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Quantum effects are studied in both Schwarzschild spacetime and a spacetime in which a null shell
collapses to form a black hole via the vacuum polarization hϕ2i and stress-energy tensor hTabi for a
massless minimally coupled scalar field in two dimensions. For Schwarzschild spacetime, the focus is on
the Boulware and Unruh states. For the collapsing null shell spacetime, the in vacuum state is used.
Instabilities of the Unruh and in states resulting from the behavior of hϕ2i in the regions inside and outside
of the horizon are found. The question of how well the Unruh state for the eternal black hole approximates
quantum effects in the interior of a black hole that forms from collapse is addressed.
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I. INTRODUCTION

Two important states for eternal black holes are the
Boulware state [1] and the Unruh state [2]. The Boulware
state is the true vacuum state at both past and future null
infinity. It is well suited to describe the vacuum state
outside of a spherically symmetric star. However, the stress
energy of a quantum field diverges on the past and future
horizons in this state. The Unruh state is the best state to
approximate Hawking radiation for an eternal black hole.
The stress energy is finite on the future horizon, and there is
a flux of radiation in a thermal distribution at the Hawking
temperature going out to future null infinity. The stress
energy does diverge on the past horizon for the Unruh state,
but this is not important because there is no past horizon for
a black hole that forms from collapse. For a black hole that
forms from collapse in a spherically symmetric, asymp-
totically flat spacetime, the in state is defined to be the
vacuum state at past null infinity along with the condition
that before the black hole forms the mode functions are
regular at r ¼ 0.
While these states have been studied extensively in both

two dimensions, 2D, and four dimensions, 4D, most of
what is known about them for Schwarzschild black holes is
for the region outside the past and future horizons which we
call the exterior region and for the horizons that bound that
region. In this paper, we work with a massless minimally
coupled scalar field in 2D where analytic calculations are

possible and investigate the behaviors of the vacuum
polarization hϕ2i and the stress-energy tensor hTabi in
Schwarzschild spacetime. For the stress-energy tensor, the
focus is on the region inside the future horizon and outside
the past horizon which we call the interior region.
The vacuum polarization does not appear to have been

studied previously in any 2D black hole spacetime. Previous
calculations of the stress-energy tensor for a massless
minimally coupled scalar field in 2D Schwarzschild space-
time for these states and the Hartle-Hawking state [3] have
been done, and the results have been analyzed in the exterior
region [4–7], but not in the interior region with the exception
of correlations between the energy density in the interior and
exterior regions [8]. The stress-energy tensor was also
computed and analyzed in the interior (and exterior) for
the case of dust collapsing to form a black hole in 2D [9].
There have been several full numerical calculations of the
vacuum polarization [10–14] and the stress-energy tensor
[15–24] for scalar fields in Schwarzschild spacetime in the
Boulware, Unruh, and Hartle-Hawking states in the exterior
region. There have been two full numerical calculations of
the vacuum polarization in part of the interior region of
Schwarzschild spacetime in 4D in the Hartle-Hawking and
Unruh states [25,26]. Recently there has been a calculation of
the vacuum polarization and one component of the stress-
energy tensor near the trajectory of a massless spherically
symmetric shell in 4D that collapses to form a black
hole [27].
One reason it is interesting to investigate the behavior of

the vacuum polarization is that it was previously found that,
for a massless minimally coupled scalar field in the Unruh
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state, the symmetric two-point function or Hadamard
Green’s function grows without bound in time at late times
in the static region outside of an eternal 2D black hole when
the points are split in the radial direction [28]. The vacuum
polarization can be used to test the robustness of the
previous result since it is a function of just one spacetime
point, so there is no ambiguity associated with the way in
which the points are split.
The existence of the linear growth in time of the two-

point function appears to be indicative of some type of
instability associated with the Unruh state. There is also
evidence that it is associated with an infrared divergence in
the two-point function which is caused by infrared diver-
gences in the mode functions [29]. There is an interesting
exception which is the collapsing null shell spacetime in
two dimensions. For the model studied in [28] the mode
functions consist of differences between two solutions to
the mode equation that both have infrared divergences;
however these divergences cancel. Nevertheless, at late
times the same linear growth appears to leading order as
was found for the Unruh state. There is also a subleading
term which grows logarithmically in time and is not
present for the Unruh state. In 4D one would expect the
linear growth to occur in spacetimes where scattering
effects do not remove the infrared divergence in the mode
functions. Such growth has been found for a massless
minimally coupled scalar field in the Unruh state in 4D
Schwarzschild–de Sitter spacetime in the static region
between the black hole and cosmological horizons [30].
In this paper, we find the same linear growth in time for

the vacuum polarization that was found previously in [28],
for the symmetric two-point function occurs in the exterior
region of 2D Schwarzschild spactime and the region
outside the shell and the horizon of a null shell that
collapses to form a 2D black hole. We also extend previous
calculations of the stress-energy tensor for all three states
and the Hartle-Hawking state into the region inside the
horizon. We compare both the vacuum polarization and the
stress energy in the null shell spacetime in both the interior
and exterior regions with those in Schwarzschild spacetime
when the field is in the Unruh state. This has previously
been done for the stress energy in the exterior region but not
otherwise. The question of how good an approximation the
Unruh state is to the in state is important because it is much
easier in 4D to compute both the vacuum polarization and
the stress-energy tensor for an eternal black hole than it is to
compute them if the black hole forms from collapse.
In Sec. II, we give a brief overview of Schwarzschild

spacetime and the relevant coordinates. In Sec. III, the
complete sets of solutions to the mode equation that are
used to define the Boulware, Unruh, and in states are given.
In Sec. IV, the quantity hϕ2i is computed and discussed for
the Boulware, Unruh, and in states, and its behavior is
investigated for each. A comparison is made between hϕ2i
for the Unruh and in states. In Sec. V the stress-energy

tensor for the scalar field is analyzed for all four states in the
interior region. Again a comparison is made of its behaviors
for the Unruh state and the in state. Section VI contains a
summary and discussion of our results. A derivation of the
stress-energy tensor in both the interior and exterior regions
for all four states is given in the Appendix. Throughout, we
use units such that ℏ ¼ c ¼ G ¼ 1.

II. SPACETIMES CONSIDERED HERE

A. Schwarzschild spacetime

One of the spacetimes we consider is a 2D
Schwarzschild black hole with the line element

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ ; ð2:1Þ

where fðrÞ ¼ 1 − 2M
r and M represents the mass of the

black hole. The tortoise coordinate is

r� ¼
Z

r dr0

fðr0Þ ¼ rþ 2M log

����1 − r
2M

����: ð2:2Þ

In the interior region, t is a space coordinate. Both −r and
r� can serve as time coordinates because they increase as
one goes from the horizon to the spacelike singularity
at r ¼ 0.
The Penrose diagram for Schwarzschild spacetime is

given in Fig. 1.
It is useful to define left and right moving null coor-

dinates u and v. For the interior and exterior regions,

uint ¼ r� − t; ð2:3aÞ

uext ¼ t − r�; ð2:3bÞ

and in both regions,

v ¼ r� þ t: ð2:3cÞ

Note that the coordinate v is regular on the future horizon
while uext → þ∞ and uint → −∞ there. The coordinates
uint and uext are regular on the past horizon in the interior
and exterior regions respectively while v → −∞ every-
where on the past horizon.
The right-moving null Kruskal coordinate in the interior

and exterior regions is

UðuintÞ ¼ 4Me
uint
4M ; ð2:4aÞ

UðuextÞ ¼ −4Me−
uext
4M ; ð2:4bÞ

and the left-moving Kruskal coordinate in both regions is

VðvÞ ¼ 4Me
v
4M: ð2:4cÞ
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These coordinates are well behaved throughout the
spacetime.

B. Collapsing null shell spacetime

We take the 2D analog of a 4D spherically symmetric
massless shell that contracts along the null ray v ¼ v0 for
any −∞ < v0 < ∞. The metric inside the shell is the flat
space metric given by

ds2 ¼ −dt2F þ dr2: ð2:5Þ

In 2D one can have −∞ < r < ∞. However, to approxi-
mate the 4D case where r ≥ 0 one can put a perfectly
reflecting mirror at r ¼ 0 and just consider the spacetime
outside the mirror. That is what we do here.
In the flat space region inside the shell we define

coordinates

uF ¼ tF − r; v ¼ tF þ r; ð2:6Þ

where tF is the flat space time coordinate. The metric
outside the shell is given by the Schwarzchild metric (2.1).
The two metrics are matched along the shell trajectory,
which is a null trajectory along v ¼ v0. The matching is set
up so that the coordinates r and v are continuous across the
trajectory, but t and u are not. In the region outside the shell
and the horizon, we can write uext in terms of uF by
matching along the trajectory v ¼ v0. The result is [7]

uext ¼ uF − 4M log

�
vH − uF
4M

�
: ð2:7Þ

Inverting this gives [31]

uFðuextÞ ¼ vH − 4MW

�
exp

�
vH − uext

4M

��
; ð2:8Þ

where vH ¼ v0 − 4M and W is the Lambert W function.
Following the same process as above, we can use uint as
defined in Eq. (2.3a) in the region outside the shell and
inside of the horizon with the result

uint ¼ −uF þ 4M log

�
uF − vH
4M

�
ð2:9Þ

and

uFðuintÞ ¼ vH − 4MW
�
− exp

�
uint þ vH

4M

��
: ð2:10Þ

These coordinates have the following properties:
(1) The event horizon of the black hole within the flat

space region is at uF ¼ vH ¼ v0 − 4M.
(2) The null shell trajectory reaches the singularity r ¼

0 at uF ¼ v0. Therefore, the part of the trajectory in
the interior region of the black hole is vH < uF ≤ v0.

The Penrose diagram for a black hole formed from a
collapsing null shell is shown in Fig. 2.

III. MODE EQUATION

We consider a massless minimally coupled scalar field ϕ
satisfying

□ϕ ¼ 1ffiffiffiffiffiffi−gp ∂αðgαβ
ffiffiffiffiffiffi
−g

p
∂βÞϕ ¼ 0: ð3:1Þ

For the flat space metric (2.5), one finds

FIG. 1. Penrose diagram for a Schwarzschild black hole. The wavy lines are the singularities at r ¼ 0. The future and past horizons are
labeledH�, and future and past null infinity are labeledI�. We call the region labeled I the exterior region and the region labeled II the
interior region.

VACUUM POLARIZATION AND STRESS-ENERGY OF A … PHYS. REV. D 113, 125030 (2026)

125030-3



∂
2ϕ

∂t2
−
∂
2ϕ

∂r2
¼ 0: ð3:2Þ

The general solution is of the form

ϕ ¼ gFðuFÞ þ hFðvÞ; ð3:3Þ

where gF and hF are arbitrary functions. For the
Schwarzschild metric (2.1),

∂
2ϕ

∂t2
−
∂
2ϕ

∂r2�
¼ 0; ð3:4Þ

which has a general solution of the form

ϕ ¼ gðuiÞ þ hðvÞ; ð3:5Þ

where g and h are arbitrary functions. In the exterior region,

ui ¼ uext; ð3:6Þ

and in the interior region,

ui ¼ uint: ð3:7Þ

A complete set of orthonormal mode functions that are
solutions to Eq. (3.1) defines a “vacuum state” of the field
ϕ. For the states we consider, each complete set can be
broken up into separate sets of mode functions that we
denote by fiω with ω ≥ 0. Then

ϕ ¼
Z

∞

0

dω
X
i

½aiωfiω þ ai†ωfi�ω �: ð3:8Þ

The modes are normalized using the usual scalar
product [7].

A. Boulware and Unruh states
in Schwarzschild spacetime

The Boulware and Unruh states are composed of various
combinations of two complete sets of modes: the Boulware
modes and the Kruskal modes. We begin by discussing
these two sets of modes. Our discussion will only focus on
the behaviors of these modes in the interior and exterior
regions. Because there is no scattering for the massless
minimally coupled scalar field in two dimensions, we can
write down analytic expressions for these modes every-
where in these regions.
The modes for the Boulware state are broken up into

three subsets, those that have initial data given on the past
horizon in the exterior region, which we denote by hb extω ;
those with initial data on the past horizon in the interior
region, which are denoted by hb intω ; and those with initial
data on past null infinity, which are denoted by hI

−
ω . In the

exterior region,

hb extω ¼ 1ffiffiffiffiffiffiffiffiffi
4πω

p e−iωuext ;

hb intω ¼ 0;

hI
−

ω ¼ 1ffiffiffiffiffiffiffiffiffi
4πω

p e−iωv: ð3:9Þ

In the interior region,

hb extω ¼ 0;

hb intω ¼ 1ffiffiffiffiffiffiffiffiffi
4πω

p e−iωuint ;

hI
−

ω ¼ 1ffiffiffiffiffiffiffiffiffi
4πω

p e−iωv: ð3:10Þ

In [2], two states are actually discussed for the Unruh
state. Both involve using the Boulware modes with initial
data on past null infinity. One of the states involves using
Kruskal modes that have initial data on the past horizon
H−. In the interior and exterior regions they have the form

pb
ω ¼ 1ffiffiffiffiffiffiffiffiffi

4πω
p e−iωUðuiÞ: ð3:11Þ

The other state involves using Boulware mode functions
with initial data on the past horizon but with a different
normalization so that in two dimensions in the region
outside the horizon [29]

hthω ¼ e2πMωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sinhð4πMjωjÞp 1ffiffiffiffiffiffiffiffiffiffiffi

4πjωjp e−iωuext : ð3:12Þ

FIG. 2. Penrose diagram of a black hole that forms from a
collapsing null shell in 4D or in 2D when a perfectly reflecting
mirror is placed at r ¼ 0 and only the region to the right of the
mirror is considered. The vertical line corresponds to the spatial
point r ¼ 0 inside the shell, and the wavy horizontal line
corresponds to the singularity at r ¼ 0 outside the shell.
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In this case the state includes both positive and negative
values of ω. In many cases the two states give the same
results for the vacuum expectation values of various
quantities including the stress-energy tensor for the
Unruh state in 2D. However, as was shown previously [28]
for the symmetric two-point function they sometimes give
very different results.

B. Vacuum state for the null shell spacetime

The natural in vacuum state for the massless minimally
coupled scalar field in the null shell spacetime can be
specified by requiring that on past null infinity

finω ¼ e−iωvffiffiffiffiffiffiffiffiffi
4πω

p ð3:13Þ

and inside the shell at r ¼ 0, the mode functions must
vanish due to the existence of the perfectly reflecting
mirror. These two conditions result in the following set
of mode functions for the in state both inside and outside
the null shell:

finω ¼ 1ffiffiffiffiffiffiffiffiffi
4πω

p ðe−iωv − e−iωuFÞ: ð3:14Þ

Outside the null shell and the horizon uF ¼ uFðuextÞ is
given by the relation (2.8). Outside the null shell and inside
the horizon, uF ¼ uFðuintÞ is given by the relation (2.10).

IV. SYMMETRIC TWO-POINT FUNCTION

The symmetric two-point correlation function for a
scalar field is given by

Gð1Þðx; x0Þ≡ h0j½ϕðxÞϕðx0Þ þ ϕðx0ÞϕðxÞ�j0i: ð4:1Þ

Substituting (3.8) into this equation gives

Gð1Þðx; x0Þ ¼
Z

∞

0

dω
X
i

½fiωðxÞfi�ω ðx0Þ þ fiωðx0Þfi�ω ðxÞ�:

ð4:2Þ
For each of the sets of mode functions comprising the

Boulware and Unruh, states, there is an infrared divergence
of the form 1

ω in the integrand, so we replace the lower limit
with an infrared cutoff λ. For the Boulware state, in region I
outside the horizon,

Gð1Þ
B extðx; x0Þ ¼

Z
∞

λ
dω

�
1

4πω

�
e−iωðuext−u0extÞ þ eiωðuext−u0extÞ

þ e−iωðv−v0Þ þ eiωðv−v0Þ
	�

ð4:3Þ

¼ −
1

2π
fci½λjuext − u0extj� − ci½λjv − v0j�g: ð4:4Þ

In the interior region,

Gð1Þ
Bintðx; x0Þ ¼

Z
∞

λ
dω

�
1

4πω

�
eiωðuint−u0intÞ þ e−iωðuint−u0intÞ

þ eiωðv−v0Þ þ e−iωðv−v0Þ
	�

ð4:5Þ

¼−
1

2π
fci½λjuint−u0intj�þci½λjv−v0j�g: ð4:6Þ

Here ci is the usual cosine integral function.
For the Unruh state there are two formulations of the

mode functions, and they give very different results in this
case. We will investigate this difference by focusing on the
exterior region. It is easy to show that the first formulation
(3.11) gives

Gð1Þ
U−1ðx;x0Þ ¼−

1

2π

n
ci½λjUðuextÞ−Uðu0extÞj�þ ci½λjv−v0j�

o
¼ 1

2π

n
−ci½4Mλe−uext=4Mj1−eðuext−u0extÞ=4Mj�

− ci½λjv−v0j�
o
: ð4:7Þ

Note that in the interior region one has the same expression
with uext → uint.
The second formulation (3.12) requires two cutoffs near

ω ¼ 0 in the integral from −∞ < ω < ∞. Choosing them
to be �λ with λ > 0, one finds [29]

Gð1Þ
U−2ðx; x0Þ ¼

1

2π

Z
∞

λ

dω
ω

cothð4πMωÞ cos½ωðuext − u0extÞ�

−
1

2π
ci½λjv − v0j�: ð4:8Þ

The argument of the first cosine integral in (4.7) is
proportional to e−uext=4M and gets smaller as uext gets larger
for fixed uext − u0ext. We can use the expansion

ciðzÞ ¼ γE þ log zþOðz2Þ; ð4:9Þ

where γE is Euler’s constant, to obtain

Gð1Þ
U−1ðx;x0Þ¼

1

2π



−γEþ

uext
4M

− log½4Mλj1−eðuext−u0extÞ=4Mj�

þOðe−uext=4MÞ−ci½λjv−v0j�
�
: ð4:10Þ

The approximation becomes better as uext increases and
results in a linear growth of the two-point function in terms
of uext. This happens either as the future horizon is
approached, or for fixed r, at late times when t is large.
The latter is what was noted in [28]. For fixed uext − u0ext,
there is no such behavior in the second formulation (4.8).
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To address the question of which formulation is the
correct one in this case, note that the Unruh state was
designed to mimic quantum effects in a black hole that
forms from collapse at late times after the black hole forms.
Thus, we can ask which formulation agrees with the late-
time behavior of the symmetric two-point function for a
black hole that forms from collapse. As shown in [28] for a
particular splitting of the points, the first formulation of the
Unruh state has this property for a black hole that forms
from the collapse of a null shell in 2D. We generalize that
argument here to an arbitrary splitting of the points, so long
as they are on the same side of the horizon and outside the
collapsing null shell.
For the in vacuum state for the collapsing null shell

spacetime there is no infrared divergence. In this case it
turns out to be easiest to computeGð1Þ using the same cutoff
as in the previous calculations and then take the limit
λ → 0, using the relation (4.9). We find in the parts of the
interior and exterior regions that are outside the null shell
trajectory that

Gð1Þ
in ðx; x0Þ ¼ 1

2π
lim
λ→0

Z
∞

λ

dω
ω

n
cos½ωðv − v0Þ�

þ cos½ωðuFðuiÞ − uFðu0iÞÞ�
− cos½ωðuFðuiÞ − v0Þ� − cos½ωðv − uFðu0iÞ�

o
¼ 1

2π
log

���� ðuFðuiÞ − v0Þðv − uFðu0iÞÞ
ðv − v0ÞðuFðuiÞ − uFðu0iÞÞ

����; ð4:11Þ

where ui ¼ uext in the exterior region and ui ¼ uint in the
interior region.
For large positive values of uext, (2.8) gives

uFðuextÞ ≈ vH − 4MeðvH−uextÞ=4M: ð4:12Þ

Then to leading order one finds for large uext and fixed
uext − u0ext that

Gð1Þ
in ðx; x0Þ → uext

8πM
; ð4:13Þ

which is the same leading order behavior as for Gð1Þ
U−1 in

(4.10). Thus the first formulation of the Unruh state agrees
with the large uext result for a black hole that forms from the
collapse of a null shell, and the second formulation does
not. Because of this, we shall only use the first formulation
in what follows.

V. VACUUM POLARIZATION

The formal relation between the vacuum polarization and
the symmetric two-point function is

hϕ2ðxÞi ¼ 1

2
lim
x0→x

Gð1Þðx; x0Þ: ð5:1Þ

However, there is a divergence when the two points come
together, and thus this quantity has to be renormalized.
Here, we use the method of point splitting. The point
splitting counterterm in the 2D case is given in [32]. In
general, renormalization counterterms do not depend on the
state but do depend on how the points are split. Here, we
assume that the points are split in the t direction in both the
interior and the exterior regions. In the Appendix we show
that the point splitting counterterms in this case are

hϕ2ips ¼ −
1

2π



γE þ 1

2
log
�jr − 2Mjμ2ðt − t0Þ2

4r

��
; ð5:2Þ

where γE is Euler’s constant and μ is an arbitrary constant
with units of mass.1 Then the renormalized expression is
given by

hϕ2i ¼ lim
t0→t

�
1

2
Gð1Þðt; r; t0; rÞ − hϕ2ips

�
: ð5:3Þ

For the Boulware state, we use (4.9) to obtain

hϕðxÞ2iB ¼ 1

4π
log

�jr − 2Mj
4r

μ2

λ2

�
ð5:4Þ

for both the interior and exterior regions.2

For differences of the Kruskal modes, the expansion in
powers of t − t0 when r0 ¼ r is more subtle. Since the
renormalization counterterms are expanded in terms of
t − t0, it is necessary to have the same expansions for the
unrenormalized expressions. Using Taylor series expan-
sions, one finds

Uðu0extÞ ≈ UðuextÞ þ
�

dU
duext

�
ðu0ext − uextÞ

¼ UðuextÞ − e−
uext
4M ðt − t0Þ; ð5:5aÞ

Uðu0intÞ ≈UðuintÞ þ
�

dU
duint

�
ðu0int − uintÞ

¼ UðuintÞ þ e
uint
4M ðt − t0Þ; ð5:5bÞ

1The existence of such an arbitrary constant in the renorm-
alization counterterms for the vacuum polarization occurs for a
massless scalar field with arbitrary curvature coupling in any 2D
spacetime. This can be seen from the point splitting counterterms
for a massive scalar field which contain a term that goes like
log 1

2
m2σ with a coefficient that does not go to zero in the

massless limit [32]. For such a term one chooses an arbitrary mass
scale μ when taking the massless limit. The same type of term
appears in the 4D vacuum polarization counterterms in space-
times where the scalar curvature R is nonzero [33]. For any
spacetime that is not flat in 4D, there exist one or two arbitrary
constants in the renormalization counterterms for any massless
scalar field with nonconformal coupling to the scalar curvature.
These constants provide finite renormalizations to coefficients of
higher derivative terms in the gravitational Lagrangian [34].

2Note that the infrared cutoff in this case can, without loss of
generality, be absorbed into the arbitrary mass scale μ.
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Vðv0Þ ≈ VðvÞ þ
�
dV
dv

�
ðv0 − vÞ

¼ VðvÞ − e
v
4Mðt − t0Þ: ð5:5cÞ

Using these results in (4.7) and combining with (5.2), it
is straightforward to show that

hϕ2ðxÞiU ¼ 1

4π

�
t − r�
4M

þ log

�jr − 2Mj
4r

μ2

λ2

��

¼ uext
16πM

þ hϕ2iB; ð5:6Þ

which, except for the last equality for hϕ2iU, is valid in both
the interior and the exterior regions.

To renormalize hϕ2iin, we expand 1
2
Gð1Þ

ðinÞ in powers of
t − t0 using Taylor series expansions which require the
computation of duF

duext
and duF

duint
. These can be obtained from

(2.7) and (2.9) with the result

duF
duext

¼ 1
duext
duF

¼
�
vH − uF
v0 − uF

�
; ð5:7Þ

duF
duint

¼ 1
duint
duF

¼
�
vH − uF
uF − v0

�
: ð5:8Þ

After some calculation, we find that

hϕ2ðxÞiin ¼
1

4π

�
2γE þ log

���� ðv0 − uFðuiÞÞ
ðvH − uFðuiÞÞ

����þ log

����ðuFðuiÞ − vÞ2μ2 ðr − 2MÞ
4r

����
�

¼ 1

4π

�
2γE þ log

���� ðv0 − uFðuiÞÞ
ðvH − uFðuiÞÞ

����þ log
h
λ2ðuFðuiÞ − vÞ2

i�
þ hϕ2ðxÞiB; ð5:9Þ

where again ui ¼ uext in the exterior region and ui ¼ uint in
the interior region. Note that there is no infrared divergence
in the integrand forGð1Þðx; x0Þ in this case, so no lower limit
cutoff needs to be introduced. In the second line we have
inserted a factor of this cutoff in order to show explicitly the
relationship with hϕ2iB. The full expression is independent
of λ.

A. Behaviors of the vacuum polarization

1. Boulware state

From (5.4), it is clear that hϕ2iB is independent of t and
vanishes in the limit r → ∞ if μ2 ¼ 4λ2. As expected for
the Boulware state, it diverges on the past and future
horizons and at r ¼ 0.

2. Unruh state

The behavior of hϕ2iU is more complicated due to its
dependence on uext and uint. One would expect for the
Unruh state that it would be finite on both past and future
null infinity and the future horizon. One would also expect
it to diverge on the past horizon and at the singularity
at r ¼ 0.
If one substitutes v − 2r� for t − r� in the first line of

(5.6), it can be seen that on the future horizon

ðhϕ2iUÞHþ ¼ 1

4π

�
v
4M

− 1þ log

�
μ2

4λ2

��
: ð5:10Þ

This is finite as expected except in the limits v → �∞.
From (5.6) one sees that hϕ2iU is also finite at future null

infinity except in the limits uext → �∞. Because of its
linear dependence on uext, it diverges at past and future
timelike infinity, spacelike infinity, and at past null infinity.
As expected it also diverges at r ¼ 0.

3. In state

Not surprisingly, the behavior of the vacuum polarization
for the in state in the region outside the null shell is more
complex.
Recall that uext → þ∞, both on the future horizon and in

the limit t → ∞ for fixed r. For large uext and v > vH,

uF ≈ vH−4Mexp
�
vH−uext

4M

�
;

hϕ2iin ≈ hϕ2iUþ log½λ2ðv−vHÞ2�
4π

þ γE
2π

−
vH

16πM
: ð5:11Þ

Thus hϕ2iin is finite on the future horizon, except in
the limit v → ∞ where it has the same leading order
divergence as hϕ2iU. It also approaches, to leading order,
hϕ2iU at large t for fixed r. In both cases there is a
subleading logarithmic divergence that does not occur
for hϕ2iU.
At large r, uF ≈ uext and

hϕ2iin≈
1

4π

�
2γEþ log

���� ðv0−uextÞ
ðvH−uextÞ

����þ log
h
λ2ðuext−vÞ2

i�
þhϕðxÞ2iB: ð5:12Þ
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In this limit hϕ2iin has very different behavior from hϕ2iU
due to logarithmic divergences that occur whenever r → ∞
and v > v0.
In the interior, as the singularity is approached, r� → 0,

and it is easy to see that outside of the null shell trajectory
the divergence in hϕ2iin is the same as that for hϕ2iB.
However, on the null shell trajectory t ¼ v0 − r� so uint ¼
2r� − v0 and uFðuintÞ ¼ v0 − 2r where the property z ¼
WðzezÞ has been used. Then one finds

ðhϕ2iinÞv¼v0
¼ 1

4π

�
2γE þ 2 log

�
2r
M

�
þ logðM2μ2Þ

�
:

ð5:13Þ

Thus, there is a discontinuity in hϕ2iin at the point where
the null shell reaches r ¼ 0 as can be seen by the fact that
on the null shell trajectory as r → 0, hϕ2iin ∼ 1

2π logðr=MÞ
while hϕ2iB ∼ − 1

4π logðr=MÞ.
Some of these behaviors are illustrated in Figs. 3 and 4.

VI. STRESS-ENERGY TENSOR

As discussed in Sec. I, the stress-energy tensor for the
massless minimally coupled scalar field has been computed
previously for the states we are considering. The focus of
previous analyses was the exterior region. In the Appendix,
it is shown explicitly that the expressions obtained can be
continued into the region inside the future horizon. In this
section, we review their behaviors on the future horizon and
analyze them in the interior region.
The stress-energy tensors can be written in terms of null

coordinate components with the result [7]3

hTuuiB ¼ 1

24π

�
−
M
r3

þ 3

2

M2

r4

�
; ð6:1aÞ

hTuuiH ¼hTuuiU ¼ 1

768πM2

�
1−

2M
r

�
2
�
1þ4M

r
þ12M2

r2

�

¼ 1

768πM2
−

M
24πr3

þ M2

16πr4
; ð6:1bÞ

hTuuiin ¼
1

24π

�
−
M
r3

þ 3

2

M2

r4
−

8M
ðuFðuiÞ − v0Þ3

−
24M2

ðuFðuiÞ − v0Þ4
�
; ð6:1cÞ

hTvviB ¼ hTuuiB; ð6:1dÞ

hTvviH ¼ hTuuiH; ð6:1eÞ

hTvviU ¼ hTvviin ¼ hTvviB; ð6:1fÞ

hTuviB ¼ −
1

24π

�
1 −

2M
r

�
M
r3

; ð6:1gÞ

hTuviH ¼ hTuviU ¼ hTuviin ¼ hTuviB: ð6:1hÞ

All of the above components for each of the four states
diverge like r−4 as the singularity at r ¼ 0 is approached.
The coefficients differ in magnitude, but they all have the
same positive sign.
As discussed in [7,35], for the stress energy to be regular

on the event horizon one needs to go to a coordinate frame
that is regular there. For Kruskal coordinates, one finds that
for the stress energy to be finite on the future horizon,
ðr − 2MÞ−2jhTuuij, jðr − 2MÞ−1hTuvij, and jhTvvij should
all be finite there. This is easily seen to be true for the
Hartle-Hawking and Unruh states. As is well known, the
stress-energy tensor for the Boulware state diverges on both
the past and future horizons. For the in state, one can first
make the substitution in (6.1c),

uint ¼ r� − t ¼ 2r� − v; ð6:2Þ

and note that v is continuous across the future horizon.
Then, using a Taylor series expansion around r ¼ 2M with
v held constant, one finds

hTuuiin →
ð2M − rÞ2
512M4π

�
−1þ exp

�
2þ vH − v

2M

��
: ð6:3Þ

Hence, the stress energy for the in state is finite at the
horizon.
The flux of energy through the horizon is given by hTvvi.

It is zero for the Hartle-Hawking state as expected. For the

FIG. 3. Plot of hϕ2i as a function of r
M. On the right-hand side of

the plot, from top to bottom the curves are for the in (green),
Boulware (blue), and Unruh (red) states. For the Unruh and in
states, the plots are for the surface v

M ¼ 10. For the Boulware and
Unruh states μ

λ has been set to 1. For the in state,
μ
M has been set to

1. Both the interior and the exterior regions are covered.

3For completeness we include the stress-energy tensor for the
Hartle-Hawking state here.
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Boulware, Unruh, and in states it is hTvvi ¼ − 1
768πM2. As is

well known, this is equal in magnitude and opposite in sign
to the flux of energy hTuui reaching future null infinity at
all times for the Unruh state and at late times for the in state.
However, it is interesting to note that the same flux of
negative energy goes through the future horizon in the
Boulware state. It is also interesting to note that, even
though hTuuiin only approaches the value for the Unruh
state asymptotically, hTvviin has the same value as for the
Unruh state immediately after the null shell passes through
the future horizon. There are no Einstein equations in 2D;
however, if one had similar behavior in 4D, then one would
expect that the spacetime geometry near the horizon, after
the shell passes through it, would start to evolve in the same
way that it would for the Unruh state. This is very different
from how backreaction effects would manifest at large
distances from the black hole. Of course in 4D there is an
effective potential for the mode equation of the scalar field
which would alter this picture due to backscattering of the
outgoing modes through the future horizon.
The stress-energy tensor for the null shell spacetime is

the only one of the four that we are considering which has a
dependence on the coordinate t. The only component
shown in (6.1) that is different from that of the Unruh
state is hTuuiin. Since we are going to compare hTuuiin with
hTuuiU, it is useful to plot the latter as a function of r. This
is shown in Fig. 5.
As was done for hϕ2iin, using the identity for the

Lambert W function, z ¼ W½zez�, and the fact that on
the null shell trajectory, t ¼ v0 − r�, it is not hard to show
that hTuuiin ¼ 0 everywhere on the surface v ¼ v0.
Therefore, it is discontinuous at the point where the null
shell reaches r ¼ 0.
In the exterior region one expects hTuuiU to be a good

approximation to hTuuiin at late times, and this is what is
found [7]. However, it is not as clear what one would expect

inside the future horizon, particularly since t is a space
coordinate there.
Before exploring the details of how the Unruh state is

approached, it is instructive to examine the behavior of this
state which is shown in Fig. 5. There, one sees that this
component decreases monotonically from its infinite value
at r ¼ 0 to zero at the future horizon. From there, it
increases monotonically and approaches a constant value in
the limit r → ∞.
Some details as to how the Unruh state is approached are

shown in Figs. 6 and 7. Note that the plots begin at the value
of t for which the null shell passes through that value of r.
For a fixed value of r in either the interior region or the
exterior region, hTuuiin approaches hTuuiU at large values
of t. The smaller the value of r, the more “quickly” the
approach occurs in both regions. In the exterior region, this
means that the farther away one is from the horizon, the

FIG. 5. Plot of M2hTuuiU as a function of r
M. The plot covers

both the interior and exterior regions. Note that hTuuiU diverges
at r ¼ 0, vanishes at r ¼ 2M, and approaches a constant in the
limit r → ∞.

FIG. 4. Plots of hϕ2i as a function of t
M. The upper (blue) curve corresponds to the in state with v0 ¼ 4 and the lower (red) curve

corresponds to the Unruh state. For the Unruh state μ
λ has been set to 1, and for the in state μ

M has been set to 1. The left panel is for the
interior region at r

M ¼ 1 and the right panel is for the exterior region at r
M ¼ 3. A careful examination shows that, as expected, hϕ2iin is

diverging faster than hϕ2iU in both regions.
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longer it takes for the stress energy to approach that of the
Unruh state. In the interior region, it means that the closer
one is in time (−r) to the future horizon, the larger the
region (in terms of the coordinate t) where the stress energy
is significantly different from that for the Unruh state.

VII. CONCLUSIONS

We have computed the quantity hϕ2i for a massless
minimally coupled scalar field in Schwarzschild spacetime
in 2D for the Boulware and Unruh states. We have also
computed it for the in statewhen the field is in a 2D spacetime
where a collapsing null shell forms a black hole. We have
shown by explicit calculation, that for all of these states and
the Hartle-Hawking state, previous calculations of the stress-
energy tensor in the region outside the future horizon can be
extendable to the region inside the future horizon.
The same type of late-time growth in hϕ2i for the Unruh

and in states was found in the exterior region as was
previously found for the symmetric two-point function
when the points are split in the radial direction [28]. This
growth is linear for both states, and there is also logarithmic
growth for the in state. This is important because it shows
that the instability is not an artifact of the point separation.

Similar growth in t occurs for fixed r and large values of t in
the interior region.
For the Unruh state, hϕ2i is also proportional to t at large

negative values of t in both the interior and exterior regions.
This is different from the symmetric two-point function. As
t → −∞, one sees from (2.4b) that the Kruskal coordinates
in the interior and exterior regions approach �∞ respec-
tively. Examination of (4.7) with the points split in the
radial direction, shows that Gð1Þðx; x0Þ → − 1

2π ciðr� − r0�Þ.
Note that this limit does not exist for the null shell
spacetime in either region. This result illustrates the fact
that the two-point correlation function can give a very
different answer in some cases than the quantity hϕ2i.
At the future horizon, hϕ2i diverges for the Boulware state

and is finite for the other states for finite values of v as
expected. However, it does diverge in the limits v → �∞ for
theUnruh state and in the limitv → þ∞ for the in statewhich
is a further indication of the instability of these states in 2D.
In the interior region, hϕ2i diverges for all three states

exactly in the same way as the singularity at r ¼ 0 is
approached. For the Unruh state, there is a term propor-
tional to t which is a spatial coordinate in the interior. For
the in state, the dependence on t is more complicated. At
fixed values of r there is both a term proportional to t and

FIG. 6. M2hTuuiin is plotted as a function of t
M. For the panel on the left, this is done for the interior region for

r
M ¼ 1, and for the panel

on the right, it is done for the exterior region for r
M ¼ 3. The straight line on both plots is the value of M2hTuuiU.

FIG. 7. The absolute value of the relative difference between hTuuiin and hTuuiU is shown as a function of t
M. For the left panel, the

curves from upper to lower correspond to r
M ¼ 15

8
, 3
2
, 1, and 1

2
. For the right panel, the curves from upper to lower on the right correspond

to r
M ¼ 10, 5, 9

2
, and 3. Note that the curve for a given value of r, say r ¼ r1, begins at time t1 ¼ v0 − r�ðr1Þ, which is the time that the

null shell reaches r1. The smaller the value of r1, the larger the value of t1 in both the interior and exterior regions.
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one proportional to log t at large values of t. The depend-
ence on t indicates that the Unruh and in states are
inhomogeneous in the interior.
The instabilities in hϕ2i mentioned above in both the

interior and exterior regions are not reflected in the 2D
stress-energy tensors for the field. These stress-energy
tensors have been previously studied in the exterior region
and at the future horizon [7].
The stress energy for all four states diverges at the

singularity as expected. As is well known, on the future
horizon the only divergence in the stress energy is for the
Boulware state.
The only state for which the stress energy has any

dependence on t is the in state. In terms of null components,
only hTuui has a dependence on t. This component vanishes
on the null shell trajectory and increases outside of it. At
fixed r for large values of t in both the interior and exterior
regions, hTuuiin approaches hTuuiU.
The dependence of the stress energy on t in the interior

region will occur for any black hole that forms from
collapse in 2D or 4D. An important question is how well
the Unruh state approximates quantum effects in the
interior for a black hole in this case. This is because it
is much easier in 4D to compute the stress-energy tensor for
the Unruh state in the interior of an eternal black hole than it
would be to compute it for one that forms from collapse.
We find that, for fixed values of r as r gets smaller the range
of values of t for which there is a significant difference from
the stress tensor for the Unruh state decreases. At the same
time, the spacetime curvature and the stress energy
increase. If something similar happens in 4D, then back-
reaction effects might be reasonably well approximated
throughout much of the spacetime outside the collapsing
matter by considering the Unruh state.
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APPENDIX: STRESS-ENERGY TENSOR FOR A
2D SCHWARZSCHILD BLACK HOLE

In this Appendix, we derive an expression for the
renormalized stress-energy tensor for a massless minimally
coupled scalar field in a 2D black hole spacetime that works

for the Boulware, Unruh, Hartle-Hawking, and in states and
is valid in both the interior and exterior regions. We use the
covariant point splitting method in [32]. This is equivalent
to previous derivations using the Schwarzian derivative [7].
We explicitly show that the expressions for the stress-
energy tensors for these states that were previously derived
work for both the interior and exterior regions. At the end
we also discuss the point splitting counterterms for hϕ2i.
A general expression for the unrenormalized stress-

energy tensor for a massless minimally coupled scalar
field and with the points split is of the form

hTμνiunren ¼
1

4



gα

0
μ G

ð1Þ
;α0ν þ gα

0
ν G

ð1Þ
μα0 − gμνgσα

0
Gð1Þ

σα0

�
; ðA1Þ

where Gð1Þðx; x0Þ is the symmetric two-point correlation
function also called the Hadamard function. The bivector of
parallel transport, gα

0
μ , is used to parallel transport vectors

and tensors with primed indices from the point x0 to the
point x [33].
To go further, it is easiest to write the metric in the form

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ ; ðA2Þ

where for Schwarzschild spacetime fðrÞ ¼ 1 − 2M
r . The

main difference with the exterior region is that in the
interior region f < 0, so t is a space coordinate and r is a
time coordinate. To obtain an explicit expression, we
separate the points x and x0 in the t direction such that
x ¼ ðt; rÞ and x0 ¼ ðt0; rÞ with t − t0 ¼ ϵ. To renormalize
the stress-energy tensor, we first expand hTμνiunren in
powers of ϵ and then expand the covariant point splitting
counterterms in powers of ϵ. Taking the difference between
the two expressions and setting ϵ ¼ 0 gives the renormal-
ized expression for the stress-energy tensor.
To carry out this procedure, it is first necessary to

consider derivatives of the quantity σðx; x0Þ, which is one
half of the square of the proper distance between the points
x and x0 along the shortest geodesic connecting them. It
satisfies the relation

σ ¼ 1

2
σμσ

μ ðA3Þ

with σμ the covariant derivative with respect to xμ, and σμ is
the geodesic’s tangent vector at x which points toward x0.
There is no difference in the derivation of its expansion in
powers of ϵ between the interior and exterior regions.
In [21], the following expressions for σt and σr are given in
powers of ϵ:

σt ¼ σtðϵ; rÞ ¼ ϵþ f02

24
ϵ3 þOðϵ5Þ; ðA4aÞ

σr ¼ σrðϵ; rÞ ¼ −
ff0

4
ϵ2 þOðϵ4Þ: ðA4bÞ
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The bivector of parallel transport is a vector at both x and
x0. Thus it satisfies the relation gα

0
μ ¼ gμρgρα

0
. Using this,

one can write (A1) in the form

hTμνiunren ¼
1

2
gμρgρα

0
Gð1Þ

;α0ν −
1

4
gμνgσα

0
Gð1Þ

σα0 : ðA5Þ

One way to compute gρα
0
is to define two suitable

orthonormal frames at points x and x0 and use the relations

gμν
0 ¼ ηabeμaeν

0
b ; ðA6Þ

where eμa and eν
0
b are the orthonormal basis vectors of

tetrads at x and x0 respectively. Following the method given
in [17,21], we set eμ0 to be in the time direction and eμ1 to be
in the space direction. In the interior, these are in the r and t
directions respectively. The orthonormality relation is

ηab ¼ gμνe
μ
a eνb; ðA7Þ

with ηab the usual Minkowski metric. Since the shortest
geodesic from the point ðt0; rÞ to the point ðt; rÞ is spacelike
in the interior and since its tangent vector is σμ, we set
eμ1 ¼ Nσμ. Then (A7) gives N ¼ ðσμσμÞ−1=2. Since (A7)
implies that eμ0 and eμ1 are orthogonal, we can use this
property to find eμ0. The result is

et1 ¼
σt

ðσασαÞ12
; er1 ¼

σr

ðσασαÞ12
; ðA8aÞ

et0 ¼
1

f
σr

ðσασαÞ12
; er0 ¼ f

σt

ðσασαÞ12
: ðA8bÞ

Aside from the fact that we are working in 2D, there are two
differences between this result and the exterior result
derived in [17,21]. One is that for this result the normali-
zation is ðσμσμÞ−1=2 rather than ð−σμσμÞ−1=2, which is its
value in the exterior region. The other is the switching of
the basis vectors so that eμ0 in the exterior region goes to eμ1
in the interior region and eμ1 in the exterior region goes to e

μ
0

in the interior region. The reason is simply that t is a space
coordinate in the interior region and a time coordinate in the
exterior one.
One can define a similar set of tetrad basis vectors at x0:

et
0
1 ¼ σt

0

ðσα0σα0 Þ12
; er

0
1 ¼ σr

0

ðσα0σα0 Þ12
; ðA9aÞ

et
0
0 ¼ 1

f
σr

0

ðσα0σα0 Þ12
; er

0
0 ¼ f

σt
0

ðσα0σα0 Þ12
: ðA9bÞ

It is now necessary to expand σμ
0
as a power series in

ϵ0 ¼ −ϵ. The method is the same as for the expansion of σμ,

so one can simply substitute ϵ0 for ϵ in (A4a) and (A4b),
and then let ϵ0 ¼ −ϵ with the result

σt
0 ðϵ0; rÞ ¼ −σtðϵ; rÞ; ðA10aÞ

σr
0 ðϵ0; rÞ ¼ σrðϵ; rÞ; ðA10bÞ

½σα0 ðϵ0; rÞσα0 ðϵ0; rÞ�12 ¼ −½σαðϵ; rÞσαðϵ; rÞ�12: ðA10cÞ

Note that the expansion for ½σα0 ðϵ0; rÞσα0 ðϵ0; rÞ�12 ends up
being in odd powers of ϵ0 which is why it has the opposite
sign as ½σαðϵ; rÞσαðϵ; rÞ�12.
Therefore, the components of the bitensor parallel trans-

port take the following form:

gtt
0 ¼ 1

σασ
α

�
1

f2
ðσrÞ2 þ ðσtÞ2

�

¼ −
1

f
−
f02

8f
ϵ2 þOðϵ4Þ; ðA11aÞ

gtr
0 ¼ −grt0 ¼ −

2σrσt

σασ
α ¼ −

f0

2
ϵþOðϵ3Þ; ðA11bÞ

grr
0 ¼ −

1

σασ
α

h
f2ðσtÞ2 þ ðσrÞ2

i

¼ f þ ff02

8
ϵ2 þOðϵ4Þ: ðA11cÞ

The result in powers of ϵ is exactly the same as for the
exterior region given in [21].
For the Boulware, Hartle-Hawking, and Unruh states we

can write the symmetric two-point function in the general
form

Gð1Þðx; x0Þ ¼ −
1

2π

n
ci½λjU ðuiÞ −U ðu0iÞj�

þ ci½λjVðvÞ −Vðv0Þj�
o
: ðA12Þ

For the Boulware state UðuiÞ ¼ ui and VðvÞ ¼ v, for the
Hartle-Hawking state U ¼ U and V ¼ V, and for the
Unruh state U ¼ U and V ¼ v.
For the in state the two-point function can be written in

the form

Gð1Þðx;x0Þ ¼−
1

2π
fci½λjU ðuiÞ−U ðu0iÞj�

þ ci½λjVðvÞ−Vðv0Þj�−fci½λjU ðuiÞ−Vðv0Þj�
− ci½λjVðvÞ−U ðu0iÞj

i
g; ðA13Þ

with U ¼ uF and V ¼ v. Note that the first two terms
are the same as for the other states. It turns out that
the contributions from the third and fourth terms to the
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stress-energy tensor cancel even though they contribute to
hϕ2i. So in what follows, we will ignore these terms and
just consider derivatives of the expression for Gð1Þðx; x0Þ in
(A12) for all four states.
We next give the general expansion in powers of ϵ for

two derivatives of G. Note that d
dz ciðλzÞ ¼ cosðλzÞ

z . Therefore
after computing the first derivative we can set λ ¼ 0 since
there is no longer an infrared divergence. The derivatives of
Gð1Þ that contribute to the stress-energy tensor are

Gð1Þ
;uiu0i

ðx; x0Þ ¼ −
1

2π

dU ðuiÞ
dui

dU ðu0iÞ
du0i

ðU ðuiÞ −U ðu0iÞÞ2
; ðA14aÞ

Gð1Þ
;vv0 ðx; x0Þ ¼ −

1

2π

dVðvÞ
dv

dVðv0Þ
dv0

ðVðvÞ −Vðv0ÞÞ2 : ðA14bÞ

Next, one can expand U ðu0iÞ and Vðv0Þ in power series
with the result

U ðu0iÞ ¼ U ðuiÞ −
�
dU ðuiÞ
dui

�
ðui − u0iÞ þ…; ðA15aÞ

Vðv0Þ ¼ VðvÞ −
�
dVðvÞ
dv

�
ðv − v0Þ þ…: ðA15bÞ

With the definition

ϵ ¼ t − t0; ðA16Þ
one easily finds the relations

v − v0 ¼ ϵ;

uint − u0int ¼ −ϵ;

uext − u0ext ¼ ϵ: ðA17Þ

Then one finds

Gð1Þ
;uiu0i

ðx; x0Þ ¼ −
1

2π

"
1

ϵ2
−
1

4

0
@d2U ðuiÞ

du2i
dU ðuiÞ
dui

1
A2

þ 1

6

0
@d3U ðuiÞ

du3i
dU ðuiÞ
dui

1
A
3
5;

ðA18Þ

Gð1Þ
;vv0 ðx;x0Þ¼−

1

2π

"
1

ϵ2
−
1

4

 
d2VðvÞ
dv2

dVðvÞ
dv

!
2

þ1

6

 
d3VðvÞ
dv3

dVðvÞ
dv

!#
: ðA19Þ

For the Hartle-Hawking state VðvÞ ¼ VðvÞ ¼ 4Me
v
4M in

both the interior and exterior regions. For the other three

states, VðvÞ ¼ v. Thus, Gð1Þ
;vv0 ðx; x0Þ is the same function of

v in both regions. For the Boulware state U ðuiÞ ¼ ui, so

Gð1Þ
;uiu0i

ðx; x0Þ is the same in both regions. For the other states

it is necessary to compute Gð1Þ
;uiu0i

ðx; x0Þ separately in both

regions. The results can be written in the general form

Gð1Þ
;uiu0i

ðx; x0Þ ¼ −
1

2πϵ2
þA ;

Gð1Þ
;vv0ðx; x0Þ ¼ −

1

2πϵ2
þB; ðA20Þ

where A and B are state-dependent constants. For the
states we consider and the notation that we use, the values
of A and B for a given state are the same for both the
interior and exterior regions. For the Boulware state

A B ¼ B ¼ 0; ðA21Þ

for the Unruh state

A U ¼ 1

384πM2
BU ¼ 0; ðA22Þ

for the Hartle-Hawking state

A H ¼ BH ¼ 1

384πM2
; ðA23Þ

and for the in state

A in ¼ −
2M

3π½uFðuiÞ − v0�3
−

2M2

π½uFðuiÞ − v0�4
;

Bin ¼ 0: ðA24Þ

When the points are split in the t direction, it is easy to
show using the chain rule and the definitions of ui and v
that

Gð1Þ
;tt0 ðx; x0Þ ¼ Gð1Þ

;uiu0i
ðx; x0Þ þ Gð1Þ

;vv0 ðx; x0Þ; ðA25aÞ

Gð1Þ
;tr0 ðx; x0Þ ¼Gð1Þ

;rt0 ðx; x0Þ ¼
1

f

h
−Gð1Þ

;uiu0i
ðx; x0Þ þGð1Þ

;vv0 ðx; x0Þ
i
;

ðA25bÞ

Gð1Þ
;rr0 ðx;x0Þ ¼

1

f2
½Gð1Þ

;uiu0i
ðx;x0ÞþGð1Þ

;vv0 ðx;x0Þ� ¼
1

f2
Gð1Þ

;tt0 ðx;x0Þ;

ðA25cÞ

where f ¼ 1 − 2M
r . By substitution of (A25a)–(A25c) and

(A11a)–(A11c) into (A5), we find

hTttiunren ¼ f2hTrriunren ¼ −
1

2πϵ2
−

f02

16π
þ 1

2
ðA þBÞ;

ðA26aÞ

hTtriunren ¼ −
f0

4πfϵ
−

1

2f
ðA −BÞ þOðϵÞ: ðA26bÞ
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To renormalize hTμνiunren, we subtract the renormaliza-
tion counterterms and let the points come together. The
renormalization counterterms are computed from the
DeWitt-Schwinger expansion of the symmetric two-point
function. The result in 2D is [32]

hTμνðx;x0ÞiDS¼
1

2π



ðσβσβÞ−1

�
gμν−2

σμσν
σασ

α

�
−

1

12
R
σμσν
σασ

α

�
;

ðA27Þ

with R ¼ −f00. Substituting (A4a) and (A4b) into (A27)
and subtracting the result from (A26a) and (A26b) one
finds for the renormalized components of the stress-energy
tensor:

hTtti ¼ −
f02

96π
þ ff00

24π
þ 1

2
ðA þBÞ; ðA28aÞ

hTtri ¼ −
1

2f
ðA −BÞ; ðA28bÞ

hTrri ¼
1

f2

�
−

f02

96π
þ 1

2
ðA þBÞ

�
: ðA28cÞ

Next we convert to the null coordinate components to
obtain

hTuui ¼
1

4
ðhTtti þ f2hTrriÞ −

1

2
fhTtri

¼ −
f02

192π
þ ff00

96π
þA

2
; ðA29aÞ

hTuvi ¼
1

4
ðhTtti − f2hTrriÞ ¼

ff00

96π
; ðA29bÞ

hTvvi ¼
1

4
ðhTtti þ f2hTrriÞ þ

1

2
fhTtri

¼ −
f02

192π
þ ff00

96π
þB

2
: ðA29cÞ

Evaluating these in each of the four states gives the
expressions in (6.1a)–(6.1h) which we have now shown
to be valid in both the interior and exterior regions.
The quantity hϕ2i also needs to be renormalized. For a

massless minimally coupled scalar field, the renormaliza-
tion counterterm in a general spacetime is given by [32]

hϕ2ips ¼
1

2
Gð1Þðx; x0ÞDS

¼ −
1

2π

�
γE þ 1

2
ln

�
μ2jσj
2

��
þOðσÞ: ðA30Þ

Using the expansion in (A4a) and (A4b) along with the
relation σ ¼ 1

2
σασ

α one finds the expression in (5.2).
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