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A representative quantity that characterizes the dynamics of conformal interfaces is the transmission
coefficient, which is defined through correlation functions of the stress tensor. Typically, this coefficient is
complicated and highly dependent on its details. In this work, we introduce a new perspective based on the
notion of a “phantom current”. We have shown that a spin-2 phantom current arising from the folding trick
determines the transmission coefficient. As a result, our framework provides a unified explanation of known
results in minimal models and the free boson, while also yielding concrete predictions for previously

unexplored interfaces.
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I. INTRODUCTION AND SUMMARY

An interface is a codimension-one defect that connects
two (possibly different) quantum field theories. Interfaces
give rise to a wide range of phenomena and have been
actively studied from various perspectives, such as energy
and charge transmission or reflection [1-7], as well as
entanglement and information propagation [6,8—16]. More
recently, it has been recognized that (not necessarily group-
like) topological interfaces can play a role analogous to
symmetries [17], and they have been extensively discussed
in the context of generalized symmetries [18]. Conformal
field theory (CFT), in particular, provides a controlled
laboratory in which all these aspects can be analyzed.
Furthermore, in the AdS/CFT correspondence, interfaces
correspond to branes on the quantum gravity side [19-21],
offering a powerful framework for nonperturbative analyses
of quantum gravity involving branes.

In 1+ 1-dimensional CFTs, a conformal interface is
defined as an interface that preserves the diagonal Virasoro
symmetry [22-24], which translates into the following
boundary condition on the stress tensor:
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where T; and T, denote the holomorphic stress tensors on
the left and right sides of the interface, respectively, while
T, and T denote the corresponding antiholomorphic ones.
Physically, this corresponds to imposing the energy con-
servation law, which states that no energy is absorbed or
emitted at the interface. A central quantitative measure of
interfaces is the transmission coefficient, which encodes
how much energy is transmitted across the interface [1].
The transmission coefficient is controlled by the two-point
function of the stress tensors across the interface [3,25],

T@Ta) =5 Bt @)

The weighted average transmission coefficient defined in [1]
can be expressed in terms of ¢, as

T = Zci, (3)
cp +cp
where ¢; and cy represent the central charges of the left and
right CFTs, respectively. Typically, the transmission coef-
ficient depends intricately on the details of the interface. For
example, the transmission coefficient is generally indepen-
dent of the g function, introduced in [26]. Furthermore, the
transmission coefficient is also independent of the effective
central charge, which measures the amount of information
transmitted [6,12].
This paper develops a general framework that predicts the
transmission coefficient from minimal input data. Motivated
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FIG. 1. The folding trick enables the reinterpretation of
an interface between CFT, and CFT; as a boundary in
CFT; ® CFTk.

by the Gaiotto renormalization group (RG) brane [27,28],
we focus on theories whose folded description contains only
two spin-2 currents; the stress tensor and a spin-2 phantom
current. The phantom current refers to a hidden current that
does not exist in either CFT; or CFTy individually, but
emerges in the tensor product CFT obtained via the folding
trick [22,23,29] (see Fig. 1). The spin-1 phantom current
explains how a CFT without continuous symmetries can
admit a defect conformal manifold [30]. Complementarily,
this article elucidates the role played by the spin-2 phantom
current in interface CFTs.

We demonstrate that the transmission coefficient is com-
pletely determined by the conformal dimension of the phan-
tom current alone. Our framework explains disparate known
results within a single mechanism, including the transmission
coefficient in minimal models [2] and free bosons [1].
Beyond benchmarks, we obtain concrete predictions for
interfaces whose explicit construction is not known, e.g.,
the RG brane for M(2¢g + 1,q) - M(q,2q — 1), provid-
ing testable targets for numerics in nonunitary CFTs.

II. PHANTOM CURRENTS IN MINIMAL MODELS

It is extremely rare to find examples of nontopological
interfaces whose exact constructions are known. Among
the few known examples, one is the Gaiotto RG brane
[27,28], which is an interface between two nearby minimal
models, M(q + 1, g) and M(q, g — 1), connected by the
Zamolodchikov RG flow [31].

The minimal model M(k+3,k+2) is a rational
conformal field theory (RCFT) based on the Virasoro
algebra, characterized by the following central charge:

6
kt2) = - - 4
¢ (k+2)(k+3) )
and spectrum
— )2 2 _ 1 2 _ 1
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The allowed values of the Kac labels (r,s) are given by
1<r<k+2 and 1 <s<k+ 3. Minimal models may

allow nondiagonal modular invariants, but in what follows,
we consider only the diagonal modular invariant.

Minimal models are known to exhibit noninvertible
symmetries generated by Verlinde lines {L (k+2) } [32],
which act on primary states (i.e., Vir ® Vir highest weight
states) as

k+2)

r,s),(p ‘45 (k+2) > (6)
k+2) ’

L1), ( q)

S
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where S (r5).(p2) is the modular S-matrix. This noninvertible

symmetry plays a crucial role in the analysis of the

Zamolodchikov RG flow [27] (for recent progress see

[33,34]). One characteristic property is that L£k1+ 2 com-

(k+2) . Since the Zamolodchikov RG flow

arises from a relevant deformation by the gb(lk;r 2 operator,
this implies that the noninvertible symmetry generated by

{L k+2} remains preserved along the RG flow. This
property manifests in the RG brane as the ability of the

Verlinde lines {L } to pass through it topologically. In
the folded plcture, the corresponding topological line can
topologically end on the RG brane.

Consider an open Verlinde line crossing the Gaiotto

RG brane, ending on ¢<k+] and ¢ P& . Through the folding

(k+2)
rl

mutes with qb

trick, the nonlocal operator ¢lk+1 gb is obtained,

interface boundary

(k+1) ¢(k+2)

(k+1) (k+2)
17 ¢

(k+2)
Lr,l

(k+1)
Ll,r

Folding

Note that in the folded picture, the holomorphic and
antiholomorphic parts of CFT; are interchanged. In the
representation of CFT, ® CFTy, this operator corresponds
to a chiral primary with spin

(r=1)
h= 8
. (8)
In particular, ¢k+] gk1+ 2 is the spin-2 current, i.e., the

phantom current. The presence of the phantom current
enables the interface to mix the stress tensor and the phantom
current through rotations, which in turn enriches the possible
structures of conformal interfaces. In [27], the rotation
matrix is identified by reexpressing the representation of
M(k+2,k+1) ® M(k+3,k+2) in terms of the rep-
resentation of SM(k +3,k+ 1) ® M(4,3), which leads
to the following relation for the stress tensor in the folded
picture:
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k+3 (k+ 1)(k + 3) k—1
(kt1) = — = A
2kt 4 SM v a W oaalw
k+1 (k+ 1)(k+3) k+5
T(k+2): _ —T
2k+4 M 2k +4 2k+4 Y
PTG = (ko 1)k +3)Tsp = 3v/(k+ D)k + 3)Gy = 3(k = 1)(k + 5)T,,. (9)

where Ty and T, are the stress tensors of SM(k + 3,
k 4 1) and M (4, 3), respectively, and G and y correspond to
the free fermion current and the superconformal generator. In
the representation of SM(k+3,k+ 1) @ M(4,3), the
UV-IR map reduces to a simple transformation; y — —.
By translating this back into the representation of
Mk+2,k+1) @ M(k+3,k+2), we finally obtain
the following UV-IR map in the unfolded picture:

T(k+l) T(k+1)
T(k+2) = A T(k+2) (10)
k1), (k42
b g #
where the explicit form of the matrix A is given by
3 (k=1)(k+3) 1
7 2) (k1 4) k(k+2) K(k+2) (k+4)
— | GtD(k+5) 3 1
A= (k+2) (k+4) k(k+2) T k(kT2)(k+4) |- (11)
Skt 1)(kt5) _6(k=D(k+3) | _ _6
k+4 k k(k+4)
One can extract ¢, ; from [A], as
k—1)(k+5
cir = [A]pct?) = w (12)

(k+2)?

This is consistent with the perturbative result given in [2].

III. TRANSMISSION COEFFICIENTS FROM
PHANTOM CURRENTS

Building on the analysis of the Gaiotto RG brane, we
construct a framework that can be applied to more general
theories. Specifically, motivated by the example of minimal
models, we focus on cases in which the folded theory
contains only two spin-2 currents; the stress tensor and a
phantom current. This is for simplicity. In fact, we expect a
similar mechanism to hold even when multiple phantom
currents are present. However, since the number of equa-
tions to be solved increases and the analysis becomes
cumbersome, we do not consider such cases in this paper.
Our goal is to identify the minimal data required to
determine the transmission coefficient, and to clarify the
mechanism by which this determination is achieved.

In the following, we refer to spin-2 currents other than
the ordinary currents with conformal weights (h;, hg) =
(2,0) or (0,2) as phantom currents. We assume that the
theory contains a single phantom current of the form
X = ¢, g, where ¢, and ¢y are primary operators with
conformal dimensions /; and hp, respectively, such that
h; + hg = 2. As seen in the example of the Gaiotto RG
brane, when the folded theory possesses a phantom current,
the conformal interface is allowed to have a structure that
mixes the stress tensor and the phantom current in the
following way:

TL 7_-'L
TR — A TR (13)
X X

For convenience, we introduce undetermined coefficients
a, By, o, f .,y as follows:

TL = (ZTL +ﬁTR + ]/X7

TR = a’TL + ,B/TR + ]//X (14)
We demonstrate that the values of these coefficients are
fixed by the following constraints:

(1) Preserving diagonal Virasoro symmetry:

TL+TR :TL+TR7 (15)
which leads to the constraints
at+d =1, p+p =1, y+y =0, (16)
(i1) Canonical normalization:
(TLERTL W) = 5~ +
w [ cee,
HOTE T -y
_ _ Cr
T T = ,
TeQTal0) = 577
(X)X (W) = —X (17)
Z = cee,
(z=w)*

where c; (cp) is the central charge of the CFT on the
left (right) side of the interface. These imply the
following relations:

045008-3



YUMA FURUTA, YUYA KUSUKI, and TOSHIKI ONAGI

PHYS. REV. D 113, 045008 (2026)

a’c; + Pcr + 2Ny = ¢4, (18)
a?c; + f%cr +2y*Ny = cp. (19)
The normalization Ny > 0 is arbitrary, since the

transmission coefficients are independent of Ny;
(iii) Cluster decomposition principle:

(TL(2)Txr(w)) = 0. (20)

From the coefficient of the fourth-order pole, we
obtain

ad'c; + ppfcg + 2yy’Nxy = 0. (21)

Since this is obtained as a sum (18) + (19), it
provides no additional constraint. From the coef-
ficient of the second-order pole, we obtain

h
ad +yy'Ny—- =0, (22)
‘L
/ / hR
PP +rr'Ny—=0. (23)
R

From Egs. (21)—-(23), we obtain
(2= hg — hg)Nxyy' = 0. (24)

This implies that either h; + hg =2 or y = 0. This is
consistent with the fact that the conformal interface allows
mixing between only spin-2 currents. In the end, among
Egs. (18), (19), (22), and (23), only three are independent,
and their solution is given by the following cases:

Case (a) y =0 and c; # cp:

In this case, (22) and (23) imply

ad =0,

pp =o0. (25)
Thus, the solution to (18) is given by

a=1, p =0, y=0. (26)
This corresponds to a factorized interface (i.e., a totally
reflective interface) [35], which satisfies ¢;x = 0. It indi-
cates that when there is no spin-2 current other than the
stress tensor, no nontrivial interface can be constructed
if ¢, # cp;

Case (b) y =0 and c¢; = cp:

In this case, beyond the solution found in Case (a), the
following additional solution is admissible:

a=0,

=1, y=0. (27)

This solution corresponds to a topological interface (i.e., a
totally transmissive interface), which satisfies ¢; p = ¢; = c;
Case (c) y # 0 and cph; # crhy:
In this case, the solution is given by

_ hi(cgr—cpr)
crhg —cphy 7
CL(hR - hL)

p=

crhg —cphy 7

1/2 _ CLCR(CR - CL)(hR _2hL> . (28)
NX(CRhR - CLhL)

This will later be shown to correspond to the Gaiotto
RG brane. The coefficient ¢, is given by

crcrlhg —h
crg =Peg = (1 —ajc, = ﬁ- (29)

This observation partially addresses the question of what
specific data in the theory determines the transmission
coefficient. In the case where a single phantom current is
present, the transmission coefficient is entirely determined
by its conformal dimension;

Case (d) y #0 and cph; = cphp:

In this case, the system of equations loses rank. From
Egs. (18), (19), (22), and (23), we obtain

(I —a)(cp —cg) =0. (30)

If ¢; # cp, the only allowed solution is the factorized
interface,

y=0. (31)

as in Case (a). If ¢; = cg, one finds a continuous one-
parameter family of solutions

a+p=1, }/zzc—La(l—a), (32)
Nx

which can be parametrized as

a = cos? 20,

B = sin’ 20,

y =+, /:TLX sin 46. (33)

As we will see later, this corresponds to the interface in the
free boson theory. The free boson admits a continuous
family of theories connected by exactly marginal deforma-
tions, and accordingly, the conformal interfaces are para-
metrized by continuous parameters.
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IV. EXAMPLES

A. Minimal models

As input data, we consider the following set of quantities
for the Gaiotto RG brane:

6 6
N D N D
‘L k+ D)k 2) CR (k1 2)(k 1 3)
k k+4
_ 5 e 4
e k42’ R~ %k+2 (34)

With this set, our result (28) remarkably reproduces the
corresponding UV-IR map (11), which provides a justifi-
cation for our phantom current mechanism.

As a nontrivial example, let us consider the brane
corresponding to the RG flow from M(2g+1,q) to
M(q,2q — 1) [36,37]. At present, the explicit construction
of this RG brane is not known, and consequently, the
UV-IR map for spin-2 currents has not been computed. In
fact, the folded theory M(q,2g — 1) ® M(2q + 1, g) con-

tains a spin-2 phantom current of the form ¢E?2,2q—1) gb(ff”l'q).

Therefore, our method allows us to construct the UV-IR map
for the spin-2 currents. Specifically, by substituting the
following input data into Eq. (28):

o 6la=1)7 _ ., _6(g+1)
¢ q2¢-1) °F a2q+1)’
49 -3 4qg +3
hy, = 4q hg = 4 (35)
we obtain
_2(49-3)(3¢* - 1)
o q(R4°-7)
- (9 —2)(2g +1)(4q - 3)
q(32¢° - 7) ’
- 8la=2)(g+2)(4q - 3)(4q + 3)B¢’ 1) (36)

q*(324* - 7)?

Furthermore, the coefficient ¢; z can be computed from this
result as

~ (g=2)(g+2)(4g-3)(49 +3)
CLR = — 22 =) . (37)

Since this is a nonunitary theory, we are currently unable to
provide a precise interpretation of the result. Nevertheless,
we hope that this result may serve as a guiding clue toward
comparison with numerical simulations in nonunitary CFTs.
In fact, given the current lack of understanding of trans-
mission coefficients in nonunitary theories, our general
framework may offer a significant stepping stone toward
further insight. It should be noted, however, that our results
rely on the cluster decomposition principle, which may

suggest that applying our method to (certain) nonunitary
CFTs requires some care or modification.

B. Free bosons

We consider a compact free boson CFT with field
identification ¢ ~ ¢ + 2zR, whose action is given by

1 _
§=— / d*z0¢op. (38)
87
The holomorphic/antiholomorphic stress tensors are

T:—%:a¢a¢:, T:—%:E(j)écp:. (39)
This theory admits an exactly marginal deformation
generated by —d¢d¢gp, which changes the compactification
radius as R — R’ = Re™. In the folded theory consisting
of free bosons before and after the deformation, there
exists a local spin-2 phantom current constructed from the
u(1) current id¢, given by X = —d¢; dpg. The interface
connecting the undeformed and deformed theories has
been constructed in [24,38], which glues the left/right

currents as
a¢L> <5¢L>
_ =5 , 40
(a¢R “\ o “0)

where S, is the gluing matrix parametrized by 6 with
tan = e™ as

cos260 +sin26
Se=-{ . : (41)
sin20 F cos26

From this, we find that the rotation matrix for the spin-2
currents takes the following form:

cos?260 sin?20 5040
Ay = | sin?20 cos?20 FuL . (42)
sin4d —sin40 F cos4é.

It follows that the transmission coefficient is c; z = sin? 26,
in agreement with [1].

We now demonstrate that this is reproduced by our
phantom current mechanism. The required input data are as
follows:

CL:CRZI, hL:hRII. (43)
This corresponds to Case (d) in our classification of the
solutions. We have shown that the solution in this case is
given by a continuous family, as in (33), which exactly
matches the gluing matrix in (42). This confirms that our
mechanism correctly captures not only the Gaiotto RG
brane but also a broader class of interfaces.
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V. DISCUSSIONS

In this work, we have developed a general framework for
determining the transmission coefficient across a conformal
interface. This framework encompasses a broad class of
models, including prominent examples such as minimal
models and the free boson CFT. However, in this letter, to
highlight the essence of the proof, we remove inessential
complications by assuming that there are only two spin-2
currents, i.e., a unique stress tensor and a single phantom
current. In more general cases, one has to solve more
equations, yet we expect the same mechanism to go
through. Another possibility not captured by our mecha-
nism is the case where the spin-2 phantom current does not
factorize into two primaries; for example, the Oshikawa-
Affleck defect [23]. In fact, this can still be determined by
almost the same mechanism, as discussed in the Appendix.
Extending the classification to a broader class is an
important direction.

While we have focused in particular on the transmission
coefficient, the framework presented here is expected to be
applicable also to the determination of other quantities,
such as the effective central charge, c.; [6,8,10-12,15].
Furthermore, the mechanism obtained in this work yields a
universal fusion rule for the transmission coefficient, which
may provide a new approach to understanding the fusion of
nontopological interfaces [39—41]. We hope to report the
details, together with justification based on numerical
calculations, in a future paper.

We introduced the concept of the spin-2 phantom current
and discussed its role. We expect that the benefits of this new
concept will extend beyond merely determining the trans-
mission coefficient. A particularly intriguing direction is to
develop a systematic algebraic framework for the spin-2
phantom current and apply it to the explicit construction of
new interfaces, which we hope to report on in the future.
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APPENDIX: SPIN-1 PHANTOM CURRENT

In this section, we consider the situation in which the
folded theory has a single spin-1 phantom current j(z) =
wiwr(z) (and its antiholomorphic counterpart). The sim-
plest example of such a theory is the Ising CFT, which has

three primary operators, I, o, and €, and three Verlinde lines,
1, , and V. The line 7 corresponds to the anomaly-free Z,
symmetry, and the twisted Hilbert space H,, consists of three
primaries,

Yio-  Wol AL (Al)
Here, y and i are left- and right-moving Majorana fermions.
In the folded theory, the diagonal Z, twisted Hilbert space
possesses the following spin-1 currents:

J=WLWg, J =Wk (A2)

In this case, a phantom symmetry,

U, = eiﬁ'fﬁj(z) + e—ie fszij(Z)’ (A3)
exists, allowing deformations such that the boundary con-
dition T, + T =T, + Tk holds on the defect for the
topological defects 1, 5, and V, yielding a defect conformal
manifold [30].
The key point in our discussion is the existence of the
spin-2 operators. The operator
ijL X CRTL —CLTR (A4)
is a primary operator of conformal dimension (2,0) with
respect to Vir x Vir in CFT, x CFT, which determines
the transmission coefficient. When a spin-1 current exists,
we can construct an n-twisted (2,0) primary field in addition
to this operator [30],
W™ o hgdy yr — hpy owg. (AS)
This W~ operator is clearly linearly independent from 77,
and Ty, and on nontrivial interfaces, it mixes with them via

T | = A Tx (A6)
w- w-

Let us consider the defect conformal manifold obtained
from the defect exactly marginal deformation in the Ising
CFT. The defects in this one-parameter family can be
expressed in terms of the deformation parameter y as the
following gluing condition for the fermions [42]:

() =s ), (A7)

—Wr —WYR

g <cosh y *sinhy ) (A8)
= sinhy +coshy /)

The boundary condition in the folded theory derived from
these gluing conditions is
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wi\ (P
(@ =0,
()0 )|m=o o
where
[ cos(20) sin(26)
Os = (:I: sin(260)  F cos(26) )’ (A10)
cos(20) = tanhy < e = cotf. (A11)

We can explicitly calculate the mixing (A6) from the
fermionic gluing conditions and choosing the normaliza-
tion W~ =1 (ow,wr — wi0pg). The explicit form of the
matrix A is found to be

cos?(20)  sin*(20) —isin(40)
Ar = sin*(20) cos*(20) =+1sin(40) (A12)
F sin(40) +sin(40) F cos(460)

The matrix A can be constrained using the same principles
used for spin-2 phantom currents. We require the preserva-
tion of diagonal Virasoro symmetry (T, + Tx = T + Tg),
canonical normalization of two-point functions, and the
cluster decomposition principle. Let us define the mixing
for the stress tensors as

TL = (ITL +ﬁTR + }’W_a
TR = (IITL + ﬁ/TR + ]//V_V_. (A13)

Virasoro symmetry implies a+ad =1, g+ =1, and
y +7 = 0. Canonical normalization (from (T,;T;)~c;

and (TgTR) ~ cg) gives,

a?cp + fPer + 27 Ny- = ¢, (Al14)

GJZCL +ﬁ/2CR+2J/2NW’ = Cp, (AIS)
where Ny- is the normalization factor of W~. The cluster
decomposition principle (T, Tk) = 0, when applied to the
second-order pole (which differs from the spin-2 phantom
current case), yields

200 + y}/CW’W’TL = O, (A16)

260" +vy'ew-w-r, = 0. (A17)

The operator product expansion coefficients of the spin-2
currents are

4h; h
Cw-w-r, = — CL L (hf 4+ hphg + hg). (A18)
L
4h; h
CW7W7TR = —%(h% + thR -+ h’L) (Alg)
R
Therefore, from Eqgs. (Al14)-(Al17), we obtain the

equation (1 —a)(c; —cg) =0 under the condi-
tion ¢y (h? 4+ hphg + hg) = cg(h% + h hg + hy). Since
h; + hgr = 1, this condition becomes ¢; = cg. Thus, when
c; = cg, we find a continuous family of solutions satisfying

a+p=1 and y> = M, which reproduce the trans-
L

mittance calculated in (A12).

Cw=w-T
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