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The spin-weighted spheroidal functions are the eigenfunctions of the angular Teukolsky equation. They
are a generalization of the widely used spin-weighted spherical functions, and are extremely important in
the area of black-hole perturbation theory. Like other special functions, they have an inherent phase
ambiguity and need to be phase fixed to be uniquely defined. Clearly, such a phase choice does not have a
direct physical impact. But, without specifying phase choices, meaningful comparison between results
reported in different works become more difficult. To date, possible phase choices for the spin-weighted
spheroidal functions have received little attention. Here, we clearly define and extensively explore two
useful phase fixing schemes, and we propose that the spherical-limit phase-fixing scheme be adopted as the
default phase-fixing scheme for the spin-weighted spheroidal functions.
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I. INTRODUCTION

First introduced by Teukolsky [1], the spin-weighted
spheroidal harmonics (SWSHs) sSlmðθ;ϕ; cÞ have their
primary application in the arena of black-hole perturbation
theory, although they are useful in other contexts. They are
generalizations of both the scalar spheroidal harmonics

0Slmðθ;ϕ; cÞ and the spin-weighted spherical harmonics
sYlmðθ;ϕÞ ¼ sSlmðθ;ϕ; 0Þ, both of which have much
broader application. The spin-weighted spherical harmon-
ics [2–5] sYlmðθ;ϕÞ provide a complete set of orthonormal
basis functions for representing tensor- or spinor-valued
functions [6] on the surface of a sphere, and their broad use
in physics is facilitated by the fact that their functional
representation and properties are known analytically. The
scalar spheroidal harmonics 0Slmðθ;ϕ; cÞ are generaliza-
tions of the standard scalar spherical harmonics 0Ylmðθ;ϕÞ
and are useful in a range of situations [7]. For example, they
arise naturally when separation of variables is performed in
spheroidal rather than spherical coordinates. In this case,
the additional argument c is related to the oblateness of the
spheroidal coordinates. They are somewhat more difficult
to use than spherical harmonics because the closed-form
functional representations of their eigenvalues and eigen-
vectors are known only for special cases [8]. Beyond the
scalar case, the general SWSHs are even more complicated
to use with even less known about the general behavior of
their eigensolutions [9,10].
An especially important application of the SWSHs is in

determining the various modes of the Kerr geometry
[1,11,12]. While considering the linear perturbation of

various fields near a rotating black hole, Teukolsky found
that a single equation, known as the Teukolsky master
equation, could describe the linear perturbation of a field of
any spin weight. Moreover, the equation proved separable
with the angular behavior being described by the SWSHs.
With appropriate boundary conditions, the radial and
angular Teukolsky equations can be solved to compute
both the quasinormal modes (QNMs) and total-transmis-
sion modes (TTMs) of the Kerr geometry. Of these modes,
so far, the QNMs have proven to be most useful. The
behavior of an isolated but perturbed rotating black hole is
well described by a linear combination of QNMs.1 The
gravitational-wave signal produced by a remnant black hole
resulting from a compact-binary coalescence is referred to
as a ringdown signal and it can be well fit by such a linear
combination of QNMs. This is the foundation of black-hole
spectroscopy (BHS) [14,15] which is a general program
aimed at extracting as much physical information as
possible from a black hole’s ringdown signal. In its simplest
incarnation, calibrating BHS begins by fitting the ringdown
waveforms from a large set of numerical simulations
covering some portion of the parameter space of possible
progenitor systems, and extracting a set of QNM expansion
coefficients as a function of the known progenitor param-
eters. Extracting and exploring these QNM expansion
coefficients from various catalogs of numerical simulations
has been undertaken in several works [16–26]. The earliest
such explorations focused on the magnitude of these
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1The QNMs do not form a complete set of functions. The set of
modes associated with a linearly perturbed black hole are known
to include power-law tails and a prompt response [13]. Further-
more, quadratic modes from second-order perturbation theory
can be important.
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expansion coefficients, but more recently the full complex
coefficients have been explored. However, the fact that the
SWSHs are inherently complex angular functions with
phase freedom has not been carefully considered.
The spin-weighted spherical harmonics sYlmðθ;ϕÞ are

complex functions which consist of a real function multi-
plied by a factor of eimϕ. In a similar way, we can isolate the
spin-weighted spheroidal functions (SWSFs) sSlmðx; cÞ
using the relation2

sSlmðθ;ϕ; cÞ≡ 1ffiffiffiffiffiffi
2π

p sSlmðcos θ; cÞeimϕ: ð1Þ

The SWSFs sSlmðx; cÞ are inherently complex functions of
the complex oblateness parameter c. So, any phase infor-
mation extracted from the QNM expansion coefficients will
be affected by the phase choice made for the SWSF
associated with each mode. At the most basic level, the
considerable phase freedom present in the SWSHs means
that authors should be explicit about their phase convention
when using SWSHs and SWSFs.
The main purpose of this paper is to propose possible

choices for fixing the phase of the SWSFs. To do this, we
will begin in Sec. II by examining the properties of various
angular functions and harmonics. In Sec. III, we discuss the
simple phase choice which is currently in use and propose a
better motivated phase choice for the SWSFs. In Sec. IV,
we explore the behavior of different phase choices by
applying them to the SWSFs which are part of each mode
in a large set of publicly available QNM and TTM modes
sequences [27]. Following a brief summary and discussion
in Sec. V, we include two Appendixes. Appendix A
includes figures associated with the examples in Sec. IV.
In Appendix B, we provide an overview of the publicly
available Mathematica Paclet SWSpheroidal which can
be used to compute high-precision solutions of the spin-
weighted spheroidal eigenvalue problem.

II. PROPERTIES OF THE ANGULAR FUNCTIONS
AND HARMONICS

The SWSFs satisfy the following differential equation:

∂x½ð1 − x2Þ∂x½sSlmðx; cÞ�� þ
�
ðcxÞ2 − 2csxþ sþ sAlmðcÞ

−
ðmþ sxÞ2
1 − x2

�
sSlmðx; cÞ ¼ 0; ð2Þ

often referred to as the angular Teukolsky equation [1,12].
The physically meaningful solutions are those for which
the solution is regular at x ¼ �1, and are defined over the
range −1 ≤ x ≤ 1.

The differential equation is parameterized by the quan-
tities c, s, m, and sAlmðcÞ. The complex constant c is often
referred to as the oblateness parameter. When s ¼ 0 and c2

is real and positive(negative), then the solutions 0Slmðx; cÞ
are known as the oblate(prolate) angular spheroidal func-
tions. The parameter s determines the spin weight of the
solutions, and functions of various spin weight can be used
to represent the components of tensor- or spinor-valued
functions on the surface of a sphere. s takes on either
integer or half-integer values. That is s ¼ � N

2
where N is

any non-negative integer. Scalar valued functions on the
sphere have spin-weight s ¼ 0, while vectors on the sphere
can be represented in terms of s ¼ �1 functions. The m
parameter is the azimuthal index which serves as the
separation constant for the azimuthal(ϕ) coordinate and
takes on integer (half-odd integer) values when s is an
integer (half-odd integer). Finally, sAlmðcÞ is the angular
separation constant. It is the eigenvalue of Eq. (2) with the
associated eigenfunction sSlmðx; cÞ, and there exist a
countably infinite number of eigensolutions determined
by the regularity of the solution sSlmðx; cÞ at x ¼ �1.
The set of solutions can be most easily enumerated by an

integer index L ≥ 0 with solutions ordered in terms of
increasing values of either the real part of the eigenvalue
Re½sAlmðcÞ�, or the magnitude jsAlmðcÞ þ sj.3 However, a
more standard convention is to use the polar index
l≡ Lþmaxðjmj; jsjÞ, in which case l takes on integer
(half-odd integer) values when s is an integer (half-odd
integer). We caution that care must always be taken when
dealing with either L or l in enumerating eigensolutions
[8,10]. For the commonly used scalar or spin-weighted
spherical harmonics, the eigenvalues can be directly
computed from l and s, and for fixed m these eigenvalues
are real and nondegenerate. In general, however, the
sAlmðcÞ are complex. If we consider Re½sAlmðcÞ� and
Im½sAlmðcÞ� as functions of c, then continuous surfaces
over the complex plane of a given eigenvalue can cross
each other. Furthermore, full degeneracies leading to
branch points and branch cuts can exist [8,28]. Because
of such complications, a globally consistent labeling of
sequences of eigensolutions may not always be possible.
We will assume that the eigenfunctions sSlmðx; cÞ are

always normalized such thatZ
1

−1
jsSlmðx; cÞj2dx ¼ 1: ð3Þ

By the definition of Eq. (1) the associated SWSHs are also
normalized over the unit sphereI

jsSlmðθ;ϕ; cÞj2dΩ ¼ 1: ð4Þ
2The definition in Eq. (1) differs slightly from similar

definitions used in Refs. [10,12] where a different normalization
of the SWSFs was used.

3The necessity of ordering based on the magnitude of this
offset value will be discussed below in Sec. II D.
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Of course, there remains an overall phase freedom in the
definitions of both the SWSFs and SWSHs. The primary
goal of this work is to explore useful choices for fixing this
phase freedom.
For fixed values of c, s, and m, the SWSFs, while they

can be normalized, are not orthogonal in general [9,29].4

That is, for normalized SWSFs,Z
1

−1
sS�ĺmðx; cÞsSlmðx; cÞdx ¼sαmĺlðcÞ=∝δĺl: ð5Þ

Similarly, for the normalized SWSHs, we haveI
sS�ĺ ḿðθ;ϕ; cÞsSlmðθ;ϕ; cÞdΩ ¼ sαmĺlðcÞδḿm: ð6Þ

However, for the special cases of c ¼ 0, or s ¼ 0 with c2

real, the functions and harmonics are orthogonal.
Interestingly, Ref. [29] recently pointed out that, for

fixed values of c, s, andm, the SWSFs are biorthogonal and
complete, which for the SWSFs means thatZ

1

−1
sSĺmðx; cÞsSlmðx; cÞdx ∝ δĺl; ð7Þ

and

sfðxÞ ¼
X
l

βlsSlmðx; cÞ: ð8Þ

Apparently, these results have been known to functional
analysis for some time [31]. From Eq. (8), it immediately
follows that a general spin-weight s function sfðθ;ϕÞ on
the unit sphere can be represented as a linear combination
of SWSHs which all have the same value of c

sfðθ;ϕÞ ¼
X
lm

βlmsSlmðθ;ϕ; cÞ: ð9Þ

To avoid confusion, it is important to emphasize that the
completeness of the SWSFs discussed so far requires that
the same value of c be used for all SWSFs. This is in
contrast, for example, to the interesting case of expansions
in terms of sets of QNMs (cf. Ref. [32]) where each SWSF
in the expansion is evaluated at a different value of c. For
this case, it has been shown [29] that particular subsets of
SWSFs with different values of c are complete.

A. Basic symmetries and phase freedoms

Three basic symmetries of Eq. (2) constrain the eigen-
solutions. Simultaneous exchange of fs → −s; x → −xg in
Eq. (2), leads to

−sSlmðx; cÞ ¼ eiφ1
sSlmð−x; cÞ; ð10aÞ

−sAlmðcÞ ¼ sAlmðcÞ þ 2s; ð10bÞ

where φ1 is an as yet unspecified real number representing
a phase freedom. Simultaneous exchange of fm →
−m; x → −x; c → −cg in Eq. (2), leads to

sSlð−mÞðx; cÞ ¼ eiφ2
sSlmð−x;−cÞ; ð11aÞ

sAlð−mÞðcÞ ¼ sAlmð−cÞ; ð11bÞ

where φ2 is another as yet unspecified real number
representing a phase freedom. Finally, complex conjuga-
tion of Eq. (2), leads to

sS�lmðx; cÞ ¼ eiφ3
sSlmðx; c�Þ; ð12aÞ

sA�
lmðcÞ ¼ sAlmðc�Þ; ð12bÞ

where φ3 is a third as yet unspecified real number
representing a phase freedom.

B. Spin-weighted spherical functions and harmonics

When c ¼ 0, the SWSHs reduce to the spin-weighted
spherical harmonics sYlmðθ;ϕÞ which are orthonormal and
complete. These functions will serve two purposes. First we
can use them, and their related angular functions sSlmðxÞ,
as a basis for an expansion of the SWSHs and SWSFs. We
will define

sSlmðθ;ϕ; cÞ ¼
X∞

l̂¼maxðjmj;jsjÞ
sAl̂lmðcÞsY l̂mðθ;ϕÞ; ð13aÞ

and, equivalently,

sSlmðx; cÞ ¼
X∞

l̂¼maxðjmj;jsjÞ
sAl̂lmðcÞsSl̂mðxÞ: ð13bÞ

Second, they will serve as a foundation for defining our
phase conventions for the SWSFs and SWSHs. We also
note that we are careful to use special notation to distin-
guish between the c ¼ 0 limit of the SWSFs sSlmðx; 0Þ and
the spin-weighted spherical functions sSlmðxÞ, as they are
not required to share the same phase choice.
The spin-weighted spherical harmonics sYlmðθ;ϕÞ are

proportional to Wigner’s DðlÞ
m;−sðϕ; θ; 0Þ matrices [3,33],

and the spin-weighted spherical functions sSlmðxÞ are

similarly proportional to Wigner’s dðlÞm;−sðcos−1xÞ matrices
where

DðlÞ
m;nðϕ; θ; γÞ ¼ e−imϕdðlÞm;nðθÞe−inγ: ð14Þ

4Stewart [30] states incorrectly, but without proof, that the
SWSFs are orthonormal.
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The dðlÞm;nðθÞ matrix elements can be expressed as

dðlÞm;nðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþmÞ!ðl −mÞ!
ðlþ nÞ!ðl − nÞ!

s �
sin

�
θ

2

��
2l

×
Xl−n
r¼0

ð−1Þl−r−n
�
l − n

r

��
lþ n

rþ nþm

�

×

�
cot

�
θ

2

��
2rþnþm

; ð15Þ

where ðabÞ is a binomial coefficient.5 Given the definitions in
Eqs. (14) and (15) we choose to define the spin-weighted
spherical harmonics by

sYlmðθ;ϕÞ ¼ ð−1Þs−η
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

r
DðlÞ�

m;−sðϕ; θ; 0Þ; ð16Þ

where η ¼ 0 when s takes on integer values, and η ¼ 1
2

when s takes on half-odd integer values. The spin-weighted
spherical functions, related by Eq. (1) with c ¼ 0, can then
be expressed as

sSlmðxÞ ¼ ð−1Þs−η
ffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2

r
dðlÞm;−sðcos−1xÞ; ð17aÞ

¼ ð−1Þ−m−η

ffiffiffiffiffiffiffiffiffiffiffi
lþ 1

2

r
dðlÞ−m;sðcos−1xÞ: ð17bÞ

The factor of ð−1Þs−η in Eq. (16) is a phase choice and
enforces the modern definition of the Condon-Shortley
phase convention for integer values of s, but the factor of η
also guarantees that the spin-weighted spherical functions
remain real for half-odd integer values of s. In this work, we
are careful to write all phase factors so that they are correct
for both integer and half-odd integer index values.
Choices for the phase freedoms given in Eqs. (10a),

(11a), and (12a) are informed by the basic symmetries of
the Wigner-d matrices defined via

dðlÞḿ;mðθÞ ¼ hlḿje−iθJy jlmi: ð18Þ
Here, Jx, Jy, and Jz are the usual quantum mechanical
angular momentum operators defined by ½Ji; Jj� ¼ iϵijkJk
with ℏ¼ 1; J2jlmi ¼ lðlþ 1Þjlmi and Jzjlmi ¼mjlmi;
and jlmi are normalized eigenstates. It is straightforward to
confirm the following properties:

Im½dðlÞm;nðθÞ� ¼ 0; ð19aÞ

dðlÞm;nðθÞ ¼ dðlÞn;mð−θÞ; ð19bÞ

dðlÞm;nðθÞ ¼ ð−1Þn−mdðlÞn;mðθÞ; ð19cÞ

dðlÞm;nðθÞ ¼ dðlÞ−n;−mðθÞ; ð19dÞ

dðlÞm;nð0Þ ¼ δm;n; ð19eÞ

dðlÞm;nðπÞ ¼ ð−1Þl−nδm;−n; ð19fÞ

dðlÞm;nð2πÞ ¼ ð−1Þ2lδm;n: ð19gÞ

It then follows from the definition of dðlÞm;nðθÞ as elements of
a rotation matrix that

dðlÞm;nðπ þ θÞ ¼ ð−1Þl−ndðlÞm;−nðθÞ; ð20aÞ

dðlÞm;nð2π þ θÞ ¼ ð−1Þ2ldðlÞm;nðθÞ: ð20bÞ

Using only the properties in Eqs. (19a)–(19d) and (20a),
and the phase choice specified in Eq. (16),6 the phase
freedoms represented by φ1, φ2, and φ3 in Eqs. (10a), (11a),
and (12a) are completely fixed, giving

−sSlmðxÞ ¼ ð−1Þl−msSlmð−xÞ; ð21aÞ

sSlð−mÞðxÞ ¼ ð−1Þlþs
sSlmð−xÞ; ð21bÞ

sS�lmðxÞ ¼ sSlmðxÞ; ð21cÞ

when c ¼ 0. In fact, Eq. (21) together fix the phase of
sSlmðxÞ up to an overall sign choice, while Eqs. (21a) and
(21b) fixes their phase up to an overall constant com-
plex phase.
Equations (21a)–(21c) can be expressed in the more

familiar forms

sY�
lmðθ;ϕÞ ¼ ð−1Þs−m−sYlð−mÞðθ;ϕÞ; ð22aÞ

sYlmðπ − θ; π þ ϕÞ ¼ ð−1Þl−sYlmðθ;ϕÞ; ð22bÞ

which fixes the phase of the spin-weighted spherical
harmonics up to an overall sign choice.

1. Spin-weighted derivatives

Given a scalar sQ of spin-weight s, we follow
Refs. [2,34] and define spin-weighted derivatives, which
raise or lower the spin weight by one, as

ðsQ ¼ −ðsin θÞs
�
∂

∂θ
þ i
sin θ

∂

∂ϕ

�
½ðsin θÞ−ssQ�; ð23aÞ

5Given Eq. (15) the Wigner-D matrix elements are related
to the Mathematica function WignerD by DðlÞ

m;nðϕ; θ; γÞ ¼
WignerD½fl;−m;−ng;ϕ; θ; γ�.

6By Eq. (1), the same phase choice is represented by Eqs. (17a)
and (17b).
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ð̄sQ ¼ −ðsin θÞ−s
�
∂

∂θ
−

i
sin θ

∂

∂ϕ

�
½ðsin θÞssQ�: ð23bÞ

From our definition of sYlmðθ;ϕÞ, we find the particularly
useful relations

ðsYlmðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − sÞðlþ sþ 1Þ

p
sþ1Ylmðθ;ϕÞ; ð24aÞ

ð̄sYlmðθ;ϕÞ¼−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþsÞðl−sþ1Þ

p
s−1Ylmðθ;ϕÞ: ð24bÞ

And, from Eqs. (23) and (24) it directly follows that

∂

∂x sSlmðxÞ ¼
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðl − sÞðlþ sþ 1Þ
p

sþ1SlmðxÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ sÞðl − sþ 1Þ

p
s−1SlmðxÞ

i
; ð25Þ

which we will make use of below.

C. Scalar spheroidal functions

The scalar spheroidal functions, also known as spheroi-
dal wave functions of the first kind [35], occur when s ¼ 0

and are most commonly used with c2 real, in which case
they are orthogonal and complete. The generalization to
fully complex values of c has received less attention, but
methods to compute them in this regime are known [8]. In
the general case, the functions are complete for fixed values
of c, but are not orthogonal. Instead, they are biorthogonal
[29]. Properly categorizing the solutions for general com-
plex c is significantly more difficult than for the spin-
weighted spherical functions. So much so, that it appears
that the routines inMathematica cannot be fully trusted [8]
unless argðcÞ∈ f0; π=4; π=2g.
When c2 ∈Re, a standard phase choice [35] is to take

sign½0Slmð0;cÞ� ¼ ð−1ÞðlþmÞ=2∶ l−m even; ð26aÞ

sign

�
d0Slmðx;cÞ

dx

�
x¼0

¼ð−1Þðlþm−1Þ=2∶l−m odd: ð26bÞ

This is reasonable since 0Slmðx; cÞ can be chosen to be
purely real when c2 ∈Re, and Eq. (10) guarantee

0Slmðx; cÞ to be either an even or an odd function of x.
The phase choices in Eq. (26) are consistent with Eq. (21)
when c ¼ 0.
For general values of c, Eq. (26) are no longer sufficient

to fix the phase of 0Slmðx; cÞ because it is a complex
function of x. In this case, Eq. (10) still guarantee

0Slmðx; cÞ may be chosen to be either an even or an odd
complex function of x.7 In Ref. [8], asymptotic expansions
of the scalar spheroidal functions are normalized by setting

them equal to either the value of the related associated
Legendre function or its derivative at x ¼ 0. These require-
ments fix both the normalization and the phase choice. An
equivalent choice which fixes only the phase is to demand
that the even scalar spheroidal functions be real at x ¼ 0
and satisfy Eq. (26a), or for the odd functions that their
derivatives be real at x ¼ 0 and satisfy Eq. (26b).
If a single choice of the phase factors φ1;2;3 from

Eqs. (10a), (11a), and (12a) holds, then from the spherical
limit behavior in Eq. (21) we should expect the scalar
spheroidal functions to satisfy

0Slmðx; cÞ ¼ ð−1Þl−m0Slmð−x; cÞ; ð27aÞ

0Slð−mÞðx; cÞ ¼ ð−1Þl0Slmð−x;−cÞ; ð27bÞ

0S
�
lmðx; cÞ ¼ 0Slmðx; c�Þ: ð27cÞ

D. General spin-weighted spheroidal functions

The angular Teukolsky equation (2) typically must be
solved numerically. There are many possible approaches,
but the most commonly used methods are Leaver’s method
[11] and the spectral method developed by Cook and
Zalutskiy [12] based on the expansion in Eq. (13b). More
recent advances in methods to evaluate the confluent Heun
function [36] have made direct solutions possible [37,38].
Both the spectral and confluent Heun numerical approaches
are discussed in more depth in Appendix B. The spherical
limit is well understood through perturbative analysis
[7,9,39–44] as the limit is the analytically known spin-
weighted spherical harmonics discussed in Sec. II B. There
is some understanding of the eigensolutions in the asymp-
totic limit as jcj becomes large [9,10,43,45,46]. The
eigensolutions appear to fall into two distinct families in
the asymptotic limit. In the first family, the eigenvalue, or
separation constant sAlmðcÞ, has leading order behavior
�icð2L̄þ 1Þ, where the meaning of L̄ is defined below via
Eq. (28) [9,10,45]. The plus sign holds when Im½c� < 0, the
minus sign when Im½c� > 0, and this asymptotic behavior is
not seen for Im½c� ¼ 0. In the second family, the leading
order behavior is −c2 [9,10,43,46]. Furthermore, some
pairs of the asymptotically −c2 eigenvalues become 2-fold
degenerate.
In general, the SWSFs do not exhibit any even/odd

symmetry in x. The exceptions are, of course the case
where s ¼ 0, and also the case where m ¼ 0 in the
spherical limit c ¼ 0. Therefore, a phase choice similar
to Eq. (26) is not possible. Furthermore, unless c is real,
sSlmðx; cÞ is a complex function of x. Together, these facts
complicate any approach to fix the phase of the SWSFs. A
further complication relates to the definition of the polar
index l.
It is important to keep in mind that, while the spin weight

s and azimuthal indexm are parameters of Eq. (2), the polar

7
0Slmðx; cÞ and 0Slmð−x; cÞ are both solutions of the same

differential equation with the same eigenvalue 0AlmðcÞ.
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index l is not. It is a label which distinguishes unique
eigensolutions within the infinite set of such solutions for
fixed values of s, m, and c. For the spin-weighted spherical
functions sSlmðxÞ, the separation constant takes on the non-
negative values sAlmð0Þ ¼ lðlþ 1Þ − sðsþ 1Þwhich pro-
vide a natural association between the polar index l and the
eigensolutions. A useful alternative label used to distin-
guish elements in the set of eigensolutions is the zero-based
index L which orders the solutions in terms of either
Re½sAlmðcÞ�, or the magnitude jsAlmðcÞ þ sj, from smallest
to largest. For the spin-weighted spherical functions
sSlmðxÞ, both orderings are identical and we have

l ¼ Lþmaxðjsj; jmjÞ: ð28Þ

An additional meaning for L is that it gives the number
of zero-crossings of the spin-weighted spherical func-
tions sSlmðxÞ.
In the asymptotic regime, the two families of solutions

mentioned above decouple from each other in the following
sense. The family of solutions with asymptotic leading
behavior �icð2L̄þ 1Þ has eigensolutions which can be
labeled by a zero-based index L̄which is obtained from this
asymptotic behavior. The family of solutions with asymp-
totic leading behavior −c2 is less well understood [10], but
these solutions can be labeled by a zero based index L̂
based on the behavior of the next to leading order term,
again proportional to c, which can be expressed as a
function of L̂.8 As jcj → ∞, any 2 finite sets of eigenvalues
from these two families separate, with Re½sAlmðcÞ� from all
members of one family above or below the others depend-
ing on argðcÞ. In this sense, the two families of solutions
decouple. But at finite values of jcj in the asymptotic
regime, the eigenvalues from members of the two families
cross. In some cases the crossings are true degeneracies,
creating branch points and requiring branch cuts [8].
For general complex values of c, there seems to be no

single indexing scheme which is universally convenient or
informative. For sufficiently small values of jcj, the
eigenvalues retain the same ordering as in the spherical
limit c ¼ 0 based on either the real part or the magnitude of
sAlmðcÞ, and either l or L can be used. But, as illustrated in
Fig. 1, as jcj increases, the ordering of the eigensolutions
can change. In this example, where s ¼ 0 and m ¼ 1 and
we display j0Al1ðcÞj and label the eigenvalue sequences by
L in the spherical limit (c → 0). Beyond jcj ¼ 13, all of the
sequences seen in the figure are clearly displaying their
asymptotic behavior. The lowest 6 sequences at jcj ¼ 13
correspond to L ¼ 0–4 and L ¼ 7. All of these sequences
belong to the family of solutions with asymptotic leading
behavior �icð2L̄þ 1Þ and could be labeled by L̄ ¼ 0–5

based on their asymptotic behavior. The 2 sequences
labeled L ¼ 5 and L ¼ 6, however, are seen to be an
asymptotically degenerate pair of solution in the family
with leading order asymptotic behavior −c2. Although not
visible in this plot, these 2 sequences are seen to switch
order with each other as they transition to their degenerate
asymptotic behavior, but more importantly, they are seen to
cross the sequence which would be labeled by L ¼ 7 in the
spherical limit. These two solutions could be labeled as
L̂ ¼ 0 and L̂ ¼ 1 based on their next to leading order
behavior.
Ultimately, a choice must be made as to how the set of

eigensolutions will be ordered. For sufficiently large jcj,
Re½sAlmðcÞ� for solutions with asymptotic leading behavior
�icð2L̄þ 1Þ is always non-negative. However this is not
the case for solutions with asymptotic leading behavior
−c2. This has a significant impact on the ordering of
eigensolutions when the ordering is based on the real part
of the eigensolutions. Primarily for this reason, we have
chosen to always order the eigensolutions based on the
magnitude of the eigensolutions jsAlmðcÞ þ sj.
We choose the ordering based on jsAlmðcÞ þ sj rather

than simply jsAlmðcÞj in order to allow for a consistent
choice for φ1 in Eq. (10a), and Eq. (29a) below, for the
basic symmetry fs → −s; x → −xg. Equation (10b) means
that −sAlmðcÞ − s ¼ sAlmðcÞ þ s. In order to obtain a
consistent ordering of solutions which should be related
by the basic symmetry fs → −s; x → −xg, we choose the
ordering of solutions based on jsAlmðcÞ þ sj.9

III. PHASE CHOICES FOR THE SPIN-WEIGHTED
SPHEROIDAL FUNCTIONS

The detailed consideration of the ordering and labeling
of solutions given in Sec. II D was necessary because we
wish to consider methods for fixing the phase freedom of
the SWSFs. The basic symmetries of the SWSFs given in
Eqs. (10a), (11a), and (12a) take on the restricted forms
given by Eq. (21) for the spin-weighted spherical functions
with the phase choice given in Eq. (17a). We have found
that the scalar spheroidal functions produced by the spectral
solution scheme described below satisfy the restricted
forms in Eq. (27) with no additional phase correction.
The full generalization of these restricted forms would be

−sSlmðx; cÞ ¼ ð−1Þl−msSlmð−x; cÞ; ð29aÞ

sSlð−mÞðx; cÞ ¼ ð−1Þlþs
sSlmð−x;−cÞ; ð29bÞ

sS
�
lmðx; cÞ ¼ sSlmðx; c�Þ: ð29cÞ

8See Eqs. (6) and (27) in Ref. [10], but note that the specialized
form given in Eq. (27) only applies to anomalous asymptotic
prolate sequences. In general, Eq. (6) should be used.

9This is not the only approach to yield a consistent ordering.
We could also choose j�jsjAlm

ðcÞj, but this requires giving
preference to positive or negative values of s.
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These symmetry conditions have been given in Ref. [12],10

and were used in Ref. [32] to relate two QNM solution
families to each other.11 It is clear from Eq. (29) that some
consistent indexing choice must be made to fix l, thus
ordering each eigensolution in the set of all solutions for
fixed s, m, and c.
The conditions given in Eq. (29) do not fully fix the phase

freedom in SWSFs in the sameway that Eq. (21) do not fully
fix the phase of the spin-weighted spherical harmonics. And
there is additional freedom because the SWSFs are complex.
Our goal is to find a phase-fixing schemewhich is compatible
with Eq. (29) and, if possible, with standard phase-fixing
schemes in the spherical and scalar limits. One approach to
guarantee that Eq. (29) are satisfied is to always solve the
angular Teukolsky equation (2) in a single quadrant of the
complex-c plane and only for s ≥ 0. Equation (29) can then
be used to obtain solutions in any quadrant and for s < 0.
While this is always possible, we prefer to seek phase-fixing
schemes which allow the angular Teukolsky equation to
be solved for any values of s, m, and c, and which are
compatible with Eq. (29).
With these goals in mind, how are we to determine, from

numerical solutions, if a given phase-fixing scheme is
compatible with Eq. (29)? With the SWSFs defined by
Eq. (13b) as a linear combination of the spin-weighted
spherical functions, Eq. (29) can be expressed as conditions
on the expansion coefficients sAl̂lmðcÞ. We find, using
Eq. (13b), that Eq. (29) become, respectively,

−sAl̂lmðcÞ ¼ ð−1Þl̂−lsAl̂lmðcÞ; ð30aÞ

sAl̂lð−mÞðcÞ ¼ ð−1Þl̂−lsAl̂lmð−cÞ; ð30bÞ

sAl̂lmðc�Þ ¼ sA�
l̂lm

ðcÞ: ð30cÞ

To test whether SWSFs satisfy these conditions, before
being phase fixed or after, we choose some specific values
for s, m and a range of values for c. We then solve the
angular Teukolsky equation to obtain a set of solutions, for
example as represented by j0Al1ðcÞj for the first 11
eigensolutions for s ¼ 0 and m ¼ 1 in Fig. 1. This gives
the base set of solutions for sSlmðx; cÞ. We also solve the
angular equation three additional times to generate
−sSlmðx; cÞ, sSlð−mÞðx;−cÞ, and sSlmðx; c�Þ. At each
value of c we choose an ordering of the solutions. This
is assumed to be a zero-based ordering with a value
represented by L, and the corresponding value of l
is given by Eq. (28). Each SWSF is then represented
by a set of expansion coefficients sAl̂lmðcÞ, where

maxðjmj; jsjÞ ≤ l̂ ≤ l̂max, and l̂max is large enough to
accurately represent the SWSF. Then, consistency with
Eq. (29) can be verified for any computed value of l by
confirming that the expansion coefficients from the 4
solutions satisfy Eq. (30) for all values of l̂.
For the examples in this section, the angular Teukolsky

equation (2) was solved as a discrete eigenvalue problem
based on the spectral method developed by Cook and
Zalutskiy [12]. For additional details, see Appendix B.
Each solution returns both the eigenvalue sAlmðcÞ and the
set of expansion coefficients sAl̂lmðcÞ needed to represent

sSlmðx; cÞ. Mathematica’s Eigensystem routine returns
normalized eigenvectors so that

P
l̂ jsAl̂lmðcÞj2 ¼ 1 which

guarantees that the SWSFs are normalized as in Eq. (3).
Furthermore, the eigenvectors returned by Eigensystem
are chosen so that the component with the maximum
magnitude is real, but not necessarily positive. So, the
solutions returned by the spectral solver have a default phase
choice fixed by theEigensystem routine inMathematica.
We will represent a specific phase fixing scheme as Pa

Imposing Pa on a given sSlmðx; cÞ requires determining a
numerical value

PaðcÞ ¼ eiϕaðcÞ; ð31Þ

which achieves the criteria specified by Pa given current
values for sAl̂lmðcÞ, and is implemented simply by

sAl̂lmðcÞ → PaðcÞsAl̂lmðcÞ: ð32Þ

FIG. 1. The magnitude of the first 11 eigenvalues for s ¼ 0 and
m ¼ 1 along a sequence of values of c ¼ jcje−iπ3. The bottom
sequence corresponds to L ¼ 0ðl ¼ 1Þ, while the top sequence
corresponds to L ¼ 10ðl ¼ 11Þ. Notice that the sequences that
are labeled L ¼ 5 and L ¼ 6 in the spherical limit (c ¼ 0) belong
to the family of solutions which have leading order asymptotic
behavior −c2 and could be labeled as L̂ ¼ 0 and L̂ ¼ 1. The
sequences that would be labeled L ¼ 0–4 and L ¼ 7, in the
spherical limit have entered the asymptotic regime and belong to
the family of solutions which have leading order asymptotic
behavior icð2L̄þ 1Þ and could be labeled L̄ ¼ 0–5. The upper 3
sequences have not entered the asymptotic regime in this figure
and cannot yet be classified.

10In Ref. [12] the conditions were written for integer
indices only.

11The two QNM frequency families are denoted by ω�
lmn

and are related to each other by c → −c� and through Eqs. (11)
and (12).
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We will refer to the default phase choice supplied by
Mathematica as PMath.
Interestingly, the PMath phase choice is not guaranteed

to satisfy the basic symmetry conditions of Eq. (29). This
can be seen from the form of Eqs. (30a) and (30b) which
both contain a factor of ð−1Þl̂−l. When checking to see if
a particular solution satisfies the symmetries, l is fixed
and l̂ denotes the eigenvector component. If we fix l̂ to
the component which PMath fixes to be real, and
assuming the sign of this real component is chosen
consistently, then an odd value of l̂ − l will cause
Eqs. (30a) and (30b) to not be satisfied. In this case
Eq. (30c) would still be satisfied. On the other hand, if
the sign of the real component is not chosen consistently,
any of the 3 tests could fail.

A. The CZ phase choice

In Ref. [12], Cook and Zalutskiy (CZ) made a seemingly
simple phase choice: fix the phase so that the expansion
coefficient sAl̂lmðcÞ with l̂ ¼ l in Eq. (13b) is real and
positive. We will refer to this phase fixing scheme as PCZ,
and the condition is achieve by setting

PCZðcÞ ¼ expð−i arg½sAllmðcÞ�Þ: ð33Þ

The first step in implementing PCZ is to associate a value of
l with each SWSF. Given values for s, m, and c, a specific
SWSF is one eigenfunction within a set of eigensolutions
which we choose to order in terms of increasing values of
jsAlmðcÞ þ sj. One option is to let L represent the zero-
based index into this ordered list of solutions and fix l via
Eq. (28). We will refer to this as an indexed (Ind) choice for
l, and designate this version of PCZ as PCZ-Ind. An
alternative option is to construct a sequences of solutions
all based on the same value for l. If the sequence of
solutions extends to c ¼ 0, for example as in Fig. 1, then a
natural choice is to let L be the zero-based index of the
eigensolution at c ¼ 0 and, again, fix l for the entire
sequence via Eq. (28). We will refer to this as a spherical-
limit (SL) choice for l, and designate this version of
PCZ as PCZ-SL. In the context of QNM solutions where
PCZ was introduced PCZ-SL was implicitly chosen [12].
Implementing this choice was straightforward because, in
most cases, there is a well defined value of l which should
be associated with a given SWSF. This is because, for
QNMs of the Kerr geometry, it is natural to consider
sequences of QNM solutions parameterized by the angular
momentum per unit mass of the black hole a and, at
vanishing angular momentum, the associated solution of
the angular Teukolsky equation is at c ¼ 0. Even in the rare
circumstances where a QNM sequence does not connect to
c ¼ 0, there is usually enough information available to fix
l. There are also special circumstances where it is
appropriate to choose l based on an asymptotic limit

where jcj → ∞.12 So long as l is held fixed along a
sequence, we will refer to the phase-fixing scheme
as PCZ-SL.
Let us consider the behavior of the various phase-fixing

schemes for SWSFs within the example of Fig. 1 where
s ¼ 0, m ¼ 1, and argðcÞ ¼ − π

3
. The first sequence of

eigensolutions is labeled by l ¼ 1ðL ¼ 0Þ and is repre-
sented by the bottom line in the figure. For this case,
over the range 0 ≤ jcj ≤ 30, PMath ¼ PCZ-SL ¼ PCZ-Ind.
However, the next sequence of solutions, labeled by
l ¼ 2ðL ¼ 1Þ, is different. In this case PCZ-SL ¼ PCZ-Ind,
but PMath differs for jcj≳ 10.6 because 0A221ðcÞ does
not remain the largest expansion coefficient in magnitude.
Figure 2 displays the phase difference ϕCZ-SL − ϕMath

between the PCZ-SL phase fixed version of 0S21ðx; jcje−i
π
3Þ

and the version obeying PMath, which clearly changes
discontinuously. When a phase difference is plotted as a
function along a sequence, it is plotting the phase argument
ϕa from Eq. (31) needed to impose the first phase choice
(PCZ-SL) on a sequence which currently obeys the second
phase choice (PMath).
This example illustrates a potentially important aspect of

a given phase-fixing scheme Pa. The default expansion
coefficients sAl̂lmðcÞ automatically fixed by PMath have
complex values which can be discontinuous as we vary c
along some sequence. But, by applying the PCZ-SL scheme,
all of the coefficients PCZ-SLðcÞsAl̂lmðcÞ will have com-
plex values which vary smoothly as c varies, so long as
sAllmðcÞ ≠ 0 along the sequence. Of course, the PCZ-Ind
scheme is not guaranteed to yield expansion coefficients
which vary smoothly along a sequence because l, used to
define the phase, can change discontinuously. If, for a given

FIG. 2. Phase difference between PCZ-SL and PMath imposed on

0S21ðx; jcje−i
π
3Þ. The discontinuities in the phase occur as the

expansion coefficient with the largest magnitude changes as jcj
increases. For jcj≲ 10.6, 0A221ðcÞ has the largest magnitude. For
10.6≲ jcj ≲ 26.2, 0A421ðcÞ has the largest magnitude, and for
26.2≲ jcj < 30, 0A621ðcÞ has the largest magnitude.

12See the discussion of L̄ and L̂ in Sec. II D.
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application, it is necessary to interpolate through tables of
expansion coefficients, then it is necessary to choose a
phase-fixing scheme which guarantees smoothness. This is
a clear advantage of the PCZ-SL scheme. But even the
PCZ-SL scheme is not guaranteed to yield smooth expansion
coefficients. However, the failure mode triggered by
sAllmðcÞ ¼ 0 is only likely to occur if a sequence extends
to large values of jcj. The small values of l and overtones n
commonly used with QNMs keep jcj reasonably small, and
we have not found a case where sAllmðcÞ vanishes along
such QNM sequences.

B. The SL phase choice

The PCZ-SL phase scheme is easy to implement, but its
underlying principle that one specific expansion coeffi-
cient for a given sSlmðx; cÞ is always real and positive
seems somewhat arbitrary, and will fail if that coefficient
vanishes. Moreover, it does not agree with the standard
phase-fixing schemes used for the scalar spheroidal
functions [see Eq. (26)]. Here, we seek to define a
phase-fixing scheme which potentially has a more useful
fundamental principle, and which agrees with Eq. (26)
and the phase choice for the spin-weighted spherical
functions in Eq. (17).
The fundamental principle we wish to exploit is that

there is the freedom to fix the complex function
sSlmðx; cÞ, or its derivative, to be real at one point
which we choose to be x ¼ 0. This fixes the phase only
up to an overall sign choice, and we can use this
additional freedom to fix either the sign of sSlmð0; cÞ
or the sign of ∂xsSlmðx; cÞjx¼0. In general, this is enough
to uniquely fix the phase of sSlmðx; cÞ, but there are
special cases which must be dealt with. Also, we want
the phase fixing to agree with existing phase choices in
the limits that s ¼ 0 and c ¼ 0, and we want to ensure
that the phase-fixed functions satisfy the symmetry
conditions given in Eq. (29).
A necessary first step is to choose an ordering for the

eigensolutions for fixed m, s, and c. That is, choosing a
value of the polar index l (or L) to designate each solution.
With values of l, m, s, and c, we fix the remaining phase
freedom so that either the value of the function or its
derivative at x ¼ 0 agrees with the phase choice in the
spherical limit c ¼ 0. We refer to this phase-fixing scheme
as the spherical limit (SL) phase choice PSL.
If sSlmð0Þ ≠ 0 and sSlmð0; cÞ ≠ 0, then the phase is

based on choosing sSlmð0; cÞ to be real. In this case, we
choose

PSL1
ðcÞ ¼ � expð−i arg½sSlmð0; cÞ�Þ; ð34aÞ

with the sign chosen so that

sign½PSL1
ðcÞsSlmð0; cÞ� ¼ sign½sSlmð0Þ�: ð34bÞ

But, if either sSlmð0Þ ¼ 0 or sSlmð0; cÞ ¼ 0, then if
∂xsSlmðx; cÞjx¼0 ≠ 0, the phase is based on choosing
∂xsSlmðx; cÞjx¼0 to be real. In this case, we choose

PSL2
ðcÞ ¼ � expð−i arg½∂xs Slmðx; cÞj0�Þ; ð35aÞ

with the sign chosen so that

sign½PSL2
ðcÞ∂xs Slmðx; cÞj0� ¼ sign½∂xs SlmðxÞj0�: ð35bÞ

In both cases, Eqs. (34b) and (35b) guarantee that the
expansion coefficients sAl̂lmðcÞ are smooth along a given
sequences unless an anomalous condition arises.
The first anomalous condition that could arise is if

sSlmð0Þ ¼ 0 and ∂xs Slmðx; cÞjx¼0 ¼ 0. In this case, there
is no way to match the phase of sSlmðx; cÞ to the phase of
sSlmðxÞ. Since sSlmð0; cÞ ≠ 0 in this case,13 we set the
phase by Eq. (34a) so that sSlmð0; cÞ is real, and fix the sign
freedom by demanding

sign½PSL1
ðcÞsSlmð0; cÞ� ¼ ð−1ÞbðlþmÞ=2c: ð36Þ

Here, bnc means the floor of n, and the sign choice is
chosen to agree with Eq. (26a).
Two additional anomalous conditions can occur if

sSlmð0; cÞ ≈ 0 and either ∂xsSlmðx; cÞjx¼0 ≈ 0 or
∂xsSlmðxÞj0 ¼ 0. Analytically, both the SWSF and its
derivative cannot vanish simultaneously, but this can occur
with finite precision numerical results. When this condition
does occur, or if the spheroidal function and the derivative
of the spherical function are both zero at x ¼ 0, no sign
comparison is possible at x ¼ 0.14 We know of no sys-
tematic way of handling these cases and simply revert to
using either PCZ-SL or PCZ-Ind.
As with PCZ, there are two natural ways in which the

polar index lðLÞ can be chosen. If, at each value of c, we
let L represent the zero-based index into the list of solutions
ordered by jsAlmðcÞ þ sj and fix l via Eq. (28), then we
have the phase-fixing scheme denoted by PSL-Ind. As with
PCZ-Ind, this scheme can lead to discontinuities in the
expansion coefficients if we consider sequences of solu-
tions. The second approach for fixing the polar index l is to
choose it to be a constant along the sequence. In most cases,
l should be chosen to agree with the spherical limit where
jcj → 0, but there are unusual circumstances where it is
appropriate to choose l based on an asymptotic limit where
jcj → ∞.15 Examples of both approaches will be explored
in Sec. IV. In either case, however, we will denote this

13A nontrivial solution of a homogeneous 2nd order ODE and
its derivative cannot simultaneously vanish at any point.

14We expect this to happen for some solutions with asymptotic
leading behavior −c2 as jcj → ∞, where sSlmðx; cÞ is exponen-
tially suppressed near x ¼ 0.

15See the discussion of L̄ and L̂ in Sec. II D.
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phase-fixing scheme as PSL-C, with the “C” indicating that
the phase choice will be continuous along sequences.

C. Summary of phase choices

When solutions of the angular Teukolsky equation,
Eq. (2), are found by any scheme, the SWSF will be
given with respect to some phase choice determined
simply by the particular scheme used to construct the
solutions. This is also true for all of the standard special
functions, but in the most commonly used examples, the
special functions are real. If the special functions are to
remain real, then any phase choice is simply an overall
sign choice. But, the SWSFs are inherently complex
functions and the choice of phase is more complicated,
and potentially more impactful.
TheMathematica routine Eigensystem, when used to

construct the numerical solutions of Eq. (2), returns
normalized eigenvectors with the phase chosen so that
the eigenvector component with the largest magnitude is
real, but not necessarily positive. When this phase-fixing
scheme is used to define the SWSFs through Eq. (13b), we
designate the phase choice as PMath. It is a perfectly
functional phase-fixing scheme which requires no infor-
mation about how a given eigensolution is labeled. But, it
has the disadvantage that the shape of sSlmðx; cÞ will
change discontinuously along continuous sequences of c
because the position of the eigenvector component with the
largest magnitude may change. Also, the phase choice
PMath will not always satisfy the basic symmetries given by
Eq. (29). Thus, an alternative phase-fixing scheme should
be used.
The Cook-Zalutskiy phase-fixing schemes PCZ are a

small modification of PMath in which one expansion
coefficient in sAl̂lmðcÞ is again fixed to be real, but this
coefficient is no longer required to be the coefficient with
the largest magnitude. The PCZ schemes are closely tied to
the spectral expansion given in Eq. (13b) and, because of
this, may not be the most natural choice when other
approaches, such as Leaver’s method [11] or the confluent
Heun method [37,38], are used to find the eigensolutions of
Eq. (2). The indices s and m, and the value of c are fixed
values that are required to fully specify the angular
Teukolsky equation. The polar index l, on the other hand,
is simply a value which labels each eigensolution within the
infinite set of solutions. In Eq. (13b), the index l̂ specifies
the polar index of the spin-weighted spherical function
sSl̂mðxÞ. In the PCZ schemes, the expansion coefficients
with l̂ ¼ l are chosen to be real and positive. This
requirement leads to one potential failure mode for the
PCZ schemes. If sAllmðcÞ vanishes for some value of c
along a sequence, then the values of sAl̂lmðcÞ will change
discontinuously at this point along the sequence.
We have specified two methods for fixing the value of l

associated with each eigensolution. For the PCZ-SL phase-
fixing scheme l takes on a constant value along a sequence

of solutions. This value is usually chosen to agree with the
value for the solution with c ¼ 0 which smoothly connects
to the given solution along a sequence of values of c, but
other choices may be specified. For the PCZ-Ind phase-
fixing scheme, the value of l is fixed by its sorted position
within the set of all eigensolutions for the given value of c.
Sequences of eigensolutions parameterized by a smooth
sequence of values of c will, in most cases, have expansion
coefficients sAl̂lmðcÞ which vary smoothly along the
sequence when the phase is fixed by PCZ-SL, but they
may not vary smoothly if fixed byPCZ-Ind. See Sec. III A for
more details.
We have defined the spherical-limit phase-fixing

schemes PSL as those which fix either sSlmðx; cÞ or its
derivative to be real at the equator x ¼ 0, and to fix the
remaining phase freedom by choosing the sign of either the
function or its derivative at x ¼ 0 based on the correspond-
ing spherical function sSlmðxÞ. As these schemes are not
fixing the phase based on a specific set of expansion
functions, they should be easily applicable to SWSFs
constructed by a variety of approaches. It is also hoped
that fixing the SWSFs (or their derivatives) to be real
consistently at x ¼ 0 will facilitate extracting information
from the phase, as well as the amplitude, when black-hole
ringdown signals are analyzed in terms of QNMs.
As with the PCZ schemes, it is necessary to choose which

value of l is associated with each eigensolution. We have
again specified the same two methods for choosing l as for
PCZ. In the continuous SL schemePSL-C (similar toPCZ-SL),
l is chosen to be a constant along a sequence of values of c,
and this value is usually thevalue associatedwith a solution at
c ¼ 0. For thePSL-Ind phase-fixing scheme, the value of l is
fixed by its sorted positionwithin the set of all eigensolutions
for the given value of c. For the PSL-C scheme, sequences of
eigensolutions parametrized by a smooth sequence of values
of c can be constructed to have expansion coefficients
sAl̂lmðcÞ which vary smoothly along the sequence, but
smoothness can be lost when certain anomalous conditions
occur (see Sec. III B for details). As with thePCZ-Ind scheme,
the PSL-Ind scheme may not have smooth sequences of
expansion coefficients.

IV. EXAMPLES, PUBLIC DATA FILES,
AND PUBLIC CODES

In this section, we will explore the effects of the various
PCZ and PSL phase fixing schemes on several QNM and
TTM sequences. A large number of sequences of QNMs and
TTMs have been constructed using themethods described in
Refs. [12,45,47,48], and implemented in the KerrModes
suite of publicly available Mathematica Paclets [49] which
include full Mathematica-style documentation.

A. Quasinormal modes

The gravitational QNMs of the Kerr geometry quantify
the natural linear gravitational ringing modes of a rotating
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black hole [12,50]. The complex mode frequencies ω�
lmn

are indexed by the standard polar index l, azimuthal index
m, and an additional overtone index n. The� superscript
differentiates between two families of solutions which obey
ω−
lmn ¼ −ðωþ

lð−mÞnÞ� and all QNMs are evaluated with spin

weight s ¼ −2. The corresponding mode function includes
a product of the solutions of the radial and angular
Teukolsky equations [1] where the oblateness parameter
c of the angular Teukolsky equation Eq. (2) is given by
c ¼ aω�

lmn whereMa is the angular momentum of the Kerr
black hole. The rotation parameter a takes on values
0 ≤ a < M, where M is the mass of the Kerr black hole,
with a ¼ 0 corresponding to the nonrotating Schwarzschild
limit and a ¼ M the extremal Kerr limit. In the examples
below, we will often use the notation fl; m; ng to denote
specific QNMs and TTMs.

1. QNM: l= 2, m= 2, n = 0

As a simple example case, we first consider the f2; 2; 0g
mode, which is the dominant QNM in the ringdown signal
of binary black hole mergers. As we will see, all phase
choices will be well behaved for this important case, but it
provides a clean and clear introduction to the various details
of the eigensolutions that must be considered, and how they
impact the phase fixing schemes.
The sequence of mode frequencies ωþ

220ðaÞ, evaluated as
a function of the rotation parameter a, defines a path
thought the space of the complex oblateness param-
eter cðaÞ ¼ aωþ

220ðaÞ. Figure 3 plots the magnitude
j−2Al2ðcÞ − 2j from the first 10 eigensolutions of the angular
Teukolsky equation Eq. (2) with s ¼ −2 and m ¼ 2. As
discussed in Sec. II D, the eigensolutions of Eq. (2) are

sorted in order of ascending values of jsAlmðcÞ þ sj, so this
plot displays the solutions in this order. The sequence labeled
l ¼ 2ðL ¼ 0Þ is at the bottom of the figure and is the
eigenvalue sequence which pairs with the ωþ

220ðaÞ sequence
of QNM mode frequencies. For clarity, we emphasize that
the other eigensolutions are not paired with other QNM
sequences. For example, the sequence labeled by l ¼ 3 is
not paired with the f3; 2; 0g QNM sequence. These mode
frequencies define a different path through the space of the
complex oblateness parameter.
In Fig. 3, we find a simple structure to the set of

eigenvalues. For any QNMs with small values of n and
l, the magnitude of the mode frequencies jωlmnðaÞj remain
reasonably small so that jcðaÞj also never gets very large, in
which case the values of −2AlmðcÞ do not deviate enough
from their values at c ¼ 0 to cause crossings in the
eigenvalues. Also, so long as jcj remains relatively small,
there tends to be only small phase differences between
the PCZ and PSL phase fixing schemes as illustrated in
Figs. 4 and 5. In Fig. 4, we display the behavior of the
eigenfunction −2S22ðx; 0.662 − 0.0547iÞ for both the PSL-C
and PCZ-SL phase fixing schemes. These solutions corre-
spond to a point along the sequence where a ≈ 0.93M,
which is near the point with the largest deviation between
the solutions. This example explores the case where the
PSL-C scheme fixes the phase so that Im½−2S22ð0; cÞ� ¼ 0.
While it is difficult to see in this figure, the function is
entirely real at x ¼ 0 in the top plot where the phase has
been fixed using PSL-C. In the bottom plot the function has
a small imaginary component at x ¼ 0. The difference
between the two functions is more easily seen in Fig. 5
which plots actual phase differences. In the upper plot, we
display the phase difference between PSL-C and PCZ-SL as a
function of a, and find that the largest phase difference has

FIG. 3. The first 10 eigenvalues for s ¼ −2 and m ¼ 2 along a
sequence of values of c obtained from the QNM mode sequence
f2; 2; 0g. The plot displays j−2Al2ðcðaÞÞ − 2j so that the eigen-
values appear in their sorted order. The values are displayed as
functions of the dimensionless angular momentum a=M which is
related to the oblateness parameter by cðaÞ ¼ aωþ

220ðaÞ, where
ωþ
220ðaÞ is the complex mode frequency along the QNM

sequence. The eigenvalue sequence corresponding to the actual
f2; 2; 0g mode sequences is displayed as the thick black line.

FIG. 4. The function −2S22ðx; 0.662 − 0.0547iÞ where the
upper plot has been phase fixed using PSL-C and the bottom
using PCZ-SL. Note that there is very little difference between the
two phase fixing schemes in this case.
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a magnitude of about 0.03. In the lower plot, we display the
phase difference between PSL-C and PSL-Ind. We find no
phase difference, which is expected since the l ¼ 2
sequence in Fig. 3 exhibits no crossings.
In this simple example, all phase fixing schemes yield

eigenfunctions which vary smoothly along the sequence
0 ≤ a < M. We illustrate this in Fig. 6 which displays the
real part of the first 4 expansion coefficients −2Al22ðcðaÞÞ
from Eq. (13b). These 4 coefficients contain most of the
power in the expansion of the SWSF −2S22ðx; cðaÞÞ as a
linear combination of spin-weighted spherical functions

−2Sl2ðxÞ. As illustrated by the first 4 expansion coefficients
in Fig. 6, all of the expansion coefficients −2Al22ðcðaÞÞ are
smooth functions of a along the f2; 2; 0g QNM sequence.
In fact, for this simple example, all phase choices, including
PMath, yield smooth expansion coefficients. This is not
always the case.

We have also carefully explored whether or not our
phase-fixed eigenfunctions satisfy the basic symmetries of
the SWSFs given in Eq. (29) by checking that the
expansion coefficients satisfy Eq. (30) for all 10 eigenso-
lutions represented in Fig. 3 at each computed value
along the sequences. This involves constructing 4 full
sets of eigensolutions for −2S22ðx; cðaÞÞ, 2S22ðx; cðaÞÞ,
−2S2ð−2Þðx;−cðaÞÞ, and −2S22ðx; c�ðaÞÞ, as well as the
phase corrections PCZ-SLðaÞ, PCZ-IndðaÞ, PSL-CðaÞ, and
PSL-IndðaÞ for each solution. The phase fixed versions of
each expansion coefficient for each solution are compared
using Eq. (30) to verify that each condition is satisfied. For
this simple example, all phase choices, including PMath,
satisfy the basic symmetries given in Eq. (29).

2. QNM: l= 3, m= 0, n = 0

Now consider the example case of the f3; 0; 0g mode,
where there are two main points on which to focus. First,
in this example it is the derivative ∂x−2S30ðxÞjx¼0 that is
fixed to be real for the PSL-C phase choice, as opposed to
the function itself as in the case of f2; 2; 0g. Second, it
is the l ¼ 3ðL ¼ 1Þ eigenvalue sequence which pairs
with the ωþ

300ðaÞ sequence of QNM mode frequencies.
Figure 31, found in Appendix A, plots the magnitudes
j−2Al0ðcÞ − 2j of the first 10 eigenvalues of the angular
Teukolsky equation Eq. (2) with s ¼ −2 and m ¼ 0. While
Figs. 3 and 31 look qualitatively similar, we emphasize that
the two figures correspond to different paths through the
space of the complex oblateness parameter, agreeing only
at a ¼ 0 where c ¼ 0.
In Fig. 7, we display the behavior of the eigenfunction

−2S30ðx; 0.665 − 0.0767iÞ for both the PSL-C and PCZ-SL
phase fixing schemes. These solutions correspond to a
point along the sequence where a ≈M, which is at the point

FIG. 5. The phase difference between the functions

−2S22ðx; aωþ
220ðaÞÞ which have been phase fixed using different

schemes. In the top plot, the functions have been phase fixed
using PSL-C and PCZ-SL. In the bottom plot, the functions have
been phase fixed using PSL-C and PSL-Ind.

FIG. 6. The real part of the first 4 expansion coefficients

−2Al22ðaωþ
220ðaÞÞ are plotted to demonstrate that the expansion

coefficients are smooth functions of a for the PSL-C phase choice.

FIG. 7. The functions −2S30ðx; 0.665 − 0.0767iÞ where the
upper plot has been phase fixed using PSL-C and the bottom
using PCZ-SL. Note that there is very little difference between the
two phase fixing schemes in this case.
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with the largest deviation between the solutions. It is again
difficult to see in this figure, but the slope of the imaginary
part of the function vanishes at x ¼ 0 in the top plot where
the phase has been fixed using PSL-C. In the bottom plot the
slope of the function has a small imaginary component
at x ¼ 0.
The difference between the two phase-fixing schemes is

more easily seen in Fig. 32, found in Appendix A, which
plots actual phase differences. The phase difference between
PSL-C and PCZ-SL as a function of a has a maximum phase
difference of about 0.006. There is, again, no phase differ-
ence betweenPSL-C and PSL-Ind, which is expected since the
l ¼ 3 sequence in Fig. 31 exhibits no crossings.
Again, all phase fixing schemes yield eigenfunctions

which vary smoothly along the sequence 0 ≤ a < M. We
display this in Fig. 33, found in Appendix A, which displays
the real part of the first 5 expansion coefficients

−2Al30ðcðaÞÞ from Eq. (13b). Again, for this simple exam-
ple, all phase choices, including PMath, yield smooth expan-
sion coefficients. This is not always the case.
As with the f2; 2; 0g example, we compared the phase

fixed versions of each expansion coefficient for each solution
using Eq. (30) to verify that each condition is satisfied. For
this simple example, all phase choices, including PMath,
again satisfy the basic symmetries given in Eq. (29).

3. QNM: l= 2, m= − 2, n = 13

In this example, we consider a QNM with a higher
overtone and having the unusual structure of consisting of
two distinct parts, one of which does not connect directly to
a ¼ 0. The f2;−2; 13g QNM is an overtone multiplet. The
first portion of the sequence is labeled as f2;−2; 130g,
begins at a ¼ 0, but extends only to a ≈ 0.657472M where
it terminates with a mode frequency in the neighborhood of
the negative imaginary axis (NIA).16 The second portion of
the sequence is labeled as f2;−2; 131g and emerges from
the NIA with a ≈ 0.669473M. The left plot of Fig. 8
shows the paths of the two overtone multiplet sequences
ωþ
2ð−2Þ130ðaÞ and ωþ

2ð−2Þ131ðaÞ through the complex fre-

quency plane. The right plot of the figure shows the
corresponding paths of the complex oblateness parameter
cðaÞ ¼ aωþ

2ð−2Þ13ðaÞ for each overtone multiplet.
As discussed in Secs. III A and III B, when imposing the

PSL-C and PCZ-SL phase choices, it is necessary to select a
value of l for the entire sequence. In general, we take this
value to be the same as the solution at c ¼ 0 along a
smoothly connected sequence. Clearly all of the solutions
along the f2;−2; 130g multiplet are smoothly connected to
c ¼ 0 and we choose l ¼ 2. For the f2;−2; 131gmultiplet,
the QNM sequence itself has no direct connection to c ¼ 0

and we must find some other way to choose the value of l
needed to impose a phase choice. In Ref. [47], the two
QNM sequences f2;−2; 130g and f2;−2; 131g were
grouped together as an overtone multiplet with l ¼ 2
based on the behavior of nearby QNMs. From Fig. 8, it
is clear that we could choose a smooth path between the
two multiplets to connect f2;−2; 131g to c ¼ 0, so the
choice of l ¼ 2 is also justified for the f2;−2; 131g
multiplet.
Figure 34, found in Appendix A, plots the magnitudes

j−2Alð−2ÞðcÞ − 2j of the first 10 eigensolutions of the
angular Teukolsky equation Eq. (2) with s ¼ −2 and
m ¼ −2, and no eigenvalue crossings are seen. In
Fig. 9, we display the behavior of the eigenfunction

FIG. 8. The QNM f2;−2; 13g sequence is composed of two
parts. The first part, f2;−2; 130g, begins at a ¼ 0 and extends to
a ≈ 0.657472M. No further QNMs exist for the sequence until
a≳ 0.669473M when the second part, f2;−2; 131g, begins. The
left plot displays the path of ωþ

2ð−2Þ13ðaÞ through the complex

frequency plane for the two overtone multiplets. The right plot
displays the path of corresponding oblateness parameter cðaÞ ¼
aωþ

2ð−2Þ13ðaÞ through the complex c plane.

FIG. 9. The functions −2S2;−2ðx;−2.23iÞ and

−2S2;−2ðx;−2.30iÞ are displayed, respectively, in the upper and
lower plots, with both phase fixed using PSL-C. The upper plot
corresponds to a ¼ 0.657 at the beginning of the gap, and the
lower plot to a ¼ 0.669 at the end of the gap.

16Reference [47] argued that a QNM on this sequence cannot
exist exactly on the NIA. However, recent work [38] claims to
have found a method to extend this, and similar sequences,
through the NIA.
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−2S2ð−2Þðx; cÞ for the PSL-C phase fixing scheme only. In
the upper plot, the function is plotted at c ≈ −2.23i
corresponding to termination of the f2;−2; 130g multiplet
where a ≈ 0.657M. In the lower plot, the function is plotted
at c ≈ −2.30i corresponding to the beginning of the
f2;−2; 131g multiplet where a ≈ 0.669M. Even though
the two sequences are not directly connected, we see that
the eigenfunction has a very similar shape on both sides of
the solution gap. Also, in this example, the value of jcj is
large enough that we can clearly see the phase-fixing
condition that the function is real at x ¼ 0.
The difference between thePSL-C andPCZ-SL phase fixing

schemes now becomes significant for the f2;−2; 13g QNM
sequencewith a maximum phase difference of order 1 which
can be seen in Fig. 35. Again, all phase fixing schemes yield
eigenfunctions which vary smoothly along each overtone
multiplet. We display this in Fig. 10 which displays the real
part of the first 5 expansion coefficients −2Al2ð−2ÞðcðaÞÞ
from Eq. (13b). We see that the different expansion coef-
ficients are consistent across the gap of missing QNMs. We
include this figure to emphasize that, even though the
expansion coefficients of the two branches of the sequences
are smooth, care must be taken with QNMs which are
overtone multiplets. Interpolation between the branches of
the sequence should not be attempted.
We, again, compared the phase fixed versions of each

expansion coefficient for each solution using Eq. (30) to
verify that each condition is satisfied. For this simple
example, all phase choices, including PMath, again satisfy
the basic symmetries given in Eq. (29) along the n ¼ 130
segment of the multiplet. But the situation is slightly more
complicated along the n ¼ 131 segment. Near a ≈ 0.882M,
the magnitudes j−2Al2ð−2Þðaωþ

2ð−2Þ13ðaÞÞj for l ¼ 2 and

l ¼ 3 cross and the PMath phase choice changes discon-
tinuously.17 Furthermore, the two basic symmetries in

Eqs. (29a) and (29b) fail to be satisfied for PMath after
the discontinuous phase change. However, all of the PSL or
PCZ phase choices yield expansion coefficients which
satisfy the basic symmetries everywhere.

4. QNM: l= 2, m= 2, n = 31

As a final example from the QNMs, we consider a QNM
with a very high overtone. The f2; 2; 31g QNM presents an
example where the sequences of j−2Al2ðaωþ

2;2;31ðaÞÞ − 2j
cross. Figure 11plots themagnitudes j−2Al2ðaωþ

2;2;31ðaÞÞ−2j
of the first 10 eigensolutions of the angular Teukolsky
equation. The sequence labeled l ¼ 2ðL ¼ 0Þ is the
eigenvalue sequence which pairs with the ωþ

2;2;31ðaÞ
sequence of QNM mode frequencies. For small values
of a=M, it begins as the first eigenvalue, but near a ≈ 0.4M
it becomes the second sorted eigenvalue, and then the third
near a ≈ 0.67M. As a=M increases further, it exhibits two
more crossings as it transitions back to being the first
eigenvalue. This reordering of the eigenvalues along the
sequence affects the smoothness of some of the phase
choices.
In Fig. 12, we display the behavior of the eigenfunction

−2S22ðx; 0.0848 − 2.97iÞ for both the PSL-C and PCZ-SL
phase fixing schemes. We can clearly see that the PSL-C
phase fixing scheme has fixed the function to be real and
positive at x ¼ 0, while the PCZ-SL scheme yields a
complex value there. The top portion of Fig. 13 displays
the phase difference between these two phase choices along
the entire sequence. Both choices yield smoothly varying
eigenfunctions along the entire sequence. The bottom
portion of Fig. 13 displays the phase difference between
the PSL-C and PSL-Ind schemes. The discontinuities are the

FIG. 10. The real part of the first 5 expansion coefficients

−2Al2ð−2Þðaωþ
2ð−2Þ13ðaÞÞ are plotted to demonstrate that the

expansion coefficients are smooth functions of a=M along each
overtone multiplet for the PSL-C phase choice.

FIG. 11. The first 10 eigenvalues for s ¼ −2 andm ¼ 2 along a
sequence of values of c obtained from the QNM mode sequence
f2; 2; 31g. The plot displays j−2Al2ðcÞ − 2j so that the eigenval-
ues appear in their sorted order. The values are displayed as
functions of the dimensionless angular momentum a=M which is
related to the oblateness parameter by c ¼ aωþ

2;2;31, where ω
þ
2;2;31

is the complex mode frequency along the QNM sequence. The
eigenvalue sequence corresponding to the actual f2; 2; 31g mode
sequences is displayed as the thick black line.

17Figure 10 shows the real part of −2Al2ð−2Þðaωþ
2ð−2Þ13ðaÞÞ, not

its magnitude.
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result of the value for l used by PSL-Ind changing as we
move along the sequence. A careful comparison with
Fig. 11 shows that the discontinuities occur precisely
at values of a=M where crossings occur in
j−2Al2ðaωþ

2;2;31ðaÞÞ − 2j. Because of these crossings, only
the PSL-C and PCZ-SL phase fixing schemes allow

−2S22ðx; aωþ
2;2;31ðaÞÞ to vary smoothly along the sequence.

In Fig. 14 we display j−2Al22ðaωþ
2;2;31ðaÞÞj for the first 8

values of l instead of the real part of these coefficients as
shown in similar previous plots. We clearly see that the

−2A222ðaωþ
2;2;31ðaÞÞ expansion coefficient is dominant for

small values of a=M, but between 0.4≲ a=M ≲ 0.93 it
becomes subdominant.
These changes in the dominant expansion coefficient

cause the PMath phase choice to change discontinuously.
This also leads to a failure of PMath to satisfy the two basic
symmetries in Eqs. (29a) and (29b) along portions of the
sequence. However, all the PSL or PCZ phase choices yield
expansion coefficients which satisfy the basic symmetries
everywhere.

B. Total-transmission modes

The gravitational TTMs of the Kerr geometry are less
well known than the QNMs and have not yet found a
significant application in gravitational physics (see how-
ever, Ref. [51]). Nevertheless, they are a part of the full
mode structure of the Kerr geometry, and their angular
mode solutions offer interesting and more extreme exam-
ples to consider. There are two types of TTMs: the left-
TTMs (TTMLs) and the right-TTMs (TTMRs). TTMLs
represent modes which propagate away from the black-hole
horizon and toward spatial infinity without experiencing
any net scattering back into the black hole. TTMRs pro-
pagate in the opposite direction, without any net scattering
back toward spatial infinity.
Both types of TTMs obey the same symmetries which

lead to the two families of QNMs differentiated by the �
superscript on the mode frequency (see Sec. IVA). They
are also indexed in the same way, except that they do not
have the same structure of an infinite number of overtones
for each mode. Only a single TTM was thought to exist for
each harmonic mode [52] until recently when two addi-
tional families of solutions were found [45]. It is convenient
to differentiate between these 3 families using the third

FIG. 12. The functions −2S22ðx; 0.0848 − 2.97iÞ where the
upper plot has been phase fixed using PSL-C and the bottom
using PCZ-SL. Note that the two phase fixing schemes yield very
different results in this case.

FIG. 13. The phase difference between the functions

−2S22ðx; aωþ
2;2;31ðaÞÞ which have been phase fixed using different

schemes. In the top plot, the functions have been phase fixed
using PSL-C and PCZ-SL. Both phase choices are continuous. The
discontinuities are simply the result of restricting phases to the
range ð−π; π�. Such discontinuities will always be displayed as a
gap. In the bottom plot, the functions have been phase fixed using
PSL-C and PSL-Ind. The discontinuities in the bottom plot are the
result of eigenvalue crossings which lead to discontinuities in the
PSL-Ind scheme. Actual phase discontinuities will always be
displayed with a continuous line.

FIG. 14. The magnitudes of the first 8 expansion coefficients

−2Al22ðaωþ
2;2;31ðaÞÞ are plotted to show how the coefficient with

the largest magnitude can change as a=M varies the sequence.
This plot is independent of phase choice.
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(overtone) index. The original set of TTMs is designated by
n ¼ 0, and the mode frequencies in the Schwarzschild limit
(a ¼ 0) are imaginary and finite, with values Mω�

lm0ð0Þ ¼
− i

12
ðl − 1Þlðlþ 1Þðlþ 2Þ. The two new sets of solutions

are distinguished by having Schwarzschild-limit frequen-
cies existing at complex infinity. The second set, designated
by n ¼ 1, has mode frequencies with leading order behav-
iorMωþ

lm1ðaÞ ¼ −i22=331=3ðM=aÞ4=3 in the Schwarzschild
limit. The third set, designated by n ¼ 2, has mode
frequencies with leading order behavior Mωþ

lm2ðaÞ ¼
−ið−1Þ1=322=331=3ðM=aÞ4=3.
Below, we will explore two examples from the n ¼ 2 set

of TTMRs which allow us to explore the behavior of
SWSFs for large values of jcj as a → 0. Because the n ¼ 2
TTMs do not connect to c ¼ 0, we must find another way
to fix a value of l for the both the PSL-C and PCZ-SL phase-
fixing schemes. As discussed in Sec. II D, this can be
accomplished by examining the asymptotic behavior of
sAlmðcÞ as jcj → ∞.

1. TTMR: l= 2, m= 2, n = 2

The f2; 2; 2gTTMR presents an example with s ¼ 2

where the sequences of j2Al2ðaωþ
2;2;2ðaÞÞ þ 2j display a

complicated structure. Figure 15 plots the magnitude
j2Al2ðaωþ

2;2;2ðaÞÞ þ 2j from the first 12 eigensolutions of
the angular Teukolsky equation. The sequence labeled L̄ ¼
0 is the eigenvalue sequence which pairs with the ωþ

2;2;2ðaÞ
sequence of TTMR mode frequencies, and is seen as the
first (lowest) eigenvalue for all values of a. The remaining

eigenvalue sequences appear labeled by various values of L̄
or L̂ which seem to have no obvious ordering. The ordering
of sequences in the plot legend corresponds to the ordering
of the eigenvalue sequences at a=M ¼ 1. As a decreases,
there are numerous crossings, but as a → 0, the sequences
display two distinct behaviors.
The asymptotic behavior is more easily seen in Fig. 16

which displays the real part of 2Al2ðcÞ as a function of jcj for
a large number of eigenvalues along cðaÞ ¼ aωþ

222ðaÞ, with

FIG. 15. The first 12 eigenvalues for s ¼ 2 and m ¼ 2 along a
sequence of values of c obtained from the TTMR mode sequence
f2; 2; 2g. The plot displays j2Al2ðcÞ þ 2j so that the eigenvalues
appear in their sorted order. The values are display as functions of
the dimensionless angular momentum a=M which is related to
the oblateness parameter by c ¼ aωþ

222, where ωþ
222 is the

complex mode frequency along the TTMR sequence. The
eigenvalue sequence corresponding to the actual f2; 2; 2g mode
sequences is displayed as the thick black line. The inset figure
show the plot along the full range of a, while the full plot show
the behavior for small values of a.

FIG. 16. A large number of eigenvalues for s ¼ 2 and m ¼ 2
along a sequence of values of c obtained from the TTMR mode
sequence f2; 2; 2g. The plot displays sequences of Reð2Al2ðcÞÞ
as functions of jcj, where the oblateness parameter c ¼ aωþ

222ðaÞ,
and ωþ

222ðaÞ is the complex mode frequency along the TTMR

sequence. The eigenvalue sequence corresponding to the actual
f2; 2; 2g mode sequences is displayed as the thick black line.

FIG. 17. A large number of eigenvalues for s ¼ 2 and m ¼ 2
along a sequence of values of c obtained from the TTMR mode
sequence f2; 2; 2g. The plot displays sequences of j2Al2ðcÞ þ 2j
so that the eigenvalues appear in their sorted order. The values are
display as functions of jcj where the oblateness parameter
c ¼ aωþ

222ðaÞ, and ωþ
222ðaÞ is the complex mode frequency along

the TTMR sequence. The eigenvalue sequence corresponding to
the actual f2; 2; 2g mode sequences is displayed as the thick
black line.
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asymptotic behavior cðaÞ ≈ −ið−1Þ1=322=331=3ðM=aÞ1=3.
The eigenvalue sequences in one subset have leading order
asymptotic behavior −c2, and can be clearly seen extending
to large negative values. The remaining sequences have
leading order asymptotic behavior icð2L̄þ 1Þ, but are less
clearly visible as they are repeatedly crossed by members of
the first subset. They are more easily seen in Fig. 17 which
displays j2Al2ðcÞ þ 2j as a function of jcj for the same set of
sequences. In this figure, the subset of sequences with
leading order asymptotic behavior icð2L̄þ 1Þ are easily
seen, while sequences in the −c2 subset are repeatedly
crossing other sequences. The ordering and labeling of these
sequences is more easily understood by examining a subset
of these sequences over a smaller range of jcj as presented in
Fig. 18, which displays only 12 sequences. The asymptotic
indexing of the sequences behaving as icð2L̄þ 1Þ is easily
understood in this figure. The indexing of the sequences
behaving asymptotically as−c2 is still not discernible in this
figure.
The indexing of the eigenvalues which behave asymp-

totically as −c2 can be extracted from their next-to-leading
order behavior. This behavior is well understood in the
cases where c2 is real [10,46], but not for general values of
c, and is complicated by the asymptotic degeneracy of
certain pairs of solutions. In Fig. 19, we plot the imaginary
part of 2Al2ðcÞ þ c2 to reveal the next-to-leading order
behavior of these sequences. The dashed lines take on
values of 2ð2i − 1Þ ImðcÞ for 0 ≤ i ≤ 5 and we see excel-
lent asymptotic agreement with this behavior. The sequen-
ces labeled by L̂ ¼ 0…3 corresponds to i ¼ 0…3, but
i ¼ 4 gives the behavior of the two asymptotically degen-
erate sequences labeled by L̂ ¼ 4 and 5, while i ¼ 5 gives
the behavior of the two degenerate sequences labeled by
L̂ ¼ 6 and 7. We do not have any rigorous justification for
which of the degenerate sequences receives which of the
two possible values of L̂.

Now consider the behavior of the eigenfunctions along
two of the sequences displayed in Figs. 17 and 18. In
Fig. 20 we display the behavior of the eigenfunction

2S22ðx; cÞ at 3 different values of c along the L̄ ¼ 0

sequence. Because this sequence does not extend to
c ¼ 0, but does extend to asymptotically large values of
jcj, we use the L̄ ¼ 0 asymptotic behavior to fix l ¼ 2
everywhere on this sequence for the PSL-C and PCZ-SL
phase-fixing schemes. The top plot in Fig. 20 shows the

FIG. 18. 12 sequences from the large set of sequences in
Fig. 17. See the caption for this figure for additional details. The
sequences labeled by L̄ have leading asymptotic behavior
icð2L̄þ 1Þ. Those labeled by L̂ have leading asymptotic behav-
ior −c2.

FIG. 19. The same 12 sequences displayed in Fig. 18, but now
plotting Im½2Al2ðcÞ þ c2�. The sequences labeled by L̂ have
leading asymptotic behavior−c2, so this plot displays the next-to-
leading order behavior of these sequences. The dashed lines take
on values of 2ð2i − 1Þ ImðcÞ for 0 ≤ i ≤ 5, where the oblateness
parameter c ¼ aωþ

222ðaÞ, and ωþ
222ðaÞ is the complex mode

frequency along the TTMR sequence.

FIG. 20. The functions 2S22ðx; cÞ for c ¼ 8.12 − 1.70i,
22.8 − 12.1i, and 113: − 64.3i are shown, respectively, in the
upper, middle, and lower plots of the figure. All satisfy PSL-C.
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eigenfunction for a small value of jcj along the sequence
corresponding to a ¼ 0.9M. The middle and lower plots
show the eigenfunction for successively larger values of jcj
and smaller values of a. All are phase fixed using PSL-C and
we can clearly see that 2S22ð0; cÞ is real and positive in each
plot. The smoothness of the eigenfunction as it varies along
the sequence can be verified in Fig. 36, found in
Appendix A, which plots the real part of the first 10
expansion coefficients 2Al22ðaωþ

222ðaÞÞ. Each coefficient
varies smoothly as a function of a, showing that the PSL-C
yields a smooth sequence of eigenfunctions. The phase
difference between PSL-C and PCZ-SL is smooth and rather
large for all values of a along the TTMR f2; 2; 2g
sequences, as can be seen in Fig. 37 of Appendix A.
We also see that the PSL-Ind phase-fixing scheme also yields
a smooth sequence, as expected since there are no crossings
for the L̄ ¼ 0 sequences (see Fig. 18).
For the second example, we choose the L̂ ¼ 0 sequence

which is the first element in the set of eigenvalues which
behaves asymptotically like −c2. This case presents a few
challenges, and tests the PSL-C scheme in exceptional
situations. We emphasize that this sequence is not part
of any QNM or TTM solution, but is an element of the set
of eigensolutions associated with the TTMR f2; 2; 2g
sequence which takes the path cðaÞ ¼ aωþ

222ðaÞ with
0 < a ≤ 1. Figure 21 presents the behavior of the eigen-
function 2S22ðx; cÞ at two different values of c along the
L̂ ¼ 0 sequence. Because this sequence does not extend to
c ¼ 0, but does extend to asymptotically large values of jcj,
we use the L̂ ¼ 0 asymptotic behavior to fix l ¼ 2
everywhere on this sequence for the PSL-C and PCZ-SL
phase-fixing schemes. Notice that we have labeled the two
different sequences of eigenfunctions in Figs. 20 and 21 as

2S22ðx; cÞ using l ¼ 2 for both. This is entirely a limitation
of the conventional notation we use, and requires some

extra care to avoid confusing the two solutions. More
importantly, since the solutions along L̂ ¼ 0 also use
l ¼ 2, the PSL-C scheme will also fix the phase so that

2S22ðx; cÞ is real and positive. Imposing this phase choice
will become problematic for large values of jcj as shown in
Fig. 22 which plots the magnitude of the eigenfunction at
x ¼ 0. The magnitude decays exponentially with increas-
ing jcj, so it will eventually become difficult to accurately
set the phase based on the value of the function at x ¼ 0. As
described in Sec. III B, our approach within PSL-C in this
situation is to switch from fixing the phase based the value
of the function via Eq. (34) to fixing the phase based on the
derivative of the function via Eq. (35). This transition is
controlled by a threshold currently set to 10−10. This
transition is marked in Fig. 22 by the left vertical dashed
line.
Discontinuously changing the phase fixing scheme in

this way will lead to a discontinuity in the behavior of the
eigenfunction as we move along the sequence. This can be
seen in Fig. 23, which plots the real part of the first 10
expansion coefficients 2Al22ðaωþ

222ðaÞÞ for L̂ ¼ 0. Each
coefficient varies smoothly as a function of a for
log10ða=MÞ≳ −3.1, but changes discontinuously near
−3.1. Soon, the derivative also falls below a similar
threshold and, as described in Sec. III B the PSL-C scheme
abandons trying to use the behavior at x ¼ 0 to fix the
phase and falls back to using the PCZ approach. This
transition is marked in Fig. 22 by the right vertical dashed
line, and can be seen in Fig. 23 near log10ða=MÞ ≈ −3.3.

FIG. 21. The functions 2S22ðx; cÞ for c ¼ 9.04 − 4.16i and
27.7 − 15.1i are shown, respectively, in the upper and lower plots
of the figure. All satisfy PSL-C.

FIG. 22. Log plot of the magnitude of the eigenfunction

2S22ðx; cÞ for L̂ ¼ 0 at x ¼ 0 along c ¼ aωþ
222ðaÞ, and

ωþ
222ðaÞ is the complex mode frequency along the TTMR

sequence. The left vertical dashed line marks the threshold
(10−10) where PSL-C determines 2S22ð0; cÞ ≈ 0, cannot fix the
phase using Eq. (34), and switches to using Eq. (35). The right
vertical dashed line marks the threshold (10−10) where PSL-C
determines both 2S22ð0; cÞ ≈ 0 and ∂x2S22ðx; cÞjx¼0 ≈ 0, and
begins to fix the phase using PCZ-SL.
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These discontinuities can also be seen in phase
differences between the PSL-C and other phase choices.
Figure 24 displays two phase differences along the L̂ ¼ 0
sequence. In the upper plot, we display the difference
between the PSL-C and PCZ-SL phase choices as a function
of a along the sequences. The phase difference varies
smoothly for large values of a down to log10ða=MÞ ≈ −3.1
where the PSL-C scheme discontinuously changes its
behavior as described above. Below log10ða=MÞ ≈ −3.3,
the function becomes so small at x ¼ 0 that the PSL-C
scheme discontinuously changes again to its fallback
behavior of using the PCZ scheme. In the lower plot, we
display the difference between the PSL-C and PSL-Ind phase
choices. Note the large number of discontinuous changes
that occur due to the many crossings that can be seen in

Fig. 17. The L̂ ¼ 0 sequence is the left most sequence
growing as jcj2 in the figure. At each crossing, the value of
l for the PSL-Ind scheme changes discontinuously. While
gaps in both plots are due to restricting the phase difference
to ð−π; π�, the other discontinuities are real.
Most of the sequences we have examined in this example

satisfy the basic symmetries given in Eq. (29), but verifying
this is challenging for sequences in the set of eigenvalues
which behave asymptotically like −c2 and which are also
degenerate. As before, we compared the phase fixed
versions of each expansion coefficient for each solution
on many sequence using Eq. (30) to verify that each
condition is satisfied. For sequences with leading asymp-
totic behavior icð2L̄þ 1Þ, the examined sequences (L̄ ¼ 0,
1, 2) all satisfy the basic symmetries when phase fixed
using any of the PSL or PCZ phase choices. But, the PMath
phase choice fails to satisfy the symmetries in Eqs. (29a)
and (29b) for the reasons described in Sec. III. For the
sequences with leading asymptotic behavior −c2, the
nondegenerate sequences (L̂ ¼ 0, 1, 2, 3) have exactly
the same behavior.
However, for the degenerate sequences we examined

(L̂ ¼ 4, 5, 6, 7), we also find that all phase fixing schemes
fail the symmetry in Eq. (29a) for sufficiently large values
of jcj along the sequences. This failure is ultimately due to
the current algorithm which combines results from eigen-
system solutions at each value of c into continuous
sequences. Consider 2 sequences A and B which become
degenerate for sufficiently large values of jcj. Our current
approach to create a sequence of solutions looks for the first
eigenvalue which matches a predicted value based on
continuity and quadratic extrapolation. Our sequences
reach sufficiently large values of jcj that the difference
between the eigenvalues for sequences A and B become
smaller than the precision of the calculations (1 part in 1024

in this example). When this happens, the sequencing
algorithm will fail to properly assign solutions to each
sequence. Two of the 3 symmetries in Eq. (29) yield the
same eigenvalue, but the symmetry manifest in Eq. (29a)
causes the eigenvalues to differ by 2s. This small difference
in sequences where the eigenvalue is behaving asymptoti-
cally as −c2 eventually causes the sequencing algorithm to
inconsistently choose between the A and B solutions for
this symmetry test. A more sophisticated approach to
construct smooth sequences of eigensolutions would be
necessary to deal with this situation. It should be possible to
use smoothness of the expansion coefficients sAĺlmðcÞ, in
addition to the eigenvalues sAlmðcÞ, to properly assign
solutions to sequences as the eigenvalues become degen-
erate, but we have not attempted to implement this.

2. TTMR: l= 3, m= 0, n = 2

The f3; 0; 2gTTMR presents another example with s ¼ 2

where the sequences of j2Al0ðaωþ
3;0;2ðaÞÞ þ 2j display a

FIG. 23. The real part of the first 10 expansion coefficients

2Al22ðaωþ
222ðaÞÞ for L̂ ¼ 0 are plotted to demonstrate how the

PSL-C scheme can lead to nonsmooth behavior along the
sequence when the eigenfunction becomes very small at
x ¼ 0. Note the discontinuous behavior at log10ða=MÞ ≈ −3.1
and log10ða=MÞ ≈ −3.3 where, first the value of the function, and
then its derivative become too small to accurately set the phase.

FIG. 24. The phase difference between the functions

2S22ðx; aωþ
222ðaÞÞ along L̂ ¼ 0 which have been phase fixed

using different schemes. In the top plot, the functions have been
phase fixed using PSL-C and PCZ-SL. In the bottom plot, the
functions have been phase fixed using PSL-C and PSL-Ind.
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complicated structure, and which further test the PSL-C
phase-fixing scheme. Figure 25 plots the magnitude
j2Al0ðaωþ

3;0;2ðaÞÞ þ 2j from the first 12 eigensolutions of
the angular Teukolsky equation. The sequence labeled L̄ ¼
1 is the eigenvalue sequence which pairs with the ωþ

3;0;2ðaÞ
sequence of TTMR mode frequencies, and is seen as the
second eigenvalue for most values of a. The remaining
eigenvalue sequences appear labeled by various values of L̄
or L̂ based on their asymptotic behaviors.
The asymptotic behavior is more easily seen if Figs. 38

and 39, found in Appendix A, which, respectively,
display the real part of 2Al0ðcÞ and j2Al0ðcÞ þ 2j as
functions of jcj for a large number of eigenvalues
along cðaÞ ¼ aωþ

302ðaÞ, with asymptotic behavior
cðaÞ ≈ −ið−1Þ1=322=331=3ðM=aÞ1=3. These figures are
qualitatively similar to Figs. 16 and 17, but are quantita-
tively different as the solutions are along a different path
through the complex c space. The behavior and labeling of
the various sequences is more easily understood from
Figs. 26 and 27 In Fig. 26, the values of L̄ are again
obtained from the asymptotic behavior icð2L̄þ 1Þ. As in
the f2; 2; 2gTTMR example, the indexing of the eigenval-
ues which behave asymptotically as −c2 can be extracted
from their next-to-leading order behavior which is not well
understood for general values of c. In Fig. 27, we plot the
imaginary part of 2Al0ðcÞ þ c2 and the dashed lines take on
values of 2ð2iþ 1Þ ImðcÞ for 0 ≤ i ≤ 4. The sequences
labeled by L̂ ¼ 0 and 1 correspond respectively to i ¼ 0
and 1, but i ¼ 2 gives the behavior of the two asymptoti-
cally degenerate sequences labeled by L̂ ¼ 2 and 3, while

i ¼ 3 gives the behavior of the two degenerate sequences
labeled by L̂ ¼ 4 and 5. For i ¼ 4, the figure only displays
one of the two degenerate sequences.
Now consider the behavior of the eigenfunctions

along two of the sequences displayed in Figs. 26 and
39. In Fig. 28 we display the behavior of the eigen-
function 2S30ðx; cÞ at 3 different values of c along the
L̄ ¼ 1 sequence. Because this sequence does not extend
to c ¼ 0, but does extend to asymptotically large values
of jcj, we use the L̄ ¼ 1 asymptotic behavior to fix l ¼
3 everywhere on this sequence for the PSL-C and PCZ-SL
phase-fixing schemes. The top plot in Fig. 28 shows the
eigenfunction for a small value of jcj along the sequence
corresponding to a ¼ 0.9M. The middle and lower plots
show the eigenfunction for successively larger values of
jcj and smaller values of a. All are phase fixed using
PSL-C and we can clearly see that ∂x2S30ðx; cÞjx¼0 is real

FIG. 25. The first 12 eigenvalues for s ¼ 2 and m ¼ 0 along a
sequence of values of c obtained from the TTMR mode sequence
f3; 0; 2g. The plot displays j2Al0ðcÞ þ 2j [see Eq. (10)] so that
the eigenvalues appear in their sorted order. The values are
display as functions of the dimensionless angular momentum
a=M which is related to the oblateness parameter by c ¼ aωþ

302,
where ωþ

302 is the complex mode frequency along the TTMR

sequence. The eigenvalue sequence corresponding to the actual
f3; 0; 2gmode sequences is displayed as the thick black line. The
inset figure show the plot along the full range of a, while the full
plot show the behavior for small values of a.

FIG. 26. 12 sequences from the large set of sequences in
Fig. 39. See the caption for this figure for additional details. The
sequences labeled by L̄ have leading asymptotic behavior
icð2L̄þ 1Þ. Those labeled by L̂ have leading asymptotic behav-
ior −c2.

FIG. 27. The same 12 sequences displayed in Fig. 26, but now
plotting Im½2Al0ðcÞ þ c2�. The sequences labeled by L̂ have
leading asymptotic behavior−c2, so this plot displays the next-to-
leading order behavior of these sequences. The dashed lines take
on values of 2ð2iþ 1Þ ImðcÞ for 0 ≤ i ≤ 4, where the oblateness
parameter c ¼ aωþ

302ðaÞ, and ωþ
302ðaÞ is the complex mode

frequency along the TTMR sequence.
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and positive in each plot. The smoothness of the eigen-
function as it varies along the sequence can be verified in
Fig. 40, found in Appendix A, which plots the real part of
the first 10 expansion coefficients 2Al30ðaωþ

302ðaÞÞ. Each
coefficient varies smoothly as a function of a, showing that
the PSL-C yields a smooth sequence of eigenfunctions.
Finally, Fig. 41 in Appendix A illustrates that the phase
difference between PSL-C and PCZ-SL is smooth and rather
large for all values of a along the TTMR f3; 0; 2g sequences.
However, we see that the PSL-Ind phase-fixing scheme does
not yield a smooth sequence, as the L̄ ¼ 1 sequences does
experience a crossing near a ¼ M (see Fig. 26).
For the second example, we choose the L̂ ¼ 1 sequence

which is the second element in the set of eigenvalues which
behaves asymptotically like −c2. This case presents similar
challenges to those encountered in the L̂ ¼ 0 sequence
from TTMR f2; 2; 2g. Again, this sequence is not part of
any QNM or TTM solution, but is an element of the set of
eigensolutions associated with the TTMR f3; 0; 2g
sequence which takes the path cðaÞ ¼ aωþ

302ðaÞ with
0 < a ≤ 1. Figure 29 presents the behavior of the eigen-
function 2S30ðx; cÞ at two different values of c along the
L̂ ¼ 1 sequence. Because this sequence does not extend to
c ¼ 0, but does extend to asymptotically large values of jcj,
we use the L̂ ¼ 1 asymptotic behavior to fix l ¼ 3
everywhere on this sequence for the PSL-C and PCZ-SL
phase-fixing schemes. We have labeled the two different
sequences of eigenfunctions in Figs. 28 and 29 as 2S30ðx; cÞ
using l ¼ 3 for both, and we must be careful to avoid

confusing the two solutions. Also, since the solutions along
L̂ ¼ 1 also use l ¼ 3, the PSL-C scheme will also fix the
phase so that ∂x2S30ðx; cÞjx¼0 is real and positive. Imposing
this phase choice will become problematic for large values
of jcj as shown in Fig. 30 which plots the magnitude of the
eigenfunction at x ¼ 0. The magnitude decays exponen-
tially with increasing jcj, so it will eventually become
difficult to accurately set the phase based on the value of
the derivative of the function at x ¼ 0. As described in
Sec. III B, our approach within PSL-C in this situation is to
abandon trying to use the behavior at x ¼ 0 to fix the phase
and fall back to using the PCZ approach. This transition is
controlled by a threshold currently set to 10−10, and is
marked in Fig. 30 by the vertical dashed line.

FIG. 28. The functions 2S30ðx; cÞ for c ¼ 5.77 − 3.73i,
19.9 − 13.4i, and 112: − 66.5i are shown, respectively, in the
upper, middle, and lower plots of the figure. All satisfy PSL-C.

FIG. 29. The functions 2S30ðx; cÞ for c ¼ 5.77 − 3.73i and
25.1 − 16.4i are shown, respectively, in the upper and lower plots
of the figure. All satisfy PSL−C.

FIG. 30. Log plot of the magnitude of the eigenfunction

2S30ðx; cÞ for L̂ ¼ 1 at x ¼ 0 along c ¼ aωþ
302ðaÞ, and

ωþ
302ðaÞ is the complex mode frequency along the TTMR

sequence. The vertical dashed line marks the threshold
(10−10), where PSL-C determines ∂x2S30ðx; cÞjx¼0 ≈ 0, cannot
fix the phase using Eq. (35), and begins to fix the phase
using PCZ-SL.
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Discontinuously changing the phase fixing scheme in this
way will lead to a discontinuity in the behavior of the
eigenfunction as we move along the sequence. This can be
seen in Fig. 42, found in Appendix A, which plots the real
part of the first 5 expansion coefficients 2Al30ðaωþ

302ðaÞÞ for
L̂ ¼ 1. Each coefficient varies smoothly as a function ofa for
log10ða=MÞ ≳ −3.8, but changes discontinuously near−3.8.
This discontinuity can also be seen in phase differences

between the PSL-C and other phase choices. Figure 43 in
Appendix A displays two phase differences along the
L̂ ¼ 1 sequence. In the upper plot, we display the difference
between thePSL-C andPCZ-SL phase choices as a function of
a along the sequences. The phase difference varies smoothly
for large values of a down to log10ða=MÞ ≈ −3.8where the
PSL-C scheme discontinuously changes its behavior as
described above to its fallback behavior of using the PCZ
scheme. In the lower plot, we display the difference between
the PSL-C and PSL-Ind phase choices. Note the large number
of discontinuous changes that occur due to themany crossing
that can be seen in Fig. 39. The L̂ ¼ 1 sequence is second
from the left among those growing as jcj2 in the figure. At
each crossing, the value of l for the PSL-Ind scheme changes
discontinuously. While gaps in both plots are due to
restricting the phase difference to ð−π; π�, the other dis-
continuities are real.
As before, we compared the phase fixed versions of each

expansion coefficient for each solution on many sequence
using Eq. (30) to verify that each condition is satisfied. For
sequences with leading asymptotic behavior icð2L̄þ 1Þ,
the examined sequences (L̄ ¼ 0, 1, 2, 3) all satisfy the basic
symmetries when phase fixed using any of the PSL or PCZ
phase choices. But, the PMath phase choice fails to satisfy
the symmetries in Eqs. (29a) and (29b) for the reasons
described in Sec. III for all cases except L̄ ¼ 0. For the
sequences with leading asymptotic behavior −c2, the non-
degenerate sequences (L̂ ¼ 0, 1) have the same behavior,
except that PMath fails for both sequences.
For the degenerate sequences which we examined

(L̂ ¼ 2, 3, 4, 5), we also find that all phase fixing schemes
fail the symmetry in Eq. (29a) for sufficiently large values
of jcj along the sequences. This failure occurs because the
current algorithm which combines results from eigensys-
tem solutions at each value of c into continuous sequences
is not properly choosing from the two nearly degenerate
eigenvalues, as described in more detail above at the end of
the TTMR example with l ¼ 2, m ¼ 2, n ¼ 2.

C. Public data files

A large number of gravitational QNM and TTM sequen-
ces, including all those discussed in Secs. IVA and IV B, are
publicly available for download as HDF5 [53] files through
Zenodo [27].Bydefault, all of the sequences have beenphase
fixed base on the PSL-C scheme, but each sequence includes
all of the information needed to easily use any of the PSL or

PCZ schemes. Each sequence extends over all allowed values
of a with a maximum step size of 0.001M, but an adaptive
stepping algorithm was used to resolve arbitrarily complex
paths through the complex frequency space. Finally, none of
the sequences in these HDF5 files are affected by the
uncertainty associatedwith asymptotically degenerate eigen-
values as explored in Sec. IV B.
Data files exist corresponding to each available

overtone for the QNMs, TTMLs, and TTMRs. The
names are KerrQNM_NN.h5, KerrTTML_NN.h5, and
KerrTTMR_NN.h5, where NN designates the overtone
number (with a leading zero when needed). Individual
sequences are stored hierarchically using HDF5 groups
which have the logical structure of folders. In all cases, the
file contains a single top level group named nNN and it
contains HDF5 groups for each available azimuthal index
name m � MM where MM designates the azimuthal index
number (with a leading zero when needed). Within each
azimuthal subgroup are the HDF5 datasets for each
available polar index l, with each named fl;m;ng.
Here, l, m, and n are simply index values with no leading
zeros, and an explicit minus sign on m when needed. The
overtone n is usually just the index value. However, when
overtone multiplets exist, they are stored as separate HDF5
datasets, and overtone has the form fn; 0g or fn; 1g.
For example, the f2; 2; 0g QNM sequence would be
accessed as KerrQNM00:h5=n00=m þ 02=f2;2;0g,
The f3; 0; 10gTTMR multiplet would be accessed as
KerrTTMR01:h5=n01=m þ 00=f3; 0; f1;0gg, and the
f16;−10; 13g QNM sequence would be accessed
as KerrQNM13:h5=n13=m − 10=f16;−10;13g.
The format of each dataset is the same for all entries.

Each row in a dataset contains all the information
about a mode at a specific value of a along the
sequence. The contents of each row are listed in Table I.

TABLE I. The data stored in each row of an HDF5 dataset for a
Kerr mode sequence. Complex values are stored as two con-
secutive real values. L is the zero-based index of the given

sAlmðaωþ
lmnÞ in the sorted set of all eigenvalues, where the

values are sorted based on jsAlmðaωþ
lmnÞ þ sj. PSL-Ind is the

complex phase factor required to convert data to PSL-Ind.
The remaining columns contain the complex expansion coef-
ficients sAl̂lmðaωþ

l;m;nÞ.

Column(s) Value(s)

1 a=M
2, 3 Re; Im½Mωþ

lmn�
4, 5 Re; Im½sAlmðaωþ

lmnÞ�
6 L
7, 8 Re; Im½PSL-Ind�
9, 10 Re; Im½sAlminlmðaωþ

lmnÞ�
11, 12 Re; Im½sAðlminþ1Þlmðaωþ

lmnÞ�
..
. ..

.
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The expansion coefficients sAl̂lmðaωþ
l;m;nÞ require the

majority of the storage space for each solution. The
stored values are phase fixed to PSL-C, and the value of
l̂ for the first coefficient is lmin ¼ maxðjsj; jmjÞ. Each
row contains the same range of values for l̂ based on
the maximum number needed to represent any solution
in the sequence, and values are padded with zeros as
necessary. These expansion coefficients can be easily
modified for any other desired phase-fixing scheme. The
value of l can be used to convert to PCZ-SL by ensuring
that sAllmðaωþ

l;m;nÞ is real and positive. The index L is
the zero based index for sAlmðaωþ

lmnÞ within the set of
sorted eigenvalues, where the values are sorted based on
jsAlmðaωþ

lmnÞ þ sj as described in Sec. II D. This value
of L can be used to determine the correct value of l̂ for
converting to PCZ-Ind. Since the conversion to PSL-Ind is
complicated, we provide this required conversion fac-
tor PSL-Ind.
Below, we give details for the available sequences.

1. QNM sequences

A total of 4917 phase-fixed QNM sequences are avail-
able through Zenodo [27] and cover overtones from n ¼ 0
through n ¼ 32. The first 16 overtones, n∈ f0; 1;…; 15g,
include all 2lþ 1 values of the azimuthal indexm for polar
indices l∈ f2; 3;…; 16g. Each solution has been com-
puted with a requested absolute error of 10−12, and the
values for ωlmn and sAlmðaωþ

lmnÞ should be accurate to
that level. The next 17 overtones, n∈ f16; 17;…; 32g,
include all 2lþ 1 values of the azimuthal index m for
polar indices l∈ f2; 3; 4g. Each solution has been com-
puted with a requested absolute error of 10−8, and the
values for ωlmn and sAlmðaωþ

lmnÞ should be accurate to
that level. Details of these solutions18 can be found in
Refs. [12,47].
Most sequences cover the full range of possible

values of the angular momentum per unit mass
0 ≤ a < M. Each sequence is discretized with a step
size of Δa ≤ 0.001M, and adaptive stepping is used to
ensure that complicated trajectories through the complex
ω plane are well resolved. A small number of sequences
exist which do not cover the full range of a. The
existence of these unusual sequences led to the intro-
duction of overtone-multiplet notation in Ref. [12] in
order to group together sequences which seemed to
share certain properties. All of these sequences contain
mode frequencies which are either on, or approach, the
negative imaginary axis (NIA) of the complex frequency
plane. Cook and Zalutskiy [47] used Pincherle’s theo-
rem to conclude that QNM solutions can only exist on
the NIA in the form of polynomial solutions, and that

this accounts for the incompleteness of some sequences.
Other research has explored the existence of unconven-
tional QNMs [54,55], and recently Chen et al. [38] have
developed an approach for computing unconventional
QNMs which seem to complete the QNM sequences
that, to date, had not covered the full range of a. To our
knowledge, these results have not been independently
verified, and doing so is beyond the scope of this work.
We, therefore, simply acknowledge this work and
inform anyone using these datasets that they may be
incomplete. All of the sequences which may be incom-
plete can be found in Ref. [47] in the notation used in
the publicly available data files.

2. TTM sequences

A total of 161 phase-fixed TTML, and 161 phase fixed
TTMR sequences are available through Zenodo [27].
TTMs do not have conventional overtones in the same
sense that QNMs do. However, there are 3 known distinct
families of TTMs and Cook and Lu [45] adopted the
notation of using the overtone index to denote TTM
families. All overtone families of the TTMs have been
computed for polar indices l∈ f2; 3;…; 8g. The first 2
families of overtones, denoted by n ¼ 0 and n ¼ 1,
exhibit a symmetry in which the two families of solutions
ω� are degenerate. That is, ω−

lmn ¼ ωþ
lmn for the n ¼ 0

and n ¼ 1 families of TTMs. Since all modes obey the
symmetry that ω−

lmn ¼ −ðωþ
lð−mÞnÞ�, this means that the

full set of modes can be fully represented by the lþ 1
values of m ≥ 0. The n ¼ 2 family does not exhibit the
same degeneracy and includes all 2lþ 1 values of the
azimuthal index m for each l. Each solution has been
computed with a requested absolute error of 10−8, and
the values for ωlmn and sAlmðaωþ

lmnÞ should be accurate
to that level. Details of these solutions can be found in
Refs. [45].
The n ¼ 0 family of sequences cover the full range of

possible values of the angular momentum per unit mass
0 ≤ a ≤ M. The n ¼ 1 and n ¼ 2 families of sequences
cover the range of possible values of the angular
momentum per unit mass 0 < a ≤ M. For these 2
families, the mode frequency of the Schwarzschild limit
is at complex infinity, so these sequences only approach
a ¼ 0 asymptotically. Each sequence is discretized with
a step size of Δa ≤ 0.001M, and adaptive stepping is
used to ensure that complicated trajectories through the
complex ω plane are well resolved. The m ¼ 0 sequen-
ces of both n ¼ 0 and n ¼ 1 families are stored as
overtone multiplets, however, this is not because of any
difficulty approaching, or crossing, the NIA. All of
these sequences contain segments in which the mode
frequency is purely imaginary from a ¼ 0 to some
critical value of a where the sequence of mode frequen-
cies discontinuously turns to take on fully complex18Except for the case n ¼ 32.

CHOOSING THE PHASE FOR THE SPIN-WEIGHTED … PHYS. REV. D 114, 064052 (2026)

064052-23



values. Overtone multiplets have been used in this
instance to simply separate these two different portions
of the full sequence.

V. DISCUSSION

The SWSFs and SWSHs are an important class of
special functions for black-hole perturbation theory, and
in other areas, but they are challenging to work with. In
general, the separation constant sAlmðcÞ and its associ-
ated SWSF sSlmðx; cÞ must be computed numerically.
Most of the attention in the literature has focused on
computation of the separation constant sAlmðcÞ, or
analytic approximations of it in the large- and small-
jcj limits. When working with the SWSFs, it has been
generally assumed that the phase choice for each function
is not important. This assumption is true in many
situations, but if phase differences are considered
between quantities that depend of different SWSFs, then
the choice of phase can make a difference.
In this paper, we have considered the implicit phase

choice imposed by a general eigenvalue solver (PMath
when Mathematica’s Eigensystem is used) when a
spectral method is employed to solve the eigensystem.
We have also looked at the Cook-Zalutskiy phase choice
PCZ. Both choices will yield reasonable behavior so long
as jcj is not too large, but both approaches can result in
discontinuous behavior for the phase along sequences of
solutions. The discontinuous behavior of PMath was
explicitly illustrated in Fig. 2. The behavior of the phase
along sequences can be important when using discrete
(tabulated) data along a sequence if interpolation to
intermediate values is necessary. It is, therefore, not
advisable to rely on any implicit phase choice such
as PMath.
The PCZ-SL phase choice will, in almost all cases

yield a continuous phase along sequences of solutions,
but there is a failure mode where either of the PCZ
phase choices will simply fail. This failure mode occurs
anywhere sAllmðcÞ ¼ 0 along a sequence. While pos-
sible, the failure mode in PCZ-SL is highly unlikely to
happen and we have not seen an explicit example of it
anywhere among the sequences we have considered. If it
did occur somewhere along a sequence, then the SWSF
would undergo a 180° phase change at this point. Such a
change is relatively easy to correct, and doing so would
ensure that the phase of a sequence of SWSFs remains
continuous. Thus, the PCZ-SL is a reasonable choice
when phase-continuous sequences of SWSFs are
required.
While the PCZ scheme is reasonable, it is largely

motivated by a specific numerical solution scheme. If
the spectral approach for solving the angular Teukolsky
equation is not used, then the PCZ scheme requires the
accurate computation of at least one integral in order to
determine sAllmðcÞ. As an alternative, we have

proposed the spherical limit phase choice PSL, and in
particular its continuous variant PSL-C, as a more
generally motivated phase choice. We have demon-
strated that PSL-C ensures that the phase of each
SWSF sSlmðx; cÞ changes smoothly along a sequence
of solutions in all but the most extreme of circum-
stances. Like the PCZ scheme, there is an anomalous
situation which can lead to a discontinuous phase choice
when both sSlmð0Þ ¼ 0 and ∂xsSlmðx; cÞjx¼0 ¼ 0 for
some specific value of c. This failure mode is also
highly unlikely to happen and we have not seen an
explicit example of it anywhere among the sequences
we have considered. Just as with PCZ-SL, if it did occur
somewhere along a sequence, then the SWSF would
again undergo a 180° phase change at this point. Such a
change is, again, relatively easy to correct.
Because the PSL-C scheme is designed to extend to finite

values of jcj the same behavior at the equator (x ¼ 0) found
in the spherical limit, we believe that the PSL-C scheme is
better, and more generally well motivated, than the PCZ
scheme. Compared to the cost of solving the eigensystem, it
is not computationally expensive to implement the scheme.
We, thus, propose that the PSL-C scheme should be adopted
as the preferred phase-fixing scheme for SWSFs and
SWSHs. We conjecture that this new phase choice may
provide an advantage when mapping ringdown fitting
results to the space of progenitor systems. Verifying this
conjecture will likely require highly accurate numerical
simulation waveforms, and is beyond the scope of
this paper.
We have made publicly available a large number of

tabulated QNM and TTM mode sequences in which
the SWSFs have been phase-fixed using PSL-C and tested
to ensure continuity of the phase choice [27]. We have
also made publicly available the SWSpheroidal
Mathematica Paclet [49] which includes two independent
methods for numerically solving the angular Teukolsky
eigensystem. These two independent methods have been
tested against each other and yield results that are identical,
limited only by the requested precision and accuracy of the
solutions.
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APPENDIX A: ADDITIONAL FIGURES
RELEVANT TO SEC. IV

13 figures associated with several examples discussed
in Secs. IVA and IV B are included in this appendix for
completeness. They provide additional details for some of

these examples, but are qualitatively similar to certain
plots in the main text.

APPENDIX B: THE SWSPHEROIDAL
MATHEMATICA PACLET

The SWSpheroidal Mathematica Paclet is included
in the larger KerrModes suite of publicly available
Mathematica Paclets [49]. It includes two independent
approaches for obtaining solutions of the angular
Teukolsky equation Eq. (2). The first approach is to
solve a discrete eigenvalue problem based on the spectral

FIG. 31. The first 10 eigenvalues for s ¼ −2 andm ¼ 0 along a
sequence of values of c obtained from the QNM mode sequence
f3; 0; 0g. The plot displays j−2Al0ðcðaÞÞ − 2j so that the eigen-
values appear in their sorted order. The values are display as
functions of the dimensionless angular momentum a=M which is
related to the oblateness parameter by c ¼ aωþ

300, where ωþ
300 is

the complex mode frequency along the QNM sequence. The
eigenvalue sequence corresponding to the actual f3; 0; 0g mode
sequences is displayed as the thick black line.

FIG. 32. The phase difference between the functions

−2S30ðx; aωþ
300ðaÞÞ which have been phase fixed using different

schemes. In the top plot, the functions have been phase fixed
using PSL-C and PCZ-SL. In the bottom plot, the functions have
been phase fixed using PSL-C and PSL-Ind.

FIG. 33. The real part of the first 5 expansion coefficients

−2Al30ðaωþ
300ðaÞÞ are plotted to demonstrate that the expansion

coefficients are smooth functions of a for the PSL-C phase choice.

FIG. 34. The first 10 eigenvalues for s ¼ −2 andm ¼ −2 along
a sequence of values of c obtained from the QNMmode sequence
f2;−2; 13g. The plot displays j−2Alð−2ÞðcðaÞÞ − 2j so that the
eigenvalues appear in their sorted order. The values are display as
functions of the dimensionless angular momentum a=M which is
related to the oblateness parameter by c ¼ aωþ

2ð−2Þ13, where

ωþ
2ð−2Þ13 is the complex mode frequency along the QNM

sequence. The eigenvalue sequence corresponding to the actual
f2;−2; 13g mode sequences is displayed as the two thick black
lines. The left portion corresponds to the f2;−2; 130g multiplet,
and the right portion to the f2;−2; 131g multiplet. See Fig. 8 for
additional context.
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method developed by Cook and Zalutskiy [12]. The
second approach loosely follows the approach introduced
by Fiziev [37] (see also Chen et al. [38]) and uses the
Mathematica routine HeunC to directly express general
solutions of the angular Teukolsky equation. Both
approaches will be described in more detail below and
produce essentially identical results to very high
precision.

1. The spectral solver

Full details of the implementation of the spectral solver
can be found in Ref. [12]. Summarizing, Eq. (2) is
transformed into a discrete eigenvalue problem by inserting
Eq. (13b) after truncating the series to N terms. An N × N
pentadiagonal matrix is obtained and solved numerically

using the Mathematica routine Eigensystem. A subset
of the returned eigensolutions will be highly accurate
approximations to the exact solutions of Eq. (2), with
the components of the eigenvector being the expansion
coefficients sAl̂lmðcÞ with l̂ corresponding to the eigen-
vector component index.
This approach is implemented in the routine

SpinWeightedSpheroidal[m,s,c,N], where m
is the azimuthal index, s is the spin weight, c is the
complex oblateness parameter, and N is the size of
the matrix. The accuracy of solutions is limited by the
precision used to express c and by the size of the matrix.

FIG. 35. The phase difference between the functions

−2S2ð−2Þðx; aωþ
2ð−2Þ13ðaÞÞ which have been phase fixed using

different schemes. In the top plot, the functions have been phase
fixed using PSL-C and PCZ-SL. In the bottom plot, the functions
have been phase fixed using PSL-C and PSL-Ind.

FIG. 36. The real part of the first 10 expansion coefficients

2Al22ðaωþ
222ðaÞÞ for L̄ ¼ 0 are plotted to demonstrate that the

expansion coefficients are smooth functions of a for the PSL-C
phase choice.

FIG. 37. The phase difference between the functions

2S22ðx; aωþ
222ðaÞÞ along L̄ ¼ 0 which have been phase fixed

using different schemes. In the top plot, the functions have been
phase fixed using PSL-C and PCZ-SL. In the bottom plot, the
functions have been phase fixed using PSL-C and PSL-Ind.

FIG. 38. A large number of eigenvalues for s ¼ 2 and m ¼ 0
along a sequence of values of c obtained from the TTMR mode
sequence f3; 0; 2g. The plot displays sequences of Reð2Al0ðcÞÞ
as functions of jcj where the oblateness parameter c ¼ aωþ

302ðaÞ,
and ωþ

302ðaÞ is the complex mode frequency along the TTMR

sequence. The eigenvalue sequence corresponding to the actual
f3; 0; 2g mode sequences is displayed as the thick black line.
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Using Mathematica’s extended precision mathematics and
a sufficiently large matrix size, highly accurate solutions
can be obtained. SpinWeightedSpheroidal returns
the eigenvalues and eigenvectors in the same standard
format used by the built-in function Eigensystem, but
the solutions have been reordered based on the magnitude
of the eigensolutions jsAlmðcÞ þ sj.
Because of the finite truncation of Eq. (13b) some of

the eigensolutions returned by SpinWeighted-
Spheroidal will not be accurate. It is important to
verify that the eigenvector for a solution is accurately
representing sSlmðx; cÞ via Eq. (13b) before trusting either
the eigenvalue or the expansion coefficients. If the matrix
size N has been chosen large enough for a given eigenso-
lution to be in the convergent regime, then the magnitudes
of the components of the eigenvector should be decreasing
exponentially and the last few elements of the eigenvector
should be negligible.
There are several additional auxiliary routines associated

with the spectral solver. Most important among these are
SWSFfixphase which computes the phase factor Pa
needed to impose a given phase-fixing scheme Pa on the
solutions returned by SpinWeightedSpheroidal,
and SWSFvalues which computes values for sSlmðx; cÞ
over the range −1 ≤ x ≤ 1.

2. The confluent Heun solver

The angular Teukolsky equation is an example of a
confluent Heun equation. Following the notation used
in Refs. [12,57], the confluent Heun equation can be
written as

d2HðzÞ
dz2

þ
�
4pþ γ

z
þ δ

z − 1

�
dHðzÞ
dz

þ 4αpz − σ

zðz − 1Þ HðzÞ ¼ 0; ðB1Þ

and local solutions at the regular singular points z ¼ 0 and
z ¼ 1 can be expressed in terms of the confluent Heun
functionHcðaÞðp; α; γ; δ; σ; zÞ, while the local solution at the
irregular singular point z ¼ ∞ is expressed in terms of
HcðrÞðp; α; γ; δ; σ; zÞ. These solutions are defined explicitly
by Eqs. (15)–(19) in Ref. [12]. Additional details on expres-
sing the angular Teukolsky equation as a confluent Heun
equations can be found in Secs. II B and II D of Ref. [12].19

FIG. 39. A large number of eigenvalues for s ¼ 2 and m ¼ 0
along a sequence of values of c obtained from the TTMR mode
sequence f3; 0; 2g. The plot displays sequences of j2Al0ðcÞ þ 2j
[see Eq. (10)] so that the eigenvalues appear in their sorted order.
The values are display as functions of jcj where the oblateness
parameter c ¼ aωþ

302ðaÞ, and ωþ
302ðaÞ is the complex mode

frequency along the TTMR sequence. The eigenvalue sequence
corresponding to the actual f3; 0; 2gmode sequences is displayed
as the thick black line.

FIG. 40. The real part of the first 10 expansion coefficients

2Al30ðaωþ
302ðaÞÞ for L̄ ¼ 1 are plotted to demonstrate that the

expansion coefficients are smooth functions of a for the PSL-C
phase choice.

FIG. 41. The phase difference between the functions

2S30ðx; aωþ
302ðaÞÞ along L̄ ¼ 1 which have been phase fixed

using different schemes. In the top plot, the functions have been
phase fixed using PSL-C and PCZ-SL. In the bottom plot, the
functions have been phase fixed using PSL-C and PSL-Ind.

19There is an error in the text immediately preceding Eqs. (45d)
and (45e) of Ref. [12]. There are only 4 possible combinations.
The same sign choice must be made for both s and m in both
equations.
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Solutions of the angular Teukolsky equation which
are regular at either x ¼ �1 can be written in a number
of ways in terms of the confluent Heun function
HcðaÞðp; α; γ; δ; σ; zÞ, and Mathematica implements this
via the built-in function HeunC. We note thatMathematica
uses a slightly different notation for the confluent
Heun function. In Mathematica, it is written as

HeunC½q; α; γ; δ; ϵ;z� ¼ HcðaÞðϵ=4; α=ϵ; γ; δ; q; zÞ: ðB2Þ

There are 4 fundamental ways to express the angular
Teukolsky functions which are regular at x ¼ 1:

sSlmðx; cÞ ∝ ecxð1 − xÞmþs
2 ðxþ 1Þm−s

2 HeunC

�
sAlmðcÞ þ c2 − 2cðmþ 2sþ 1Þ −mðmþ 1Þ þ sðsþ 1Þ;

− 4cðmþ sþ 1Þ; mþ sþ 1; m − sþ 1;−4c;
1 − x
2

�
; ðB3aÞ

sSlmðx; cÞ ∝ ecxð1 − xÞmþs
2 ðxþ 1Þ−m−s

2 HeunC
�
sAlmðcÞ þ c2 − 2cðmþ 2sþ 1Þ;

− 4cð2sþ 1Þ; mþ sþ 1; s −mþ 1;−4c;
1 − x
2

�
; ðB3bÞ

sSlmðx; cÞ ∝ ecxð1 − xÞ−mþs
2 ðxþ 1Þ−m−s

2 HeunC

�
sAlmðcÞ þ c2 þ 2cðm − 1Þ −mðm − 1Þ þ sðsþ 1Þ;

4cðm − s − 1Þ;−m − sþ 1; s −mþ 1;−4c;
1 − x
2

�
; ðB3cÞ

sSlmðx; cÞ ∝ ecxð1 − xÞ−mþs
2 ðxþ 1Þm−s

2 HeunC

�
sAlmðcÞ þ c2 þ 2cðm − 1Þ þ 2s;−4c;−m − sþ 1; m − sþ 1;−4c;

1 − x
2

�
:

ðB3dÞ
Equations (B3a) and (B3b) are regular at x ¼ 1 for mþ s ≥ 0, while Eqs. (B3c) and (B3d) are regular there for mþ s ≤ 0.
Using the identity

HeunC½q; α; γ; δ; ϵ; z� ∝ e−ϵzHeunC½q − ϵγ; α − ϵðγ þ δÞ; γ; δ;−ϵ; z�; ðB4Þ
it is possible to construct 4 additional regular solutions where the exponential term is e−cx. We find that Eq. (B3) yield the
most accurate results when ReðcÞ ≥ 0 while the corresponding 4 equations transformed by Eq. (B4) yield the most accurate

FIG. 42. The real part of the first 5 expansion coefficients

2Al30ðaωþ
302ðaÞÞ for L̂ ¼ 1 are plotted to demonstrate how the

PSL-C scheme can lead to nonsmooth behavior along the
sequence when the eigenfunction becomes very small at
x ¼ 0. Note the discontinuous behavior at log10ða=MÞ ≈ −3.8
where the derivative of the function becomes too small to
accurately set the phase.

FIG. 43. The phase difference between the functions

2S30ðx; aωþ
302ðaÞÞ along L̂ ¼ 1 which have been phase fixed

using different schemes. In the top plot, the functions have been
phase fixed using PSL-C and PCZ-SL. In the bottom plot, the
functions have been phase fixed using PSL-C and PSL-Ind.
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results when ReðcÞ < 0. We also find that, for any given s and m, the most accurate results are obtained when sSlmðx; cÞ is
evaluated using the version of Eq. (B3) where the powers of the remaining prefactors are positive. That is, when the

prefactors are ð1 − xÞjmþsj
2 ðxþ 1Þjm−sj

2 .
There are also 4 fundamental ways to express the angular Teukolsky functions which are regular at x ¼ −1:

sSlmðx; cÞ ∝ e−cxð1 − xÞmþs
2 ðxþ 1Þm−s

2 HeunC

�
sAlmðcÞ þ c2 − 2cðm − 2sþ 1Þ −mðmþ 1Þ þ sðsþ 1Þ;

− 4cðm − sþ 1Þ; m − sþ 1; mþ sþ 1;−4c;
xþ 1

2

�
; ðB5aÞ

sSlmðx; cÞ ∝ e−cxð1 − xÞ−mþs
2 ðxþ 1Þm−s

2 HeunC

�
sAlmðcÞ þ c2 − 2cðm − 2sþ 1Þ þ 2s;

4cð2s − 1Þ; m − sþ 1;−m − sþ 1;−4c;
1þ x
2

�
; ðB5bÞ

sSlmðx; cÞ ∝ e−cxð1 − xÞ−mþs
2 ðxþ 1Þ−m−s

2 HeunC

�
sAlmðcÞ þ c2 þ 2cðm − 1Þ −mðm − 1Þ þ sðsþ 1Þ;

4cðmþ s − 1Þ; s −mþ 1;−m − sþ 1;−4c;
1þ x
2

�
; ðB5cÞ

sSlmðx; cÞ ∝ e−cxð1 − xÞmþs
2 ðxþ 1Þ−m−s

2 HeunC

�
sAlmðcÞ þ c2 þ 2cðm − 1Þ;−4c; s −mþ 1; mþ sþ 1;−4c;

1þ x
2

�
:

ðB5dÞ

Equations (B5a) and (B5b) are regular at x ¼ −1 for
m − s ≥ 0, while Eqs. (B5c) and (B5d) are regular there
form − s ≤ 0. We find that Eq. (B5) yield the most accurate
results when ReðcÞ ≥ 0 while the corresponding 4 equa-
tions transformed by Eq. (B4) yield the most accurate
results when ReðcÞ < 0. We again find that, for any given s
and m, the most accurate results are obtained when
sSlmðx; cÞ is evaluated using the version of Eq. (B5) where
the powers of the remaining prefactors are positive.
Equation (B3) and their transformed versions yield valid

solutions of the angular Teukolsky equation over the range
−1 < x ≤ 1 for any values of sAlmðcÞ, but are in general
indeterminate at x ¼ −1. Similarly, Eq. (B5) and their
transformed versions yield valid solutions of the angular
Teukolsky equation over the range −1 ≤ x < 1 for any
values of sAlmðcÞ, but are in general indeterminate at
x ¼ þ1. Solutions of the angular Teukolsky equation which
are regular over the full range −1 ≤ x ≤ 1 are only possible
for particular values of sAlmðcÞ. This eigenvalue problem is
solved by finding the values of sAlmðcÞ for which two
solutions, one regular at x ¼ 1 and the other at x ¼ −1,
become linearly dependent. These two solutions are linearly
dependent when their Wronskian vanishes. In principle, the
Wronkian can be formed from any solution from the family
of Eq. (B3) together with any solution from the family of
Eq. (B5). In practice, the most accurate results are obtained
by choosing solutions based on the values of s,m, and c. For
example, ifmþ s ≥ 0,m − s ≥ 0, and ReðcÞ ≥ 0, then it is

most accurate to construct the Wronskian from Eqs. (B3a)
and (B5a) and evaluate the Wronskian at x ¼ 0.
This approach is implemented in the routine

SWSpheroidalWronskianRoot[s,m,c,A], where
s is the spin weight, m is the azimuthal index, c is the
complex oblateness parameter, and A is an initial guess for
the value of the root sAlmðcÞ which will be returned. There
are a countably infinite number of roots of the Wronskian,
labeled by the polar index l, and the initial guess is
necessary to select which root will be found.
Given an accurate value for sAlmðcÞ, the spin-weighted

spheroidal function sSlmðx; cÞ can be accurately evaluated.
This is implemented in the routine SWSFHeun[norm,s,
m,c,A,x], where s is the spin weight, m the azimuthal
index, and c the complex oblateness parameter correspond-
ing to the accurate root of the Wronskian A. SWSFHeun
returns the value of sSlmðx; cÞ at any value of x in the range
−1 ≤ x ≤ 1. Even though an accurate value for sAlmðcÞ is
used in evaluating sSlmðx; cÞ, the solutions from the family
of Eq. (B3) cannot be evaluated at x ¼ −1, and become less
accurate close to x ¼ −1. Therefore, solutions from the
family of Eq. (B3) are only used to evaluate sSlmðx; cÞ in
the range 0 ≤ x ≤ 1. Similarly, solutions from the family of
Eq. (B5) are used to evaluate sSlmðx; cÞ in the range
−1 ≤ x < 0. The Mathematica function HeunC is normal-
ized by HeunC½q; α; γ; δ; ϵ;0� ¼ 1, but this does not
properly normalize the spin-weighted spheroidal function.
The parameter norm is a 2-element list providing the
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normalization and phase factors needed to correctly evalu-
ate the spin-weighted spheroidal function sSlmðx; cÞ.
The normalization is computed by the routine

SWSFHeunNorms[s,m,c,A]which returns a 2-element
list containing the normalization factors for the two differ-
ent functions used to evaluate sSlmðx; cÞ. The first element is
used for the region−1 ≤ x < 0, and the second element is for
0 ≤ x ≤ 1. The normalization factors alone do not yield a
smooth function across x ¼ 0. A consistent phase choice is
computed by the routine SWSFHeunPhases[s,m,l,
c,A] which returns a 2-element list of complex phase
factors. SWSFHeunPhases[s,m,l,c,A] implements
the Spherical Limit phase choice PSL from Sec. III B, and
the parameter l is the polar index l, which can be chosen
to give either the continuous PSL-C or the discontinuous
PSL-Ind phase choices. The element-wise product of
the 2-element lists returned by SWSFHeunNorms and

SWSFHeunPhases can be passed as the norm parameter
of SWSFHeun.
Finally, the routine SWSFHeunExpansionCoefs

[s,m,l,c,A] returns a list of the expansion coefficients

sAl̂lmðcÞ with l̂ corresponding to the list index. These
coefficients can be used to represent the spin-weighted
spheroidal function via Eq. (13b), and are computed by
direct integration using the orthogonality of the spin-
weighted spherical functions. The first element in the
returned list corresponds to l̂ ¼ maxðjmj; jsjÞ, and addi-
tional elements are computed until 1 −

P
l̂ jsAl̂lmðcÞj2 < ε

and jsAl̂lmðcÞj < ε for the last two elements. For default
machine precision calculations, the default value of ε ¼
10−8 is used, but smaller values of ε can be specified if
higher precision calculations are allowed. For example,
ε ¼ 10−15 is typically possible if a working precision of 24
decimal digits is specified.
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