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We study the optical depth to reionization in a cosmological setting that includes backreaction from
matter inhomogeneities, using the Buchert averaging formalism. We construct a spacetime model
consisting of multiple inhomogeneous domains, hereafter referred to as the backreaction model,
characterized by a set of parameters. We first examine how these parameters influence the computation
of the optical depth to reionization, τreion. Next, we carry out a Markov chain Monte Carlo (MCMC)
analysis based on the Pantheon+SH0ES type Ia supernova sample to infer the best-fit values of the model
parameters, and then use these to evaluate τreion. We obtain τreion ¼ 0.0581þ0.0105

−0.0096 (68% confidence limits).
This result indicates that, when Pantheon+SH0ES data are used to constrain the model parameters, our
backreaction model yields a value of τreion that aligns more closely with observational estimates than the
value predicted by the standard cosmological model. We further demonstrate that the backreaction model
leads to a modest reduction of the Hubble tension, while avoiding the need for exotic or nonstandard
physics.
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I. INTRODUCTION

Since its formulation, the ΛCDM (Λ cold dark matter)
model has successfully explained numerous cosmological
observations. However, in recent years, improved precision
and consistency of observations of various cosmic phe-
nomena [1–3] have revealed growing tensions between the
theoretical predictions of the ΛCDM model and the
observations [4–9]. The most statistically significant of
these discrepancies is the Hubble tension—a disagreement
of 4.7σ to 6.5σ [10–13] between two independent mea-
surements of the Hubble constant,H0. On the one hand, the
Planck collaboration derives H0 from high-redshift cosmic
microwave background (CMB) observations combined
with the assumptions of the ΛCDM model [1]. On the
other hand, measurements from low-redshift late-time
observations using type Ia supernovae calibrated with
classical Cepheid variables [2,14,15] leads to persistent
disagreement with the early Universe determination of H0,
thereby constituting the Hubble tension.

The ΛCDM model relies on the Friedmann-Lemaître-
Robertson-Walker (FLRW) metric, which is fundamentally
grounded in the cosmological principle, the assumption
that the Universe exhibits statistical homogeneity and
isotropy on large scales. However, recent large-scale
structure (LSS) observations suggest the need to incorpo-
rate additional complexities beyond the standard cosmo-
logical framework. Although the Universe may indeed be
uniform and isotropic at the largest scales, numerous
astrophysical surveys have unveiled significant matter
distribution inhomogeneities extending to substantial scales
[16–21]. The deviations from homogeneity are statistically
significant, with luminous red galaxy samples showing
departures exceeding 3σ from ΛCDM mock catalogs on
scales as large as 500h−1 Mpc [22]. The discovery of a
giant arc of galaxies spanning approximately 1 Gpc (proper
size at the present epoch) presents a notable challenge to the
ΛCDM framework [23]. However, subsequent studies have
questioned its cosmological significance [24–26].
The observed departures from the smooth, homogeneous

Universe assumed in the ΛCDM paradigm suggest that
incorporating the effects of inhomogeneities may be essen-
tial for accurate analyses of cosmological phenomena. The
effect of local inhomogeneities on the dynamics at larger
scales is generally termed as backreaction. Models of
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backreaction that analyze the effect of matter distribution
inhomogeneities on cosmological dynamics [27,28]
systematically incorporate inhomogeneity effects into cos-
mological analyses through various averaging schemes
[29–33]. Buchert introduced a particularly effective averag-
ing procedure [34,35] focusing on scalar quantities defined
on spacelike hypersurfaces. The Buchert averaging frame-
work has subsequently been employed in numerous studies
investigating how the backreaction of inhomogeneities
affects cosmological dynamics, with particular attention to
explaining the Universe’s observed accelerated expansion
[17,27,34–57]. Backreaction effects have also been applied
to address other observational puzzles. For example, [58]
argues that the backreaction from the inhomogeneous matter
distribution could explain the Experiment to Detect Global
Epoch of reionization Signal (EDGES) 21-cm signal obser-
vations without requiring exotic physics. Reference [59]
investigates how 21-cm brightness temperature can be
utilized to constrain the Hubble parameter within the context
of an inhomogeneous cosmological model.
In this context, it may be noted that a recent work related to

Dark Energy Spectroscopic Instrument (DESI) baryon acous-
tic oscillation (BAO) measurements [60] have reported a past
phantomlike dark energy (ωðzÞ < −1, where ωðzÞ is the
equation of state of the dark energy) transitioning to non-
phantomlike (ωðzÞ > −1) today. This is accompanied by a
decrease in the universe’s acceleration, possibly leading to
deceleration. This analysis is further supported by a recent
study of supernova cosmology [61], which reports a signifi-
cant tension (> 9σ) with the ΛCDM model. Such observa-
tions of a decelerating universe can be accounted for by
backreaction models, without resorting to exotic or non-
standard physics [50,62]. Moreover, a two-parameter exten-
sion of the flat ΛCDM model that incorporates the effects of
matter inhomogeneities on cosmological interpretations has
been introduced recently [63], suggesting the possibility of
addressing the Hubble tension through backreaction from the
cosmic web structure, which could reconcile early and late-
universe cosmological measurements.
Buchert’s averaging procedure for evaluating backreac-

tion effects from matter distribution inhomogeneities
provides a promising theoretical framework for connecting
spatially averaged quantities to observationally measurable
phenomena, particularly redshift-distance relations
[44,45,64–67]. Studies of electromagnetic wave propagation
through inhomogeneous spacetime have revealed distinctive
modifications to the redshift-distance relation arising from
backreaction effects [44,45,66]. Analogous phenomena have
been demonstrated for gravitational waves from compact
binary systems propagating through inhomogeneous matter
distributions [51,52]. Previous studies have examined the
effects of inhomogeneous matter distribution on the Hubble
tension with varying degrees of success [68–74]. Given these
theoretical developments and their potential observational
implications, we apply Buchert’s averaging procedure to

analyze another significant cosmological parametrization,
viz., the optical depth to reionization in the Universe with an
inhomogeneous matter distribution.
The reionization of the Universe is closely linked to the

formation of the first stars and galaxies, which are the
primary sources of ionizing photons. Reionization affects
our ability to measure the CMB radiation as it propagates
through the intergalactic medium. The optical depth to
reionization, τreion, is a dimensionless quantity which
provides a measure of the line-of-sight free-electron opacity
to CMB radiation [75]. Cosmic reionization is a topic of
significant importance in both astrophysics and cosmology
and the parameter τreion plays a crucial role in its analysis.
Determining τreion from observational data is therefore of
strong interest [76–78], and may have a direct bearing on
the tension between CMB and BAOmeasurements [79,80].
The Planck public-release PR3 results [1] provide the
optical depth and reionization redshift as τreion ¼
0.0544þ0.0070

−0.0081 , and zreion ¼ 7.68� 0.79. This value of
τreion is for the base-ΛCDM model and is obtained from
the TT;TE;EEþ lowE spectra and is weakly dependent on
the cosmological model. In [1], the value of zreion is
obtained by incorporating the tanh model of reionization
with the τreion value (see Sec. II B). In the present study, we
investigate τreion within a backreaction model.
In the present work, our approach considers a multi-

domain spacetime model that provides a more realistic
representation of the actual Universe compared to the
simplified two-domain toy models predominantly used
in earlier backreaction studies [44,48–51]. The backreac-
tion model considered here incorporates six parameters:
four associated with matter distribution inhomogeneities,
the dimensionless Hubble parameter h (where
H0 ¼ 100h km s−1 Mpc−1), and n, representing the total
number of subregions of each type. Following previous
optimizations [58,62], we adopt n ¼ 100. We explore the
backreaction model as an alternative to the standardΛCDM
cosmological framework. We perform a Markov Chain
Monte Carlo (MCMC) analysis to constrain the parameters
of the backreaction model, using a low-redshift observa-
tional dataset which includes Pantheon+SH0ES (Supernova
H0 for the equation of state) type Ia supernova data. We
constrain the parameter h, thereby placing constraints on
H0 and enabling us to address the Hubble tension. Based on
these constrained model parameters, we evaluate the τreion
value and compare it with values obtained for the ΛCDM
model for various observational datasets.
The paper is organized as follows. We briefly introduce

the cosmological models that have been employed in this
analysis in Sec. II A. We also briefly outline Buchert’s
averaging procedure and our multidomained backreaction
model here. Next, we introduce a formalism to evaluate the
optical depth to reionization in Sec. II B. We then present a
multidomain analysis of the optical depth to reionization in
the context of the multidomain backreaction model in
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Sec. III. In Sec. IV, we use the Pantheon+SH0ES type Ia
supernova dataset to constrain the backreaction model
parameters and calculate the optical depth to reionization
using the optimal parameter values. Finally, we summarize
our results in Sec. V.

II. MODEL AND METHODOLOGY

A. Background cosmological models

1. ΛCDM model

The ΛCDM model is the current standard framework of
cosmology. It assumes a homogeneous and isotropic
Universe described by the FLRW metric, with dynamics
governed by general relativity. The energy budget consists of
radiation, baryonic matter, cold dark matter, and a cosmo-
logical constant Λ that drives late-time acceleration. The
Hubble parameter in this model evolves with redshift as

HΛCDMðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þΩrð1þ zÞ4 þ ΩΛ

q
; ð1Þ

whereΩm,Ωr, andΩΛ are the present-day density parameters
for matter, radiation, and dark energy, respectively. Because
of its simplicity and its success in reproducing a broad
spectrum of observations, ΛCDM serves as the standard
referencemodel againstwhich alternative approaches, such as
the backreaction framework, are evaluated.

2. Backreaction model

In this analysis, we utilize Buchert’s averaging method
tailored to a pressureless model (Buchert’s backreaction
formalism), explicitly referring to the dust universe model
[34,81]. Buchert’s backreaction framework streamlines the
averaging process by focusing solely on scalar quantities.
The division of spacetime is accomplished through flow-
orthogonal hypersurfaces characterized by the line element
[27,34]

ds2 ¼ −dt2 þ gijdXidXj; ð2Þ

where t is the proper time, Xi are Gaussian normal
coordinates in the hypersurfaces and gij is the spatial
three-metric of the hypersurfaces of constant t. The volume
of a compact spatial domain D on these hypersurfaces is
defined as

jDjg ≔
Z
D
dμg; ð3Þ

where dμg ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3Þgðt; X1; X2; X3Þ

q
dX1dX2dX3. Now, we

define a dimensionless (“effective”) scale factor

aDðtÞ ≔
� jDjg
jDijg

�
1=3

; ð4Þ

normalized by the initial volume of the domain jDijg, which
can be considered the domain’s current volume, at the
present time t0. The average over a scalar quantity f is
defined as

hfiDðtÞ ≔
R
D fðt; X1; X2; X3ÞdμgR

D dμg
: ð5Þ

Using this averaging procedure and scalar parts of the
Einstein equations, that is, the Hamiltonian constraint and
the Raychaudhuri evolution equation for the expansion
scalar, together with the continuity equation, gives us
evolution equations [34]

3
äD
aD

¼ −4πGhρiD þQD ð6Þ

3H2
D ¼ 8πGhρiD −

1

2
hRiD −

1

2
QD ð7Þ

0 ¼ ∂thρiD þ 3HDhρiD; ð8Þ

where hρiD, hRiD and HD are the averaged matter density,
averaged spatial Ricci scalar and the Hubble parameter
(HD ≔ ȧD=aD) of the domainD, respectively.QD is called
the kinematical backreaction and is defined as

QD ≔
2

3
ðhθ2iD − hθi2DÞ − 2hσ2iD; ð9Þ

where θ is the local expansion rate and σ2 ≔ 1=2σijσij is
the squared rate of shear. The Hubble parameter HD and
hθiD are related by the relation HD ¼ 1=3hθiD. QD is zero
for an FLRW-like domain. The necessary condition of
integrability connecting Eqs. (6) and (7) is given by

1

a2D
∂tða2DhRiDÞ þ

1

a6D
∂tða6DQDÞ ¼ 0: ð10Þ

In Eq. (10), a key aspect of the averaged equations is
illustrated; it links the evolution of the averaged intrinsic
curvature ðhRiDÞ to the kinematic backreaction term ðQDÞ.
This term represents the incorporation of matter inhomoge-
neities into the analysis. The interdependence of hRiD and
QD, alongsideQD, signifies the deviation from homogeneity.
In the framework of the Buchert formalism, we adopt a

particular method where groups of disjoint regions collec-
tively define the global domain [17,27,40–56]. In this
context, the global domainD is envisioned as being divided
into subregions F l, each of which is composed of more

fundamental spatial units F ðαÞ
l . Thus, in mathematical

terms, we express this as D ¼∪l F l, where F l ≔∪α F
ðαÞ
l

and F ðαÞ
l ∩ F ðβÞ

m ¼ ∅ for all α ≠ β and l ≠ m.
Average of a scalar-valued function f on the domainD is

given by
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hfi≔ jDj−1g
Z
D
fdμg¼

X
l

jDj−1g
X
α

Z
F ðαÞ

l

fdμg

¼
X
l

jF ljg
jDjg

hfiF l
¼
X
l

λlhfiF l
; ð11Þ

where

λl ≔
jF ljg
jDjg

ð12Þ

is the volume fraction of the subregion F l such thatP
l λl ¼ 1 and hfiF l

is the average of f on subregion
F l. The scalar quantities ρ, R, and HD are governed by
Eq. (11), but QD, due to the presence of hθi2D-term, do not
adhere to the above equation and instead follow

QD ¼
X
l

λlQl þ 3
X
l≠m

λlλmðHl −HmÞ2; ð13Þ

where Ql and Hl are defined in subregion F l in the same
way asQD andHD are defined in the domainD. We can also
define the scale factor al for a subregion F l. By definition,
the different subregions are disjoint; therefore it follows that
jDjg ¼

P
l jF ljg and hence, using Eq. (4), we have

a3D ¼
X
l

λlia
3
l ; ð14Þ

where λli ¼
jF li

jg
jDijg is the initial volume fraction which can also

be taken as the volume fraction at present and can be
represented as λl0 , where the subscript 0 stands for quantities
calculated at the present time. Differentiating this relation
twice with respect to the foliation time results in

äD
aD

¼
X
l

λl
älðtÞ
alðtÞ

þ
X
l≠m

λlλmðHl −HmÞ2: ð15Þ

A model of multiple subregions. Here, using Buchert’s
backreaction framework, we consider a model of the
Universe in which domain D comprises multiple under-
dense and overdense subregions. Similar models have been
used in [62] to study the future evolution of the accelerating
universe with multiple inhomogeneous domains and in [58]
to analyze the 21-cm signal in the Universe with inhomo-
geneities. The underdense subregions have lower densities
than the overdense subregions. The underdense subregions
are modeled as almost-empty matter-dominated FLRW
regions with very little matter (dust). The overdense
subregions are modeled as matter-dominated FLRW mod-
els with matter (dust) content. The underdense subregions
are taken to have Friedmann-like 1=a2 negative curvature,
while the overdense subregions have Friedmann-like 1=a2

positive curvature. The time evolution of the scale factor of
ith overdense subregions, aoi is given in terms of a
development angle ϕoi of the ith overdense subregion [82]

aoi ¼
qoi;0

2qoi;0 − 1
ð1 − cosϕoiÞ ð16Þ

t ¼ t0
ðϕoi − sinϕoiÞ

ðϕoi;0 − sinϕoi;0Þ;
ð17Þ

where qoi;0 and ϕoi;0 are respectively the deceleration
parameter of the ith overdense subregion and the value
of ϕoi at time t0, which is the present time. For an overdense
region such as the one considered here, qoi;0 must be greater
than 1=2 [82]. Here, we have set qoi;0 to take values between
1=2 and 1. The time t in Eq. (17) is the cosmic time,
although for each overdense subregion, this t is a function
of ðϕoi;0 ;ϕoiÞ (ϕoi;0 itself is a function of qoi;0). Therefore,
each underdense subregion has a different evolution of t as
a function of ðqoi;0 ;ϕoiÞ but value of t0 is the same across all
overdense subregions as well as for the global domain,
which is ensured by the specific form of Eq. (17). The time
evolution of the scale factor of ith underdense subregions,
aui is given in terms of a development angle ϕui of the ith
underdense subregion [82]

aui ¼
qui;0

1 − 2qui;0
ðcoshϕui − 1Þ ð18Þ

t ¼ t0
ðsinhϕui − ϕuiÞ

ðsinhϕui;0 − ϕui;0Þ;
ð19Þ

where qui;0 and ϕui;0 are, respectively, the deceleration
parameter of the ith underdense subregion and the value
of ϕui at time t0, which is the present time. For an
underdense region such as the one considered here, qui;0
ranges from 0 to 1=2 [82]. The time t in Eq. (19) is the
cosmic time, although for each underdense subregion, this t
is a function of ðϕui;0 ;ϕuiÞ (ϕui;0 itself is a function of qui;0).
Therefore, each underdense subregion has a different
evolution of t as a function of ðqui;0 ;ϕuiÞ, but the value
of t0 is the same across all underdense and overdense
subregions as well as for the global domain which is
ensured by the specific form of Eqs. (19) and (17). Since
the values of t0 and HD0

are interrelated, one needs to fix
either of them [57]. The value of t0 is calculated using the
procedure used in [58].
Note that aoi and aui can be expressed in terms of the

volume of the respective subregions using Eq. (4), which
gives us

aoiðtÞ ≔
� jDjoi
jD0joi

�
1=3

;

auiðtÞ ≔
� jDjui
jD0jui

�
1=3

; ð20Þ

where jDjoi is the volume of the ith overdense subregions at
time t, jD0joi is the volume of the ith overdense subregion
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at time t0 as was done in Eq. (4), and similarly for the case
of the underdense subregions. Equations (4) and (20)
require that at t ¼ t0, aD ¼ aoi ¼ aui ¼ 1, leading to

cosϕoi;0 ¼
�

1

qoi;0
− 1

�
;

coshϕui;0 ¼
�

1

qui;0
− 1

�
: ð21Þ

For a given value of qoi;0 and qoi;0 ; aoiðtÞ and auiðtÞ can
be calculated using Eqs. (16)–(19) and (21). Then using
Eq. (14), aDðtÞ can be obtained provided λl0 which is the set
of all λui;0 and λoi;0, is known.
It may be noted that aD can also be obtained from

solving the second-order differential equation Eq. (15).
Using Eqs. (16) and (18) in Eq. (15), we get

äD
aD

¼
�X

i

λoi
äoi
aoi

�
þ
�X

j

λuj
äui
aui

�

þ
�X

k

X
l

λkλlðHl −HkÞ2
�
; ð22Þ

where, λoi is the volume fraction of the ith overdense
subregion, λuj is the volume fraction of the jth underdense
subregion, λ is the set of all λoi and λui andH is respectively,
the set of all Hoi and Hui . The combined volume fraction of
all the underdense subregions is given by λu, i.e.,P

i λui ¼ λu. Similarly, the total volume fraction of all the
overdense subregions is given by

P
i λoi ¼ λo. Clearly,

λo þ λu ¼ 1. The evaluation of aD obtained from these
two methods is identical, as confirmed through our analysis.
The volume fraction of the ith overdense subregion can

be written as

λoi ¼
jF oi jg
jDjg

¼ a3oi jF oi;0jg
a3DjD0jg

¼ λoi;0
a3oi
a3D

; ð23Þ

where t0 is a reference timewhich can be taken as the present
time, jF oi jg is the volume of the ith overdense subregion,
jF oi;0jg is the volume of the ith overdense subregion at time
t0, jD0jg is the volume of the domainD at time t0 and λoi;0 is
the volume fraction of the ith overdense subregion at time t0.
The present time (t0) value of ðλo; λuÞ is given by ðλo;0; λu;0Þ
which we have taken to be (0.09, 0.91) [27].
In this backreaction model, we consider the present time

volume fraction of ith underdense subregion, λui;0 to have a
Gaussian distribution within the allowed range of qui;0 from
0 to 1=2, given by

λui;0 ¼
Nu

σu
ffiffiffiffiffiffi
2π

p e−ðqui;0−μuÞ
2=2σ2u ; ð24Þ

where Nu is a normalization constant which ensures thatP
i λui;0 ¼ λu;0 ¼ 0.91, μu is the mean value of qui;0 and σu

is the standard deviation of qui;0 . Therefore, each ith
underdense subregion is associated with a particular value
of qui;0 and λui;0 such that qui;0 varies from 0 to 1=2 across
the i number of underdense subregions andP

i λui;0 ¼ 0.91. Hence, this model’s allowed range for
μu is also from 0 to 1=2. And we are imposing the allowed
range for σu from 0.01 to 0.09.
The present-time volume fraction of ith overdense

subregion, λoi;0 is considered to have a Gaussian profile
within the allowed range of qoi;0 from 1=2 to 1 given by

λoi;0 ¼
No

σo
ffiffiffiffiffiffi
2π

p e−ðqoi;0−μoÞ
2=2σ2o ; ð25Þ

where No is a normalization constant which ensures thatP
i λoi;0 ¼ λu;0 ¼ 0.09, μo is the mean value of qoi;0 and σo

is the standard deviation of qoi;0 . In this case, each ith
overdense subregion is associated with a particular value of
qoi;0 and λoi;0, where qoi;0 lies within the range 1=2 to 1
across the i number of overdense subregions andP

i λoi;0 ¼ 0.09. Hence, this model’s allowed range for
μo is also from 1=2 to 1. And we are imposing the allowed
range for σo from 0.01 to 0.09. The volume fraction of the
ith underdense subregion at a time t, λui is related to the
volume fraction at present time t0 by

λui ¼ λui;0

�
1 −

P
iλoi

1 −
P

iλoi;0

�
: ð26Þ

We employed the Gaussian distribution to characterize
the current volume fraction for different subregions. To
gain a genuine understanding of the physical distribution,
extensive galactic surveys are required to map how matter
is spread throughout the Universe. While surveys have
examined the local Universe, no studies have been con-
ducted for the redshifts pertinent to our analysis. In the
absence of these surveys, we assume a normal distribution,
as it is a standard choice known to model unbiased physical
conditions effectively. The Gaussian distribution is a
familiar and widely utilized tool in various physical studies.
Using Eq. (13), the kinematical backreaction term for the

domain D for the backreaction model effectively becomes

QD ¼
X
i

λoiQoi þ
X
j

λujQuj þ 3
X
l≠m

λlλmðHl −HmÞ2;

ð27Þ
where Qoi is the kinematical backreaction term for the ith
overdense subregion, Qui is for the ith underdense sub-
region. The summation in the last term runs over the sets of
all λoi , λui , Hoi , and Hui . The subregions are also governed
by this coupling of the kinematical backreaction term to the
Ricci scalar [Eq. (10)]. Therefore, by selectively choosing
the curvatures of the subregions (FLRW-like), we can make
the respective kinematical backreaction terms for these
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subregions equal to zero [27,28]. Hence, in this case, the
global kinematical backreaction is governed by only the
interplay of the subdomain Hubble evolutions and volume
fractions [third term of Eq. (27)]. Note that the above
assumptions are made in the context of the present model.
On the other hand, if the subdomains are endowed with
dynamical curvature, other intricate effects could arise
through kinematical backreaction, as may also happen in
a more general case where the subregions may not neces-
sarily be FLRW. Obtaining the values of λoi;0 and λui;0 from
Eqs. (25) and (24) respectively, and using these in Eqs. (23)
and (26) gives us λoi and λui . Hubble parameters for the
subregions can be obtained from Eqs. (16)–(19). We can
then use Eq. (22) to get aDðtÞ and HDðtÞ.
We next relate these quantities calculated theoretically

from the backreaction model with observational quantities
(redshift and angular diameter distance by using the
covariant scheme [64,65], given by

1þ z ¼ 1

aD
ð28Þ

HD
d
dz

�
ð1þ zÞ2HD

dDA

dz

�
¼ −4πGhρiDDA: ð29Þ

Equation (28) relates aDðtÞ with the cosmological red-
shift zðtÞ and Eq. (29) relates the angular diameter distance
DA with hρiD and HD. Here, we use Eq. (28) to obtain zðtÞ
from aDðtÞ. We can thus evaluate HDðzÞ using HDðtÞ from
Eq. (22) and zðtÞ from Eq. (28). This particular model has
been characterized thoroughly in [58].
In Fig. 1, the average density parameters are plotted as a

function of the redshift in the redshift range (z < 30). (See
Appendix for the calculation of these average density
parameters). The density parameter associated with kin-
ematical backreaction, QD, plays a significant role in our
backreaction model at late redshifts (around z ¼ 5, as seen
in the inset), embodying the departure from FLRW behav-
ior in our framework. The QD term becomes negligible at
large redshifts, which can be seen from the corresponding
plot in Fig. 1. The term ΩD

Q going to zero at high redshifts
(or at early times) shows that our model can mimic an
FLRW model at early times. At early times, the under- and
overdense regions have opposite curvature sign, but as can
be seen from Fig. 1, the density parameter for curvature is
very small at early times in comparison to the density
parameter of matter. Therefore, the presence of curvature
does not play a significant role at early times. Curvature
becomes significant only at late times.
While the backreaction model agrees with FLRW

predictions at high redshift, it diverges from FLRW
behavior at late times (low redshift). Since we fix the
present-day cosmological parameters as boundary condi-
tions for both the ΛCDM and backreaction frameworks and
then evolve the system backward in time, the reconstructed
past evolution of the Hubble parameter differs between the

two scenarios. This mismatch in the backward evolution is
what accounts for the difference between our ΛCDM-based
results and those from the backreaction analysis.

B. Formulation of optical depth

The optical depth τ is defined as the integral of the
electron density times the Thomson cross section over the
geometrical path length between the present redshift and
the redshift of reionization. It can be expressed as [75]

τðtÞ ¼ σT

Z
t0

t
neðtÞcdt; ð30Þ

where ne is the electron number density, σT ¼
6.65 × 10−29 m2 is the Thomson scattering cross section,
and t0 is the present time.
To express this in terms of the redshift, we define the

ionization fraction as χðzÞ ¼ neðzÞ=nHðzÞ [1], where nHðzÞ
is the number density of hydrogen nuclei. The number
density of hydrogen nuclei evolves as

nHðzÞ ¼ nH;0ð1þ zÞ3; ð31Þ
where nH;0 is the present-day value of nHðzÞ. The time-
redshift relation is

dz
dt

¼ −ð1þ zÞHðzÞ: ð32Þ

Substituting into Eq. (30), the optical depth becomes

τðzÞ ¼ nH;0cσT

Z
z

0

ð1þ z0Þ2 χðz0Þ
Hðz0Þ dz

0: ð33Þ

Assuming a primordial helium fraction of 24% [83], we
have nHðzÞ ¼ 0.76nBðzÞ, where nBðzÞ is the baryon num-
ber density. Now, nH;0 ¼ 0.76nB;0, where nB;0 is the
present-day value of nBðzÞ and is related to the baryon
density parameter ΩB via

FIG. 1. Plot of averaged density parameters, ΩD
m and ΩD

Q as a
function of redshift, z. The values of the parameters are chosen as:
μu ¼ 0.01, σu ¼ 0.01, μo ¼ 0.99 and σo ¼ 0.01. The inset shows
the magnified plot for ΩD

Q, the density parameter for kinematical
backreaction term QD.
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ΩB ¼ 8πG
3H2

0

mpnB;0; ð34Þ

where mp is the proton mass and H0 ¼
100h km s−1 Mpc−1 is the Hubble constant. Here, we have
used the PR3 release (Planck VI 2018) constrained value of
Ωbh2 ¼ 0.0224 [1] to calculate nB;0. For simplicity, both
helium and hydrogen are assumed to be fully ionized.
We denote the total integrated optical depth to reioniza-

tion as τreion, and it is given by [1]

τreion ¼ nH;0cσT

Z
zmax

0

ð1þ z0Þ2 χðz0Þ
Hðz0Þ dz

0; ð35Þ

where zmax ¼ 50, which is early enough to capture the full
expected contribution from reionization.
The computation of the τreion [the integral in Eq. (35)] relies

on two fundamental ingredients: (i) the evolution of the
Hubble parameter HðzÞ, determined by the underlying cos-
mological model, and (ii) the ionization fraction χðzÞ, speci-
fied by the reionization model. In this work, these two
components are consistently combined within a unified pipe-
line: the cosmological sector provides the background expan-
sion history as an input to the integral, while the reionization
module computes the corresponding ionization fraction. The
two parts are interfaced at the background evolution level,
ensuring a coherent evaluation of the optical depth.
We consider two cosmological scenarios:
(i) the standard ΛCDM model, and
(ii) the multidomained backreaction model.
In both cases, the background expansion history is

combined with the tanh reionization parametrization
[1,84] to model the ionization fraction and compute the
corresponding optical depth.
Each of these cosmological models is combined with the

tanh reionization model [1,84]

χðzÞ ¼ 1þ nHe=nH
2

�
1þ tanh

�
yðzreionÞ − yðzÞ

Δy

��
; ð36Þ

where yðzÞ ¼ ð1þ zÞ3=2, Δy ¼ 3
2
ð1þ zreionÞ1=2Δz, and

Δz ¼ 0.5. Throughout this study, we have used
zreion ¼ 7.68, unless otherwise stated (see Sec. II C).
We then analyze two distinct scenarios:

ðΛCDMþ tanhÞ; ðbackreactionþ tanhÞ:
For the evaluation of the (backreactionþ tanh) scenario,

the scalar quantities appearing in Eqs. (32)–(35) are
substituted by their corresponding averaged counterparts.
Using HDðzÞ derived from the backreaction formalism and
χðzÞ from the reionization prescription, we compute τreion
via Eq. (35). This calculation is performed for both
cosmological models (ΛCDM and backreaction), each
paired with the tanh reionization prescription. Hence,
two distinct values of τreion are obtained and compared
with the observational results.

C. Observational values of optical depth to reionization

In the Planck XIII 2015 (PR2) release [85], 68% con-
fidence limits for the baseΛCDMmodel from Planck CMB
power spectra, in combination with lensing reconstruction
“lensing” and external data “ext,” BAOþ JLAþH0, are
given as (here, tanh prescription of ionization fraction is not
used)

τreion ¼ 0.066� 0.012; and zreion ¼ 8.8þ1.2
−1.1

ð68%TT;TE;EEþ lowPþ lensingþ extÞ: ð37Þ

The Planck 2018 legacy release [Planck V 2018 (PR3)]
[86] cites τ ¼ 0.063� 0.020 as inferred from Low
Frequency Instrument (LFI) data and 0.0506� 0.0086
from High Frequency Instrument (HFI) data.
In the Planck collaboration PR3 release [Planck VI 2018

(PR3)] [1], the optical depth is well constrained by the
large-scale polarization measurements from the Planck
HFI, with the joint constraint

τreion ¼ 0.0544þ0.0070
−0.0081 ð68%TT;TE;EEþ lowEÞ; ð38Þ

and with the tanh reionization prescription, this implies a
midpoint redshift of reionization

zreion ¼ 7.68� 0.79 ð68%TT;TE;EEþ lowEÞ: ð39Þ

In the same release, the base-ΛCDM model from Planck
CMB power spectra, in combination with CMB lensing
reconstruction and BAO [1], gives

τreion ¼ 0.0561� 0.0071; and zreion ¼ 7.82� 0.71

ð68%TT;TE;EEþ lowEþ lensingþ BAOÞ: ð40Þ

Assuming theΛCDM cosmological model and combining
the Planck large-scale temperature likelihood with the high-l
temperature and polarization likelihood, [77] derives a value
of τreion ¼ 0.059� 0.006 (68% confidence level), which
implies a reionization midpoint (assuming tanh parametriza-
tion) at zreion ¼ 8.14� 0.61 (68% confidence level).
Through further reprocessing of the Planck large-scale

polarization measurements, [87] obtains a revised value for
the reionization optical depth of τreion ¼ 0.051� 0.006.
Relative to the previous Planck cosmological analysis in

[1], the constraints reported in [88] are more stringent,
without any significant shifts in the central values. The
reionization optical depth is now measured to a precision of
a few percent, yielding τreion ¼ 0.058� 0.006.
In [89], estimates based on the Cosmology Large Angular

Scale Surveyor (CLASS) 90 GHz data correlated with
Planck data (Planck PR4, [87]) give τreion ¼ 0.058þ0.018

−0.019 .
In [90], Atacama Cosmology Telescope (ACT) DR6 data
in combination with Planck, lensing, and BAO data
give τreion ¼ 0.0632þ0.0055

−0.0066 .
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These observational constraints are shown in Fig. 8 for
comparison. For the purposes of our analysis, we adopt as
fiducial reference values those reported in Eqs. (38) and (39),
which serve as the baseline constraints throughout this work.

III. EXPLORATION OF PARAMETER SPACE

Before performing a complete statistical comparison with
observational data, we first explore the sensitivity of the
optical depth of reionization τreion to variations in the
parameters of the backreaction model. This preliminary
analysis allows us to identify the approximate ranges of
parameters that yield values of τreion compatible with Planck
VI 2018 (PR3) constraints (τreion ¼ 0.0544þ0.0070

−0.0081 ) [1].
The backreaction model employed here is characterized

by six parameters: ðμu; σu; μo; σo; h; nÞ. Following earlier
work [58,62], we fix n ¼ 100 and adopt h ¼ 0.7 unless
otherwise stated, leaving four free parameters
ðμu; σu; μo; σoÞ that describe the matter distribution across
underdense and overdense subregions. Figures 2–5 present
the dependence of τreion on these parameters, as well as on h
in both ΛCDM and the backreaction model.
These plots are not intended as best-fit constraints, but

rather as an illustration of how different physical ingre-
dients of the model affect the reionization optical depth.
The following section will confront the model predictions
with observational data through a χ2 analysis. We have used
zreion ¼ 7.68 in the analysis for this section.
Figure 2 displays τreion for different values of the

inhomogeneity parameters μo, μu, σo, and σu, while main-
taining n ¼ 100 and h ¼ 0.7 as fixed values. All these plots
contain the tanh model of reionization (blue line). Each
subplot examines the impact of a single parameter on the
reionization optical depth, varying it independently while
holding the remaining three parameters constant.
Specifically, panel (a) varies μo with σo ¼ σu ¼ 0.01 and
μu ¼ 0.09 held fixed, panel (b) examines σo variation with
μo ¼ 0.99, σu ¼ 0.01, and μu ¼ 0.08 kept constant, panel
(c) shows μu variation with σo ¼ σu ¼ 0.01 and μo ¼ 0.95
fixed, and panel (d) investigates σu variation with σo ¼ 0.01,
μo ¼ 0.99, and μu ¼ 0.07 held constant. These parameters
(μo, μu, σo, σu) characterize the inhomogeneous matter
distribution in the backreaction model, allowing us to assess
how matter clustering affects the reionization process. The
Hubble parameter is set to H0 ¼ 100h km s−1Mpc−1 with
h ¼ 0.7. The dashed black line indicates the Planck VI 2018
(PR3) measured value of τreion ¼ 0.054, while the gray band
represents the corresponding 68% confidence interval. The
analysis reveals that variations in μu produce the most
pronounced changes in τreion among the four inhomogeneity
parameters examined. This arises from the fact that, at the
present time in our model, underdense subregions occupy
91% of the total volume and therefore associated parameters
play a significant role in determining the values of various
cosmological quantities.

In Fig. 3, τreion for varying values of h has been plotted for
the ΛCDM and the backreaction model. In subplot (a), the
cosmological model is the ΛCDM model, while in subplot
(b) it is the backreaction model. Both plots have been
generated for the tanh model of reionization (blue line). For
subplot (b), the value of the four backreaction model
parameters ðμu; σu; μo; σoÞ has been fixed at (0.01, 0.01,
0.65, 0.01). These values were chosen by taking Fig. 2 into
consideration. It can be seen from the figure that, for the
employed combination of backreaction model parameters,
the Planck reported value of τreion can be obtained by the
backreaction model (subplot b) for comparatively larger
values of h than in the ΛCDM model (subplot a). In
comparison to the ΛCDM model, τreion for the backreaction
model falls within the 68% confidence interval of the value
reported by Planck for a narrower range of h.
Figure 4 presents correlation plots illustrating the varia-

tion of τreion in the μo-σo parameter space for the tanh
reionization model [subplots (a)–(d)]. We have used
zreion ¼ 7.68 and h ¼ 0.7 in this analysis. The parameter
μo spans the range 0.5–1.0 along the horizontal axis, while
σo varies between 0.01–0.09 along the vertical axis. The
color scheme represents the magnitude of τreion according
to the scale shown in the color bar. It varies from 0.025 to
0.065 for the range of backreaction model parameters
employed here. Four different combinations of ðμu; σuÞ
values are examined across the subplots to assess their
influence on the optical depth calculation.
Subplots (a) and (b) correspond to ðμu; σuÞ ¼

ð0.01; 0.01Þ and (0.01, 0.09), respectively. The results
demonstrate that subplot (a) yields systematically higher
τreion values compared to subplot (b), while both subplots
exhibit minimal internal variation across the μo-σo param-
eter space. This behavior indicates that variations in the
overdense region parameters ðμo; σoÞ exert negligible
influence on τreion when ðμu; σuÞ are held constant.
Conversely, the substantial difference between subplots
(a) and (b) highlights the significant impact of σu on the
optical depth calculation for smaller values of μu. Subplots
(c) and (d), corresponding to ðμu; σuÞ ¼ ð0.49; 0.01Þ and
(0.49, 0.09) respectively, exhibit markedly lower τreion
values compared to subplots (a) and (b). The transition
from σu ¼ 0.01 to σu ¼ 0.09 while maintaining μu ¼ 0.49
produces minimal variation in τreion. This observation
shows that at large values of μu, the effect of variation
of σu on the value of τreion is negligible. Notably, the Planck
VI 2018 (PR3) reported value of τreion is achieved within
the parameter range explored in subplot (a). From Fig. 2, it
can be seen that to achieve Planck’s reported value of τreion,
μu and σu both need to be on the lower end of their allowed
range. In subplot (a), both μu and σu are at the lower end of
their allowed range; hence, Planck’s reported value is
achieved in this subplot.
The comparison between subplots (a) and (c), where σu

remains constant while μu varies, reveals that changes in μu
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FIG. 2. Plots of τreion for the backreaction model as a function of z. The backreaction model has six parameters. We have fixed two,
n ¼ 100 and h ¼ 0.7. The other four parameters that can be varied are: μu, σu, μo, σo. In (a) μo is varied with σo ¼ σu ¼ 0.01 and
μu ¼ 0.09 fixed. In (b) σo is varied with μo ¼ 0.99, σu ¼ 0.01 and μu ¼ 0.08 fixed. In (c), μu is varied with σo ¼ σu ¼ 0.01 and
μo ¼ 0.95 fixed. In (d), σu is varied with σo ¼ 0.01, μo ¼ 0.99 and μu ¼ 0.07 fixed. The value ofH0 (Hubble parameter at present) used
is 100h km s−1 Mpc−1 where h ¼ 0.7. The dashed black line and the gray band show the Planck reported value of 0.054 and the
68% confidence interval. We have used zreion ¼ 7.68.

FIG. 3. Subplot (a) is the plot of τ for varying values of h forΛCDMmodel. Subplot (b) is for the backreaction model. The gray dashed
line shows the Planck reported value of 0.054. In subplot (b), the value of the four backreaction parameters ðμu; σu; μo; σoÞ has been
fixed at (0.01, 0.01, 0.65, 0.01). The dashed black line and the gray band show the Planck reported value of 0.054 and the
68% confidence interval. We have used zreion ¼ 7.68 in this analysis.
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produce more substantial variations in τreion than equivalent
changes in σu [e.g., subplots (a) and (b)]. These findings
collectively demonstrate that underdense region parameters,
particularly μu, dominate in governing the global reioniza-
tion optical depth. In contrast, the overdense region param-
eters exhibit limited influence on the overall dynamics.
In Fig. 5, the variation of τreion for the tanh model of

reionization [subplots (a)–(d)] in the μu-σu plane is shown
for different sets of values of ðμo; σoÞ using a contour plot.
We have used zreion ¼ 7.68 and h ¼ 0.7 in this analysis.
The value of μu varies in the range of 0–0.5 along the x-axis
while σu is varied along the y-axis in the range of
0.01–0.09. The color scheme represents the magnitude

of τreion according to the scale shown in the color bar. It
varies from 0.025 to 0.06 for the range of backreaction
model parameters employed here. In subplots (a) and (b) of
the figures, μo is fixed at 0.51, and σo has the values of 0.01
and 0.09, respectively. In subplots (c) and (d) of the figures,
μo is fixed at 0.99 while σu has the values of 0.01 and 0.09,
respectively. These figures also highlight the insignificance
of overdense parameters: all four subplots are similar, so
changing them does not significantly affect the output. The
only change in the plots is due to variation in the parameters
ðμu; σuÞ associated with the underdense subregions. These
observations agree with the inferences from Fig. 2.

FIG. 4. Color coded representation of τreion in the μo-σo plane for the tanh model of reionization. For subplots: (a) μu ¼ 0.01,
σu ¼ 0.01; (b) μu ¼ 0.01, σu ¼ 0.09; (c) μu ¼ 0.49, σu ¼ 0.01; (d) μu ¼ 0.49, σu ¼ 0.09.

FIG. 5. Color coded representation of τreion in the μu-σu plane for the tanh model of reionization. For subplots: (a) μo ¼ 0.51,
σo ¼ 0.01; (b) μo ¼ 0.51, σo ¼ 0.09; (c) μo ¼ 0.99, σo ¼ 0.01; (d) μo ¼ 0.99, σo ¼ 0.09.
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IV. OBSERVATIONAL DATA AND CHI-SQ
ANALYSIS

We now examine the backreaction model against obser-
vational data to determine the optimal parameter values. A
Bayesian analysis is conducted to compare our theoretical
predictions with the Pantheon+SH0ES type Ia supernova
distance modulus versus redshift data [2,14]. To facilitate
this comparison between the backreaction model and
observational data, we require a framework that relates

the theoretical quantities to the observational ones. We
employ the covariant scheme described specifically in
Eqs. (28) and (29). The first equation of the covariant
scheme Eq. (28) establishes the relationship between the
theoretically calculated scale factor aD from the back-
reaction model and the cosmological redshift. The second
equation Eq. (29) connects the theoretically calculated
average density hρiD from the backreaction model to the
observational quantity, specifically the angular diameter

FIG. 6. Corner plot showing the MCMC result for the backreaction model carried out using the observational results of the Pantheon
+SH0ES supernova Ia data [2,14]. The diagonal plots show the marginalized posterior densities for each parameter. Here, we have also
included M, the fiducial magnitude of SN Ia, as one of the parameters.
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distance DA. Using standard cosmological distance rela-
tions, we can subsequently calculate the distance modulus
from this angular diameter distance.
To proceed with the supernova analysis, we utilize the

standard distance modulus formulation for SN Ia [2,14,91]

μ ¼ mB þ αx1 − βc −M − δμ−bias; ð41Þ
where mB ≡ −2.5 log10ðx0Þ, where x0 is the overall ampli-
tude of the light curve, x1 is the stretch parameter corre-
sponding to the width of the light curve, c is the color of the
light curve and α and β are global nuisance parameters that
associate stretch and color, respectively, with luminosity. We
have used α ¼ 0.148 and β ¼ 3.112 [2] in this analysis. M is
the fiducial absolute magnitude of an SN Ia. δμ−bias is the bias
correction derived from simulations needed to account for
selection effects and other issues in discovery. In this
analysis, we have also included M [Eq. (41)], the fiducial
magnitude of SN Ia, as one of the parameters. The
parameters M and H0 are degenerate when analyzing
SNe alone. However, in this analysis, we are using the full
Pantheon+SH0ES dataset [14], which includes the SH0ES

Cepheid host distance anchors [15] in the likelihood that
facilitates constraints on both M and H0.
Here, we use χ2 analysis and combined statistical and

systematic covariance matrices (Cstatþsyst ¼ Cstat þ Csyst) to
constrain the backreaction model. We follow the formalism
of [14] where cosmological parameters are constrained by
minimizing a χ2 likelihood. We incorporate SH0ES Cepheid
host galaxy distance measurements into this analysis,
resulting in the following supernova distance residuals:

ΔDi ¼
�
μi − μCepheidi i∈Cepheid hosts

μi − μmodelðziÞ otherwise;

where μCepheidi is the Cepheid-calibrated host-galaxy distance
provided by SH0ES. The model distances are defined as

μmodelðziÞ ¼ 5 logðdLðziÞ=10pcÞ: ð42Þ

For the backreaction model, dL can be calculated using
the covariant scheme and standard cosmological distance
relations relating angular diameter distance, DA, to lumi-
nosity distance, dL, as mentioned before.
In this analysis, we include the covariance matrix of

Pantheon+SH0ES to calculate the likelihood

−2 lnðLÞ ¼ χ2 ¼ ΔDTðCSN
statþsyst þ CCepheid

statþsystÞ−1ΔD; ð43Þ

where CSN
statþsyst denotes the SN covariance with statistical

and systematic uncertainties.
In this analysis, the resulting posterior distributions of

different parameters Fig. 6 are obtained using the MCMC
iteration method using the MCMCSTAT package [92,93]. We
use a total of 6 × 104 number of events spread across six

runs with the adaptation interval of 1000 for a single run,
within the parameter range given in Table I.
The topmost plots of each column of Fig. 6 represent the

marginalized posterior distribution for the parameters μu,
σu, μo, σo, h, and M, respectively, obtained by marginal-
izing the other parameters, while the other plots of Fig. 6
show the contour representation of the posterior distribu-
tion in different sets of two-parameter space. The darker
and lighter regions denote the 1σ and 2σ confidence
intervals in these contour plots. The diagonal panels display
the 1-D histograms of the posterior distributions for each
backreaction model parameter, obtained by marginalizing
over the other parameters. The off-diagonal panels display
2D projections of the posterior probability distributions for
each parameter pair, along with parameter correlations and
contours. The optimum values in the plot are reported with
68% confidence limits.
Table II shows the 68% (1σ) and 95% (2σ) confidence

limits for the backreaction model parameters obtained from
marginalized posterior distributions from the MCMC analy-
sis. We have 60,000 values for the backreaction model
parameters from the MCMC chains. We calculated the value
of τreion for the tanh reionization model for these 60, 000 sets
of the backreaction model parameters’ values using Eqs. (33)
and (36) (see Sec. II B). We used the complete range of
zreion ¼ 7.68� 0.79 for this analysis. We then used these
calculated values of τreion with the MCMC chains to convert
this quantity into a derived parameter. This operation helps
us in analyzing the correlation between the backreaction

TABLE I. Parameter prior ranges used in the analysis.

Parameter Range

μu [0.01, 0.49]

σu [0.01, 0.09]

μo [0.51, 0.99]

σo [0.01, 0.09]

h [0.65, 0.80]

M ½−18;−20�

TABLE II. Backreaction model parameters showing 68% (1σ)
and 95% (2σ) confidence limits obtained using Pantheon+SH0ES
data.

Parameter 68% limits 95% limits

μu 0.01308þ0.00012
−0.0031 0.0131þ0.0042

−0.0036

σu 0.01256þ0.00053
−0.0026 0.0126þ0.0046

−0.0031

μo 0.654þ0.037
−0.13 0.65þ0.26

−0.16

σo 0.052þ0.030
−0.020 0.052þ0.037

−0.039

h 0.7146þ0.0089
−0.011 0.715� 0.023

M −19.132þ0.027
−0.034 −19.132� 0.070
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model parameters and τreion in Fig. 7. A negative correlation
between τreion and μu can be seen from Fig. 2. Increasing the
value of μu results in a decrease in the value of τreion. This
negative correlation is not visible in Fig. 7 as the range of μu
constrained by the observational dataset is very narrow;
hence, no correlation is visible.
The parameter μu represents the mean of the symmetric

Gaussian distribution used to assign the deceleration
parameter across the n underdense subregions. This mean
serves both as the central value and the expectation value of
the distribution. Consequently, the subregion(s) whose
deceleration parameter lies closest to the mean value will
possess the largest volume fraction and therefore contribute
most significantly to volume-weighted averages over the
underdense subregions.
After carrying out the MCMC analysis, we obtain a best-

fit value for this parameter. The best-fit value of μu identifies
the deceleration parameter around which the volume fraction
of the underdense subregions is most strongly concentrated.
Because the analysis yields a small value of μu ¼ 0.01308, it
indicates that the MCMC procedure favors underdense
regions whose local expansion histories are characterized
by relatively small deceleration parameters, implying weaker
deceleration and consequently a more rapidly evolving local
scale factor than regions with larger qui;0. The best-fit value
lies close to the lower end of the allowed interval, indicating
a preference for underdense subregions with very weak
deceleration.
The parameter σu denotes the standard deviation of the

Gaussian distribution. A smaller σu ¼ 0.01256 obtained

from the MCMC analysis indicates that the distribution of
the deceleration parameter among the underdense subre-
gions is narrow and sharply peaked, implying that their
local expansion histories exhibit only a small variation with
only a small dispersion around the mean value.
Analogous reasoning applies to μo and σo for the

Gaussian distribution that characterizes the spread of the
deceleration parameter across the different overdense sub-
regions. In particular, the best-fit value of μo ¼ 0.654
indicates that the volume fraction of the overdense sub-
regions is concentrated around comparatively larger decel-
eration parameters, consistent with the expectation that
overdense regions undergo stronger gravitational deceler-
ation than underdense regions, while σo ¼ 0.052 quantifies
the spread in their local expansion histories.
Table III shows the 68% (1σ) and 95% (2σ) confidence

limits for τreion for four cases. The calculation of τreion
requires both the model of reionization and the cosmo-
logical model (see Sec. II B). The first case (i) is the direct
calculation of τreion from the Planck PR3 dataset for the
base-ΛCDM model using the TT;TE;EEþ lowE spectra
reported by [1]. The remaining three cases (ii)–(iv) have
been evaluated by us in this analysis. The second case is
also for the Planck PR3 dataset (used here to constrainH0),
but this time using the tanh model of reionization and the
ΛCDM cosmological model. The third and fourth cases
employ the Pantheon+SH0ES dataset to constrain H0, in
combination with the tanh parametrization of reionization,
within the frameworks of the ΛCDM and backreaction
cosmological models, respectively. The last three cases

FIG. 7. Contour plots showing the correlation between the backreaction model parameters and derived parameter τreion.

TABLE III. Optical depth to reionization measurements showing 68% (1σ) and 95% (2σ) confidence limits for
τreion (i) from Planck PR3 TT;TE;EEþ lowE (reported in [1]); (ii) from tanhþΛCDM model, calculated with H0

constrained by Planck PR3 dataset; (iii) from tanhþΛCDM model calculated with H0 constrained by Pantheon
+SH0ES dataset and (iv) from tanhþbackreaction model calculated withH0 constrained by Pantheon+SH0ES dataset.
The distributions for the bottom three calculated cases are shown in Fig. 8.

τreion Measurements

S.No. Dataset Method 68% limits 95% limits

(i) Planck PR3 TT;TE;EEþ lowE 0.0544þ0.0070
−0.0081 0.054þ0.017

−0.015
(ii) Planck PR3 tanh+ΛCDM 0.0535þ0.0079

−0.0076 0.054þ0.017
−0.015

(iii) Pantheon+SH0ES tanh+ΛCDM 0.0476þ0.0069
−0.0065 0.048þ0.013

−0.015
(iv) Pantheon+SH0ES tanh+backreaction 0.0581þ0.0105

−0.0096 0.058þ0.022
−0.019
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have been plotted in the upper portion of Fig. 8. In the
lower panel of Fig. 8, we display previously reported τreion
values from several observational datasets and studies,
together with the τreion values obtained in our own analysis.
The values listed for the first two cases in Table III are

derived from the same dataset and assume the same
cosmological model; only the methods used to obtain them
differ. Consequently, they are expected to be equivalent,
which is indeed what we observe. For the Pantheon+SH0ES
dataset, the backreaction model yields a value of τreion that
better aligns with the Planck PR3 results than the corre-
sponding value from the ΛCDM model.

Table IV shows the 68% (1σ) and 95% (2σ) confidence
limits for H0 for three cases. The first case (i) is reported in
[1] for the Planck PR3 dataset and theΛCDM cosmological
model, where H0 is calculated using the TT, TE;EEþ
lowE method. (ii) is reported in [14] for ΛCDM model
using Pantheon+SH0ES dataset. (iii) is calculated here in this
study for our backreaction model and Pantheon+SH0ES
dataset. These quantities were then plotted in Fig. 9.
In Fig. 9, the tension between the H0 estimates derived

from the Planck PR3 data and the Pantheon+SH0ES data
within the ΛCDM framework is illustrated. For the
Pantheon+SH0ES dataset, the H0 distribution inferred in

FIG. 8. The upper panel displays the distributions of τreion for the tanh reionization model, shown for both the ΛCDM cosmology and
the backreaction model. For the ΛCDM case, two distributions are presented: one with H0 constrained using the Pantheon+SH0ES
dataset, and the other with H0 constrained by the Planck dataset. The backreaction model results are shown for parameters constrained
by the Pantheon+SH0ES dataset. In all cases, the full allowed range of zre has been taken into account. 68% confidence intervals of these
distributions have been shown in the lower panel. The lower panel also summarizes the ranges of τreion along with their 68% confidence
interval, reported in various studies based on different datasets within the context of theΛCDMmodel. the vertical dashed gray line is for
our fiducial reference value of τreion from Planck VI 2018a (PR3).
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the backreaction framework shows significantly reduced
tension with the Planck PR3 value, compared to the
corresponding estimate derived within the standard cos-
mological model.
In summary, our methodology proceeds as follows. We

first constrain the backreaction model parameters, includ-
ing h and M, using the low-redshift Pantheon+SH0ES
dataset. With these best-fit parameter values, we then
compute τreion within the framework of the tanh para-
metrization of reionization. This yields the corresponding
prediction for τreion in the combined context of the tanh
reionization model and the backreaction cosmology.
For comparison, we also evaluate τreion for the tanh

reionization model within the ΛCDM framework, consid-
ering two cases: one in which H0 is constrained by the
Pantheon+SH0ES dataset and another in which it is con-
strained by the Planck PR3 dataset. These results are shown

in Fig. 8 alongside the value of τreion reported by Planck VI
2018 (PR3), which depends only weakly on the underlying
cosmological model, as well as with estimates from other
works that use different observational datasets. We find that
the central value of τreion inferred from the backreaction
model parameters constrained by the Pantheon+SH0ES
dataset agrees more closely with the values reported in
numerous other studies using a variety of datasets (bottom
half of Fig. 8) than does the corresponding ΛCDM-based
estimate of τreion obtained from the same dataset.
The value of H0 for the backreaction model (from h in

Fig. 6) that we obtain is within 2σ agreement with the value
obtained by [14] for the ΛCDM model using the same
Pantheon+SH0ES dataset in Fig. 9. The value ofH0 obtained
from the Pantheon+SH0ES dataset is not completely inde-
pendent of the cosmological model, although the depend-
ence on the cosmological model is very minimal. We also

FIG. 9. This figure shows the distribution of H0 obtained from Planck TT;TE;EEþ lowE dataset (obtained by incorporating the
ΛCDM model) [1], and for the Pantheon+SH0ES dataset using ΛCDM model and the backreaction model along with their 68% and
95% confidence intervals in different shades.

TABLE IV. Hubble constant (H0) measurements with 68% (1σ) and 95% (2σ) confidence limits. All values in km/
s/Mpc. (i) is the reported value from [1]. (ii) is reported in [14]. (iii) is calculated here in this study.

H0 Measurements

S.No. Dataset Cosmological model 68% limits 95% limits

(i) Planck PR3 (TT;TE;EEþ lowE) ΛCDM 67.27� 0.60 67.3� 1.2
(ii) Pantheon+SH0ES ΛCDM 73.45þ1.04

−1.01 73.45þ2.08
−1.99

(iii) Pantheon+SH0ES Backreaction 71.46þ0.89
−1.1 71.5� 2.3
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consider the value of H0 for the Planck PR3 dataset for the
ΛCDM cosmological model. This value is cosmological
model dependent. The same figure shows that H0 for the
backreaction model from the Pantheon+SH0ES dataset is
closer to that of the ΛCDM model from the Planck PR3
dataset, implying that the Hubble tension in this case is
somewhat alleviated.

V. CONCLUSIONS

Recent observations indicate that the Universe contains
an inhomogeneous matter distribution at considerably large
scales [16,22,23]. The effects of these inhomogeneities on
various cosmological phenomena warrant scrutiny. In the
present study, we explore the optical depth to reionization
and the associated Hubble tension under the impact of
backreaction from matter inhomogeneities.
In this analysis, we use the widely used Buchert

formalism [34,35] of averaging over inhomogeneities to
evaluate the backreaction effect. The Buchert framework
facilitates the relation of theoretically evaluated quantities
with observables such as redshift and angular diameter
distance [44,45,64–66]. Within this framework, we con-
struct a backreaction model of multiple subregions with a
Gaussian parameter distribution to mimic the Universe
containing multiple voids and structures at the present
epoch. We employ the covariant scheme to relate the
theoretically evaluated parameters from the backreaction
model to observational quantities.
Using this backreaction framework, we compute the

reionization optical depth, τreion, for a particular reioniza-
tion scenario, the tanh reionization model, considering both
the standard ΛCDM cosmology and the backreaction
cosmological model. The backreaction model we employ
modifies the Hubble evolution, making it desirable to
constrain its parameters using observational results. To
correlate the backreaction model with observation data, we
obtain the marginalized posterior densities for each model
parameter through MCMC simulations using Pantheon
+SH0ES supernova Ia data [2,14].
The MCMC analysis results in the dimensionless Hubble

constant, one of the backreaction model parameters,
h ¼ 0.7146þ0.0089

−0.011 , corresponding to a 68% (1σ) confidence
interval. We next calculate τreion by treating this parameter as
a derived parameter in the MCMC analysis. We then
compare the obtained values with τreion from the Planck
PR3 dataset. We also calculate τreion for the ΛCDM and the
tanh reionization model using two datasets: Pantheon+SH0ES
and Planck PR3.
The analysis carried out in this study shows that the Planck

results, τreion ¼ 0.0544þ0.0070
−0.0081 and zreion ¼ 7.68� 0.79, are

compatible within one to two sigma in the backreaction
model. In particular, these values are achievable within the
68% (1σ) confidence interval for h ¼ 0.7146þ0.0089

−0.011 , as
constrained by the Pantheon+SH0ES dataset. Furthermore,

the analysis indicates a reduction in the Hubble tension.
Notably, this result is obtained without invoking exotic
physics or nonstandard models of dark matter and dark
energy. In contrast, several previous studies have explored
such extensions or modifications in attempts to address the
Hubble tension [10,94–98].
Before concluding, it may be noted that in the present

study, we have relied exclusively on Pantheon+SH0ES data
to place constraints on our backreaction model.
Incorporating additional datasets, such as DESI [99],
BAO [100], H0LiCOW [101], and ACT [102], could yield
significantly tighter bounds on the model parameters.
Though a comprehensive analysis incorporating all avail-
able cosmological datasets would provide the most rig-
orous test of the backreaction model, we focus exclusively
on supernova data in this work. The results obtained herein
motivate extending our analysis to include a larger suite of
cosmological observations in future work.
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APPENDIX: OUR MULTIDOMAIN MODEL

Our multidomain model consists of several subdomains,
including both overdense and underdense regions. The
underdense subdomains correspond to negatively curved
FLRW regions, while the overdense subdomains corre-
spond to positively curved FLRW regions having densities
exceeding those of the underdense regions. In both cases,
the subregions are modeled as dust. Now, the scale factor
for these overdense and underdense subdomains as func-
tions of cosmic time t is given by Eqs. (16)–(19),
respectively.
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The densities of underdense subregions is given by [82]

ρui ¼
ρui;0
a3ui

; ðA1Þ

where ρui;0 is the density at present time t0, which is
given by

ρui;0
ρui;c

¼ qui;0 ; where ρui;c ¼
3H2

ui;0

8πG
; ðA2Þ

where ρui;c is the critical density and Hui;0 is the value of
present time Hubble parameter for the ith underdense
subregion.
Densities for the overdense subregions can also be

defined similarly

ρoi ¼
ρoi;0
a3oi

; ðA3Þ

where ρoi;0 is the density at present time t0, which is given
by

ρoi;0
ρoi;c

¼ qoi;0 ; where ρoi;c ¼
3H2

oi;0

8πG
; ðA4Þ

where ρoi;c is the critical density and Hoi;0 is the value of
present time Hubble parameter for the ith overdense
subregion.
Choosing our parameters in the range 0 < qui;0 < 0.5

and 1=2 < qoi;0 < 1, it follows from Eqs. (A2) and (A4)
that the densities of underdense subdomains remain always
less than the densities of overdense subdomains.
The combined density for all overdense subregions (ρo)

is given by

λoρo ¼
X
i

λoiρoi ⇒ ρo ¼
P

iλoiρoiP
iλoi

; ðA5Þ

where λoi are defined in [Eq. (23)] and λo is the total volume
fraction of the overdense subregions. Similarly,

λuρu ¼
X
i

λuiρui ⇒ ρu ¼
P

iλuiρuiP
iλui

; ðA6Þ

where λui are defined in [Eq. (26)] and λu is the total volume
fraction of the underdense subregions.
Also, hρiD, the averaged density of the global domain is

given by

hρiD ¼ λoρo þ λuρu ¼
X
i

λoiρoi þ
X
i

λuiρui : ðA7Þ

The various density parameters are obtained in our
analysis in the following way. From Eq. (7), we have

3H2
D ¼ 8πGhρiD −

1

2
hRiD −

1

2
QD: ðA8Þ

Dividing by 3H2
D throughout, we get

1 ¼ ΩD
m þΩD

R þ ΩD
Q; ðA9Þ

where,

ΩD
m ¼ 8πGhρiD

3H2
D

; ΩD
R ¼ −

hRiD
6H2

D
; ΩD

Q ¼ −
QD

6H2
D
:

ðA10Þ

From Eq. (27), we can calculateQD for our model and then
from Eq. (A10), ΩD

Q can be calculated. Then using
Eqs. (A7) and (A10), ΩD

m can be calculated and ΩD
R can

be calculated from Eq. (A9). In this way, all the average
density parameters can be obtained.
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