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We show that the low energy fluctuations of spinning black Dp branes are described by a theory of spin
hydrodynamics on a spacetime Mpþ1 × Tnþ2 in which the fluid is flowing onMpþ1 and spinning on Tnþ2.
Focusing on the hydrodynamic regime of N ¼ 4 supersymmetric Yang-Mills theory, we provide a
geometric interpretation of the R-current anomaly in terms of a gravitational anomaly from the
ten-dimensional point of view. This follows from the holographic duality between a spinning fluid in
ten dimensions and an anomalous chiral fluid in four dimensions. We comment on the relations between the
theory of spin hydrodynamics introduced here and other theories of spin hydrodynamics in the context of
heavy-ion collisions.
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The chiral anomaly and spin hydrodynamics [1–4]
constitute two, seemingly different, areas of intense
research in both high-energy and condensed matter physics.
In the context of electroweak interactions, the chiral
anomaly is responsible for the rapid pion decay rate
[5,6], while in heavy-ion collisions it is expected to give
rise to novel transport properties of the quark-gluon plasma
such as the chiral vortical and chiral magnetic effects [1,2].
At the same time, the observation of spin polarization of Λ
hyperons in heavy-ion collisions suggests that spin degrees
of freedom should be included in hydrodynamic descrip-
tions [3]. In condensed matter physics, the chiral anomaly
leads to unusual electronic properties such as negative
magnetoresistance [7] whereas spin currents can be mea-
sured in liquid metals [8]. In this Letter, we describe a
connection between chiral transport and spin hydrodynam-
ics in the context of holography. More precisely, we
uncover a duality between hydrodynamics with transverse
spin in ten spacetime dimensions and an anomalous chiral
fluid in four spacetime dimensions [9].
Many strongly coupled plasmas when sourced by back-

ground electromagnetic fields are expected to exhibit a

chiral anomaly [10]. Indeed, upon gauging, N ¼ 4 super-
symmetric Yang-Mills theory (SYM) has an R-current
anomaly [11]. In the low-energy, the hydrodynamic regime
of N ¼ 4 SYM, holography has revealed the existence of
chiral transport determined by the presence of this Uð1Þ3
anomaly [12–14]. However all of these studies come from a
5D perspective, making use of dimensional reduction on
the S5, and consider fluctuations of 5D R-charged black
holes [12–15]. Here we uplift the rich physics of chiral
transport to 10D in which the low energy effective theory of
spinning Dp-branes plays a crucial role.
We show that this low energy description is a theory of

spin hydrodynamics on a spacetimeMpþ1 × Tnþ2 in which
the fluid lives on the world volume Mpþ1 and spins on the
transverse space Tnþ2. For the case of the near-horizon limit
of the D3 brane, the transverse angular momenta (or spins)
corresponding to the three transverse Cartan planes of
rotation realize holographically the charges of the SOð6Þ
R-symmetry group of the dual field theory. After intro-
ducing the local current whose integral provides the global
spin charges, which we call the spin current, we explain
how the hydrodynamics of the R-charged black holes of
[12–14] corresponds to the hydrodynamics of (anomalous)
spinning fluids characterizing the long-wavelength fluctu-
ations of spinning black D3 branes. This enables a geo-
metrization of the chiral anomaly of the 4D theory in terms
of a gravitational anomaly in 10D. Nevertheless, this is
merely an artifact of imposing a specific dimensional
reduction ansatz, and in the full 10D string theory picture
this anomaly is absent. We argue that the precise geometric
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origin of the R-current anomaly should be understood via
the coupling of the world volume fluid with the five-form
flux, leading to the mapping of the chiral fluid in 4D to a
(nonanomalous) spinning fluid with higher-form charge in
10D. We begin by looking at the thermodynamics and
currents of spinning D3 branes in order to extract the low
energy description of their dynamics.

Currents of spinning D3 branes from gravity. We consider
asymptotically flat black brane solutions of type IIB
supergravity with world volume Mpþ1 spinning on the
transverse Tnþ2 space in d ¼ nþ pþ 3 spacetime dimen-
sions. It is always possible to introduce a coordinate u ¼
1=r such that when u → 0 and hence r → ∞ a far away
observer with respect to the black brane horizon sees a
distribution of matter that admits a multipole expansion of
the form [16]

Tμν ¼ TμνðσÞδ̂ðXÞ −∇ρðTμνρðσÞδ̂ðXÞÞ þ � � � ; ð1Þ

where TμνðσÞ is the monopole stress tensor, σa coordinates
on Mpþ1, Tμνρ the dipole moment of the stress tensor,
δ̂ðXÞ ¼ ð ffiffiffiffiffiffi−γp

=
ffiffiffiffiffiffi−gp Þδðnþ2Þðxα − XαÞ the weighted (nþ 2)-

dimensional delta function where xμ are coordinates on
spacetime with metric gμν, determinant g and ∇μ is built
from the Christoffel connection associated to gμν. In
addition, XμðσÞ are a set of scalar mapping functions that
determine the location of Mpþ1 in the spacetime
Md ¼ Mpþ1 × Tnþ2, while γab ¼ gμν∂aXμ

∂bXν is the
induced metric on Mpþ1 and γ its determinant while a,
b indices run over Mpþ1 (see the Supplemental Material
[17]). The dots in (1) stand for additional quadrupole or
higher corrections to the stress tensor which we will not
deal with here.
The stress tensor (1) can be extracted from the metric of a

black Dp brane by expanding it in powers of u, in particular

gμν ¼ ημν þ hðMÞ
μν þ hðDÞ

μν þOðunþ2Þ, where hðMÞ
μν stands for

the monopole contribution to the metric of order un and

hðDÞ
μν for the dipole contribution of order unþ1. Contrary to

cases in which dipole terms in (1) are viewed as perturba-
tions, here we are interested in geometries in which
monopole and dipole terms in (1) are taken to be of equal
order. We can achieve this by rescaling u → λu as well as

hðDÞ
μν → hðDÞ

μν =λ, and approaching the asymptotic region by
sending λ → 0 while keeping u fixed. We then extract the
monopole and dipole contributions to the stress tensor
using linearized gravity:

∇2h̄ðMÞ
ab ¼ −16πGTabδ̂ðrÞ; ∇2h̄ðDÞ

ai ¼ 8πGSai
j
∂jδ̂ðrÞ;

ð2Þ

where we have introduced h̄μν ¼ hμν − hημν=2 with
h ¼ ημνhμν, and focused on the nontrivial spin components

of Taij ¼ Saij, where Saij ¼ Sa½ij� is the spin current and i,
j indices run on Tnþ2. Adopting the conventions of [24] for
the boosted spinning D3 brane, using (2) we obtain the
monopole stress tensor and spin current

Tab ¼ ðεþ PÞuaub þ Pγab; Sa
ij ¼ lJAϵijAua: ð3Þ

Here Tab takes the perfect fluid form with ε, P, and ua the
energy density, pressure, and fluid (boost) velocity, while
JA is the angular momentum density on the Cartan plane
A ¼ 1, 2, 3, ϵijA the Levi-Civita symbol on the plane A, and
l ¼ 1=λ. The thermodynamic quantities ε; P; JA can be
parametrized in terms of the horizon size r0, rotation
parameter lA on the plane A, and constant D3 brane charge
Q3. The charge Q3 is constant and hence only labels
solutions (is not a dynamical degree of freedom [25]).

Effective theory and equations of motion. The description
of long-wavelength fluctuations of spinning Dp branes can
be done by extending the blackfold approach [25–28] to
strongly spinning branes. As discussed in [28], at ideal
order in the gradient expansion, part of type IIB super-
gravity equations yield a constraint equation which is
simply the conservation of the stress tensor ∇μTμν ¼ 0
in the absence of background fluxes. By integrating this
equation using a Gaussian pillbox [16,29,30] one arrives at
the world volume effective theory,

∇aTa
b ¼ Sa

ijΩba
ij; ∇̃aSa

ij ¼ 0; ð4Þ

where ∇a is a covariant derivative compatible with both gμν
and γab, while ∇̃a also acts on transverse i indices
according to ∇̃aVi ¼ ∂aVi þ ωa

ijVj for some arbitrary
vector Vi and where we introduced the spin connection
ωa

ij ¼ niμ∇anjμ with nμj a set of normal vectors to Mpþ1

normalized such that nμi n
j
μ ¼ δji . In turn Ωab

ij is the field
strength (or outer curvature) associated with ωa

ij, namely
Ωab

ij ¼ ∇̃aωb
ij − ∇̃bωa

ij þ 2ω½bikωa�kj. Equations (4) are
the equations of transverse spin hydrodynamics.
Backgrounds that are rotating in Tnþ2 have a nontrivial
outer curvature, thereby leading to a nonvanishing spin-
curvature coupling in the first equation in (4). The second
equation in (4) states that the spin current is conserved
ensuring that transverse angular momentum charges are
well defined [31]. Equations (4) can be written in the more
common form of spin hydrodynamics as in [32–34], which
we show in the Supplemental Material [35].
The effective theory (4) can be derived from an action

principle on Mpþ1 where the stress tensor and spin current
are defined via the variations

δS ¼
Z

Mpþ1

dpþ1σ
ffiffiffiffiffiffi
−γ

p �
1

2
Tabδγab þ Sa

ijδωa
ij

�
: ð5Þ
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Tangential diffeormorphism transformations along Mpþ1

give rise, using (5), to the first equation in (4), while
SOðnþ 2Þ rotations of the normal vectors δnμi ¼ Mi

jnμj for
some antisymmetric matrix Mij lead to the spin conserva-
tion equation in (4) since δωa

ij ¼ −∇̃aMij. We mention
that the effective theory (5) can be seen as a non-Abelian
gauge theory for the spin connection ωa

ij. As we are
formulating a gradient expansion, we must assign a
gradient ordering to each operator and source in the theory.
Here we are considering the situation in which the
monopole stress tensor and the spin current are equally
important, thus Tab; γab ∼Oð1Þ, and since ωa

ij ∼Oð∂Þ we
must require Sa

ij ∼Oð∂−1Þ. This latter condition ensures
that, contrary to [16,29,36–38] where dipole terms were
taken to be corrections, both monopole and dipole terms in
Tμν contribute equally at ideal order. Given the spin current
in (3) this implies that l ∼Oð∂−1Þ, and hence the parameter
l can be used as a bookkeeping parameter as in [39,40] for
organizing the gradient expansion. We will now show that
the form of the monopole stress tensor and spin current for
spinning D3 branes in (3) is a special case of a more general
theory of spin hydrodynamics described by Eq. (4).

Degrees of freedom and conserved charges. The starting
point of any hydrodynamic theory, whenever possible, is to
construct the equilibrium partition function [29,41–43]
from which the equilibrium currents can be derived.
This can be done by looking at the hydrostatic requirements
for an action whose variation is (5), in particular

δKγab ¼ £Kγab ¼ 0;

δKωa
ij ¼ £Kωa

ij − ∇̃aΛ
ij
K ¼ 0; ð6Þ

where Ka and Λij
K are equilibrium parameters, and £K

denotes the Lie derivative along Ka. The invariance of the
conditions (6) under tangential diffeomorphisms ξa and
rotations Mij requires the transformation properties for the
equilibrium parameters δBKa ¼ £ξKa and δBΛ

ij
K ¼

ξa∇̃aΛ
ij
K − Ka∇̃aMij where B ¼ ðξa;MijÞ. This allows

us to introduce the thermal twist vector βa ¼ ua=T ∼
Oð1Þ where ua ¼ Ka=jKj is the unit normalized fluid
velocity uaua ¼ −1 with jKj the modulus of the Killing
vector Ka and T ¼ T0=jKj, interpreted as the temperature
of the fluid, where T0 is a constant global temperature. It
may appear that no other ideal scalar order can be built out
of the geometric data since ωa

ij ∼Oð∂Þ and hence also
Λij
K ∼Oð∂Þ. However, using the bookkeeping parameter

l ∼Oð∂−1Þ we can introduce the spin chemical potential
μij according to

μij

T
¼ l

�
−Λij

K þ βaωa
ij
�
; ð7Þ

which is antisymmetric in the i, j indices and μij ∼Oð1Þ as
desired. The temperature and spin chemical potential
constitute the basic ingredients of the equilibrium partition
function

Seq ¼
Z

Mpþ1

dpþ1σ
ffiffiffiffiffiffi
−γ

p
PðT; μijÞ; ð8Þ

with P the fluid pressure, and whose invariance under
tangential diffeomorphisms and normal rotations yields (4).
We may also extract the equilibrium stress tensor as in (1)
together with the thermodynamic identities

εþ P ¼ Tsþ sijμij; dP ¼ sdT þ sijdμij; ð9Þ

where s ¼ ∂P=∂T is the entropy density and sij ¼ ∂P=∂μij

the spin density, as well as the spin current

Sa
ij ¼ lsijua; ð10Þ

which satisfies Sa
ij ∼Oð∂−1Þ by construction. The thermo-

dynamic relations (9) also match those of the spinning D3
brane which confirm that the gradient ordering of (7) is
appropriate since the angular momenta of spinning Dp
branes are not a perturbative quantity in gravity. The
common lore of hydrodynamics is to promote the equilib-
rium parameters Ka and Λij

K to slowly varying functions out
of equilibrium, allowing us to identify T; μij; ua as the
dynamical degrees of freedom of spin hydrodynamics
whose gradients correct the currents Tab and Sa

ij.
In equilibrium, Eq. (4) have two sets of conserved

charges that can be obtained by integrating the conserved
currents Ta ¼ Tabkb þ Sa

ijniμnjν∇νkμ and Sa
ij over a

spatial slice of Mpþ1. The current Ta gives rise to a total
conserved energy if the Killing vector kμ ¼ ka∂aXμ is the
generator of time translations, and to linear/angular
momentum in Mpþ1 when ka is the generator of spatial
translations/rotations. In turn, the current Sa

ij leads to a set
of spin charges Sij. In the specific case in which the
configuration is rigidly rotating in Tnþ2, as for spinning D3
branes, there is an associated set of transverse Killing
vector fields ζijμ for each plane ði; jÞ. The conserved current
associated with ζijμ is obtained by integrating the conserved
current Tμνζijν over a spatial slice [29,30,37], and now the
spin charges Sij have the physical interpretation of (trans-
verse) angular momenta in Tnþ2.

Spin current as the holographic dual of the R current. AdS/
CFT geometrizes the global SOð6Þ R symmetry of the
N ¼ 4 SYM theory by mapping in the decoupling limit the
charges of the R-symmetry group to angular momenta of
the D3 brane in the planes perpendicular to its world
volume. As mentioned, the current whose integral generi-
cally gives the (transverse) angular momenta is the spin
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current Sa
ij. This clearly implies a holographic relation

between the (near-horizon) spin current of the spinning
D3 brane and the 4D R current of strongly coupled
N ¼ 4 SYM.
This holographic relation can immediately be made

precise once we specialize to thermal states whose gravity
duals are spinning D3 branes with equal angular momenta
in the three Cartan planes of rotation. Such solutions fit into
a Kaluza-Klein (KK) ansatz which when inserted into the
type IIB supergravity equations of motion leads to a
Einstein-Maxwell-Chern-Simons 5D theory (see for in-
stance [44]). With a suitable choice of coordinates, the spin
current is contained in the 10D metric component mixing
transverse angles with world volume directions. In the large
r or equivalently near-boundary expansion, the spin current
is extracted from the near-horizon geometry as the coef-
ficient of the term scaling as ∼μ2i dϕi=r2. Upon the above
KK reduction, this coefficient precisely gives rise to the
(three copies of) gauge-covariant 4D R current(s) J A

a ,
where the index A ¼ 1, 2, 3 labels the three copies of the R
current, and it is left there for clarity. We can then identify
the near-horizon spin current Sa

ij as the dual of the 4D R
current of strongly coupled N ¼ 4 SYM in the equally
spinning case via Sa

ij → lJ A
a . Note that for this natural

identification to be possible, a treatment of spinning
D-branes in the strongly spinning regime is essential.

Anomalous spin hydrodynamics. The duality between spin
current and R current implies that the former must also be
an anomalous current. Corrections to the effective theory
governing the dynamics of black branes at a given order can
arise due to three different sources as explained in [16,28]:
hydrodynamic corrections to the currents Tμν and Tμνρ,
multipole corrections to (1), and corrections either due to
modifications of the asymptotic structure or the presence of
nontrivial fluxes that lead to modifications of the con-
servation law for the stress tensor, that is∇μTμν ¼ fν where
fμ is a forcing function that admits a multipole expansion as
in (1). Here we focus on the decoupling limit of the D3
brane within the KK ansatz of [44] for which both hydro-
dynamic corrections and corrections due to the presence of
fluxes arise, in particular fμ ¼ Fμν1…ν4Jν1…ν4=4! where
Fμν1…ν4 is the five-form flux and Jν1…ν4 the D3-brane
current [28]. In this limit, the presence of fluxes leads to
anomalous contributions to the spin conservation equa-
tion (4) [14,45], such that from a 10D perspective,

∇̃aSa
ij ¼

l3

8
Cijklmnϵ

abcdΩab
klΩcd

mn; ð11Þ

where Cijklmn is a constant matrix of anomaly coefficients,
antisymmetric in each pair ði; jÞ; ðk; lÞ; ðm; nÞ and sym-
metric under exchange of pairs, while ϵabcd is the Levi-
Civita tensor in M4 and where l3 guarantees the correct
order in the expansion. The relation between the anomaly

term and the forcing function fμ is given in the
Supplemental Material. We note that the five-form flux
does not appear explicitly in (11) because the KK ansatz
[44] for the flux is determined in terms of 10D metric
components and its derivatives, effectively generating the
anomaly. As with the usual chiral anomaly, the anomalous
term in the conservation law (11) is generated using
anomaly inflow (see, e.g., [43,46]) in which the currents
in (5) should now be viewed as covariant currents acquiring
modifications due to inflow while the partition function (8)
receives nongauge invariant corrections (see, e.g., [47]).
The form of the rhs of (11), modifying the conservation

law for Tμν, makes it clear that it is a gravitational anomaly.
Not only is Ωab

kl purely geometric, it is also given in terms
of components of the Riemann tensor (see the
Supplemental Material). This interpretation is also manifest
by the nature of the conserved charges.
Given (11), it is straightforward to find the corrected

constitutive equations by requiring the second law of
thermodynamics ∇aSa ≥ 0, where Sa ¼ Pβa − Tabβb −
l−1μijSa

ij=T þ Sanc is the entropy current and Sanc the
noncanonical contribution to the entropy current.
Parametrizing the corrections to the currents as Tab ¼
ðεþ PÞuaub þ Pγab þ T ab and Sa

ij ¼ lsijua þ Σa
ij, and

using the first equation in (4) as well as (11) we can
determine the corrections in the Landau frame
(ubT ab ¼ uaΣa

ij ¼ 0) to be

T ab ¼ −ησab − ζθPab þOð∂2Þ

Σa
ij ¼ −lDijklPab

�
lβcΩcb

kl þ ∇̃b

�
μkl

T

��

þ lξijϖa þ l2ξSijklB
akl þOð∂Þ; ð12Þ

where η; ζ;Dijkl ≥ 0 are the shear viscosity, bulk viscosity,
and spin diffusion coefficients respectively. We have also
introduced the fluid shear tensor σab ¼ PacPbdð2∇ðcudÞ −
Pcdθ=pÞ and expansion θ ¼ ∇aua with Pab ¼ uaub þ γab

the projector orthogonal to ua. In turn ξij is an antisym-
metric matrix of coefficients yielding a nonzero chiral
vortical effect where ϖa ¼ ϵabcdub∇cud=2 is the fluid
vorticity, while ξSijkl is a matrix of coefficients antisym-
metric in the pairs ði; jÞ and ðk; lÞ responsible for a chiral
spin effect (the analog of the chiral magnetic effect), where
we have introduced the “magnetic” outer curvature
Bakl ¼ ϵabcdubΩcd

kl=2. An analogous computation to
[14,48] sets

ξij ¼
∂ξ̃

∂ðμij=TÞ
����
P
; ξSijkl ¼

∂ξ̃Skl
∂ðμij=TÞ

����
P
; ð13Þ

where ξ̃ and ξ̃Skl are the coefficients appearing inS
a
nc ¼ ξ̃ϖa þ

lξ̃SklB
akl þOð∂2Þ and given by ξ̃ ¼ Cijklmnμ

ijμklμmn=3T
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and ξ̃Sij ¼ Cijklmnμ
klμmn=2T, where we have neglected other

potential contributions to ξ̃ and ξ̃Sij [48] that arenot relevant for
the D3 brane.
This analysis matches precisely the hydrodynamics of R-

charged black holes when the spin current is holograph-
ically identified as the R current. Turning on a background
field strength in the 4D anomalous theory means in 10D
supergravity turning on a background outer curvature.
Starting from the first equation in (4) and (11) in the
equally spinning case, and using the holographic relations
Sa

ij → lJ A
a , 2lΩab

ij → FA
ab where FA

ab are the field
strengths of the 4D theory, we arrive at the standard
conservation laws of a theory with a chiral anomaly [14].

Discussion. Using spinning D3 branes as a guiding
example, we have given a geometric interpretation of the
chiral anomaly; in particular the chiral anomaly in 4D is
seen as a gravitational anomaly in 10D. In the hydro-
dynamic regime of a Quantum Field Theory with chiral
anomaly, for instance N ¼ 4 SYM, the dynamics of the
boundary stress tensor and R current of anomalous
R-charged fluids in 4D is mapped to the dynamics of
the spacetime stress tensor (1) of anomalous spinning fluids
in 10D. This point of view is valuable for studying
instabilities of Dp branes. For instance, using the exact
coefficients for the spin current (12) of the D3 brane given
in the Supplemental Material, it is straightforward to
perform a linearized analysis and find, directly in 10D,
the hydrodynamic instability in the spin diffusion modes
recently uncovered in [49] from a 5D perspective.
From a 10D string theory point of view, however, the low

energy effective theory of spinning D3 branes is that of a
spinning fluid carrying a higher-form D3-brane charge
coupled to a nontrivial background five-form flux such that
fμ ¼ Fμν1…ν4Jν1…ν4=4!. Following the same procedure out-
lined around (4), leads to

∇̃aSa
ij ¼

1

4!
Jμ1…μ4 ½iFj�μ1…μ4 ; ð14Þ

where Jμ1…μ4i is the dipole contribution to the current
Jν1…ν4 . In particular, the D3 brane at ideal order possesses a

magnetic dipole moment Jabcij ∼ lϵacbdudsij. We see that
the coupling between dipole contributions and five-form
flux (14) violates spin conservation, similarly to charged
spinning point particles coupled to electromagnetic fields
(see, e.g., [50]), and hence can effectively generate anoma-
lous contributions for special classes of backgrounds [51].
We intend to develop a hydrodynamic theory of higher-
form spinning fluids along the lines of [53] in order to trace
the string theoretic origin of the chiral anomaly in holo-
graphic fluids.
In the context of heavy-ion collisions, there are various

formulations of spin hydrodynamics [3,4,54], some of
which instead have intrinsic spin [32–34], i.e., the spin
lives on Mpþ1 rather than on Tnþ2, and other formulations
that do not include spin degrees of freedom [55–57]. The
formulation presented here is yet another form of spin
hydrodynamics, but we expect various connections with
theories with intrinsic spin [32–34] which will be explored
elsewhere [58]. To note is the relation between the R
current of N ¼ 1 theories and the intrinsic spin current
[59]. Using the construction of NS5-D3 branes in
Polchinski-Strassler as in [60], it would be relevant to
understand if the spin current discussed in this Letter is
related to the R current inN ¼ 1. It would be interesting to
see if, for all spinning Dp branes, the transverse spin
current is directly related to the intrinsic spin current, thus
providing an easy method for extracting transport proper-
ties of spin hydrodynamics from holography.
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