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Nonminimal couplings between matter and curvature tensors arise in many different contexts. Such
couplings modify solutions of general relativity (GR) and therefore can be probed in various astrophysical
systems. A particularly interesting scenario arises if dark matter experiences nonminimal couplings, as dark
matter densities are expected to spike in the vicinity of binary black hole mergers. This gives a novel setting
for simultaneously studying dark matter and (beyond) GR physics via observations of gravitational waves
(GWs). In this work, we explore effects of various nonminimal couplings on GWs by working with a model-
independent parametrization for left- and right-handed GW strains. We extend the parametrization proposed
in Jenks et al. [Phys. Rev. D 108, 044023 (2023)] and Daniel et al. [Phys. Rev. D 109, 124012 (2024)]
to include early-universe effects, and we write down the generic solution assuming slowly varying matter
fields. We then systematically apply our results to three models: Kalb-Ramond dark matter with dimension-
four operators, axion-dilaton-Chern-Simons-Gauss-Bonnet dimension-five operators, and dimension-six
couplings to a (dark) vector field.
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I. INTRODUCTION

The detection of gravitational waves (GWs) from
merger processes by the LIGO-Virgo-KAGRA (LVK)
Collaboration [1–3] marked the beginning of a new era
of observational cosmology. The Earth-based interferom-
eters observe GWs that are emitted during the merging of
black holes and/or neutron stars in the ultrastrong field
regime. It is precisely in this regime where predictions from
general relativity (GR) may fail and as a result, any
deviations from GR need to be probed and ideally, with
great precision. Such deviations may include higher cur-
vature corrections, higher derivative corrections, or non-
minimal matter couplings.1 We will refer to all of these
possibilities as beyond-GR.
Although GR has so far been in excellent agreement with

solar system tests [7], pulsar timing [8,9], and the physics
of mergers from compact objects broadly speaking [10], it
also predicts pathological spacetime singularities [11] and
lacks compatibility with quantum mechanics [12]. What, if

anything, lies beyond GR has been an open question for
arguably a century, and GWobservations are finally giving
the community essential data with which to probe this
question in highly energetic systems.
A related, immense open question concerns the nature of

dark matter (DM). The only known feature of DM to date is
that it experiences gravitational interactions. Due to stable
timelike orbits, it is expected that DM accumulates around
compact objects such as black holes and neutron stars
[13,14]. This makes the prospect of indirectly detecting
DM using GW observations from merger processes—
where we may expect a spike in DM density—particularly
intriguing [15–30].
Such physics can be probed straightforwardly if DM

happens to experience nonminimal couplings to gravity
[31–33], which can be constrained by studying modifica-
tions to the standard GW waveforms predicted by GR. For
example, by studying how GW propagation is modified for
a wide class of models, the parameters of any given theory
can be mapped to observational constraints on GWs via a
model-agnostic framework first developed in [31] and
extended in [32].2 Furthermore, nonminimal couplings
qualitatively either extract or inject energy from the matter

*Contact author: stephon_alexander@brown.edu
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1See e.g. [4–6] regarding possible cosmological implications

of nonminimal (dark) matter couplings to gravity.

2See also very recent work [34] focusing on probing nonlinear
effects using parametrized waveform modeling.
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sector into the gravitational system, thereby offering
potential insight into other mysteries within GR such as
dark energy or the final parsec problem [35].3

Nonminimal curvature couplings to DM have been
studied in various contexts in the past few decades. Such
concepts were considered early on in the context of
modified Newtonian dynamics (MOND) in [37], while
in [38], a thorough analysis was performed regarding the
deviations from the standard ΛCDM predictions for linear
couplings to the Ricci scalar and Ricci tensor. Some of the
same authors studied structure formation in [39] and dark
Bose-Einstein condensates in [40] within nonminimally
coupled theories, the latter analysis extended to GWs in
[41]. Nonminimal couplings modify the Poisson equation
for the gravitational potential, which leads to interesting
behavior for DM halos [42], galaxy dynamics [43], and
DM solitons [44]. In fact, this feature of nonminimally
coupled DM can result in DM halos that better fit observed
profiles than standard cold DM in certain cases [45].
A key goal of the current work is to generalize the

parametrizations given in [31,32] and use the framework to
map to less-studied nonminimally coupled matter theories.
While this framework was first developed primarily in the
context of beyond-GR theories, it can in principle be
extended to include any models of DM which modify
the gravitational sector. Thus, we may be able to comment
on initial constraints of possible DM candidates based on
their interaction with gravity. However, we stress that our
construction does not necessitate that the nonminimal
couplings belong to a dark sector. Our parametrization is
applicable to any matter sector; however, the possibility
that DM experiences nonminimal couplings was primary
motivation for this work. More generally, our main results
are inspired by effective field theory (EFT) approaches to
broad classes of nonminimally coupled theories.
The parametrizations in [31,32] have been shown to be

consistent with and complementary to the parametrized
post-Einsteinian (ppE) framework [46–48], another novel
tool with which to capture modifications of and deviations
from GR. More recently, deep-learning neural network
techniques have been utilized within the ppE framework
[49] to streamline computational efficiency and systemati-
cally explore the theory space in a sophisticated fashion
[see also [50] for similar deep learning approaches in the
post-Newtonian (PN) framework].
A particular modification in the gravitational sector

would be the presence of gravitational birefringence, which
manifests in the gravitational waveform if there are any
parity-violating operators. Models including operators of
this type have gained significant interest in recent years, the
most studied being dynamical Chern-Simons gravity (dCS)

[51]. The sensitivities of third-generation GW detectors,
such as Cosmic Explorer [52] and the Einstein Telescope
[53], are expected to be good enough to be capable of
detecting beyond-GR effects of this type [54]. Signatures of
parity violation would also be present in the stochastic GW
background as a net circular polarization [55].
The upcoming space-based Laser Interferometer Space

Antenna (LISA) [56] and the Chinese program Taiji [57]
are also expected to be sensitive enough to detect parity-
violating effects [58], which have been predicted to have a
wide variety of implications, from primordial GWs [59]
and a (chiral) GW background [60–62] to large-scale
structure and inflation in cosmology [63–68]. It is also
possible to detect parity violation within the stochastic
background using pulsar polarization arrays [69] and
astrometry [70,71]. More generally, one needs to consider
parity-even and parity-odd operators that lead to a combi-
nation of gravitational birefringence, modified dispersion
relations, and perhaps Lorentz violation [72–78].
The aforementioned framework provides an avenue for

generally constraining extensions of GR and modified
gravity theories. As previously mentioned, the GWs which
have already been detected from LVK [79,80], in addition
to pulsar timing array (PTA) experiments [81,82], have thus
far been in excellent agreement with GR, implying that
conclusively observing beyond-GR effects will come down
to precision physics. Furthermore, many beyond-GR the-
ories have implications on astrophysical and cosmological
systems when it comes to DM and beyond, from compact
binary systems [83–86] and individual black holes or
neutron stars [87–98], to GW polarization and gravitational
lensing [99–102], the cosmic microwave background
(CMB) [103,104], inflation [105,106], and broadly speak-
ing, the dark sector [44,107–114]. Indeed, theory-agnostic
searches have gained popularity in recent years [115].
We stress that, in general, the task of probing beyond-GR

effects in GWs is extremely challenging. It has been shown
that in pure gravity (no nonminimal couplings to the matter
sector), detectability of beyond-GR terms is not only highly
restricted by solar system tests, but also by fundamental
principles such as causality and unitarity [116]. For
example, the authors of [116] found that quartic curvature
terms in the gravitational sector can be probed if the current
LIGO/Virgo precision increased by 7 orders of magnitude,
which perhaps could be prioritized in future ground-based
interferometers.
Additionally, utilizing the neural network/deep learning

approach to ppE, recent work has shown that the GWTC-3
catalog is exceedingly consistent with GR [117]. Another
ppE analysis was carried out in [118] suggesting strong
evidence that black holes involved in producing LVK data
are described by the Kerr geometry, further supporting the
validity of GR. It is even possible for environmental effects
or systematics to suggest a false violation of GR [119] in
GWs from mergers.

3It was shown [36] very recently that nonminimal couplings
can alter black hole evaporation history, which is relevant for
primordial black holes as DM candidates.
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Nonetheless, as outlined above, deviations fromGRcanbe
expressed in different systems,4 and studying these exten-
sions in various cosmological epochs can help to validate or
rule out such beyond-GR theories. Additionally, exploring
nonminimal DM couplings and DM distributions on various
scales can shed new insight on fundamental physics in the
early universe aside from gravity and DM. Therefore, it is
important to be able touseGWs toprobebeyond-GR theories
throughout all of cosmic history, and this work aims to push
forward our ability to do so.
With these motivations, the outline of this paper is as

follows. After reviewing the existing parity-even and parity-
odd parametrization in Sec. II, we extend the parametrization
in Sec. III to account for early-universe effects and discuss its
generic features. In Sec. IV we apply the extended para-
metrization to three example models: Kalb-Ramond DM,
axion-dilaton-Chern-Simons-Gauss-Bonnet, and a Uð1Þ
(dark) photon model. We place constraints on the theory
parameters for these models in Sec. Vusing our parametriza-
tion that we have developed, before concluding in Sec. VI.
Throughout, we use units such that m2

p ¼ 1
8πG ¼ c ¼ 1,

although we occasionally restore the Planck mass explic-
itly. We assume a ð−;þ;þ;þÞ metric signature; Greek
letters (μ; ν;…) range over all spacetime coordinates, Latin
letters ði; j;…Þ range over spatial indices, and square
brackets denote antisymmetrization over indices.

II. PARITY EVEN AND ODD
PARAMETRIZATION

We define the gravitational perturbation hμν as is
standard by

gμν ¼ ḡμν þ hμν; ð2:1Þ
where ḡμν in this work will be the Friedmann-Lemaître-
Robertson-Walker (FLRW) metric in conformal coordinates,

ds̄2 ¼ aðηÞ2ð−dη2 þ dx2 þ dy2 þ dz2Þ: ð2:2Þ
Parity-violating effects in GW propagation are most easily
seen by casting the linearized field equations in the left/right
polarization basis. In the transverse-traceless (TT) gauge
∂
μhμν ¼ hμμ ¼ 0, the gravitational perturbation is given
explicitly by

hμν ¼
1ffiffiffi
2

p

0
BBBB@

0 0 0 0

0 −ðhL þ hRÞ iðhL − hRÞ 0

0 iðhL − hRÞ hL þ hR 0

0 0 0 0

1
CCCCA; ð2:3Þ

where the right- and left-handed strains are related to the
usual þ;× amplitudes by hR;L ¼ 1ffiffi

2
p ðhþ � ih×Þ. This para-

metrization assumes that the GW is propagating in the z
direction with polarizations in the xy plane.
Varying the Einstein-Hilbert Lagrangian with respect to

each amplitude results in simple wave equations for each.
Parity violation will then follow provided an additional
interaction term sources the left- and right-handed ampli-
tudes with a different sign, while parity-conserving mod-
ifications to GR appear with the same sign;

□hL ¼ þΞO þ ΞE;

□hR ¼ −ΞO þ ΞE; ð2:4Þ

for some ΞO, ΞE that are expressions involving the GW
strains and their derivatives, and the additional matter
fields.
In general, the equations of motion take the form

ð1þAÞh00R;Lþð2HþBÞh0R;Lþ k2ð1þCÞhR;L ¼ 0; ð2:5Þ

where A, B, and C stem from the beyond-GR couplings and
satisfy A;C ≪ 1, jBj ≪ H. We then divide 1þ A from
each term and expand to lowest order, ð1þ AÞ−1 ≈ 1 − A,
obtaining an equation of the form

h00R;L þ ð2Hþ B̃Þh0R;L þ k2ð1þ C̃ÞhR;L ¼ 0: ð2:6Þ

Parity-even terms in B̃ or C̃ appear with the same sign for
the right/left-handed strains, while the parity-odd terms
appear with opposite signs. Any parity-violating terms in
the coefficient B̃ produce amplitude birefringence: one
amplitude is attenuated while the opposite helicity ampli-
tude is enhanced. A parity-violating term in C̃ produces
velocity birefringence5: the helicity amplitudes propagate
with different dispersion relations and velocities. Any
parity-even terms modify the amplitude and phase in the
same fashion for each helicity.
The parametrization that was originally given in [31],

and then generalized in [32], is

h00R;Lþ
(
2Hþ

X∞
n¼0

ðλR;LkÞn
�
αnðηÞ
ðΛaÞnHþ βnðηÞ

ðΛaÞn−1
�)

h0R;L

þk2
(
1þ

X∞
m¼0

ðλR;LÞmþ1km−1
�
γmðηÞ
ðΛaÞmHþ δmðηÞ

ðΛaÞm−1

�)
hR;L

¼0; ð2:7Þ
where primes denote partial derivatives with respect to
conformal time η, H≡ a0=a is the Hubble parameter,4This includes, for example, the surprising phenomenon of

demagnification in microlensing, as was recently explored in
[102] for the case of nonminimal DM couplings. Beyond GR
effects on gravitational lensing have also been studied in [120]
and more recently in [121].

5This effect is also called phase birefringence, since it appears
in the GW solutions as a phase with opposing signs between the
two helicities.
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λR;L ¼ �1, andΛ is the EFT cutoff. The summation indices
here run over all integers, and the fαn; βn; γm; δmg functions
generically depend on the conformal time and are theory
dependent. In what follows, we will write down a more
general parametrization which captures effects at OðH2Þ
and OðH0Þ.

III. GENERAL LAGRANGIAN AND THE
EXTENDED PARAMETRIZATION

Our focus in this work will be on parity-even and parity-
odd nonminimal couplings between curvature and the
matter sector, with fields collectively denoted as Ψ. In
general, such models can be written as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
Rþ LΨ − Lint þ Lm

�
; ð3:1Þ

where Lm is the minimally coupled matter content, and the
interaction Lagrangian is

Lint ¼ R̃μνρσ
X
m¼1

ξ̃m

ðΛOÞζ̃m
Om

μνρσðΨ; gÞ

þ Rμνρσ
X
n¼1

ξn
ðΛEÞζn

En
μνρσðΨ; gÞ: ð3:2Þ

In (3.2), ξ and ξ̃ are dimensionless constants, the ΛE, ΛO
are the effective cutoffs for the parity-even and
parity-odd interactions, respectively, and the ζ; ζ̃ are
integers that account for the mass dimension. The
tensors Eμνρσ and Oμνρσ are in general functions of
the matter fields and their derivatives, as well as
possibly the Riemann curvature and its contractions.
The presence of the dual Riemann tensor R̃μνρσ ¼
1

2
ffiffiffiffi−gp εμναβRαβ

ρσ generally results in the equations of

motion for the left-handed strains having the opposite
sign of the same term to the right-handed strains,
analogous to the ΞO term in (2.4).
We recast the parametrization (2.7) in the following way:

h00R;L þ
n
2Hþ Cð1Þ

O þ Cð1Þ
E

o
h0R;L

þ k2
n
1þ Cð0Þ

O þ Cð0Þ
E

o
hR;L ¼ 0; ð3:3Þ

where we have split the parity-even and -odd contributions
in the first and zeroth derivative terms. We will moreover
allow different EFT cutoffs for parity-even versus -odd
operators, ΛE and ΛO, as in (3.2).6 We define

Cð1Þ
O ¼ λR;L

X
n¼0

k2nþ1

�
α2nþ1

ðΛOaÞ2nþ1
Hþ β2nþ1

ðΛOaÞ2n
þ μ2nþ1H2 þ ρ2nþ1H0

ðΛOaÞ2nþ2

�
;

Cð1Þ
E ¼

X
n¼0

k2n
�

α2n
ðΛEaÞ2n

Hþ β2n
ðΛEaÞ2n−1

þ μ2nH2 þ ρ2nH0

ðΛEaÞ2nþ1

�
;

Cð0Þ
O ¼ λR;L

X
m¼0

k2m−1
�

γ2m
ðΛOaÞ2m

Hþ 1

ðΛOaÞ2m−1

�
δ2m þ ν2mH2 þ σ2mH0

k2

��
;

Cð0Þ
E ¼

X
m¼0

k2m
�

γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��
; ð3:4Þ

where the functions fαn; βn; γn; δn; μn; νn; ρn; σng are all theory dependent and β0 ¼ δ0 ¼ ν0 ¼ σ0 ¼ 0.
Equation (3.3) provides a systematic EFT-like parametrization of the parity-odd sector, incorporating both amplitude and

phase birefringence. This differs from earlier studies, which either treated parity-violating effects schematically or focused
on specific theories such as Chern-Simons gravity [51,122]. More general parametrizations of GW propagation have been
developed in the parity-even sector, and within the effective field theory of dark energy (EFT-of-DE), where the coefficients
are typically assumed to only depend on time [123–127].7 In contrast, we allow the coefficients to depend on both time and

6From a phenomenological perspective, allowing for different EFT cutoffs enables one to capture effects from opposite parity
operators that may appear at different scales.

7Specifically, the canonical cosmological modified gravity tensor equation is

h00ij þ ð2þ αMÞHh0ij þ c2Tk
2hij ¼ 0; ð3:5Þ

which is the Bellini-Sawicki /EFT-of-DE parametrization [124,128]. After field redefinitions, this is equivalent to earlier propagation
frameworks [129,130] which capture the parity-even sector as

h00 þ ð2þ νÞHh0 þ c2Tk
2hþ μ2h ¼ 0; ð3:6Þ

with ν ↔ αM and c2T ↔ 1þ αT .
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momentum, thereby capturing higher-derivative operators,
Lorentz-violating dispersion, and other UV-sensitive
effects [131,132]. By treating modified friction, dispersion,
parity violation, and momentum dependence within a
single propagation equation, Eq. (3.3) can be directly
mapped onto waveform-level parametrizations such as
the ppE framework [47,133].
It is straightforward to see by inspection that the H2 and

H0 terms have the correct form. We require the correct
dimensionality as well as consistency with the flat space
limit,H → 0, and the low-energy limit k → 0, namely, that
all beyond-GR terms are finite.
Combining the momenta dependence in each sum, we

see that

k2nþ1
μ2nþ1

ðΛOaÞ2nþ2
H2; k2n

μ2n
ðΛEaÞ2nþ1

H2 ð3:7Þ

both have mass dimension one for all n, as required, and

k2k2m−1 ν2m
ðΛOaÞ2m−1

�
H
k

�
2

; k2k2m
ν2mþ1

ðΛEaÞ2m
�
H
k

�
2

ð3:8Þ

both have mass dimension two for all m, as required. The
parity-violating terms straightforwardly expand with odd
powers of k, while the parity-conserving terms expand with
even powers of k.
We here note a few assumptions that are made in order

for us to focus on a propagation equation of the form of
(3.3), leading to the solution (3.9). In general, theories of
the form of (3.2) can potentially propagate higher time
derivatives, which are not accounted for in (3.3). For a

given operator, an nth order time derivative contributes to
the equations of motion a term of the form ∼ωn=Λm, where
m accounts for for the mass dimension. We restrict
ourselves to the parametric regime where ωn ≪ Λm, so
that such terms are subdominant.
It is also generally the case that nonminimally coupled

theories propagate additional degrees of freedom in the
metric perturbations. Our work here is to focus on the effect
of nonminimal couplings on the physical, TT sector in order
to construct a template that is ultimately used to compare to
interferometer data. Indeed,mixing between the TTGWand
additional perturbative degrees of freedom may lead to
interesting observational signatures. We assume here that
such dynamics are negligible and focus solely on the back-
ground nonminimally coupled matter sector’s affect on the
GWs, and leave this interesting subtlety for future work.
We additionally assume that any fluctuations in the

matter sector are further subdominant, i.e. δα ≪ α0, for
all fields under consideration. Relatedly, we focus on an
isotropic background. As we will discuss in Sec. IVA, it is
possible for the matter sector to attain directional expect-
ation values which may break isotropy, at which point the
appropriate cosmological background will be of the
Bianchi type. Our parametrization necessitates that any
such terms are completely negligible when compared to the
dominating matter sector that drives isotropic expansion. It
would be interesting to generalize (3.3) to anisotropic
cosmologies, which is beyond the scope of this work.
From the propagation equations, we can find the explicit

corrections to hR;L. The right- and left-handed modes are
modified in the following way8:

hR;L ¼ h̄R;L exp

(
−ðλR;LÞ2n

"
½kð1þ zÞ�2n

2

�
α2n0
Λ2n
E

z2n þ
β2n0
Λ2n−1
E

D2nþ1 þ
μ2n0
Λ2nþ1
E

Z
Hdz

þ ρ2n0
Λ2nþ1
E

Z
ð1þ zÞ−1Hzdz

�
þ λR;L

½kð1þ zÞ�2nþ1

2

�
α2n0þ1

Λ2nþ1
O

z2nþ1 þ
β2n0þ1

Λ2n
O

D2nþ2

þ μ2n0þ1

Λ2nþ2
O

Z
Hdzþ ρ2n0þ1

Λ2nþ2
O

Z
ð1þ zÞ−1HzdzÞ

#)

× exp

8<
:iðλR;LÞ2mþ1

"
½kð1þ zÞ�2m

2

�
γ2m0

Λ2m
O

z2m þ δ2m0

Λ2m−1
O

D2mþ1 þ
ν2m0

Λ2m−1
O k2

Z
Hdz

þ σ2m0

Λ2m−1
O k2

Z
ð1þ zÞ−1Hzdz

�
þ λR;L

½kð1þ zÞ�2mþ1

2

�
γ2m0þ1

Λ2mþ1
E

z2mþ1 þ
δ2m0þ1

Λ2m
E

D2mþ2

þ ν2m0þ1

Λ2m
E k2

Z
Hdzþ σ2m0þ1

Λ2m
E k2

Z
ð1þ zÞ−1Hzdz

�#9=
;; ð3:9Þ

8See the Appendix for full derivation.
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where h̄R;L is the GR solution for the right- and left-handed
modes, the “0” subscript indicates the present-day value,R
z
0 Hðz0Þdz0 can be integrated numerically using that

HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ Ωr;0ð1þ zÞ4 þΩΛ;0

q
, and

Hz ≡ dHðzÞ=dz, with H ≡H=a being the cosmic
Hubble parameter. The summation overm and n is implied,
and we define an effective distance, Dα [131,134],

Dα ¼ ð1þ zÞ1−α
Z ð1þ zÞα−2

HðzÞ dz; ð3:10Þ

as well as an effective redshift parameter, zα, such that9

zα ¼ ð1þ zÞ−α
Z

dz
ð1þ zÞ1−α : ð3:11Þ

Equation (3.9) assumes a WKB (geometric optics)
regime in which the GW frequency is large compared to
the background variation scale, ω ≫ H, ensuring adiabatic
evolution of both amplitude and phase. At the same time,
since the modified dispersion relations arise within an EFT,
the frequency and physical wave number must remain
below the cutoff scale (ω; k=a ≪ Λ), as noted earlier.
Therefore, the controlled regime of Eq. (3.9) is charac-
terized by the parametric window H ≪ ω ≪ Λ.
From Eqs. (3.3) and (3.4), we can read off the modified

dispersion relation,

ω2
R;L ¼ k2

(
1þ λR;Lk2m−1

�
γ2m

ðΛOaÞ2m
Hþ 1

ðΛOaÞ2m−1

�
δ2m þ ν2mH2 þ σ2mH0

k2

��

þ k2m
�

γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��)
: ð3:12Þ

Thus, to lowest order, the modified group and phase velocities are

vR;Lg ¼ 1þ λR;Lk2m−1m
�

γ2m
ðΛOaÞ2m

Hþ 1

ðΛOaÞ2m−1

�
δ2m þ ν2mH2 þ σ2mH0

k2

��

þ k2m
�
mþ 1

2

��
γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��

− λR;Lk2m−1 ν2mH
2 þ σ2mH0

ðΛOaÞ2m−1k2
− k2m

�
ν2mþ1H2 þ σ2mþ1H0

ðΛEaÞ2mk2
�
; ð3:13Þ

vR;Lp ¼ 1þ λR;Lk2m−1

2

�
γ2m

ðΛOaÞ2m
Hþ 1

ðΛOaÞ2m−1

�
δ2m þ ν2mH2 þ σ2mH0

k2

��

þ k2m

2

�
γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��
: ð3:14Þ

Although the solution, dispersion relation, group and phase
velocities appear cumbersome and overly complicated in
this formalism, in practice, models of interest have very few
total terms.

A. Generic features

The presence of the nonminimal couplings results in the
GWequationsofmotionexhibiting some interesting features
in the two limits: the superhorizon limit k ≪ H and a

Minkowski-like limit,10 k ≫ H; kβ ≫ H. In the latter limit,
the β and δ functions dominate. In the simple examplewhere
β1, β2, δ1, δ2 are nonzero, the equations of motion reduce to

h00R;L þ
�
2Hþ λR;Lkβ1 þ k2

β2
ΛE

�
h0R;L

þ k2
�
1þ δ1 þ λR;Lk

δ2
ΛO

�
hR;L ¼ 0: ð3:15Þ

9We note that D1 ¼ DT , where DT is the look-back distance,
and D2 ¼ ð1þ zÞ−1DC ¼ DA, where DC and DA are the comov-
ing and angular-diameter distances, respectively. We observe that
z0 ¼ lnð1þ zÞ and z1 ¼ zð1þ zÞ−1.

10In the strict Minkowski limit H → 0, no β-terms may
survive, as Poincaré invariance is restored such that no preferred
timelike vector is available to contract to produce a single time
derivative. Our limit here should be thought of as the limit where
all modes are deep inside the horizon.
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Assuming the fields are slowly varying, this is solved (in
coordinate time) by

hR;L ¼ hð0ÞR;L exp
h
ðXk

R;L þ iωk
R;LÞt

i
; ð3:16Þ

where to lowest order in the beyond-GR parameters,

Xk
R;L ¼ −

1

2

�
λR;Lkβ1 þ k2

β2
ΛE

�
;

ωk
R;L ¼ k

�
1þ 1

2
δ1 þ λR;Lk

δ2
2ΛO

�
: ð3:17Þ

Wesee amplitude and velocity birefringence from the parity-
odd terms, a modified dispersion relation, and momentum-
dependent amplitude enhancement/attenuation.
Let us now consider the k → 0 limit11 in a cosmological

background, where only a few parity-even terms are
relevant. The equation of motion for both helicity ampli-
tudes is

h00 þ
�
2Hþ α0Hþ μ0H2 þ ρ0H0

ΛEa

�
h0

þ ðν1H2 þ σ1H0Þh ¼ 0: ð3:18Þ

During inflation in de Sitter space, aðηÞ ¼ −ðH0ηÞ−1 and
H ¼ −η−1, where H0 is the Hubble constant, we have

h00 −
1

η

�
2þ α0 þ

H0

ΛE
ðμ0 þ ρ0Þ

�
h0

þ 1

η2
ðν1 þ σ1Þh ¼ 0: ð3:19Þ

If the beyond-GR parameters are slowly varying,12 this is
solved by

hðηÞ ¼ c0ηx1 þ c1ηx2 ; ð3:20Þ

for integration constants c0, c1, with

x1 ¼ ν1 þ σ1; x2 ¼ 3þ α0 − ν1 − σ1 þ
H0

ΛE
ðμ0 þ ρ0Þ

ð3:21Þ

at lowest order. The solutions are easier to interpret in
coordinate time t, related to conformal time in de Sitter as
η ∼H−1

0 e−H0t. Here, we have

hðtÞ ¼ c̃0e−ðH0x1Þt þ c̃1e−ðH0x2Þt: ð3:22Þ

If we turn off all beyond-GR terms, we obtain the standard
superhorizon modes that are constant plus a decaying piece,
hðtÞ ¼ c̃0 þ c̃1e−3H0t. This will always be the dominant
contribution to the solution, but more generally, the
beyond-GR terms result in slight modifications to the
ultralong wavelength modes.
In this long-wavelength limit k → 0, tensor perturbations

correspond to large-scale metric deformations that are
locally indistinguishable from coordinate transformations.
As a consequence of diffeomorphism invariance, the
equations of motion must remain regular in this limit
and cannot generate independent propagating dynamics
for these modes. In our parametrization, this is reflected by
the absence of singular terms in k and by the fact that the
leading behavior is controlled entirely by background
quantities such as H and H0, as is clear from (3.18),
reproducing the expected behavior.

IV. EXAMPLE MODELS

A. Kalb-Ramond dark matter

It was first pointed out in [135] that Kalb-Ramond-like
particles could be a viable DM candidate. Moreover, two of
the current authors studied in [33] a dimension-four
operator coupling the dual Riemann tensor to the Kalb-
Ramond (KR) 2-form field Bμν. We will additionally
include all allowed dimension-four operators, and consider
the Lagrangian

Lint ¼ ξ̃1R̃μνρσBμνBρσ þ ξ1RμνρσBμνBρσ

þ ξ2RμρBμλBλ
ρ þ ξ3RBμνBμν þ ξ4RBμνB̃μν; ð4:1Þ

where B̃μν ¼ 1
2
ϵμνρσBρσ is the dual.

The couplings ξ3, ξ4 are of the type f̄ðRÞLm, which was
studied in the context of fðRÞ gravity in [136].
Furthermore, the model from [33] is recovered in the limit
ξ̃1 → ξ̃1=2, ξ1; ξ2; ξ3; ξ4 → 0. Note that there is an addi-
tional dimension-four operator L ∼ ξ5RμνBμλB̃λ

ν; however,
the contribution from this term can be absorbed into the
constant ξ4 using the identity BμλB̃λ

ν ¼ 1
4
gμνBαβB̃αβ.

In the notation of (3.2), since the operators are dimension
four, we have ζ ¼ ζ̃ ¼ 0 for all terms,

O1
μνρσ ¼ E1

μνρσ ¼ BμνBρσ; ð4:2Þ

for the contractions with the Riemann tensor and its dual,
along with

E2
μνρσ ¼ gνσBμλBλ

ν; E3
μνρσ ¼ gμρgνσBαβBαβ;

E4
μνρσ ¼ gμρgνσBαβB̃αβ: ð4:3Þ

The KR field is described by the Lagrangian [137]

11No physical GW will have k ¼ 0 exactly. More specifically,
this limit corresponds to focusing on GWs where the wavelength
satisfies λ ≫ H−1.

12This assumption possibly breaks down in realistic early-
universe scenarios, which we discuss further in Sec. VI.
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LB ¼ 1

12
HμνρHμνρ − VðBÞ; ð4:4Þ

where

Hμνρ ¼ ∂½μBνρ� ¼ ∂μBνρ þ ∂νBρμ þ ∂ρBμν ð4:5Þ

is the KR field strength and VðBÞ is a potential. The
noninteracting theory with V ¼ 0 admits the following
gauge symmetries13:

Bμν → Bμν þ ∂½μbν� ð4:6Þ

for an arbitrary vector bμðxÞ, and

bμ → bμ þ ∂μλ; ð4:7Þ

for an arbitrary scalar function λðxÞ. As is well known, the
KR field strength in four dimensions is dual to a pseudo-
scalar α as ∂μα ∼ εμνρσHνρσ , which is often referred to as the
KR axion. However in the case of broken gauge invariance
by VðBÞ ≠ 0, the field strength cannot be dualized and Bμν

is the propagating degree of freedom.
The full theory is L ¼ LEH þ LB − Lint þ Lm, with

equations of motion

1

2
∇αHα

μν ¼ −
∂V
∂Bμν − 2ξ1RμνρσBρσ − ξ2Rα½μBν�α

− 2ξ3RBμν − 2ξ4RB̃μν − 2ξ̃1R̃μνρσBρσ ð4:8Þ

for the KR field, and

m2
pGμν ¼ Θ̃μν þ

X4
i¼1

ΘðiÞ
μν þ 1

2
gμνLint þ TB

μν þ Tm
μν; ð4:9Þ

where Tm
μν is the stress-tensor for the minimally coupled

matter content and

TB
μν¼−

1

2
Hμ

αβHναβþgμν

�
1

12
HαβρHαβρ−VðBÞ

�
ð4:10Þ

is the contribution of the noninteracting part of the KR
field. Now, the first term from the nonminimal couplings
stems from the contraction with the dual Riemann tensor,

Θ̃μν ¼ 2ξ̃1∇α∇βP̃μανβ; ð4:11Þ

and we have defined the shorthand

P̃μνρσ ¼ 1

3
ðB̃μνBρσþBμνB̃ρσÞ

þ1

6
ðB̃μρBνσþBμρB̃νσþ B̃ρνBμσþBρνB̃μσÞ: ð4:12Þ

Note that this combination possesses all the symmetries of
the Riemann tensor. For the parity-even pieces, we sim-
ilarly have

Θð1Þ
μν ¼ 2ξ1∇α∇βPμανβ; ð4:13Þ

where Pμνρσ is analogous to (4.12) except no dualized KR
fields. Next, we have

Θð2Þ
μν ¼ ξ2

2

�∇α∇ðμ½BνÞλBλ
α� −□Bμ

λBλν

− gμν∇α∇βðBαλBλ
βÞ − RαðμBνÞλBλα

� ð4:14Þ

stemming from the coupling to the Ricci tensor, and finally

Θð3Þ
μν þΘð4Þ

μν ¼ �∇μ∇ν−gμν□−Rμν

��
ξ3BαβBαβþ ξ4BαβB̃αβ

�
ð4:15Þ

stems from the two couplings to the Ricci scalar.
As was studied in [33], we will here consider a simplified

scenario where the components of Bμν take on constant
background values B2 ¼ B2

ð0Þ, which we model by a

symmetry breaking potential

VðBμνBμν − v2Þ: ð4:16Þ

The KR field settles into the minimum of the potential
where

v2 → ḡμαḡνβBð0Þ
μν B

ð0Þ
αβ : ð4:17Þ

Effective potentials that possess a stable minima can arise
from quantum corrections due to fermion couplings [138].
Potentials of this form in general break Lorentz invariance,
as is discussed at length in [139,140] and elsewhere,
although this is not important for our current purposes.
The covariant tensor can be parametrized14 as

[33,139,144]

13We follow the antisymmetrization convention A½μBν� ¼
AμBν − AνBμ and symmetrization AðμBνÞ ¼ AμBν þ AνBμ.

14When cosmological evolution is dominated by two-form
fields, one either needs to introduce multiple fields [141,142]
analogously to vector inflation [143] to preserve isotropy, or the
cosmological evolution behaves as an anisotropic Bianchi uni-
verse [144]. We approximate our background as isotropic,
therefore assuming the KR matter sector does not significantly
contribute to cosmological expansion.
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Bð0Þ
μν ¼ 1ffiffiffi

2
p

0
BBBB@

0 −Vea2 0 0

Vea2 0 0 0

0 0 0 Vma2

0 0 −Vma2 0

1
CCCCA; ð4:18Þ

where Ve and Vm are real numbers of mass dimension one,
and a is the conformal scale factor. We then have that the
minimum of the potential is v ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vm

2 − Ve
2

p
.

The equation of motion for the GW amplitudes
simplifies to

h00R;L þ 2Hh0R;L þ k2
�
1þ Aþ λR;LB

H
k

þ C
ðH0 þ 2H2Þ

k2

�
hR;L ¼ 0; ð4:19Þ

where

A¼ðṼ2
mþ Ṽ2

eÞðξ2−6ξ1Þ;
B¼ 2

	
2ṼeṼmξ1− ξ̃1ðṼ2

m− Ṽ2
eÞ


;

C¼ 2
	
Ṽ2
eð2ξ1−2ξ3Þþ Ṽ2

mð2ξ1þ2ξ3−ξ2Þþ4ξ4ṼeṼm



;

ð4:20Þ

restoring the Planck mass and defining the dimensionless
quantities Ṽe ¼ Ve=mp; Ṽm ¼ Vm=mp. Mapping to our
parametrization (3.3), we have

δ1 ¼ A; γ0 ¼ B; σ1 ¼
1

2
ν1 ¼ C: ð4:21Þ

Following the discussion from Sec. III in deriving Eq. (3.9),
we can write the solution for propagating GWs for this
model as

hR;L ¼ h̄R;L exp

"
ið1þ zÞ

2

�
�γ0

z0
1þ z

þ δ1kD2

þ ν1
k

Z
Hdzþ σ1

k

Z
Hz

1þ z
dz

�#
: ð4:22Þ

The GWs in this model satisfy the dispersion relation

ω2
R;L ¼ k2

�
1þ λR;L

k
γ0Hþ δ1 þ

ν1H2 þ σ1H0

k2

�
; ð4:23Þ

and the group and phase velocities are

vR;Lg ¼ 1þ 1

2
δ1 −

ν1H2 þ σ1H0

2k2
; ð4:24Þ

vR;Lp ¼ 1þ 1

2
δ1 þ

λR;L
2k

γ0Hþ ν1H2 þ σ1H0

2k2
: ð4:25Þ

B. Axion-dilaton-Chern-Simons-Gauss-Bonnet

Both the Chern-Simons and Gauss-Bonnet terms
have been studied extensively in the literature (e.g.
[51,133,145,146]). Each term is a topological invariant;
thus, they require a coupling to a pseudoscalar and scalar
field respectively, which here we will call the axion and the
dilaton. The Lagrangian is given by

L ¼ −
1

2
ð∂ϕÞ2 − 1

2
ð∂φÞ2 − ξϕ

ΛE
G −

ξ̃φ

ΛO
RR̃; ð4:26Þ

where G ¼ R2
μνρσ − 4RμνRμν þ R2 is the Gauss-Bonnet

combination and RR̃ ¼ RμνρσR̃μνρσ is the Pontryagin den-
sity. In the notation of (3.2), here we have ζ ¼ ζ̃ ¼ 1, and

Eμνρσ ¼ ϕðRμνρσ − 4gμρRνσ þ gμρgνσRÞ;
Oμνρσ ¼ φRμνρσ: ð4:27Þ

From Eq. (4.26), we find the following field equations:

□ϕ ¼ −
1

ΛE
G; ð4:28Þ

□φ ¼ −
1

ΛO
RR̃; ð4:29Þ

Gμν þ
DðϕÞ

μν

ΛE
þ 2

ΛO
Cμν ¼ 8π

	
TðϕÞ
μν þ TðφÞ

μν



; ð4:30Þ

where

DðϕÞ
μν ¼ ðgμρgνσ þ gμσgνρÞϵ0σγλ∇κ½�Rρκ

λγϕ
0�; ð4:31Þ

Cμν ¼ ð∇αφÞϵαβγðμ∇γRνÞ
β þ ½∇ðα∇βÞφ��RβðμνÞα; ð4:32Þ

TðϕÞ
μν ¼ ∇μϕ∇νϕ −

1

2
gμνð∇αϕ∇αϕÞ; ð4:33Þ

TðφÞ
μν ¼ ∇μφ∇νφ −

1

2
gμνð∇αφ∇αφÞ: ð4:34Þ

Via Eqs. (2.3), (2.1), and (2.2), the propagation of GWs is
given by the equation

h00R;L þ ð2Hþ AÞh0R;L þ k2ð1þ BÞhR;L ¼ 0; ð4:35Þ

where

A ¼ 16λR;Lk
φ0

ΛOa
H −

16ϕ0

ΛEa
H2; ð4:36Þ
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B ¼ 4ϕ0

ΛEa
Hþ λR;Lkφ0

ΛOa
24H0 − 8H2

k2
: ð4:37Þ

Mapping Eqs. (4.36) and (4.37) to Eq. (3.4), we identify the
parameters

μ0 ¼ −16ϕ0; α1 ¼ 16φ0; γ1 ¼ 4ϕ0;

ν2 ¼ −8φ0; σ2 ¼ 24φ0; ð4:38Þ

with all other parameters being zero. Note that m−2
p

multiplies all terms in (4.38), so that they are dimensionless
as required.
Following the discussion again from Sec. III in deriving

Eq. (3.9), for the right- and left-handed modes we have

hR;L ¼ h̄R;L exp

�
∓ kð1þ zÞ

�
8φ0

0

ΛO
z1

�
þ 8ϕ0

0

ΛE

Z
Hdz

�

× exp

(
i

�
kð1þ zÞϕ0

0

ΛE
z1 �

4ϕ0
0

ΛOk2

×

�
3

Z
ð1þ zÞ−1Hzdz ∓

Z
Hdz

��)
: ð4:39Þ

GWs in this model satisfy the dispersion relation

ω2
R;L ¼ k2

�
1þ 4ϕ0

ΛEa
Hþ λR;Lkφ0

ΛOa
24H0 − 8H2

k2

�
; ð4:40Þ

and the group and phase velocities are15

vR;Lg ¼ 1þ 2ϕ0

ΛEa
H; ð4:41Þ

vR;Lp ¼ 1þ 2ϕ0

ΛEa
Hþ λR;Lkφ0

ΛOa
12H0 − 4H2

k2
: ð4:42Þ

C. Uð1Þ vector fields

Finally, we will illustrate the mapping with a gauge-
invariant interaction Lagrangian where the Riemann tensor
is coupled to the field strength of a (dark) photon, which are
dimension-six operators. For simplicity, here we neglect
dimension-four couplings of the form ∼RA2, RμνAμAν,
which produce similar physics to the KR interactions of
Sec. IVA.
Since the photon field strength is also an antisymmetric

rank-two tensor, we can include the same interactions as in
the KR case. However, they are all suppressed by a cutoff:

Lint¼
ξ̃1
Λ2
O
R̃μνρσFμνFρσþ

1

Λ2
E

	
ξ1RμνρσFμνFρσ

þξ2RμρFμλFλ
ρþξ3RFμνFμνþξ4RFμνF̃μν



: ð4:43Þ

The gauge fields are described as usual by

Lem ¼ −
1

4
FμνFμν − AμJμ − VðAÞ ð4:44Þ

for some source current Jμ and potential V.
The gravitational field equations will be analogous to

each term in (4.9) with Fμν replacing Bμν, except we have
the usual Maxwell energy-momentum tensor replacing
(4.10). Since the interactions in (4.43) contain terms that
are essentially of the form h∂2hð∂AÞ2, the field equations
for Aμ will contain third derivative terms of the metric
fluctuation in general. This is different from the KR model,
where there were no derivatives of the matter fields in the
nonminimal interactions.
We will be assuming that the evolution of the vector

fields is completely dominated by the background
Lagrangian (4.44) and neglect the contributions from the
interactions, but for completeness, the full field equations
are

∇αFαμ ¼ Jμ−
∂V
∂Aμ

−
2ξ̃1
Λ2
O

	
2R̃μλαβ∇λFαβþFαβ∇λR̃μλαβþ2Fαβε

μρσλ∇λRαβ
ρσ




þ 2

Λ2
E

"
2ξ1∇λðRμλαβFαβÞþξ2

�
Rμ

β∇αFαβþ∇αðRα
βFβμÞþ1

2
Fαβ∇½αRβ�μ

�
þ2∇αðξ3RFμαþξ4RF̃μαÞ

#
: ð4:45Þ

15It is worth noting that GW propagation for Palatini Chern-Simons gravity was computed in [147] to quadratic order in the coupling
constant. It was found that the amplitude birefringence is a more relevant effect than the velocity birefringence, which agrees with what
we find in this work for the Chern-Simons contribution.
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Consider the scenario where the GWs pass through a
region of slowly varying magnetic fields orthogonal to the
propagation direction, in the x − y plane. We parametrize
the field strength tensor as

Fμν ¼
1ffiffiffi
2

p

0
BBBBB@

0 0 0 0

0 0 0 −aBy

0 0 0 aBx

0 aBy −aBx 0

1
CCCCCA; ð4:46Þ

where Bx and By are functions of η. Since E⃗ · B⃗ ¼ 0 in this
configuration, there is no contribution to the field equations
from the RFF̃ interaction.
To lowest order in the magnetic fields, the GW equation

of motion is

h00R;L þ ð2Hþ AÞh0R;L þ k2ð1þ BÞhR;L ¼ 0; ð4:47Þ
with

A ¼ −2H
ðξ2 − 2ξ3Þ
ðΛEaÞ2

B2 þ ðξ2 − 2ξ3Þ
ðΛEaÞ2

d
dη

B2;

B ¼ −
ð6ξ1 − ξ2Þ
ðΛEaÞ2

B2 þ 1

k2
4ðξ1 − ξ2 þ 3ξ3Þ

ðΛEaÞ2

×
d
dη

ðHB2Þ − λR;L
1

k
ξ̃1

ðΛOaÞ2
d
dη

B2; ð4:48Þ

where B2 ¼ ðB2
x þ B2

yÞ=m2
p.

In assuming slowly varying fields, we have neglected
terms of the form ðdB=dηÞ2 and d2

dη2 B. We see that the GWs
are only sensitive to the magnitude of the magnetic fields in
this configuration. The amplitude of the left- and right-
handed strains are indeed modified, but in the same fashion,
due to the dependence on the magnetic fields appearing
with the same sign in the coefficient A. Thus, there is no
amplitude birefringence in this model; however, the model
predicts velocity birefringence from the last term in B.
Although the interaction is dimension-six, we see the

terms are appearing at low k order. Moreover, the fα; β;…g
coefficients in (3.4) are dimensionless, while here, B is
dimension one. In order to map to (3.3), we define the
dimensionless quantity

B̃ ¼ B
Λa

; ð4:49Þ

which we assume to be nearly constant, and set a common
cutoff scale16 ΛE ¼ ΛO ≡ Λ. This implies that

1

ðΛaÞ2
d
dη

B2 ¼ d
dη

B̃2 þHB̃2 ≈HB̃2: ð4:50Þ

In terms of B̃, (4.48) becomes

A ¼ −ðξ2 − 2ξ3ÞHB̃2;

B ¼ −ð6ξ1 − ξ2ÞB̃2 þ 1

k2
ðξ1 − ξ2 þ 3ξ3Þ½H0 þH2�B̃2

− λR;L
ξ̃1
k
HB̃2: ð4:51Þ

Mapping to (3.4), we obtain

α0 ¼ −ðξ2 − 2ξ3ÞB̃2; δ1 ¼ −ð6ξ1 − ξ2ÞB̃2;

ν1 ¼ σ1 ¼ 4ðξ1 − ξ2 þ 3ξ3ÞB̃2 ð4:52Þ

for the parity-even contributions, and

γ0 ¼ −ξ̃1B̃2 ð4:53Þ

for the parity-odd contribution. The solution for the GWs is

hR;L ¼ h̄R;L exp

�
−
1

2
α0z0þ

ið1þ zÞ
2

�
λR;Lγ0

z0
1þ z

þδ1kD2þ
ν1
k

Z
Hdzþσ1

k

Z
Hz

1þ z
dz

��
; ð4:54Þ

while the dispersion relation, group, and phase velocities
are

ω2
R;L ¼ k2

�
1þ λR;L

k
γ0Hþ δ1 þ

ν1H2 þ σ1H0

k2

�
; ð4:55Þ

vR;Lg ¼ 1þ 1

2
δ1 −

ν1H2 þ σ1H0

2k2
; ð4:56Þ

vR;Lp ¼ 1þ 1

2
δ1 þ

λR;L
2k

γ0Hþ ν1H2 þ σ1H0

2k2
: ð4:57Þ

The effects coming from this model are likely never to be
observed in any GW detector. If we assume Λ ∼mp, then
the beyond-GR modification is quartic Planck suppressed,

B̃2 ∼ B2
xþB2

y

m4
p
. Nonetheless, the model illustrates the utility of

parametrization presented in this work.

D. Summary and numerical illustration

The three theories we have analyzed each contribute
multiple beyond-GR parameters or functions, with the KR
and dark photon models being the most similar. We
summarize all of the nonzero terms in Table I and illustrate
the effects of each model on the waveform in Figs. 1–3. For
the figures, we use a frequency-domain inspiral waveform

16We can still accommodate the cutoff scales being signifi-
cantly different orders of magnitude. Specifically, we define a
new dimensionless constant ξ̃01 ¼ ξ̃1

ΛE
ΛO
. Assuming ξ̃1 ∼Oð1Þ, the

scale differences are characterized by ξ̃01 ≪ 1 if ΛE ≪ ΛO or
ξ̃01 ≫ 1 if ΛE ≫ ΛO.
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in the stationary phase approximation, which is effectively
a TaylorF2-type inspiral waveform, written as h̃ðfÞ ¼
AðfÞeiΨðfÞ [148–150]. We inherit the standard GR inspiral
structure, in which the phase is computed up to the usual

PN expansion (3.5PN TaylorF2-type phasing, as com-
monly used in LIGO analyses [1,151,152]), while the
amplitude is kept at leading PN order (“restricted”
waveform) [153]. The parity-violating corrections are

FIG. 1. Example modification to a binary black hole waveform for hR (left) and hL (right) in the KR model. To generate the waveform,
we employ the GW Analysis Tools code [154]. We see that the amplitude is slightly suppressed due to the parity-invariant
modification to the amplitude, while there is a larger phase shift in the left-handed mode compared to the right-handed mode, due to the
parity-violating phase modification. For the source parameters we take m1 ¼ 20M⊙, m2 ¼ 18M⊙, ι ¼ 2.6 rad, ψ ¼ 3.14 rad,
RA ¼ 3.45 rad, Dec ¼ −3968 rad. For computational ease we rescale f=100 Hz and D2=Gpc. The modification parameters are
chosen to be artificially large in order to visually see the effects; in dimensionless units Ṽe ¼ Ṽm ¼ 3.

TABLE I. Summary of all nonzero terms in the three models under consideration.

α0 α1 γ0 γ1 δ1 μ0 σ1 σ2 ν1 ν2

Kalb-Ramond ✓ ✓ ✓ ✓
Chern-Simons-Gauss-Bonnet ✓ ✓ ✓ ✓ ✓
Dark photon ✓ ✓ ✓ ✓ ✓

FIG. 2. Example modification to a binary black hole waveform for hR (left) and hL (right) in the axion-dilaton-Chern-Simons-Gauss-
Bonnet model. The right-handed mode is attenuated while the left-handed mode is amplified, due to the parity-violating modification to
the amplitude. The phase shift is a much smaller effect, and it arises due to the parity-invariant phase modification. Other notes from
Fig. 1 apply here, with the modification parameters again being chosen to be artificially large in order to visually see the effects; in
dimensionless units ϕ0

0 ¼ φ0
0 ¼ 6.
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implemented only at the level of propagation, where
amplitude birefringence enters at relative 1.5PN order,
while phase birefringence enters at a much higher PN
order (∼5.5 PN); this is consistent with the frequency-
dependent corrections expected from modified dispersion
relations and ppE-type parametrizations [131,133].

V. OBSERVATIONAL CONSTRAINTS

A. Constraints from GW170817

In this section, we illustrate the ease with which the
parametrization (3.3) and (3.4) can be used to constrain
model parameters. The coincident gamma ray burst (GRB)/
GW signal GW170817 [155] gives one of the most
remarkable constraints on beyond-GR models to date.
Namely, the time delay between the observed GRB and
GW gives a constraint on the propagation speed of GWs:

−3 × 10−15 < cgw − 1 < 7 × 10−16: ð5:1Þ

This directly translates to a constraint on the group
velocity, (3.13).17

In [31], the authors were studying parity-odd terms and
focused on constraining the δ-functions, which are the
lowest order contributions to the group velocity for late
times. This is of particular interest for ghost-free scalar-
tensor theory, symmetric teleparallel equivalent of GR and
Horava-Lifshitz theory, as δ2 ≠ 0 for each. In our case, we
instead have only parity-even terms: fδ1; ν1; σ1g for the KR
model and the dark photon model, and γ1 for axion-dilaton-
Chern-Simons-Gauss-Bonnet:

vg ¼ 1þ 1

2

�
δ1 −

ν1H2 þ σ1H0

k2

�
;

vg ¼ 1þ γ1H
2ΛEa

: ð5:2Þ

First for the KR and dark photon models, focusing on late
times, we constrain δ1 to be

jδ1j < 6 × 10−15; ð5:3Þ

using the weaker of the bounds in (5.1). The contributions
to δ1 in both models come from the ξ1 contraction with the
Riemann tensor and the ξ2 with the Ricci tensor.
For the KR model, δ1 ¼ ðṼ2

m þ Ṽ2
eÞðξ2 − 6ξ1Þ, corre-

sponding to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vm

2 þ Ve
2

p
mp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j6ξ1 − ξ2j

p
< 10−8: ð5:4Þ

The quantity
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vm

2 þ Ve
2

p
essentially represents the energy

scale of the KR field, which we can take to be the order of
its mass, mB. The dimensionless constants ξi are assumed
to be Oð1Þ, so taking

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij6ξ1 − ξ2j
p

∼ 1, we arrive at

mB ≲ 1011 GeV; ð5:5Þ

using mp ∼ 1019 GeV. If the KR fields were to constitute a
significant portion of the relic DM density, the upper limit
on their mass is closer to 106 eV, depending on the
production mechanism [135]. The constraint (5.5) is clearly
many orders of magnitude away from that limit, although
this simplified scenario of the fields in a static configuration
will need to be relaxed in order to consider a more
physically realistic DM-black hole system.

FIG. 3. Example modification to a binary black hole waveform for hR (left) and hL (right) in the Uð1Þ model. The phase shift affects
the right-handed mode more than the left-handed mode, due to the parity-violating modification. The amplitude modification is a much
smaller effect, and it is due to the parity-invariant modification to the amplitude. Other notes from Fig. 1 apply here, with the
modification parameters again being chosen to be artificially large in order to visually see the effects; in dimensionless units B̃2 ¼ 2.

17It is possible for the propagation time difference between
light and GWs to accumulate in highly dense DM environments.
This phenomenon can result in a relaxed constraint on cgw, as was
shown in [156].
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As mentioned in Sec. IV C, detecting the effects of the
nonminimal couplings for the dimension-six operators of
the Uð1Þ model is extremely unlikely due to the Planck
suppression. For completeness, using δ1 from (4.52) along

with (5.3), we find jBj2
Λ2 < 1023 ðGeVÞ2, again assum-

ing
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffij6ξ1 − ξ2j

p
∼ 1.

Lastly for Chern-Simons-Gauss-Bonnet, we have the
constraint on γ1 and the cutoff scale as���� γ1HΛEa

���� ¼
���� γ1HΛE

���� < 6 × 10−15; ð5:6Þ

where H ¼ H=a is again the Hubble parameter in cosmic
time. Then from (4.38), we have that γ1 ¼ 4ϕ0=m2

p, where
ϕ0 is the derivative with respect to conformal time. Thus,
we can evaluate Eq. (5.6) at different epochs in the
universe.
Since the upper bound of ϕ0 ≲ 10−22 eV2 was obtained

in [32] for Chern-Simons-Gauss-Bonnet gravity in the late
universe, we will focus here on the upper bound for the
very early universe. We see that the further back in time
we go, the tighter the upper bound on ϕ0 from Eq. (5.6),
since ϕ0 and H both appear in the numerator of that
equation. The most stringent constraint we obtain on ϕ0 is
thus at the highest value of H at which Eq. (5.6) is still
valid, which is at the boundary of the EFT validity
(H ∼ ΛE):

jϕ0j≲ 10−15m2
p: ð5:7Þ

While the Chern-Simons-Gauss-Bonnet modifications are
constrained to be extremely small in the late universe to
reproduce observational data, it is ongoing work to
investigate whether the theory reproduces the standard
cosmological paradigms at early times, as a follow up to
[157] by the same authors. Therefore, one can expect that
the Chern-Simons-Gauss-Bonnet modifications may be
significantly larger in the early universe. Equation (5.7)
gives us an indication of how large some of these
modifications can be in the regime of validity for the
EFT, relative to the Planck scale.

B. Constraints on gravitational parity
and Lorentz violation using ground- and

space-based detectors

To further illustrate the utility of our parametrization, we
map our framework to the constraints in [78], where GW
propagation is parametrized as

h00A þ ð2þ ν̄þ νAÞHh0A þ ð1þ μ̄þ μAÞk2hA ¼ 0: ð5:8Þ

Here μ and ν are frequency dependent and encode
parity violation, while μ̄ and ν̄ are frequency indepen-
dent and encode Lorentz violation; A ¼ L;R denotes

the helicity mode. μ, ν, μ̄, and ν̄ are given by the
following equations:

μA ¼ ρAαμðτÞ
�

k
aMPV

�
βμ
; ð5:9Þ

HνA ¼
�
ρAανðτÞ

�
k

aMPV

�
βν
�0
; ð5:10Þ

for the parity-violating terms, and

μ̄ ¼ αμ̄ðτÞ
�

k
aMLV

�
βμ̄
; ð5:11Þ

Hν̄ ¼
�
αν̄ðτÞ

�
k

aMLV

�
βν̄
�0

ð5:12Þ

for the Lorentz-violating terms. In Eqs. (5.9)–(5.12),
ρA ≡�1 for A ¼ R, L respectively, αμ; αν; αμ̄, and αν̄
are dimensionless functions of conformal time τ, βμ, βν,
βμ̄, and βν̄ are numbers, MPV and MLV are the energy
scales of parity and Lorentz violation, respectively, and
primes denote conformal time derivatives.
We seek to map our framework to [78]. We start by

looking at the n ¼ 0 term of our Cð1Þ
O in Eq. (3.4), which

reads

Cð1Þ
O ¼ λR;L

�
kα1
ΛOa

Hþ β1

�
: ð5:13Þ

We can map this to the βν ¼ 1 term in Eq. (5.10):

HνAðβν ¼ 1Þ ¼
�
ρAαν

k
aMPV

�0
¼ ρAk

aMPV
ðα0ν −HανÞh0A:

ð5:14Þ

Comparing Eqs. (5.13) and (5.14), we can make the
identification that ανðβν ¼ 1Þ ¼ −α1.
Next, we look at the βμ ¼ 1 term in Eq. (5.9):

μA ¼ ρAαμ
k

aMPV
: ð5:15Þ

Upon comparing it to them ¼ 1 term of the Cð0Þ
O coefficient

in Eq. (3.4),

Cð0Þ
O ¼ λR;Lk

�
γ2

ðΛOaÞ2
Hþ δ2

ΛOa

�
; ð5:16Þ

we can identify that αμðβμ ¼ 1Þ ¼ δ2.
Comparing different values of m and n to different

numbers for βμ, βν, βμ̄, and βν̄, we find the following
mapping:
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αμ;μ̄ðβμ;μ̄ ¼ m − 1Þ ¼ δm; ð5:17Þ

αν;ν̄ðβν;ν̄ ¼ nÞ ¼ −
1

n
αn: ð5:18Þ

For the various values of βμ, βν, βμ̄, and βν̄ that are
constrained in [78], only the βν ¼ 1 constraint maps to a
nonzero parameter for the three models we have considered
(α1 for Chern-Simons-Gauss-Bonnet). For a given con-
straint MPV ≳M0, αν ≲ 1=M0; we can then map the
numerical MPV constraint to the constraint on φ0 in
Chern-Simons-Gauss-Bonnet via Eq. (4.38) after multiply-
ing by H and a cutoff scale Λ to account for natural
units [31].
We find the most stringent constraint on φ0 to come

from the ground-based constraints, in particular
GW190521ETþ CE; the space-based constraints place
a smaller lower bound onMPV, which translates to a higher
upper bound on φ0. The GW190521ETþ CE constraint
translates to an upper bound today of

φ0 ≲ 10−21 eV2; ð5:19Þ

where we have evaluated H≡ aH today using
a0 ¼ 1; H0 ∼ 10−33 eV, and we set Λ ¼ 100 eV, which
saturates the lower bound in [31].
We observe that Eq. (5.19) is a more stringent upper

bound for the parity-violating sector of Chern-Simons-
Gauss-Bonnet compared to φ0 ≲ 10−15 eV2 in [32],
although here we are not considering the axion and dilaton
to be kinetically coupled. Nevertheless, by considering
different models outside of what was studied in this paper,
it may be possible to constrain the theory parameters using
both our parametrization and the framework in [78]. This is
a direction for future work.

VI. CONCLUSION

In this work, we have presented a general parametriza-
tion for GW amplitudes experiencing nonminimal cou-
plings to (dark) matter, capturing parity-even and parity-
odd effects. The parametrization extends what was studied
in [31,32] to account for departures from GR at orders
H0=k2 and H2=k2. We then studied three models where the
interactions were dimension four, five, and six respectively,
and mapped the fields to the general parametrization. The
departure from GR for a late-time BH-BH merger is
depicted in Figs. 1–3, where we stress that the parameter
values used for the plots are unphysically large and are
meant for illustrative purposes. For parity-even operators,
gravitational waveforms exhibit amplitude and/or phase
modifications independent of k and at Oðk−2Þ, which
appear with the same sign for both left- and right-handed
polarizations. The parity-odd operators modify the ampli-
tude and/or phase with even powers of k, and contribute

opposite signs for the left- and right-handed polarizations,
predicting birefringence.
We focused on three models where the nonminimal

couplings were either linear or quadratic in the spacetime
curvature. For these models, the dispersion relation (3.12)
was modified at order k0; k−1, and k−2. Our parametrization
is in principle applicable for modifications at arbitrarily
large, positive powers of momentum, which are expected
from higher curvature theories such as cubic gravity and
higher derivative theories. This is easy to see, as equations
of motion for such theories contain terms ∼∂4h ∼ k4h,
potentially producing nonvanishing γ3, δ3 in (3.4), for
example. It would be interesting to explore classes of
models that exhibit departures from GR that are relevant
primarily for high frequency GWs, and the ways in which
they map to our parametrization.
The couplings to the Riemann curvature and its con-

tractions, as written in (3.2), do not encompass all types of
nonminimal couplings to gravity. In particular, our para-
metrization (3.3) and (3.4) potentially does not capture GW
modifications that come from generalizations of teleparallel
gravity [158,159], which may assume a vanishing Riemann
tensor. An interesting example of a parity-violating oper-
ator in generalized teleparallel gravity is the Nieh-Yan term
[160,161], which has been studied in the context of the
stochastic GW background in [162] and more recently in
[163]. This term is mass dimension three, and a parity-
violating correction appears in the equation of motion for
the GW amplitudes as m2

p□hL;R � m̃φ0khL;R ¼ 0, inde-
pendent of the Hubble parameter (here φ is an axion and m̃
has dimensions of mass). This term cannot be mapped to
(3.4), and therefore an even more general, model-indepen-
dent parametrization of the GWequations of motion would
be needed to encompass all beyond-GR theories.
Our approach to understanding the generic behavior of

the GWamplitudes relied on a simplified description of the
matter field configurations, as well as the assumption that
they are slowly varying. The latter allowed us to write down
a very general solution, (3.9), derived below in the
Appendix.18 However, the H2=k2 and H0=k2 corrections
in our parametrization have importance in the early uni-
verse, when matter fields are not necessarily slowly
varying. The equations of motion for the GW amplitudes
in this scenario would need to be integrated numerically,
which may be manageable if we neglect backreaction and
assume the matter fields satisfy free equations of motion.
The couplings will affect the primordial GW power
spectrum and in turn the tensor-to-scalar ratio r, which
is expected to be probed to Oð10−3Þ in future experiments
such as LiteBIRD [164] and the Simons Observatory [165].

18We note that although the solution assumes slowly varying
matter fields, the modified dispersion relation ωðkÞ can be read
off of the equations of motion for the GW amplitudes, and
therefore does not rely on the same assumption.
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It may therefore be possible to use constraints on r to
indirectly constrain the models under consideration. We
leave a further in-depth analysis of the early-universe
cosmology of these types of nonminimally coupled models
for future work.
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APPENDIX: GENERAL SOLUTION FOR
SLOWLY VARYING FIELDS

Here we provide the derivation of Eq. (3.9), the general
parametrization of the corrections to hR;L. The linear

perturbations of GWs can be expressed in spatial Fourier
space as

hR;Lðη; xÞ ¼ AR;LðηÞe−i½θðηÞ−kixi�: ðA1Þ
Plugging Eq. (A1) into the equations of motion Eq. (3.3),
we find that the effective modified dispersion relation can
be parametrized as

iθ00 þ θ02 þ iθ0
n
2Hþ Cð1Þ

O þ Cð1Þ
E

o
− k2

n
1þ Cð0Þ

O þ Cð0Þ
E

o
¼ 0; ðA2Þ

with Cð1Þ
O , Cð1Þ

E , Cð0Þ
O , and Cð0Þ

E given by Eq. (3.4). From
here, we can linearize the equations of motion by taking
θ → θ̄ þ δθ, where the background θ is the usual GR
solution, θ0 ¼ k − iH. Applying this to Eq. (A13), and
performing a series expansion assuming that δθ ≪ θ̄,
θ00 ≪ ðθ0Þ2, and δθ00 ≪ θ̄δθ0, we get that

δθ ¼ −iðλR;LÞ2nðδθE;A þ λR;LδθO;AÞ
þ ðλR;LÞ2mþ1ðδθO;V þ λR;LδθE;VÞ; ðA3Þ

where the even and odd components of the amplitude and
velocity birefrigence contributions are

δθ0E;A ¼ k2n

2

�
α2n

ðΛEaÞ2n
Hþ β2n

ðΛEaÞ2n−1
þ μ2nH2 þ ρ2nH0

ðΛEaÞ2nþ1

�
; ðA4Þ

δθ0O;A ¼ k2nþ1

2

�
α2nþ1

ðΛOaÞ2nþ1
Hþ β2nþ1

ðΛOaÞ2n
þ μ2nþ1H2 þ ρ2nþ1H0

ðΛOaÞ2nþ2

�
; ðA5Þ

δθ0O;V ¼ k2m

2

�
γ2m

ðΛOaÞ2m
Hþ 1

ΛOaÞ2m−1

�
δ2m þ ν2mH2 þ σ2mH0

k2

��
; ðA6Þ

δθ0E;V ¼ k2mþ1

2

�
γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��
: ðA7Þ

To simplify Eqs. (A4)–(A7) further, we will assume that ϕ0 and φ0 vary slowly with respect to the expansion of the universe,
and therefore they can be well approximated by their current values via a Taylor expansion, e.g. ϕ0 ≈ ϕ0

0. Furthermore, we
will use the fact that dt ¼ −dz=½HðzÞð1þ zÞ�, as well as the fact that k is a constant in conformal time. Using all of this, we
can write the integrals of Eqs. (A4)–(A7) as

δθE;A ¼ ½kð1þ zÞ�2n
2

"
α2n0
Λ2n
E

z2n þ
β2n0
Λ2n−1
E

D2nþ1 þ
μ2n0
Λ2nþ1
E

Z
Hdzþ ρ2n0

Λ2nþ1
E

Z
ð1þ zÞ−1Hzdz

#
; ðA8Þ

δθO;A ¼ ½kð1þ zÞ�2nþ1

2

"
α2nþ1

Λ2nþ1
O

z2nþ1 þ
β2nþ1

Λ2n
O

D2nþ2 þ
μ2n0þ1

Λ2nþ2
O

Z
Hdzþ ρ2n0þ1

Λ2nþ2
O

Z
ð1þ zÞ−1Hzdz

#
; ðA9Þ

δθO;V ¼ ½kð1þ zÞ�2m
2

"
γ2m0

Λ2m
O

z2m þ δ2m0

Λ2m−1
O

D2mþ1 þ
ν2m0

Λ2m−1
O k2

Z
Hdzþ σ2m0

Λ2m−1
O k2

Z
ð1þ zÞ−1Hzdz

#
; ðA10Þ
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δθE;V ¼ ½kð1þ zÞ�2mþ1

2

�
γ2m0þ1

Λ2mþ1
E

z2mþ1 þ
δ2m0þ1

Λ2m
E

D2mþ2 þ
ν2m0þ1

Λ2m
E k2

Z
Hdzþ σ2m0þ1

Λ2m
E k2

Z
ð1þ zÞ−1Hzdz

�
; ðA11Þ

where the effective distance Dα and the effective redshift parameter zα are defined in Sec. III, and Hz ≡ dHðzÞ=dz,
with HðzÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0ð1þ zÞ3 þ Ωr;0ð1þ zÞ4 þΩΛ;0

q
.

From Eqs. (A8)–(A11), we have

hR;L ¼ h̄R;L exp

(
ðλR;LÞ2n

�½kð1þ zÞ�2n
2

�
α2n0
Λ2n
E

z2n þ
β2n0
Λ2n−1
E

D2nþ1 þ
μ2n0
Λ2nþ1
E

Z
Hdz

þ ρ2n0
Λ2nþ1
E

Z
ð1þ zÞ−1Hzdz

�
þ λR;L

½kð1þ zÞ�2nþ1

2

�
α2n0þ1

Λ2nþ1
O

z2nþ1 þ
β2n0þ1

Λ2n
O

D2nþ2

þ μ2n0þ1

Λ2nþ2
O

Z
Hdzþ ρ2n0þ1

Λ2nþ2
O

Z
ð1þ zÞ−1Hzdz

��)

× exp

(
iðλR;LÞ2mþ1

�½kð1þ zÞ2m�
2

�
γ2m0

Λ2m
O

z2m þ δ2m0

Λ2m−1
O

D2mþ1 þ
ν2m0

Λ2m−1
O k2

Z
Hdz

þ σ2m0

Λ2m−1
O k2

Z
ð1þ zÞ−1Hzdz

�
þ λR;L

½kð1þ zÞ�2mþ1

2

�
γ2m0þ1

Λ2mþ1
E

z2mþ1 þ
δ2m0þ1

Λ2m
E

D2mþ2

þ ν2m0þ1

Λ2m
E k2

Z
Hdzþ σ2m0þ1

Λ2m
E k2

Z
ð1þ zÞ−1Hzdz

��)
; ðA12Þ

where again h̄R;L is the usual GR expression for the right- and left-handed modes. We note here, as we did in Sec. III, that
Eqs. (A8)–(A12) are written in terms of the cosmic Hubble parameter, H ¼ H=a.
Furthermore, we can extend the general parametrization in [32] toOðH2Þ for the modified GW velocity. From Eqs. (3.3)

and (3.4), the GWs satisfy the dispersion relation

ω2
R;L ¼ k2

(
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�
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��

þ ðλR;LÞ2mþ2k2m
�

γ2mþ1

ðΛEaÞ2mþ1
Hþ 1

ðΛEaÞ2m
�
δ2mþ1 þ

ν2mþ1H2 þ σ2mþ1H0

k2

��)
: ðA13Þ

From Eq. (A13), we can find the group and phase velocities of a GW, which are given by vg ¼ dω=dk and vp ¼ ω=k,
respectively. We have
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