L Vscalar |

Since 1, is the same as for the Anile case except for the
additional term (4.30), the eigenvector L, for the con-
served variables is the same as in Eq. (3.41) with the
additional element —B,,+/ph* appended.

The magnetosonic eigenvectors are almost identical to
those in Eq. (3.41). The only differences are exactly the two
additional terms shown boxed in Eq. (4.31). The first addi-
tional term gets added to the second element in Eq. (3.41),
while the second additional term becomes the new fifth
element.
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E. Eigenvectors for the Valencia formulation

It is perhaps surprising that the eigenvalues and eigen-
vectors for the divergence cleaning formulation are so
similar to those of the Anile formulation. Note that the
Valencia formulation does not follow from setting the
scalar field ¢ to zero in the divergence cleaning system.
Nevertheless, the eigenvalues again are almost all identical
to those in Eq. (2.28). However, Ref. [5] shows that even in
the comoving frame, the eigenvectors differ significantly
from those given in Sec. II A. The expected symptoms of
weak hyperbolicity, such as lack of convergence, have not
been reported in simulations using the Valencia formu-
lation. This could be because of the difficulties in showing
strict convergence in simulations containing magnetic field
instabilities or shocks. Many numerical implementa-
tions are able to use constrained transport [16—18], which
guarantees conservation of V - B to machine precision. If
the constraint were identically satisfied, this could explain
why the system is actually strongly hyperbolic in the
constraint-satisfying subspace. Then simulations would
have to be at machine precision to see signs of weak
hyperbolicity. This speculation is obviously difficult to
demonstrate in practice.

Since the Valencia formulation is weakly hyperbolic and
not all simulation schemes allow constrained transport,
including relativistic discontinuous Galerkin schemes, we
have not worked out its decomposition here. However, the
methods of this paper could be used to find the decomposition
in terms of the conserved variables used in simulations.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we have presented a straightforward
method to derive the characteristic decomposition for
GRMHD. The resulting eigenvectors are simple enough to
be used in numerical simulations. This simplicity is some-
what surprising given the complexity of previous attempts.

The key innovation that makes these results possible is
the introduction of a quasi-invertible transformation, as
described in Sec. II B. This transformation allows us to
transform between the variables {u“, b*} in the comoving
frame and the variables {v“, B“} in the Eulerian frame in
such a way that the correct eigenvectors are obtained.
Together with the new transformation law for left eigen-
vectors (2.85), the quasi-invertible transformation allows
the solution of the problem.

We have first derived the decomposition in terms of
conserved variables for the nonconserved formulation of
Anile. This decomposition is not intended to be used in
simulations because this formulation is not equivalent to
the flux-conservative formulation used in practice [5].
We give this decomposition solely to make contact with
previous work, and because the results are very close to the
formulation that uses a divergence-cleaning scalar field
with the flux-conservative form.

We are currently implementing this decomposition
in the SPECTRE code [19] and will test its performance
with a full-wave Riemann solver such as the Marquina
scheme [20,21].

An important future step is to study the impact of de-
generacies on the decomposition. Degeneracies have been
carefully studied and circumvented in the comoving [3]
formulation and also in the work of Ref. [12]. However,
such a treatment will have to be redone for the conservative
case treated here and will be the subject of a future paper.
Degeneracies only occur for very specific orientations of
the magnetic field and so hopefully at only a small number
of grid points in a realistic simulation. In this case, as a
temporary measure we can get the eigenvectors numerically
from the characteristic matrix itself.
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APPENDIX A: COMPARISON WITH PREVIOUS
METHODS

1. The method of Anton et al.

In Ref. [12], Antén et al. found the characteristic
decomposition for MHD in special relativity by a trans-
formation method. They start with the covariant Anile
eigenvectors for the ten variables U.,, = (u“, b%, p, s). The
particular choice of the two thermodynamic variables is not
relevant for the discussion here. They use the same set of
eight conserved variables U, that we use, defined in
Sec. III. They derive the eigensystem along the x-axis, so
they can eliminate B* since it satisfies the trivial evolution
equation 0B*/dt = 0, leaving seven variables. They then
compute the 7 x 10 transformation matrix oU ..,/ 9U ., for
the right eigenvectors by direct differentiation, using the
constraints (2.6) and the 0-component of Eq. (2.3), which is
the divergence constraint.

For the inverse transformation, needed for the left
eigenvectors, they introduce an intermediate set of seven
primitive variables V = (u*, u”, u?, b”, b%, p, p). Here, the
vector quantities are a subset of the covariant variables that
are easy to work with in special relativity. The inverse
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transformation is then essentially computed by using the
matrix product

U, OV
OV Ucops

(A1)

For this procedure to work, we require that the 10 x 7
matrix defined by the product (A1) serve as the matrix
inverse of 0U s/ 0U.,,. But as we have seen, a rectangular
matrix may only have a one-sided inverse in general. We
have not checked whether the matrices given in [12]
function as inverses, since the calculation seems daunting
with the information given. However, even if the method is
consistent, it does not seem possible to apply it in general
relativity. Here the relation between Eulerian and comoving
frames is more complicated, which is why we introduced
the idea of quasi-invertibility.

More important, as mentioned earlier, the Anile equa-
tions do not correspond [5] to the conservation equations,
which are those typically used in numerical simulations.
Simply transforming the Anile equations to conserved
variables does not lead to the correct decomposition.

Finally, the transformations in Ref. [12] are extremely
complicated, leading to eigenvectors covering several
journal pages. For example, their equations (163)—(166)
correspond to our short expression for Ly opy in Eq. (3.41).
Their equations contain derivatives of the quantity Z, which
are evaluated only for the case of an ideal fluid in the
thesis [15]. We have evaluated these derivatives for a
general equation of state in Sec. III C. We have substituted
our expressions into their equations (163)-(166) and
managed to simplify the equations. After many cancella-
tions, two of their equations reduce to the first and fourth
elements of Lyyopy- We have not tried to track down the
origin of the differences in the other two elements, since our
methods lead to much simpler expressions as it is. Note that
three of the elements in Ly, are the same as in
hydrodynamics—the B field cancels out.

2. The method of Schoepe et al.

Schoepe et al. [5] introduced an algorithm for character-
istic decomposition in relativity that relies on a dual frames
approach. The two frames in the algorithm are again the
comoving and the Eulerian frames of the fluid. The forma-
lism is derived from the dual foliation formalism [23], but
because the comoving frame does not correspond to a
|

MaQahcb Qa(bbhca - bahcb)/(ph*)
a qa(_bahcb + bchba) hcbuaqa
A 9a = 2 1,ba
phcsh™q, 0
(p/p)h"q, 0

foliation, the name was changed to dual frames. Note that
this treatment is not related to the earlier use of “dual
frames” in Ref. [24], which forms the basis of the SPEC
numerical relativity code [25].

In Refs. [5,10], the dual-frame formalism is used very
successfully to address the hyperbolicity of various for-
mulations of relativistic fluid equations. In particular, they
show the surprising result that the most commonly used
formulation of GRMHD is only weakly hyperbolic, and so
does not have a well-posed initial value problem.

For numerical work, however, there are several draw-
backs to the dual-frames approach. First, the spatial basis in
the Eulerian frame is treated in a nonstandard way to
simplify the algebra, and one has to translate those results
to the standard Eulerian coordinate basis. Also, from the
point of view of numerical work, nonstandard choices of
primitive variables are made. These are relatively minor
drawbacks. From our perspective, more serious is that the
computations are quite complicated and require computer
algebra essentially throughout, especially for GRMHD.
Thus, extending the dual-frames results from the decom-
position for the primitive variables to that of the conserved
variables in a useful form for numerical work is a somewhat
daunting task that remains to be carried out. By contrast,
the quasi-invertible transformation technique introduced
here leads to much simpler calculations and allows the
complete determination of the GRMHD decomposition in
term of conserved variables, as shown in this paper.

APPENDIX B: EVALUATING THE
CHARACTERISTIC DETERMINANT

1. Nonconservative formulation

In the usual comoving approach in the literature, one
typically deals with a 10 x 10 characteristic determinant
corresponding to the variables (u“, b*) and two thermo-
dynamic variables. The standard form of the determinant is
given in [3], with the remark “Now it is easy to show
that...,” and the value of the determinant is written down
without derivation. Subsequent authors have also just
quoted the answer, either repeating Anile’s remark or
without comment. The determinant was actually first
evaluated in 1966 by Bruhat [1], with a derivation.

In our case, the characteristic matrix has rank eight since
we have explicitly enforced the two constraints on u“
and b“. Equation (2.26) gives

qalh/(ph*) + b b/ (p*hh*)] 0O
0
u'q,

0 uq,

(B1)
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Formally, this is a 10 x 10 matrix with rank eight, so we must be careful in evaluating the determinant. Since the
determinant is a scalar, we can evaluate it in the local comoving frame of the fluid, where h’, — &' j» @3 x 3 matrix. Using

the definitions (2.29), we get

as'; (=B&'; +b'q;)/ (ph*)  (Bbj + phq;)/(p*hh")
det(A’q,) = adet| —B&'; + q'b; as',; 0 : (B2)
pheiq' 0 a

We evaluate the determinant using the formula for the
determinant of a partitioned matrix:

det[P Q] = detSdet(P — QS~'R) (B3)
R S| ’

In our case,

ad

[ Bé’ j+b'q;)/(ph?)
[—Bé’,ﬁ—qbk}
phciq’

S[o a]'

Here we have arranged the tensor indices to facilitate the
matrix multiplications in Eq. (B3). We find

(BD; +ﬂh61j)/(P2hh*)],

Y QO
I

(B4)

0s™!

= [(=B&*; +bkq;)/(ph*a) (Bb;+ phq;)/(p*hh*a) ]
(BS)

and

OS™'R = (B*'; + w'q; + 2'b;) / (ph*a).

w' = Bb' — (b* + phc?)q', Z'=(1-c})Bq',

(B6)

and hence

det(A%q,) = @’ det(T§'; + w'q; + 2'b;)/ (ph*a)*,  (B7)

where

T =—(B> - ph*d®). (B8)

The remaining determinant in Eq. (B7) is given by the
identity

I
det[T6'; +w'q; +2'b;]

=T[T* +T(W'q; +2'b;) +w'q;2b; —w'b;z/q;], (BI)
which we prove below. Now we have
w'q; = B* = q'q;(b> + phc?),
Zjbj = (1 - C?)Bz,
wib; = —phc?B,
dq; = (1-ci)Bq'q;. (B10)

In these equations, we can go back from the local rest frame
of the fluid to a general frame by the replacement

q4'q; = hapq'q” = G + a’. (B11)
Putting all the pieces together, Eq. (B7) becomes
det(Aq,) = a*(B? — ph*a*){a’Gb* — pha*
+ c2lph(a* + G) — B*G|}/(ph*)*.  (BI2)

Dropping the constant denominator gives Eq. (2.28) of the
main text.

To prove the identity (B9), which is a generalization of
the matrix determinant lemma, note that the determinant is
a scalar. The only scalars that can be formed out of 7', w', 7/,
g, and b; are T, w'q;, w'b;, 7'q;, and z'b,. (Quantities like
wiz; cannot appear because the determinant only multiplies
and adds entries together; it cannot raise or lower indices.)
Each term in the determinant consists of three elements
multiplied together. These must be three 7”s, or two 7”’s and
a pair of vector elements like w' and ¢ jsorone T and a set
of four elements from distinct vectors. No elements from
the same vector can be repeated, since the determinant
uses only one element from each row or column at a time.
This is also the reason that none of the allowed scalar
products can appear squared. Thus, the form of the
determinant must be

T[aOTZ + T(alwiqi + ClzZib,' + a3wib,~ + a4quj')

+ asw'q;7/b; + agw'b;zq;]. (B13)
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The only way that a term like g; can appear is multiplied by a w/, since the determinant selects these terms together.
Similarly b; must appear together with z/. Thus, a3 =as =0. Now choose w' = (w!,w?,0), z' = (z!,2%,0),
b; = (by,b,,0), and q; = (¢,,0,0) and evaluate the determinant to determine @, a, .... This gives the result (B9).

2. Divergence cleaning formulation

Equation (4.12) gives in the comoving frame

[ ad; (—=B&'; + b'q;)/(ph*) — ¢'b;/(ph)  (Bb; + phq;)/(p*hh*) 0 0 ]
—-B&'; + q'b; ad'; 0 0 g
det(A%,) = det phclql 0 a 0 —«xB/p |- (B14)
(p/p)d’ 0 a =B/p
L 0 q' 0 0 a |

Multiply the last column by ¢'/a and subtract from the second column to eliminate ¢’ in the bottom row. This gives

as'; (=B&'; +b'q;)/(ph*) — q'b;/ (ph)  (Bb; + phq;)/(p*hh)
a,\_ 2 i i i i
det(A%q,) = a*det | =B&'; + ¢'b; ad'i—q'q;/a 0 . (B15)
pheiqt kBq'/(pa) a

Following the same procedure as we used to evaluate Eq. (B2), we see that Eq. (B4) is replaced by

P=as; Q=] (-B8&;+b'q;)/(ph*)—q'b;/(ph) (Bb;+ phq;)/(p*hh*) ],

—B&' + q'b 5 — g q; 0
R:[ £ k], S:[“ ai/a 0] (B16)
pheiq’ kBq"/(pa) a
Using the matrix determinant lemma, we find that
det(S) = adet(as*; — ¢*q;/a) = a*0,
0=a’>-qq'. (B17)
Using, for example, partitioned matrix techniques again, we can compute
1 [05;+q'q; O
5! __{ AR ] (B18)
at | —xBq'/p 0
So
—ph[kBg*q; + p0(BS*; — b*q;) + (kB> + p*h*a®)q*b,]/ (p>hh*6a) | T
osi— | [kBg“q; + pO(B&"; — b*q;) + ( p h*a®)q*b;l/ (p ) . (B19)

(Bb; + phq;)/(p*hh*a)

We then find that QS~'R is given by the same expression as Eq. (B6), and hence the only difference from Eq. (B7) is that
det(S) = a’ is replaced by a? det(S) = a*6. Since § = a*> — q;q' = —G by Eq. (B11), we get Eq. (B12) but with the initial
factor of a® replaced by aG. This gives Eq. (4.13) of the main text.
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