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Topological quantum field theory (TQFT) is a powerful tool to describe homologies, which normally
involve complexes and a variety of maps/morphisms, what makes a functional integration approach with a
sum over a single kind of map seemingly problematic. In TQFT this problem is overcome by exploiting the
rich set of zero modes of BRST operators, which appear sufficient to describe complexes. We explain what
this approach looks like for the important class of Khovanov-Rozansky (KR) cohomologies, which
categorify the observables (Wilson lines or knot polynomials) in 3D Chern-Simons theory. We develop a
construction of odd differential operators, associated with all link diagrams, including tangles with open
ends. These operators become nilpotent only for a diagram with no external legs, but even for open tangles
one can develop a factorization formalism, which preserves Reidemeister/topological invariance—the
symmetry of the problem. This technique seems much more “physical” than the conventional language of
homological algebra and should have many applications to various problems beyond Chern-Simons theory.
We also hope that this language will provide efficient algorithms, and finally allow one to computerize the

calculation of KR cohomologies—for closed diagrams and for open tangles.

DOI: 10.1103/dhrr-wjgb

I. INTRODUCTION

The Khovanov-Rozansky (KR) theory [1-5] is known to
“categorify,” or refine or generalize a theory of HOMFLY
polynomial invariants [6] of knots and links. Physically
HOMFLY polynomials are treated as averages of knotted
Wilson loop operators in the 3d Chern-Simons (CS) theory
with gauge group SU(n) calculated with the help of the
quantum group theory, a so-called Reshetikhin-Turaev
(RT) formalism [7,8]. It is expected that the CS theory
is a string field theory [9] for topological strings, or
M-theory in more general terms. The never fading interest
to knot/link theory categorification in the physicist com-
munity [10-22] is provided by expectations to catch an
echo of the high energy M theory in this deformation.

In this brief note we would like to initiate an attempt to
translate the Khovanov-Rozansky theory from the homo-
logical algebra language to more pedestrian terms of
ordinary differential operators more often used in the
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physicist community. We believe these new terms would
have better algorithmizability properties and would allow
one to calculate KR invariants of links on machines with
higher efficiency.

In short, to a given link diagram L (possibly a tangle

diagram with open outgoing and incoming legs) we would
associate a differential operator ¢; acting on functions of
even (bosonic) and odd (fermionic, Grassmann) variables

following the rules:

(1) We associate with the crossing (valence-2,2) dia-
grams two odd operator ', depending on two pairs
of x and X variables on incoming and outgoing lines,
respectively. There is also a triplet of additional odd
variables that are associated with the vertex itself we
will denote by Greek letters 0, 5, and e. Operators
O are ordinary differential operators in the odd
variables one could rewrite in terms of elementary
ones: we denote by 0 an operator of multiplication
by odd variable 8, and by 0" an operator of differ-
entiation with respect to 6.

The label + refers to two different orientations,
and there is also a pair of conjugate odd parameters ¢
that allow one to distinguish between orientations.
All the operators @7 anticommute at different
vertices and in this sense are local.

(2) The squares 02 ~ > 2 (w(x;) —w(x;)) with some
function (superpotential) w. In the simplest case of

Published by the American Physical Society


https://orcid.org/0000-0001-5378-7431
https://ror.org/00v0z9322
https://ror.org/00n1nz186
https://ror.org/013w2d378
https://crossmark.crossref.org/dialog/?doi=10.1103/dhrr-wjgb&domain=pdf&date_stamp=2026-01-26
https://doi.org/10.1103/dhrr-wjgb
https://doi.org/10.1103/dhrr-wjgb
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GALAKHOV, LANINA, and MOROZOV

PHYS. REV. D 113, 026013 (2026)

3

“

&)

the fundamental representation of 3[, all x are
numbers and we choose w(x) = x"*!. A choice of
a generic polynomial would lead to so called
equivariant KR cohomology [23,24].

To consider generic link diagrams (tangles) L drawn
inside a disk, we have to take into account the disk
boundary. In the 3D CS theory such a diagram
would correspond to a collection of possibly open
Wilson lines in a ball, and on the ball boundary we
would put necessarily Wess-Zumino-Witten theory
to preserve topological invariance. Here we treat the
disk boundary as a multivalence vertex and associate
to it a generic operator &5(x;, X;) depending only on
x; and X; for all incoming and outgoing legs. This
operator is constrained solely to the following
natural conditions:

{0,.071=0, Vo, ﬁ?a:Z(—W(xz)“‘W(xl))’

I
(1.1)

as for the “boundary vertex” outgoing legs are
inflowing edges and vice versa. Then with arbitrary
link diagram (tangle) L one can associate

ﬁL(xe’émﬁwéwéz’ﬁz?éz|xl9xl): Z ﬁ%—'—ﬁzﬁ

vertices of L

(1.2)

which depends on x, on the internal edges of L (each
x, appears as incoming for one .#; and outgoing
for another), on triplets of 8,, n,, €, and their
conjugates at vertices, and also on x; and X; for
the incoming and outgoing legs. For the square
we have,
0% =0. (1.3)
What are invariants of topological diagram moves
are “invariant wave functions’—zero modes of &’}
modulo “gauge transform” g,),
ﬁLLPL = O, gw(\PL) = lPL + ﬁLa). (14)
Equivalently we say that wave functions are coho-
mologies H*(0'; ) of 0, . Since € is the differential
operator with respect to the odd variables only, this is
a simple equation, solved by methods of linear
algebra. Products of R matrices are obtained by
an equally straightforward factorization of ¥; mod-
ulo &' . This whole procedure can be regarded as a
generalization of KR cohomology construction—a
necessary one if we want to deal with tangles.
For a closed diagram L the boundary is empty
O3 =0 and one can consider cohomologies of &'z

without boundary contribution. They can be related
to the more familiar cohomologies of the KR bi
complex (or double complex), associated to the
collection {I'} of Murakami-Ohtsuki-Yamada
(MOY) resolutions [25] of L. That construction is
actually two step, with the first evaluation the
“vertical cohomologies” Hj- for a given MOY
resolution I of L, and then those of the induced
“horizontal” complex, made from these Hp for
different I'. The corresponding Poincare polynomial
P; is known to generalize the fundamental HOM-
FLY polynomial, obtained from RT calculus.

We believe this reformulation of the KR theory would
make it easier to compare with other physical Morse/Floer
approaches to categorified 3u,, link invariants originating
from direct compactifications of M theory [26-34]. It is
always easy to reformulate the problem of finding coho-
mologies of operator ¢} as a search for ground state wave
functions of a Laplacian-like Hamiltonian [35]11

1
Hy 25(@2@’2 +0}0.),

Ker?o
HY(O,) ==t

o, ~{¥Y/H, ¥ =0}.

(1.5)
There is almost no chance that H; would be somewhat
reminiscent of a Hamiltonian H,, in M theory.
Nevertheless, one might expect in fact those Hamiltonians
are connected by a RG flow trajectory in the space of
theories preserving zero modes. In this case an equivalence
of the two approaches would be transparent. In the modern
literature a rigorous proof of this equivalence or observing
explicit discrepancies remains an open question.

We should stress these approaches have rather different
spirits. In the KR story operators &', are constructed from
local mutually anticommuting quantities ;- corresponding
to diagram vertices, whereas on the other side the Morse
instanton flow could connect diagram “colorings” (wave
functions) differing nonlocally. However, on the other side,
Morse/Floer M theory approaches are usually designed to
make defect operators corresponding to link manifestly
topological, so the invariance with respect to homotopies of
L is apparent, whereas for the KR approach this invariance
is a deep theorem.

Also one could look at this reformulation of the KR
theory in terms of (1.5) as a Hamiltonian evolution setup of
KR foam TQFTs [36-41]. Yet in comparison to those
picturesque approaches we believe the language of

'Here operator ﬁz corresponds to & conjugated with respect
to some nondegenerate norm on polynomials of even and odd
variables. Seemingly the simplest choice would be to promote
variables x; to Heisenberg operators X, = x;- so that trivial
polynomial 1 corresponds to vacuum |0), (0|0) = 1. In this

representation )%z = 0y,-
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differential equations could be more efficient in computa-
tional applications.

For the sake of brevity we will omit many peculiarities to
be considered elsewhere. Here we only take a glimpse on
the following questions:

(i) HOMFLY polynomials are known as Jones poly-
nomials at n = 2. Respectively, the KR theory is
expected to reduce directly to Khovanov’s catego-
rification of Jones polynomials [42—44]. Could this
reduction be made more manifest in terms of
operators 7

(i) Decategorification. The ways to show directly
that operators ¢; are decategorified directly to
U,(81,) R matrices and how constrained the inverse
process is.

(iii) Krasner [45] proposed a drastic simplification of
computing KR complex cohomologies for bipartite
knots [46—48]. Could we observe this simplification
in terms of operators &?

The paper is organized as follows. In Sec. II we review
the structure of matrix factorization as a differential
operator. In Sec. III we give a brief review of the KR
double complex structure. In Sec. IV we discuss a con-
struction of vertical morphisms, and in Sec. V a construc-
tion of horizontal morphisms. In Sec. VI we present a
construction of operators ¢; and in Sec. VII we indicate
that they define link invariants. Finally, Sec. VIII is devoted
to examples and miscellaneous questions.

II. MATRIX FACTORIZATIONS (MF)

Matrix factorization (MF) is a correction to the super-
charge of 2D N = (2,2) supersymmetric topological
string theory due to a worldsheet boundary [49-56]. See
also Appendix A.

For us matrix factorization .# is a differential operator
acting on a ring R of even, bosonic variables x; and odd,
fermionic variables 0; (by straight brackets [x, *| we imply
commutators, and by curly brackets {, *} we imply anti-
commutators):

[x, x| = 0, [x, 0;] = 0, {0,,0;} =0. (2.1)

Let us denote operators of multiplication by 6; as 0, := 0;-
and operators of differentiation with respect to 6; as
9? := 0/00;. These operators commute with x; and form
the odd Heisenberg algebra,

(0.0, = (8.0} = 0.

i 0] (2.2)
We define a MF operator .# as an arbitrary differential
operator, linear in 9,~, 93,

where A;, B; in even
variables x;.
It is easy to derive the basic property of the MF

operator,

are arbitrary polynomials

(2.4)

M? = <§;A,-B,-> 1.

This property of MF explains its name, as a polynomial
in the rhs might not factorize in a pair of polynomials,
yet it decomposes into a sum and factorizes as a square
of a linear operator. Surely, there are generalizations when
A; and B; are matrices of polynomials rather than just
vectors [49], however we will not need this prescrip-
tion here.

Defined this way MF operator is equivalent to the
following MF [1]:

i

///%® (Q[xhx%"'] %Q[$17$27~~]) . (2.5)

III. KR DOUBLE COMPLEX

Construction of [1] can be rewritten in the proposed
language of differential operators in the following way.

(1) The starting point is a link diagram L with two types
of valence-4 vertices depicting resolved intersec-
tions of link strands after projecting to a plane.
A resolved intersection vertex saves the information
of which link strand went above and which one went
below before projection. If a diagram has no external
edges, we call is closed and denoted by L.

(2) Substitute each intersection with a formal sum of
implanted resolutions,

K =D)C+e X, X=X +e)(,
(3.1)

where each fermionic odd variable € is unique for each
intersection. For example,
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&)U &)

(3) Graphs consisting of oriented edges and four-valent
vertices, resolved as introduced above, will be called
MOY diagrams in analogy with [25]. We will denote
resolutions by letter T,

#(vertices

)
> T

(4) There is a basic parameter n—a number of colors in
categorified U,(3u,,).

Here we should stress that so far rules were
applicable both to the RT and the KR formalisms.
This indicates that the HOMFLY polynomial con-
structed with the RT formalism is an Euler character-
istic for the KR complex and its construction
procedure is similar. Further we list points specific
for the KR construction.

2
L= (3.3)

D

(5) To each MOY diagram I' we assign a ring R, of
variables x;, #; mixed with odd variables ¢,. After
that we can associate with I an operator .#Z of
degree

d=qdeg# =n+1. (3.4)

It depends on even variables x, at all edges as a
polynomial and is a differential operator in terms of
0, associated to all vertices (see details in Sec. IV).

(6) For closed diagrams I' operators .4t = ./ are
nilpotent, M % =0, i.e., become differentials

(7) To closed link diagram L we assign a KR double
complex (R:*,.#,D). Cohomologies are link
invariants.”

(8) KR complex is a double complex (d =n + 1),

= D

e R () o RETT) T REV(D)

D

J%FZ

(3.5)
D

e R:+d’*(f1) y R:+d’*+1(f2) N R:+d,*+2(f3) ..

4

This double complex is equivalent to a double complex on
a ring R, with two kinds of differentials .Z+ and .
(9) The vertical degree qdeg is fixed for x; and 6,
elements of each R,

qdegx; =2, qdegh,=1-n or 3—n.  (3.6)

(10) The horizontal degree is defined by the powers of €,
qdege; = —2 or 0, tdege; = 1.
(11) Horizontal differential reads (see details in Sec. V),

R — Z 7 De,-,

a € intersections

qdeg® =0, (3.7)

where y@ are local MF homomorphisms,

4

@ ,P] =0, )((”>/_//fj = /_//fj+1)((a)- (3.8)
Apparently, D* = 0.

(12) To calculate cohomologies of a double complex
one descends first on vertical cohomologies
using (3.8) and then considers a new induced

monocomplex,

In principle we are able to extend this construction to an open
link diagram L by considering a new variable diagram G such
that together with L they form a closed diagram L U G. The
resulting double complex L U G depends explicitly on G, yet
some conclusions, homotopies of the double complex, could be
drawn for G staying arbitrary. For instance, Reidemeister moves
would produce double complex homotopies of this type.

026013-4
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s B () —2 s HAWI () —2 s BRI (7

(13) A Khovanov-Rozansky categorified HOMFLY pol-
ynomial is a Poincaré polynomial of the double
complex,

P(q.t) =Y ¢t/ dimH> (/. 9).  (3.10)
zf

The HOMFLY polynomial corresponds to P(g, —1).
In Morse/Floer approaches (see, e.g., [29]) to the
Khovanov-Rozansky construction grading z corre-
sponds to the central charge of the superalgebra, and
grading f corresponds to the fermion number
operator in the respective TQFT.

IV. VERTICAL MORPHISMS

A. Constructing MF from MOY

A MOY diagram [25] is a graph consisting of oriented
edges T and (2,2)-valent vertices X Edges correspond to

fundamental or antifundamental factors in tensor power
objects in the RT formalism [7,8]. And the four-valent
vertices correspond to projectors to the antisymmetric
representation. We will use both equivalent notations when
a four-valent vertex is short and when it is stretched to an

edge of different color: X = H

As an addition to the canonical MOY construction we
would like to allow one to add anywhere on any edge
simple two-valent vertices —e—. These two-valent vertices

|

) — (3.9)

might seem redundant at first sight, moreover MOY
equivalence (4.13a), which we will discuss in what follows
allows one to eliminate or add such a type of a vertex freely.
Nevertheless, they turn out to be relevant for uniformizing
ring representations of MOY diagrams to make horizontal
morphisms explicitly local (see Sec. V).

We construct aring R as a polynomial ring from distinct
even variables assigned to edges and odd variables assigned
to vertices of a MOY graph. See Appendix A. To any
segment of an oriented edge o ¥  between two vertices of
any type we assign the respective even variable x;.

To a two-valent vertex between two segments x and y we
assign an odd variable @ and the respective local MF operator,

c 6 v = My =m0+ (x—y)dt,  (41)
M3, =x"T1 =yt here qdegf = —qdegd’ =1—n,
(4.2)

From the factorization condition (2.4) we easily find poly-
nomial 7,

n+1 _ ,n+l
P (4.3)
: Ty

To a four-valent vertex we assign two odd variables 6,
0, and the following local MF operator:

1 o
0%2 — %4‘, [ il ;2 :| = Ulél + (581 + X9 — X3 — 174)@1 + Ugéz + ($1£Z?2 - :1731’4)02 (44)
oy 2y 4 X3
ME, =T =T = here qdegfy =1-n,  qdegt, =3 —n. (4.5)

Necessary expressions for u;, could be easily derived following polynomial factorization procedure discussed in

n+]+x;+]_xg+l_xn+l

Appendix B 2. Note that neither 2. 4 — nor

x;l+l +xg+l _xn+l —x

n+1
3

X +Xp—X3—Xy

X1Xp—X3Xy

4 are polynomials, therefore MF in this case is a more

sophisticated construction and involves two terms in (2.4)—and thus two Grassmann parameters ¢, ,. For concreteness, we

recall explicit solutions derived in [1],

g(xy + X0, X1 X)) — g(x3 + X4, X12)

ul(xl’x21x3’x4) =

El

X1+ Xy —Xx3— X4

g(x3 + x4, X1 X2) — g(x3 + X4, X3%4)

uz(xl’x21x3’x4) =

El

XXy — X3Xy

)= (3070 e (s )

(4.6)

Quite often we will omit denoting fermion variables on diagrams and two-valent vertices as well if there is no abuse of notations.
If we label an edge with two or more different even variables this implies that there are two-valent vertices in between them.

026013-5
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The total MF operator is constructed as a sum of all local MF
operators associated to two-valent and four-valent vertices,

Mr= Y M, (4.7)

v € vertices

As MF operators for different vertices depend on sets of
differential operators 0 and O assigned solely to a
particular vertex, and therefore independent across vertices,
we conclude that for distinct vertices v and v" MF operators
anticommute,

{4, #,}=0. (4.8)

Then for a generic tangle 7" with open ends labeled by x;, we
find,

i=1

The signs in front of y terms for L and L, are opposite since if
for L, this is an incoming edge then for L, this is an outgoing
edge and vice versa. And, in general, contributions of internal
edges cancel each other for the MF operator squared. B
It is easy to see that for any closed MOY diagram I
without external edges
ME=0, (4.11)
so that the vertical morphisms in (3.5) are differentials
indeed, and the double complex makes sense.

= Z ME = Z syt
i

vEvertices

(4.9)

where asign s, is +1 if an edge k is flowing outward I" and —1
if it flows inward I'. It is simple to prove this relation
inductively. Apparently, it is correct for basic two-valent
(4.2) and four-valent (4.5) vertices. Now as a induction step let
us consider two arbitrary diagrams I'; and I, for which (4.9)
is satisfied and join them into a diagram I'; U I', by edges
labeled by y,. Those edges that remain disconnected we will
mark by variables x;,

(4.10)
M K
M= S s Yo,
i=N-+1 i=1

B. MOY local equivalences

We would like to consider in what follows pictorial
equivalences between generic MOY graphs with open legs
at the boundary 7'y = T),. Precisely, by such an equivalence
we imply that two tangles can be implanted in an arbitrary
graph G, so that both T, + G and T, + G are closed MOY
diagrams I", and I',. This prescription is equivalent to
saying that external legs are connected to a multivalent
vertex G at infinity. We say that 7| = 7', when respective
vertical cohomologies are isomorphic for any choice of G,

I

(4.12)
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Naturally, we will use direct sum and tensor product signs
for pictures to indicate that respective cohomologies
decompose as vector spaces also for arbitrary G.

MF operators .# exhibit a list of local equivalences
known as MOY moves. We add to this list a relation
allowing one to remove or to put a two-valent vertex to any
place in the MOY graph,

i Y o~ ~
C o = _r = _ v (413
O >V, indV, = [n],, (4.13b)
vz x 3 x x x
5 2 3 2
_
= @
T6 Z1 N T4 x1
] Tg
T4, Ts T Ty , T5 Te
D &~
x1 x2 T3 1 T2 T3

Proofs of these relations are rather straightforward and
we will not review all of them here. A proof for (4.13a)
is given in Sec. IV C2. A proof for (4.13e) is discussed in
Sec. VIIID. We do not consider a proof for (4.13c)
in this note, however it follows directly from the proof of
invariance with respect to the Reidemeister I move in
Sec. VIL.

The MOY moves are enough to reduce any MOY graph
to its g dimension computed via RT formalism. This
theorem is proven in [57] when edges of MOY diagrams
are colored with [J and A% [J only, and it is proven in [5]
for coloring by generic antisymmetric rep AF 0% For us

3For the particular case of n = 3 the proofis rather elementary. In
this case A2 [0 & [Jand MOY diagrams become simply three-valent
bipartite graphs implying that all the faces are 2m-gons. For such a
graph drawn on a sphere according to the Euler theorem we have
F — E+V =2where F, E, and V are numbers of faces, edges, and
vertices, respectively. For trivalent graphs V = %E ,S0F =2+ %E
If all the faces of the graph were 2m-gons then for the number of faces
we would have F = #E . If there are no faces with m < 3 then
F < JE that contradicts F = 2 + 1 E. The latter statement implies
that for any MOY graph for n = 3 we are able to find a face thatis a
two-gon or a four-gon. So each MOY graph for n = 3 could be
reduced to a number value via a sequence of moves (4.13b)—(4.13e).

Yy (a2

T
T ®Vn—17 inan—l = [n71]117

z

(4.13¢)
x1 To
1 T2
Y o= >‘< @V, indVa=[2],,
x4 T3
T4 s
(4.13d)
x3
< @Vi—2 |, indV,_o=[n-2], (4.13¢)
T4
Tq p T Te T4, Ty Tg
@ . (4.13f)
xry ! T2 T3 1 ! T2 T3
[
this theorem implies immediately,*
(4.14)

ind[[ := > ¢°dim H*(.#[I']) = qdim|['].

Relation (4.14) implies in turn that the Euler character-
istic of the KR double complex given by a specific value
P;(g,—1) of the Poincaré polynomial coincides indeed
with the respective HOMFLY polynomial.

C. Solving MFs

1. Localization to quotient rings

Let us start with just a few words about rather effi-
cient methodology to construct cohomologies of
MF-like operators. We separate one of the odd
variables € and denote the rest of the even and odd
variables as formal letter V. Consider the following
odd MF-like operator:

*Here we call ¢ dimension an “index” following the physical
intuition. As we expect that parameter # plays the role of fugacity
for the fermion number, and a specification t = —1 refers to the
supersymmetric Witten index [13,29].

026013-7
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M = My(V)+A(V)0 +B(V)'. (4.15)
Here we do not require that M, has the form of a matrix
factorization operator, there is no requirement for it to be
linear in other odd variables either. However it is expected
that A, B, and M, commute mutually. It is also natural to
split respective dependence on 6 in wave functions
¥ =¥, (V) +6%,(V). The action of operator M on ¥
reads,

MY = (Mo(V)¥(V) + B(V)¥,(V))

+O0(—My(V)¥ (V) +A(V)¥(V)). (4.16)

So for zero modes of M we see that the wave function
might have only one independent component, say, ¥ then
¥, = —B~'M,¥,. On the other hand any B-generated ideal
in the first component lies in the image of M,

B(V)X(V) = OMy(V)X(V) = M(0X(V)). VX. (4.17)

So we conclude:

Cohomologies of MF-like operator (4.15) localize
to quotient ring S := Q[V]/(B(V)Q[V]).

Actually, by localizing the 8° component of (4.16) to S we
would derive a localized equation for zero modes
M| s¥ols = 0. To acquire the localized operator M|
one should resolve constraint B = 0 and substitute it back
in M, which will decrease the number of free variables and
has a good chance to make it simpler. So our general
strategy to define cohomologies of MF operators is to
perform a chain of quotient ring localizations until the
localized zero-mode equation becomes trivial to solve.

2. Blinking two-valent vertex

Relations (4.13a)—(4.13f) are conceptually very simple.
Still, their operator realization is somewhat verbose. This is
a well-known phenomenon in homological algebra, but not
quite usual for physically oriented literature. Operator
language is already a considerable simplification, because

operators themselves are simple and intuitive. Still, the
second step—equivalence of their zero modes, moreover,
of their universality classes—remains somewhat tedious
and lengthy. Clearly, one should look for a better and more
concise terminology and reasoning. From this point of view
quite representative is already the most trivial relation
(4.13a), for which we need at least a two-page derivation,
despite the obvious simplicity of the operators (4.20) and
relative simplicity of the main claim (4.21). This example is
not quite exhaustive because of the lack of the second
resolution. However, as we will see in Sec. VII, this does
not lead to serious complication—after the material of the
present subsection is consumed and thought through.

So, we would like to prove relation (4.13a). Consider
two closed MOY graphs I 5,

r - @:}y =@ ). e

We assume that graphs differ by the fact that on some edge
there is a two-valent vertex with associated variable 0
dividing an edge marked with variable x in T, into two
edges marked by two variables x and y in I;. Clearly—and
formally, according to (4.13a)—the insertion of the two-
valent green vertex changes nothing, we call it “blinking.”
However, to validate this fact, we need to perform a whole
exercise—we would like to show that cohomologies of
A, , are isomorphic,

D

H* (M) H*(Ar,) (4.19)

(D)

Let us mark the set of all variables corresponding to
vertices and internal edges of graph I’y as V. Then for MF
operators we have,

My, = My, (V. x,y) + ﬂxy@ + (x — )0,

My, = Mr,(V,x,Xx). (4.20)

In these terms we can explicitly decompose the first and the
second space of polynomials as Wy (V,x,y) + 0¥, (V,x,y)
and y(V, x), respectively. In these terms isomorphism ¥
acts as,
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II[IO([ﬂ-)ny) 611([,«57)’)] 0([,,(,;(),
V’ s p— ‘/’ s
%[‘0( X V) %FO( X )C))W( ’ ).

) V.x)]=1(1- 4.21
2y (V. x)] ( x—y ( )
Proof. Let us consider first,

O, [ My, (Po(V,x,y) +0¥,(V,x,y))] = O A1, (V,x,9)¥(V, x,) + (x = y)¥1(V,x,y)) +6(...)]
= Mr,(V.x, )P (V. x,x) = Mp, @ [Po(V.x,y) + 0¥ (V,x,y)]. (4.22)

In simpler words we have shown that
Q0 My, = My, 0P, (4.23)

so @, is a homomorphism of complexes.
Now consider,

N e My, (V,x,y) — My, (V,x,x)
M@l V)] = (M, (V.r3) + iyl + (= ) 1= 0TI AR,
% V, 3 - % V, ) % V7 ) 2 % Va ) 2
—6<%Fo(v,x,y) r, (V. x.y) r, (V. x.x) _ r, (V. x.y) + r, (V. x.x) )w(V,x)
xX=Yy X=y X=y
==y =0
ol (Vox X (V.x) = Dl (V). (4.24)

So we have shown that @, is also a homomorphism,

%f‘l O(D2 :q)ZO'%l;z' (425)

It remains to show that @, is invertible on cohomologies and @, is its inverse. Apparently,
O, [D [y (V. x)]] =y (V. x). (4.26)
On the other hand the fact that ¥ € Ker.#/, imposes on functions two constraints,

_///FO(V’XJJ)

‘P1(V’x7)’): x—y

Y, (V,x,y), My, (V,x,x)¥(V,x,x) = 0. (4.27)

Then we derive,

. V, N - . V, 5 9 Ay - s Ny
‘Po(v,x,y)+elpl(v,x,y)=(1—9///“’( x.y) = M, (V. %) oV, x.7) TU(VXX))

)‘PO(V, x,x) + ///ﬁl <
xX—y xX—y

= O, [®[¥y(V.x,y) + 0¥ (V. x, )] + .4k (...). (4.28)
The latter relation becomes an equality modulo Im .#/f, and indicates that @, is indeed an isomorphism of cohomologies,

and @, = @7,
@1 od)2 - ﬂH*(‘/{FZ)’ (Dz o(I)l - ‘“H*(A/ﬂ]’—])’ (429)

3. Splitting four-valent vertex

A rather useful tool for calculating MF cohomologies is a splitting process for four-valent vertices allowing one to
represent cohomologies of the graph with a four-valent vertex as constrained cohomologies of a graph with the vertex
eliminated. Consider the following diagrams:
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o I'o
, Iy = , T_= % (NO VERTEX!!!). (4.30)

In diagram I, we have identified edges of diagram I'; accordingly and identified respective variables. In diagram I"_ edges
are of the same type, one of them is simply marked as dashed to indicate that identification is criss-cross without any
intersection or vertex.

Again let us denote the set of internal variables for subgraph I'; as V. Respective MF operators read,

%l_"l = %FO(V9 X1, X2, X3,X4> + Mlél + SléT + Mzéz + Szé;,
Q%f‘+ = ‘%FO(V?XDXZ’XZ’XI)? Q%f‘_ = %FO(V,XI,Xz,Xl,Xz), (431)

where s; = x| + X, — X3 — X4, S = XXy — x3X4 and u; are defined by (4.6). Consider a set of two-dimensional vectors of
(x,y)-polynomial components constrained to coincide in points x =y,

E(x.y) = { @fgi i))>

Then we would like to prove that there is the following isomorphism’:

E(V.z.z) =¢6.(V.z.2), ¥ Z}- (4.32)

H* (M) H* (21, w2), ding (M, ) (4.33)

(b—l
In particular, we have,

Oy (V.x1, %0, x3,x4) + 011 (V. x1, %2, %3, x4) + 0¥, (V. X1, %2, %3, X4) + 010,¥15(V, X1, X5, X3, x4)]

= (‘PO(xl’x2’x2v~x1)’lPO(xlvx%xl’xZ))’

uy + My vy M
D(E4 (x1,x2), (%1, X2))] = <1 =00, M, — v M + 0,0, 2 2 F')

S

1 - —x)\ 1
5 (5 (1 X i4>f+(x1’x2) n (1 +%) 55_(,51,,52)), (4.34)

X1 — X 1~ X2

where linear maps v, , are defined in (B7).
The proof of the statement that ® is an isomorphism of cohomologies and ®~! is its inverse is totally analogous to the case

of a blinking two-valent vertex (see Sec. IV C 2) and exploits quadratic quotients discussed in Appendix B 2. We will omit it
here and present its details elsewhere.

V. HORIZONTAL MORPHISMS

Horizontal morphisms are fixed uniquely up to homotopy by locality and homomorphism requirement (3.8).
See also [3].

To describe horizontal morphisms as ring morphisms it would be more natural to assign variables to MOY diagrams
appearing in decomposition (3.1) in a uniform way. To do so we assign even variables to the edges of the very link diagram
in question, and assign a couple of odd variables to both intersection resolutions via a single four-valent vertex or a pair of
two-valent vertices. Then we would like to search for horizontal morphisms in terms of a uniform variable choice, there are
two types of them,

> At the rhs inside the cohomology, we indicate the space at the first place and the differential acting on this space at the second place.
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x1 x2 x1 xTo 1 T x1 T2 1 T2
) ) S SR PR A X
— 0 0 (+) 0, (6 1 2| 0 6 0, (6 .
/\v 1 2 + € 1 2 s X0 i vy a3 92 ] 1 2 — 1 2 ;
T4 xs3 T4 s T4 T3 Ty xrs3 T4 3
x1 T2 1 o 1 T2 T T2 1 T2
< el A CHREET] AR PR A
- 0, (0 =) 0 0 1 <247 0, (0 6 0 .
7/\ 1 2 + € 1 2 R X1 _ 2y s 92 _ 1 2 —_— 1 2 ;
T4 T3 T4 x3 T4 x3 T4 x3 T4 z3
qdege™) = -2, tdege™) = +1, qdege™) =0, tdegel™) = +1.

If the uniform choice of variables is made all the rings R[I']
for various MOY diagrams I" are mutually isomorphic
naturally.

One is able to derive expressions for morphisms y
explicitly based on three properties:

(1) Parity. Horizontal differential (3.7) is expected to be

an odd, fermionic operator, so that its nilpotency is a
natural property. Since € is a fermion, it implies that
morphisms y; are even linear operators.
Degree. In Morse/Floer theory approaches to link
invariant categorification homological degrees ap-
pear as eigenvalues z and f of commuting quantum
charges in topological string theory. These charges
commute with the Hamiltonian as well. So a differ-
ential concentrated in the Morse theory on instanton
flows has also fixed degrees z=0and f =1 as a
linear operator on the Hilbert space. Then we expect
that morphisms y, ; would also have a fixed g degree
equal to +2 and 0, respectively, so that in total
qdeg® = 0. Let us argue briefly this degree choice.
Assume that y € ker®d and consider a simple
complex homotopic to zero,

(@)

D

(G oY

(5.1)

Its index reads g49e¥ (1 — g99¢®), We expect naturally that
the index is an invariant and equals O for a zero complex,
this reasoning imposes a constraint qdeg® = 0.

(3) Locality. This property seems to be the most
important singling out the KR construction among
the others. We assume that for the uniform choice of
variables morphisms y ; are local: they depend only
on variables x|, x,, X3, X4, 6; and 6, assigned to a
particular intersection (5.1).

Let us calculate morphism y, explicitly. First we separate

dependence on 6, , in the ring basis,

UyO U0
R =(R® R;,0,0,) ® (R0, ® R,0,), (5.2)
parity=-+1 parity=—1

where R, Ry, R,, Ry, are rings of variables x; and odd
variables coming from other intersections. We combined
these subrings in pairs according to their parity. Since y
preserves parity a generic 4 x 4 linear transform y on this
space is split in two 2 x 2 matrix blocks U and U;. We can
naturally represent such a map in the form of a differential
operator,

X0 = (Ug) 010,030, + (Uy)1,0,010,0% + (Ug)5,0,0, + (Uy) 1,030}

+(U) 10101030, + (U1) 10,05 + (U,)5,0:0] + (U,)5,0,0,0,65.

(5.3)

Matrix elements of these matrices are polynomials in variables x;,34 of fixed degree due to the g-degree

.6
constraint,

®Here we used g-degree values for 6; from (4.1) and (4.4). For amap X:A — B to be of degree 42 one should obtain the following

degrees for matrix elements:

qdegX;; = 2 + qdegA; — qdegB;.

(5.4)
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2 2(2—11))’ qdegU1:<2 2>.

degU,=
afes™o (Z(n—l) 0 00

(5.5)

Let us assign respective variable homogeneous polyno-
mials to these matrix elements,

0
Uy = (Pl > U, = (Pz P3>’ (5.6)
g 1 r n

where polynomials p; ;5 are of degree 1, polynomial g, is
of degree n — 1, and r, , are of degree 0, in other words the
latter are just numbers. Apparently, we would be able to
define this differential modulo an overall numerical scale,
so we fix it by choosing matrix element (Uy),, of degree O
to be 1. Respectively, matrix element (U,),, has a negative
degree for generic n > 2, therefore it should be 0.

We describe local matrix factorizations for the two
resolutions in the first line of (5.1) explicitly as,

AL

M, = 1401 + (61 =x4)0] + 71230, + (X2 —x3) 0,
S— S——

Xi4 X23

%rl = “191 + ()Cl +X2—X3 —X4)é.; +M292 + ()Cl)Cz —X3)C4)é;
—_—— —_——

K 5y

(5.7)

For this matrix factorization operators homomorphism
property descends to the following equation:

Io//fro = ///rl)(o- (5-8)
This relation produces a collection of subconstraints,
—p2S1 + pixiy — 8y =0, (5.9a)
p3si+pixs3 —ris, =0, (5.9b)
—9152 — p1uy + pamtig — pamyz =0, (5.9¢)

LA A

—P3X1s — PaXa3 + 52 =0, (5.9d)

F1X14 — FpXo3 — 81 = 0, (5.9¢)

—g1X14 + pauty — rauy — my3 = 0, (5.91)
—g1X23 — P3uy — riuy +myy = 0. (5.9g)

Let us start with (5.9¢). Since 5| = x4 + x»3 this constraint
fixes uniquely r; =1, r, = —1. After substituting this
solution from (5.9a), (5.9b) we reexpress p, and pj in
terms of p,

S+ PprXy S — P1Xn3
p2 - ) p3 — —.

(5.10)
S1 S1

However for these relations to make sense the pole in the

denominators should be canceled. This imposes constraints

on py,

(52 + P1x1a)ls,—0 = (52 = P1x%23)[5,20 = 0. (5.11)
Then we find,
52 52
p1|x]:x3+x4—x2: _ = =X4—X3.
Yl =xstr—r, X3 |y=x+x-x
(5.12)

The most generic solution to this constraint for p; is the
following:

p1 = (X4 —x) + psy, (5.13)
And we have found a generic solution indeed since
different values of u correspond to homotopies of the
double complex.

Dealing in the same way with y;, eventually we would
arrive to the following morphisms as in [1] with free
parameters y and A,

A A A Ana A Up + X1y =73\ 5
X0 = (u(x) +x2 = x3 = x4) = X + x4)0]0,030, + 0,0]0,05 — <(H - Duy +M>9192

+ (g + p(x) = x4))0,0050, + (u(xy — x3)

X1 = 9@1@‘% + (Alxs + x4 — X1 = X2) + X — X3)6; '

X1 — X4

Uy +xup — 7w A A
+ 1 11U 23)9192

+0,07030, + (x3 + A(x, — x3))0,05 + 6,0 + (x; + A(xs — x1))0]6,6,6]. (5.14)
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The fact that homomorphism (commutation) relations
(3.8) are enough under mild assumptions to derive hori-
zontal morphisms uniquely is a strong indication that
modern approaches via foam TQFT [36-39] are equivalent
to the homological algebra approach of KR. Indeed TQFT
cobordisms saturating matrix elements of the horizontal
morphisms correspond to evolution operators in the TQFT
Hilbert space. Evolution operators commute necessarily
with supercharges we identified with MF operators in
Appendix A. Then commutation (homomorphism) rela-
tions (3.8) constrain simultaneously both TQFT cobordism
functors and horizontal morphisms in the double complex
to be compatible with supercharges (vertical morphisms)
and, therefore, equivalent to each other.

VI. OPERATORS &,

It is well known that cohomologies of a double complex
could be rewritten as cohomologies of the total complex
[58]. However in the particular case of the KR double
complex the total complex could be constructed directly in
terms of link diagrams L omitting an additional passage to
MOY diagrams.

(1) We assign to all edges k of a link diagram indepen-

dent even variables x;, to each intersection @ we

assign a triplet of independent odd variables 95‘1),

9<2°'), e,

(2) To each intersection we assign a differential oper-
ator in the following way:

&y T2
N At a s
/\('9179276) ﬁ‘/\ = M, e+ Mp e + exo,
g xr3
T T2
J (61,62,€) Oz = M, E e+ Mp et +exy,
T4 T3

6.1)

where .Z, and y,; are given by expressions (5.7)
and (5.14).
(3) The total differential operator for link subdiagram #
when we neglect external legs is defined as,

Op= > 0,

v € vertices of L

(6.2)

(4) It is simple to derive that for a link diagram ¢ with
open external edges labeled by even variables x;,

0% = (Zska“) x 1,
3

where sign s, equals +1 if edge k is flowing outward
L and —1 if it flows inward L.

(6.3)

(5) To be able to discuss tangles one should take into
account a contribution from the tangle boundary.
There are two equivalent ways to deal with the
boundary 0L. One way is to consider the link
diagram on a sphere and treat the boundary as
another multivalent vertex. The other way is to
imply that the link L is implanted into another
bigger link L’ with all the legs jacked into ports of L’
so that the total link L U L' is closed. In both cases
we assign to the boundary dL a class of operators
Oy, with the following properties:

(a) Oy depends explicitly on even variables x;
corresponding to external legs of L. It is allowed
to depend on other even and odd variables not
presented in L.

(b) For any internal vertex v: {0y, 0,} = 0.

© 03, = ~(Typsexh) x 1.

Then to a link L we assign the following operator:
ﬁL:ﬁf—’—ﬁdlx (64)
It is easy to see that 07 = 0.

(6) Link L invariants are defined as “invariant wave
functions”—cohomologies H**(0}).

(7) For a closed link diagram L &; = 0, and operator
O'; is a differential. Its cohomologies H**(0';) are
bigraded naturally by qdeg and tdeg, they are
isomorphic to the respective KR double complex
cohomologies and are a link L invariant.

In what follows we will be interested in equivalence
statements for tangles, for examples, we would like to say
that tangle homotopy (Reidemeister moves) are tangle
equivalences. In all sorts of such statements that L = L’
with dL = 0L’ we imply that respective cohomology
groups are isomorphic H**(0;) = H**(0;/) for any
choice of the boundary correction operator Oy, = Cy;.

Now let us indicate that this structure behaves well under
tangle gluing. Consider two link diagrams L; and L, and
assume that we glued them into L, U L, by possibly
jacking mutually some of the external legs of these
diagrams. For the glued diagram we have,

Orur, = O¢ + O, + [Oy1,01,))s (6.5)
where by square brackets [...] we indicate that the
whole class of boundary correcting operators is considered.
However it is easy to show that &, + [0 51,u1,)] € [Oar,],
so thata class [0, is a subclass in [} ]. Therefore any
equivalence proven for subtangle L; would extend auto-
matically to the glued tangle L; U L,.

VIL. INVARIANTS OF TANGLES

Now we would like to argue that tangle wave functions
—cohomologies of &;—remain invariant under
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homotopic moves. Canonically this requires us to demon-
strate the object is invariant with respect to basic
Reidemeister moves (see Fig. 1). With respect to RI one
expects an isomorphism of cohomologies with a degree
shift in general.

Let us demonstrate explicitly the invariance of H**(&'; )
with respect to RI here. Remaining equivalences are proven
in a similar fashion and we leave them out of the scope of
the present note for the sake of brevity.

We would like to prove the following equivalence of
cohomologies of &-operators for homotopically equivalent
links,

Z1

L- @p-,,, - @
' (0120 ’

2

. (7.1)

We denote by V all the internal variables in diagram L.
Here we have,

Or, = OL(V.x1.%)) + Mr,e'e + My eE" + &y,
ﬁl—i = ﬁL(V7Xl’x1)’ (72)
|

ﬁL(V’xl’XZ) - ﬁL(val»xl)

q)lz (1—91

where

%FO = 7'[12@1 + (x1 - Xz)éi— + xgléz,
My, = uy(x), %3, %3, %)0) + (x) —xz)éI

1

+ 1y (X1 %3, X3, %2)05 + x3x1,05. (7.3)

Let us separate variable e, then the action of 0 acts as,

Op,(Wo+e¥)) = (OL(V,x1,x) + Mr,)¥
+e(=0L(V,x1,x)¥

+%FILPI +)(0"P0) (74)

Now we would like to derive cohomologies ®; and @, of
operators &1 (V,xy,x,) + M, and O (V,x,x,) + M,
respectively. Applying (4.19) we derive,

)ez < (@(ra)p(V.x1) mod x2).

X1 — X
S
Or(V,x1,x) = Op(V,x1,x;) s
0, = (1 -0, ———= )261 _sz P = 30,05 )0, x (@(x3)y (V.xp) mod p,_y(x3.x7)). (7.5)
Sy
where ¢ are arbitrary polynomials in one variable x5, and w(V, x;) is cohomology of & (V,x;,x,) = O}, and
n—-2 ‘
Pt (X3,21) 5= up (X, X3, %3, %1) = x57" + Zai(xl)xg' (7.6)
=0
It is easy to see that y(S;¢w = S,¢pw. Let us choose bases in cohomologies:
H*(ﬁL(V7x19x2) + %1"0) . Sll//9 S1X3l[/, PR Slxg_zl”’ Slpn—l (x3v-xl)llls
H*(OL(V.x1,x5) + Mr,): Say. Soxzy, ..., Spxi 2y (7.7)
So we consider the wave function in the following form:
n—=2 n—=2
WL, (Voxixp,x3) = aSipyo (x5, %)y + Z/}kslxlgfl// + 62 VeSax5y, (7.8)

1%

=0 Q

RI RIla

)

FIG. 1.

G3-)( e

k=0 k=0

RIIb

Reidemeister moves.
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and substitute it back into (7.4). This substitution constrains f;, = 0 and leaves @, y, free parameters, on the other hand we
find,

n—2 n—2
€Z7’k52x3l// or, Z]’kslx%l//e Im 07, (7.9)
k=0

So we conclude that the sole cohomology of &; is isomorphic to cohomology of &7, (up to degree shifts),

Y; eH(0;,) 2 HY(0,) 2 Y,
V .X'l,.X2) ﬁL(Vle?xl)
X1 — Xy

o
‘I’Z](V,xl,xz,x3,91,92, ) (1 — L( )92pn_1(x3,x1) XTZ2(V,X])+€‘O. (710)

VIII. MISCELLANEOUS EXERCISES
A. Poincaré polynomial for the Hopf link

Here we would present an exercise computation of the Poincaré polynomial for the Hopf link with generic n. First we
decompose the Hopf link into MOY diagrams,

el

= ereal’1y

- b

e2l'o1

where the following MOY diagrams are used:

FOO_BGa Flo_%, Fm‘%, I‘11_{§:]- (8.2)

Now we would like to solve for zero modes of MF operators applying techniques of Sec. IV C 2 and of Sec. IV C 3. For
the first MF operator we derive,

= X'llél +X’2192. (83)

%FOO X3=X] X4=X)

03=0.04=0

We easily find cohomology of this differential concentrated at fermion monomial 6,6, and reconstruct complete
cohomological wave functions by “dressing” the fermion monomial with (4.21),

n—1
(4.21)
Z a,jx ng 92 —> lPF Z a,jx XJQO(), QOO = 9192 + 9392 + 9194 + 9394. (84)
i,j=0

For I'y we find,

Pl = (1 DO+ Xy 4+ 200 + (n+ (! 4+ 602 4+ 5576, (8.5)
03=0.0,=0

Cohomologies of this differential are concentrated again in the 0,6, term and are isomorphic to Q[x;, x,] modulo x| = 0,
x4~1 = 0. So we “dress” these wave functions to derive the respective matrix factorization cohomology with (4.21),
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()
]
|
—_
]
|
()

n—1 n— @21)

b )C X29 92 e lPFlO bijxll)CQQlo,

i

I
=

i=0 j

Il
=
~.
Il
o

QlO = <9192 + .X29193 — 9293 + X39194 — 9294 + ()C3 - X2)9394

(a1 (3, x4, X9, X1 ) + Xpup (X3, X4, X9, X)) — (w1 (X3, X0, X9, X1) + XpUha (X3, X2, X2, X1))
+ P 0,060,050, .
4 — X
(8.6)
Similarly for I'y; we derive cohomology concentrated at 0;0,:
n—1 n-2 @21) n—1 n-2 o
CijX1x}00, @2 Yr, = Cixh x5 Q01
i=0 j=0 i=0 j=0
QO] = <9394 - x2¢9193 4+ 9194 - )C39293 + 9294 + (.X3 - x2)6’192
(uy (1, %9, Xg, X3) + Xpup (X1, %9, Xg, X3)) — (g (X1, X0, X9, X3) + XpUa (X1, X2, X2, X3))
+ o —x 0,0,050, ).
2~ X4
(8.7)
Eventually for I';; we find,
%Fll x3=xy,ag=xy Iy X3=X9, X4=X| = Lo x3=x. x4=xp " (8'8)
83=0. 04=0 63=0. 64=0 03=0, 04=0

This implies, actually, that the cohomology of this operator is representable in the form of f(x;,x;) + (x3 — x4)g(x1, x5)
where both f and g are cohomologies of .# . So in this case we obtain the following cohomological wave function:

X0+ (3 — xg)e;x1x)) Q4

wy (X1, X, Xy, X3) — Uy (X3, X4, X9, X1)
XXy — X3X4

'Q‘ll = (9162 - 9293 + 8164 + 6394 + 91926394) . (89)

For the action of horizontal morphisms on forms we find,

1 1 1
22(R10) = E(xl — Xy + X3 — xg)Q +§///r,1(919293) +§///r,,(919394)’
1 1 1
21(Q01) = §<xl =Xy 4 X3 — X4)Q _E'//I““(GIHZHS) +§//r“(919394)- (8.10)

Using these explicit expressions it is easy to calculate that the cohomological wave function of Oy reads,

n—1 n—1 n-2
lP Z(JX XZ Qoo+€1€2 bijx’ixéQ“, (811)
i= i=0 j=0

We calculate that the Poincaré polynomial for the Hopf link coincides with the known expression from the literature ([3],
Table 1),

Prope(q.1) = ¢" "' [nl, + P2q7 [n] ,[n — 1],,. (8.12)
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B. Decategorification

The “golden rule” of any refinement (categorification)
procedure is that at any moment refinement could be
reversed, i.e., at any stage of the categorification process
we could see a simple reduction to decategorified objects.
Here we would like to argue that calculating invariant zero
modes of operator &; decategorifies indeed to the R-matrix
calculations in the RT formalism. In the RT formalism the
|

n
M =% i
a=1
n — B
U =Yt
a=1 U

K=y Xty

a#b

X -y X

a#b

Here in the rhs indices a correspond to weights of vectors of
[, and barred indices @ correspond to [J. These diagrams
represent propagation of weights across the strands of a
tangle, so the R matrices correspond to permutations of
weights and cups/caps to conjugations. To derive a closed
link invariant using this graphical language elements of the
tangle diagram are substituted by alternative expressions
from the rhs, so the diagram is expanded in a formal sum of
graphs. In the graphs weight indices on all edges should
coincide, then a graph contribution is equal to 1, otherwise
it is zero.

Let us stress here that naturally there are no limits in
summations for R matrices in (8.13). These expressions are
universal and n independent. We might assume that the n
dependence is concentrated in closing caps and cups.

where dotted terms contain nonzero powers of ¢, , neces-
sarily and are uniquely defined by functions y, £, . Now we
see clearly that the pattern of (8.15) matches the pattern of
weight distributions in the R matrix (8.13). Diagrams in the
rhs of the R-matrix expression define weight matchings:
straight (no permutation, same as x; for y), criss-cross
(permutation o1,, same as x; for £_), straight (same as x;

+ qsign(a—b)

1 T3 — X
+ €| = (1 + 34) 57(1'1,1'2)
m 2 Tl — T2 m

* Z1
(o] 7o

computation of diagram L reduces to rephrasing its
elements in terms of functors, simply R matrix and cup/
cap braid closure tensors, of the braided tensor category of
U,(8u,) [7.8].

Fortunately, explicit expressions for the R matrix and
caps/cups are known for fundamental reps [J of generic
U,(8u,). Here we present them in the useful graphical
language,

n
—agrntt M
7n:an+2 a a >
a=1

n
v a— nt1l a a
’ = E q 2 U )
a=1

a b a b

(8.13)

>< + qsign(afb) >< ,
b a

a b

a b

a b
]
a><b q E; a><b

|

Comparing diagrammatic expansion for the unknot with
respective cohomologies 6, x0, x20, ... one observes that it
is natural to identify weight labels a on graphs with
“Fourier modes” x* of wave functions in cohomologies
of 0 L-

Let us consider a single intersection as an elementary
tangle, then we could construct an operator for it [where
labeling matches (6.1)]:

Oy = Oy + Op [ o ] . (8.14)

Ty X3

For matrix factorization parts we apply simplifying rela-
tions of Secs. IV C 2 and IV C 3, then for cohomologies the
following ansatz is applicable:

) s

1 T3 — T4
B [ S
+5 ( w1—x2) €+(x%7$2)

/) ()

[
for £, ), marked additionally by the respective colors. In
addition functions &, are constrained &, (x,x) = &_(x, x),
that usually (yet not always) leads to a simple solution
Ei(xy,x0) = (x; = x2)g4(x1,x,) for unconstrained g..
However this solution implies that wave functions & in
matching points x; = x, vanish that correspond to con-
straint a # b in the second term of the R matrix (8.13), also
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we note that the coefficient (—g~!) coincides exactly with G G

the index of e. ' 0
Pattern matching is a sole observation, therefore it is not T, = R - N
as strong as the theorem of MOY moves (4.13a)—(4.13e). ‘ O

Nevertheless we expect this observation to be a straightfor-
ward indication that zero modes of operator ¢; are a
categorification of the usual RT formalism indeed.

C. Reduction to Khovanov complex at n=2

Here we would like to discuss a reduction of Khovanov- In the n = 2 case, we have,

Rozansky double complex to a simple Khovanov mono-
complex [42] categorifying Jones polynomials at n = 2. ) o,
First, we would like to prove that the MOY edge is Y1 = X7 — XoX1 + X3X) + XgX) + X3 + X3 + X7 + XoX3

actually irrelevant and is equivalent to a pair of a cap and a + xpX4 + 2X3%4,

cup,
U, = —3)(3 - 3)(4. (818)
Lo
H*(AMr,) = H*(AMr,) (8.16)

) ) We again denote the set of internal variables for a subgraph

where '} and I', are given by G as V. Respective MF differentials read,

My, = MV, X1, %, X3, %) + 01 = 3(xs + x0)0 + (x) 4+ X2 — x3 — x4)0] + (312 — x334)65,
My, = MV, X1, X, X3,%4) + T+ Tub + (0 +0)8 — (0 +x)8, (8.19)
where

3 3
_ X; +xj

;=
Txix;

= xiz — Xl'xj' + x% (820)

We note that terms in .#/ in front of 92 and éﬂ are linear in x;, so it would be natural to have them as new fermionic
variables. Moreover, it would be nice to make them “orthogonal” in xs. So, we perform the following canonical change of
fermionic operators:

A A o s ara
& :91—562’ 52259;» ¢ =10 SZHJ{JF%’Z’ (8.21)

so that
{Zf,ﬂ} = 0y, {Ei’%j} = {ij,gj} =0. (8.22)

Eventually, we arrive at the following matrix factorization operator:
My, = Mc(V. X1, %2, %3,%) + (T2 + (%3 + x4)8)&1 + (Fag + (X1 + x2)8)& + (%) +x2)& — (03 +x4)85,  (8.23)
where
§=X) X + X3+ Xy, (8.24)
It is easy to observe that,
Mr, = Mr, + [ Mr,, sE &) = S My 0, (8.25)

Relation (8.25) implies that map eshie provides the isomorphism of the cohomologies (8.16).
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This isomorphism implies that all the MOY diagrams are decomposed in collections of disjoint cycles with only two-
valent vertices. It is trivial to compute respective cohomologies to be a 2D vector space,

et | (4.13a) .
H* 920'01 ~ H*|= 0|~ H* (acQH) = Span{#, z0} = Q[z]/(2?) . (8.26)
05 5 -
Second, due to the homomorphism requirement (3.8), the new horizontal morphism
x1 T2 x1 ) Ty T2 x1 x2 Z1 x2
N o & N 87
— / . .
/\' - 51} <2 T el XO[ zs | & } ' 51} <2 - o~ 827)
T4 T3 T4 T3 T4 €2 T3 T4 T3 x4 &2 T3

can be obtained from y, given by (5.14) with x = 1 and
A =0 fixed for simplicity,

. s | P n A
Xo = €120 = xo — 3551€z€§§T + 5815, (8.28)
When the free ends of tangles in (8.27) are closed, this
horizontal morphism would reduce to

X1—X3

Qxy, x3]/ (¥, X3, x5 = —x1) — Qxy]/ (x7) @ Qlx3]/(x3)
(8.29)

or

Qlx,)/ (2) ® Qlxy)/ () —Qxy, x5/ (33,3, x5 = —xy)
(8.30)

depending on the choice of the closure. These differentials
reproduce the action of Khovanov multiplication and
coproduct morphisms [42]. Matrix elements of horizontal
morphisms then could be calculated in the language of Bar-
Natan’s TQFT [59]. Maps ;(6.1 are identified with “pair-of-
pants” cobordisms. The complete set of rules for this TQFT
is depicted in Fig. 2, and it turns out to be algorithmic
enough to boost computations of Khovanov polynomials
with the help of computers [60]. A generalization of Bar-
Natan’s TQFT to foam TQFT [36-41] is much more
involved and much less algorithmic due to allowed surface
junctions (see Appendix A), nevertheless we hope a little
bit more “old fashioned” approach with wave functions and
differential equations might prove useful on this route.

|8 D)

=) w-D
w6) > Q) (@o - (D

In general, in a knot complex, we have full smoothings
glued from several )( and X resolutions. The cut-and-join
operator y; acts inside local regions of these full smooth-
ings, when one )( resolution transforms to X resolution,
and depends locally only on two respective fermionic
variables, see (8.27).

Our goal is to get rid of odd variables, as proposed in
Sec. IV C2, in order to reduce the problem to the already
analyzed case. The isomorphisms ®; commute with yj
because we get rid of “far” variables and act on Grassmann
variables not coincident with y;, fermions. Proceeding this
way, we transfer to new simple vertical morphisms, whose
cohomologies are tensor products of two-dimensional
spaces, and to horizontal morphisms (8.28) giving rise to
Khovanov operators.

It is important to note that this reduction breaks the
locality of the KR double complex. Before the reduction, all
the morphisms act on local four-valent vertices, whereas the
reduction forces the morphisms to act on a whole cycle or a
pair of cycles. The horizontal morphism could switch
“spin’—a choice of a single cycle wave function “1” or
“x”"—flowing in the cycle, and switching spins in one
isolated vertex might affect rather distant parts of the link
diagram. We believe this nonlocality is a result of entangle-
ment [61,62]: despite we start with a system of mutually
“non-interacting” operators ¢y corresponding to local
vertices, the true invariant wave function is not a pure state,
rather it is highly entangled and therefore nonlocal at all.

D. Bipartite vertex reduction

Certain simplification of KR complexes was performed
by Krasner [45] for bipartite knots and links [46—48].

m marked points

FIG. 2. Rules of TQFT for n = 2.
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For bipartite links strands could be bent in a specific
way to form “locks” of antiparallel strands with two
intersections—bipartite vertices. Applying the RT formal-
ism it is possible to show that such a bipartite lock can be
decomposed over untangled intersection resolutions, that
allows one to decompose a bipartite link into a sum over
diagrams of nonintersecting cycles. As it was shown in [45]

this RT formalism simplification is lifted to the KR
complex via the Gauss elimination algorithm. Here we
would like to discuss prospects of this simplification from
the point of view of operators ;.

We consider a bipartite vertex as a sole tangle. We add
the boundary correction operator as an external closing link
denoted by G,

- (8.31)
For MF operators, we have,
M, = M (X1, X0, X3, X4) + w140, + x14é-1k + 750y + x56é; + 73305 + x239§ + 75604 + X650},
X1 X5 |a X X5 |a X|{ X5 |a X|{ X5 | A
%Flozﬁg(xl,xz,x3,x4)+u1[ : 5]91+S1[ : 5]9];'1"142{ : 5}92+S2[ : S}QE
X4 X6 X4 X6 X4 X6 X4 X6
+ 7T23é3 + x239§ + 7T56é4 + XGSéL
M, = M (X1, X2, X3, X4) + m140) + X14éI + 7560y + xss@
Xy Xg | Xy Xg | Xy Xg |~ Xy Xg |a
+u1[z 6]93+S1[2 6]924_”2{2 6:|04+s2|:2 6]02,
X3 X5 X3 X5 X3 X5 X3 X5
X] X5 |a X X5 | X|{ X5 |a X| X5 | Ay
%F“_%G(XI,XZ,X3,X4)+L£1|: : 5:|91+S1|: ! 5:|911_+142|: : 5:|92+S2|: : 5:|9£
X4 Xe X4 Xe X4 Xe X4 Xe
Xr  Xg | Xy Xg | Xg | ~ Xy Xg |a
+ul[ ? 6]93+s1[ ? 6]9;%—142{ ’ 6}94+s2{ ’ 6]91, (8.32)
X3 X5 X3 X5 X3 X5 X3 X5
where we denoted
Xy X Xy X
S1|: 2 6:| =X +)C6—X3 — X5, S2|: 2 6:| = XpXg — X3X5. (833)
X3 X5 X3 X5
Horizontal differentials in this system read,
X Xy X
®:®G+€1)(O|: : ] +@2)(o[ ? 6] (8.34)
X4 Xe X3 Xs
Also we would like to introduce the following notations:
My = Mc(x1,T2,T2,T1) = (8.35)

All the MOY diagrams in the rhs of (8.31) could be simplified by MOY moves (4.13a)-(4.13e). However to define the
action of horizontal morphisms on these graphs it is required to calculate wave functions explicitly. Those wave functions
could be calculated using methods discussed in Sec. IV C 2 and in Sec. IV C 3. In particular for I';; one has to apply the

MOY move (4.13e). Let us discuss this move in detail.
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At the first step we split the left four-valent vertex of I'j; using techniques of Sec. IV C 3. First consider root x, = x;,
Xg = X3,

X2
M,

u=x = MG (X1, X2, X3, X1) + Uy

X6=*5

[xz X5

:|93 + ()Cz - x3)9§ + l/t2|:
X3 X5

X A A
5}94 +xs(x, —x3)0l. (8.36)
X3 X5

This MF operator could be reduced further with respect to root x, = x5 according to Sec. IV C 2,

M,

w= T M+ p,,_l(x5,x2)94, (8.37)

372

where p,_; is a polynomial given by (7.6).
Now we consider the other root x, = x5, xg = x; at the first step,

Xy X1 Xy X1 ]a Xy Xy Xy X1 | as
%r“|x4stﬂg(X1,XQ,X3,X5)+M]|: 2 1:|03+S]|: 2 1:|9£+M2|: 2 1:|94‘|‘S2|: 2 1:|92‘ (838)
o X3 X5 X3 X5 X3 Xs X3 X5
This MF operator could be reduced further again by splitting the second four-valent vertex, there are two roots,

My Niossoron = Mo, My s = M (8.39)
X3:.’(2

Xg=X3=X]

Eventually, we could construct the following tree of wave function reductions:

_ T3 =20 Ty Tz T
o (Ezalale Gaaha
y . ° ’ * M A+ pn—i1(w5,22) 94

T X

i\.,

0, 9]”) ro= o (8.40)
=N ED

x5 T T2 |0 0; w2 \>
T5 = To ‘IJ[ ;; ;f U 0 /-
According to Sec. IV C 2 the wave function for MF operator .#; takes the following form:
lP] = U](X§94W+(XI,XZ))+%1®“ 03k§n—2, (841)
where U, is an appropriate dressing operator and w_., € H* (. ).
For MF operator .#, we find following Sec. IV C 3:
1 X5 — X3 1 X3 — X5
Y, =U,[=|(1 , —(14+——)&_(xy, 0,, 8.42
2 2<2< +x1_x2>f+(x1 x2)+2< +x1—x2 §_(x1.x2) | + 4,0, (8.42)

where U, is also a dressing operator, and &, € H*(.# 1), £, (x,x) = &_(x,x). Now we should impose a matching point
constraint from the first four-valent vertex splitting ¥ |, _, = ¥5|,._, . Actually,

Xy Xp A Xy X1 | A P
M3 3= Mgy, = Mooy = M (X1, %2, %3, 31) + 1) 03 + (x, — x3)05 + u 04 + x1(x2 — x3)0,.

X3 X X3 X

(8.43)

Its cohomology coincides with cohomology of .#; with substituted x5 = x;. So we impose the following condition:

UL af0u (1 22) = U () 4 220 EERIZERR)) o e, s
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where primes denote proper projected functions to x5 = x;. We should note that dressing operators U, , do not alter the
lowest fermionic degree, so for the functions y appearing at the first degree and £ appearing at the zeroth degree the only
option not to belong to Im.#; is to be proportional to root x; — x5. Requiring this proportionality from wave functions

(8.41), (8.42) we will find that the generic cohomological solution reads,

1 Xg — X 1
lI’:§<1 +28 4>U1(x15‘_1(x5—x1)94l//+(x],x2))+—<1 -

X1 — X5
| <k<n-2,w,€H (M) E_eH (M_),

the component &, is a projection to x5 = x; so it is
annihilated, also mode x(5)94y/ . is annihilated by constraint
(8.44). This relation is a wave function manifestation of the
MOY move (4.13e).

Having constructed wave functions explicitly one could
solve for the cohomologies of the respective operator ;.
This equation can be solved partly by separating variables
analogously to Sec. VII. We will present a detailed
derivation elsewhere. One would find that the wave
function splits in three parts,

Phipe = Vi1 (x1,X2) + €1 Vo (x1,X2) +€16,Vaws(x,x2),

X — X4

5 )Uz((xs —xp)é_(x1,x2))s

X1 — X5

(8.45)

[

where y, €H* (A ) and wyy€H* (A _), and V,; are
invertible dressing factor operators we do not need to
know an explicit form of at the moment. The horizontal
morphism would reduce to,

@ = @G + élVZ(xl —XQ)VI_] + ézé]éIV:;ZVz_l,

s _ A% X1, %) = M G(x1, %, 9, %1)
X=X '

(8.47)

This statement is equivalent to Krasner’s complex [45]

(8.40) for a bipartite vertex,
|
X :(5/ > ( (1—2)- > ( . AN
_ -z 8.48
/A W

IX. CONCLUSION

The powerful functional integral technique allows one to
calculate correlators of Wilson loops in Yang-Mills theory.
In the particular case of the 3D Chern-Simons theory, it
reduces to the RT formalism [7,8,63] for the evaluation of
topologically invariant HOMFLY-like polynomials, which
can also be considered as Euler characteristics of certain
complexes. Usually, the Euler characteristic has two levels
of description—as an alternated sum of dimensions of
spaces (of all forms with different gradings) and as that of
their zero modes (holomorphic or harmonic). Once zero
modes show up, one can study them separately and not
obligatorily only alternatively summed—this leads to a
generalization of Euler characteristic to Poincaré polyno-
mial and, perhaps, even further. Instead the integrals of
curvatures and their functional-integral generalizations no
longer work—and a new formalism is needed. Moreover,
the study of zero modes requires a kind of Hamiltonian,
which distinguishes them from everything else—and con-
ceptually this adds one extra dimension to the problem.
This addition is not important for the Euler characteristic

itself, but becomes crucial for Poincaré generalization. In
the case of the 3D Chern-Simons theory, this leads from RT
to KR calculus, which naturally possesses formulations in
4D and even 5D and 6D terms [12,26].

If we are interested in building an efficient calculational
technique, these general concepts should be reduced to
more compact and handleable kinds of formalism. In this
paper, we substitute a sophisticated machinery of abstract
matrix factorization by a straightforward analysis of odd
differential operators, associated with link diagrams. The
calculus is essentially cohomological, still applicable to
open tangles—what is crucially important for knot theory,
at least for calculational purposes. As such, this formalism
seems very promising for further analysis of KR [1,2] and
superpolynomials [10,11], which so far remains restricted
to just a few examples—either for very small knots or to
knots with special additional structures, like torus [14,64],
twist [65], or pretzel [66] knots.

We list here just a few straightforward applications,
which hopefully will not take too much time to complete.

(1) Generalizations from fundamental to other repre-

sentations and algebras—straightforward in the RT
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approach—imply the change from w(x) = x"*! for
the fundamental representation of $u, to more
sophisticated functions of more sophisticated vari-
ables. Does the cabling procedure [67-69] lifted to
operators ¢; allow one to produce new super-
potentials and vertices?

(ii) Bipartite knots, made entirely from antiparallel lock
tangles, possess Kauffman planar decomposition
[70] for any n, not just n = 2. This makes the
theory of fundamental bipartite HOMFLY polyno-
mials nearly trivial [46]—though some problems
persist for higher representations, even symmetric
[47]. Planar decomposition is immediately seen in
our operator formalism, and building a systematic
bipartite KR theory, originated in [22,45], seems
now within reach.

(iii)) A and C polynomials [71,72] can now be lifted to the
level of KR polynomials. A mixture of approaches
of [73,74] and the present paper seems especially
interesting.

Coming back to the main story of this paper, the
main challenge is to make it fully algorithmic and
computerized—so that operators, their zero modes, and
the Poincare polynomial for a given link diagram could be
found automatically. In fact, we are already close to this
level of understanding. What remains rather abstract and
requires more work, are certain steps in computation of the
operators ¢, especially for open tangles. As to the zero
modes of the Hamiltonian (1.5) on the space of graded
polynomials, the procedure is nearly algorithmic. All the
graded subspaces of polynomials are finite and the range of
gradings, contributing to the zero modes, could be esti-
mated from counting the resolutions (MOY dimensions).
Surely, there is a need for optimization to make the
procedure practical, and better algorithms are still to
be found.
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1, I ,» —
Sk(p.A.B) = / dx” (lpaoﬂ ~ A* — 1 |B]* — ERGP <Z_:‘I’( 10,4 — Zi:‘l’( )adr,-B) > :

SUSY transforms for field p read,

op =

Lo
ﬁ(eAwLeB).

APPENDIX A: MF FROM TOPOLOGICAL
STRINGS

One of the most popular models for topological strings is
a2D N = (2,2) supersymmetric Landau-Ginzburg model
[49,75]. For simplicity we present its action for a single
chiral multiplet with top complex scalar component ¢» and
fermionic partners y,. The potential for this model is
defined by a holomorphic superpotential function W(¢).
The action of this model reads,

8oy = [ dda [|ao¢|2 o
+ip_(dy + 0y + i (3 — 01 )y

1 1 |
=W =Wy W .

(A1)

It is invariant (if no boundary of the worldsheet is present)
with respect to the following SUSY transforms:

O6p =€ y_—e_y,,
. |
Sy =ié_(dy + 01)¢ — §€+W/»

-
by = ~ie, (0 = )¢ 5 e W', (A2)

Supercharges anticommute to translation symmetries, and
if some boundary of the worldsheet is present some part of
the supersymmetry should be broken as translation
perpendicular to the boundary is no more symmetry of
the problem. We choose preserved subsymmetry to be of B
type by setting without loss of generality e, =¢e_ =e.
Consider a junction of two Landau-Ginzburg (LG) world-
sheets located at spatial coordinate x' = 0 as it is depicted in
Fig. 3. To describe the junction defect we put on it a 1D model
of the Fermi multiplet [31,49] with fermionic field p. It is
allowed to interact with the bulk chirals via superapotentials A
and B that are holomorphic and antiholomorphic functions of
boundary values ¢;(x°) := ¢;(x°, x! = 0). From the fer-
mionic part of the chiral multiplets it interacts only with
combinations y; (x°) = (' (x0, x! =0) =) (x°,x! =0)),

(A3)

(A4)
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Zo

2d LG I; 2d LG II; p
(¢17 lﬁ ) (¢27 1/)04 ) W2) ~

temporal slice

FIG. 3.

Junction of two LG worldsheets.

For the total SUSY variation of combined actions we find,

5(S, (¢, 1,/5,1), W) + S, (s, W&z)’ W) + Sk(p, A, B))

/i i 1 . i
= [ avre(e w0, (W= 3We = yAB) + (1 (-] g0+ B+ PO ). (45

For this system to remain supersymmetric we should
impose constraints on a relation between bulk and defect
superpotentials,

AB =2i(W, - W,), (A6)

as well for fields ¢; and 1/79 — ) we impose Neumann
boundary conditions at the defect boundary, and for fields
l/7(+l) + %) we impose Dirichlet boundary conditions cor-
respondingly.

oA (DT ~ ()T 0
Q=3 [ (< -0 o+ A

where we have already introduced rescaling A according to
localization prescription [35]. All the Hamiltonians ob-
tained from Qj\ for different A correspond to different
systems, nevertheless supersymmetric ground states for all

of them correspond to cohomologies H*(Q}) and are
isomorphic among each other. It is easy to calculate such
cohomologies in the limit A — oo since the dominant term
localizes field configurations to constant modes d;¢; = 0.
The constant modes coincide with values ¢; at the
boundary. The wave function factorizes as

Pi(x). ¢i(x). v

- \PO(¢1 ¢

()p]

,p) x P|heavy modes|, (A8)

where W is described as cohomology of the following
effective supercharge:

Now we consider a horizontal section of the worldsheet
and Hamiltonian dynamics on it. Wave functions spanning
the Hilbert space of this system are functionals

‘P[gbi(x),g;ﬁi(x),y/gf)(x), p] of spatial field distributions

oi(x), y/g> and a function of variable p. The
Hamiltonian of this supersymmetric system can be derived
as an anticommutator of supercharge operators

=1{Q.Q"}, where [31],

= —IZ'I/ .t \ﬁ (Ap+BpH).  (A9)

In this supercharge variables split, so we find its cohomol-
ogies in the following form:

\PO(¢iv &O)’W(Z) ¢w (AIO)

xHy/

where y are strictly holomorphic in all variables ¢b; and are
cohomologies of the following effective supercharge:

1
Qf = —=(4p + Bp'),

V2

which is analogous to MF operators .# introduced in
Sec. II.

(Al1)
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It is easy to generalize this story to any number of 2D
sheets and 1D junctions. A temporal slice of the string
worldsheet tube is encoded literally by a graph I" whose
oriented edges correspond to intersections of 2D world-
sheets with the slice, and vertices correspond to intersec-
tions with junction defect worldlines (see Fig. 3).
Orientation on edges reflects worldsheet orientation. The
supersymmetric ground state wave function could be
determined as cohomology of an effective supercharge,

Ql= ) «ql

v € vertices

(A12)

where local vertex supercharges Q) correspond to matrix
factorization. We can easily generalize a junction defect to a
vertex of any valency. Due to (A6) the respective matrix
factorization is constrained,

(R =2 > W,=2 Y W,

a: x—uv b: v—x

(A13)

where we split sums over edges a flowing inward vertex v
and edges b flowing outward vertex v.

APPENDIX B: QUOTIENTS OF POLYNOMIAL
RINGS

Working with the framework of Khovanov-Rozansky
double complexes one encounters often a necessity to
|

N

describe a quotient ring. For example, cohomologies of
a simplistic nilpotent MF operator .# = p(x)6, where p(x)
is a polynomial, acting on a ring Q[x] & Q[x]@ is iso-
morphic as a vector space to quotient ring
Q[x]/(p(x)) = Q[x]/(p(x)Q[x]). This fact has an analo-
gous rephrasing as the short exact sequence of modules,

p(z)-:

0 Q[z]

Qlz] — Qla]/(p(z)) — 0
(B1)

So here we gather a few handy quotient relations that
might appear useful for the task of a quotient ring
construction.

1. Linear quotient

Let us start with quotients modulo linear relations.
Consider a polynomial function F in a ring of N pairs
of variables z; and w;. Apparently, one could work equally
well with polynomials over fields of other unconstrained
variables. Let us emphasize the dependence of F on z; only
and omit the dependence on w;. Assume z; are variables we
would like to exclude by relations z; = w;, i = 1,...,N.In
terms of rings we consider F' in the ring modulo ideals
Z; —w;. So we decompose F over a zeroth term with
substituted z; = w; and a sum of ideal members,

F(Z],..-,ZN) = F(Wl,...,WN) +Z(Z,‘—Wi) X Gi?

i=1

F(wl’ e Wit15 20 Zit 1

...,ZN) —F(Wl,...

Gi:

Here all the ratios G; are polynomial integer quotients
indeed as the denominators cancel factors in the numerators
having respective roots at z; = w;.

Apparently, fractions G; are not defined uniquely, rather
they are subjected to the gauge transforms parametrized by
arbitrary polynomials H,

2. Quadratic quotient

Here we would like to discuss a specific quotient ring
Q[x x,, x3, x4/ (51, 52), where

Wi s Wis i1+ ZN) (BZ)
i —wW; '

S1 =X + X, — X3 — Xy, §) = X1 Xy — x3x4. (B4)
Here again an attempt to factor out a function by s; would
lead to localization of the function to solutions s; = 0,
s, = 0. Let us assume that variables x3 and x, are to be
excluded, following Viete’s theorem we find two possible
roots,
(03 =x1,0 =x) and (x5 =x2.24 =x1).  (BS)
To construct the quotient of an arbitrary function
f(x1,x0,x3,x4) first we extract dependence on combina-
tions x3 + x4 and x3x; by decomposing f over the
symmetric and antisymmetric part,
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f(xl,xz,x3,x4) =

N =

1 \f(xl,X2,X3,X4) = f(x1, X2, X4, X3)

(f (ers X2, %3, x4) + f (1, %2, X4, X3)) +§(x3 — X4) . (B6)

1) ,X,X3+X4,X3%4)

X3 — Xy

'

C(%1,%0,X3+X4,X3X4)

Again for the ratio the denominator is canceled with a root in the numerator, so both functions ¢ , are polynomials. These
polynomials are symmetric with respect to permutation x3 <> x4, therefore they could be decomposed over elementary
symmetric polynomials x5 + x, and x3x4. Further we construct the linear quotient (B2) of ¢ , for variables z; = x3 + x4,

Zp = X3X4, Wi = X1 + Xp, Wy = X1X,. Eventually we would arrive to the following decomposition of function f,

f(xl,xz,x3,x4) =

N =

—xy

1
(14 h) x f(xy, %, %1, %2) +§(1 —h) x f(x1, X2, X3, x1) + 5701 (f) + 5202(f)s

(B7)

x . . . . .
where i := 2=*, and linear maps v, , represent integer quotients of f for s, and s,, respectively, according to (B2). They are

1=%2°
defined modulo the gauge transform,

v1(f) = v1(f) + 529,

Let us note that,

vy (f) = va(f) —s19. Vg (B8)

B2 — <x3—x4>2:1_31x1+x2 + X3+ x4
(x1 = xp)?

X1 — X2

¥ P A 1 mod (sy,s). (B9)

Thus we see that P, = 1 (1 & h) are projectors to disjoint roots (B5),

P%_:P+ mod <SI,S2>, P%ZP_

mod (sq,55),

P.P_=P_P_.=0 mod (s1,s,). (B10)
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