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We develop a Gaussian model to evaluate the decorated dipole and quadrupole operators that arise
beyond the eikonal approximation in the color glass condensate framework. While the method is general
and applicable to arbitrary beyond-eikonal Wilson line structures, we employ it for dijet production in deep
inelastic scattering at next-to-eikonal accuracy. After validating the model at the eikonal level, we compute
all next-to-eikonal operator structures entering the dijet cross section. We show that some of them do not
contribute to this observable, while others vanish identically. Therefore, in the Gaussian model next-to-
eikonal corrections to dijet production in deep inelastic scattering originate solely from a given type of
operators and from next-to-eikonal three-point correlators. The resulting expressions are provided in a form

suitable for numerical implementation.
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I. INTRODUCTION

The color glass condensate (CGC) (see Refs. [1-4] for
reviews and references therein) is an effective field theory
framework within quantum chromodynamics (QCD) that
describes the high-energy regime, where the density of
gluons inside a hadron or nucleus becomes so large that
nonlinear interactions, leading to saturation effects, domi-
nate. The CGC is mostly used to study processes such as
deep inelastic scattering (DIS) at small Bjorken-x and
proton-nucleus (pA) collisions at the Relativistic Heavy
Ion Collider (RHIC) and Large Hadron Collider (LHC).

At sufficiently high energies, hadrons appear as dense
clouds of gluons due to the gluon splitting with increasing
energy: as the longitudinal momentum fraction (x) of the
gluons decreases, each emitted gluon can further emit
additional gluons and the density of the gluons inside the
hadron increases rapidly. However, the self-interactions
between the emitted gluons tame the rapid growth and
cause a saturation effect. This saturation phenomena is
defined via a momentum scale Q; which characterizes the
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transition from the dilute linear regime to the dense
nonlinear regime.

The CGC framework is formulated using classical Yang-
Mills equations of motion, with the high-density gluon
fields behaving like a classical field sourced by a static
color charge distribution [5—7]. The evolution of these color
charges with energy (or, equivalently, rapidity) is governed
by nonlinear renormalization group equations, in particular
the  Jalilian-Marian-lancu-McLerran-Weigert-Leonidov-
Kovner (JIMWLK) equation [8-16] and its mean field
approximation known as the Balitsky-Kovchegov (BK)
equation [17-19].

One of the key approximations adopted within the CGC
framework is the eikonal approximation. It amounts to
keeping only the leading terms in the high-energy limit, and
discarding the ones that are power-suppressed by energy, in
the computation of observables. In the CGC framework,
high energy is achieved by boosting the target along the x~
direction with a boost parameter y,. In a high-energy dilute-
dense scattering process, the eikonal approximation relies
on three key assumptions: (i) due to Lorentz contraction,
the highly boosted background field representing the target
is localized in the longitudinal direction around x* = 0;
(ii) the target’s background field is dominated by its leading
component in y,, while subleading terms in y, are dis-
regarded; and (iii) Lorentz time dilation causes the back-
ground field to be independent of the light-cone coordinate
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x~, effectively treating the target fields as static and
neglecting their internal dynamics. Deviations from any
of these assumptions introduce corrections to the eikonal
approximation. To incorporate next-to-eikonal (NEik) cor-
rections, one must account for terms of order 1/y,. In
addition to these three assumptions done in the eikonal
approximation in the presence of the gluon background
field of the target, another source of corrections to the
eikonal approximation is to account for the quark back-
ground field of the target, via f-channel quark exchanges
during the interaction of the projectile and the target. While
the eikonal approximation is a strong and reliable tool
for studying scattering processes at the LHC with rela-
tively high scattering energies, corrections to this approxi-
mation might be sizable, especially for phenomenological
studies at the RHIC and at the upcoming Electron-Ion
Collider (EIC).

Over the past decade, substantial progress has been made
in deriving and applying subeikonal corrections within the
CGC framework. NEik corrections to gluon and quark
propagators have been computed in a gluon background
field and they are used to compute various observables at
NEik accuracy [20-33]. The NEik corrections that are
stemming from #-channel quark exchanges between the
projectile partons and the dense target have been studied
in [34-36] to probe the quark content of the target. The
next-to-leading order (NLO) corrections to NEik deep
inelastic scattering (DIS) structure function have been
computed in [37]. In [38-54], not only the quark and
gluon helicity evolutions but also observables such a single
and/or double spin asymmetries are computed at NEik
accuracy. Helicity-dependent extensions of the CGC have
been studied in [55,56] at NEik order. On the other hand,
the rapidity evolution of gluon transverse momentum-
dependent distribution functions (TMDs) that interpolates
between moderate and small-x beyond eikonal accuracy
has been studied in [57-59]. A similar interpolation has
been also investigated for inclusive DIS [60,61] and for
exclusive Compton scattering [62]. Quark and gluon
propagators have been studied at NEik accuracy within
the high-energy operator product expansion (OPE) formal-
ism in [63,64]. In [65-67], subeikonal corrections in the
CGC are analyzed using an effective Hamiltonian
approach. Additionally, they have been explored through
a framework that accounts for longitudinal momentum
exchange between the projectile and target in [68-70].
Finally, effects of subeikonal corrections have also been
examined in the context of orbital angular momentum
in [71-75].

In this paper, we focus on dijet production in DIS off a
dense target at NEik accuracy. The NEik corrections to this
process were first computed in [29,32] and their numerical
analysis was performed in the dilute target limit in [31].
Even in the case of a dilute target, where NEik corrections
are expected to be less pronounced, the results of [31]

indicate up to 10% effects at large transverse momentum.
This further motivates the present study, which is intended
to lay the groundwork for a future numerical analysis of
NEik corrections in the case of a dense target. As discussed
in detail in [29,32], at NEik order the DIS dijet production
cross section is expressed in terms of “decorated” dipole
and quadrupole operators. These operators are composed of
Wilson lines with local field strength tensor insertions
along their longitudinal extent. More precisely, in the
present study, we restrict ourselves to NEik corrections
related to the transverse components of the gluon back-
ground field or to the effects beyond infinite Lorentz
contraction of the target, as a first step. By contrast, we
do not yet consider the NEik corrections beyond the static
approximation or the ones related to the quark background
field. At eikonal order, the numerical analysis of a DIS dijet
production cross section, which is expressed in terms of
standard dipole and quadrupole operators, is usually
performed by adopting the McLerran-Venugopalan (MV)
model [6,7] or the Golec-Biernat-Wustoff (GBW) [76,77]
model to describe these operators. However, the standard
implementation of these models cannot describe the dec-
orated dipole and decorated quadrupole operators, and one
should go beyond them to study DIS dijet production at
NEik accuracy numerically. Motivated by the MV and
GBW models and working along the lines in [31,56,78], in
this work we introduce a Gaussian model to describe the
decorated dipole and quadrupole operators.

The manuscript is organized as follows. In Sec. II we
briefly discuss DIS dijet production at NEik accuracy and
provide the analytical expressions of the eikonal and NEik
contributions to the production cross section. In Sec. III we
derive the expressions for the dipole and quadrupole
operators at Fikonal order in a Gaussian model. In
Sec. IV we generalize the derivation of the Gaussian model
to the decorated dipole and decorated quadrupole operators
that appear in the observables computed beyond eikonal
accuracy. In Sec. V we revisit the NEik DIS dijet produc-
tion process and provide the cross section within the
Gaussian model which can be conveniently used for
numerical studies. Finally, in Sec. VI we provide a concise
summary of our study and provide an outlook. Moreover, in
Appendix A, we provide the derivation of the color algebra
used in the Gaussian model, in Appendix B we perform the
longitudinal integrals that are needed for the evaluation of
NEik type-1 and type-2 operators, and Appendix C is
devoted to comparison of our result for the eikonal quadru-
pole computed in the Gaussian model to the known results
in the literature.

I1. DIS DIJET PRODUCTION AT NEXT-TO-
EIKONAL ACCURACY

At eikonal order, the production cross section of a quark
jet with transverse momenta k; and rapidity #; and an
antiquark jet with transverse momenta k, and rapidity #, in
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DIS via a photon with polarization A reads’

dotitA—aa+X
aakldzkzd’?ld’?z

= / eVt (WwW)o (W — v w — V) [Q(W, V., v, W) —d(W.,V) —d(v,w) +1]. (1)
Eik v,V . ww

The dipole d(v, w) and quadrupole Q(W', v/, v, w) operators encode multiple scattering of the partons on the dense target.
They are defined as

(v, w) = - (U W), ©)
O(W. v, v, W) = - (THU(W)U (U U (W), o)

c

where the Wilson line ¢(v) in the fundamental representation is given as the path-ordered exponential of the gluon
background field A~ of the target as’

_x+
U y+(2) = Py exp{—ig/ dztA=(z+, z)} (4)
¥t
The functions C; in Eq. (1) is defined as
8N Aoy e20?
Culrr) = 3 — 5 55— 6.z13Kolerlri ) Kolelra). (5)
f
2N Ao >
Cr(ryry) = Z(ZTe)szézzlzz[m} + (21 + Z%>ar{ar£]K0(€f‘rl|)K0(€f|r2|)v (6)
f

for incoming longitudinal and transverse photons, respectively. Here, we introduced the shorthand notations &, =
6(zi + 22— 1)and e% = m? + 7,2,0?%, withm + being the mass and e being the fractional charge of the quark with flavor f.
The longitudinal momentum fractions of the photon carried by the quark (and the antiquark) are defined as z; , = k1+.2 /q7,
where ¢ is the longitudinal momenta of the incoming photon and k{ and k; are the longitudinal momenta of the produced
quark and antiquark jets, respectively. Finally, K(---) is the modified Bessel function of the second type.

The NEik corrections to the DIS dijet cross section have been computed in [29] in the case of a purely gluonic
background field. Restricting ourselves for simplicity to the NEik corrections preserving the static approximation, the
results from Ref. [29] can be written as

doti T g / V) W) (! — ¥ — )
——————— =—Re eV VTR WEWI O (W — v, w—v
dzkldzkzd’hd’?z NEik q* vV, ww !
1 [k -k i '
X {Z [ 2 5 ] —l—édw/] [Q;l)( VLV, W) —dﬁ.l)(v*,w)] —Z—ZI[Q(Z)(W’,V’,V*,W) —d?(v,,w)]
1 [k -k i . o _
—— P = Loy [0 (W w )T = (we )] = [P (VW v) T = dO) (W, v) ]
22 2 2 ! ! 22
dalrans.
Sr——~— 7
T PR, Phydn di, )

'Boldface letters will denote transverse coordinates or momenta, while their moduli will be denoted by the subscript L. Besides, a
shorthand notation is introduced for the integration over the transverse coordinates, fx = f d*x. Similarly, the shorthand notation used
. . . . 2
for the transverse momentum integrals in the rest of the manuscript is defined as fp = (‘ZIT')’Z.
’In the eikonal approximation, the limits of the z* integration in the Wilson line are usually taken to be from —co to +co.
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where 6* is 1 when 4 = T and 0 when 1 = L. The part of the cross section that contributes only to the case when the
incoming photon is transversely polarized is given by

datransA 1

PR, Phodnydn, g+

1 1
X [ [QS)(W’, ViV, W) — dﬁ? (Ve W)} +— [Q,(-f-)(V’, w.ow,.v) - d?f) (W, V)TH
2] 22 ’

. , . .
Re/ ki (v —v)+tk2-(w'—w)D17{’1 (W/ —v.,w-— V)
LA A

1 e .
——Im [ MR IDL (W - V)
q z.v W

X /_i dz" <NLTr[Z/l(W/)MT(V') —1] [Z/{[%Zﬂ(z)Dij(er)u[T%zﬂ(z) - %U(Z)azw'(z)} > (8)

c

where functions D7, and D}, are defined as

i 2Ncaeme%
Dy (1), 1;) = ZW5zZIZz(Z1 - ZZ)ar’iaréKO(efh‘l ) Ko(ef|ral), )
f
. Ncaemej% )
D) y(r) = =) =81+ (22 — 21)*|0u Ko(eg|r]). (10)
= 2(2x)

As discussed in detail in the literature (see Refs. [29,31]), apart from the standard dipole and quadrupole operators that
appear in the DIS dijet cross section at eikonal order, given in Egs. (2) and (3), respectively, at NEik order the DIS dijet cross
section also involves the so-called decorated dipole and decorated quadrupole operators. These operators are the
generalization of the standard eikonal operators and read

(v, w) = Ni W), oV (WL v.,w) = NL (Trd(w U (Vs vt wl). (1)
1

1

d? (v, w) = S (TUB WU W], QP (W, v, w) = o (TelU (WU (VIUD (VU (W), (12)

o
o

a2 (v w) = (TP W), O W,V vew) = o (WU U G w) (13)

tj
c c

where one of the Wilson lines inside the trace has noneikonal insertions along its longitudinal extension. The star in the
transverse coordinate arguments of the decorated dipole and quadrupole operators indicate the position of the corresponding
insertion. The three types of such decorated Wilson lines are defined as

L+

ul(z) = [ " dvthye (@)D Uy, i (2). (14)

Lt

UO(z) = | * dv Uy, (2)D, (1) Dy (v U, i (2), (15)

Lt
-7
L

U@ = | * dvity:  (@)gF;(vt U, (), (16)

LT
2

with the standard Wilson line defined in Eq. (4). Moreover, the Wilson lines defined without specifying the two endpoints
are evaluated according to

UK) =Uys i (x), (17)

20 2
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where L7 is the length of the support for the background
field under consideration. Due to the fact that the back-
ground field is a pure gauge outside this support, the
replacement L™ — oo can safely be taken in the final
results (see Ref. [32] for a detailed discussion). The
background covariant derivatives and the field strength
insertions in the decorated Wilson lines are defined with the
following conventions:

-

Dyi(z") = 0, +igA;(z",2) = 9, — ighi(z*, z),

D,i(z%) = 0, + igAi(z+.2), (18)
Dy =0, — dy(z*) = 2igAi(z*,2),  (19)

Fij(v+7 Z) = aerj(z+, Z) — aszi(Z+, Z)
+iglAi(z*.z),A;(z", z)). (20)

As mentioned earlier, numerical studies of DIS dijet
production at eikonal accuracy are commonly performed
using the MV model [6,7] and the GBW model [76,77] to
describe the dipole and quadrupole operators. However,
extending such analyses to NEik accuracy requires going
beyond these models. In the next section, we introduce a
Gaussian model for the eikonal dipole and quadrupole
operators, which will then be generalized to the NEik
operators in Sec. [V. The primary goal of this work is to
provide explicit expressions for these decorated operators
in a form suitable for future numerical studies of observ-
ables at NFEik accuracy.

III. WILSON LINE OPERATORS AT EIKONAL
ORDER WITHIN A GAUSSIAN MODEL

In this section we introduce, following the ideas
in [31,79], the Gaussian model, closely inspired in the
MYV model, for the Wilson line operators at eikonal order
which will be used later to derive the expressions of NEik
operators such as decorated dipoles and decorated quadru-
poles given in Egs. (11), (12) and (13). In the rest of the
manuscript, (O) will denote’ the Gaussian average of an

operator O.

A. Monopole operator

We start our analysis with the derivation of a closed-form
expression for the averaging of the monopole operator
U+ ,+(x)) within the Gaussian model. This derivation
was originally performed in [79] where the details can be
found. Here, we just present the main steps of the
derivation.

The same notation is used for denoting the CGC averaging of
operators in Sec. II. However, in order not to overload the
notation, hereafter (---) will be used only for denoting the
Gaussian averaging.

In order to compute the Gaussian average of this
" . . 4
monopole operator, we first represent the Wilson line as

Uy, (2) —i(_ig)"/z A~ (zf.2)....... A~ (z),2),

+ +
n=0 | Z >

where A~ (z",z) = A;(z",2z)T%, with T“ the generators of
the fundamental representation of SU(N.). For large
nuclei, using the central limit theorem, the distribution
of the color sources can be approximated by a Gaussian
distribution [79]. In [31] it was shown that, working along
the lines in [56,78] and using Wick’s theorem, the average
of multiple gauge fields can be expressed in terms of the
following two-point functions:
(Aa(x, -y ()G (x - ),
(22)

X)AL(y*.y)) = 678 (x*

where the relevant components of G* (up to NNEik
accuracy) read

oo 1
G- (r) = / Pl (23)

p P

1 o P
G() = 5 / P (24)
) 1 o PP cimeinppn
A e
q

with r = x —y. As discussed in detail in [31], G~ (r) can
contribute to the two-point correlator at eikonal order. As
will be shown in the next two subsections, the use of
G~ (r) within our Gaussian model allows one to recover
the expressions of the dipole and quadrupole operators
obtained within the MV model. This follows from the fact
that G~ (r) encodes a two-point correlator of minus
component of the background field. By contrast, the
two-point functions G'~(r) and G"(r), associated with
the transverse components of the background field, lie
beyond the standard MV model. They arise as longitudinal
insertions in the decorated dipole and quadrupole operators
and start contributing at NEik order. Consequently, their
evaluation falls outside the scope of the MV model, which
is strictly formulated at eikonal accuracy. In Eq. (22),
1% (x*) represents the transverse color charge density of the
nucleus. It is more convenient to define fi> as the color
density integrated over the longitudinal nuclear profile, and

“The shorthand notation
the 10ng1tud1nal
Jdzidzy ...dz)_dzf0(zf —23)...0(z_, — zf).

introduced in Eq. (21) for
integration corresponds to [ L=

>
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its limit for a homogeneous profile u(v") = u as

Lt LT
T T
i’ = / dvt?(vt) — u? / dvt = p’L*. (26)

2 2

The color structure of the monopole operator can be most
conveniently obtained by introducing the following dia-
grammatic notation. First, we write the generator T,
contracted with A;(z",z) as shown in Fig. 1. Next, we
express the two-point correlator as a kinetic term times a
color structure, as given in Eq. (22) and represented
diagrammatically in Fig. 2.

Using this approach, since the transverse position of all
the gauge fields in a monopole operator is the same, it can
be cast into contributions as represented in Fig. 3.

The fact that the two-point function is local in longi-
tudinal coordinate z* dictates the Gaussian average to be
local as well in z*. Moreover, the domain of the z™ integral
is constrained to z{ > ... > z;. These two conditions
ensure that the diagrams with nested or overlapping loops
vanish due to the lack of support along the longitudinal
direction. Therefore, for any integer k the longitudinal
coordinates obey zé’k = z;k_l and thus all the contributions
to the average of the monopole operator are tadpoles. These
contributions (shown in Fig. 3) to the average of the
monopole operator can be solved straightforwardly by

ot
FIG. 1. Diagrammatic representation of T, contracted with
A; (71, z).
ot
X
T y

y

FIG. 2. Diagrammatic representation of two-point correlator.

+ + +
Z;t anl 29 21

FIG. 3. A tadpole contribution that is resummed into the
expectation value of the operator (U[,+ ,+).

using 7T, = Cplp and

zt 1
7 a o -2 =5, @)
»* 2
yielding for the Gaussian average of the monopole operator

<Z/{[)CJr 2] (X )(z/}>

I
T™s
o

|

Q
[3]
N—
<
_'\
v
%
o~
S
=
—
A\l
—+
w
N—
=
—
A\l
N
s
SN—
~

X (A7 (231 X)A™ (23, X))
© s Nk |
- k;(Tg) 1 Ll (@) CrG(O)], (28)

with 1/k! accounting for the ordering of the longitudinal
integrals. The expression for the Gaussian average of the
monopole operator can be written in a more compact form
by introducing the saturation momentum Q, (see for
example [31]) as

E L2 E Lt)2
0; = ZCF / dz (%) = ECF e / dzt, (29)
-L7)2 -L7)2

where the limit of homogeneous nuclear profile is assumed
to write the second equality. Using Eq. (29) in Eq. (28), one
arrives at the final closed-form expression for the average
of the monopole operator in the Gaussian model:

(U(x)) = 77060, (30)

Although this section is devoted to the analysis of the
Wilson line operators at eikonal order, we would like to
comment on the Gaussian average of the monopole
operator at NEik order before we proceed to our discussion
for dipole operator. In the NEik case, the monopole
vanishes since G/~(0) = 2iP,;0,G="(0) =0 and, as we
will see later, GY(0), that appears when we have two
transverse field insertions, factorizes trivially.

B. Dipole operator

We can now continue our study with the dipole operator
given in Eq. (2). The expression for the dipole operator
within the Gaussian model and its detailed derivation can
again be found in [79]. As in the case of monopole operator
presented in the previous subsection, here we show the
main steps of the derivation as well as the final result for the
expression at eikonal order.

The derivation of the dipole operator closely follows the
one performed for the monopole operator at eikonal order.
Namely, we first expand the Wilson lines in terms of the
gauge field. Then, we write the resulting correlators in
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terms of two-point functions given in Eq. (22). Under these
conditions, the dipole operator can be factorized into a
tadpole contribution and an interaction part as

d(x,y) =T Ny, (31)

where 7, is the tadpole contribution to the dipole operator
given by

T, = UX)U()) = 2000, (32)

and NV, the nontadpole contribution to the dipole operator
that accounts for the interaction between both (quark or
antiquark) lines. Diagrammatically, this part can be repre-
sented as shown in Fig. 4. Its explicit expression reads

1 e n
O DY N | ((EF SV
¢ n=0

>z i
x G (x —y)]. (33)

The color structure can be simplified by using the SU(N )
Fierz identity

1 1
T“102Tﬂz/”| = Eéal/fléazﬁz - Waalazé/fl/fz’ (34)

which can be represented in diagrammatic form according
to Fig. 5.

By iterating the Fierz identity to recast all intermediate
gluons, we can write (using the birdtrack approach [80])
the contribution N, to the dipoles (the diagrammatic
representation of the color factor simplification of N, is
shown in Fig. 6).

» »
> >

Y
Y

(o
(e

Q0

A
A
A
A

z¥ h

FIG. 4. Diagram showing the interaction between quark or
antiquark lines in the dipole.

[ S
_ 1 _ _1
2 2Nc

— e — -

FIG. 5.

Diagrammatic representation of the Fierz identity.

g g —NeC

FIG. 6. Birdtrack representation of n gluons exchanged be-
tween a quark and an antiquark which contribute to the
dipole d(x,y).

Finally, the nontadpole (interaction) factor N, in the
dipole is given by

(o] 1 n
Ny= Zoﬁ [Cng / dzt i (zF)G(x —y)

— 203G (x-y) (35)

All in all, substituting the tadpole contribution given in
Eq. (32) and the interaction part given in Eq. (35) into the
dipole function given in Eq. (31), the dipole operator within
the Gaussian model reads

d(x.y) =TyNg
= exp{-27Q5[G™(0) -G (x —y)]}. (36)

The relation to the usual expression of the dipole amplitude
in the MV model, by using the definition of G~ (r) given
in Eq. (23), follows from

_ eiP~r
=0 -6x-y) - [ SR

1 [dP,

=— [ -5 (1=Jo(PrrL))
2 Pi_

1 1

37
UAQCD ( )

where in the last step we have used the small dipole
approximation, r; P, <« 1, and regulated the infrared
divergences by introducing Agcp. Thus, the dipole function
becomes

2

d(x,y) = exp{—% (x—y)*In

- (38)

Ix — Y|AQCD}

as known in the MV model.

C. Quadrupole operator

The quadrupole operator is the next Wilson line structure
that needs to be computed in the Gaussian model at eikonal
order. Its definition is given in Eq. (3), where the longi-
tudinal limits of the fundamental Wilson lines are taken
from —co to +o0. Here, for the sake of the convenience of
the derivation, we keep these limits explicit and also work
with the operator Q.+ ,+ which is composed of four
fundamental Wilson lines with open color indices:

_ i
Qper 1 = (Ui 51 (%D el oy (%)l 1 (%3) 11

T

X u[x*,}**](x4>ﬂlﬂz>’ (39)

which can be represented as in Fig. 7 by using the birdtrack
approach. In order to obtain various quadrupole operators
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Q@ ——>— X
/3—<—<—x2
V> X3
N — € Xy

FIG. 7. Diagrammatic representation of a shockwave between
y* and x*.

D

e =

D’ 62E>

FIG. 8. Diagrammatic representation of the basis elements (e |

and (e,|.

from Eq. (39), one should perform the color trace of the
operator Q.+ +). For the purpose of recovering any
possible trace of this operator, we define a two-dimensional
basis {|e;)} in color space by

|€1> = 5{1/35;//47 |62> = 5(1;45/37’ (40)

which can be represented as in Fig. 8 by using the birdtrack
approach. Upon adopting these notations, the quadrupole
operator defined in Eq. (3) is given by

Qe (51X, %5,X0) = 37 (2] Qi yfer). (41)
c
with w =x,,vV =x,,v=x3, and w=x, in Eq. (3).
Other possible operators, obtained from (e;|Qle;), are
evaluated in Appendix C (see Fig. 9).

As for the dipole operator, the interaction between two
lines should be accounted for. For this purpose, we define
all possible combinations where we can have two-gluon
exchanges at a longitudinal point x* as follows:

4

I(rt) = @) Y Wy, (42)

i=1j>i

where u?(x*) represents the transverse color charge density
of the nucleus at longitudinal position x™ and W;; is the

FIG. 9. Diagrammatic representation of the quadrupole by
closing color the trace through the shockwave.

> > X
O
¢ (e ¢
> > Xj
<l <l
- -

FIG. 10. Diagrammatic representation of a two-gluon exchange
at longitudinal point x* in the quadrupole between the transverse
coordinates x; and X;.

kinetic factor given by

W, = (=) PG (x; — x;). (43)

ij —

The factor (—1)"/*! in the kinematic factor given in
Eq. (43) is introduced to account for the change in sign
when a quark (or antiquark) line is connected with another
quark line. The diagrammatic representation of the inter-
action between two quark lines at transverse coordinates X;
and x; via two-gluon exchanges at a longitudinal position
xT is shown in Fig. 10.

In order to iterate the previously defined interaction
(v™"), we introduce the identity Z of this color vector
space as the linear map VQVQVRV-VRVRVRV,
where V = CV¢. In terms of Kronecker delta’s, it reads

1= 6‘11(125ﬁlﬁ2671725ﬂ1/‘2’ (44)
where the labels follow the notation introduced in Fig. 7.
However, in the evaluation of Q-+ +, only the gauge
invariant subspace of this large vector space is of interest.
Thus, only the singlet subspace of 7|, contributes and it

can be written using the basis {|e)} which (see
Appendix A 1 for the details of the calculation) reads

I|singlet =1= cij|ei><ej|’

|
1 I =5
C_N2_1< i ) (45)
c A 1

Applying the identity 1 to both sides of Eq. (42), we
can write the interaction term X(x") as a matrix in the |e;)
basis as

I(xt) = |ei>cij<ej|2(x+)|es>csz<et|
= p*(x")]en) Viled, (46)

where the matrix V;, = c;;(e;|Z(x")[e,) can be computed
by inserting the Fierz identity and only selecting the singlet
component (see Appendix A2 for the details of the
calculation). The result reads
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2p—y+a(N2-2) a+y—p(N?2+1)

N, N2
VEN T | erpvinn)  —asmpivia) | (47)
2N? 2N,
with
a=Wp+Wiy, f=W;3+Wy, y=Wy,+Wy (48)

and the kinetic factor W;; defined in Eq. (43). Up to now,
we obtained all the required building blocks to compute the
quadrupole operator systematically within the eikonal
approximation. Similar to the case for the dipole operator,
the quadrupole operator can also be factorized into tadpole
and nontadpole contributions as

Ounry1 =T o Ny, (49)
with 7, being the tadpole contribution to the quadrupole
operator which reads

Ty =e 420G 0), (50)
|
NQ—1+ 62|6k12</
n=1 zp > >Z,1 i=
wteten) > ([
l’l:l Z1> >Zn =

where we have defined F;; = V;,(esle;) in the second
equality. Using the explicit expression for the matrix V
given in Eq. (47), the explicit form of the matrix F can be
written as

:<aCF+ﬁ(ﬂ—r) 3(@=p)

. (54
3(r=p) yCﬂrﬁ(ﬁ—a)) 34

with the factors «a, f, and y defined in Eq. (48) in terms of
the kinetic factor W;; which is defined in Eq. (43). Using
the fact that

(Neo N2y (ee,, len) =

(1,0)

(ex]er,) = (N%aNc)f,,l’

Ckn+l v'/ﬂn+] < n+l |el> n+1 (55)

in Eq. (53), the nontadpole contribution to the quadrupole
operator can be written as

NQ:NLC(NC Nz) {mexp/dzwz(ﬁ)ﬂ (é) (56)

where we have used

On the other hand, the nontadpole contribution to the
quadrupole operator A/ o can be written as

1 &
N - <€2|/ >
o= w2 o

Substituting the expression for the interaction matrix given
in Eq. (46) into nontadpole contribution to the quadrupole
operator given in Eq. (51), we get

1
NQ:1+N—C<€2|<HX:/Z> ot z) lex,) kfi<efi|>

x|er), (52)

1)--Z(z)len).  (51)

with the matrix V defined in Eq. (47). Upon introducing the
identity 1 = |eg, )¢k, .z, (€s,., |, with the matrix ¢ given
in Eq. (45), before the ket |e;) in Eq. (52), one can write the
nontadpole contribution to the quadrupole as

Wi (e, |ek,+1>) oo ler ler)

>fk k1+l> n+]"’pn+l <efu+] |el>’ (53)
1
1= N_C<e2|ek1>ck|f1<ef, ler).- (57)

The final expression of the nontadpole contribution to the
quadrupole operator can be written more conveniently after
diagonalizing the eikonal interaction matrix F using

F =R -diag(A,,A_) - R7", (58)

where R = [v,,v_] is the rotation matrix with v, =
(a.,by)T being the eigenvectors of the eikonal interaction
matrix F with the corresponding eigenvalues A,. The
eigensystem can be computed easily, leading to

b= gy P=a=n) +Eatr VAL (59
_(-la=n £ VAN _
R
4
A= (a1 -ms@=pF-7. (6]
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with the factors a, f#, and y defined in Eq. (48). Therefore,
the nontadpole contribution to the quadrupole operator can
be written as

1 1 —a, el 4 q_elH-
No- (™ )

N. N7)

_( =2 .
N, a,—a_ e _ ol A

1 {[\/Z—I—a—y_ﬂ—y}eﬁzi
2VA VA

B {—\/Z—Fa—y_ﬂ—y}eﬂ%}

2VA VA ’

where i® is the color density integrated over the longi-
tudinal nuclear profile defined in Eq. (26).

To summarize, the expression for the quadrupole oper-
ator within the Gaussian model at eikonal order is obtained
according to Eq. (49), as the product of the tadpole
contribution 7, which is given in Eq. (50) and the
nontadpole contribution A, which is given in Eq. (62).”

=

c

(62)

IV. WILSON LINE OPERATORS AT NEXT-TO-
EIKONAL ORDER WITHIN A GAUSSIAN MODEL

We now focus on the derivation of the expressions for the
noneikonal operators within our Gaussian model. As it can
be seen from the NEik DIS dijet production cross section
given in Egs. (7) and (8), the operators that arise at NEik
order involve one decorated Wilson line in addition to the
standard eikonal Wilson lines. Our aim, in this section, is to
develop a generic method that can be used to derive
expressions for any type of NEik operator that is composed
of one decorated Wilson line and any number of eikonal
Wilson lines, provided that these operators are projected
into singlet states in order to preserve gauge invariance. We
will start with the illustration of the derivation for a specific
case, namely for a NEik dipole operator that involves an
(AJA~) interaction. Then, the derivation will be generalized
in a way that it can be applied to any type of NEik operator.
Finally, we will use this model to compute the expressions
for the NEik dipole and quadrupole operators of the type 1,
2, and 3 that are given in Egs. (11), (12), and (13), as well as
the ones contained in the DIS dijet production cross section
for transversely polarized photons given in Eq. (8).

A. Next-to-eikonal dipole involving
the (A/A ~) interaction

Let us now introduce step by step how next-to-eikonal
operators can be evaluated in the Gaussian approximation
by considering first the case of the next-to-eikonal dipole
d’(x,y), which is defined as

The quadrupole operator in the Gaussian model was pre-
viously computed in [81]. Our result recovers the result from [81]
provided its nontadpole contribution is included and is normal-
ized with a factor 1/N..

xy) = [T (U )i=igal (o7 x)

Uiy (U (9)). (63)

27 2

This operator is the piece of the NEik dipole operators which
includes only the transverse field part of the decoration. The
derivation of this operator follows that for the eikonal case,
with the caveat that we have an additional interaction
mediated by a factor (A/(vt, x)A~(wh,y)).

Let us first examine the tadpole contribution to this
operator d’(x,y). In addition to the eikonal tadpole con-
tributions 7 ; computed in the preceding section and given
in Eq. (32), one must also account for the NEik tadpole
contributions. These arise from the function G/~ (r) defined
in Eq. (24). However, from this definition, it is straightfor-
ward to observe that its value at r = O—-corresponding to
the tadpole contribution at NEik order—is G/~(0) = 0.
Consequently, the NEik tadpole contribution to the operator
d’(x,y) vanishes identically, leaving the eikonal 7 ; as the
sole tadpole contribution to this NEik operator. Importantly,
since a generic NEik operator consists of one decorated
Wilson line together with an arbitrary number of eikonal
Wilson lines, and since the above argument for the
vanishing of the NEik tadpole term does not depend on
the eikonal part of the operator, this conclusion extends to
any NEik operator.

Additionally, the NEik nontadpole contributions must be
taken into account to evaluate &/ (x,y) within the Gaussian
approximation. These contributions, denoted by N {;IEik,
correspond to interactions between quark and antiquark lines
at NEik accuracy and are represented diagrammatically in
Fig. 11. As evident from Eq. (63), the operator d’(x,y) is
genuinely NEik due to the insertion of a transverse back-
ground gluon field along the longitudinal extent of the
Wilson line. Therefore, when expressed in terms of the
two-point functions given in Eq. (22), the nontadpole
contribution to this operator requires inclusion of an addi-
tional interaction mediated by (A/(vT,x)A=(w',y)),
alongside the standard eikonal interactions mediated
by (A~(v*,x)A~(w".y)).

From the derivation of A, the eikonal nontadpole
contribution to the dipole operator, it follows that the
NEik interaction (A/(v™,x)A~(w',y)) introduces an

+ +
Zn U+ 21

FIG. 11.
N {\,Eik to the next-to-eikonal dipole @/. Here the noneikonal
interaction is shown with a red gluon line. The tadpole con-
tribution is factored out into the previously defined 7, factor.

Diagrammatic representation of the contribution
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additional color factor Cp along with the function
G/~(x —y), supplementing the eikonal nontadpole contri-
butions given in Eq. (35). Thanks to the factorization of the
kinetic terms, the NEik dipole operator d/(x, y) can thus be
written as

vy = (76 [ antienorx-y) Jay)
= P Cri* G (x —y)d(x.y), (64)

with d(x,y) being the eikonal dipole operator within the
Gaussian approximation given in Eq. (36) and ji* being the
integrated color charge density defined in Eq. (26). As in
the case of the eikonal dipole, this result can be related to
the MV model by noting that

ir/ >
—|In :
87'[Pq rJ_AQCD

e U (65)

where we have used the small dipole approximation,
r P, < 1, and regulated the infrared divergences by intro-
ducing Agep as in the computation of the eikonal dipole.
Finally, by inserting Eq. (65) into Eq. (64) and using Eq. (38)
for the eikonal dipole within the MV model, we can write the
result of the NEik dipole operator with an A/ insertion as

1i0? . 1
- — (X -y J 1H(7>
22Pq ) |X _y‘AQCD

2
X exp{—%(x -y)’hn

d’'(x,y) =

- (66)

x - Y|AQCD}.
Before we finalize this section, we would like to emphasize
that the generalization of the above result for the NEik
operators with a 0;A™ insertion or a double insertion is
straightforward, since the kinematic factors factorize and the
color structure remains exactly the same as above.

B. Generalization to any next-to-eikonal operators

Any of the NEik operators that we consider contains
one decorated Wilson line accompanied by an arbitrary
number of eikonal Wilson lines. As discussed earlier,
these decorated Wilson lines incorporate insertions of

|

Uy AR (T v
0 {f A Uy AUy,

where the operators A(k), [ﬁi(k), €™ result from the insertion
of different decorations. Let us introduce {|v)} as a
complete basis that spawns the subspace of all color

background covariant derivatives like DjZ or D}Dj}, or of
the field strength tensor F(z",z) between the semi-
infinite Wilson lines evaluated at the same transverse
coordinate z. Since we would like to evaluate NEik
operators that involve these decorated Wilson lines in
the Gaussian approximation and these decorations involve
the evaluation of derivatives, we introduce the following
representation for convenience:

Oty (x) = =i [
X u[c*.a*] (X) (67)

b+

de Uy o+ (x)[0kA™ (¢ ™, X)]

+

Owing to these transverse partial derivatives and the trans-
verse fields A/ in the insertions it is straightforward to realize
that the longitudinal structure of the NEik decorated Wilson
lines contain either one or two longitudinal positions that are
integrated over the longitudinal support of the correspond-
ing Wilson line. This longitudinal coordinate dependence
should be properly taken into consideration while perform-
ing the Gaussian average over the background field. As
discussed in the preceding subsection, in addition to the
eikonal interactions mediated by the two-point functions of
the form (A“A~), NEik corrections require inclusion of
interactions mediated by the two-point functions
((¢/A7)A™) and (A’A™) while keeping in mind that the
insertion of either /A~ or A/ is constrained to the transverse
location of the NEik Wilson line.

Let us introduce an operator Q as the tensor product of an
arbitrary number n — 1 > 0 of fundamental Wilson lines
and n Wilson lines in the dual representation:

n n—1 n +
Q[x*.y*] = Qu[x+’y+](xi> Qu[x+'y+](YJ>. (68)
i= Jj=

The generic NEik operator that we would like to evaluate in
the Gaussian approximation can then be written as

O =y (v) @ &, (69)

with the superscript £ = 1, 2, 3 indicating the type of the
decorated Wilson lines. In the most general case, the
longitudinal structure of these decorated Wilson lines
can have the following two forms:

R X (70)
[dvtawto(w* — w)u[%mo:(“(w+)u[w+,@+]B<k)(W)uw._%,
|
subspace according to
I‘singlet = chm|1}n><’llm| =1 (71)

singlets in V" ® V", and define the identity 7 in this
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Upon inserting the identity 1 before and after each internal
longitudinal coordinate that are integrated over the corre-
sponding longitudinal support [denoted as »™ and w™ in
Eq. (70)] and using the definition of a generic NEik

|

operator defined in Eq. (69), one can write the two types
of generic NEik operators (with either one or two insertions
along the longitudinal extension of the corresponding
decorated Wilson line) as

A k A
O(()n)e—point = /d?)+ (u[%ﬁ] (V) ® Q%Jﬁ]) |Un>cnm

X (0, AW (v, v) Z A= (v, w)|vg)es (v <U[v+’_% (V) ® Qvﬂ%) (72)

w={xy}

and

two—point =

oW /dw*dv*@(w+ —v') (U[L+

all

+](V) ® QL;,Wq) [00) Cm

X <Um|0f:(k)(v_'—7 V) Z A_('u"", W)‘Us>cst<vf| <u[W+,L‘+] (V) ® Q¥V+s”+]) |Uf>cfy

w={x.y}

X <1)g|[@(k)(/lj+’V) Z A_(1)+’w/)|1)p>cpq<l)q| (Z/{[“_%} (V) X QL+%]>, (73)

w={x.y}

where the summation over the indices labeling the basis is
implicit. Moreover, the summation over w and w’ spans all
the available transverse coordinates in the operator Q.
These operators are finally evaluated according to
Eq. (22) and projected onto the initial and final color
states of interest, and are denoted as

OY = (OF N, 0N (0B . (14)

one—point 1—point 2—point —

This approach provides a systematic evaluation of NEik
operators within the Gaussian approximation, contingent to
the knowledge of the basis Z and the action of 7% @ T in
that basis.

First, we note that at this level the longitudinal integrals
are not straightforward to evaluate due to the nondiagonal
nature of the NEik interaction, at longitudinal positions v™
and/or wt, in a generic basis {|v)}. However, since the
eikonal interactions are always mediated by two-point
functions of the form (A~A~) given in Eq. (22) with
u=v=—, the transverse coordinate dependence 1is
encoded in the function G~ defined in Eq. (23) and it
remains unchanged along the longitudinal path. The
nuclear longitudinal profile is contained in the function
u?(x*) that is factorized from the transverse dependence of
the two-point function. Therefore, one can diagonlize the
eikonal interactions and then perform the longitudinal
integrals analytically. For this purpose, we introduce the
operator V*(yT), which resums all possible eikonal
interactions between the partons in the system at a given
longitudinal position v, as

RV () = 3 (1) T @ T)

X (Ag (v, x)Ap (07, %)) (75)

We emphasize that tadpole contributions are automatically
included in the definition of the eikonal interaction matrix
Veik since the case i = j is not excluded in the summation
appearing in its definition. In the {|v)} basis that we have
introduced, this operator can be written as

V(o) = ) Vad(vh)egjery (vl

— |va)FZ§§(v+)cfg<vg , (76)

with
VEd () = cap (0 [V (7)) vg) e

Ved(wh)eg = FF(oh). cgf = (v ]oy). (77)

Thus, along a path with n interactions at longitudinal
positions v, > -+ > v > v, we write

V(o) -+ Vet (o)
= [P PR WL Yoo P 0 earted. (78)

Let R be the matrix that diagonalizes the eikonal interaction
matrix F¢*(vt), so that

Fif(v?) = (R- f*-R7Y), (79)
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and we denote the eigenvalues by

{A A2 A} (30)

The locality of the (A~A™) two-point functions in longitudinal coordinate and the fact that the function G* is independent
of the longitudinal coordinate, ensures that the matrix R that diagonalizes the eikonal interactions at a given longitudinal
position also diagonalizes those interactions along the longitudinal path. This diagonal matrix can be written as

Dy ) = diag {exp (/11 /x dy+ﬂ2(v+)>,...,exp (ﬂm / dwuz(w))}, (81)
vt vt

which allows us to write the expectation value of the NEik decorated one-point operator projected onto the color states
<U<+°°)| . |U(_°°)> as

(o] k —Q0 [s+] A -
<U(+ )|O<()n)e—poim|v< >> :/dUJr@(Jr )|Ua>cub<vb|<u[%.v+](v)®Q[%.v+]>|v”>cn.icjkl

(exp u® F°*)

X o (0a AD @, v) ST A (0 W) |o) ey
w={x.y}

MZ(U+)(VNEU{,A(1\') o )kr:ﬂz(L'*)(FNEikvA(k) )kr
x ¢, (V] (U[w,_% (V) ® Q[W,_%) 19} CoaC Chu (|0, (82)

The NEik decorated two-point operator can be written in an analogous way. Finally, in the rotated basis we write

one—point

()| O®) - |p)y = / dv+<y<+°°)|va>chu<vu|v<-°°>>ﬂ2(u+)(RD[%MR-IFQ’PW“RDW,_L;]R-‘> ., (83)
ah

two—point

(oW o)y = / dvtdwtO(wt — v ) (0% |0,) (0, V) 2 (W2 (1)
X <RD[§.W+]R_1Fgfik'@k)RD[WﬁyﬂR_lFi\,/fik'@(k)RD[ N L+]R—1> , (84)
' v ah

where we have introduced the matrix FNE%* defined in Eq. (82), that encodes the NEik interactions. This matrix is the NEik
generalization of the eikonal interaction matrix given in Eq. (76). Its explicit form and its relation to the NEik interaction
matrix VVE* for the interaction type A reads

p (vt ) (FYERAT) cab<<vb|f\<'<><v+,v> > A—<v+,w>|vc>>, (85)

w={xy}

(k)

ik A AW
W) VIERAD) = 2 () (YA . (86)

The NEik interaction matrices F’ ivf kB and F Ilfik’é(k) are defined analogous to Eq. (85) with the interaction type AW being
replaced by type B® and €W, respectively. Assuming a homogeneous longitudinal profile, the NEik matrices

(RT'-F 2@5”"&(” - R) are either independent of v* or linear in v*. Thus, the longitudinal integrals can be performed
analytically according to the integrals listed in Appendix B.

C. Next-to-eikonal operators of type 1

We can now use the scheme developed in the preceding subsection to compute the NEik operators of type 1 which have
the generic form
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Lt
2

OW(w,) vty ({00 = 0y = 2igAI (0" VMU (V) ® . (87)
2 )

Lt

This expression can be simplified by utilizing the fact that

/+ U[%m(v)d_w)uw’_%] (V) = /+ . @(UJF - ZT)M[%,N] (V)U[u+,zﬂ(")(5va_ (Zir, V))U[ZT_Q](V)

v .Zl

Lt ~
- [ (5 e A ) =)

“1

where the transverse derivative acts only on the gauge field. Furthermore, in Eq. (88), for brevity, we have introduced the
following notation:

/E/sz+, Ar = —igAr, (89)
z" —%

Similarly, we can write

o + LT A= (7T
Up (V)0 U, . (V) = 7+ Upr (V) (0wA™ (2], V)U o 1+ (V). (90)
+ [2»”] [1/~ 2] + 2 [z-zl] [zl’ 2]
1

v Z

Substituting Egs. (88) and (90) into Eq. (87), one can write the generic form of the NEik operators of type 1 as

Lt
O (v) = [ 7 dvtttys (V{24 (0, v) = 200, A" (0F VMU, i (V) @ Q. (91)
Lt 7V v

2

1. NEik type-1 dipole operator

The first NEik operator of type 1 that we need to evaluate is the decorated dipole of type 1, which can be obtained by
considering © — U"(w) in the generic form given in Eq. (91), which then reads

1 1 (1
d (v.ow) = 2 (0O gy u)- (92)

The tensor Z that projects the system to a color singlet is straightforward to evaluate in the case of a dipole, since there is a
single way to project a quark-antiquark system to a singlet. In the birdtrack approach, it is represented diagrammatically as

-+ C. (93)

Therefore, the type 1 decorated dipole operator can be written as

(1) _ 1 t
d (v, w) = / dv*N—<Tru[%ﬂ)+](V)Z/{[%m(w)>

c

X NL (Tr{ZAJ'(er, V) - 21}+av_/A_(1)+’ V)}(—I)A_<U+, W)> X NL <Tl‘u[v+._%] (V)UE/‘Jr-—%] (W>> (94)

c c

Using the fact that two-point functions are local in the longitudinal direction, neglecting the vanishing NEik tadpole
contributions, and using our model for the field correlators given in Eq. (22), it is straightforward to write the NEik dipole
operator of type 1 as

d\"(v,.w) = 2¢2 Cpd(v.w) / w2 (0{G(v=w) = 10,6 (v=w)}, (95)

Dhs
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where the d(v, w) is the eikonal dipole operator within the
Gaussian approximation defined in Eq. (36) with the
functions G™~ and G/~ respectively defined in Egs. (23)
and (24). Assuming that the transverse color charge density
of the target ?(v*") is constant, i.e., in the limit of the
homogeneous profile, one can trivially perform the inte-
gration over the longitudinal extension of the target.
Upon integration the term linear in »™ vanishes, and one
obtains

& (v, W) = 2B Crdyy ) (v. WG (v = W), (96)
20 2

with fi> the color density integrated over the longitudinal
nuclear profile defined in Eq. (26). As in the eikonal
case, considering the small dipole limit and using the
saturation momentum Q; defined in Eq. (29), the decorated
dipole of type 1 can be written within the Gaussian

|

approximation as

1iQ?
(v, W) =5

(v—w)fln(

e)
/ q |V_W|AQCD

X ex Q—%(v W)zln; (97)
p 4 ‘V_W|AQCD '

2. NEik type-1 quadrupole operator

The next operator we consider is the decorated quadru-
pole operator of type 1, which reads

1 .

0V (W.V. v, W) = N, <Tr(95'1)|Q—>L{T(W)L{(v¢)lﬁ(v’)>' (98)
Using the identity defined in Eq. (45) [or, more explicitly,
Eq. (A4)], we can write the quadrupole operator of type 1 in
the basis {|e;), |e,)}. Thanks to the locality of the two-
point function in longitudinal direction within the Gaussian
model, the decorated quadrupole operator of type 1 can be
written in the {|e;),|e,)} basis as

1 -~ ~
0 (wovoviw) = - [ vt el o (124107 ¥) 2070, A (07 )

Cc

® Y (EA(5.3))Q, e, (99)

y={w.w.v'}

where the operator Qj,+ ,+) is defined in Eq. (39) and (=), denotes the sign for a quark (+) or an antiquark (—) being at the
transverse location y. Using the rotation matrix R previously defined for the eikonal quadrupole in Eq. (60) and the generic
NEik decorated one-point operator given in Eq. (83), we can write the type 1 quadrupole as

I " 1
Qﬁ-l)(W’,V’,V*,W):F/dﬁ(NC N%)'(TQ‘RS[%MR_W(”+)F§+Elk']RS[U#—%R_I>'<0>’ oo

c

where we used Eq. (55) to recast into the left and right vectors. Since the NEik tadpole contributions vanish, the tadpole
contribution to the quadrupole type 1 is governed by the eikonal 7 ¢ which is given in Eq. (50), and the nontadpole eikonal
interactions are implemented by

Sie+ y+) = diag (exp {/1+ Lj dw+/42(w+)},exp {/1_ Kj dw+/¢2(w+)}),

with the eigenvalues A, provided in Eq. (59). The NEik interaction introduces a single insertion of the matrix F' Ivvf #J which

. . . . NEik.i -
is related to the interaction matrix V- "I via

(101)

PR (FVERT) = g2 (o) (VNERI e (102)
and it is defined in Eq. (A19) with its components given in terms of «, f, and y defined as
a=—g2G~(v,,w) = 2010, G~ (v,,w)], (103a)
B =+g*2G (v, W) = 20%0,G(v,, W)], (103b)
vy =—¢*2G~(v,,V) = 2v10,G (v, V)], (103c)
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where function G* follows from the expectation value of two fields in the Gaussian model according to Eq. (22). For a
homogeneous longitudinal profile, the integrations over »* can be easily performed using the integrals listed in
Appendix B.

D. Next-to-eikonal operators of type 2

The NEik operators of type 2 can be written in a generic form as
OW(v,) = / dv U (V)(0y = AT (0, v)) (0 + A (0" VU (V) © L, (104)

with the operator Q given in Eq. (68). In Eq. (104) the derivatives only act on the Wilson lines inside the curly bracket. It can
be written as the sum of the following four terms:

(i) = Upr (V)a:f 0:,/ U . 1)
o '] [v" 5]

= [0 ok W R DAV (105)
Wy Wy
(if) = / Uy R U, (V)
— /+ . O(wy —WT)U[%W;] [—A/(W;,v)}uwwﬂ [@A‘(wf,v)]u[wr’_%, (106)
1/\/2 ,Wl
(i) = / Uy WG W)
= / O = WU [0AT (WS V)W g AT (W V)U s (107)
\/Vz ,Wl
(iv) = — / Uy VA AT U (). (108)

It is more convenient to consider each of the above terms separately when evaluating NEik type-2 operators within the
Gaussian approximation. In what follows, we evaluate the NEik dipole and quadrupole operators of type 2.

1. NEik type-2 dipole operator
We first focus on the NEik dipole operator of type 2 which can be obtained by taking Q- U (w). It reads

1 A
d(2) (V*? W) - N_ <TI"O(2) |Q—>Zf(w)>‘ (109)

We use the decomposition introduced in Egs. (105), (106), (107), and (108) for the decorated Wilson line U/ @ (v), write the
NEik dipole of type 2 as

dD (v, w) = dP(v,,w)|5 +dP (v, w)| i) + dP (Ve W) i) + dD (v W) (110)

and compute each term individually.
By using Egs. (105) and (109), the first term in the decomposition of NEik dipole of type 2 given in Eq. (110) reads

1 o
d? (v, W) = ﬁ/+ <Tr [u[%m (V)oyi 0y U, 1 (V)UT(W)} > (111)

Upon acting on the semi-infinite Wilson lines, the »™ integral can be performed trivially, leading to
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1
dD(v,,w)| = ~ /. +(ZT -23)0(z —23)
cJz g
x <Tr [u[%zﬂ (V)OWA™ (= VU (V)OWA™ (25 VU (V)L{T(w)} > (112)

It is now straightforward to evaluate the Gaussian averaging by using the two-point correlator defined in Eq. (22) and the
functions G~ defined in Eq. (23). One simply gets

A, Wy = g Chadtvw) [ =)0t~ oG (v - wP (113)

+ .+
70,2,

with d(v, w) the eikonal dipole defined in Eq. (36) and where we assumed a homogeneous longitudinal nuclear profile
u(vt) = . From Egs. (23) and (24), the relation between the functions G~ (r) and G/~(r) is

0yG™(V—w) =2iP,G/~ (V- w). (114)

Using this relation and performing the integrations over z; and z3, the first term in the decomposition of NEik dipole of
type 2 given in Eq. (110) can be written as

4w W)l =~ CaP QUL (PP WG (v = W] (115)

where we have used Eq. (29) for the definition of the saturation momenta Q,. Finally, substituting Eq. (65) for the function
G/~ within the small dipole approximation, we can rewrite it as

11 1 02 1
AD (v, W) =~ QL (v — w2 [ — Sy WP\, 116
(V* W)'(l) 46 QS (V W) n <|V — WAQCD> CXP{ 4 (V W) n |V — W|AQCD} ( )

Let us now consider the second term in the decomposition of NEik dipole of type 2 given in Eq. (110) which reads

A Wl = NL / (Tr[thus o (A0 V) Ty e U (W)]) (117)
_1 JRCCAET06 i A ) G U o) ZumIC)
X 0v.u:1_(z1+, V)Z/{[ZT,_% VU (w))). (118)

By following the same steps and using the two-point correlator given in Eq. (22), one gets

dD (v, w)|5) = —g* Chu*d(v. w)[0, G (v — W)]G/~ (v — W) / (vt —z7). (119)
vtzf

Finally, performing the integrations over the longitudinal coordinates, using the relation between G~ (r) and G/~ (r) given

in Eq. (114) and the definition of the saturation momenta in Eq. (29), one gets

d?(v,, W)y = —4in QP (G~ (v = w)]*d(v, w), (120)
which reads
10 1 02 1
dD (v, W) =2 (v—w 2ln2(4) exp{——“ v—-w?lln——— 121
(V. Wl 44P;( ) v — W|Agep 2 ) v — W|Agep (121)

in the small dipole approximation.
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The third term in the decomposition in Eq. (110) reads

1 < .
OV W)y =7 | (Tr[this o WAA @ VU U (W) ). (122)

By following the same steps as in the evaluation of d®(v,, W)| i), one can easily obtain

290 Wl = -2 v mwrme (Ve - L v —wpm (123)
* (iif) 44Pq_ |V_W|AQCD 4 |V_W|AQCD '

Comparing Eqgs. (122) and (123), one immediately realizes that
d?(v., W)l i) + d(v., W)l i) = 0. (124)

Finally, using Eq. (108), the last term in the decomposition of the NEik dipole of type 2 can be written as

dO (v, )| = L <Tr [Z/I[%ﬁ](v);lj (v, v)A (v, V)L{[Uﬁ_%}(v)uf(w)} > (125)

cJot

When evaluating this operator within the Gaussian model presented in Eq. (22), the transverse gauge fields in Eq. (125) can
only be contracted with themselves since they are localized at the same longitudinal position »™, and thus one gets from
Eq. (22) an ill-defined factor §(v" — v*). From dimensional analysis, we interpret this factor as §(v™ — v™) = C/L*, where
C is a dimensionless constant of order one, which can be considered as a model parameter. In such a way, one finds

C . C .
4% (v, W)l ) = PCHPLT - d(v, W)GI(0) = 2202 —-d(v, W)G(0). (126)

Moreover, as before we also used the definition of the saturation momenta given in Eq. (29). With the definition of the
function G¥(r) given in Eq. (25), one can readily write

, 1 oo 1
G/ (r) = 2<2P_)2Aelp‘rp (127)
q

which, at r = 0, reads

11 Auy
= — n
277,' 2(P;)2 AQCD

G/ (0) , (128)

where the cutoff Ayy is introduced to regulate the ultraviolet divergence. Finally, using Eq. (128) for function G//(0) and
Eq. (36) for the eikonal dipole in the Gaussian model and taking the small dipole limit, the fourth term in the decomposition
of the NEik dipole of type 2 can be expressed as

c 02 A 0> 1
dd (v, w)| = S P CA = (y—-wllp—— \ 129
(Ve W) iy SLT (P;)z nAQCD exp 2 (v—w)*In Ry - (129)

To sum up, substituting Egs. (116), (121), (123), and (129) into Eq. (110), the NEik dipole of type 2 within the Gaussian
approximation reads

>
d?(v,,w) = [i Q?L*(V—w)zlnz( ! > + A In AUV}

24 |V - W|AQCD 21" (P;)Z AQCD
03 > 1
——(v— In-—— . 130
X exp{ 2 (v—w)*In v = WiAoen (130)
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A comment is in order before ending the discussion  operator of type 2 as
for the NEik dipole of type 2 within the Gaussian model.
The observation in Eq. (124) can be extended beyond
the evaluation of NEik dipole of type 2. Taking into
account their explicit forms given in Eq. (23) and (24), + 0¥ (v, w, W,V
the relation between the functions G™~(r) and G/~ (r)
presented in Eq. (114) implies that each factor of A~ can
be substituted by —2iP;A’ within our model. + 0P (v, W, W,V
Consequently, one readily sees that terms (ii) and (iii),
given in Egs. (106) and (107), respectively, cancel eaCAh As discussed previously, the second and third terms
other irrespective of the choice of the operator Q. cancel each other, i.e.,

Therefore, only terms (i) and (iv), given in Egs. (105)
and (108), contribute to the evaluation of any NEik operator

QP (v,,w, W, V) = 0 (v,,w, W, V)|

)
)iy

+ Q(z) (V*’ w, W/v V/)| (iii)
My

(132)

2 2
of type 2 in our Gaussian model. oA (v.,w, W/’V,)l(ii) + 0P (v w. W,V )| (i) = 0 (133)
2. NEik type-2 quadrupole operator analogous to the case of the NEik dipole operator of type 2
We now examine the NEik quadrupole operator ~ as shown if_l Eq. (1'24)- _ .
of type 2, which can be obtained by taking O - Now, using the identity defined in Eq. (45) [or more
UT(W)UW)UT (V') in Eq. (104) and reads explicitly in Eq. (A4)], and the eikonal quadrupole defined

in Eq. (39), we can write the quadrupole operator of type 2
@ s AQ) in the basis {|e;),|e;)}. When written in terms of the
O (v..w,w V) = N—<Tr(9 |f2—>u"(w)u(w’)u"(v’)>' (131) operator Qy,+ +] which is composed of four fundamental
‘ Wilson lines with opened color indices and defined in
One can use the decomposition introduced in Egs. (105),  Eq. (39), the first term in the decomposition can be
(106), (107), and (108) to write the NEik quadrupole written as
|

1
(2) ! ! N = —
0¥ (v, w, W, V)| N |

2°71

x<{ava-<w2, Ne 3 (i)YZA-<w;,yz>>Q[W;,WH

yo={w.w.v}

(wy —w{)O(wy —wi){es| Q[%,wz‘]

< (f0A (o wie <i>y,ir<wr,y1>>Q[WT,_%|e1>, (134)

={w.w v}

where (:I:)y denotes the sign for a quark or an antiquark being at the transverse location y. Using the rotation matrix R for the

eikonal quadrupole defined in Eq. (60) and using the generic two-point function derived previously and given in Eq. (84),
we can write the first term in decomposition of the NEik quadrupole of type 2 as

1
Q<2) (V*7 w, W/, V/)|(i) -

N ) v = wD)O0ws —wi e (w3 ()
2771

o - 1
x (Ne N2) - (To RS, RFNIRS ) RFNSRS R ) (). (139)
¢ ¢ (53] Wy Wy Wy wy vy =5l 0

where we used the properties of the basis vectors given in Eq. (55) to recast it into the left and right vectors. The eikonal
tadpole contribution 7 g is given in Eq. (50) and it is proportional to the identity. The eikonal nontadpole interactions are

implemented by
¥ ¥
S+ y+) = diag <exp {/1+ [+ dw*,uz(wﬂ}, exp {/1_ L+ dw*,uz(wﬂ}), (136)

with the eigenvalues 4 provided in Eq. (59). The NEik interactions are encoded via double insertion of the NEik interaction
matrix FVE* that satisfies
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NEikjx 1 NEikj —]
(FW+ ) - var ¢
2 ij 12

) (137)

ij

where the matrix VVE* is defined in Eq. (A19). Its
components are given in terms of a, f, and y that are
defined as

B =+g0,G (v, W),
(138)

a = —gzaij__ (V.. W),
Yy =—¢%0,G (v, V).

As in the preceding cases, functions G* are determined
from the two-field expectation value in the Gaussian model,
Eq. (22).

The fourth term in the decomposition of the NEik
quadrupole of type 2 is obtained by substituting the term
(iv), given in Eq. (108), into Eq. (131) and taking
Q — UT(W)UW)U (V). As explained in the evaluation
of d(2>(v*,w)|(iv), the transverse fields are at the same
longitudinal position and contracted within themselves.
Therefore, the color structure factorizes from the rest as
shown in Eq. (126). Following the same steps, one can
readily show that the eikonal quadrupole factorizes in the
fourth term of the NEik quadrupole of type 2 and it can be
written as

cC o

Ayy
=57 (P;)z In o(v,w,w., V),

Aqcp

O (v, w, W, V)| iy,
(139)

with Q(v,w,w, V') being the eikonal quadrupole that is
defined in Eq. (49) with the tadpole and nontadpole
contributions given in Egs. (50) and (62), respectively.

To sum up, the NEik quadrupole operator of type 2 is
given by Eq. (132) with Eq. (135) for the first term in the
decomposition (which governs the NEik interactions),
Eq. (139) for the fourth term in the decomposition (which
corresponds to NEik tadpole contribution), and Eq. (133)
for the sum of the second and the third contributions in the
decomposition (which vanishes identically in the
Gaussian model).

E. Next-to-eikonal operators of type 3

The NEik operators of type 3 can be written in a generic
form as

2

OD(v,)= / dv{tdye  (gF(0" VU, ()} @,
(140)
with the operator Q defined in Eq. (68). Using the explicit

expression of the field strength tensor given in Eq. (20), the
generic form of NEik operators of type 3 reads

(3
Oy, = / dr{Ue ()00 (07 %) = 0uA (1 .v)

iglA (0 V)AL (0 VU ()} @ .
(141)

The first two terms inside the parentheses on the right-hand
side of this equation correspond to the Abelian part of the
decoration of type 3 which is antisymmetric under the
exchange of i <> j. On the other hand, as discussed at
the end of the evaluation of the NEik dipole of type 2, the
relation between the functions G™~(r) and G/~(r) pre-
sented in Eq. (114) suggests that, in our Gaussian model,
each factor of 2iP;A/ can be approximated by 0;A™. Using
this approximation, one can write the Abelian part of the
NEik operators of type 3 as

(3 il .
Ot('j)(v*)|Abe]ian :EP—;/dv*{u[%m(v)(av,avm (vt v)

— avjaviA_(U+7 V))M[W._Q] (V)} ® Q’
(142)

which vanishes.
On the other hand, the non-Abelian part of the NEik
operators of type 3 reads

@EJB) (V*) |n0n—Abelian
- / dv (e () GglA(0* ¥). A0 W)))

XUy, o, (v)} ® O, (143)
The structure of this decoration closely resembles the
(iv) term in the decomposition of the type-2 NEik operators
presented in Eq. (108). In evaluating the non-Abelian

contribution of operator (AQS) within the Gaussian model
defined in Eq. (22), the transverse gauge fields appearing in
Eq. (143) may contract only with one another, as they are
localized at the same longitudinal coordinate v™.
According to Eq. (22), the corresponding two-point corre-
lator of the transverse fields is proportional to §/. The total
non-Abelian contribution to the type-3 NEik operator is,
however, antisymmetric under the exchange of i <> j, and
therefore vanishes identically in the Gaussian model.
Hence, we conclude that type-3 NEik operators do not
contribute within this framework.

F. Contribution from the three-point correlation

Apart from the three types of NEik operators discussed
above, in the NEik cross section of DIS dijet production of
transversely polarized photons presented in Eqs. (7) and
(8), there are extra Wilson line operators of the form
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L 1
O“Ziee PO (w v 7) = / ’ dz+<N—Tr[(U(W’)U"'(V’)—1)
Lt .

2 v 2

5T

X (Z,{[%Zﬂ(z)gzj(z*ﬂ/l; " (z) —;U(z)zzﬂﬁ(z)ﬂ> (144)

which, for convenience, can be written as the sum of two terms:

Otgiee LaTnt<W/, V/, ) Otiliee L[J)romt( / / Z) + Otlzfree L]?:Tm(w/v V/, Z) R (1 45)
0
The first operator involves the left-right covariant derivative B ; and it reads
E | <
O (WY, z>‘9 = [ "arr— {1 (U(w/)w<v') - 1) (uQ @Dy (U (z))
4 D AS N, (52" Lzt
1[5 o
=5 /. dz"( Tr (L{(w WUT(V') = 1)
o)
~ Lt ~
X Z/{[Qzﬂ (z){ZA/(z+, z) — 2(z+ + 7) 9;A™(z*, z)} - (z)] > (146)
5
where we have explicitly computed the action of the covariant derivative on the semi-infinite Wilson lines and used the
shorthand notation A# = —igA* as in the preceding sections. The second operator involves left-right partial derivative 0 j
and reads

O[3L+P°1L“j](w v z)‘g dz NL<Tr[(U( ’)UT(V’)—1)(—%U(Z)5ZJUT(Z)>}>

= / ay+ (e )UT(V’)—1)Ll[%’y+](z)[L+aj/~\_(y+,z)]Z/{?'L%M(z)}>. (147)

In the first equality, the integral over dz* simply introduces a factor L*. In the second equality, the longitudinal point

corresponding to the action of the partial derivative is labeled by y*. Substituting Eqs. (146) and (147) into Eq. (145), one
gets the NEik three-point operator as

O (W V. 2) = Ni /_ : dz+<Tr[(u(w’)w(v') ~ Dy, (RN 2) =22 A DU (2 )D (148)
= NL/_Z dz+<Tr [U(W')UT(V')Z/I[%’ZH(Z)[ZAj(ZJr, z) - ZZ+5]-A_(Z+, Z)]UE-LT*,M(Z)} >

1

"N, dz (Trlthe (@A (1) =220, U, (2)]). (149)

Note that, in the Gaussian approximation, the eikonal field A~ cannot interact with a singlet pointlike system. Therefore,
the insertion of the operator

O(z*,z) = 247 (zF,2) = 277 0A~ (2, 2)] (150)

between the two semi-infinite Wilson lines can only be projected onto the adjoint subspace. The term in the second line of
Eq. (148) can be written as

Up: (2)0(, U’ (2) = Uy (2 2)TU . (2)0%zt,z) =TPU  (2)0%zt,z), (151)

] ] et
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where we introduced the adjoint Wilson line U(z) in the
second line. In addition, the second term in the NEik three-
point operator given in Eq. (149) has a single transverse
coordinate dependence and therefore can only give a
tadpole contribution. However, this contribution vanishes
since the adjoint generator T3, = —i fabe s traceless.
Therefore, the only nonvanishing contribution to the
NEik three-point operator is presented in the first line of
Eq. (149) which, in the birdtrack approach, can be
represented as

where the bullet represents the insertion of the operator
O%(z", z) given in Eq. (151). Since there is only one single
singlet in V ® Vv (respectively V ® Ve A) we can
directly project onto this subspace before and after the
longitudinal insertion position z* to write the NEik three-
point operator as

three—point
O
B

/dz N—<Tr[l/{[+ LW(W’)L[F+ L+]( )D

c

(W,V,z)

(S e, e ow) - a0
xﬁ<Tr[TbL{[%ﬂ( WITU. (v )} vl (@ )>.

(152)

Before proceeding further with the discussion of the NEik
three-point operator, we first comment on the color factors
appearing in Eq. (152). The factor of 1/N, in the first line
originates from the overall normalization of the operator,
already included in the definition of the NEik three-point
operator in Eq. (144). In the second line, the color
factor 1/N, arises from the gg singlet projection, while
the factor 1/(N2 — 1) compensates the §°¢ which comes
from the expectation value (O“A%). The remaining factor,
CgN,., follows from the trace over two fundamental
generators, tr(7°T“). In the last line of Eq. (152), the
factor 2/(N2—1) is associated with the ggg singlet
projection. All in all, the NEik three-point operator can
be written as

®Let us recall that V denotes the fundamental vector space, V
the corresponding dual vector space, and A the adjoint vector
space.

three—point
O L+ L']
5

(W,Vv,z)

:/dz+C22+](w’,v’;z)d[z+ (WY
7% -2

—_

(G O Bl w) - A ).
(153)

where d[z+ _u (W', V') is the eikonal dipole defined in the
L

range from —L" /2 to the point z* which reads

c

doo (W)
(154)

and C( )

g (W', v';z) is the eikonal three-point correlation
function which is defined from the longitudinal point z* to

L7/2 and it reads

c® (W,V;z)

L]
2

=y (T v )

(155)

Finally, the last line of Eq. (153) corresponds to the NEik
interaction contribution to the three-point function.

Let us first consider the eikonal three-point correlation in
the Gaussian approximation. The invariance condition for a
system of three partons reads

Tw+Ty+T,=0, (156)
where we label by T; the generator in the representation of
the parton at the corresponding coordmate i={w,v, z}.
Thus, the eikonal interaction reads’

(T8 @ T4 Wy + (Tl ® T4 Wy + (T4 @ Ty,

1 N,
_)]]{ZN W'y f(ww’z+wv’z)}—ﬂr‘i‘?3’!}z) (157)
Here, w;; is closely related to the kinematic factor W;

defined in Eq. (43). The two are equivalent up to an overall
sign and tadpole contributions. In particular, W;; incorpo-
rates the sign factor and therefore alternates accordingly,
whereas the kinematic factor w;; introduced above is
defined without the sign factor. Moreover, in the kinematic
factor W;; tadpole contributions are excluded and

’As an illustration, one can write 2Ty ® Ty = (Ty + Ty)*—

2 2 72 2 2 |
T2, =T% =T} T2, -T2 = N, - 2Cp = -
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computed separately, while w;; includes both tadpole and
nontadpole contributions. Finally, in Eq. (157), 1 denotes
the identity of the corresponding space. All in all, the ggg

interaction function I’ if,z;qz) is given by
remw — L (G—(0) - G—(w - )]
WVZ 2NC
N,
—5 [67(0) =G (W ~2)]
Neo .,
5 670)-GT(V~2)].  (158)

with the function G* defined in Eq. (22) and its eikonal
component given in Eq. (23). In the small dipole approxi-
mation, the combination that appears in all the terms above
is computed in Eq. (37). These results are in agreement with
the eikonal ggg interaction computed in [82] in the context
of resummation of soft gluons for inclusive heavy-quark
pair production.

Because the eikonal interaction in the three-point corre-
lation function is proportional to the identity in color space,
as shown in Eq. (157), its Gaussian average is color-trivial
due to the locality of its longitudinal coordinate depend-
ence. After incorporating the transverse color charge
density u?(z*) and the appropriate coupling constant
factor, the three-point correlator readily resums the eikonal
interactions into

Cgi b (W,v';z) =exp (/u du+g2u2(u+)r‘(,?‘7iQ)>, (159)
. ”

with a generic support of the background fields extending
from 5™ to a™. In the limit of a homogeneous longitudinal
nuclear profile, u(u™) can be replaced by a constant u,
which renders the longitudinal integral trivial, yielding the
following expression for the eikonal three-point correlation
function:

(W.V;z) = exp[(at — b+)gzﬂzr(qég)].

wv'z

c®

5] (160)
The eikonal dipole defined in Eq. (154) can be evaluated
straightforwardly within the Gaussian approximation by
noting that the ¢gg interaction function F§§29>, given in
Eq. (158), is related to the gg interaction function F%'?)
through

. g N (43
lim ry = C—Frg‘{“. (161)
Its explicit expression reads
%% = —Cp[G—(0) - G—(W = V). (162)

The reasoning and methodology employed to resum the
eikonal interactions for the eikonal three-point correlation
function carry over directly to the dipole operator in
Eq. (154). Applying the same steps leads to the following
expression:

dig+ p+) (W, V') = exp </a du*g%%u*)ﬂ%?), (163)
b+

with the ¢g interaction function F%’” givenin Eq. (162). As
before, for a homogeneous nuclear profile u(u™) — p and
the longitudinal integral can be performed trivially, yielding

dig+ p+) (W, V') = exp[(a™ — b*)gzuzl“%,)]. (164)

The NEik interaction contribution to the three-point func-
tion can be computed using Eq. (22) and the result reads

1 - -
N2 o O AT (@ W) = AT (V)]
= _292ﬂ2 (Z+>[Gj_ - Z+aj(;__]w’z

+2¢°1* (2N)[GI™ = 2 Gy, (165)
with the relevant components of the function G** given in
Egs. (23) and (24).

Finally, substituting Eq. (165) into Eq. (153), the NEik
three-point operator can be expressed within the Gaussian
model as

three—point
O[Q Lt

2° 2

(W,v,z)

3
= /dZ+CEL+>,Z+] (w”vl;z)d[ﬁ’_%] (W/,V/)

< {2Crgp* ()G = 270Gy,

—(G7 =70GT),,]} (166)
for a target whose color charge density depends on the
longitudinal coordinate. Furthermore, the eikonal three-
point function and the eikonal dipole with generic longi-
tudinal support are given in Eqgs. (159) and (163), respec-
tively. In the limit of a target with a homogeneous nuclear
profile, 4%>(z*) — u? in the second line of Eq. (166), the
eikonal three-point function and the eikonal dipole are
given by Egs. (160) and (164), respectively. In that case, the
longitudinal integral over z* in Eq. (166) takes the form

1
/ " dzeIA{1, 7} eletDB, (167)
2

which is computed in Appendix B.
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V. DIS DIJET PRODUCTION CROSS SECTION AT
NEXT-TO-EIKONAL ACCURACY WITHIN A
GAUSSIAN MODEL

In this section, we use the eikonal and NEik dipole and
quadrupole operators derived within our Gaussian model to
express the DIS dijet production cross section in a form
suitable for future numerical studies. Although our primary
focus is the evaluation of NEik corrections to DIS dijet
production, it is useful to briefly comment on the eikonal
cross section as well, given that the corresponding eikonal
dipole and quadrupole operators were also obtained within
the Gaussian model in Sec. IL

The eikonal-order DIS dijet production cross section is
provided in Eq. (1), where function C;, is defined in Egs. (5)

|

and (6) for longitudinally and transversely polarized
virtual photons, respectively. The cross section is
expressed in terms of eikonal dipole and quadrupole
operators, whose Gaussian-model forms are provided
in Egs. (38) and (49). By performing the change of
variable (x,y) — (v,w) or (w,Vv/) in Eq. (38) for the
dipole operators, and (X;,X,,X3,X4) = (W,V,v,w) in
Eq. (49) for the quadrupole operator,” the eikonal DIS
dijet cross section can be cast into a form well suited for
numerical implementation.

Let us now turn to the NEik contributions to DIS dijet
production cross section, given in Eq. (7) together with
Eq. (8). We reorganize these expressions and rewrite the
Cross section as

o®

dotitA—aa+X do?itA—aa+X do?itA—aa+X do?itA—aa+X dotitA—=aa+X
o e o = + + +
K d*Kodipdis gy APk dPkodnydny d' &K d*kydnydiy | o) Ak dPkodnd, o d* Kk d* Ky dipy
do¥i tA—aa+X do?itA=4atX do?s tA=aatX
+o 2k 2 T B T Piedndm ’
Ak d"Kadmdny |0 Ak dKydmdny|pe - d K d*Kodipy dipy | gt poimg
ij i J

(168)

where 57 is 1 when 1 = T and 0 when /1 = L. Here, the contributions of the individual operators have been isolated and will

be discussed separately in the following.

The first contribution accounts for the NEik dipole operator of type-1 and it reads

do.yj+A—>qZ]+X
d’k 1 dzkzd’h dn,

1

AV g
J

1 [k)—Kk] i )
LM T+

Noting that the NEik type-1 decorated dipole obeys

J

d(.l)(w*, V) =

— JrRe/ eikl-(v’—v)+ik2-(w’—w)c/1(w/ —V,w-— V)
v.vV.w,w

1 [k -k, i

5 Eav,} dﬁl’(w*,v)f}. (169)

)

d\v (V,, W)

{ (170)

and using its expression given within the Gaussian model in Eq. (97), the contribution to the DIS dijet production cross

()

. 1 .
section from d ;' can be written as

d0y§+A—>qZ]+X 1

d2k1d2kzd’11d’72

+
a4

q

Q2] 1 (K,—k| i
- 70,' —
XP_ |: 21 ( 2 +2 w )+

_ —Re/ eik]~(v’—v)-&-ikr(w’—w)c/1 (W’ _ V/, w— V)
\ARAY

K,k i 1 A 1
_76] Ny - Jl T . d b 9
< 2 2 Vﬂ 2(V ") n<|v_W|AQCD) N W)}

(171)

with d(v, w) being the eikonal dipole operator expressed in Eq. (38) and function C, is defined in Egs. (5) and (6) for
longitudinally and transversely polarized virtual photons, respectively.

¥The eikonal quadrupole operator defined in Eq. (49) is given in terms of tadpole contribution given in Eq. (50) and a nontadpole
contribution given in Eq. (62). For the nontadpole contribution, the eigensystem is provided in Egs. (59), (60) and (61) written in terms
of the kinetic factors W;; given in Eq. (43) with the transverse coordinate dependence x;.
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The second term in Eq. (168) originates from the NEik dipole operator of type 2 and is given by

day: +A—qq+X

Kk, d*K,dn i

1 o . .
=Re— ek (Vv tike(W-w)C, (W — v/ w—V) La® (V.. W) + Ld@(w*, v, (172)
d® q Jvv.ww 2] 22

with d® (v,,w) specified in Eq. (130) within the Gaussian model. As is evident from its explicit expression, the NEik
type-2 dipole operator is even in the transverse coordinates. Upon substitution into the cross section in Eq. (172), its Fourier
transform—being real—leads to the result of the integral in Eq. (172) that is purely imaginary because of the explicit factor
of (7). Since the cross section requires taking the real part of this result, the contribution of the NEik type-2 dipole operator to
DIS dijet production vanishes.

The third term in Eq. (168) corresponds to the NEik type-1 quadrupole contribution to the DIS dijet production cross
section. It reads

do?iHA—=aa+X 1 R K-V )+ (W) (! —
m o _qiJr e['v,’w.w,e ,1(W —V,W—V)
L (k) —Kk] i 1 1 (kK.—K] i 1
X [Z( 22 1_|_§ wj)QE,)(w/,v/’v*,W)—Z:( 22 1 —Eavf>Q§)(V/,W/,W*,V)T . (173)

This contribution does not vanish within the Gaussian model and must therefore be included in the numerical studies. Its
explicit form is rather lengthy. For this reason, we simply collect the relevant equations that constitute the final expression
suitable for numerical implementation. The NEik type-1 quadrupole operator in the Gaussian model is given in Eq. (100)
with the eikonal tadpole contribution T’y in Eq. (50), while the eikonal nontadpole contributions are implemented through
the matrix Sj,+ + defined in Eq. (101). The rotation matrix R is introduced in Eq. (58), with its eigensystem provided in
Egs. (59), (60), and (61). The NEik interaction is encoded via the interaction matrix FN5%J_ given in Eq. (102) together with
Eq. (A19), and its components are provided in Egs. (103). In order to compute the operator in the second term in Eq. (173),

one should replace v/ <> W', v, > w, and w — v in the final result of operator Q;l)(w/ ,V,v,,w) and take its dagger.

The fourth term in Eq. (168) corresponds to the contribution of the NEik type-2 quadrupole operator to the DIS dijet
production cross section which reads

dovi+A=ai+X i

— Re— eikl-(v’—v)+ik2<(w’—w)c W — V/, W—vV
d*K d* Ko dip o® " Jovww i )
x (=1) [L OD(W .V, v,, W)+ LQQ)(V’,W’,W*, V)|, (174)
21 22

where the NEik quadrupole type-2 operator is given in Eq. (132) together with Egs. (133), (135), and (139). As in the NEik
type-2 dipole case, the NEik type-2 quadrupole operator is real within the Gaussian model and therefore invariant under
simultaneous exchange of the coordinate pairs in the amplitude and complex conjugate amplitude. Consequently, when
substituted into the cross section in Eq. (174), the resulting integral is purely imaginary due to the explicit factor of (7). Since
only the real part of this result contributes to the cross section, the contribution of the NEik type-2 quadrupole to the DIS
dijet cross section vanishes within the Gaussian model.

The last three terms in Eq. (168) contribute to the DIS dijet production cross section only for transversely polarized
photons. The first two contributions originate from the NEik type-3 dipole operator and NEik type-3 quadrupole operator,
and they read

doVi tA—aa+X 1 4 4 y 1 l
— | =Re— ik (V=V)+iko (W=W) DI (! v w—v)(=1) |[—d®®) V., W —a® w,.,v)’ 175
dzkldzkzd}’hdﬂz a? q+ v,v’,w,w’e TYI( )( ) 21 Y ( )+Z2 Y ( ) ( )
and
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doy;+A—>qZ1+X

dzkldzkzdi’hd?’]z Q(3)

1

1 (3) 1 )y
X |— WV, v, w) +—0; (V. W, w,v)|.
LIQ,( W) Z2QJ( )

eiki (V=) +iky (W=

q vV, ww

WD (W =V, W—V)

(176)

However, as discussed in Sec. IV E, both NEik type-3 dipole and NEik type-3 quadrupole operators vanish within the
Gaussian model. Consequently, these operators do not contribute to the DIS dijet production cross section, and the

expressions in Eqgs. (175) and (176) identically vanish.

Finally, the last term in Eq. (168) corresponds to the NEik three-point contribution to the DIS dijet production cross

section and reads

do.yl—&-A—»qq—&-X
Jzkld Kodndn, | o

=—— Im
!hree point)

which yields a nonvanishing contribution. Function D7, is
defined in Eq. (10) and the NEik three-point operator
introduced in Eq. (144) is given explicitly in Eq. (166)
within the Gaussian model. Together, these expressions
provide a form well suited for numerical implementation.

To sum up, NEik corrections to the DIS dijet production
cross section within the Gaussian model are given by
Eq. (168), with the nonvanishing contributions provided in
Egs. (171), (173), and (177).

VI. SUMMARY AND OUTLOOK

In this work, we have developed a Gaussian model for
evaluating decorated dipole and quadrupole operators that
arise in observables computed beyond the standard eikonal
approximation within the CGC framework. Although the
method we introduce is general and applicable to arbitrary
NEik Wilson-line structures, our analysis focuses on a
specific observable—DIS dijet production at NEik
accuracy—and on the particular NEik operator structures
that contribute to this process.

To set the stage, we first summarize the results obtained
previously in [29], highlighting the decorated Wilson-line
structures that appear in the NEik dijet cross section. As a
preliminary application of the method, we compute the
eikonal dipole and quadrupole operators within the
Gaussian model and verify that our expressions agree with
the known results in the literature [79,81]. We then develop
the general framework required to evaluate NEik Wilson
lines in the Gaussian model and apply it to the explicit NEik
operator structures that enter the DIS dijet cross section.
Having computed the NEik dipole, quadrupole, and three-
point operators, we substitute these results into the cross
section. We find that the NEik type-2 operators do not
contribute to this observable, while the NEik type-3
operators vanish identically within the Gaussian model,
independent of the observable under consideration.
Consequently, the NEik corrections to DIS dijet production

th t
zkl V'—z)+ik,- (W z)D/ ( ! _ )Olieelliom (W',V’,Z),

(177)

L]

20 2

|
arise solely from the NEik type-1 operators and the NEik
three-point correlation functions.

The final expressions are presented in a form suitable for
numerical implementation. A full numerical analysis of
NEik DIS dijet production, however, remains an extensive
task and lies beyond the scope of this manuscript; we leave
this for future work. Since our method provides a system-
atic procedure for computing general NEik Wilson-line
structures, it can also be applied to other processes,
including NEik single-inclusive and dijet production in
proton-nucleus collisions, which we plan to address in the
future.

Finally, we note that the present formulation incorporates
only the NEik corrections that stem from a purely gluonic
background. An important extension of this work is the
inclusion of NEik corrections associated with #-channel
quark exchange, which we plan to investigate in the future.
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APPENDIX A: COLOR ALGEBRA

1. Derivation of the identity in the basis |e;)

We derive the relation (47) used to recast the identity in
the basis spawn by {|e;),|e;)}. As a linear map
VRVEVEV--VRVRVV, where V is the

complex vector space for the color of a quark (i.e.
V = CN¢) and V the corresponding dual space, the identity
7 is represented in birdtracks by

R
+

7= . (A1)
+
+

Under time evolution, the color state of the quadupole is an
overall singlet, thus we only focus on the singlet projection
Zlin gles- For notation clarity, we will always imply Z|g, ./,
without mention of the subscript in the rest of this
appendix. Using the Fierz identityg on the pair ¢; ® ¢,
and on the pair g3 ® g4, we write

Dy
+4
D

D
- Ng D C singlet

QD’“’C
+7

cD C

, D
Jri

o (A2)

singlet singlet singlet

The second and third tensors lie in the adjoint irrep (there is a gluon in the intermediate state) and, thus, are orthogonal to the
singlet projection. The first tensor is already a singlet (there is no color propagating in the intermediate state), and we project

the fourth tensor to the singlet piece of the product 8 @ 8:
b
N2 -1 '

The latter diagram can be expressed in terms of |e;) (e;| by recasting the two gluons with the Fierz identity one last time. One
1
]2

finally recovers
D C N D ¢ Ne ” @
1

— 5 |l el e eal = g len) Gl = - ) el | = e el

LD

= 32 +4 x (A3)
Nen

(A4)

which we use in the main text. Notice that, in matrix form, c¢;; is simply related to the inverse of the overlaps between

elements of the basis:
N? A17! 1 —-1/N
ey =ledeg? = [(N V)] =52 ( ).
- - N, N? N:—1\-1/N, 1

2. Derivation of V in the basis |e;)

(AS)

In order to derive the nontadpole interactions, that are resummed from the time evolution of the ¢; ® ¢, ® g3 ® g4
system into the quadrupole, one only needs to compute two distinct interactions between either ¢ @ g or ¢ ® ¢ out of the

The generators in the fundamental irrep are normalized according to tr(T9T?) = %6‘”’ , thus the factor in the Fierz identity is 2.
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six possible pairings from a system of four partons. Interactions are mediated by

ij

a. 12 and 34 exchanges
We have

Cro=-T{RTy @131y = — . (A7)

We first replace the exchanged gluon using the Fierz identity. It reads

1{5 (ol z]
61225

—_— NC—)—.
[ _—

Using the result for Z, we find

1 [n22D C
Cu:Ng_ll 2Ne ny = 2N D C QNQD @] (A9)

1 [NZ-2
SNEoa| e, v tals 2N le2) {e2l + 5 2N2 le2) (erl + 32 2N2 fer) (e2l] -

By symmetry under reflection, we readily see that C34 = Cy5.

b. 13 and 24 exchanges

We have
C13 = 7T1a ®1;® Tél ®R1 =— . (AIO)
We replace the exchanged gluon using the Fierz identity [the sign is due to the convention that Tp = —(T;)T]:

(=
— +

g = — - . All

Cis =" [ - (A11)
—_— . —

Let us call the first tensor 613. It permutes the color flow at locations x; and x3. Acting on the basis {|e;),
following property:

e,)}, it has the

513|€1> = |e2>, 613613 = L. (A12)

Using the previous result for Z, we get
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1/ 1
Ciz = —5 (013 - NI)
Al3
o N2 +1 C N1 D (A13)
TON2-1 °DC ND 2N2 2NZ = C
N2 +1 N2 +1

1 1 1 : :
= 1 | e el o fea) ol = S e el - B e ] (A1)

c

By reflection symmetry, we see that Coy = Ci3.

c. 14 and 23 exchanges
We finally have

Cos=—11 0Ty TS @1y = — . (A15)

This factor can easily be related to C;, using 63:

623:613'612%3'13: % (A16)

From the action of 63 on the basis {|e;),|e,)} and the result for C;,, we automatically conclude that

1 N 1 - C]
Crz = N2 -1 2 + 2
- NC o l D C 2NC b C 2Nc @ C 2NC b C (A17)
1 1 1
= 7 o e (= gy e e+ g s el + g ) el

d. Combining eikonal and next-to-eikonal results

The interaction at eikonal accuracy can be combined into the matrix (in the {|e;), |e,)} basis)

2p—y+a(N2=2)  aty—B(N2+1)

2N, 2N?
yeik — 7 P - - (A18)
Nz — 1| aty=BpWNe+1)  2B—aty(Ni=2)
2N2 2N,

where a = wi, + w3y, f = w3z + wyy and y = wyy + w3, with w;; the kinematic part of the interaction. The interaction at
Neik accuracy can be combined into a matrix formally 1dentlcal to that in (A18) but with different a, S, y:

VNek(x)) = Vekla = wip, f = i3,y = wiy] (A19)

when the decoration lies at transverse location X;.
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APPENDIX B: INTEGRALS OVER THE LONGITUDINAL COORDINATES

Under the assumption that the nuclear profile of the target is homogeneous, u(v™) = p, the longitudinal integrals for the
evaluation of the NEik operators of type 1 and type 2 can be performed by using the following ones:

1. One point

We assume nondegenerate eigenvalues 4; when the labels are distinct. One has to consider the following two cases:

/7 dv eG4 {1, p}etdh = {4 0}, (BI)
1

1
/H dU e(%_”)ﬂi{l’ U}e(”"’%”’j = (B2)

2

el —eh 242 — 4] — M2+ A —4)]
b= 200 — 1) '

2. Two points

Again, we assume nondegenerate eigenvalues 4; when the labels are distinct. One has to consider the following cases:

! wo (1w l l 12 1/12
(iii): / “dw / dv( )eif<rw>eif<w-v)eﬂi<v+z)_( / / )eif; (B3)
-1 - v Wo -1/12 0

(27) {109 * /dw/ dvet 61, whehilr=r) ghi(vh) — dw/ dv{1,w}ehEv) k()

1

2

; 1 1/1 1 i
_ L T Y 4=0) g0+
IREORIC v><z+v>}e e

1 et — el
=1<0,,20,0; . B4
{0300} T (B4)
Linear terms in v are obtained by acting (=5 + ;) on (iij)(1 -
(iji):/ dw/ dvet {1, whet =0 {1, p}eh(vH)
1
2
= /dwdv@ A== 11wl x {1, v}
1 1 w=v
:e"/dwdya )l (v=1) P+
Tw+v) -2 wv
1 0+303,-2
e’lf/dwdvé’ Yeldi=4)(w=r) 2504
0-— %a(lj_,m wuv
M (K=2)+2+K
265
< K(K=2)424+K  3eX(K—2)2—12+K3+3K> ) (BS)
2]C3 12K7
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l]]{lv} /dw/ dv el

[STE Nb—

BI—

W) ehiw=0) {1y} ehi(vH)
dw/ dv et i) {1 p)
1

fimesersf (o) 40 (-3

-1 el — ek
=30,.—0,0, :
{ﬂf 2 4} i =2

(B6)

Linear terms in w are obtained by acting (5 — 0, ) on (ijj) (1o}

(ijk): /dw/ dv e

Linear terms in w are obtained by acting with (3 — 0, ) on
(ijk); those in v, by acting with (= + d,, ); those in wv, by
acting with (1 — 9, )(—1+9;,).

APPENDIX C: COMPARISON OF THE EIKONAL
QUADRUPOLE WITH THE RESULTS IN THE
LITERATURE

In this section, we compare the result of the eikonal
quadrupole to the known results in the literature, in
particular to [83]. We start with the operator Q.+ ,+),
Eq. (39), composed of four fundamental Wilson lines with
open color indices. All possible color contractions for this
operator in the two-dimensional color basis |e;) defined in
Eq. (40) can be encoded in the matrix H which reads

H[x+’y+]ij = <ei|Q[x+,y+]|ej>
_ (N%DD[ﬁyW] NCQ[xﬂer] > (C])
NcQ[x*,y*] N%DD[X+J,+]

where we define

DDy = iy (U6 A G TG A () )
)
Qe =y (TG U (o U ()] (C3)
DDy ) = 105 THAG U (I () e
()
O =3y (U U (AU (52)]) - (C5)

Ai(eh — e) + 4;(ef — et) 4 Ay (efi — eh)

e / ) j'k("""%) g

(B7)

(Ai = 4) (45 = ) (A = 4;)

In order to write the operator Q in terms of matrix H, we
can multiply it by the identity, 1, defined in Eq. (45), on
both sides of Q, to get

Q = le;)cij(ej| Qlen) cnlen] = le;) [cHc] (el (C6)
Indeed, we obtain the nontadpole part of the quadrupole by
projecting it onto (e,|...|e;) and using Eq. (45):

N <€2|Q|€1> - c2 [CHC]I] j1 7-[21 (C7)
Now, comparing with Eq. (56), we can write
T 0
H = c‘1R<e X )R‘l, (C8)
0 et -

with R being the rotation matrix defined below and 1. the
eigenvalues defined in Eq. (59). By including the tadpole
contribution given in Eq. (50), the complete quadrupole can
be written as

WAy 0

_ _ -l e
O0=TH=c R( 0 s

)R—l e—4nQ§G”(O)’ (C9)

where

N2 N a, a_
=" "), R=[(T . (C10)
N, N? 1 1
and a. defined in Eq. (60).
In order to solve the quadrupole numerically, it is

convenient to define it in terms of dipoles. Therefore,
analogous to [83], let us define
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ny = ﬂzCng [G__ (0) -G (X - y)]

0; 2 1
== (x-y?h—— Cl1
4 ( ) X — y[Aqep (C1h)
and
-1
Fx|x2x3x4 = (FX|X'; _Fx|x4 +Fx2x4 _FXQX';) <—> . (CIZ)
3 3 3 /'42CF

On the other hand, following the definition of a, 5, and y in
Eq. (48), we can write

a=g@lG(x; —%X) + G (x3—x4)], (CI3)
B=alG(xi—x3) + G (x—x4)], (Cl4)
r =G (x; = x4) + G (x2 = x3)], (C15)
SO
B—7v = ¢[Gxx, + Gxx, = Gxx, — G
1
= _Wgz[rxlyg + Fx2x4 - Fx1x4 - FX2X3]
= Fx xyx:x, (C16)
= ! [F + I I I ]
4 /'42CF XX, X3X, XXy X,X3
Fxlx3xzx4v (C17)
1
a— ﬁ = _,uz—CF [Fx]xz + Fx3x4 - Fxlx3 - Fx2x4]
= _Fx|x4x3x2' (Clg)

Thus, comparing to Egs. (59), (60), and (61), we can
write

4
A= (Fxlx3xzx4)2 +WFx1x2x3x4Fxlx4x3xz (C19)
C
and
a. = (_Fx]x3x2x4 + \/Z)NL ) (CZO)
2Fx|x2x3x4

2 2
Now we can evaluate (“;" 9 )R™'e %670 where
i

4702G=(0) = 24*Cru*Gy~, in terms of a, f, and y. We
obtain

2
2, _ M o 2& \/
/Mi—ch(ﬂ a—y)+pu 4(a+7i A)
2 2
_ H _
_2Nc( a)+2NC(ﬂ v)

2
BV a4 (= 1) + (r - p) + VA

/42
= //Lsza + —Fx1x2x3x4

2N,
2
N,
+ /% (_Fxlx3x2x4 + \/E)v (CZI)
which yields
2
/’tzj':t - 292CF/“2G6_ = _Fxlxz - Fx3x4 + WFxlxzxyq
2
N,
+ 4 (_Fx]x3x2x4 + \/Z>
—A+B, (C22)
with
2
A=-Tyy —Tyy +o—F
X1X2 X3Xy4 ZNL. X|X2X3Xy
2
WN.
+ T (_Fx,x3x2x4), (C23)
WN
B= Tc VA, (C24)

in agreement with the results obtained in [83].

Analogously, we can compute the double dipole function
in the same manner by projecting onto (e;|...|e;). The
result reads

B \/Z+a—7_ﬂ—7} -
NDD‘{ A nval©
VA +a- 7 .
Pt o

which agrees with the one obtained in [83].
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