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We develop a Gaussian model to evaluate the decorated dipole and quadrupole operators that arise
beyond the eikonal approximation in the color glass condensate framework. While the method is general
and applicable to arbitrary beyond-eikonal Wilson line structures, we employ it for dijet production in deep
inelastic scattering at next-to-eikonal accuracy. After validating the model at the eikonal level, we compute
all next-to-eikonal operator structures entering the dijet cross section. We show that some of them do not
contribute to this observable, while others vanish identically. Therefore, in the Gaussian model next-to-
eikonal corrections to dijet production in deep inelastic scattering originate solely from a given type of
operators and from next-to-eikonal three-point correlators. The resulting expressions are provided in a form
suitable for numerical implementation.
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I. INTRODUCTION

The color glass condensate (CGC) (see Refs. [1–4] for
reviews and references therein) is an effective field theory
framework within quantum chromodynamics (QCD) that
describes the high-energy regime, where the density of
gluons inside a hadron or nucleus becomes so large that
nonlinear interactions, leading to saturation effects, domi-
nate. The CGC is mostly used to study processes such as
deep inelastic scattering (DIS) at small Bjorken-x and
proton-nucleus (pA) collisions at the Relativistic Heavy
Ion Collider (RHIC) and Large Hadron Collider (LHC).
At sufficiently high energies, hadrons appear as dense

clouds of gluons due to the gluon splitting with increasing
energy: as the longitudinal momentum fraction (x) of the
gluons decreases, each emitted gluon can further emit
additional gluons and the density of the gluons inside the
hadron increases rapidly. However, the self-interactions
between the emitted gluons tame the rapid growth and
cause a saturation effect. This saturation phenomena is
defined via a momentum scale Qs which characterizes the

transition from the dilute linear regime to the dense
nonlinear regime.
The CGC framework is formulated using classical Yang-

Mills equations of motion, with the high-density gluon
fields behaving like a classical field sourced by a static
color charge distribution [5–7]. The evolution of these color
charges with energy (or, equivalently, rapidity) is governed
by nonlinear renormalization group equations, in particular
the Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-
Kovner (JIMWLK) equation [8–16] and its mean field
approximation known as the Balitsky-Kovchegov (BK)
equation [17–19].
One of the key approximations adopted within the CGC

framework is the eikonal approximation. It amounts to
keeping only the leading terms in the high-energy limit, and
discarding the ones that are power-suppressed by energy, in
the computation of observables. In the CGC framework,
high energy is achieved by boosting the target along the x−

direction with a boost parameter γt. In a high-energy dilute-
dense scattering process, the eikonal approximation relies
on three key assumptions: (i) due to Lorentz contraction,
the highly boosted background field representing the target
is localized in the longitudinal direction around xþ ¼ 0;
(ii) the target’s background field is dominated by its leading
component in γt, while subleading terms in γt are dis-
regarded; and (iii) Lorentz time dilation causes the back-
ground field to be independent of the light-cone coordinate
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x−, effectively treating the target fields as static and
neglecting their internal dynamics. Deviations from any
of these assumptions introduce corrections to the eikonal
approximation. To incorporate next-to-eikonal (NEik) cor-
rections, one must account for terms of order 1=γt. In
addition to these three assumptions done in the eikonal
approximation in the presence of the gluon background
field of the target, another source of corrections to the
eikonal approximation is to account for the quark back-
ground field of the target, via t-channel quark exchanges
during the interaction of the projectile and the target. While
the eikonal approximation is a strong and reliable tool
for studying scattering processes at the LHC with rela-
tively high scattering energies, corrections to this approxi-
mation might be sizable, especially for phenomenological
studies at the RHIC and at the upcoming Electron-Ion
Collider (EIC).
Over the past decade, substantial progress has been made

in deriving and applying subeikonal corrections within the
CGC framework. NEik corrections to gluon and quark
propagators have been computed in a gluon background
field and they are used to compute various observables at
NEik accuracy [20–33]. The NEik corrections that are
stemming from t-channel quark exchanges between the
projectile partons and the dense target have been studied
in [34–36] to probe the quark content of the target. The
next-to-leading order (NLO) corrections to NEik deep
inelastic scattering (DIS) structure function have been
computed in [37]. In [38–54], not only the quark and
gluon helicity evolutions but also observables such a single
and/or double spin asymmetries are computed at NEik
accuracy. Helicity-dependent extensions of the CGC have
been studied in [55,56] at NEik order. On the other hand,
the rapidity evolution of gluon transverse momentum-
dependent distribution functions (TMDs) that interpolates
between moderate and small-x beyond eikonal accuracy
has been studied in [57–59]. A similar interpolation has
been also investigated for inclusive DIS [60,61] and for
exclusive Compton scattering [62]. Quark and gluon
propagators have been studied at NEik accuracy within
the high-energy operator product expansion (OPE) formal-
ism in [63,64]. In [65–67], subeikonal corrections in the
CGC are analyzed using an effective Hamiltonian
approach. Additionally, they have been explored through
a framework that accounts for longitudinal momentum
exchange between the projectile and target in [68–70].
Finally, effects of subeikonal corrections have also been
examined in the context of orbital angular momentum
in [71–75].
In this paper, we focus on dijet production in DIS off a

dense target at NEik accuracy. The NEik corrections to this
process were first computed in [29,32] and their numerical
analysis was performed in the dilute target limit in [31].
Even in the case of a dilute target, where NEik corrections
are expected to be less pronounced, the results of [31]

indicate up to 10% effects at large transverse momentum.
This further motivates the present study, which is intended
to lay the groundwork for a future numerical analysis of
NEik corrections in the case of a dense target. As discussed
in detail in [29,32], at NEik order the DIS dijet production
cross section is expressed in terms of “decorated” dipole
and quadrupole operators. These operators are composed of
Wilson lines with local field strength tensor insertions
along their longitudinal extent. More precisely, in the
present study, we restrict ourselves to NEik corrections
related to the transverse components of the gluon back-
ground field or to the effects beyond infinite Lorentz
contraction of the target, as a first step. By contrast, we
do not yet consider the NEik corrections beyond the static
approximation or the ones related to the quark background
field. At eikonal order, the numerical analysis of a DIS dijet
production cross section, which is expressed in terms of
standard dipole and quadrupole operators, is usually
performed by adopting the McLerran-Venugopalan (MV)
model [6,7] or the Golec-Biernat-Wustoff (GBW) [76,77]
model to describe these operators. However, the standard
implementation of these models cannot describe the dec-
orated dipole and decorated quadrupole operators, and one
should go beyond them to study DIS dijet production at
NEik accuracy numerically. Motivated by the MV and
GBW models and working along the lines in [31,56,78], in
this work we introduce a Gaussian model to describe the
decorated dipole and quadrupole operators.
The manuscript is organized as follows. In Sec. II we

briefly discuss DIS dijet production at NEik accuracy and
provide the analytical expressions of the eikonal and NEik
contributions to the production cross section. In Sec. III we
derive the expressions for the dipole and quadrupole
operators at Eikonal order in a Gaussian model. In
Sec. IV we generalize the derivation of the Gaussian model
to the decorated dipole and decorated quadrupole operators
that appear in the observables computed beyond eikonal
accuracy. In Sec. V we revisit the NEik DIS dijet produc-
tion process and provide the cross section within the
Gaussian model which can be conveniently used for
numerical studies. Finally, in Sec. VI we provide a concise
summary of our study and provide an outlook. Moreover, in
Appendix A, we provide the derivation of the color algebra
used in the Gaussian model, in Appendix B we perform the
longitudinal integrals that are needed for the evaluation of
NEik type-1 and type-2 operators, and Appendix C is
devoted to comparison of our result for the eikonal quadru-
pole computed in the Gaussian model to the known results
in the literature.

II. DIS DIJET PRODUCTION AT NEXT-TO-
EIKONAL ACCURACY

At eikonal order, the production cross section of a quark
jet with transverse momenta k1 and rapidity η1 and an
antiquark jet with transverse momenta k2 and rapidity η2 in
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DIS via a photon with polarization λ reads1

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Eik
¼
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ½Qðw0; v0; v;wÞ − dðw0; v0Þ − dðv;wÞ þ 1�: ð1Þ

The dipole dðv;wÞ and quadrupole Qðw0; v0; v;wÞ operators encode multiple scattering of the partons on the dense target.
They are defined as

dðv;wÞ ¼ 1

Nc
hTr½UðvÞU†ðwÞ�i; ð2Þ

Qðw0; v0; v;wÞ ¼ 1

Nc
hTr½Uðw0ÞU†ðv0ÞUðvÞU†ðwÞ�i; ð3Þ

where the Wilson line UðvÞ in the fundamental representation is given as the path-ordered exponential of the gluon
background field A− of the target as2

U ½xþ;yþ�ðzÞ ¼ Pþ exp
�
−ig

Z
xþ

yþ
dzþA−ðzþ; zÞ

�
: ð4Þ

The functions Cλ in Eq. (1) is defined as

CLðr1; r2Þ ¼
X
f

8Ncαeme2fQ
2

ð2πÞ6 δzz31z
3
2K0ðϵfjr1jÞK0ðϵfjr2jÞ; ð5Þ

CTðr1; r2Þ ¼
X
f

2Ncαeme2f
ð2πÞ6 δzz1z2½m2

f þ ðz21 þ z22Þ∂rj
1
∂rj

2
�K0ðϵfjr1jÞK0ðϵfjr2jÞ; ð6Þ

for incoming longitudinal and transverse photons, respectively. Here, we introduced the shorthand notations δz ¼
δðz1 þ z2 − 1Þ and ϵ2f ¼ m2

f þ z1z2Q2, withmf being the mass and ef being the fractional charge of the quark with flavor f.
The longitudinal momentum fractions of the photon carried by the quark (and the antiquark) are defined as z1;2 ¼ kþ1;2=q

þ,
where qþ is the longitudinal momenta of the incoming photon and kþ1 and kþ2 are the longitudinal momenta of the produced
quark and antiquark jets, respectively. Finally, K0ð� � �Þ is the modified Bessel function of the second type.
The NEik corrections to the DIS dijet cross section have been computed in [29] in the case of a purely gluonic

background field. Restricting ourselves for simplicity to the NEik corrections preserving the static approximation, the
results from Ref. [29] can be written as

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
NEik
¼ 1

qþ
Re
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ

×

�
1

z1

�
kj
2 −kj

1

2
þ i
2
∂wj

�
½Qð1Þj ðw0;v0;v�;wÞ− dð1Þj ðv�;wÞ�−

i
z1
½Qð2Þðw0;v0;v�;wÞ− dð2Þðv�;wÞ�

−
1

z2

�
kj
2 −kj

1

2
−
i
2
∂vj

�
½Qð1Þj ðv0;w0;w�;vÞ† − dð1Þj ðw�;vÞ†�−

i
z2
½Qð2Þðv0;w0;w�;vÞ† − dð2Þðw�;vÞ†�

�
þ δλT

dσtrans:

d2k1d2k2dη1dη2
; ð7Þ

1Boldface letters will denote transverse coordinates or momenta, while their moduli will be denoted by the subscript ⊥. Besides, a
shorthand notation is introduced for the integration over the transverse coordinates,

R
x ≡

R
d2x. Similarly, the shorthand notation used

for the transverse momentum integrals in the rest of the manuscript is defined as
R
p ≡

R d2p
ð2πÞ2.

2In the eikonal approximation, the limits of the zþ integration in the Wilson line are usually taken to be from −∞ to þ∞.
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where δλT is 1 when λ ¼ T and 0 when λ ¼ L. The part of the cross section that contributes only to the case when the
incoming photon is transversely polarized is given by

dσtrans:

d2k1d2k2dη1dη2
¼ 1

qþ
Re
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞDij
T;1ðw0 − v0;w − vÞ

×

�
1

z1

h
Qð3Þij ðw0; v0; v�;wÞ − dð3Þij ðv�;wÞ

i
þ 1

z2

h
Qð3Þij ðv0;w0;w�; vÞ† − dð3Þij ðw�; vÞ†

i�
−

1

qþ
Im
Z
z;v0;w0

eik1·ðv0−zÞþik2·ðw0−zÞDj
T;2ðw0 − v0Þ

×
Z Lþ

2

−Lþ
2

dzþ
�

1

Nc
Tr½Uðw0ÞU†ðv0Þ − 1�

h
U ½Lþ

2
;zþ�ðzÞDzj

↔ ðzþÞU†
½Lþ
2
;zþ�ðzÞ −

1

2
UðzÞ∂zj

↔
U†ðzÞ

i�
; ð8Þ

where functions Dij
T;1 and Dj

T;2 are defined as

Dij
T;1ðr1; r2Þ ¼

X
f

2Ncαeme2f
ð2πÞ6 δzz1z2ðz1 − z2Þ∂ri

1
∂rj

2
K0ðϵfjr1jÞK0ðϵfjr2jÞ; ð9Þ

Dj
T;2ðrÞ ¼ −

X
f

Ncαeme2f
2ð2πÞ5 δz½1þ ðz2 − z1Þ2�∂rjK0ðϵfjrjÞ: ð10Þ

As discussed in detail in the literature (see Refs. [29,31]), apart from the standard dipole and quadrupole operators that
appear in the DIS dijet cross section at eikonal order, given in Eqs. (2) and (3), respectively, at NEik order the DIS dijet cross
section also involves the so-called decorated dipole and decorated quadrupole operators. These operators are the
generalization of the standard eikonal operators and read

dð1Þj ðv�;wÞ ¼
1

Nc
hTr½Uð1Þj ðvÞU†ðwÞ�i; Qð1Þj ðw0; v0; v�;wÞ ¼

1

Nc
hTr½Uðw0ÞU†ðv0ÞUð1Þj ðvÞU†ðwÞ�i; ð11Þ

dð2Þðv�;wÞ ¼
1

Nc
hTr½Uð2ÞðvÞU†ðwÞ�i; Qð2Þðw0; v0; v�;wÞ ¼

1

Nc
hTr½Uðw0ÞU†ðv0ÞUð2ÞðvÞU†ðwÞ�i; ð12Þ

dð3Þij ðv�;wÞ ¼
1

Nc
hTr½Uð3Þij ðvÞU†ðwÞ�i; Qð3Þij ðw0; v0; v�;wÞ ¼

1

Nc
hTr½Uðw0ÞU†ðv0ÞUð3Þij ðvÞU†ðwÞ�i; ð13Þ

where one of the Wilson lines inside the trace has noneikonal insertions along its longitudinal extension. The star in the
transverse coordinate arguments of the decorated dipole and quadrupole operators indicate the position of the corresponding
insertion. The three types of such decorated Wilson lines are defined as

Uð1Þj ðzÞ ¼
Z Lþ

2

−Lþ
2

dvþU ½Lþ
2
;vþ�ðzÞD

↔

zjðvþÞU ½vþ;−Lþ
2
�ðzÞ; ð14Þ

Uð2ÞðzÞ ¼
Z Lþ

2

−Lþ
2

dvþU ½Lþ
2
;vþ�ðzÞD⃖zjðvþÞD⃗zjðvþÞU ½vþ;−Lþ

2
�ðzÞ; ð15Þ

Uð3Þij ðzÞ ¼
Z Lþ

2

−Lþ
2

dvþU ½Lþ
2
;vþ�ðzÞgFijðvþ; zÞU ½vþ;−Lþ

2
�ðzÞ; ð16Þ

with the standard Wilson line defined in Eq. (4). Moreover, the Wilson lines defined without specifying the two endpoints
are evaluated according to

UðxÞ≡ U ½Lþ
2
;−Lþ

2
�ðxÞ; ð17Þ

PEDRO AGOSTINI et al. PHYS. REV. D 113, 054035 (2026)

054035-4



where Lþ is the length of the support for the background
field under consideration. Due to the fact that the back-
ground field is a pure gauge outside this support, the
replacement Lþ → ∞ can safely be taken in the final
results (see Ref. [32] for a detailed discussion). The
background covariant derivatives and the field strength
insertions in the decoratedWilson lines are defined with the
following conventions:

D⃗zjðzþÞ ¼ ∂⃗zj þ igAjðzþ; zÞ ¼ ∂⃗zj − igAjðzþ; zÞ;
D⃖zjðzþÞ ¼ ∂⃖zj þ igAjðzþ; zÞ; ð18Þ

Dzj
↔ ¼ ∂⃗zj − ∂⃖zjðzþÞ − 2igAjðzþ; zÞ; ð19Þ

Fijðvþ; zÞ ¼ ∂ziAjðzþ; zÞ − ∂zjAiðzþ; zÞ
þ ig½Aiðzþ; zÞ; Ajðzþ; zÞ�: ð20Þ

As mentioned earlier, numerical studies of DIS dijet
production at eikonal accuracy are commonly performed
using the MV model [6,7] and the GBW model [76,77] to
describe the dipole and quadrupole operators. However,
extending such analyses to NEik accuracy requires going
beyond these models. In the next section, we introduce a
Gaussian model for the eikonal dipole and quadrupole
operators, which will then be generalized to the NEik
operators in Sec. IV. The primary goal of this work is to
provide explicit expressions for these decorated operators
in a form suitable for future numerical studies of observ-
ables at NEik accuracy.

III. WILSON LINE OPERATORS AT EIKONAL
ORDER WITHIN A GAUSSIAN MODEL

In this section we introduce, following the ideas
in [31,79], the Gaussian model, closely inspired in the
MV model, for the Wilson line operators at eikonal order
which will be used later to derive the expressions of NEik
operators such as decorated dipoles and decorated quadru-
poles given in Eqs. (11), (12), and (13). In the rest of the
manuscript, hÔi will denote3 the Gaussian average of an
operator Ô.

A. Monopole operator

We start our analysis with the derivation of a closed-form
expression for the averaging of the monopole operator
hU ½xþ;yþ�ðxÞi within the Gaussian model. This derivation
was originally performed in [79] where the details can be
found. Here, we just present the main steps of the
derivation.

In order to compute the Gaussian average of this
monopole operator, we first represent the Wilson line as4

U ½xþ;yþ�ðzÞ¼
X∞
n¼0
ð−igÞn

Z
zþ
1
>…:>zþn

A−ðzþ1 ;zÞ……:A−ðzþn ;zÞ;

ð21Þ

where A−ðzþ; zÞ ¼ A−
a ðzþ; zÞTa, with Ta the generators of

the fundamental representation of SUðNcÞ. For large
nuclei, using the central limit theorem, the distribution
of the color sources can be approximated by a Gaussian
distribution [79]. In [31] it was shown that, working along
the lines in [56,78] and using Wick’s theorem, the average
of multiple gauge fields can be expressed in terms of the
following two-point functions:

hAμ
aðxþ;xÞAν

bðyþ; yÞi ¼ δabδðxþ − yþÞμ2ðxþÞGμνðx − yÞ;
ð22Þ

where the relevant components of Gμν (up to NNEik
accuracy) read

G−−ðrÞ ¼
Z
P
eiP·r

1

P4
; ð23Þ

Gi−ðrÞ ¼ 1

2P−
q

Z
P
eiP·r

Pi

P4
; ð24Þ

GijðrÞ ¼ 1

ð2P−
q Þ2
Z
P
eiP·r

PiPj þ ϵimϵjnPmPn

P4
; ð25Þ

with r≡ x − y. As discussed in detail in [31], G−−ðrÞ can
contribute to the two-point correlator at eikonal order. As
will be shown in the next two subsections, the use of
G−−ðrÞ within our Gaussian model allows one to recover
the expressions of the dipole and quadrupole operators
obtained within the MV model. This follows from the fact
that G−−ðrÞ encodes a two-point correlator of minus
component of the background field. By contrast, the
two-point functions Gi−ðrÞ and GijðrÞ, associated with
the transverse components of the background field, lie
beyond the standard MV model. They arise as longitudinal
insertions in the decorated dipole and quadrupole operators
and start contributing at NEik order. Consequently, their
evaluation falls outside the scope of the MV model, which
is strictly formulated at eikonal accuracy. In Eq. (22),
μ2ðxþÞ represents the transverse color charge density of the
nucleus. It is more convenient to define μ̃2 as the color
density integrated over the longitudinal nuclear profile, and

3The same notation is used for denoting the CGC averaging of
operators in Sec. II. However, in order not to overload the
notation, hereafter h� � �i will be used only for denoting the
Gaussian averaging.

4The shorthand notation introduced in Eq. (21) for
the longitudinal integration corresponds to

R
zþ
1
>…:>zþn

≡R
dzþ1 dz

þ
2 …dzþn−1dz

þ
n θðzþ1 − zþ2 Þ…θðzþn−1 − zþn Þ.
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its limit for a homogeneous profile μðvþÞ ¼ μ as

μ̃2 ≡
ZLþ2
−Lþ

2

dvþμ2ðvþÞ⟶ μ2
ZLþ2
−Lþ

2

dvþ ¼ μ2Lþ: ð26Þ

The color structure of the monopole operator can be most
conveniently obtained by introducing the following dia-
grammatic notation. First, we write the generator Ta
contracted with A−

a ðzþ; zÞ as shown in Fig. 1. Next, we
express the two-point correlator as a kinetic term times a
color structure, as given in Eq. (22) and represented
diagrammatically in Fig. 2.
Using this approach, since the transverse position of all

the gauge fields in a monopole operator is the same, it can
be cast into contributions as represented in Fig. 3.
The fact that the two-point function is local in longi-

tudinal coordinate zþ dictates the Gaussian average to be
local as well in zþ. Moreover, the domain of the zþ integral
is constrained to zþ1 > … > zþn . These two conditions
ensure that the diagrams with nested or overlapping loops
vanish due to the lack of support along the longitudinal
direction. Therefore, for any integer k the longitudinal
coordinates obey zþ2k ¼ zþ2k−1 and thus all the contributions
to the average of the monopole operator are tadpoles. These
contributions (shown in Fig. 3) to the average of the
monopole operator can be solved straightforwardly by

using TaTa ¼ CF1F andZ
zþ
1

yþ
dzþ2 δðzþ2 − zþ1 Þ ¼

1

2
; ð27Þ

yielding for the Gaussian average of the monopole operator

hU ½xþ;yþ�ðxÞαβi

¼
X∞
k¼0
ð−g2Þk

Z
zþ
1
>…::>zþ

2k

hA−ðzþ1 ;xÞA−ðzþ2 ;xÞi…

× hA−ðzþ2k−1;xÞA−ðzþ2k;xÞi

¼
X∞
k¼0

	
−g2

2



k 1

k!
1αβ½μ2ðzþÞCFG−−ð0Þ�k; ð28Þ

with 1=k! accounting for the ordering of the longitudinal
integrals. The expression for the Gaussian average of the
monopole operator can be written in a more compact form
by introducing the saturation momentum Qs (see for
example [31]) as

Q2
s ≡ g2

2π
CF

ZLþ=2
−Lþ=2

dzþμ2ðzþÞ ≃ g2

2π
CF μ

2

ZLþ=2
−Lþ=2

dzþ; ð29Þ

where the limit of homogeneous nuclear profile is assumed
to write the second equality. Using Eq. (29) in Eq. (28), one
arrives at the final closed-form expression for the average
of the monopole operator in the Gaussian model:

hUðxÞi ¼ e−πQ
2
sG−−ð0Þ: ð30Þ

Although this section is devoted to the analysis of the
Wilson line operators at eikonal order, we would like to
comment on the Gaussian average of the monopole
operator at NEik order before we proceed to our discussion
for dipole operator. In the NEik case, the monopole
vanishes since Gj−ð0Þ ¼ 2iP−

q∂jG−−ð0Þ ¼ 0 and, as we
will see later, Gijð0Þ, that appears when we have two
transverse field insertions, factorizes trivially.

B. Dipole operator

We can now continue our study with the dipole operator
given in Eq. (2). The expression for the dipole operator
within the Gaussian model and its detailed derivation can
again be found in [79]. As in the case of monopole operator
presented in the previous subsection, here we show the
main steps of the derivation as well as the final result for the
expression at eikonal order.
The derivation of the dipole operator closely follows the

one performed for the monopole operator at eikonal order.
Namely, we first expand the Wilson lines in terms of the
gauge field. Then, we write the resulting correlators in

FIG. 1. Diagrammatic representation of Ta contracted with
A−
a ðzþ; zÞ.

FIG. 2. Diagrammatic representation of two-point correlator.

FIG. 3. A tadpole contribution that is resummed into the
expectation value of the operator hU ½xþ;yþ�i.

PEDRO AGOSTINI et al. PHYS. REV. D 113, 054035 (2026)

054035-6



terms of two-point functions given in Eq. (22). Under these
conditions, the dipole operator can be factorized into a
tadpole contribution and an interaction part as

dðx; yÞ ¼ T d N d; ð31Þ
where T d is the tadpole contribution to the dipole operator
given by

T d ¼ hUðxÞihUðyÞi ¼ e−2πQ
2
sG−−ð0Þ; ð32Þ

and N d the nontadpole contribution to the dipole operator
that accounts for the interaction between both (quark or
antiquark) lines. Diagrammatically, this part can be repre-
sented as shown in Fig. 4. Its explicit expression reads

N d ¼
1

Nc
Tr
X∞
n¼0

Z
zþ
1
>…:>zþn

Yn
i¼1
½ðTa

x ⊗ Ta
yÞg2μ2ðzþi Þ

×G−−ðx − yÞ�: ð33Þ
The color structure can be simplified by using the SUðNcÞ
Fierz identity

Ta
α1α2T

a
β2β1
¼ 1

2
δα1β1δα2β2 −

1

2Nc
δα1α2δβ1β2 ; ð34Þ

which can be represented in diagrammatic form according
to Fig. 5.
By iterating the Fierz identity to recast all intermediate

gluons, we can write (using the birdtrack approach [80])
the contribution N d to the dipoles (the diagrammatic
representation of the color factor simplification of N d is
shown in Fig. 6).

Finally, the nontadpole (interaction) factor N d in the
dipole is given by

N d ¼
X∞
n¼0

1

n!

�
CFg2

Z
dzþμ2ðzþÞG−−ðx − yÞ

�
n

¼ e2πQ
2
sG−−ðx−yÞ: ð35Þ

All in all, substituting the tadpole contribution given in
Eq. (32) and the interaction part given in Eq. (35) into the
dipole function given in Eq. (31), the dipole operator within
the Gaussian model reads

dðx; yÞ ¼ T dN d

¼ expf−2πQ2
s ½G−−ð0Þ −G−−ðx − yÞ�g: ð36Þ

The relation to the usual expression of the dipole amplitude
in the MV model, by using the definition of G−−ðrÞ given
in Eq. (23), follows from

G−−ð0Þ − G−−ðx − yÞ ¼
Z

d2P
ð2πÞ2

1 − eiP·r

P4

¼ 1

2π

Z
dP⊥
P3⊥
ð1 − J0ðP⊥r⊥ÞÞ

≈
1

2π

r2⊥
4
ln

1

r⊥ΛQCD
ð37Þ

where in the last step we have used the small dipole
approximation, r⊥P⊥ ≪ 1, and regulated the infrared
divergences by introducingΛQCD. Thus, the dipole function
becomes

dðx; yÞ ¼ exp

�
−
Q2

s

4
ðx − yÞ2 ln 1

jx − yjΛQCD

�
ð38Þ

as known in the MV model.

C. Quadrupole operator

The quadrupole operator is the next Wilson line structure
that needs to be computed in the Gaussian model at eikonal
order. Its definition is given in Eq. (3), where the longi-
tudinal limits of the fundamental Wilson lines are taken
from −∞ to þ∞. Here, for the sake of the convenience of
the derivation, we keep these limits explicit and also work
with the operator Q½xþ;yþ� which is composed of four
fundamental Wilson lines with open color indices:

Q½xþ;yþ� ¼
D
U ½xþ;yþ�ðx1Þα1α2U†

½xþ;yþ�ðx2Þβ1β2U ½xþ;yþ�ðx3Þγ1γ2
× U†

½xþ;yþ�ðx4Þμ1μ2
E
; ð39Þ

which can be represented as in Fig. 7 by using the birdtrack
approach. In order to obtain various quadrupole operators

FIG. 4. Diagram showing the interaction between quark or
antiquark lines in the dipole.

FIG. 5. Diagrammatic representation of the Fierz identity.

FIG. 6. Birdtrack representation of n gluons exchanged be-
tween a quark and an antiquark which contribute to the
dipole dðx; yÞ.
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from Eq. (39), one should perform the color trace of the
operator Q½xþ;yþ�. For the purpose of recovering any
possible trace of this operator, we define a two-dimensional
basis fjeiig in color space by

je1i≡ δαβδγμ; je2i≡ δαμδβγ; ð40Þ

which can be represented as in Fig. 8 by using the birdtrack
approach. Upon adopting these notations, the quadrupole
operator defined in Eq. (3) is given by

Q½xþ;yþ�ðx1;x2;x3;x4Þ ¼
1

Nc
he2jQ½xþ;yþ�je1i; ð41Þ

with w0 ¼ x1; v0 ¼ x2; v ¼ x3, and w ¼ x4 in Eq. (3).
Other possible operators, obtained from heijQjeji, are
evaluated in Appendix C (see Fig. 9).
As for the dipole operator, the interaction between two

lines should be accounted for. For this purpose, we define
all possible combinations where we can have two-gluon
exchanges at a longitudinal point xþ as follows:

ΣðxþÞ ¼ μ2ðxþÞ
X4

i¼1;j>i
Wij; ð42Þ

where μ2ðxþÞ represents the transverse color charge density
of the nucleus at longitudinal position xþ and Wij is the

kinetic factor given by

Wij ¼ ð−1Þiþjþ1g2G−−ðxi − xjÞ: ð43Þ

The factor ð−1Þiþjþ1 in the kinematic factor given in
Eq. (43) is introduced to account for the change in sign
when a quark (or antiquark) line is connected with another
quark line. The diagrammatic representation of the inter-
action between two quark lines at transverse coordinates xi
and xj via two-gluon exchanges at a longitudinal position
xþ is shown in Fig. 10.
In order to iterate the previously defined interaction

ΣðvþÞ, we introduce the identity I of this color vector
space as the linear map V⊗ V̄⊗V⊗ V̄→V⊗ V̄⊗V⊗ V̄,
where V ¼ CNc . In terms of Kronecker delta’s, it reads

I ¼ δα1α2δβ1β2δγ1γ2δμ1μ2 ; ð44Þ

where the labels follow the notation introduced in Fig. 7.
However, in the evaluation of Q½xþ;yþ�, only the gauge
invariant subspace of this large vector space is of interest.
Thus, only the singlet subspace of I jsinglet contributes and it
can be written using the basis fjeig which (see
Appendix A 1 for the details of the calculation) reads

I jsinglet ¼ 1 ¼ cijjeiihejj;

c ¼ 1

N2
c − 1

 
1 − 1

Nc

− 1
Nc

1

!
: ð45Þ

Applying the identity 1 to both sides of Eq. (42), we
can write the interaction term ΣðxþÞ as a matrix in the jeii
basis as

ΣðxþÞ ¼ jeiicijhejjΣðxþÞjesicsthetj
≡ μ2ðxþÞjeiiVithetj; ð46Þ

where the matrix Vit ¼ cijhejjΣðxþÞjeti can be computed
by inserting the Fierz identity and only selecting the singlet
component (see Appendix A 2 for the details of the
calculation). The result reads

FIG. 7. Diagrammatic representation of a shockwave between
yþ and xþ.

FIG. 8. Diagrammatic representation of the basis elements he1j
and he2j.

FIG. 9. Diagrammatic representation of the quadrupole by
closing color the trace through the shockwave.

FIG. 10. Diagrammatic representation of a two-gluon exchange
at longitudinal point xþ in the quadrupole between the transverse
coordinates xi and xj.
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V ¼ 1

N2
c − 1

0B@ 2β−γþαðN2
c−2Þ

2Nc

αþγ−βðN2
cþ1Þ

2N2
c

αþγ−βðN2
cþ1Þ

2N2
c

−αþ2βþγðN2
c−2Þ

2Nc

1CA; ð47Þ

with

α¼W12þW34; β¼W13þW24; γ¼W14þW23 ð48Þ

and the kinetic factor Wij defined in Eq. (43). Up to now,
we obtained all the required building blocks to compute the
quadrupole operator systematically within the eikonal
approximation. Similar to the case for the dipole operator,
the quadrupole operator can also be factorized into tadpole
and nontadpole contributions as

Q½xþ;yþ� ¼ T Q N Q; ð49Þ

with T Q being the tadpole contribution to the quadrupole
operator which reads

T Q ¼ e−4πQ
2
sG−−ð0Þ: ð50Þ

On the other hand, the nontadpole contribution to the
quadrupole operator N Q can be written as

N Q ¼
1

Nc

X∞
n¼0
he2j

Z
zþ
1
>…>zþn

Σðzþ1 Þ…Σðzþn Þje1i: ð51Þ

Substituting the expression for the interaction matrix given
in Eq. (46) into nontadpole contribution to the quadrupole
operator given in Eq. (51), we get

N Q ¼ 1þ 1

Nc
he2j
	X∞

n¼1

Z
zþ
1
>���>zþn

Yn
i¼1

μ2ðzþi Þ jekiiVkili
heli j



× je1i; ð52Þ

with the matrix V defined in Eq. (47). Upon introducing the
identity 1 ¼ jeknþ1icknþ1;lnþ1helnþ1 j, with the matrix c given
in Eq. (45), before the ket je1i in Eq. (52), one can write the
nontadpole contribution to the quadrupole as

N Q ¼ 1þ 1

Nc
he2jek1i

X∞
n¼1

	Z
zþ
1
>���>zþn

Yn
i¼1

μ2ðzþi ÞVkili
heli jekiþ1i



cknþ1;lnþ1helnþ1 je1i

¼ 1þ 1

Nc
he2jek1i

X∞
n¼1

	Z
zþ
1
>���>zþn

Yn
i¼1

μ2ðzþi ÞF kikiþ1



cknþ1;lnþ1helnþ1 je1i; ð53Þ

where we have defined F ij ¼ Vishesjeji in the second
equality. Using the explicit expression for the matrix V
given in Eq. (47), the explicit form of the matrix F can be
written as

F ¼
	 αCF þ 1

2Nc
ðβ − γÞ 1

2
ðα − βÞ

1
2
ðγ − βÞ γCF þ 1

2Nc
ðβ − αÞ



; ð54Þ

with the factors α, β, and γ defined in Eq. (48) in terms of
the kinetic factor Wij which is defined in Eq. (43). Using
the fact that

he2jek1i ¼ ðNc; N2
cÞk1 ; helnþ1 je1i ¼ ðN2

c; NcÞln1 ;
cknþ1;lnþ1helnþ1 je1i ¼ ð1; 0Þknþ1 ð55Þ

in Eq. (53), the nontadpole contribution to the quadrupole
operator can be written as

N Q¼
1

Nc

�
Nc N2

c

��
Pþexp

Z
dzþμ2ðzþÞF

�	
1

0



; ð56Þ

where we have used

1 ¼ 1

Nc
he2jek1ick1l1hel1 je1i: ð57Þ

The final expression of the nontadpole contribution to the
quadrupole operator can be written more conveniently after
diagonalizing the eikonal interaction matrix F using

F ¼ R · diagðλþ; λ−Þ · R−1; ð58Þ

where R ¼ ½vþ; v−� is the rotation matrix with v� ¼
ða�; b�ÞT being the eigenvectors of the eikonal interaction
matrix F with the corresponding eigenvalues λ�. The
eigensystem can be computed easily, leading to

λ� ¼
1

2Nc
ðβ − α − γÞ þ Nc

4
ðαþ γ �

ffiffiffiffi
Δ
p
Þ; ð59Þ

a� ¼
ð−ðα − γÞ � ffiffiffiffi

Δ
p ÞNc

2ðβ − γÞ ; b� ¼ 1; ð60Þ

Δ ¼ ðα − γÞ2 − 4

N2
c
ðα − βÞðβ − γÞ; ð61Þ
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with the factors α, β, and γ defined in Eq. (48). Therefore,
the nontadpole contribution to the quadrupole operator can
be written as

N Q ¼
1

Nc
ðNc N2

c Þ
1

aþ − a−

	
−aþeμ̃

2λþ þ a−eμ̃
2λ−

eμ̃
2λþ − eμ̃

2λ−




¼ 1

Nc

�� ffiffiffiffi
Δ
p þ α − γ

2
ffiffiffiffi
Δ
p −

β − γffiffiffiffi
Δ
p

�
eμ̃

2λ−

−
�
−
ffiffiffiffi
Δ
p þ α − γ

2
ffiffiffiffi
Δ
p −

β − γffiffiffiffi
Δ
p

�
eμ̃

2λþ

�
; ð62Þ

where μ̃2 is the color density integrated over the longi-
tudinal nuclear profile defined in Eq. (26).
To summarize, the expression for the quadrupole oper-

ator within the Gaussian model at eikonal order is obtained
according to Eq. (49), as the product of the tadpole
contribution T Q which is given in Eq. (50) and the
nontadpole contribution N Q which is given in Eq. (62).5

IV. WILSON LINE OPERATORS AT NEXT-TO-
EIKONAL ORDER WITHIN A GAUSSIAN MODEL

We now focus on the derivation of the expressions for the
noneikonal operators within our Gaussian model. As it can
be seen from the NEik DIS dijet production cross section
given in Eqs. (7) and (8), the operators that arise at NEik
order involve one decorated Wilson line in addition to the
standard eikonal Wilson lines. Our aim, in this section, is to
develop a generic method that can be used to derive
expressions for any type of NEik operator that is composed
of one decorated Wilson line and any number of eikonal
Wilson lines, provided that these operators are projected
into singlet states in order to preserve gauge invariance. We
will start with the illustration of the derivation for a specific
case, namely for a NEik dipole operator that involves an
hAjA−i interaction. Then, the derivation will be generalized
in a way that it can be applied to any type of NEik operator.
Finally, we will use this model to compute the expressions
for the NEik dipole and quadrupole operators of the type 1,
2, and 3 that are given in Eqs. (11), (12), and (13), as well as
the ones contained in the DIS dijet production cross section
for transversely polarized photons given in Eq. (8).

A. Next-to-eikonal dipole involving
the hAjA− i interaction

Let us now introduce step by step how next-to-eikonal
operators can be evaluated in the Gaussian approximation
by considering first the case of the next-to-eikonal dipole
djðx; yÞ, which is defined as

djðx; yÞ ¼
Z Lþ

2

−Lþ
2

dvþ
D
U ½Lþ

2
;vþ�ðxÞ½−igAjðvþ;xÞ�

× U ½vþ;−Lþ
2
�ðxÞU†

½Lþ
2
;−Lþ

2
�ðyÞ
E
: ð63Þ

This operator is the piece of theNEik dipole operators which
includes only the transverse field part of the decoration. The
derivation of this operator follows that for the eikonal case,
with the caveat that we have an additional interaction
mediated by a factor hAjðvþ;xÞA−ðwþ; yÞi.
Let us first examine the tadpole contribution to this

operator djðx; yÞ. In addition to the eikonal tadpole con-
tributions T d computed in the preceding section and given
in Eq. (32), one must also account for the NEik tadpole
contributions. These arise from the functionGj−ðrÞ defined
in Eq. (24). However, from this definition, it is straightfor-
ward to observe that its value at r ¼ 0—corresponding to
the tadpole contribution at NEik order—is Gj−ð0Þ ¼ 0.
Consequently, the NEik tadpole contribution to the operator
djðx; yÞ vanishes identically, leaving the eikonal T d as the
sole tadpole contribution to this NEik operator. Importantly,
since a generic NEik operator consists of one decorated
Wilson line together with an arbitrary number of eikonal
Wilson lines, and since the above argument for the
vanishing of the NEik tadpole term does not depend on
the eikonal part of the operator, this conclusion extends to
any NEik operator.
Additionally, the NEik nontadpole contributions must be

taken into account to evaluate djðx; yÞ within the Gaussian
approximation. These contributions, denoted by N j

NEik,
correspond to interactions between quark and antiquark lines
at NEik accuracy and are represented diagrammatically in
Fig. 11. As evident from Eq. (63), the operator djðx; yÞ is
genuinely NEik due to the insertion of a transverse back-
ground gluon field along the longitudinal extent of the
Wilson line. Therefore, when expressed in terms of the
two-point functions given in Eq. (22), the nontadpole
contribution to this operator requires inclusion of an addi-
tional interaction mediated by hAjðvþ;xÞA−ðwþ; yÞi,
alongside the standard eikonal interactions mediated
by hA−ðvþ;xÞA−ðwþ; yÞi.
From the derivation of N d, the eikonal nontadpole

contribution to the dipole operator, it follows that the
NEik interaction hAjðvþ;xÞA−ðwþ; yÞi introduces an

FIG. 11. Diagrammatic representation of the contribution
N j

NEik to the next-to-eikonal dipole dj. Here the noneikonal
interaction is shown with a red gluon line. The tadpole con-
tribution is factored out into the previously defined T d factor.

5The quadrupole operator in the Gaussian model was pre-
viously computed in [81]. Our result recovers the result from [81]
provided its nontadpole contribution is included and is normal-
ized with a factor 1=Nc.
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additional color factor CF along with the function
Gj−ðx − yÞ, supplementing the eikonal nontadpole contri-
butions given in Eq. (35). Thanks to the factorization of the
kinetic terms, the NEik dipole operator djðx; yÞ can thus be
written as

djðx; yÞ ¼
	
g2CF

Z
Lþ=2

−Lþ=2
dvþμ2ðvþÞGj−ðx − yÞ



dðx; yÞ

¼ g2CFμ̃
2Gj−ðx − yÞdðx; yÞ; ð64Þ

with dðx; yÞ being the eikonal dipole operator within the
Gaussian approximation given in Eq. (36) and μ̃2 being the
integrated color charge density defined in Eq. (26). As in
the case of the eikonal dipole, this result can be related to
the MV model by noting that

Gj−ðrÞ ¼ −i
2P−

q
∂
j
rG−−ðrÞ ≈

	
irj

8πP−
q



ln

1

r⊥ΛQCD
; ð65Þ

where we have used the small dipole approximation,
r⊥P⊥ ≪ 1, and regulated the infrared divergences by intro-
ducing ΛQCD as in the computation of the eikonal dipole.
Finally, by inserting Eq. (65) into Eq. (64) and using Eq. (38)
for the eikonal dipole within theMVmodel, we can write the
result of the NEik dipole operator with an Aj insertion as

djðx; yÞ ¼ 1

2

iQ2
s

2P−
q
ðx − yÞj ln

	
1

jx − yjΛQCD



× exp

�
−
Q2

s

4
ðx − yÞ2 ln 1

jx − yjΛQCD

�
: ð66Þ

Before we finalize this section, we would like to emphasize
that the generalization of the above result for the NEik
operators with a ∂jA− insertion or a double insertion is
straightforward, since the kinematic factors factorize and the
color structure remains exactly the same as above.

B. Generalization to any next-to-eikonal operators

Any of the NEik operators that we consider contains
one decorated Wilson line accompanied by an arbitrary
number of eikonal Wilson lines. As discussed earlier,
these decorated Wilson lines incorporate insertions of

background covariant derivatives like D
↔j

z or D⃖j
zD⃗

j
z or of

the field strength tensor Fijðzþ; zÞ between the semi-
infinite Wilson lines evaluated at the same transverse
coordinate z. Since we would like to evaluate NEik
operators that involve these decorated Wilson lines in
the Gaussian approximation and these decorations involve
the evaluation of derivatives, we introduce the following
representation for convenience:

∂
j
xU ½bþ;aþ�ðxÞ ¼ −ig

Z
bþ

aþ
dcþU ½bþ;cþ�ðxÞ½∂jxA−ðcþ;xÞ�

× U ½cþ;aþ�ðxÞ: ð67Þ
Owing to these transverse partial derivatives and the trans-
verse fieldsAj in the insertions it is straightforward to realize
that the longitudinal structure of the NEik decoratedWilson
lines contain either one or two longitudinal positions that are
integrated over the longitudinal support of the correspond-
ing Wilson line. This longitudinal coordinate dependence
should be properly taken into consideration while perform-
ing the Gaussian average over the background field. As
discussed in the preceding subsection, in addition to the
eikonal interactions mediated by the two-point functions of
the form hA−A−i, NEik corrections require inclusion of
interactions mediated by the two-point functions
hð∂jA−ÞA−i and hAjA−i while keeping in mind that the
insertion of either ∂jA− or Aj is constrained to the transverse
location of the NEik Wilson line.
Let us introduce an operator Ω̂ as the tensor product of an

arbitrary number n − 1 ≥ 0 of fundamental Wilson lines
and n Wilson lines in the dual representation:

Ω̂½xþ;yþ� ¼⨂
n−1

i¼1
U ½xþ;yþ�ðxiÞ⨂

n

j¼1
U†
½xþ;yþ�ðyjÞ: ð68Þ

The generic NEik operator that we would like to evaluate in
the Gaussian approximation can then be written as

ÔðkÞ ¼ UðkÞðvÞ ⊗ Ω̂; ð69Þ
with the superscript k ¼ 1, 2, 3 indicating the type of the
decorated Wilson lines. In the most general case, the
longitudinal structure of these decorated Wilson lines
can have the following two forms:

UðkÞ ∝

(R
dvþU ½Lþ

2
;vþ�Â

ðkÞðvþÞU ½vþ;−Lþ
2
�;R

dvþdwþθðwþ − vþÞU ½Lþ
2
;wþ�Ĉ

ðkÞðwþÞU ½wþ;vþ�B̂ðkÞðvþÞU ½vþ;−Lþ
2
�;

ð70Þ

where the operators ÂðkÞ, B̂ðkÞ, ĈðkÞ result from the insertion
of different decorations. Let us introduce fjvig as a
complete basis that spawns the subspace of all color
singlets in Vn ⊗ V̄n, and define the identity I in this

subspace according to

I jsinglet ¼
X
nm

cnmjvnihvmj ¼ 1: ð71Þ
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Upon inserting the identity 1 before and after each internal
longitudinal coordinate that are integrated over the corre-
sponding longitudinal support [denoted as vþ and wþ in
Eq. (70)] and using the definition of a generic NEik

operator defined in Eq. (69), one can write the two types
of generic NEik operators (with either one or two insertions
along the longitudinal extension of the corresponding
decorated Wilson line) as

ÔðkÞone−point ¼
Z

dvþ
	
U ½Lþ

2
;vþ�ðvÞ ⊗ Ω̂Lþ

2
;vþ�



jvnicnm

× hvmjÂðkÞðvþ; vÞ
X

w¼fx;yg
A−ðvþ;wÞjvsicsthvtj

	
U ½vþ;−Lþ

2
�ðvÞ ⊗ Ω̂vþ;Lþ

2
�



ð72Þ

and

ÔðkÞtwo−point ¼
Z

dwþdvþθðwþ − vþÞ
	
U ½Lþ

2
;wþ�ðvÞ ⊗ Ω̂Lþ

2
;wþ�



jvnicnm

× hvmjĈðkÞðvþ; vÞ
X

w¼fx;yg
A−ðvþ;wÞjvsicsthvtj

�
U ½wþ;vþ�ðvÞ ⊗ Ω̂wþ;vþ�

�
jvficfg

× hvgjB̂ðkÞðvþ; vÞ
X

w0¼fx;yg
A−ðvþ;w0Þjvpicpqhvqj

	
U ½vþ;−Lþ

2
�ðvÞ ⊗ Ω̂vþ;Lþ

2
�



; ð73Þ

where the summation over the indices labeling the basis is
implicit. Moreover, the summation over w and w0 spans all
the available transverse coordinates in the operator Ω̂.
These operators are finally evaluated according to
Eq. (22) and projected onto the initial and final color
states of interest, and are denoted as

OðkÞone−point ¼ hÔðkÞ1−pointi; OðkÞ2−point ¼ hÔðkÞ2−pointi: ð74Þ

This approach provides a systematic evaluation of NEik
operators within the Gaussian approximation, contingent to
the knowledge of the basis I and the action of Ta ⊗ Ta in
that basis.
First, we note that at this level the longitudinal integrals

are not straightforward to evaluate due to the nondiagonal
nature of the NEik interaction, at longitudinal positions vþ

and/or wþ, in a generic basis fjvig. However, since the
eikonal interactions are always mediated by two-point
functions of the form hA−A−i given in Eq. (22) with
μ ¼ ν ¼ −, the transverse coordinate dependence is
encoded in the function G−− defined in Eq. (23) and it
remains unchanged along the longitudinal path. The
nuclear longitudinal profile is contained in the function
μ2ðxþÞ that is factorized from the transverse dependence of
the two-point function. Therefore, one can diagonlize the
eikonal interactions and then perform the longitudinal
integrals analytically. For this purpose, we introduce the
operator VeikðvþÞ, which resums all possible eikonal
interactions between the partons in the system at a given
longitudinal position vþ, as

μ2ðvþÞVeikðvþÞ ¼
X
ij

ð−1Þiþjþ1ðTa
i ⊗ Tb

j Þ

× hA−
a ðvþ;xiÞA−

b ðvþ;xjÞi: ð75Þ

We emphasize that tadpole contributions are automatically
included in the definition of the eikonal interaction matrix
Veik, since the case i ¼ j is not excluded in the summation
appearing in its definition. In the fjvig basis that we have
introduced, this operator can be written as

VeikðvþÞ ¼ jvaiVeik
ae ðvþÞc−1ef cfghvgj

¼ jvaiFeik
af ðvþÞcfghvgj; ð76Þ

with

Veik
ae ðvþÞ ¼ cabhvcjVeikðvþÞjvdicde;

Veik
ae ðvþÞc−1ef ¼ Feik

af ðvþÞ; c−1ef ¼ hvejvfi: ð77Þ

Thus, along a path with n interactions at longitudinal
positions vþn > � � � > vþ2 > vþ1 , we write

VeikðvþmÞ � � �Veikðvþ1 Þ
¼ jvaiFeik

ab ðvþn Þf� � �gbcFeik
cd ðvþ1 Þcdehvdj: ð78Þ

Let R be the matrix that diagonalizes the eikonal interaction
matrix FeikðvþÞ, so that

Feik
ij ðvþÞ ¼ ðR · feik · R−1Þij ð79Þ
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and we denote the eigenvalues by

fλ1; λ2; � � � λmg: ð80Þ

The locality of the hA−A−i two-point functions in longitudinal coordinate and the fact that the function Gμν is independent
of the longitudinal coordinate, ensures that the matrix R that diagonalizes the eikonal interactions at a given longitudinal
position also diagonalizes those interactions along the longitudinal path. This diagonal matrix can be written as

D½xþ;yþ� ¼ diag

�
exp

	
λ1

Z
xþ

yþ
dvþμ2ðvþÞ



;…; exp

	
λm

Z
xþ

yþ
dvþμ2ðvþÞ


�
; ð81Þ

which allows us to write the expectation value of the NEik decorated one-point operator projected onto the color states
hvðþ∞Þj � � � jvð−∞Þi as

hvðþ∞ÞjOðkÞone−pointjvð−∞Þi ¼
Z

dvþhvðþ∞Þjvaicabhvbj
�
U ½Lþ

2
;vþ�ðvÞ ⊗ Ω̂½Lþ

2
;vþ�
�
jvnicnjc−1jk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðexp μ2 FeikÞak

× ckmhvmjÂðkÞðvþ; vÞ
X

w¼fx;yg
A−ðvþ;wÞjvsicsqc−1qr|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

μ2ðvþÞðVNEik;ÂðkÞc−1Þkr¼μ2ðvþÞðFNEik;ÂðkÞ Þkr

× crthvtj
�
U ½vþ;−Lþ

2
�ðvÞ ⊗ Ω̂½vþ;−Lþ

2
�
�
jvciccdc−1dh|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðexp μ2 FeikÞrh

chuhvujvð−∞Þi: ð82Þ

The NEik decorated two-point operator can be written in an analogous way. Finally, in the rotated basis we write

hvðþ∞ÞjOðkÞone−pointjvð−∞Þi ¼
Z

dvþhvðþ∞Þjvaichuhvujvð−∞Þiμ2ðvþÞ
	
RD½L

2
;vþ�R−1FNEik;ÂðkÞ

vþ RD½vþ;−Lþ
2
�R

−1



ah
; ð83Þ

hvðþ∞ÞjOðkÞtwo−pointjvð−∞Þi ¼
Z

dvþdwþθðwþ − vþÞhvðþ∞Þjvaichuhvujvð−∞Þiμ2ðwþÞμ2ðvþÞ

×

	
RD½L

2
;wþ�R−1FNEik;ĈðkÞ

wþ RD½wþ;vþ�R−1FNEik;B̂ðkÞ
vþ RD½vþ;−Lþ

2
�R

−1



ah
; ð84Þ

where we have introduced the matrix FNEik, defined in Eq. (82), that encodes the NEik interactions. This matrix is the NEik
generalization of the eikonal interaction matrix given in Eq. (76). Its explicit form and its relation to the NEik interaction
matrix VNEik for the interaction type A reads

μ2ðvþÞðFNEik;ÂðkÞ
vþ Þac ¼ cab

�
hvbjÂðkÞðvþ; vÞ

X
w¼fx;yg

A−ðvþ;wÞjvci
�
; ð85Þ

μ2ðvþÞðVNEik;ÂðkÞ
vþ Þad ¼ μ2ðvþÞðFNEik;ÂðkÞ

vþ Þacccd: ð86Þ

The NEik interaction matrices FNEik;B̂ðkÞ
vþ and FNEik;ĈðkÞ

vþ are defined analogous to Eq. (85) with the interaction type ÂðkÞ being
replaced by type B̂ðkÞ and ĈðkÞ, respectively. Assuming a homogeneous longitudinal profile, the NEik matrices

ðR−1 · FNEik;ÂðkÞ
vþ · RÞ are either independent of vþ or linear in vþ. Thus, the longitudinal integrals can be performed

analytically according to the integrals listed in Appendix B.

C. Next-to-eikonal operators of type 1

We can now use the scheme developed in the preceding subsection to compute the NEik operators of type 1 which have
the generic form
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Ôð1Þj ðv�Þ ¼
Z Lþ

2

−Lþ
2

dvþU ½Lþ
2
;vþ�ðvÞf ∂vj

�! − ∂vj
 � − 2igAjðvþ; vÞgU ½vþ;−Lþ

2
�ðvÞ ⊗ Ω̂: ð87Þ

This expression can be simplified by utilizing the fact thatZ
vþ

U ½Lþ
2
;vþ�ðvÞ ∂vj

�!
U ½vþ;−Lþ

2
�ðvÞ ¼

Z
vþ;zþ

1

Θðvþ − zþ1 ÞU ½Lþ
2
;vþ�ðvÞU ½vþ;zþ1 �ðvÞð∂vj Ã−ðzþ1 ; vÞÞU ½zþ

1
;−Lþ

2
�ðvÞ

¼
Z
zþ
1

	
Lþ

2
− zþ1



U ½Lþ

2
;zþ
1
�ðvÞð∂vj Ã−ðzþ1 ; vÞÞU ½zþ

1
;−Lþ

2
�ðvÞ; ð88Þ

where the transverse derivative acts only on the gauge field. Furthermore, in Eq. (88), for brevity, we have introduced the
following notation: Z

zþ
≡
Z Lþ

2

−Lþ
2

dzþ; Ãμ ≡ −igAμ: ð89Þ

Similarly, we can writeZ
vþ

U ½Lþ
2
;vþ�ðvÞ ∂vj

 �
U ½vþ;−Lþ

2
�ðvÞ ¼

Z
zþ
1

	
zþ1 þ

Lþ

2



U ½Lþ

2
;zþ
1
�ðvÞð∂vj Ã−ðzþ1 ; vÞÞU ½zþ

1
;−Lþ

2
�ðvÞ: ð90Þ

Substituting Eqs. (88) and (90) into Eq. (87), one can write the generic form of the NEik operators of type 1 as

Ôð1Þj ðv�Þ ¼
Z Lþ

2

Lþ
2

dvþU ½Lþ
2
;vþ�ðvÞf2Ãjðvþ; vÞ − 2vþ∂vj Ã−ðvþ; vÞgU ½vþ;−Lþ

2
�ðvÞ ⊗ Ω̂: ð91Þ

1. NEik type-1 dipole operator

The first NEik operator of type 1 that we need to evaluate is the decorated dipole of type 1, which can be obtained by
considering Ω̂ → U†ðwÞ in the generic form given in Eq. (91), which then reads

dð1Þj ðv�;wÞ ¼
1

Nc
hTrÔð1Þj jΩ̂→U†ðwÞi: ð92Þ

The tensor I that projects the system to a color singlet is straightforward to evaluate in the case of a dipole, since there is a
single way to project a quark-antiquark system to a singlet. In the birdtrack approach, it is represented diagrammatically as

ð93Þ

Therefore, the type 1 decorated dipole operator can be written as

dð1Þj ðv�;wÞ ¼
Z

dvþ
1

Nc

D
TrU ½Lþ

2
;vþ�ðvÞU†

½Lþ
2
;vþ�ðwÞ

E
×

1

Nc
hTrf2Ãjðvþ; vÞ − 2vþ∂vj Ã−ðvþ; vÞgð−1ÞÃ−ðvþ;wÞi × 1

Nc

D
TrU ½vþ;−Lþ

2
�ðvÞU†

½vþ;−Lþ
2
�ðwÞ

E
: ð94Þ

Using the fact that two-point functions are local in the longitudinal direction, neglecting the vanishing NEik tadpole
contributions, and using our model for the field correlators given in Eq. (22), it is straightforward to write the NEik dipole
operator of type 1 as

dð1Þj ðv�;wÞ ¼ 2g2 CF dðv;wÞ
Z
vþ

μ2ðvþÞfGj−ðv − wÞ − vþ∂vjG−−ðv − wÞg; ð95Þ
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where the dðv;wÞ is the eikonal dipole operator within the
Gaussian approximation defined in Eq. (36) with the
functions G−− and Gj− respectively defined in Eqs. (23)
and (24). Assuming that the transverse color charge density
of the target μ2ðvþÞ is constant, i.e., in the limit of the
homogeneous profile, one can trivially perform the inte-
gration over the longitudinal extension of the target.
Upon integration the term linear in vþ vanishes, and one
obtains

dð1Þj ðv�;wÞ ¼ 2g2μ̃2CFd½Lþ
2
;−Lþ

2
�ðv;wÞGj−ðv − wÞ; ð96Þ

with μ̃2 the color density integrated over the longitudinal
nuclear profile defined in Eq. (26). As in the eikonal
case, considering the small dipole limit and using the
saturation momentumQs defined in Eq. (29), the decorated
dipole of type 1 can be written within the Gaussian

approximation as

dð1Þj ðv�;wÞ¼
1

2

iQ2
s

P−
q
ðv−wÞj ln

	
1

jv−wjΛQCD



×exp

�
−
Q2

s

4
ðv−wÞ2 ln 1

jv−wjΛQCD

�
: ð97Þ

2. NEik type-1 quadrupole operator

The next operator we consider is the decorated quadru-
pole operator of type 1, which reads

Qð1Þj ðw0; v0; v�;wÞ ¼
1

Nc
hTrÔð1Þj jΩ̂→U†ðwÞUðw0ÞU†ðv0Þi: ð98Þ

Using the identity defined in Eq. (45) [or, more explicitly,
Eq. (A4)], we can write the quadrupole operator of type 1 in
the basis fje1i; je2ig. Thanks to the locality of the two-
point function in longitudinal direction within the Gaussian
model, the decorated quadrupole operator of type 1 can be
written in the fje1i; je2ig basis as

Qð1Þj ðw0; v0; v�;wÞ ¼
1

Nc

Z
dvþhe2jQ½Lþ

2
;vþ�
D
f2Ãjðvþ; vÞ − 2vþ∂vj Ã−ðvþ; vÞg

⊗
X

y¼fw;w0;v0g
ð�ÞyÃ−ðvþ; yÞ

E
Q½vþ;−Lþ

2
�je1i; ð99Þ

where the operatorQ½xþ;yþ� is defined in Eq. (39) and ð�Þy denotes the sign for a quark (+) or an antiquark (−) being at the
transverse location y. Using the rotation matrix R previously defined for the eikonal quadrupole in Eq. (60) and the generic
NEik decorated one-point operator given in Eq. (83), we can write the type 1 quadrupole as

Qð1Þj ðw0; v0; v�;wÞ ¼
1

Nc

Z
dvþ

�
Nc N2

c

�
·

	
T Q · RS½Lþ

2
;vþ�R

−1μ2ðvþÞFNEik;j
vþ RS½vþ;−Lþ

2
�R

−1


·

	
1

0



; ð100Þ

where we used Eq. (55) to recast into the left and right vectors. Since the NEik tadpole contributions vanish, the tadpole
contribution to the quadrupole type 1 is governed by the eikonal T Q which is given in Eq. (50), and the nontadpole eikonal
interactions are implemented by

S½xþ;yþ� ¼ diag

	
exp

�
λþ

Z
yþ

xþ
dwþμ2ðwþÞ

�
; exp

�
λ−

Z
yþ

xþ
dwþμ2ðwþÞ

�

; ð101Þ

with the eigenvalues λ� provided in Eq. (59). The NEik interaction introduces a single insertion of the matrix FNEik;j
vþ which

is related to the interaction matrix VNEik;j
vþ via

μ2ðvþÞðFNEik;j
vþ Þij ¼ μ2ðvþÞðVNEik;j

vþ c−1Þij; ð102Þ

and it is defined in Eq. (A19) with its components given in terms of α, β, and γ defined as

α ¼ −g2½2Gj−ðv�;wÞ − 2vþ∂vjG−−ðv�;wÞ�; ð103aÞ

β ¼ þg2½2Gj−ðv�;w0Þ − 2vþ∂vjG−−ðv�;w0Þ�; ð103bÞ

γ ¼ −g2½2Gj−ðv�; v0Þ − 2vþ∂vjG−−ðv�; v0Þ�; ð103cÞ
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where function Gμν follows from the expectation value of two fields in the Gaussian model according to Eq. (22). For a
homogeneous longitudinal profile, the integrations over vþ can be easily performed using the integrals listed in
Appendix B.

D. Next-to-eikonal operators of type 2

The NEik operators of type 2 can be written in a generic form as

Ôð2Þðv�Þ ¼
Z

dvþfU ½Lþ
2
;vþ�ðvÞð∂⃖vj − Ãjðvþ; vÞÞð∂⃗vj þ Ãjðvþ; vÞÞU ½vþ;−Lþ

2
�ðvÞg ⊗ Ω̂; ð104Þ

with the operator Ω̂ given in Eq. (68). In Eq. (104) the derivatives only act on theWilson lines inside the curly bracket. It can
be written as the sum of the following four terms:

ðiÞ ¼
Z
vþ

U ½Lþ
2
;vþ�ðvÞ∂⃖vj ∂⃗vj U ½vþ;−Lþ

2
�ðvÞ

¼
Z
wþ
2
;wþ

1

θðwþ2 − wþ1 Þðwþ2 − wþ1 ÞU ½Lþ
2
;wþ

2
�½∂jÃ−ðwþ2 ; vÞ�U ½wþ2 ;wþ1 �½∂jÃ−ðwþ1 ; vÞ�U ½wþ

1
;−Lþ

2
�; ð105Þ

ðiiÞ ¼
Z
vþ

U ½Lþ
2
;vþ�ðvÞ½−Ãjðvþ; vÞ�∂⃗vjU ½vþ;−Lþ

2
�ðvÞ

¼
Z
wþ
2
;wþ

1

θðwþ2 − wþ1 ÞU ½Lþ
2
;wþ

2
�½−Ãjðwþ2 ; vÞ�U ½wþ2 ;wþ1 �½∂jÃ−ðwþ1 ; vÞ�U ½wþ

1
;−Lþ

2
�; ð106Þ

ðiiiÞ ¼
Z
vþ

U ½Lþ
2
;vþ�ðvÞ∂⃖vj ½þÃjðvþ; vÞ�U ½vþ;−Lþ

2
�ðvÞ

¼
Z
wþ
2
;wþ

1

θðwþ2 − wþ1 ÞU ½Lþ
2
;wþ

2
�½∂jÃ−ðwþ2 ; vÞ�U ½wþ2 ;wþ1 �½Ãjðwþ1 ; vÞ�U ½wþ

1
;−Lþ

2
�; ð107Þ

ðivÞ ¼ −
Z
vþ

U ½Lþ
2
;vþ�ðvÞÃjðvþ; vÞÃjðvþ; vÞU ½vþ;−Lþ

2
�ðvÞ: ð108Þ

It is more convenient to consider each of the above terms separately when evaluating NEik type-2 operators within the
Gaussian approximation. In what follows, we evaluate the NEik dipole and quadrupole operators of type 2.

1. NEik type-2 dipole operator

We first focus on the NEik dipole operator of type 2 which can be obtained by taking Ω̂ → U†ðwÞ. It reads

dð2Þðv�;wÞ ¼
1

Nc
hTrÔð2ÞjΩ̂→U†ðwÞi: ð109Þ

We use the decomposition introduced in Eqs. (105), (106), (107), and (108) for the decorated Wilson line Uð2ÞðvÞ, write the
NEik dipole of type 2 as

dð2Þðv�;wÞ ¼ dð2Þðv�;wÞjðiÞ þ dð2Þðv�;wÞjðiiÞ þ dð2Þðv�;wÞjðiiiÞ þ dð2Þðv�;wÞjðivÞ ð110Þ

and compute each term individually.
By using Eqs. (105) and (109), the first term in the decomposition of NEik dipole of type 2 given in Eq. (110) reads

dð2Þðv�;wÞjðiÞ ¼
1

Nc

Z
vþ

D
Tr
h
U ½Lþ

2
;vþ�ðvÞ∂⃖vj ∂⃗vj U ½vþ;−Lþ

2
�ðvÞU†ðwÞ

iE
: ð111Þ

Upon acting on the semi-infinite Wilson lines, the vþ integral can be performed trivially, leading to
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dð2Þðv�;wÞjðiÞ ¼
1

Nc

Z
zþ
1
;zþ
2

ðzþ1 − zþ2 Þθðzþ1 − zþ2 Þ

×
D
Tr
h
U ½Lþ

2
;zþ
1
�ðvÞ∂vj Ã−ðzþ1 ; vÞU ½zþ1 ;zþ2 �ðvÞ∂vj Ã−ðzþ2 ; vÞU ½zþ

2
;−Lþ

2
�ðvÞU†ðwÞ

iE
: ð112Þ

It is now straightforward to evaluate the Gaussian averaging by using the two-point correlator defined in Eq. (22) and the
functions G−− defined in Eq. (23). One simply gets

dð2Þðv�;wÞjðiÞ ¼ g4C2
Fμ

4dðv;wÞ
Z
zþ
1
;zþ
2

ðzþ1 − zþ2 Þθðzþ1 − zþ2 Þ½∂vjG−−ðv − wÞ�2; ð113Þ

with dðv;wÞ the eikonal dipole defined in Eq. (36) and where we assumed a homogeneous longitudinal nuclear profile
μðvþÞ ¼ μ. From Eqs. (23) and (24), the relation between the functions G−−ðrÞ and Gj−ðrÞ is

∂vjG
−−ðv − wÞ ¼ 2iP−

qGj−ðv − wÞ: ð114Þ

Using this relation and performing the integrations over zþ1 and zþ2 , the first term in the decomposition of NEik dipole of
type 2 given in Eq. (110) can be written as

dð2Þðv�;wÞjðiÞ ¼ −
4

6
ð2πÞ2Q4

sLþðP−
q Þ2dðv;wÞ½Gj−ðv − wÞ�2; ð115Þ

where we have used Eq. (29) for the definition of the saturation momenta Qs. Finally, substituting Eq. (65) for the function
Gj− within the small dipole approximation, we can rewrite it as

dð2Þðv�;wÞjðiÞ ¼
1

4

1

6
Q4

sLþðv − wÞ2ln2
	

1

jv − wjΛQCD



exp

�
−
Q2

s

4
ðv − wÞ2 ln 1

jv − wjΛQCD

�
: ð116Þ

Let us now consider the second term in the decomposition of NEik dipole of type 2 given in Eq. (110) which reads

dð2Þðv�;wÞjðiiÞ ¼
1

Nc

Z
vþ

D
Tr
h
U ½Lþ

2
;vþ�ðvÞð−Ãjðvþ; vÞÞ ∂!vjU ½vþ;−Lþ

2
�ðvÞU†ðwÞ

iE
ð117Þ

¼ 1

Nc

Z
vþ;zþ

1

θðvþ − zþ1 ÞhTr½U ½Lþ
2
;vþ�ðvÞð−Ãjðvþ; vÞÞU ½vþ;zþ

1
�ðvÞ

× ∂vj Ã
−ðzþ1 ; vÞU ½zþ

1
;−Lþ

2
�ðvÞU†ðwÞ�i: ð118Þ

By following the same steps and using the two-point correlator given in Eq. (22), one gets

dð2Þðv�;wÞjðiiÞ ¼ −g4C2
Fμ

4dðv;wÞ½∂vjG−−ðv − wÞ�Gj−ðv − wÞ
Z
vþ;zþ

1

θðvþ − zþ1 Þ: ð119Þ

Finally, performing the integrations over the longitudinal coordinates, using the relation between G−−ðrÞ and Gj−ðrÞ given
in Eq. (114) and the definition of the saturation momenta in Eq. (29), one gets

dð2Þðv�;wÞjðiiÞ ¼ −4iπ2Q4
sP−

q ½Gj−ðv − wÞ�2dðv;wÞ; ð120Þ

which reads

dð2Þðv�;wÞjðiiÞ ¼
1

4

i
4

Q4
s

P−
q
ðv − wÞ2 ln2

	
1

jv − wjΛQCD



exp

�
−
Q2

s

4
ðv − wÞ2 ln 1

jv − wjΛQCD

�
ð121Þ

in the small dipole approximation.
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The third term in the decomposition in Eq. (110) reads

dð2Þðv�;wÞjðiiiÞ ¼
1

Nc

Z
vþ

D
Tr
h
U ½Lþ

2
;vþ�ðvÞ∂⃖vj Ãjðvþ; vÞU ½vþ;−Lþ

2
�ðvÞU†ðwÞ

iE
: ð122Þ

By following the same steps as in the evaluation of dð2Þðv�;wÞjðiiÞ, one can easily obtain

dð2Þðv�;wÞjðiiiÞ ¼ −
1

4

i
4

Q4
s

P−
q
ðv − wÞ2 ln2

	
1

jv − wjΛQCD



exp

�
−
Q2

s

4
ðv − wÞ2 ln 1

jv − wjΛQCD

�
: ð123Þ

Comparing Eqs. (122) and (123), one immediately realizes that

dð2Þðv�;wÞjðiiÞ þ dð2Þðv�;wÞjðiiiÞ ¼ 0: ð124Þ

Finally, using Eq. (108), the last term in the decomposition of the NEik dipole of type 2 can be written as

dð2Þðv�;wÞjðivÞ ¼ −
1

Nc

Z
vþ

D
Tr
h
U ½Lþ

2
;vþ�ðvÞÃjðvþ; vÞÃjðvþ; vÞU ½vþ;−Lþ

2
�ðvÞU†ðwÞ

iE
: ð125Þ

When evaluating this operator within the Gaussian model presented in Eq. (22), the transverse gauge fields in Eq. (125) can
only be contracted with themselves since they are localized at the same longitudinal position vþ, and thus one gets from
Eq. (22) an ill-defined factor δðvþ − vþÞ. From dimensional analysis, we interpret this factor as δðvþ − vþÞ ¼ C=Lþ, where
C is a dimensionless constant of order one, which can be considered as a model parameter. In such a way, one finds

dð2Þðv�;wÞjðivÞ ¼ g2CFμ
2Lþ

C
Lþ

dðv;wÞGjjð0Þ ¼ 2πQ2
s
C
Lþ

dðv;wÞGjjð0Þ: ð126Þ

Moreover, as before we also used the definition of the saturation momenta given in Eq. (29). With the definition of the
function GijðrÞ given in Eq. (25), one can readily write

GjjðrÞ ¼ 2
1

ð2P−
q Þ2
Z
P
eiP·r

1

P2
ð127Þ

which, at r ¼ 0, reads

Gjjð0Þ ¼ 1

2π

1

2ðP−
q Þ2

ln
ΛUV

ΛQCD
; ð128Þ

where the cutoff ΛUV is introduced to regulate the ultraviolet divergence. Finally, using Eq. (128) for function Gjjð0Þ and
Eq. (36) for the eikonal dipole in the Gaussian model and taking the small dipole limit, the fourth term in the decomposition
of the NEik dipole of type 2 can be expressed as

dð2Þðv�;wÞjðivÞ ¼
C

2Lþ
Q2

s

ðP−
q Þ2

ln
ΛUV

ΛQCD
exp

�
−
Q2

s

4
ðv − wÞ2 ln 1

jv − wjΛQCD

�
: ð129Þ

To sum up, substituting Eqs. (116), (121), (123), and (129) into Eq. (110), the NEik dipole of type 2 within the Gaussian
approximation reads

dð2Þðv�;wÞ ¼
�
1

24
Q4

sLþðv − wÞ2 ln2
	

1

jv − wjΛQCD



þ C
2Lþ

Q2
s

ðP−
q Þ2

ln
ΛUV

ΛQCD

�
× exp

�
−
Q2

s

4
ðv − wÞ2 ln 1

jv − wjΛQCD

�
: ð130Þ
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A comment is in order before ending the discussion
for the NEik dipole of type 2 within the Gaussian model.
The observation in Eq. (124) can be extended beyond
the evaluation of NEik dipole of type 2. Taking into
account their explicit forms given in Eq. (23) and (24),
the relation between the functions G−−ðrÞ and Gj−ðrÞ
presented in Eq. (114) implies that each factor of ∂jÃ− can
be substituted by −2iP−

q Ã
j within our model.

Consequently, one readily sees that terms (ii) and (iii),
given in Eqs. (106) and (107), respectively, cancel each
other irrespective of the choice of the operator Ω̂.
Therefore, only terms (i) and (iv), given in Eqs. (105)
and (108), contribute to the evaluation of any NEik operator
of type 2 in our Gaussian model.

2. NEik type-2 quadrupole operator

We now examine the NEik quadrupole operator
of type 2, which can be obtained by taking Ω̂ →
U†ðwÞUðw0ÞU†ðv0Þ in Eq. (104) and reads

Qð2Þðv�;w;w0;v0Þ ¼
1

Nc

�
TrÔð2ÞjΩ̂→U†ðwÞUðw0ÞU†ðv0Þ

�
: ð131Þ

One can use the decomposition introduced in Eqs. (105),
(106), (107), and (108) to write the NEik quadrupole

operator of type 2 as

Qð2Þðv�;w;w0;v0Þ ¼Qð2Þðv�;w;w0;v0ÞjðiÞ
þQð2Þðv�;w;w0;v0ÞjðiiÞ
þQð2Þðv�;w;w0;v0ÞjðiiiÞ
þQð2Þðv�;w;w0;v0ÞjðivÞ: ð132Þ

As discussed previously, the second and third terms
cancel each other, i.e.,

Qð2Þðv�;w;w0; v0ÞjðiiÞ þQð2Þðv�;w;w0; v0ÞjðiiiÞ ¼ 0; ð133Þ

analogous to the case of the NEik dipole operator of type 2
as shown in Eq. (124).
Now, using the identity defined in Eq. (45) [or more

explicitly in Eq. (A4)], and the eikonal quadrupole defined
in Eq. (39), we can write the quadrupole operator of type 2
in the basis fje1i; je2ig. When written in terms of the
operator Q½xþ;yþ� which is composed of four fundamental
Wilson lines with opened color indices and defined in
Eq. (39), the first term in the decomposition can be
written as

Qð2Þðv�;w;w0; v0ÞjðiÞ ¼
1

Nc

Z
wþ
2
;wþ

1

ðwþ2 − wþ1 Þθðwþ2 − wþ1 Þhe2jQ½Lþ
2
;wþ

2
�

×

�
f∂vj Ã−ðwþ2 ; v�Þg ⊗

X
y2¼fw;w0;v0g

ð�Þy2 Ã−ðwþ2 ; y2Þ
�
Q½wþ

2
;wþ

1
�

×

�
f∂vj Ã−ðwþ1 ; v�Þg ⊗

X
y1¼fw;w0;v0g

ð�Þy1 Ã−ðwþ1 ; y1Þ
�
Q½wþ

1
;−Lþ

2
�je1i; ð134Þ

where ð�Þy denotes the sign for a quark or an antiquark being at the transverse location y. Using the rotation matrix R for the
eikonal quadrupole defined in Eq. (60) and using the generic two-point function derived previously and given in Eq. (84),
we can write the first term in decomposition of the NEik quadrupole of type 2 as

Qð2Þðv�;w;w0; v0ÞjðiÞ ¼
1

Nc

Z
wþ
2
;wþ

1

ðwþ2 − wþ1 Þθðwþ2 − wþ1 Þμ2ðwþ2 Þμ2ðwþ1 Þ

×
�
Nc N2

c

�
·

	
T Q · RS½Lþ

2
;wþ

2
�R

−1FNEik;j
wþ
2

RS½wþ
2
;wþ

1
�R−1FNEik;j

wþ
1

RS½wþ
1
;−Lþ

2
�R


·

	
1

0



; ð135Þ

where we used the properties of the basis vectors given in Eq. (55) to recast it into the left and right vectors. The eikonal
tadpole contribution T Q is given in Eq. (50) and it is proportional to the identity. The eikonal nontadpole interactions are
implemented by

S½xþ;yþ� ¼ diag

	
exp

�
λþ

Z
yþ

xþ
dwþμ2ðwþÞ

�
; exp

�
λ−

Z
yþ

xþ
dwþμ2ðwþÞ

�

; ð136Þ

with the eigenvalues λ� provided in Eq. (59). The NEik interactions are encoded via double insertion of the NEik interaction
matrix FNEik that satisfies
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ðFNEik;j
wþ
1=2
Þ
ij
¼ ðVNEik;j

wþ
1=2

c−1Þ
ij
; ð137Þ

where the matrix VNEik is defined in Eq. (A19). Its
components are given in terms of α, β, and γ that are
defined as

α ¼ −g2∂vjG−−ðv�;wÞ; β ¼ þg2∂vjG−−ðv�;w0Þ;
γ ¼ −g2∂vjG−−ðv�; v0Þ: ð138Þ

As in the preceding cases, functions Gμν are determined
from the two-field expectation value in the Gaussian model,
Eq. (22).
The fourth term in the decomposition of the NEik

quadrupole of type 2 is obtained by substituting the term
(iv), given in Eq. (108), into Eq. (131) and taking
Ω̂ → U†ðwÞUðw0ÞU†ðv0Þ. As explained in the evaluation
of dð2Þðv�;wÞjðivÞ, the transverse fields are at the same
longitudinal position and contracted within themselves.
Therefore, the color structure factorizes from the rest as
shown in Eq. (126). Following the same steps, one can
readily show that the eikonal quadrupole factorizes in the
fourth term of the NEik quadrupole of type 2 and it can be
written as

Qð2Þðv�;w;w0; v0ÞjðivÞ ¼
C

2Lþ
Q2

s

ðP−
q Þ2

ln
ΛUV

ΛQCD
Qðv;w;w0; v0Þ;

ð139Þ

with Qðv;w;w0; v0Þ being the eikonal quadrupole that is
defined in Eq. (49) with the tadpole and nontadpole
contributions given in Eqs. (50) and (62), respectively.
To sum up, the NEik quadrupole operator of type 2 is

given by Eq. (132) with Eq. (135) for the first term in the
decomposition (which governs the NEik interactions),
Eq. (139) for the fourth term in the decomposition (which
corresponds to NEik tadpole contribution), and Eq. (133)
for the sum of the second and the third contributions in the
decomposition (which vanishes identically in the
Gaussian model).

E. Next-to-eikonal operators of type 3

The NEik operators of type 3 can be written in a generic
form as

Ôð3Þij ðv�Þ¼
Z
dvþ

n
U ½Lþ

2
;vþ�ðvÞgFijðvþ;vÞU ½vþ;−Lþ

2
�ðvÞ
o
⊗Ω̂;

ð140Þ

with the operator Ω̂ defined in Eq. (68). Using the explicit
expression of the field strength tensor given in Eq. (20), the
generic form of NEik operators of type 3 reads

Ôð3Þij ðv�Þ ¼
Z

dvþ
n
U ½Lþ

2
;vþ�ðvÞð∂viAjðvþ; vÞ− ∂vjAiðvþ; vÞ

þ ig½Aiðvþ; vÞ; Ajðvþ; vÞ�ÞU ½vþ;−Lþ
2
�ðvÞ
o
⊗ Ω̂:

ð141Þ

The first two terms inside the parentheses on the right-hand
side of this equation correspond to the Abelian part of the
decoration of type 3 which is antisymmetric under the
exchange of i ↔ j. On the other hand, as discussed at
the end of the evaluation of the NEik dipole of type 2, the
relation between the functions G−−ðrÞ and Gj−ðrÞ pre-
sented in Eq. (114) suggests that, in our Gaussian model,
each factor of 2iP−

qAj can be approximated by ∂jA−. Using
this approximation, one can write the Abelian part of the
NEik operators of type 3 as

Ôð3Þij ðv�ÞjAbelian ¼
i
2

1

P−
q

Z
dvþ

n
U ½Lþ

2
;vþ�ðvÞð∂vi∂vjA−ðvþ; vÞ

− ∂vj∂viA
−ðvþ; vÞÞU ½vþ;−Lþ

2
�ðvÞ
o
⊗ Ω̂;

ð142Þ

which vanishes.
On the other hand, the non-Abelian part of the NEik

operators of type 3 reads

Ôð3Þij ðv�Þjnon−Abelian
¼
Z

dvþ
n
U ½Lþ

2
;vþ�ðvÞðig½Aiðvþ; vÞ; Ajðvþ; vÞ�Þ

× U ½vþ;−Lþ
2
�ðvÞ
o
⊗ Ω̂: ð143Þ

The structure of this decoration closely resembles the
(iv) term in the decomposition of the type-2 NEik operators
presented in Eq. (108). In evaluating the non-Abelian

contribution of operator Ôð3Þij within the Gaussian model
defined in Eq. (22), the transverse gauge fields appearing in
Eq. (143) may contract only with one another, as they are
localized at the same longitudinal coordinate vþ.
According to Eq. (22), the corresponding two-point corre-
lator of the transverse fields is proportional to δij. The total
non-Abelian contribution to the type-3 NEik operator is,
however, antisymmetric under the exchange of i ↔ j, and
therefore vanishes identically in the Gaussian model.
Hence, we conclude that type-3 NEik operators do not
contribute within this framework.

F. Contribution from the three-point correlation

Apart from the three types of NEik operators discussed
above, in the NEik cross section of DIS dijet production of
transversely polarized photons presented in Eqs. (7) and
(8), there are extra Wilson line operators of the form
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Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ ¼
Z Lþ

2

−Lþ
2

dzþ
�

1

Nc
Tr½ðUðw0ÞU†ðv0Þ − 1Þ

×

	
U ½Lþ

2
;zþ�ðzÞD

↔

zjðzþÞU†
½Lþ
2
;zþ�ðzÞ −

1

2
UðzÞ∂

↔

zjU
†ðzÞ


��
ð144Þ

which, for convenience, can be written as the sum of two terms:

Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ ¼ Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ
����
D
↔
þOthree−point

½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ
����
∂

↔
: ð145Þ

The first operator involves the left-right covariant derivative D
↔

j and it reads

O3−point
½Lþ
2
;−Lþ

2
�ðw
0; v0; zÞ

���
D
↔ ≡

Z Lþ
2

−Lþ
2

dzþ
1

Nc

�
Tr

��
Uðw0ÞU†ðv0Þ − 1

��
U ½Lþ

2
;zþ�ðzÞD

↔

zjðzþÞU†
½Lþ
2
;zþ�ðzÞ

���
¼ 1

Nc

Z Lþ
2

−Lþ
2

dzþ
�
Tr

��
Uðw0ÞU†ðv0Þ − 1

�
× U ½Lþ

2
;zþ�ðzÞ

�
2Ãjðzþ; zÞ − 2

	
zþ þ Lþ

2



∂jÃ

−ðzþ; zÞ
�
U†
½Lþ
2
;zþ�ðzÞ

��
; ð146Þ

where we have explicitly computed the action of the covariant derivative on the semi-infinite Wilson lines and used the

shorthand notation Ãμ ¼ −igAμ as in the preceding sections. The second operator involves left-right partial derivative ∂

↔

j

and reads

O3−point
½Lþ
2
;−Lþ

2
�ðw
0; v0; zÞ

���
∂

↔ ≡
Z Lþ

2

−Lþ
2

dzþ
1

Nc

�
Tr

��
Uðw0ÞU†ðv0Þ − 1

�	
−
1

2
UðzÞ∂zj

↔
U†ðzÞ


��
¼ 1

Nc

Z Lþ
2

−Lþ
2

dyþ
D
Tr
h
ðUðw0ÞU†ðv0Þ − 1ÞU ½Lþ

2
;yþ�ðzÞ½Lþ∂jÃ−ðyþ; zÞ�U†

½Lþ
2
;yþ�ðzÞ

iE
: ð147Þ

In the first equality, the integral over dzþ simply introduces a factor Lþ. In the second equality, the longitudinal point
corresponding to the action of the partial derivative is labeled by yþ. Substituting Eqs. (146) and (147) into Eq. (145), one
gets the NEik three-point operator as

O3−point
½Lþ
2
;−Lþ

2
�ðw
0; v0; zÞ ¼ 1

Nc

Z Lþ
2

−Lþ
2

dzþ
D
Tr
h
ðUðw0ÞU†ðv0Þ − 1ÞU ½Lþ

2
;zþ�ðzÞ½2Ãjðzþ; zÞ − 2zþ∂jÃ−ðzþ; zÞ�U†

½Lþ
2
;zþ�ðzÞ

iE
ð148Þ

¼ 1

Nc

Z Lþ
2

−Lþ
2

dzþ
D
Tr
h
Uðw0ÞU†ðv0ÞU ½Lþ

2
;zþ�ðzÞ½2Ãjðzþ; zÞ − 2zþ∂jÃ−ðzþ; zÞ�U†

½Lþ
2
;zþ�ðzÞ

iE
−

1

Nc

Z Lþ
2

−Lþ
2

dzþ
D
Tr
h
U ½Lþ

2
;zþ�ðzÞ½2Ãjðzþ; zÞ − 2zþ∂jÃ−ðzþ; zÞ�U†

½Lþ
2
;zþ�ðzÞ

iE
: ð149Þ

Note that, in the Gaussian approximation, the eikonal field Ã− cannot interact with a singlet pointlike system. Therefore,
the insertion of the operator

Oðzþ; zÞ ¼ ½2Ãjðzþ; zÞ − 2zþ∂jÃ−ðzþ; zÞ� ð150Þ

between the two semi-infinite Wilson lines can only be projected onto the adjoint subspace. The term in the second line of
Eq. (148) can be written as

U ½Lþ
2
;zþ�ðzÞOðzþ; zÞU†

½Lþ
2
;zþ�ðzÞ ¼ U ½Lþ

2
;zþ�ðzÞTaU†

½Lþ
2
;zþ�ðzÞO

aðzþ; zÞ ¼ TbUba
½Lþ
2
;zþ�ðzÞO

aðzþ; zÞ; ð151Þ
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where we introduced the adjoint Wilson line UðzÞ in the
second line. In addition, the second term in the NEik three-
point operator given in Eq. (149) has a single transverse
coordinate dependence and therefore can only give a
tadpole contribution. However, this contribution vanishes
since the adjoint generator Ta

adj ¼ −ifabc is traceless.
Therefore, the only nonvanishing contribution to the
NEik three-point operator is presented in the first line of
Eq. (149) which, in the birdtrack approach, can be
represented as

where the bullet represents the insertion of the operator
Oaðzþ; zÞ given in Eq. (151). Since there is only one single
singlet in V ⊗ V̄ (respectively V ⊗ V̄ ⊗ A),6 we can
directly project onto this subspace before and after the
longitudinal insertion position zþ to write the NEik three-
point operator as

Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ

¼
Z

dzþ
1

Nc

D
Tr
h
U ½zþ;−Lþ

2
�ðw0ÞU†

½zþ;−Lþ
2
�ðv
0Þ
iE

×
1

Nc

�
CFNc

N2
c − 1

Oaðzþ; zÞ½Ãa−ðzþ;w0Þ − Ãa−ðzþ; v0Þ�
�

×
2

N2
c − 1

D
Tr
h
TbU ½Lþ

2
;zþ�ðw0ÞTaU†

½Lþ
2
;zþ�ðv

0Þ
i
Uba
½Lþ
2
;zþ�ðzÞ

E
:

ð152Þ

Before proceeding further with the discussion of the NEik
three-point operator, we first comment on the color factors
appearing in Eq. (152). The factor of 1=Nc in the first line
originates from the overall normalization of the operator,
already included in the definition of the NEik three-point
operator in Eq. (144). In the second line, the color
factor 1=Nc arises from the qq̄ singlet projection, while
the factor 1=ðN2

c − 1Þ compensates the δaa which comes
from the expectation value hOaÃai. The remaining factor,
CFNc, follows from the trace over two fundamental
generators, trðTaTaÞ. In the last line of Eq. (152), the
factor 2=ðN2

c − 1Þ is associated with the qq̄g singlet
projection. All in all, the NEik three-point operator can
be written as

Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ

¼
Z

dzþCð3Þ½Lþ
2
;zþ�ðw

0; v0; zÞd½zþ;−Lþ
2
�ðw0; v0Þ

×

�
CF

N2
c − 1

Oaðzþ; zÞ½Ãa−ðzþ;w0Þ − Ãa−ðzþ; v0Þ�
�
;

ð153Þ

where d½zþ;−Lþ
2
�ðw0; v0Þ is the eikonal dipole defined in the

range from −Lþ=2 to the point zþ which reads

d½zþ;−Lþ
2
�ðw0; v0Þ ¼

1

Nc

D
Tr
h
U ½zþ;−Lþ

2
�ðw0ÞU†

½zþ;−Lþ
2
�ðv
0Þ
iE

;

ð154Þ

and Cð3Þ½Lþ
2
;zþ�ðw

0; v0; zÞ is the eikonal three-point correlation

function which is defined from the longitudinal point zþ to
Lþ=2 and it reads

Cð3Þ½Lþ
2
;zþ�ðw

0;v0;zÞ

¼ 2

N2
c − 1

D
Tr
h
TbU ½Lþ

2
;zþ�ðw0ÞTaU†

½Lþ
2
;zþ�ðv

0Þ
i
Uba
½Lþ
2
;zþ�ðzÞ

E
:

ð155Þ

Finally, the last line of Eq. (153) corresponds to the NEik
interaction contribution to the three-point function.
Let us first consider the eikonal three-point correlation in

the Gaussian approximation. The invariance condition for a
system of three partons reads

Tw0 þ Tv0 þ Tz ¼ 0; ð156Þ

where we label by Ti the generator in the representation of
the parton at the corresponding coordinate i ¼ fw0; v0; zg.
Thus, the eikonal interaction reads7

ðTa
w0⊗Ta

v0 Þww0v0 þðTa
w0⊗Ta

zÞww0zþðTa
v0⊗Ta

zÞwv0z

⟶1

�
1

2Nc
ww0v0 −

Nc

2
ðww0zþwv0zÞ

�
≡1Γðqq̄gÞw0v0z : ð157Þ

Here, wij is closely related to the kinematic factor Wij

defined in Eq. (43). The two are equivalent up to an overall
sign and tadpole contributions. In particular, Wij incorpo-
rates the sign factor and therefore alternates accordingly,
whereas the kinematic factor wij introduced above is
defined without the sign factor. Moreover, in the kinematic
factor Wij tadpole contributions are excluded and

6Let us recall that V denotes the fundamental vector space, V̄
the corresponding dual vector space, and A the adjoint vector
space.

7As an illustration, one can write 2Tw0 ⊗ Tv0 ¼ ðTw0 þ Tv0 Þ2−
T2
w0 − T2

v0 ¼ T2
z − T2

w0 − T2
v0 ¼ Nc − 2CF ¼ 1

Nc
.
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computed separately, while wij includes both tadpole and
nontadpole contributions. Finally, in Eq. (157), 1 denotes
the identity of the corresponding space. All in all, the qq̄g

interaction function Γðqq̄gÞw0v0z is given by

Γðqq̄gÞw0v0z ¼
1

2Nc
½G−−ð0Þ −G−−ðw0 − v0Þ�

−
Nc

2
½G−−ð0Þ −G−−ðw0 − zÞ�

−
Nc

2
½G−−ð0Þ −G−−ðv0 − zÞ�; ð158Þ

with the function Gμν defined in Eq. (22) and its eikonal
component given in Eq. (23). In the small dipole approxi-
mation, the combination that appears in all the terms above
is computed in Eq. (37). These results are in agreement with
the eikonal qq̄g interaction computed in [82] in the context
of resummation of soft gluons for inclusive heavy-quark
pair production.
Because the eikonal interaction in the three-point corre-

lation function is proportional to the identity in color space,
as shown in Eq. (157), its Gaussian average is color-trivial
due to the locality of its longitudinal coordinate depend-
ence. After incorporating the transverse color charge
density μ2ðzþÞ and the appropriate coupling constant
factor, the three-point correlator readily resums the eikonal
interactions into

Cð3Þ½aþ;bþ�ðw0;v0;zÞ¼exp

	Z
aþ

bþ
duþg2μ2ðuþÞΓðqq̄gÞwvz



; ð159Þ

with a generic support of the background fields extending
from bþ to aþ. In the limit of a homogeneous longitudinal
nuclear profile, μðuþÞ can be replaced by a constant μ,
which renders the longitudinal integral trivial, yielding the
following expression for the eikonal three-point correlation
function:

Cð3Þ½aþ;bþ�ðw0; v0; zÞ ¼ exp½ðaþ − bþÞg2μ2Γðqq̄gÞw0v0z �: ð160Þ

The eikonal dipole defined in Eq. (154) can be evaluated
straightforwardly within the Gaussian approximation by

noting that the qq̄g interaction function Γðqq̄gÞxyz , given in

Eq. (158), is related to the qq̄ interaction function Γðqq̄Þyz

through

lim
x→y

Γðqq̄gÞxyz ¼ Nc

CF
Γðqq̄Þyz : ð161Þ

Its explicit expression reads

Γðqq̄Þw0v0 ≡ −CF½G−−ð0Þ −G−−ðw0 − v0Þ�: ð162Þ

The reasoning and methodology employed to resum the
eikonal interactions for the eikonal three-point correlation
function carry over directly to the dipole operator in
Eq. (154). Applying the same steps leads to the following
expression:

d½aþ;bþ�ðw0; v0Þ ¼ exp

	Z
aþ

bþ
duþg2μ2ðuþÞΓðqq̄Þw0v0



; ð163Þ

with the qq̄ interaction function Γðqq̄Þyz given in Eq. (162). As
before, for a homogeneous nuclear profile μðuþÞ→ μ and
the longitudinal integral can be performed trivially, yielding

d½aþ;bþ�ðw0; v0Þ ¼ exp½ðaþ − bþÞg2μ2Γðqq̄Þw0v0 �: ð164Þ

The NEik interaction contribution to the three-point func-
tion can be computed using Eq. (22) and the result reads

1

N2
c − 1

hOaðzþ; zÞ½Ãa−ðzþ;w0Þ − Ãa−ðzþ; v0Þ�i

¼ −2g2μ2ðzþÞ½Gj− − zþ∂jG−−�w0z
þ 2g2μ2ðzþÞ½Gj− − zþ∂jG−−�v0z; ð165Þ

with the relevant components of the function Gμν given in
Eqs. (23) and (24).
Finally, substituting Eq. (165) into Eq. (153), the NEik

three-point operator can be expressed within the Gaussian
model as

Othree−point
½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ

¼
Z

dzþCð3Þ½Lþ
2
;zþ�ðw

0; v0; zÞd½zþ;−Lþ
2
�ðw0; v0Þ

× f2CFg2μ2ðzþÞ½ðGj− − zþ∂jG−−Þw0z
− ðGj− − zþ∂jG−−Þv0z�g ð166Þ

for a target whose color charge density depends on the
longitudinal coordinate. Furthermore, the eikonal three-
point function and the eikonal dipole with generic longi-
tudinal support are given in Eqs. (159) and (163), respec-
tively. In the limit of a target with a homogeneous nuclear
profile, μ2ðzþÞ→ μ2 in the second line of Eq. (166), the
eikonal three-point function and the eikonal dipole are
given by Eqs. (160) and (164), respectively. In that case, the
longitudinal integral over zþ in Eq. (166) takes the form

Z 1
2

−1
2

dzeð12−zÞAf1; zgeðzþ1
2
ÞB; ð167Þ

which is computed in Appendix B.
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V. DIS DIJET PRODUCTION CROSS SECTION AT
NEXT-TO-EIKONAL ACCURACY WITHIN A

GAUSSIAN MODEL

In this section, we use the eikonal and NEik dipole and
quadrupole operators derived within our Gaussian model to
express the DIS dijet production cross section in a form
suitable for future numerical studies. Although our primary
focus is the evaluation of NEik corrections to DIS dijet
production, it is useful to briefly comment on the eikonal
cross section as well, given that the corresponding eikonal
dipole and quadrupole operators were also obtained within
the Gaussian model in Sec. II.
The eikonal-order DIS dijet production cross section is

provided in Eq. (1), where functionCλ is defined in Eqs. (5)

and (6) for longitudinally and transversely polarized
virtual photons, respectively. The cross section is
expressed in terms of eikonal dipole and quadrupole
operators, whose Gaussian-model forms are provided
in Eqs. (38) and (49). By performing the change of
variable ðx; yÞ→ ðv;wÞ or ðw0; v0Þ in Eq. (38) for the
dipole operators, and ðx1;x2;x3;x4Þ → ðw0; v0; v;wÞ in
Eq. (49) for the quadrupole operator,8 the eikonal DIS
dijet cross section can be cast into a form well suited for
numerical implementation.
Let us now turn to the NEik contributions to DIS dijet

production cross section, given in Eq. (7) together with
Eq. (8). We reorganize these expressions and rewrite the
cross section as

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
NEik
¼ dσγ

�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð1Þj

þ dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð2Þ
þ dσγ

�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð1Þj

þ dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð2Þ

þ δλT
�

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð3Þij

þ dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð3Þij

þ dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Oðthree-pointÞj

�
; ð168Þ

where δλT is 1 when λ ¼ T and 0 when λ ¼ L. Here, the contributions of the individual operators have been isolated and will
be discussed separately in the following.
The first contribution accounts for the NEik dipole operator of type-1 and it reads

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð1Þj

¼ 1

qþ
Re
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ

×

�
−

1

z1

�
kj
2 − kj

1

2
þ i
2
∂wj

�
dð1Þj ðv�;wÞ þ

1

z2

�
kj
2 − kj

1

2
−
i
2
∂vj

�
dð1Þj ðw�; vÞ†

�
: ð169Þ

Noting that the NEik type-1 decorated dipole obeys

dð1Þj ðw�; vÞ† ¼ dð1Þj ðv�;wÞ ð170Þ

and using its expression given within the Gaussian model in Eq. (97), the contribution to the DIS dijet production cross

section from dð1Þj can be written as

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð1Þj

¼ 1

qþ
Re
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ

×
iQ2

s

P−
q

�
−

1

z1

	
kj
2 − kj

1

2
þ i
2
∂wj



þ 1

z2

	
kj
2 − kj

1

2
−
i
2
∂vj


�
1

2
ðv − wÞj ln

	
1

jv − wjΛQCD



dðv;wÞ

�
;

ð171Þ

with dðv;wÞ being the eikonal dipole operator expressed in Eq. (38) and function Cλ is defined in Eqs. (5) and (6) for
longitudinally and transversely polarized virtual photons, respectively.

8The eikonal quadrupole operator defined in Eq. (49) is given in terms of tadpole contribution given in Eq. (50) and a nontadpole
contribution given in Eq. (62). For the nontadpole contribution, the eigensystem is provided in Eqs. (59), (60) and (61) written in terms
of the kinetic factors Wij given in Eq. (43) with the transverse coordinate dependence xi.
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The second term in Eq. (168) originates from the NEik dipole operator of type 2 and is given by

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð2Þ
¼ Re

1

qþ

Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ
�
i
z1
dð2Þðv�;wÞ þ

i
z2
dð2Þðw�; vÞ†

�
; ð172Þ

with dð2Þðv�;wÞ specified in Eq. (130) within the Gaussian model. As is evident from its explicit expression, the NEik
type-2 dipole operator is even in the transverse coordinates. Upon substitution into the cross section in Eq. (172), its Fourier
transform—being real—leads to the result of the integral in Eq. (172) that is purely imaginary because of the explicit factor
of (i). Since the cross section requires taking the real part of this result, the contribution of the NEik type-2 dipole operator to
DIS dijet production vanishes.
The third term in Eq. (168) corresponds to the NEik type-1 quadrupole contribution to the DIS dijet production cross

section. It reads

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð1Þj

¼ 1

qþ
Re
Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ

×

�
1

z1

	
kj
2 − kj

1

2
þ i
2
∂wj



Qð1Þj ðw0; v0; v�;wÞ −

1

z2

	
kj
2 − kj

1

2
−
i
2
∂vj



Qð1Þj ðv0;w0;w�; vÞ†

�
: ð173Þ

This contribution does not vanish within the Gaussian model and must therefore be included in the numerical studies. Its
explicit form is rather lengthy. For this reason, we simply collect the relevant equations that constitute the final expression
suitable for numerical implementation. The NEik type-1 quadrupole operator in the Gaussian model is given in Eq. (100)
with the eikonal tadpole contribution TQ in Eq. (50), while the eikonal nontadpole contributions are implemented through
the matrix S½xþ;yþ� defined in Eq. (101). The rotation matrix R is introduced in Eq. (58), with its eigensystem provided in
Eqs. (59), (60), and (61). The NEik interaction is encoded via the interaction matrix FNEik;j, given in Eq. (102) together with
Eq. (A19), and its components are provided in Eqs. (103). In order to compute the operator in the second term in Eq. (173),

one should replace v0 ↔ w0, v� → w� and w → v in the final result of operator Qð1Þj ðw0; v0; v�;wÞ and take its dagger.
The fourth term in Eq. (168) corresponds to the contribution of the NEik type-2 quadrupole operator to the DIS dijet

production cross section which reads

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð2Þ
¼ Re

1

qþ

Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞCλðw0 − v0;w − vÞ

× ð−1Þ
�
i
z1
Qð2Þðw0; v0; v�;wÞ þ

i
z2
Qð2Þðv0;w0;w�; vÞ†

�
; ð174Þ

where the NEik quadrupole type-2 operator is given in Eq. (132) together with Eqs. (133), (135), and (139). As in the NEik
type-2 dipole case, the NEik type-2 quadrupole operator is real within the Gaussian model and therefore invariant under
simultaneous exchange of the coordinate pairs in the amplitude and complex conjugate amplitude. Consequently, when
substituted into the cross section in Eq. (174), the resulting integral is purely imaginary due to the explicit factor of (i). Since
only the real part of this result contributes to the cross section, the contribution of the NEik type-2 quadrupole to the DIS
dijet cross section vanishes within the Gaussian model.
The last three terms in Eq. (168) contribute to the DIS dijet production cross section only for transversely polarized

photons. The first two contributions originate from the NEik type-3 dipole operator and NEik type-3 quadrupole operator,
and they read

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
dð3Þij

¼Re
1

qþ

Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞDij
T;1ðw0−v0;w−vÞð−1Þ

�
1

z1
dð3Þij ðv�;wÞþ

1

z2
dð3Þij ðw�;vÞ†

�
ð175Þ

and
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dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Qð3Þij

¼ Re
1

qþ

Z
v;v0;w;w0

eik1·ðv0−vÞþik2·ðw0−wÞDij
T;1ðw0 − v0;w − vÞ

×

�
1

z1
Qð3Þij ðw0; v0; v�;wÞ þ

1

z2
Qð3Þij ðv0;w0;w�; vÞ†

�
: ð176Þ

However, as discussed in Sec. IV E, both NEik type-3 dipole and NEik type-3 quadrupole operators vanish within the
Gaussian model. Consequently, these operators do not contribute to the DIS dijet production cross section, and the
expressions in Eqs. (175) and (176) identically vanish.
Finally, the last term in Eq. (168) corresponds to the NEik three-point contribution to the DIS dijet production cross

section and reads

dσγ
�
λþA→qq̄þX

d2k1d2k2dη1dη2

����
Oðthree-pointÞj

¼ −
1

qþ
Im
Z
z;v0;w0

eik1·ðv0−zÞþik2·ðw0−zÞDj
T;2ðw0 − v0ÞOthree−point

½Lþ
2
;−Lþ

2
� ðw

0; v0; zÞ; ð177Þ

which yields a nonvanishing contribution. Function Dj
T;2 is

defined in Eq. (10) and the NEik three-point operator
introduced in Eq. (144) is given explicitly in Eq. (166)
within the Gaussian model. Together, these expressions
provide a form well suited for numerical implementation.
To sum up, NEik corrections to the DIS dijet production

cross section within the Gaussian model are given by
Eq. (168), with the nonvanishing contributions provided in
Eqs. (171), (173), and (177).

VI. SUMMARY AND OUTLOOK

In this work, we have developed a Gaussian model for
evaluating decorated dipole and quadrupole operators that
arise in observables computed beyond the standard eikonal
approximation within the CGC framework. Although the
method we introduce is general and applicable to arbitrary
NEik Wilson-line structures, our analysis focuses on a
specific observable—DIS dijet production at NEik
accuracy—and on the particular NEik operator structures
that contribute to this process.
To set the stage, we first summarize the results obtained

previously in [29], highlighting the decorated Wilson-line
structures that appear in the NEik dijet cross section. As a
preliminary application of the method, we compute the
eikonal dipole and quadrupole operators within the
Gaussian model and verify that our expressions agree with
the known results in the literature [79,81]. We then develop
the general framework required to evaluate NEik Wilson
lines in the Gaussian model and apply it to the explicit NEik
operator structures that enter the DIS dijet cross section.
Having computed the NEik dipole, quadrupole, and three-
point operators, we substitute these results into the cross
section. We find that the NEik type-2 operators do not
contribute to this observable, while the NEik type-3
operators vanish identically within the Gaussian model,
independent of the observable under consideration.
Consequently, the NEik corrections to DIS dijet production

arise solely from the NEik type-1 operators and the NEik
three-point correlation functions.
The final expressions are presented in a form suitable for

numerical implementation. A full numerical analysis of
NEik DIS dijet production, however, remains an extensive
task and lies beyond the scope of this manuscript; we leave
this for future work. Since our method provides a system-
atic procedure for computing general NEik Wilson-line
structures, it can also be applied to other processes,
including NEik single-inclusive and dijet production in
proton-nucleus collisions, which we plan to address in the
future.
Finally, we note that the present formulation incorporates

only the NEik corrections that stem from a purely gluonic
background. An important extension of this work is the
inclusion of NEik corrections associated with t-channel
quark exchange, which we plan to investigate in the future.
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APPENDIX A: COLOR ALGEBRA

1. Derivation of the identity in the basis jeii
We derive the relation (47) used to recast the identity in

the basis spawn by fje1i; je2ig. As a linear map
V ⊗ V̄ ⊗ V ⊗ V̄ → V ⊗ V̄ ⊗ V ⊗ V̄, where V is the

complex vector space for the color of a quark (i.e.
V ¼ CNc) and V̄ the corresponding dual space, the identity
I is represented in birdtracks by

ðA1Þ

Under time evolution, the color state of the quadupole is an
overall singlet, thus we only focus on the singlet projection
I jsin glet. For notation clarity, we will always imply I jsin glet
without mention of the subscript in the rest of this
appendix. Using the Fierz identity9 on the pair q1 ⊗ q̄2
and on the pair q3 ⊗ q̄4, we write

ðA2Þ

The second and third tensors lie in the adjoint irrep (there is a gluon in the intermediate state) and, thus, are orthogonal to the
singlet projection. The first tensor is already a singlet (there is no color propagating in the intermediate state), and we project
the fourth tensor to the singlet piece of the product 8 ⊗ 8:

ðA3Þ

The latter diagram can be expressed in terms of jeiihejj by recasting the two gluons with the Fierz identity one last time. One
finally recovers

ðA4Þ

which we use in the main text. Notice that, in matrix form, cij is simply related to the inverse of the overlaps between
elements of the basis:

cij ¼ ½heijeji�−1 ¼
�	

N2
c Nc

Nc N2
c


�−1
¼ 1

N2
c − 1

	
1 −1=Nc

−1=Nc 1



: ðA5Þ

2. Derivation of V in the basis jeii
In order to derive the nontadpole interactions, that are resummed from the time evolution of the q1 ⊗ q̄2 ⊗ q3 ⊗ q̄4

system into the quadrupole, one only needs to compute two distinct interactions between either q ⊗ q̄ or q ⊗ q out of the

9The generators in the fundamental irrep are normalized according to trðTaTbÞ ¼ 1
2
δab, thus the factor in the Fierz identity is 2.
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six possible pairings from a system of four partons. Interactions are mediated by

V ¼
X
ij

Cijwij: ðA6Þ

a. 12 and 34 exchanges

We have

ðA7Þ

We first replace the exchanged gluon using the Fierz identity. It reads

ðA8Þ

Using the result for I, we find

ðA9Þ

By symmetry under reflection, we readily see that C34 ¼ C12.

b. 13 and 24 exchanges

We have

ðA10Þ

We replace the exchanged gluon using the Fierz identity [the sign is due to the convention that TF̄ ≡ −ðTFÞT]:

ðA11Þ

Let us call the first tensor σ̂13. It permutes the color flow at locations x1 and x3. Acting on the basis fje1i; je2ig, it has the
following property:

σ̂13je1i ¼ je2i; σ̂13 · σ̂13 ¼ 1: ðA12Þ

Using the previous result for I, we get
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ðA13Þ

ðA14Þ

By reflection symmetry, we see that C24 ¼ C13.

c. 14 and 23 exchanges

We finally have

ðA15Þ

This factor can easily be related to C12 using σ̂13:

ðA16Þ

From the action of σ̂13 on the basis fje1i; je2ig and the result for C12, we automatically conclude that

ðA17Þ

d. Combining eikonal and next-to-eikonal results

The interaction at eikonal accuracy can be combined into the matrix (in the fje1i; je2ig basis)

Veik ¼ 1

N2
c − 1

0B@ 2β−γþαðN2
c−2Þ

2Nc

αþγ−βðN2
cþ1Þ

2N2
c

αþγ−βðN2
cþ1Þ

2N2
c

2β−αþγðN2
c−2Þ

2Nc

1CA; ðA18Þ

where α ¼ w12 þ w34, β ¼ w13 þ w24 and γ ¼ w14 þ w23, with wij the kinematic part of the interaction. The interaction at
Neik accuracy can be combined into a matrix formally identical to that in (A18) but with different α, β, γ:

VNeikðx1Þ ¼ Veik½α ¼ w12; β ¼ w13; γ ¼ w14� ðA19Þ

when the decoration lies at transverse location x1.
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APPENDIX B: INTEGRALS OVER THE LONGITUDINAL COORDINATES

Under the assumption that the nuclear profile of the target is homogeneous, μðvþÞ ¼ μ, the longitudinal integrals for the
evaluation of the NEik operators of type 1 and type 2 can be performed by using the following ones:

1. One point

We assume nondegenerate eigenvalues λi when the labels are distinct. One has to consider the following two cases:

Z 1
2

−1
2

dv eð12−vÞλif1; vgeðvþ1
2
Þλi ¼ feλi ; 0g; ðB1Þ

Z
1
2

−1
2

dv eð12−vÞλif1; vgeðvþ1
2
Þλj ¼

�
eλi − eλj

λi − λj
;
eλi ½2þ λj − λi� − eλj ½2þ λi − λj�

2ðλi − λjÞ2
�
: ðB2Þ

2. Two points

Again, we assume nondegenerate eigenvalues λi when the labels are distinct. One has to consider the following cases:

ðiiiÞ∶
Z 1

2

−1
2

dw
Z

w

−1
2

dv

	
1 w

v wv



eλið12−wÞeλiðw−vÞeλiðvþ1

2
Þ ¼

	
1=2 1=12

−1=12 0



eλi ; ðB3Þ

ðiijÞf1;wg∶
Z

1
2

−1
2

dw
Z

w

−1
2

dveλið
1
2
−wÞf1; wgeλiðw−vÞeλjðvþ1

2
Þ ¼

Z
1
2

−1
2

dw
Z

w

−1
2

dvf1; wgeλið12−vÞeλjðvþ1
2
Þ

¼
Z

1
2

−1
2

dv
�	

1

2
− v


;
1

2

	
1

2
− v

	

1

2
þ v

�

eλið12−vÞeλjðvþ1
2
Þ

¼
�
∂λi ;

1

2
∂λi∂λj

�
eλi − eλj

λi − λj
: ðB4Þ

Linear terms in v are obtained by acting ð− 1
2
þ ∂λjÞ on ðiijÞf1;wg,

ðijiÞ∶
Z 1

2

−1
2

dw
Z

w

−1
2

dveλið12−wÞf1; wgeλjðw−vÞf1; vgeλiðvþ1
2
Þ

¼ eλi
Z

dwdvθðw − vÞeðλj−λiÞðw−vÞf1; wg × f1; vg

¼ eλi
Z

dwdvθðw − vÞeðλj−λiÞðw−vÞ
 

1 1
2
ðwþ vÞ þ w−v

2

1
2
ðwþ vÞ − w−v

2
wv

!

¼ eλi
Z

dwdvθðw − vÞeðλj−λiÞðw−vÞ
 

1 0þ 1
2
∂ðλj−λiÞ

0 − 1
2
∂ðλj−λiÞ wv

!

¼ eλi

 
eK−1−K

K2

eKðK−2Þþ2þK
2K3

− eKðK−2Þþ2þK
2K3

3eKðK−2Þ2−12þK3þ3K2

12K4

!
; ðB5Þ

with K ¼ λj − λi,
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ðijjÞf1;vg∶
Z

1
2

−1
2

dw
Z

w

−1
2

dv eλið12−wÞeλjðw−vÞf1; vgeλjðvþ1
2
Þ

¼
Z

1
2

−1
2

dw
Z

w

−1
2

dv eλið12−wÞeλjðwþ1
2
Þf1; vg

¼
Z

1
2

−1
2

dw eλið12−wÞeλjðwþ1
2
Þ
�	

1

2
þ w



;−

1

2

	
1

2
− w

	

wþ 1

2


�
¼
�
∂λj ;

−1
2

∂λi∂λj

�
eλi − eλj

λi − λj
: ðB6Þ

Linear terms in w are obtained by acting ð1
2
− ∂λiÞ on ðijjÞf1;vg,

ðijkÞ∶
Z

1
2

−1
2

dw
Z

w

−1
2

dv eλið12−wÞeλjðw−vÞeλkðvþ1
2
Þ ¼ λiðeλj − eλkÞ þ λjðeλk − eλiÞ þ λkðeλi − eλjÞ

ðλi − λjÞðλj − λkÞðλk − λiÞ
: ðB7Þ

Linear terms in w are obtained by acting with ð1
2
− ∂λiÞ on

ðijkÞ; those in v, by acting with ð− 1
2
þ ∂λkÞ; those in wv, by

acting with ð1
2
− ∂λiÞð− 1

2
þ ∂λkÞ.

APPENDIX C: COMPARISON OF THE EIKONAL
QUADRUPOLE WITH THE RESULTS IN THE

LITERATURE

In this section, we compare the result of the eikonal
quadrupole to the known results in the literature, in
particular to [83]. We start with the operator Q½xþ;yþ�,
Eq. (39), composed of four fundamental Wilson lines with
open color indices. All possible color contractions for this
operator in the two-dimensional color basis jeii defined in
Eq. (40) can be encoded in the matrix H which reads

H½xþ;yþ�ij ¼ heijQ½xþ;yþ�jeji

¼
	N2

cDD½xþ;yþ� NcQ̃½xþ;yþ�

NcQ½xþ;yþ� N2
c
gDD½xþ;yþ�



ij

; ðC1Þ

where we define

DD½xþ;yþ� ¼
1

N2
c
hTr½Uðx1ÞU†ðx2Þ�Tr½Uðx3ÞU†ðx4Þ�i½xþ;yþ�;

ðC2Þ

Q½xþ;yþ�¼
1

Nc
hTr½Uðx1ÞU†ðx2Þ�Uðx3ÞU†ðx4Þ�i½xþ;yþ�; ðC3Þ

gDD½xþ;yþ� ¼
1

N2
c
Tr½Uðx1ÞU†ðx4Þ�Tr½Uðx3ÞU†ðx2Þ�i½xþ;yþ�;

ðC4Þ

Q̃½xþ;yþ�¼
1

Nc
hTr½Uðx1ÞU†ðx4Þ�Uðx3ÞU†ðx2Þ�i½xþ;yþ�: ðC5Þ

In order to write the operatorQ in terms of matrixH, we
can multiply it by the identity, 1, defined in Eq. (45), on
both sides of Q, to get

Q ¼ jeiicijhejjQjemicmnhenj ¼ jeii½cHc�ijhejj: ðC6Þ

Indeed, we obtain the nontadpole part of the quadrupole by
projecting it onto he2j…je1i and using Eq. (45):

N ¼ he2jQje1i ¼ c−12i ½cHc�ijc−1j1 ¼ H21: ðC7Þ

Now, comparing with Eq. (56), we can write

H ¼ c−1R

	
eμ

2λþ 0

0 eμ
2λ−



R−1; ðC8Þ

with R being the rotation matrix defined below and λ� the
eigenvalues defined in Eq. (59). By including the tadpole
contribution given in Eq. (50), the complete quadrupole can
be written as

Q ¼ T H ¼ c−1 R

	
eμ

2λþ 0

0 eμ
2λ−



R−1 e−4πQ

2
sG−−ð0Þ; ðC9Þ

where

c−1 ¼
	
N2

c Nc

Nc N2
c



; R ¼

	
aþ a−
1 1



; ðC10Þ

and a� defined in Eq. (60).
In order to solve the quadrupole numerically, it is

convenient to define it in terms of dipoles. Therefore,
analogous to [83], let us define
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Γxy ¼ μ2CFg2½G−−ð0Þ −G−−ðx − yÞ�

¼ Q2
s

4
ðx − yÞ2 ln 1

jx − yjΛQCD
ðC11Þ

and

Fx1x2x3x4¼ðΓx1x3−Γx1x4þΓx2x4−Γx2x3Þ
	

−1
μ2CF



: ðC12Þ

On the other hand, following the definition of α, β, and γ in
Eq. (48), we can write

α ¼ g2½G−−ðx1 − x2Þ þ G−−ðx3 − x4Þ�; ðC13Þ

β ¼ g2½G−−ðx1 − x3Þ þ G−−ðx2 − x4Þ�; ðC14Þ

γ ¼ g2½G−−ðx1 − x4Þ þ G−−ðx2 − x3Þ�; ðC15Þ

so

β − γ ¼ g2½G−−
x1x3 þG−−

x2x4 −G−−
x1x4 −G−−

x2x3 �

¼ −
1

μ2CFg2
g2½Γx1x3 þ Γx2x4 − Γx1x4 − Γx2x3 �

¼ Fx1x2x3x4 ; ðC16Þ

α − γ ¼ −
1

μ2CF
½Γx1x2

þ Γx3x4 − Γx1x4 − Γx2x3
�

¼ Fx1x3x2x4 ; ðC17Þ

α − β ¼ −
1

μ2CF
½Γx1x2 þ Γx3x4

− Γx1x3 − Γx2x4 �

¼ −Fx1x4x3x2 : ðC18Þ

Thus, comparing to Eqs. (59), (60), and (61), we can
write

Δ ¼ ðFx1x3x2x4Þ2 þ
4

N2
C
Fx1x2x3x4Fx1x4x3x2 ðC19Þ

and

a� ¼
ð−Fx1x3x2x4 �

ffiffiffiffi
Δ
p ÞNc

2Fx1x2x3x4

: ðC20Þ

Now we can evaluate ðeμ2λþ
0

0

eμ
2λ−
ÞR−1 e−4πQ

2
sG−−ð0Þ, where

4πQ2
sG−−ð0Þ ¼ 2g2CFμ

2G−−
0 , in terms of α, β, and γ. We

obtain

μ2λ� ¼
μ2

2Nc
ðβ − α − γÞ þ μ2

Nc

4
ðαþ γ �

ffiffiffiffi
Δ
p
Þ

¼ μ2

2Nc
ð−αÞ þ μ2

2Nc
ðβ − γÞ

þ μ2Nc

4
½2αþ ðβ − γÞ þ ðγ − βÞ �

ffiffiffiffi
Δ
p
�

¼ μ2CFαþ
μ2

2Nc
Fx1x2x3x4

þ μ2Nc

4
ð−Fx1x3x2x4 �

ffiffiffiffi
Δ
p
Þ; ðC21Þ

which yields

μ2λ� − 2g2CFμ
2G−−

0 ¼ −Γx1x2 − Γx3x4 þ
μ2

2Nc
Fx1x2x3x4

þ μ2Nc

4
ð−Fx1x3x2x4

�
ffiffiffiffi
Δ
p
Þ

¼ A� B; ðC22Þ

with

A ¼ −Γx1x2 − Γx3x4 þ
μ2

2Nc
Fx1x2x3x4

þ μ2Nc

4
ð−Fx1x3x2x4Þ; ðC23Þ

B ¼ μ2Nc

4

ffiffiffiffi
Δ
p

; ðC24Þ

in agreement with the results obtained in [83].
Analogously, we can compute the double dipole function

in the same manner by projecting onto he1j…je1i. The
result reads

N DD ¼
� ffiffiffiffi

Δ
p þ α − γ

2
ffiffiffiffi
Δ
p −

β − γ

N2
c

ffiffiffiffi
Δ
p
�
eμ̃

2λ−

−
�
−
ffiffiffiffi
Δ
p þ α − γ

2
ffiffiffiffi
Δ
p −

β − γ

N2
c

ffiffiffiffi
Δ
p
�
eμ̃

2λþ ; ðC25Þ

which agrees with the one obtained in [83].
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