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The characteristic decomposition for general relativistic magnetohydrodynamics in the comoving frame
of the fluid has been known for a long time. However, it has not been known in the coordinate frame of the
simulation and in terms of the conserved variables evolved in typical numerical simulations. This paper
applies the method of quasi-invertible transformations developed in Paper I to derive this decomposition.
Among other benefits, this will allow us to use the most accurate known computational methods, such as
full-wave Riemann solvers. The results turn out to be simpler than expected based on earlier attempts.
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I. INTRODUCTION

Relativistic flows with strong magnetic and gravitational
fields are associated with extremely energetic astrophysical
phenomena, such as pulsar winds, anomalous x-ray pulsars,
soft gamma-ray repeaters, gamma-ray bursts, and jets in
active galactic nuclei. The merger of two neutron stars or a
neutron star and a black hole is another arena where we
need to be able to deal with this kind of physics.
Much of the time, the magnetic field can be treated in the

ideal magnetohydrodynamic limit (MHD), where the fluid
is treated as a perfect conductor. General relativity (GR)
describes the gravitational field and modifies the equations
of MHD from their nonrelativistic form. General relativistic
magnetohydrodynamics (GRMHD) is used both to model
LIGO mergers involving neutron stars and to match
observations with the Event Horizon Telescope.
Numerical simulations with GRMHD are much more

challenging than purely hydrodynamic simulations in GR.
There are more equations and they are more complicated.
In addition, there are physical instabilities that can require
very high resolution to study accurately. And the con-
servation law that the divergence of the B-field must vanish
can be difficult for the evolution equations to satisfy
numerically. The numerical methods currently used are
variants of high-resolution shock-capturing methods first
developed for hydrodynamics.
There is a serious remaining theoretical gap in the

implementation of all GRMHD codes, both with finite-
difference and discontinuous Galerkin techniques. The gap
is the lack of a complete characteristic decomposition
for the system of equations. In numerical relativity, the

evolution of fluids, magnetic fields, and the metric itself is
done with hyperbolic evolution equations. Hyperbolicity
means that at every point the field admits a decomposition
into independent waves, each with its own wave speed.
Formally, the decomposition is carried out by solving an
eigenvalue problem. The most accurate numerical algo-
rithms typically make use in some way of this characteristic
decomposition. These uses include accurate imposition of
boundary conditions and treatment of shock waves.
Moreover, the most robust and accurate prescriptions for
numerical fluxes across subdomain boundaries are based
on characteristic decomposition.
The characteristic decomposition of the MHD equations

in general relativity was first studied by Bruhat [1] and then
by Anile and Pennisi [2]. The Anile and Pennisi work uses
essentially the same form of the equations as Bruhat, except
for changing one of the independent thermodynamic vari-
ables from enthalpy to pressure. This work was reproduced
in Anile’s book [3], from which the results have been widely
used in the literature. We note that, although Bruhat was the
first to completely analyze the MHD characteristic speeds in
full general relativity directly from the characteristic matrix,
her work has never been cited in this connection by
subsequent authors, with the exception of Ref. [4].
A key result of the Anile and Pennisi work is that there is

a formulation of the MHD equations that is strongly
hyperbolic, a necessary condition for having a well-posed
initial-value problem and thus being suitable for numerical
computations. However, the equations studied in this
early work are not in the form typically used in current
numerical work.
Virtually all numerical codes today use equations in

conservation form: A set of evolved variables is chosen so
that their spatial derivatives appear only in the divergences*Contact author: saul@astro.cornell.edu
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of fluxes. Equations in conservation form allow a wide
variety of robust and accurate treatments of shocks and
other discontinuities in the flow. As shown in Ref. [5],
the equations in conservation form differ from those of
Bruhat and Anile by the addition of multiples of the
divergence constraint ∇ · B ¼ 0. This does not change
the solutions, but does change the principal part of the
equations (the highest derivative terms of the evolved
variables). Changing the principal part changes the eigen-
values and eigenvectors of the characteristic matrix, and
hence can affect the hyperbolicity of the system. In fact,
Ref. [5] shows that the usual conservative system, the
so-called Valencia formulation (see, e.g., the review in [6]),
is only weakly hyperbolic and thus does not have a well-
posed initial-value problem.
One of the challenges of MHD simulations, both as

relativistic and in the Newtonian limit, is to guarantee that
the divergence constraint remains satisfied during the
evolution. Various computational techniques have been
developed to ensure this, one of which is divergence
cleaning [7–9]. In this method, we introduce a scalar field
with an evolution equation that damps the divergence of the
magnetic field and also advects it off the grid. Interestingly,
Ref. [10] has shown that the divergence cleaning formu-
lation of the Valencia scheme is strongly hyperbolic and
thus has a well-posed initial-value problem, making it
attractive for numerical simulations.
In Paper I [11], we introduced a new method for finding

characteristic decompositions of fluid flows in relativity,
which we describe further below. The goal of the current
paper is to apply this method to GRMHD. Besides the
work of Anile [3], the previous works on the charac-
teristic decomposition problem for GRMHD that are
most related to this paper are those of Antón et al. [12],
Ibáñez et al. [13], Schoepe et al. [5], and Hilditch and
Schoepe [10]. We will discuss the connections at appro-
priate points in the text. A detailed comparison with the
work of Antón et al. [12] is given in Appendix A 1 and with
that of Schoepe et al. [5] in Appendix A 2. For other
references to earlier work, see, for example, the introduc-
tion to Ref. [12].
As discussed in more detail in Paper I [11], in the 3þ 1

decomposition we introduce a coordinate frame and con-
sider the evolution with respect to the t ¼ const slices
of this frame. The tangent vectors ta ¼ ð∂=∂tÞa to the
t-coordinate lines are related to the normal na to the slices by

ta ¼ αna þ βa: ð1:1Þ

Here α is the lapse function and βa is the shift vector.1

A special case is to choose the comoving or Lagrangian
frame, where the shift vector is chosen so that the spatial
coordinates are comoving with the fluid. In this case ta is
proportional to ua, the four-velocity of the fluid. As noted
in Paper I and by many previous authors, the characteristic
decomposition for hydrodynamics or MHD is most easily
determined in this frame, since it is the natural frame
associated with the fluid flow. Ultimately, however, we will
want the characteristic decomposition in the 3þ 1 coor-
dinate frame and for the conserved variables in that
frame. We noted in Paper I that we can first find the
decomposition in the Eulerian frame, which is the frame of
observers at rest in the t ¼ const slices and whose four-
velocity is simply na. Then Eq. (3.7) of Paper I shows that
the eigenvalues in the 3þ 1 coordinate frame are simply
related to those in the Eulerian frame, while the eigen-
vectors are the same. So it is sufficient to find the
decomposition in the Eulerian frame.
In Paper I, we introduced a method of doing this entire

procedure for hydrodynamics by first finding the decom-
position for a set of primitive variables in the comoving
frame and then transforming the eigensystem to the
conserved Eulerian variables. The key difference between
this algorithm and previous transformation techniques is
the use of a quasi-invertible transformation. The main
technical innovation in the current paper is the extension of
the quasi-invertible transformation procedure from the
relatively simple case of the fluid velocity to the more
challenging case of the magnetic field. We will first apply
the technique to the nonconservative Anile formulation,
even though this formulation is not used in numerical work.
This will make contact with previous literature and is also
useful because many of the results are identical for the
conservative divergence cleaning formulation, which we
study afterward.
This paper is organized as follows: In Sec. II we derive

a system of equations equivalent to those of Anile [3] for
the nonconservative formulation of GRMHD. We then
carry out the comoving decomposition in Sec. II A in
enough detail to make the subsequent developments clear.
Section II B contains the main technical accomplishment of
the paper, the quasi-invertible transformation from the
comoving variables fua; bag to the Eulerian variables
fva; Bag and vice versa. This transformation is then applied
to the comoving decomposition to get the decomposition in
the Eulerian frame. Section III introduces the conserved
variables. The Jacobian transformation matrix from primi-
tive to conserved variables is given in Sec. III B. The
inverse transformation is given in Sec. III C in a form
much simpler than in previous work. These transformations
are then applied to the Eulerian Anile eigenvectors to
express them in terms of conserved variables. These are
not the eigenvectors for the conservative evolution equa-
tions, but make contact with earlier work and will be useful
in presenting the correct conservative decomposition.

1In this paper, Roman letters a; b;… from the beginning of the
alphabet label 4D abstract spacetime indices. Roman letters
i; j;… from the middle of the alphabet label 3D spatial indices
in some particular coordinate system.
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We present this decomposition for the conservative for-
mulation with divergence cleaning in Sec. IV.

II. NONCONSERVATIVE FORMULATION OF
MAGNETOHYDRODYNAMICS

In the MHD approximation, the electromagnetic field is
completely determined by the comoving magnetic field

ba ¼ −�Fabub; �Fab ¼ ubba − uabb: ð2:1Þ

Here �Fab is the dual of the electromagnetic field tensor:

�Fab ¼ 1

2
ϵabcdFcd: ð2:2Þ

Note that all electromagnetic field quantities in this paper
are renormalized by a factor 1=

ffiffiffiffiffiffi
4π

p
, the standard con-

vention in numerical work. Also, note that the Levi-Civita
tensor ϵabcd is defined with the convention [14] that in flat
spacetime ϵ0123 ¼ þ1. The Maxwell equation ∇a

�Fab ¼ 0
becomes2

−∇aðubba − uabbÞ ¼ 0: ð2:3Þ

The projection of this equation along ub gives the diver-
gence constraint, which can be written in several equivalent
forms:

∇aba þ uaub∇bba ¼ 0; ð2:4aÞ

∇aba − baub∇bua ¼ 0; ð2:4bÞ

hab∇bba ¼ 0: ð2:4cÞ

Here hab is the projection tensor that projects ortho-
gonal to ua:

hab ¼ gab þ uaub: ð2:5Þ

Equation (2.4b) follows from Eq. (2.4a) using uaba ¼ 0.
Equation (2.4c) follows from Eq. (2.4a) using ∇aba ¼
ðhab − uaubÞ∇abb. As we will see below, the divergence
constraint plays an important role in distinguishing differ-
ent formulations of the MHD equations.
We will start out using ua and ba as two of the primitive

variables. In addition, we need two variables describing the
thermodynamic state for a perfect fluid. Of course, at some
stage we have to enforce the constraints

uaua ¼ −1; uaba ¼ 0; ð2:6Þ

reducing the number of independent variables from 10 to 8.
It does not make much difference which two thermo-

dynamic variables we choose as primitive variables; it is
easy to transform from one set to any other. We will choose
the pair ðp; ϵÞ, where p is the pressure and ϵ the specific
internal energy density. This choice simplifies the algebra
slightly. Later we will replace p by ρ, the rest-mass density,
since ðρ; ϵÞ are more convenient in astrophysical codes.
Associated with the fluid are also the total energy density

e, the specific entropy s, and the specific enthalpy h. These
quantities are related by the following equations:

e ¼ ρð1þ ϵÞ; ð2:7Þ

h ¼ 1þ ϵþ p=ρ; ð2:8Þ

Tds ¼ dϵþ pdð1=ρÞ ðFirst LawÞ; ð2:9Þ

p ¼ pðρ; ϵÞ ðEquation of stateÞ; ð2:10Þ

dp ¼ ∂p
∂ρ

����
ϵ

dρþ ∂p
∂ϵ

����
ρ

dϵ≡ χdρþ κdϵ: ð2:11Þ

Here T is the temperature. The quantities χ and κ are related
to the speed of sound cs by

c2s ¼
1

h

�
χ þ p

ρ2
κ

�
ð2:12Þ

(cf. e.g., Appendix A of Paper 1).
We now present a formulation of the MHD equations

equivalent to that of Anile [3], but in slightly simpler
form. In particular, there are only eight dynamical equa-
tions since the constraints uaua ¼ −1 and uaba ¼ 0 are
explicitly enforced. The formulation here is equivalent to
that in Ref. [5].
A basic equation for fluid flow is the equation of mass

conservation,

ua∇aρþ ρ∇aua ¼ 0: ð2:13Þ

The next fundamental equation is the energy equation.
This can be derived from the projection of the conservation
equation ∇aTab along ub, where Tab is the total stress-
energy tensor. It is simpler to proceed as follows: Since the
fluid is taken to be perfect, the flow is isentropic (except at
shocks). Accordingly, we set ds ¼ 0 in Eq. (2.9) and get

dϵ
dτ

¼ p
ρ2

dρ
dτ

: ð2:14Þ

Here τ is the proper time along the fluid worldlines. Rewrite
d=dτ ¼ ua∇a and use Eq. (2.13) so that the energy

2We insert the minus sign in front of this equation so that the
corresponding term on the diagonal of the matrix Aa in Eq. (2.26)
is positive, the same as the sign of the other diagonal terms.
This simplifies the orthogonality relation for the eigenvectors
[cf. Eq. (4.39) of Paper I].
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equation becomes

ua∇aϵþ
p
ρ
∇aua ¼ 0: ð2:15Þ

To use p as a primitive variable, we need its evolution
equation. Equation (2.11) gives

dp
dτ

¼ χ
dρ
dτ

þ κ
dϵ
dτ

¼
�
χ þ κ

p
ρ2

�
dρ
dτ

¼ hc2s
dρ
dτ

; ð2:16Þ

where we have used Eqs. (2.14) and (2.12). So finally,

ua∇apþ ρhc2s∇aua ¼ 0: ð2:17Þ

The total stress-energy tensor for the matter plus mag-
netic field is

Tab ¼ ρh�uaub þ p�gab − babb; ð2:18Þ

where

ρh� ¼ ρhþ b2; p� ¼ pþ 1

2
b2: ð2:19Þ

The Euler equation follows from projecting the conserva-
tion equation ∇bTab ¼ 0 orthogonal to ua using hab. This
gives

ρh�hdbua∇aub þ hda∇ap

þ hdbbað∇bba −∇abbÞ − bd∇aba ¼ 0: ð2:20Þ

The term proportional to ∇aba in this equation turns out to
be problematic in determining the characteristic decom-
position below because the derivative contains pieces
both along and perpendicular to ua. Accordingly, the
characteristic matrix is not completely orthogonal to ua.

We eliminate this problematic term by forming the combi-
nation

ba∇bTa
b þ ρh�½lhs of Eq: ð2.4bÞ� ¼ 0: ð2:21Þ

This equation simplifies to

∇aba ¼ −
1

ρh
ba∇ap: ð2:22Þ

Note that the ua component of the derivative on the right-
hand side of Eq. (2.22) drops out because it is projected
along ba. Substituting Eq. (2.22) in Eq. (2.20) gives the
final form

ρh�hdbua∇aub þ hda∇ap

þ ba
�
hdbð∇bba −∇abbÞ þ

bd

ρh
∇ap

�
¼ 0: ð2:23Þ

This equation is equivalent to Eq. (2.75) of Ref. [3] when
that equation is projected with hab; the component of that
equation along ua is zero.
We used the component of the Maxwell equation (2.3)

along ub in Eq. (2.21), so we only need the projection
with hcb. This gives

−hcbðba∇aub − ua∇abbÞ þ bc∇aua ¼ 0: ð2:24Þ

This equation is equivalent to Eq. (2.76) of Ref. [3] when
that equation is projected with hab and Eq. (2.17) is used.
Again, note that the component of Eq. (2.76) in Ref. [3]
along ua is zero.
To enforce the condition uaua ¼ −1, in the above

equations we use the identity

∇aua ¼ hab∇aub: ð2:25Þ

Then Eqs. (2.23), (2.24), (2.17), and (2.15) can be written
as a quasilinear system [Eq. (2.9) of Paper I] for the
variables ðua; ba; p; ϵÞ, where the matrices Aa are

Aa ¼

2
6664

uahcb ðbbhca − bahcbÞ=ðρh�Þ hca=ðρh�Þ þ bcba=ðρ2hh�Þ 0

−bahcb þ bchba hcbua 0 0

ρhc2shba 0 ua 0

ðp=ρÞhba 0 0 ua

3
7775: ð2:26Þ

A. Comoving decomposition

1. Characteristic speeds

As explained in Sec. II of Paper I, to find the characteristic speeds in the comoving frame, we introduce a vector

qa ¼ yuua þ ζa; ð2:27Þ
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where yu is the comoving eigenvalue (characteristic speed)
and ζa is a unit vector orthogonal to ua defining the
direction of the decomposition. We then set to zero the
determinant of the characteristic matrix Aaqa. The deter-
minant is evaluated in Appendix B, and we find up to a
constant factor the well-known result

detðAaqaÞ ¼ a2ðB2 − ρh�a2Þfa2Gb2 − ρha4

þ c2s ½ρha2ða2 þ GÞ − B2G�g; ð2:28Þ
where we use the common notation

a ¼ qaua; B ¼ qaba; G ¼ qaqa: ð2:29Þ

From Eq. (2.28), we see that there are three classes of
characteristic speeds:

(i) There is a doubly degenerate eigenvalue given
by a ¼ uaqa ¼ yu ¼ 0.

(ii) Two Alfvén waves have speeds given by B ¼
� ffiffiffiffiffiffiffi

ρh�
p

a. With our conventions, the choice B ¼
−

ffiffiffiffiffiffiffi
ρh�

p
a leads to yu ¼ þbaζa=

ffiffiffiffiffiffiffi
ρh�

p
, which we will

take to be the “first” Alfvén eigenvector.
(iii) Four magnetosonic waves have speeds given by the

roots of

N ≡ a2Gb2 − ρha4

þ c2s ½ρha2ða2 þ GÞ − B2G� ¼ 0; ð2:30Þ
a quartic in qa.

2. Right eigenvectors in the comoving frame

The right eigenvectors follow from solving ðAaqaÞX¼ 0.
Take X to be of the form

X ¼

2
6664
Xb

Yb

X7

X8

3
7775: ð2:31Þ

Here the unknown vectors Xb and Yb can be taken to be
orthogonal to ub. Using the explicit form (2.26) of Aa and
the definitions (2.29), we get the equations

aXc þ
1

ρh�

�
bbYbhacqa − BYc

þ qahacX7 þ
Bbc
ρh

X7

�
¼ 0; ð2:32aÞ

BXc − bcqaXa − aYc ¼ 0; ð2:32bÞ

ρhc2sqaXa þ aX7 ¼ 0; ð2:32cÞ
p
ρ
qaXa þ aX8 ¼ 0: ð2:32dÞ

Of course, these equations are not linearly independent
when we insert a qa corresponding to an eigenvalue.

Eigenvectors for the degenerate eigenvalues. Setting
qaua ¼ 0 and solving Eqs. (2.32) from the bottom up,
we get in turn X8 arbitrary, qaXa ¼ 0, Xc ¼ 0, X7 ¼ 0.
Then we can take the two linearly independent eigenvectors
to have either Yc ¼ 0 or X8 ¼ 0:

Xentropy ¼

2
6664
0

0

0

1

3
7775; Xconstraint ¼

2
6664

0

habqb

0

0

3
7775: ð2:33Þ

Here we have followed the standard convention of naming
these eigenvectors the entropy and constraint eigenvectors.
The entropy eigenvector emerges naturally when using
entropy as one of the two thermodynamic variables in the
analysis, while the constraint eigenvector is associated with
the divergence constraint equation.

Alfvén eigenvectors. Inserting B ¼ −
ffiffiffiffiffiffiffi
ρh�

p
a in Eqs. (2.32),

we find X8 ¼ X7 ¼ qaXa ¼ bbYb ¼ 0 and Yc ¼ −
ffiffiffiffiffiffiffi
ρh�

p
Xc.

Thus, Xc and Yc are both orthogonal to qa and ba. Since
they must also be orthogonal to ua, we can take

XAlf ¼

2
6664

ϵabcdubbcqd

−
ffiffiffiffiffiffiffi
ρh�

p
ϵabcdubbcqd

0

0

3
7775: ð2:34Þ

The other eigenvector has a positive square root and a
corresponding change in qd.
We can write the Alfvén eigenvectors in an alternative

form by introducing two “tangential” vectors tað1;2Þ that are
orthogonal to qa and ua. (These vectors are tangential
because qa ¼ yuua þ ζa implies that they are spatial in the
comoving frame and orthogonal to the normal vector ζa.)
Requiring Xc to be a linear combination of these tangential
vectors that is orthogonal to ba gives for the case
B ¼ −

ffiffiffiffiffiffiffi
ρh�

p
a

XAlf ¼

2
6664

b2tað1Þ − b1tað2Þ
−

ffiffiffiffiffiffiffi
ρh�

p ðb2tað1Þ − b1tað2ÞÞ
0

0

3
7775; ð2:35Þ

where b1 ¼ batað1Þ, b2 ¼ batað2Þ. This expression agrees with
that of Ref. [5].

Magnetosonic eigenvectors. To solve Eqs. (2.32) in the
magnetosonic case, we can proceed as follows:
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(i) Use Eqs. (2.32b) and (2.32c) to eliminate Ya and X7

from Eq. (2.32a).
(ii) Dot the resulting equation with bc to get an

expression for bcXc and substitute this expression
back into the equation.

(iii) Solve the resulting equation for Xc. Simplify the
result using the eigenvalue equation (2.30): Solve
that equation for b2 and eliminate b2 from the
equation for Xc. Discard the overall normalization
factor (which is proportional to Xaqa). The result is
surprisingly simple:

Xa ¼ BGba − ρha2habqb: ð2:36Þ

(iv) Use the solution (2.36) to determine the other
unknowns. The resulting eigenvector is

Xmag ¼

2
6664

BGba − ρha2habqb

ρha½ða2 þGÞba − Bhabqb�
ρhaG

paG=ðρc2sÞ

3
7775; ð2:37Þ

where, using Eq. (2.30),

G ¼ ½ρha2ða2 þ GÞ − B2G�c2s=a2 ¼ ρha2 −Gb2: ð2:38Þ
3. Left comoving eigenvectors

The left eigenvectors follow from solving LðAaqaÞ ¼ 0
analogously to the steps to find the right eigenvectors in
Sec. II A 2. Take L to be of the form

L ¼ �
Lb Yb L7 L8

	
; ð2:39Þ

with Lb and Yb orthogonal to ub. Using the explicit form
(2.26) of Aa and the definitions (2.29), we get the equations

aLc − BYc

þ hcaqaðbbYb þ ρhc2sL7 þ pL8=ρÞ ¼ 0; ð2:40aÞ

BLc − bcqaLa − ρah�Yc ¼ 0; ð2:40bÞ

BbaLa þ ρhðqaLa þ ρah�L7Þ ¼ 0; ð2:40cÞ

aL8 ¼ 0: ð2:40dÞ

Degenerate eigenvectors. There are two linearly dependent
eigenvectors corresponding to the degenerate eigenvalue
given by a ¼ 0. In this case, we see from Eqs. (2.40b) and
(2.40c) that Lc ¼ 0. Then one solution has Yc ¼ 0 while

the other has L7 ¼ L8 ¼ 0:

Lentropy ¼
�
0 0 −p=ρ ρhc2s

	
;

Lconstraint ¼
�
0 habqb 0 0

	
: ð2:41Þ

Alfvén eigenvectors. The left Alfvén eigenvectors are very
similar to the right eigenvectors. The Lc and Yc parts are
once again orthogonal to qa and ba. The eigenvector for
B ¼ −

ffiffiffiffiffiffiffi
ρh�

p
a is

LAlf ¼
� ffiffiffiffiffiffiffi

ρh�
p

ϵabcdubbcqd −ϵabcdubbcqd 0 0
	
:

ð2:42Þ

The other eigenvector has no minus sign and the appro-
priate change in qa. An alternative representation analo-
gous to Eq. (2.35) is

LAlf ¼
� ffiffiffiffiffiffiffi

ρh�
p 


b2tað1Þ − b1tað2Þ
�

−


b2tað1Þ − b1tað2Þ

�
0 0

	
:

ð2:43Þ

Magnetosonic eigenvectors. By steps similar to those
resulting in Eq. (2.37), we find from Eqs. (2.40) that the
magnetosonic eigenvectors are

Lmag ¼

2
6664
Bða2 þGÞba=a − ρh�ahabqb

ða2 þGÞba − Bhabqb

G=ðρhc2sÞ
0

3
7775
T

: ð2:44Þ

It is easy to check that the eigenvectors are all mutually
orthogonal: The matrix of the left row eigenvectors
multiplied by the matrix of the corresponding right column
vectors is diagonal (see Sec. IV F of Paper I). Showing
orthogonality among the four different magnetosonic
eigenvectors is actually a little more complicated and
requires the explicit expressions for the eigenvalues. The
diagonal elements of the matrix product correspond to
the norms of each eigenvector. We will not bother to
renormalize the eigenvectors to unit norm, since in practice
it is easier to renormalize the eigenvectors numerically if
necessary.

B. Eulerian eigensystem

Most relativistic MHD codes use as primitive variables a
fluid velocity and magnetic field that are purely spatial,
rather than the pair ðua; baÞ. We will use the Eulerian
velocity and magnetic field, that is, the quantities measured
by an observer whose four-velocity is na, the unit normal to
the t ¼ const hypersurface. This is the observer at rest
in the 3þ 1 coordinate system defined with respect to na.

SAUL A. TEUKOLSKY PHYS. REV. D 113, 124016 (2026)

124016-6



In covariant form, these quantities are defined as

va ¼ γabub=W; Ba ¼ nb�Fba ¼ Wba þ uaðnbbbÞ;
ð2:45Þ

with the inverse relations

ua ¼ Wðva þ naÞ; ba ¼ habBb=W: ð2:46Þ

Here

W ¼ −naua ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − vava
p ð2:47Þ

is a generalized gamma factor, and

γab ¼ gab þ nanb ð2:48Þ

is the projection tensor orthogonal to na that serves as the
corresponding spatial three-metric.

1. Transformation between ðva; BaÞ and ðua; baÞ
As shown in Paper I, to get both the left and the right

transformed eigenvectors, we need the Jacobian matrix for
the transformation from the eight variables Uold ¼ ðua; baÞ
to the six variables U ¼ ðva; BaÞ, as well as the matrix for
the inverse transformation. Since these Jacobian matrices
are effectively 8 × 6 and 6 × 8, they cannot be true matrix
inverses. Recall the detailed discussion in Paper I for the
case without a magnetic field. We invoked a theorem
from linear algebra to conclude that, starting with the
matrix ∂Uold=∂U ¼ ∂uc=∂vb, we could find a left inverse
∂U=∂Uold ¼ ∂va=∂uc such that

∂va

∂uc
∂uc

∂vb
¼ γab: ð2:49Þ

The left inverse is not unique, and we were able to fix this
nonuniqueness by imposing the additional “inverse”
requirement

∂ua

∂vc
∂vc

∂ub
¼ hab: ð2:50Þ

This relation plays a crucial role in showing that the
transformation is quasi-invertible, as defined and discussed
in Sec. VII B of Paper I and also below. The explicit
Jacobian matrices satisfying these conditions are

∂ua

∂vb
¼ Wγab þW2uavb; ð2:51Þ

∂va

∂ub
¼ 1

W
δab þ

1

W2
uanb: ð2:52Þ

Formally, we have satisfied the quasi-invertible condition
of Eq. (7.8) in Paper I,

Aa
old ¼ Aa ∂U

∂Uold
⇔ Aa ¼ Aa

old
∂Uold

∂U
; ð2:53Þ

by the conditions

∂U
∂Uold

∂Uold

∂U
¼ 1; ð2:54Þ

∂Uold

∂U
∂U
∂Uold

¼ 1: ð2:55Þ

We now need to generalize these transformations to
include the magnetic field. We will see that, while we are
always guaranteed to be able to find a left inverse ∂U=∂Uold
for ∂Uold=∂U as in Eq. (2.54), we will not be able to make
this left inverse unique by imposing Eq. (2.54). Fortunately,
we can find an alternative criterion that still gives us a
quasi-invertible transformation. To see how to proceed,
we will attempt to enforce Eq. (2.55) and see where it
breaks down.
We start by differentiating Uold ¼ ðua; baÞ. Since in

Eqs. (2.45) and (2.46) the relations between ua and va

are independent of the magnetic field, Eqs. (2.51) and
(2.52) are still valid. In addition, contributions to the
Jacobian matrices like ∂va=∂bb and ∂ua=∂Bb are zero.
To find the nonzero terms, start with Eq. (2.46) in the form

ba ¼ hacγcbBb=W: ð2:56Þ

Differentiating gives

∂ba

∂Bb ¼
1

W
hacγcb: ð2:57Þ

Similarly, since ∂W=∂vb ¼ W3vb, we get

∂ba

∂vb
¼ −WvbhacBc þ 1

W

�
∂ua

∂vb
uc þ

∂uc
∂vb

ua
�
Bc

¼ uaBb −WBavb þWBcvcðγab þWuavbÞ; ð2:58Þ

where we have used Eq. (2.51) and made some simple
substitutions.
Now Eq. (2.54) becomes [cf. (2.49) with no magnetic

field]

∂ðva; BaÞ
∂ðuc; bcÞ

∂ðuc; bcÞ
∂ðvb; BbÞ ¼

2
664
∂va

∂uc
0

∂Ba

∂uc
∂Ba

∂bc

3
775
2
664
∂uc

∂vb
0

∂bc

∂vb
∂bc

∂Bb

3
775

¼
�
γab 0

0 γab

�
: ð2:59Þ

This gives two conditions on the magnetic field part of the
transformation:
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∂Ba

∂uc
∂uc

∂vb
þ ∂Ba

∂bc
∂bc

∂vb
¼ 0; ð2:60Þ

∂Ba

∂bc
∂bc

∂Bb ¼ γab: ð2:61Þ

Let us first consider Eq. (2.61) and determine ∂Ba=∂bc.
The most general expression for this quantity can be written
in term of na, ua, Ba, and the metric. Also, from Eq. (2.45)
we expect the magnetic field to enter the Jacobian matrix at
most linearly. So we set

∂Ba

∂bc
¼ Aδac þ Buauc þ Cuanc þDnauc þ Enanc

þ FBauc þ GuaBc þHBanc þ InaBc: ð2:62Þ

(Note that the scalars A; B;… used in this subsection are
not related to the same symbols used elsewhere in the
paper.) Substitute this expression and Eq. (2.57) in
Eq. (2.61). Thus, find

∂Ba

∂bc
¼ Wδac þ Buauc þ uanc þDnauc þ FBauc: ð2:63Þ

We will return to Eq. (2.60) in a moment. Note that the
“inverse” requirement (2.55) multiplies the matrices in
Eq. (2.59) in the opposite order. This gives the two
conditions

∂ba

∂vc
∂vc

∂ub
þ ∂ba

∂Bc

∂Bc

∂ub
¼? 0; ð2:64Þ

∂ba

∂Bc

∂Bc

∂bb
¼ hab: ð2:65Þ

The question mark over the equals sign in Eq. (2.64) is to
remind us that we will find that we cannot, in fact,
accomplish this requirement.
Turning our attention first to Eq. (2.65) and using

Eqs. (2.57) and (2.63), we find B ¼ F ¼ 0 in Eq. (2.63).
Next, set

∂Ba

∂uc
¼ Āδac þ B̄uauc þ C̄uanc þ D̄nauc þ Ēnanc

þ F̄Bauc þ ḠuaBc þ H̄Banc þ ĪnaBc: ð2:66Þ

Substitute this expression into Eq. (2.64) and choose the
coefficients to zero the expression. However, do not try to
zero the terms proportional to ua. You will find that it is not
possible to do so and simultaneously zero all the other
terms. Instead, use the corresponding coefficients to help
zero the remaining terms. We will explain at the end of this
subsection why this procedure works.

Proceeding in this way, we find

∂Ba

∂uc
¼ D̄nauc þ Ēnanc þ ĪnaBc

þ 1

W

�
BaðWuc − ncÞ − ðBbubÞðWδac þ uancÞ

	
:

ð2:67Þ

Finally, substitute the results so far into Eq. (2.60). Thus,
find D ¼ WĪ and Ē ¼ 0.
We are free to set the remaining coefficients D̄, Ī, and D

to zero so that

∂

∂ub
ðBanaÞ ¼

∂

∂bb
ðBanaÞ ¼ 0: ð2:68Þ

Thus, the final form of the transformation matrices is

∂Ba

∂ub
¼ 1

W

�
BaðWub − nbÞ − ðBbubÞðWδab þ uanbÞ

	
;

ð2:69Þ

∂Ba

∂bb
¼ Wδab þ uanb: ð2:70Þ

We now explain why the above procedure works. Recall
that a quasi-invertible transformation ensures that the
matrices of right and left eigenvectors are inverses:

1 ¼ L · X ¼ LoldðAa
oldnaÞ

∂Uold

∂U
∂U
∂Uold

Xold: ð2:71Þ

Here we have used the transformation rules for going from
the comoving to the Eulerian eigenvectors, Eqs. (5.3) and
(7.13) of Paper I. Notice that the factor ðAa

oldnaÞ gives zero
when acting on ua. Accordingly, we can allow the right-
hand side of Eq. (2.55) to differ from the identity by an
off-diagonal term proportional to ua and Eq. (2.71) will
still hold. [In fact, instead of zero, the right-hand side of
Eq. (2.64) turns out to be uabb.] Since the inverse of a
matrix is unique, we are assured that any procedure that
finds the correct inverse L of the matrix X must be valid.
Essentially what we have done is to require that the quasi-
invertible condition (2.53) only needs to hold when
projected along na.

2. Eigenvalues for the Eulerian frame

In the Eulerian frame, the vector qa defined in Eq. (2.27)
becomes

qa ¼ yna þ sa; ð2:72Þ
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where sa is a unit spatial vector in the direction of the
decomposition. Here y is now the eigenvalue in the
Eulerian frame.
The degenerate eigenvalues corresponding to a ¼

qaua ¼ 0 have the value in the Eulerian frame

y ¼ vasa: ð2:73Þ

For the Alfvén eigenvalues, the condition B ¼ −
ffiffiffiffiffiffiffi
ρh�

p
a

gives

yAlf ¼ vasa þ
Basa

W2ð ffiffiffiffiffiffiffi
ρh�

p þ BavaÞ
: ð2:74Þ

The other eigenvector has the opposite sign for the square
root. The magnetosonic eigenvalues require the solution of
the quartic equation (2.30) expressed in Eulerian variables.

3. Right eigenvectors in the Eulerian frame

The transformation from the comoving to the Eulerian
right eigenvectors is given by the Jacobian matrix
∂ðva; BaÞ=∂ðub; bbÞ. This matrix acts on the vector part
of each eigenvector. The scalar part of the eigenvectors is
unchanged.

Degenerate eigenvectors. Applying this transformation to
the degenerate eigenvectors (2.33) and setting qa ¼
yna þ sa, we get

xentropy ¼

2
6664
0

0

0

1

3
7775; xconstraint ¼

2
6664

0

sa − ðsbvbÞva
0

0

3
7775: ð2:75Þ

Alfvén eigenvectors. For the Alfvén eigenvectors, we have
not found a simple way of transforming the expression
(2.35). Thus, we start with Eq. (2.34). The transformation
of the first component of that expression consists of the
following steps:

(i) The Jacobian matrix (2.52) gives

∂va

∂ue
ϵebcdubbcqd ¼

1

W
ϵabcdubbcqd

þ 1

W2
uaneϵebcdubbcqd: ð2:76Þ

(ii) Replace ba and ua by their Eulerian equivalents Ba

and va, Eq. (2.46). Also set qa ¼ yAlfna þ sa.
(iii) Expand Ba and va in the orthonormal Eulerian

spatial basis:

Ba ¼ Bnsa þ B1tað1Þ þ B2tað2Þ;

va ¼ vnsa þ v1tað1Þ þ v2tað2Þ: ð2:77Þ

The ðsa; tað1Þ; tað2ÞÞ components of the result are all

proportional to ϵabcdnasbtcð1Þ; t
d
ð2Þ, which is unity.

(iv) Substitute for yAlf from Eq. (2.74). Simplify the
result using Bnvn þ B1v1 þ B2v2 ¼ Bava and v2n þ
v21 þ v22 ¼ 1 − 1=W2.

Repeat the procedure to find the second component of the
eigenvector using Eqs. (2.69) and (2.70). The result is

xAlf ¼

2
66666666666664

BnðB1v2 − B2v1Þ=r1W2

ðr2B2 − r3v2Þ=r1W2

ð−r2B1 þ r3v1Þ=r1W2

0

r4v2 þ B2

ffiffiffiffiffiffiffi
ρh�

p

−r4v1 − B1

ffiffiffiffiffiffiffi
ρh�

p

0

0

3
77777777777775
; ð2:78Þ

where

r1 ¼ Bava þ
ffiffiffiffiffiffiffi
ρh�

p
; r2 ¼ Bnvn − r1;

r3 ¼ B2
n þ r1BavaW2; r4 ¼ BaBa þ r1BavaW2:

ð2:79Þ

In Eq. (2.78) the first six components are the ðsa; tað1Þ; tað2ÞÞ
components of each of the vectors.
Equation (22) in Ref. [13] gives an implicit expression

for xAlf that uses ðBa; va; saÞ as a basis instead of the
orthonormal basis ðsa; tað1Þ; tað2ÞÞ. We have computed that

expression explicitly and have verified that our expression
is equivalent up to the normalization, but is somewhat
simpler.3

Magnetosonic eigenvectors. Next we consider the magne-
tosonic eigenvectors. We need to apply the Jacobian matrix
∂ðva; BaÞ=∂ðub; bbÞ to the expression (2.37). For the first
component of Eq. (2.37), we find that

3There is a typo in the (2,2) term of the characteristic matrix
in [13]. The term BiBj should be −BiBj.
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∂va

∂uc
ðBGbc − ρha2hcbqbÞ

¼ BGðbbnbua þWbaÞ − ρha2ðnbqbua þWqaÞ
W2

:

ð2:80Þ

Replace ba and ua by their Eulerian equivalents Ba and va,
Eq. (2.46). Also set qa ¼ ymagna þ sa. Thus, get

BGBa − ρha2ðsa − ymagvaÞ
W2

: ð2:81Þ

Transforming the second component of Eq. (2.37) in the
same way with Eqs. (2.69) and (2.70), we get

ρha
W

�
BaðGW − ymagaÞ −W2ðB − aBbvbÞðsa − ymagvaÞ

	
:

ð2:82Þ

Making the replacement B ¼ aBbvb þ Bbsb=W gives the
final expression

xmag ¼

2
666664

BGBa − ρha2Wðsa − ymagvaÞ
W2

ρha½Bað1 − ymagvnÞ − Bnðsa − ymagvaÞ�
ρhaG

paG=ðρc2sÞ

3
777775:

ð2:83Þ

The above equation agrees with Eq. (25) in [13]. The
authors remark, “The expressions of the eigenvectors have
been obtained after tedious algebraic manipulations.” And
this for only the right eigenvectors, and not in terms of the
conserved variables.

We can also express the vector parts of Eq. (2.83) in the
ðsa; tað1Þ; tað2ÞÞ basis to give the result

xmag ¼

2
6666666666666664

½BGBn − ρha2Wð1 − ymagvnÞ�=W2

½BGB1 þ ρha2Wymagv1�=W2

½BGB2 þ ρha2Wymagv2�=W2

0

ρha½B1ð1 − ymagvnÞ þ v1Bnymag�
ρha½B2ð1 − ymagvnÞ þ v2Bnymag�

ρhaG

paG=ðρc2sÞ

3
7777777777777775

: ð2:84Þ

4. Left eigenvectors in the Eulerian frame

The transformation from comoving to Eulerian frames
for the left eigenvectors is more complicated than the one
for the right eigenvectors. The reason is that the trans-
formation is not invertible, but only quasi-invertible. As
shown in Paper I, the transformation is given by

L ¼ LoldðAa
oldnaÞ

∂Uold

∂U
ð2:85Þ

[Eq. (7.13) of Paper I]. Here the matrix ∂Uold=∂U must be
chosen to satisfy the quasi-invertible condition and takes
the form

∂Uold

∂U
¼

2
6666664

∂uc

∂vb
0 0 0

∂bc

∂vb
∂bc

∂Bb 0 0

0 0 1 0

0 0 0 1

3
7777775
: ð2:86Þ

Using Eqs. (2.26), (2.51), (2.57), and (2.58), we find after
some simplifications

ðAa
oldnaÞ

∂Uold

∂U
¼

2
66666664

Cab −
1

ρh�W
½ðbcncÞhab þWHabb� 1

ρ2hh�
½ðbcncÞba − ρhWHa� 0

0 −ðγab þWuavbÞ 0 0

−ρhc2sW3vb 0 −W 0

−
p
ρ
W3vb 0 0 −W

3
77777775
: ð2:87Þ

Here

Cab ¼ 1

ρh�
�½ðbcncÞ2 − ρh�W2�hab þWðbcncÞHabb þW3Haðb2vb þ ρh�nbÞ þW2ðbcncÞbavb



;

Ha ¼ ua − na=W: ð2:88Þ
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Degenerate eigenvectors. Applying the transformation
(2.87) to the eigenvectors (2.41) corresponding to the
degenerate eigenvalues gives

lentropy ¼
�
0 0 −p=ρ ρhc2s

	
;

lconstraint ¼
�
0 γabqb 0 0

	
: ð2:89Þ

Alfvén eigenvectors. Applying the transformation (2.87) to
the Alfvén eigenvectors (2.42) is straightforward but a little
lengthy. We have verified our calculations with computer
algebra. The transformation consists of the following steps:

(i) Multiply the eigenvector (2.42) into the matrix
(2.87) and then convert all quantities to their
Eulerian counterparts using Eq. (2.46).

(ii) Substitute qa ¼ yAlfna þ sa with yAlf from Eq. (2.74).
(iii) Expand the vectors Ba and va when contracted into

ϵabcd in the ðsa; tað1Þ; tað2ÞÞ basis.
(iv) Project the vector pieces of the eigenvector along

ðsa; tað1Þ; tað2ÞÞ and simplify. A useful relation for
this is

BaBa ¼ ½ρh� − ðBavaÞ2�W2 − ρhW2: ð2:90Þ

(v) Divide out a common scale factor of ϵabcdnasbtcð1Þt
d
ð2Þ.

The result is

lAlf ¼

2
66666666666664

l1ðB2v1 − B1v2Þ
l1ðBnv2 − B2vnÞ þ B2ðb2 þ ρhW2Þ
l1ðB1vn − Bnv1Þ − B1ðb2 þ ρhW2Þffiffiffiffiffiffiffi

ρh�
p

vnðB1v2 − B2v1Þ
−

ffiffiffiffiffiffiffi
ρh�

p
B2ð1 − v2nÞ − v2ð

ffiffiffiffiffiffiffi
ρh�

p
Bnvn þ b2Þffiffiffiffiffiffiffi

ρh�
p

B1ð1 − v2nÞ þ v1ð
ffiffiffiffiffiffiffi
ρh�

p
Bnvn þ b2Þ

B2v1 − B1v2
0

3
77777777777775

T

;

ð2:91Þ

where

l1 ¼ Bn

ffiffiffiffiffiffiffi
ρh�

p
− ρhvnW2: ð2:92Þ

Magnetosonic eigenvectors. For the magnetosonic eigen-
vectors, we multiply Eq. (2.44) into Eq. (2.87). We use the
definitions (2.29) and then convert the remaining quantities
to their Eulerian counterparts using Eq. (2.46). Simplify the
eigenvector using the eigenvalue equation (2.30) to replace
a term B2G. The manipulations are straightforward but a
little lengthy, and we have again verified the results with
computer algebra. The result is

lmag ¼

2
666664

aðBaBa þ ρhW2Þsa − ðSva þ TBaÞ=a
ðaBn þ KBbvbÞva þ KBa=W2 þ Bnsa=W

K þGBBn

ρha2

0

3
777775

T

;

ð2:93Þ

where

K ¼ aymag −GW ¼ −Wð1 − vnymagÞ;
S ¼ BnGW2Bava þ aKBaBa;

T ¼ Bnða2 þ GÞ − aKBava: ð2:94Þ

5. Transformation to ðρ;ϵÞ
Since many numerical codes use the pair ðρ; ϵÞ as

primitive variables rather than ðp; ϵÞ, we transform the
Eulerian eigenvectors determined above to these variables.
(The transformation procedure is similar for any other
pair of thermodynamic variables.) The transformation is
invertible:

dUold

dU
¼ ∂ðp; ϵÞ

∂ðρ; ϵÞ ¼
�
χ κ

0 1

�
; ð2:95Þ

dU
dUold

¼ ∂ðρ; ϵÞ
∂ðp; ϵÞ ¼

�
1=χ −κ=χ
0 1

�
: ð2:96Þ

The part of the transformation acting on the vector part of
the eigenvectors is the identity matrix, so we have not
bothered to write it explicitly. Applying Eq. (2.96) to the
Eulerian right eigenvectors above, we find that xconstraint and
xAlf are unchanged, while

xentropy ¼

2
6664

0

0

−κ
χ

3
7775; xmag ¼

2
6666664

BGBa − ρha2Wðsa − ymagvaÞ
W2

ρha
�
Bað1 − ymagsbvbÞ − Bbsbðsa − ymagvaÞ

	
ρaG=c2s

paG=ðρc2sÞ

3
7777775
: ð2:97Þ
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Note that we have not bothered to introduce a separate
notation to distinguish ðp; ϵÞ eigenvectors from ðρ; ϵÞ
eigenvectors since these are only being used as intermediate
quantities on the way to using conserved variables.
Similarly, applying Eq. (2.95) to the left eigenvectors

leaves lconstraint unchanged. The entropy eigenvector
becomes

lentropy ¼
�
0 0 −χp=ρ χρ

	
: ð2:98Þ

Equation (2.91) for lAlf is unchanged, except that the last
two elements become

�
χðB2v1 − B1v2Þ
κðB2v1 − B1v2Þ

�T
: ð2:99Þ

Equation (2.93) for lmag is unchanged, except that the last
two elements become

�
χðK þ GBBn=ρha2Þ
κðK þ GBBn=ρha2Þ

�T
: ð2:100Þ

III. CONSERVED FORMULATION

In this section we introduce the conserved variables,
which are almost universally used in practical codes. Our
ultimate goal is to give the complete characteristic decom-
position for the evolution of these variables. However, this
decomposition cannot be found by simply transforming our
previous results to these new variables. The reason is that as
shown in Ref. [5], the formulation of GRMHD in terms of
conservation equations is not simply a linear combination
of the Anile evolution equations. The two formulations
differ by multiples of the divergence constraint. Since the
divergence constraint contains derivatives, the principal
parts of the equations differ, and hence so do the eigen-
systems.
Reference [5] also showed that the popular “Valencia”

conservation formulation of GRMHD is only weakly
hyperbolic: For certain directions of the spatial normal
chosen for making the characteristic decomposition, there
is not a complete set of eigenvectors. This implies that the
system is not well posed and is not a good candidate for
numerical simulations. Accordingly, in the next section we
will focus on a divergence-cleaning conservation formu-
lation that is well posed.
In the remainder of this section we will define the usual

set of conserved variables. We then give the transformation

matrix between these variables and the primitive variables,
and also give the inverse matrix. Next we transform the
Anile eigenvectors to the conserved variables. We must
emphasize again that these eigenvectors are not the eigen-
vectors for the evolution system of the conserved variables.
We present them to make contact with previous literature,
and also because the actual eigenvectors we will want in the
end are very similar to these ones.
In Appendix A 1 we discuss the relation between our

approach and the method of Ref. [12].

A. Conserved variables

The primitive variables in the Eulerian frame are

Uold ¼ ½va; Ba; ρ; ϵ�: ð3:1Þ

We will want to transform from these variables to the
conserved variables

Sa ¼ ρh�W2va − ðαb0Þba;
Ba ¼ Ba;

D ¼ ρW;

τ ¼ ρh�W2 − p� − ðαb0Þ2 − ρW: ð3:2Þ

Here

αb0 ¼ −naba ¼ uaBa ¼ WðviBiÞ: ð3:3Þ

Alternative expressions in terms of the Eulerian magnetic
field are

Sa ¼ ðρhW2 þ BbBbÞva − ðBbvbÞBa;

τ ¼ ρhW2 − p − ρW þ
�
1 −

1

2W2

�
BaBa −

1

2
ðBavaÞ2:

ð3:4Þ

B. Transformation matrix for right eigenvectors

We will get the eigenvectors for the conservative
formulation by transforming from a primitive variable
formulation rather than deriving them directly from the
equations of motion in conservation form. Using Uold from
Eq. (3.1), and denoting the conserved variables by
U ¼ ðSa; Ba;D; τÞ, the transformation matrix ∂U=∂Uold
consists of the following derivatives:
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∂ðSa;Ba;D; τÞ
∂ðvb;Bb;ρ;ϵÞ

¼

2
66664
ρhW2ðγab þ 2W2vavbÞþ ðBcBcÞγab −BaBb 2vaBb −Bavb − ðvcBcÞγab ð1þ ϵþ χÞW2va ðρþ κÞW2va

0 γab 0 0

ρW3vb 0 W 0

ρð2hW − 1ÞW3vb þðBcBcÞvb − ðvcBcÞBb ð2− 1=W2ÞBb − ðvcBcÞvb ð1þ ϵþ χÞW2 − χ −W ðρþ κÞW2 − κ

3
77775:

ð3:5Þ

Here we have used the expressions (3.4), and the deriva-
tives of ρh have been computed using ρh ¼ ρþ ρϵþ p. It
is convenient when using this matrix to replace 1þ ϵ by
h − p=ρ since this makes it easier to introduce the sound
speed (2.12).

C. Transformation matrix for left eigenvectors

We need the inverse of the Jacobian matrix (3.5) to
compute the left eigenvectors. The inverse can be found by
computing the necessary partial derivatives directly. We use
the idea in Refs. [12,15] of defining an intermediate
variable

Z ¼ ρhW2: ð3:6Þ

Write the primitive variables in terms of the conserved
variables and Z:

ρ ¼ D
W

; ð3:7Þ

ϵ ¼ −1þ Z
DW

−
pW
D

; ð3:8Þ

p ¼ Z − τ −D −
ðBaSaÞ2
2Z2

þ
�
1 −

1

2W2

�
BaBa; ð3:9Þ

va ¼ Sa

Z þ BaBa
þ BaðBbSbÞ
ZðZ þ BaBaÞ

: ð3:10Þ

The last two equations follow from Eqs. (3.4).
As an example of the calculations, consider the deriv-

atives of the primitive variables ðva; Ba; ρ; ϵÞ with respect
to τ, keeping Sa, Ba, and D constant. Differentiating
Eq. (3.10) and simplifying with the first equation in (3.4),
we get

∂va

∂τ
¼ −

BaðBbSbÞ þ Z2va

Z2ðZ þ BaBaÞ
∂Z
∂τ

: ð3:11Þ

Since ∂W=∂va ¼ W3va, we find

∂W
∂τ

¼ W½Zð1 −W2Þ −W2ðBavaÞ2�
ZðZ þ BaBaÞ

∂Z
∂τ

: ð3:12Þ

Next, Eq. (3.7) gives

∂ρ

∂τ
¼ −

D
W2

∂W
∂τ

: ð3:13Þ

Equation (3.9) gives, after some simplifications,

∂p
∂τ

¼ −1þ Z þ b2

Z þ BaBa

∂Z
∂τ

: ð3:14Þ

Then Eq. (3.8) gives after simplification

∂ϵ

∂τ
¼ W

D
−
p
D
∂W
∂τ

: ð3:15Þ

The final relation we need is one for ∂Z=∂τ. We get this by
using the equation of state information, pðρ; ϵÞ:

∂p
∂τ

¼ χ
∂ρ

∂τ
þ κ

∂ϵ

∂τ
: ð3:16Þ

Equating this expression to Eq. (3.14) and solving the
resulting linear equation for ∂Z=∂τ gives

∂Z
∂τ

¼ ðκ þ ρÞðZ þ BaBaÞ
D

; ð3:17Þ

where

D ¼ ρ½b2 − c2sðBavaÞ2 þ ρhc2s þ Zð1 − c2sÞ�: ð3:18Þ

Of course, ∂Ba=∂τ ¼ 0, as are ∂Ba=∂D and ∂Ba=∂Sb.
Using a similar procedure for the other variables, we find

∂va

∂D
¼ −

BaðBbSbÞ þ Z2va

Z2ðZ þ BaBaÞ
∂Z
∂D

; ð3:19Þ

∂W
∂D

¼ W½Zð1 −W2Þ −W2ðBavaÞ2�
ZðZ þ BaBaÞ

∂Z
∂D

; ð3:20Þ

∂ρ

∂D
¼ 1

W
−

D
W2

∂W
∂D

; ð3:21Þ
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∂p
∂D

¼ −1þ Z þ b2

Z þ BaBa

∂Z
∂D

; ð3:22Þ

∂ϵ

∂D
¼ ðDþ pÞW2 − Z

D2W
−
p
D
∂W
∂D

; ð3:23Þ

∂Z
∂D

¼ ½ðκðW − hÞ þ ρhc2s þ ρW�ðZ þ BaBaÞ
WD

; ð3:24Þ

∂va

∂Sb
¼ Zγab þ BaBb

ZðZ þ BaBaÞ
−
BaðBbSbÞ þ Z2va

Z2ðZ þ BaBaÞ
∂Z
∂Sb

; ð3:25Þ

∂W
∂Sb

¼ W3½ðBavaÞBb þ Zvb�
ZðZ þ BaBaÞ

þW½Zð1 −W2Þ −W2ðBavaÞ2�
ZðZ þ BaBaÞ

∂Z
∂Sb

; ð3:26Þ

∂ρ

∂Sb
¼ −

D
W2

∂W
∂Sb

; ð3:27Þ

∂p
∂Sb

¼ ðBaBaÞvb − ðBavaÞBb

Z þ BaBa
þ Z þ b2

Z þ BaBa

∂Z
∂Sb

; ð3:28Þ

∂ϵ

∂Sb
¼ −

W
D

vb −
p
D
∂W
∂Sb

; ð3:29Þ

∂Z
∂Sb

¼ f−½κðZ þ BaBaÞ þ ρðBaBa þ Zc2sÞ�vb
þ ρðBavaÞð1 − c2sÞBbg=D; ð3:30Þ

∂va

∂Bb ¼
ZγabðBavaÞ þ BaSb − 2ZvaBb

ZðZ þ BaBaÞ

−
BaðBbSbÞ þ Z2va

Z2ðZ þ BaBaÞ
∂Z
∂Bb ; ð3:31Þ

∂W
∂Bb ¼

W3ðBavaÞðSb þ ZvbÞ − 2ZWðW2 − 1ÞBb

ZðZ þ BaBaÞ

þW½Zð1 −W2Þ −W2ðBavaÞ2�
ZðZ þ BaBaÞ

∂Z
∂Bb ; ð3:32Þ

∂ρ

∂Bb ¼ −
D
W2

∂W
∂Bb ; ð3:33Þ

∂p
∂Bb ¼

½ðBaBaÞ þ Zð2W2 − 1Þ þW2ðBavaÞ2�Bb

W2ðZ þ BaBaÞ

−
ZðBavaÞvb
Z þ BaBa

þ Z þ b2

Z þ BaBa

∂Z
∂Bb ; ð3:34Þ

∂ϵ

∂Bb ¼ −
Bb þW2ðBavaÞvb

WD
−
p
D

∂W
∂Bb ; ð3:35Þ

∂Z
∂Bb ¼ −f½ρZð2W2 − 1 − 2ðW2 − 1Þc2sÞ

þ κðZ þ BaBaÞ þ ρðBaBaÞ�Bb

þW2ðBavaÞ½κðZ þ BaBaÞ þ ρðBaBa þ Zc2sÞ�vb
− ρW2ðBavaÞð1 − c2sÞSbg=W2D; ð3:36Þ

∂Ba

∂Bb ¼ γab: ð3:37Þ

D. Right eigenvectors in conserved variables

We use Eq. (5.3) of Paper I with the matrix (3.5) and the
eigenvectors in Sec. II B 5 to express the right eigenvectors
in terms of the conserved variables. (Once again: these
quantities are not the eigenvectors for the conservative
evolution equations.) Using R to denote the right eigen-
vectors in conserved variables, we find

Rentropy ¼

2
6664

hWðκ − ρc2sÞva
0

κ

κðhW − 1Þ − ρhWc2s

3
7775; RAlf ¼

2
6666666666664

−2
ffiffiffiffiffiffiffi
ρh�

p
B21ðBn þ r1vnW2Þ

−
ffiffiffiffiffiffiffi
ρh�

p ½BnB32 þ B1B21 þ r1W2ðB2 þ v1B21 þ vnB32Þ�ffiffiffiffiffiffiffi
ρh�

p ½BnB31 − B2B21 þ r1W2ðB1 − v2B21 þ vnB31Þ�
0ffiffiffiffiffiffiffi

ρh�
p

B2 þ v2r4
−

ffiffiffiffiffiffiffi
ρh�

p
B1 − v1r4

−ρWB21

−B21Wð2W ffiffiffiffiffiffiffi
ρh�

p
r1 − ρÞ

3
7777777777775
;

Rconstraint ¼

2
6664
−Bbvbsa þ ð2Bn − vnBbvbÞva − vnBa=W2

sa − vnva

0

Bnð2 − 1=W2Þ − 2vnBava

3
7775; Rmag ¼

2
6664

m1 ssa þm1vva þm1BBa

ρha½Bað1 − ymagvnÞ − Bnðsa − ymagvaÞ�
−ρBGBn=a − ρ2ahðya −GWÞ

m4

3
7775:

ð3:38Þ
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Here r1 and r4 are defined in Eq. (2.79), while

B21 ¼ B2v1 − B1v2; B31 ¼ Bnv1 − B1vn; B32 ¼ Bnv2 − B2vn; ð3:39Þ

and

m1s ¼ ρhaWðBBava − ρh�aÞ;
m1v ¼ ρh

�
BnBavaðyaþ 2GWÞ − 2aB2

n − aW½yaðBaBa=W2 þ ρhÞ þ ð1 − 1=c2sÞGW�
;
m1B ¼ ρh½Bðya −GWÞ þ 2Bnða2 þGÞ�=W;

m4 ¼ ðρ=aÞ�a2B2h − 2B2
nhða2 þGÞ þ B2Wð2yah −GÞ þ BnBðGþ 2hWG − 2yahÞ

þ GWa2½hWð1 − c2sÞ − 1�=c2s þ ρha3½y − 2yh�W þ aðW − h�Þ�
: ð3:40Þ

While these expressions are somewhat complicated, they are much simpler than expected based on previous attempts.
See, for example, Ref. [12] and the discussion in Appendix A 1.

E. Left eigenvectors in conserved variables

Similarly, applying the transformation matrix defined by the elements in Sec. III C to the left Anile eigenvectors of
Sec. II B 4, we find

Lentropy ¼
1

ρhc2s

�
Wvb γbaba h −W −W

	
; Lconstraint ¼

1

1 − v2n

�
0 sb 0 0

	
;

LAlf ¼
1ffiffiffiffiffiffiffi
ρh�

p

2
66666666666664

B21yAlf
B2 þ B32yAlf
−B1 − B31yAlf
−B21yAlf

ffiffiffiffiffiffiffi
ρh�

p

−ðB2 þ B32yAlfÞ
ffiffiffiffiffiffiffi
ρh�

p

ðB1 þ B31yAlfÞ
ffiffiffiffiffiffiffi
ρh�

p

−B21

−B21

3
77777777777775

T

; Lmag ¼

2
6664
asb − BGWBb=Zaþ f1vvb

Bsb þ g1BBb þ g1vvb
h1 þ Gðκ − ρc2sÞ=ρ2c2s

h1

3
7775
T

;
ð3:41Þ

where

f1v ¼ Wð−Gþ BGBnW=Za2 þ GW2ðκ þ ρÞ=Zρc2sÞ;
ð3:42Þ

g1B ¼ GκW=ρZc2s − ða2 þGÞ=W; ð3:43Þ

g1v ¼ BavaW2g1B þWðaBþ GBW2=ZaÞ; ð3:44Þ

h1 ¼ −ðf1v þ yaÞ: ð3:45Þ

Note that entries 4–6 in LAlf are just −
ffiffiffiffiffiffiffi
ρh�

p
times entries

1–3. Note also that finding the relatively simple expressions
for Lmag required considerable human ingenuity, showing
that sometimes such ingenuity can surpass brute force
computer algebra, at least for now.

IV. CONSERVATIVE DIVERGENCE CLEANING
FORMULATION

The divergence cleaning formulation of MHD is typi-
cally presented as a set of equations in flux-conservative
form. To apply our methods, however, we need to start with
an equivalent representation in the comoving formulation.
Fortunately, Ref. [10] has done this for us. The derivation
below is patterned after that work, which shows that these
equations are linear combinations of the flux-conservative
ones. Recall, as mentioned in Paper I, that the eigenvectors
of Eq. (2.11) and the determinant in Eq. (2.12) of Paper I
are invariant under forming linear combinations of the rows
of the matrix Aaqa.
In the divergence cleaning formulation, the Maxwell

equation (2.3) is modified to become

∇aðubba − uabb − gabϕÞ ¼ −κτnbϕ: ð4:1Þ
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The constant κτ is the inverse of the timescale for driving
the divergence constraint exponentially toward zero.
Projecting this equation along ub now gives the evolution
equation for ϕ instead of the divergence constraint (2.4c):

ua∇aϕþ κτWϕþ hab∇abb ¼ 0: ð4:2Þ

Projecting Eq. (4.1) perpendicular to ub gives the
replacement for Eq. (2.24):

− hcbðba∇aub − ua∇abbÞ þ bc∇aua

þ hcb∇bϕ − κτhcbnbϕ ¼ 0: ð4:3Þ

With the divergence cleaning prescription added to the
Maxwell equation, we cannot derive the energy equation
corresponding to Eq. (2.17) simply by using the First Law
(2.9) as we did in the nonconservative Anile formulation.
Instead, we have to go back to first principles and use the
conservation equation

ua∇bTab ¼ 0: ð4:4Þ

Subtracting the modified Maxwell equation (4.1) projected
along bb from this equation and simplifying, we find

1

χ
ua
��

h −
p
ρ

�
∇ap −

�
κ

�
h −

p
ρ

�
− χρ

�
∇aϵ

�
þ ρh∇aua − bað∇aϕ − κτnaϕÞ ¼ 0: ð4:5Þ

Now rewrite Eq. (2.13) in terms of ðp; ϵÞ using Eq. (2.11):

1

χ
uað∇ap − κ∇aϵÞ þ ρ∇aua ¼ 0: ð4:6Þ

Use this equation to eliminate ua∇aϵ from Eq. (4.5).
Simplify and find

ua∇apþ ρhc2s∇aua −
κ

ρ
bað∇aϕ − κτnaϕÞ ¼ 0: ð4:7Þ

Similarly, using Eq. (4.7) to eliminate ua∇ap from
Eq. (4.6) and simplifying gives

ua∇aϵþ
1

ρ
ðp∇aua − ba∇aϕþ κτϕbanaÞ ¼ 0: ð4:8Þ

Finally, we get the Euler equation from the projection of
∇bTab ¼ 0 orthogonal to ua. This gives Eq. (2.20) as
before. Now, however, we cannot eliminate the problematic
term ∇bbb using the divergence constraint as we did in
Eq. (2.21). This equation is no longer valid in the presence
of the scalar field ϕ, being replaced by Eq. (4.1). So instead
we write

∇aba ¼ ðhab − uaubÞ∇abb ¼ hab∇abb þ uabb∇aub:

ð4:9Þ

It is convenient not to introduce another term containing
ua∇aub, so consider

0 ¼ ba∇bTa
b

¼ ba∇apþ ðρhþ b2Þbaub∇bua − b2∇aba

¼ ba∇apþ ρh∇aba − ðρhþ b2Þhab∇bba; ð4:10Þ

where we have used Eq. (4.9) to get the last equation. We
now eliminate ∇aba from Eq. (2.20) using this relation
and find

ρh�hdbua∇aub þ hda∇ap

þ ba
�
hdbð∇bba −∇abbÞ þ

bd

ρh
∇ap

�
−
h�

h
bdhab∇bba ¼ 0:

ð4:11Þ

This equation is identical to Eq. (2.23) except for the last
term, which is proportional to the divergence constraint.
To enforce the condition uaua ¼ −1, in the above equa-

tions we again use the identity (2.25). Then Eqs. (4.11),
(4.3), (4.7), (4.8), and (4.2) can be written as a quasi-
linear system [Eq. (2.9) of Paper I] for the variables
ðua; ba; p; ϵ;ϕÞ, where the matrices Aa are

Aa ¼

2
666664

uahcb ðbbhca − bahcbÞ=ðρh�Þ − bchba=ðρhÞ hca=ðρh�Þ þ bcba=ðρ2hh�Þ 0 0

−bahcb þ bchba hcbua 0 0 hca

ρhc2shba 0 ua 0 −κba=ρ
ðp=ρÞhba 0 0 ua −ba=ρ

0 hba 0 0 ua

3
777775: ð4:12Þ
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A. Characteristic speeds

The characteristic speeds are the zeros of the determinant
of the characteristic matrix Aaqa. The determinant is
evaluated in Appendix B 2, and we find up to a constant
factor

detðAaqaÞ ¼ aGðB2 − ρh�a2Þ�a2Gb2 − ρha4

þ c2s ½ρha2ða2 þGÞ − B2G�
: ð4:13Þ

Comparing with Eq. (2.28), we see that the Alfvén and
magnetosonic speeds are the same as in the nonconserva-
tive formulation. However, the entropy eigenvalue (a ¼ 0)
is no longer degenerate with the constraint eigenvalue. The
constraint eigenvalue is replaced by two eigenvalues,
reflecting the increase from an eight- to a nine-dimensional
system. We call these the scalar eigenvalues since they arise
from introducing the scalar field. They are the roots of
G ¼ qaqa ¼ 1 − y2 ¼ 0. So yscalar ¼ �1, which are the
wave speeds for any choice of unit timelike and normal
vectors to define qa.

B. Comoving eigensystem

1. Right eigenvectors in the comoving frame

The right eigenvectors follow from solving ðAaqaÞX¼0.
Take X to be of the form (2.31) with an extra component X9

at the end. Then the analog of Eqs. (2.32) is

aXc þ
1

ρh�

�
bbYbhacqa − BYc

þ qahacX7 þ
Bbc
ρh

X7 −
h�bc
h

qbYb

�
¼ 0; ð4:14aÞ

BXc − bcqaXa − aYc − hacqaX9 ¼ 0; ð4:14bÞ

ρhc2sqaXa þ aX7 −
κB
ρ
X9 ¼ 0; ð4:14cÞ

p
ρ
qaXa þ aX8 −

B
ρ
X9 ¼ 0; ð4:14dÞ

qaYa þ aX9 ¼ 0: ð4:14eÞ

These equations differ from (2.32) in the extra last term in
the first four equations as well as the new fifth equation.

Entropy, Alfvén, and magnetosonic eigenvectors. The
(nondegenerate) entropy eigenvector corresponding to
a ¼ 0, as well as the Alfvén and magnetosonic vectors,
are the same as the expressions given in Sec. II A 2 with a
zero appended. This follows since Eq. (4.14e) has a
solution X9 ¼ qaYa ¼ 0. Then Eqs. (4.14) reduce to
Eqs. (2.32) and have the same solutions found there, since
those solutions satisfy qaYa ¼ 0.

Scalar eigenvectors. It remains to find the two scalar
eigenvectors corresponding to the eigenvalues given by
G ¼ 1 − y2 ¼ 0. Since the equations are linearly dependent
when the eigenvalue is inserted, it is easy to get 0 ¼ 0. One
way of proceeding is as follows:

(i) Use Eq. (4.14e) to eliminate X9 from the other
equations.

(ii) Use Eq. (4.14c) to eliminate X7 from Eq. (4.14a).
(iii) Dot Eq. (4.14a) with bc and solve the resulting

equation for qcYc.
(iv) Dot Eq. (4.14a) with qc, use the expression for qcYc

from the previous step, and solve for bcYc.
(v) Also use the expression for qcYc in Eq. (4.14b) and

solve the equation for Yc in terms of Xc, qcXc,
and bcXc.

(vi) In Eq. (4.14a), make the substitutions for qcYc,
bcYc, and Yc. Dot with bc and solve for bcXc.
Substitute this back in the equation and solve for Xc.
An overall factor of qcXc is an arbitrary normali-
zation. Choose it to remove the denominator of Xc
to find

Xc ¼ κρBhcbqb þ ρa2ð1 − c2sÞbc; ð4:15Þ

where

κρ ≡ κ þ ρc2s : ð4:16Þ

(vii) Use this expression to backsolve for the other
quantities.

The final expression for the eigenvector is

Xscalar ¼

2
6666664

κρBhabqb þ ρa2ð1 − c2sÞba
−κρaBba þ habqb½κρB2=aþ ρ2hað1 − c2sÞ�

−κρaBρh
−aB½pþ ρðh − χÞ�
−ρ2ha2ð1 − c2sÞ

3
7777775
:

ð4:17Þ

This agrees with Eq. (36) in [10] when expressed in a
spatial basis in the comoving frame.

2. Left eigenvectors in the comoving frame

The equations LðAaqaÞ ¼ 0 for the left eigenvectors are
very similar to the case of the Anile formulation treated in
Sec. II A 3. There is an additional scalar L9 in the equation
corresponding to (2.39). The equations are the same as
those in Eq. (2.40) except that there is an additional term in
Eq. (2.40b) of the form

h�hcaqaðLbbb=h − ρL9Þ; ð4:18Þ
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and there is a new fifth equation

BðκL7 þ L8Þ − ρaL9 − ρYbqb ¼ 0: ð4:19Þ

Entropy eigenvector. The entropy eigenvector correspond-
ing to a ¼ 0 is again the only one with L8 ≠ 0.
Equation (2.40c) again implies Lb ¼ 0, and solving the
remaining equations gives

Lentropy ¼
�
0 habqbχB=G −p=ρ ρhc2s 0

	
: ð4:20Þ

Scalar eigenvectors. For the other eigenvectors, we set
L8 ¼ 0 and use the remaining two scalar equations to
eliminate L7 and L9 from the two vector equations. For the
scalar eigenvector (G ¼ 0), the Anile case (2.41) suggests
the ansatz Lb ¼ 0. We then find

Lscalar ¼
�
0 habqb 0 0 −a 	: ð4:21Þ

Alfvén eigenvectors. Similarly, for the Alfvén eigenvector
we try the ansatz that Lb and Yb are both orthogonal to qa

and ba. Then we find that for B ¼ −
ffiffiffiffiffiffiffi
ρh�

p
a the eigenvector

is the same as Eq. (2.42) with a zero appended:

LAlf ¼
� ffiffiffiffiffiffiffi

ρh�
p

ϵabcdubbcqd −ϵabcdubbcqd 0 0 0
	
:

ð4:22Þ

The other eigenvector has no minus sign and the appro-
priate change in qd. There is an alternative representation in
the form of Eq. (2.43) with a zero appended.

Magnetosonic eigenvectors. For the magnetosonic eigen-
vectors, since Eq. (2.40) is the same in the divergence
cleaning case, we make the ansatz that the corresponding
quantity Lb is the same too, namely the first element in
Eq. (2.44). We look for Yb as a linear combination of bb and
hbaqa and find a solution very similar to Eq. (2.44). The
differences are shown boxed in the following equation:

Lmag ¼

2
666666664

Bða2 þ GÞba=a − ρh�ahabqb

ða2 þ GÞba − Bhabqb
h
1 − κρGρ=ðρGÞ

i
Gρ

0

− GρB½c2s=aþ κρa=ðρGÞ�

3
777777775

T

;

ð4:23Þ

where

Gρ ¼ G=ρhc2s : ð4:24Þ

C. Eigenvectors in the Eulerian frame

1. Right eigenvectors in the Eulerian frame

As for the nonconservative formulation, the transforma-
tion from the comoving to the Eulerian right eigenvectors is
given by the Jacobian matrix ∂ðva; BaÞ=∂ðub; bbÞ. This
matrix acts on the vector part of each eigenvector. The
scalar part of the eigenvectors is unchanged. Since all the
comoving right eigenvectors in the divergence cleaning
formulation are the same as for the nonconservative
formulation (with a zero appended) except Xscalar, the
eigenvectors in the Eulerian frame are the same as
Eqs. (2.75), (2.78), and (2.84) with a zero appended.
The scalar eigenvector is the only one that is different.
There are two eigenvectors corresponding to the roots
y ¼ �1 of G ¼ 1 − y2 ¼ 0:

xscalar

¼

2
6666664

½κρBWFa þ ð1 − c2sÞρa2Ba�=W2

nbqbκρBBa=W þ ½κρBBn þ ð1 − c2sÞρ2ha2W�Fa=a

−κρρhBa
−½pþ ρðh − χÞ�Ba
−ρ2ha2ð1 − c2sÞ

3
7777775
;

ð4:25Þ

where Fa ¼ γabqb þ ðnbqbÞva. Note that Fa ¼ sa − yva

and nbqb ¼ −y with y ¼ �1, but we will not make these
substitutions yet.
Applying the transformation (2.96) to Eq. (4.25) to

change the thermodynamic variables from ðp; ϵÞ to ðρ; ϵÞ,
we find that only the third entry changes:

−κρρhBa → −ðκ þ ρÞρBa: ð4:26Þ

Note that the authors of Ref. [10] were not able to find a
simple expression for xscalar using their dual frames
approach.

2. Left eigenvectors in the Eulerian frame

The transformation (2.87) for the divergence cleaning
case has some additional terms. First, expand (2.87) to a
5 × 5 matrix by padding it with zeros. Then add the
following terms:

2
6666664

0 Wbavb=ðρhÞ 0 0 0

0 0 0 0 −WHa

0 0 0 0 −κðbanaÞ=ρ
0 0 0 0 −ðbanaÞ=ρ
0 −Wvb 0 0 −W

3
7777775
: ð4:27Þ
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Applying this transformation to the left eigenvectors
in Sec. IV B 2 and changing from ðp; ϵÞ to ðρ; ϵÞ,
we find

lentropy

¼ �
0 Bγabqb=G −pW=ρ ρhWc2s bana −Bqana=G

	
;

ð4:28Þ

lscalar ¼
�
0 γabqb 0 0 −qana

	
: ð4:29Þ

Since the comoving Alfvén eigenvector (4.22) is essen-
tially the same as Eq. (2.42), we find that the transformation
to the Eulerian frame gives the same form as Eq. (2.91)
for the first eight components. The change to ðρ; ϵÞ trans-
forms the seventh and eighth components to Eq. (2.99).
Only the ninth (last) component is new, and it takes the
simple form

−ðB2v1 − B1v2Þ: ð4:30Þ

The magnetosonic eigenvectors turn out to be the same
as Eq. (2.93) except for some small changes shown boxed
below.

lmag¼

2
66666666666664

aðBaBaþρhW2Þsa− ðSvaþTBaÞ=a

ðaBnþKBbvbÞvaþ
KBa

W2
þ
�
Bn

W
−
GρκρB

Gρ

�
sa

KþGBBn

ρha2

0

BKðGρ−GρκρÞþGBn½ρða2þGÞ−Gρκ�
Gρa

3
77777777777775

T

:

ð4:31Þ
Transforming from ðp; ϵÞ to ðρ; ϵÞ changes the third and
fourth terms to those shown in Eq. (2.100).

D. Eigenvectors for conserved variables

1. Right eigenvectors for conserved variables

As mentioned already in Sec. IV C 1, with the exception
of the scalar eigenvectors, the right eigenvectors are the
same as for the Anile case with a zero appended. Since the
transformation matrix (3.5) is the same, the eigenvectors for
the conserved variables are the same as in Eq. (3.38), with
the exception ofRconstraint, which gets replaced by the scalar
eigenvectors.
The scalar eigenvectors transform to

Rscalar ¼

2
666666664

−
1

aW
½ðyκB þ 2κρaBBnÞBa þW2BκBðsa þ yvaÞ − 2WκρBB2

nva�
κρyBBa=W þ ðsa − yvaÞ½κρBBn þ ð1 − c2sÞρ2a2hW�=a

κρyρB − ð1 − c2sÞρaBn

fκρB½2B2
n þ ρaðah� − yÞ� − κBB − 2κBvyW þ ð1 − c2sÞρ2a2Bng=a

−ð1 − c2sÞρ2a2h

3
777777775
; ð4:32Þ

with y ¼ �1. Here

κB ¼ κρB2 þ ð1 − c2sÞρ2a2h;
κBv ¼ κBBava − κρρaBh�: ð4:33Þ

2. Left eigenvectors for conserved variables

For the divergence cleaning case, the field ϕ is both a
primitive and a conservative variable. Thus, the inverse
transformation matrix derived in Sec. III C simply gets an
extra row and column of zeros, with a 1 in the lower-right
corner. Applying the transformation to the left eigenvectors
given in Sec. IV C 2, we get

Lentropy ¼
1

ρhc2s

2
6666664

Wvb
γbaba − ðBn=GWÞsb

h −W

−W
WBava − Bnvn=GW

3
7777775

T

; ð4:34Þ

Lscalar ¼
1

1 − v2n

2
6666664

0

sb
0

0

yscalar

3
7777775

T

: ð4:35Þ

Since lAlf is the same as for the Anile case except for the
additional term (4.30), the eigenvector LAlf for the con-
served variables is the same as in Eq. (3.41) with the
additional element −B21

ffiffiffiffiffiffiffi
ρh�

p
appended.

The magnetosonic eigenvectors are almost identical to
those in Eq. (3.41). The only differences are exactly the two
additional terms shown boxed in Eq. (4.31). The first addi-
tional term gets added to the second element in Eq. (3.41),
while the second additional term becomes the new fifth
element.
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E. Eigenvectors for the Valencia formulation

It is perhaps surprising that the eigenvalues and eigen-
vectors for the divergence cleaning formulation are so
similar to those of the Anile formulation. Note that the
Valencia formulation does not follow from setting the
scalar field ϕ to zero in the divergence cleaning system.
Nevertheless, the eigenvalues again are almost all identical
to those in Eq. (2.28). However, Ref. [5] shows that even in
the comoving frame, the eigenvectors differ significantly
from those given in Sec. II A. The expected symptoms of
weak hyperbolicity, such as lack of convergence, have not
been reported in simulations using the Valencia formu-
lation. This could be because of the difficulties in showing
strict convergence in simulations containing magnetic field
instabilities or shocks. Many numerical implementa-
tions are able to use constrained transport [16–18], which
guarantees conservation of ∇ ·B to machine precision. If
the constraint were identically satisfied, this could explain
why the system is actually strongly hyperbolic in the
constraint-satisfying subspace. Then simulations would
have to be at machine precision to see signs of weak
hyperbolicity. This speculation is obviously difficult to
demonstrate in practice.
Since the Valencia formulation is weakly hyperbolic and

not all simulation schemes allow constrained transport,
including relativistic discontinuous Galerkin schemes, we
have not worked out its decomposition here. However, the
methods of this paper could be used to find the decomposition
in terms of the conserved variables used in simulations.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we have presented a straightforward
method to derive the characteristic decomposition for
GRMHD. The resulting eigenvectors are simple enough to
be used in numerical simulations. This simplicity is some-
what surprising given the complexity of previous attempts.
The key innovation that makes these results possible is

the introduction of a quasi-invertible transformation, as
described in Sec. II B. This transformation allows us to
transform between the variables fua; bag in the comoving
frame and the variables fva; Bag in the Eulerian frame in
such a way that the correct eigenvectors are obtained.
Together with the new transformation law for left eigen-
vectors (2.85), the quasi-invertible transformation allows
the solution of the problem.
We have first derived the decomposition in terms of

conserved variables for the nonconserved formulation of
Anile. This decomposition is not intended to be used in
simulations because this formulation is not equivalent to
the flux-conservative formulation used in practice [5].
We give this decomposition solely to make contact with
previous work, and because the results are very close to the
formulation that uses a divergence-cleaning scalar field
with the flux-conservative form.

We are currently implementing this decomposition
in the SPECTRE code [19] and will test its performance
with a full-wave Riemann solver such as the Marquina
scheme [20,21].
An important future step is to study the impact of de-

generacies on the decomposition. Degeneracies have been
carefully studied and circumvented in the comoving [3]
formulation and also in the work of Ref. [12]. However,
such a treatment will have to be redone for the conservative
case treated here and will be the subject of a future paper.
Degeneracies only occur for very specific orientations of
the magnetic field and so hopefully at only a small number
of grid points in a realistic simulation. In this case, as a
temporary measure we can get the eigenvectors numerically
from the characteristic matrix itself.
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APPENDIX A: COMPARISON WITH PREVIOUS
METHODS

1. The method of Antón et al.

In Ref. [12], Antón et al. found the characteristic
decomposition for MHD in special relativity by a trans-
formation method. They start with the covariant Anile
eigenvectors for the ten variablesUcov ¼ ðua; ba; p; sÞ. The
particular choice of the two thermodynamic variables is not
relevant for the discussion here. They use the same set of
eight conserved variables Ucons that we use, defined in
Sec. III. They derive the eigensystem along the x-axis, so
they can eliminate Bx since it satisfies the trivial evolution
equation ∂Bx=∂t ¼ 0, leaving seven variables. They then
compute the 7 × 10 transformation matrix ∂Ucons=∂Ucov for
the right eigenvectors by direct differentiation, using the
constraints (2.6) and the 0-component of Eq. (2.3), which is
the divergence constraint.
For the inverse transformation, needed for the left

eigenvectors, they introduce an intermediate set of seven
primitive variables V ¼ ðux; uy; uz; by; bz; p; ρÞ. Here, the
vector quantities are a subset of the covariant variables that
are easy to work with in special relativity. The inverse
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transformation is then essentially computed by using the
matrix product

∂Ucov

∂V
∂V

∂Ucons
: ðA1Þ

For this procedure to work, we require that the 10 × 7
matrix defined by the product (A1) serve as the matrix
inverse of ∂Ucons=∂Ucov. But as we have seen, a rectangular
matrix may only have a one-sided inverse in general. We
have not checked whether the matrices given in [12]
function as inverses, since the calculation seems daunting
with the information given. However, even if the method is
consistent, it does not seem possible to apply it in general
relativity. Here the relation between Eulerian and comoving
frames is more complicated, which is why we introduced
the idea of quasi-invertibility.
More important, as mentioned earlier, the Anile equa-

tions do not correspond [5] to the conservation equations,
which are those typically used in numerical simulations.
Simply transforming the Anile equations to conserved
variables does not lead to the correct decomposition.
Finally, the transformations in Ref. [12] are extremely

complicated, leading to eigenvectors covering several
journal pages. For example, their equations (163)–(166)
correspond to our short expression forLentropy in Eq. (3.41).
Their equations contain derivatives of the quantity Z, which
are evaluated only for the case of an ideal fluid in the
thesis [15]. We have evaluated these derivatives for a
general equation of state in Sec. III C. We have substituted
our expressions into their equations (163)–(166) and
managed to simplify the equations. After many cancella-
tions, two of their equations reduce to the first and fourth
elements of Lentropy. We have not tried to track down the
origin of the differences in the other two elements, since our
methods lead to much simpler expressions as it is. Note that
three of the elements in Lentropy are the same as in
hydrodynamics—the B field cancels out.

2. The method of Schoepe et al.

Schoepe et al. [5] introduced an algorithm for character-
istic decomposition in relativity that relies on a dual frames
approach. The two frames in the algorithm are again the
comoving and the Eulerian frames of the fluid. The forma-
lism is derived from the dual foliation formalism [23], but
because the comoving frame does not correspond to a

foliation, the name was changed to dual frames. Note that
this treatment is not related to the earlier use of “dual
frames” in Ref. [24], which forms the basis of the SPEC

numerical relativity code [25].
In Refs. [5,10], the dual-frame formalism is used very

successfully to address the hyperbolicity of various for-
mulations of relativistic fluid equations. In particular, they
show the surprising result that the most commonly used
formulation of GRMHD is only weakly hyperbolic, and so
does not have a well-posed initial value problem.
For numerical work, however, there are several draw-

backs to the dual-frames approach. First, the spatial basis in
the Eulerian frame is treated in a nonstandard way to
simplify the algebra, and one has to translate those results
to the standard Eulerian coordinate basis. Also, from the
point of view of numerical work, nonstandard choices of
primitive variables are made. These are relatively minor
drawbacks. From our perspective, more serious is that the
computations are quite complicated and require computer
algebra essentially throughout, especially for GRMHD.
Thus, extending the dual-frames results from the decom-
position for the primitive variables to that of the conserved
variables in a useful form for numerical work is a somewhat
daunting task that remains to be carried out. By contrast,
the quasi-invertible transformation technique introduced
here leads to much simpler calculations and allows the
complete determination of the GRMHD decomposition in
term of conserved variables, as shown in this paper.

APPENDIX B: EVALUATING THE
CHARACTERISTIC DETERMINANT

1. Nonconservative formulation

In the usual comoving approach in the literature, one
typically deals with a 10 × 10 characteristic determinant
corresponding to the variables ðua; baÞ and two thermo-
dynamic variables. The standard form of the determinant is
given in [3], with the remark “Now it is easy to show
that…,” and the value of the determinant is written down
without derivation. Subsequent authors have also just
quoted the answer, either repeating Anile’s remark or
without comment. The determinant was actually first
evaluated in 1966 by Bruhat [1], with a derivation.
In our case, the characteristic matrix has rank eight since

we have explicitly enforced the two constraints on ua

and ba. Equation (2.26) gives

Aaqa ¼

2
666664

uaqahcb qaðbbhca − bahcbÞ=ðρh�Þ qa½hca=ðρh�Þ þ bcba=ðρ2hh�Þ� 0

qað−bahcb þ bchbaÞ hcbuaqa 0 0

ρhc2shbaqa 0 uaqa 0

ðp=ρÞhbaqa 0 0 uaqa

3
777775: ðB1Þ
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Formally, this is a 10 × 10 matrix with rank eight, so we must be careful in evaluating the determinant. Since the
determinant is a scalar, we can evaluate it in the local comoving frame of the fluid, where hbc → δij, a 3 × 3 matrix. Using
the definitions (2.29), we get

detðAaqaÞ ¼ a det

2
664

aδij ð−Bδij þ biqjÞ=ðρh�Þ ðBbj þ ρhqjÞ=ðρ2hh�Þ
−Bδij þ qibj aδij 0

ρhc2sqi 0 a

3
775: ðB2Þ

We evaluate the determinant using the formula for the
determinant of a partitioned matrix:

det

�
P Q

R S

�
¼ det S detðP −QS−1RÞ: ðB3Þ

In our case,

P ¼ aδij;

Q ¼ � ð−Bδij þ biqjÞ=ðρh�Þ ðBbj þ ρhqjÞ=ðρ2hh�Þ
	
;

R ¼
�
−Bδik þ qibk

ρhc2sqi

�
;

S ¼
�
aδki 0

0 a

�
: ðB4Þ

Here we have arranged the tensor indices to facilitate the
matrix multiplications in Eq. (B3). We find

QS−1

¼ � ð−Bδkj þ bkqjÞ=ðρh⋆aÞ ðBbj þ ρhqjÞ=ðρ2hh⋆aÞ
	

ðB5Þ

and

QS−1R ¼ ðB2δij þ wiqj þ zibjÞ=ðρh�aÞ;
wi ≡ Bbi − ðb2 þ ρhc2sÞqi; zi ≡ ð1 − c2sÞBqi;

ðB6Þ

and hence

detðAaqaÞ ¼ a5 detðTδij þ wiqj þ zibjÞ=ðρh�aÞ3; ðB7Þ

where

T ≡ −ðB2 − ρh�a2Þ: ðB8Þ

The remaining determinant in Eq. (B7) is given by the
identity

det½Tδij þwiqj þ zibj �
¼ T½T2 þ Tðwiqi þ zibiÞ þwiqizjbj −wibizjqj�; ðB9Þ

which we prove below. Now we have

wiqi ¼ B2 − qiqiðb2 þ ρhc2sÞ;
zjbj ¼ ð1 − c2sÞB2;

wibi ¼ −ρhc2sB;

zjqj ¼ ð1 − c2sÞBqjqj: ðB10Þ

In these equations, we can go back from the local rest frame
of the fluid to a general frame by the replacement

qiqi → habqaqb ¼ Gþ a2: ðB11Þ

Putting all the pieces together, Eq. (B7) becomes

detðAaqaÞ ¼ a2ðB2 − ρh�a2Þfa2Gb2 − ρha4

þ c2s ½ρhða2 þ GÞ − B2G�g=ðρh�Þ2: ðB12Þ

Dropping the constant denominator gives Eq. (2.28) of the
main text.
To prove the identity (B9), which is a generalization of

the matrix determinant lemma, note that the determinant is
a scalar. The only scalars that can be formed out of T, wi, zi,
qi, and bi are T, wiqi, wibi, ziqi, and zibi. (Quantities like
wizi cannot appear because the determinant only multiplies
and adds entries together; it cannot raise or lower indices.)
Each term in the determinant consists of three elements
multiplied together. These must be three T’s, or two T’s and
a pair of vector elements like wi and qj, or one T and a set
of four elements from distinct vectors. No elements from
the same vector can be repeated, since the determinant
uses only one element from each row or column at a time.
This is also the reason that none of the allowed scalar
products can appear squared. Thus, the form of the
determinant must be

T
�
a0T2 þ Tða1wiqi þ a2zibi þ a3wibi þ a4zjqjÞ
þ a5wiqizjbj þ a6wibizjqj

	
: ðB13Þ
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The only way that a term like qi can appear is multiplied by a wj, since the determinant selects these terms together.
Similarly bi must appear together with zj. Thus, a3 ¼ a4 ¼ 0. Now choose wi ¼ ðw1; w2; 0Þ, zi ¼ ðz1; z2; 0Þ,
bj ¼ ðb1; b2; 0Þ, and qj ¼ ðq1; 0; 0Þ and evaluate the determinant to determine a0; a1;…. This gives the result (B9).

2. Divergence cleaning formulation

Equation (4.12) gives in the comoving frame

detðAaqaÞ ¼ det

2
6666664

aδij ð−Bδij þ biqjÞ=ðρh�Þ − qibj=ðρhÞ ðBbj þ ρhqjÞ=ðρ2hh�Þ 0 0

−Bδij þ qibj aδij 0 0 qj

ρhc2sqi 0 a 0 −κB=ρ
ðp=ρÞqi 0 0 a −B=ρ

0 qi 0 0 a

3
7777775
: ðB14Þ

Multiply the last column by qi=a and subtract from the second column to eliminate qi in the bottom row. This gives

detðAaqaÞ ¼ a2 det

2
664

aδij ð−Bδij þ biqjÞ=ðρh�Þ − qibj=ðρhÞ ðBbj þ ρhqjÞ=ðρ2hh�Þ
−Bδij þ qibj aδij − qiqj=a 0

ρhc2sqi κBqi=ðρaÞ a

3
775: ðB15Þ

Following the same procedure as we used to evaluate Eq. (B2), we see that Eq. (B4) is replaced by

P ¼ aδij; Q ¼ � ð−Bδij þ biqjÞ=ðρh�Þ − qibj=ðρhÞ ðBbj þ ρhqjÞ=ðρ2hh�Þ
	
;

R ¼
�
−Bδik þ qibk

ρhc2sqi

�
; S ¼

�
aδki − qkqi=a 0

κBqk=ðρaÞ a

�
: ðB16Þ

Using the matrix determinant lemma, we find that

detðSÞ ¼ a detðaδki − qkqi=aÞ ¼ a2θ;

θ≡ a2 − qiqi: ðB17Þ

Using, for example, partitioned matrix techniques again, we can compute

S−1 ¼ 1

aθ

�
θδij þ qiqj 0

−κBqi=ρ θ

�
: ðB18Þ

So

QS−1 ¼
"
−ρh½κBqkqj þ ρθðBδkj − bkqjÞ þ ðκB2 þ ρ2h�a2Þqkbj�=ðρ3hh�θaÞ

ðBbj þ ρhqjÞ=ðρ2hh�aÞ

#
T

: ðB19Þ

We then find that QS−1R is given by the same expression as Eq. (B6), and hence the only difference from Eq. (B7) is that
detðSÞ ¼ a5 is replaced by a2 detðSÞ ¼ a4θ. Since θ ¼ a2 − qiqi ¼ −G by Eq. (B11), we get Eq. (B12) but with the initial
factor of a2 replaced by aG. This gives Eq. (4.13) of the main text.
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