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Nonminimal couplings between matter and curvature tensors arise in many different contexts. Such
couplings modify solutions of general relativity (GR) and therefore can be probed in various astrophysical
systems. A particularly interesting scenario arises if dark matter experiences nonminimal couplings, as dark
matter densities are expected to spike in the vicinity of binary black hole mergers. This gives a novel setting
for simultaneously studying dark matter and (beyond) GR physics via observations of gravitational waves
(GWs). In this work, we explore effects of various nonminimal couplings on GWs by working with a model-
independent parametrization for left- and right-handed GW strains. We extend the parametrization proposed
in Jenks et al. [Phys. Rev. D 108, 044023 (2023)] and Daniel et al. [Phys. Rev. D 109, 124012 (2024)]
to include early-universe effects, and we write down the generic solution assuming slowly varying matter
fields. We then systematically apply our results to three models: Kalb-Ramond dark matter with dimension-
four operators, axion-dilaton-Chern-Simons-Gauss-Bonnet dimension-five operators, and dimension-six

couplings to a (dark) vector field.
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I. INTRODUCTION

The detection of gravitational waves (GWs) from
merger processes by the LIGO-Virgo-KAGRA (LVK)
Collaboration [1-3] marked the beginning of a new era
of observational cosmology. The Earth-based interferom-
eters observe GWs that are emitted during the merging of
black holes and/or neutron stars in the ultrastrong field
regime. It is precisely in this regime where predictions from
general relativity (GR) may fail and as a result, any
deviations from GR need to be probed and ideally, with
great precision. Such deviations may include higher cur-
vature corrections, higher derivative corrections, or non-
minimal matter couplings." We will refer to all of these
possibilities as beyond-GR.

Although GR has so far been in excellent agreement with
solar system tests [7], pulsar timing [8,9], and the physics
of mergers from compact objects broadly speaking [10], it
also predicts pathological spacetime singularities [11] and
lacks compatibility with quantum mechanics [12]. What, if
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'See e.g. [4-6] regarding possible cosmological implications
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anything, lies beyond GR has been an open question for
arguably a century, and GW observations are finally giving
the community essential data with which to probe this
question in highly energetic systems.

A related, immense open question concerns the nature of
dark matter (DM). The only known feature of DM to date is
that it experiences gravitational interactions. Due to stable
timelike orbits, it is expected that DM accumulates around
compact objects such as black holes and neutron stars
[13,14]. This makes the prospect of indirectly detecting
DM using GW observations from merger processes—
where we may expect a spike in DM density—particularly
intriguing [15-30].

Such physics can be probed straightforwardly if DM
happens to experience nonminimal couplings to gravity
[31-33], which can be constrained by studying modifica-
tions to the standard GW waveforms predicted by GR. For
example, by studying how GW propagation is modified for
a wide class of models, the parameters of any given theory
can be mapped to observational constraints on GWs via a
model-agnostic framework first developed in [31] and
extended in [32].2 Furthermore, nonminimal couplings
qualitatively either extract or inject energy from the matter

*See also very recent work [34] focusing on probing nonlinear
effects using parametrized waveform modeling.
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sector into the gravitational system, thereby offering
potential insight into other mysteries within GR such as
dark energy or the final parsec problem [35].

Nonminimal curvature couplings to DM have been
studied in various contexts in the past few decades. Such
concepts were considered early on in the context of
modified Newtonian dynamics (MOND) in [37], while
in [38], a thorough analysis was performed regarding the
deviations from the standard ACDM predictions for linear
couplings to the Ricci scalar and Ricci tensor. Some of the
same authors studied structure formation in [39] and dark
Bose-Einstein condensates in [40] within nonminimally
coupled theories, the latter analysis extended to GWs in
[41]. Nonminimal couplings modify the Poisson equation
for the gravitational potential, which leads to interesting
behavior for DM halos [42], galaxy dynamics [43], and
DM solitons [44]. In fact, this feature of nonminimally
coupled DM can result in DM halos that better fit observed
profiles than standard cold DM in certain cases [45].

A key goal of the current work is to generalize the
parametrizations given in [31,32] and use the framework to
map to less-studied nonminimally coupled matter theories.
While this framework was first developed primarily in the
context of beyond-GR theories, it can in principle be
extended to include any models of DM which modify
the gravitational sector. Thus, we may be able to comment
on initial constraints of possible DM candidates based on
their interaction with gravity. However, we stress that our
construction does not necessitate that the nonminimal
couplings belong to a dark sector. Our parametrization is
applicable to any matter sector; however, the possibility
that DM experiences nonminimal couplings was primary
motivation for this work. More generally, our main results
are inspired by effective field theory (EFT) approaches to
broad classes of nonminimally coupled theories.

The parametrizations in [31,32] have been shown to be
consistent with and complementary to the parametrized
post-Einsteinian (ppE) framework [46—48], another novel
tool with which to capture modifications of and deviations
from GR. More recently, deep-learning neural network
techniques have been utilized within the ppE framework
[49] to streamline computational efficiency and systemati-
cally explore the theory space in a sophisticated fashion
[see also [50] for similar deep learning approaches in the
post-Newtonian (PN) framework].

A particular modification in the gravitational sector
would be the presence of gravitational birefringence, which
manifests in the gravitational waveform if there are any
parity-violating operators. Models including operators of
this type have gained significant interest in recent years, the
most studied being dynamical Chern-Simons gravity (dCS)

*It was shown [36] very recently that nonminimal couplings
can alter black hole evaporation history, which is relevant for
primordial black holes as DM candidates.

[51]. The sensitivities of third-generation GW detectors,
such as Cosmic Explorer [52] and the Einstein Telescope
[53], are expected to be good enough to be capable of
detecting beyond-GR effects of this type [54]. Signatures of
parity violation would also be present in the stochastic GW
background as a net circular polarization [55].

The upcoming space-based Laser Interferometer Space
Antenna (LISA) [56] and the Chinese program Taiji [57]
are also expected to be sensitive enough to detect parity-
violating effects [58], which have been predicted to have a
wide variety of implications, from primordial GWs [59]
and a (chiral) GW background [60-62] to large-scale
structure and inflation in cosmology [63-68]. It is also
possible to detect parity violation within the stochastic
background using pulsar polarization arrays [69] and
astrometry [70,71]. More generally, one needs to consider
parity-even and parity-odd operators that lead to a combi-
nation of gravitational birefringence, modified dispersion
relations, and perhaps Lorentz violation [72-78].

The aforementioned framework provides an avenue for
generally constraining extensions of GR and modified
gravity theories. As previously mentioned, the GWs which
have already been detected from LVK [79,80], in addition
to pulsar timing array (PTA) experiments [81,82], have thus
far been in excellent agreement with GR, implying that
conclusively observing beyond-GR effects will come down
to precision physics. Furthermore, many beyond-GR the-
ories have implications on astrophysical and cosmological
systems when it comes to DM and beyond, from compact
binary systems [83—86] and individual black holes or
neutron stars [87-98], to GW polarization and gravitational
lensing [99-102], the cosmic microwave background
(CMB) [103,104], inflation [105,106], and broadly speak-
ing, the dark sector [44,107—-114]. Indeed, theory-agnostic
searches have gained popularity in recent years [115].

We stress that, in general, the task of probing beyond-GR
effects in GWs is extremely challenging. It has been shown
that in pure gravity (no nonminimal couplings to the matter
sector), detectability of beyond-GR terms is not only highly
restricted by solar system tests, but also by fundamental
principles such as causality and unitarity [116]. For
example, the authors of [116] found that quartic curvature
terms in the gravitational sector can be probed if the current
LIGO/Virgo precision increased by 7 orders of magnitude,
which perhaps could be prioritized in future ground-based
interferometers.

Additionally, utilizing the neural network/deep learning
approach to ppE, recent work has shown that the GWTC-3
catalog is exceedingly consistent with GR [117]. Another
ppE analysis was carried out in [118] suggesting strong
evidence that black holes involved in producing LVK data
are described by the Kerr geometry, further supporting the
validity of GR. It is even possible for environmental effects
or systematics to suggest a false violation of GR [119] in
GWs from mergers.
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Nonetheless, as outlined above, deviations from GR can be
expressed in different systems,4 and studying these exten-
sions in various cosmological epochs can help to validate or
rule out such beyond-GR theories. Additionally, exploring
nonminimal DM couplings and DM distributions on various
scales can shed new insight on fundamental physics in the
early universe aside from gravity and DM. Therefore, it is
important to be able to use GWs to probe beyond-GR theories
throughout all of cosmic history, and this work aims to push
forward our ability to do so.

With these motivations, the outline of this paper is as
follows. After reviewing the existing parity-even and parity-
odd parametrization in Sec. II, we extend the parametrization
in Sec. III to account for early-universe effects and discuss its
generic features. In Sec. IV we apply the extended para-
metrization to three example models: Kalb-Ramond DM,
axion-dilaton-Chern-Simons-Gauss-Bonnet, and a U(1)
(dark) photon model. We place constraints on the theory
parameters for these models in Sec. V using our parametriza-
tion that we have developed, before concluding in Sec. VI.

Throughout, we use units such that mf, = ﬁ =c=1,
although we occasionally restore the Planck mass explic-
itly. We assume a (—,+,+,+) metric signature; Greek
letters (u, v, ...) range over all spacetime coordinates, Latin
letters (i, /,...) range over spatial indices, and square
brackets denote antisymmetrization over indices.

II. PARITY EVEN AND ODD
PARAMETRIZATION

We define the gravitational perturbation h,, as is
standard by

9 = g;w + h;wv (21)

where g,, in this work will be the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric in conformal coordinates,

ds* = a(n)*(=dn* + dx* + dy* + dz?).  (2.2)

Parity-violating effects in GW propagation are most easily
seen by casting the linearized field equations in the left/right
polarization basis. In the transverse-traceless (TT) gauge
&h,, = h, =0, the gravitational perturbation is given
explicitly by

0 0 0 0
1 0 —(h.+h i(hy — h 0
h,w _ .( L R) QAL R) , (2.3)
\/E O l(l’lL—hR) hL+hR 0
0 0 0 0

*This includes, for example, the surprising phenomenon of
demagnification in microlensing, as was recently explored in
[102] for the case of nonminimal DM couplings. Beyond GR
effects on gravitational lensing have also been studied in [120]
and more recently in [121].

where the right- and left-handed strains are related to the
usual +, x amplitudes by hg = % (h, +ih,). This para-
metrization assumes that the GW is propagating in the z
direction with polarizations in the xy plane.

Varying the Einstein-Hilbert Lagrangian with respect to
each amplitude results in simple wave equations for each.
Parity violation will then follow provided an additional
interaction term sources the left- and right-handed ampli-
tudes with a different sign, while parity-conserving mod-
ifications to GR appear with the same sign;

DhL - +E0 + EE?
DhR - —:0 + EE? (24)
for some E,, Eg that are expressions involving the GW
strains and their derivatives, and the additional matter
fields.

In general, the equations of motion take the form
(1+A)hg +(2H+B)hy +K*(1+C)hg =0,  (2.5)
where A, B, and C stem from the beyond-GR couplings and
satisfy A,C < 1, |B| < H. We then divide 1 +A from
each term and expand to lowest order, (1 +A)™' ~ 1 - A,
obtaining an equation of the form

hgy + (2H + B)hy, + k*(1+ C)hgp = 0. (2.6)
Parity-even terms in B or C appear with the same sign for
the right/left-handed strains, while the parity-odd terms
appear with opposite signs. Any parity-violating terms in
the coefficient B produce amplitude birefringence: one
amplitude is attenuated while the opposite helicity ampli-
tude is enhanced. A parity-violating term in C produces
velocity birefringence’: the helicity amplitudes propagate
with different dispersion relations and velocities. Any
parity-even terms modify the amplitude and phase in the
same fashion for each helicity.

The parametrization that was originally given in [31],
and then generalized in [32], is

Hy L+ {2H+i(ﬂR,Lk)" [(a[zg;l’li n (ﬁ’; ()'71)_]] }h{u
n=0

(Aa)" " (Aa)"
=0, (2.7)

m=0

+k2{1+i(/1R,L)m+lkm_l |:7m(']) H+ 5m(’7)_1:| }hR,L

where primes denote partial derivatives with respect to
conformal time 7, H =ad'/a is the Hubble parameter,

>This effect is also called phase birefringence, since it appears
in the GW solutions as a phase with opposing signs between the
two helicities.
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Arr = £1, and A is the EFT cutoff. The summation indices
here run over all integers, and the {a,,, £,,, 7 n» 6,, } functions
generically depend on the conformal time and are theory
dependent. In what follows, we will write down a more
general parametrization which captures effects at O(H?)
and O(H').

III. GENERAL LAGRANGIAN AND THE
EXTENDED PARAMETRIZATION

Our focus in this work will be on parity-even and parity-
odd nonminimal couplings between curvature and the
matter sector, with fields collectively denoted as W. In
general, such models can be written as

/d“x,/ ( R+£\IJ Eint+£m>9 (31)

where £, is the minimally coupled matter content, and the
interaction Lagrangian is

In (3.2), & and € are dimensionless constants, the A, Ao
are the effective cutoffs for the parity-even and
parity-odd interactions, respectively, and the ¢, are
integers that account for the mass dimension. The
tensors &,,,, and O,,,, are in general functions of
the matter fields and their derivatives, as well as
possibly the Riemann curvature and its contractions.
The presence of the dual Riemann tensor RM/® =

#__ge””aﬁRaﬁ/"’ generally results in the equations of

motion for the left-handed strains having the opposite
sign of the same term to the right-handed strains,
analogous to the Z, term in (2.4).

We recast the parametrization (2.7) in the following way:

1 1
gy + {2H +c) + C?}h{u

+ k2{1 +c0 4 cg»}hm —0, (3.3

gm
= Ruwo . (¥,
Lim ; Olipo (¥ 9) where we have split the parity-even and -odd contributions
5 in the first and zeroth derivative terms. We will moreover
+ RWP"Z 1 & z Envps (. 9). (3.2)  allow different EFT cutoffs for parity-even versus -odd
n=1 (Ag)* operators, Ay and Ay, as in (3.2).6 We define
|
a Poni1 | Hawit M2 4 ponia M
= K2+l 2n+1 H 1 ’
R,L; [(Aoa)z’ﬂ'l + (Aoa)2” + (Aoa)2n+2

(1) on Xy ﬁZn :"‘Zn,]-[2 +p2nHl
C,' = k )
E ; {(A a)an + (AEa)Z”_l + (AEa)zn—s-l

2 !
(52n1+y2mH I;ZO-ZmH>:|’

1 Vot M2 + 00 H!
+ (AEa)zm <52m+l + k2 ’

— V2m 1
=4 k! H
0 RLZ [ (Apa)™ - (Apa

)Zm—l
e = S ik

where the functions {@,,, £, 7, Ons Hus Uns Pn> 0, + are all theory dependent and Sy = 6y = vy = 6y = 0.

Equation (3.3) provides a systematic EFT-like parametrization of the parity-odd sector, incorporating both amplitude and
phase birefringence. This differs from earlier studies, which either treated parity-violating effects schematically or focused
on specific theories such as Chern-Simons gravity [51,122]. More general parametrizations of GW propagation have been
developed in the parity-even sector, and within the effective field theory of dark energy (EFT-of-DE), where the coefficients
are typically assumed to only depend on time [123-127]." In contrast, we allow the coefficients to depend on both time and

Yom+1
2m+1

(3.4)

®From a phenomenological perspective, allowing for different EFT cutoffs enables one to capture effects from opposite parity
operators that may appear at different scales.
Specifically, the canonical cosmological modified gravity tensor equation is

R+ (2 + ay Hh’ + c2k? hij =0, 3.5
ij T

which is the Bellini-Sawicki /EFT-of-DE parametrization [124,128]. After field redefinitions, this is equivalent to earlier propagation
frameworks [129,130] which capture the parity-even sector as
W'+ (2 +v)HK + c3K*h + pi*h = 0, (3.6)

with v <> ay; and ¢ < 1 + ay.
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momentum, thereby capturing higher-derivative operators,
Lorentz-violating dispersion, and other UV-sensitive
effects [131,132]. By treating modified friction, dispersion,
parity violation, and momentum dependence within a
single propagation equation, Eq. (3.3) can be directly
mapped onto waveform-level parametrizations such as
the ppE framework [47,133].

It is straightforward to see by inspection that the > and
‘H' terms have the correct form. We require the correct
dimensionality as well as consistency with the flat space
limit, H — 0, and the low-energy limit k — 0, namely, that
all beyond-GR terms are finite.

Combining the momenta dependence in each sum, we
see that

2n+1 Honti1 2 on Hon 2
k (Aoa)2"+2 H k (AEa)Zn—H H (37)

both have mass dimension one for all n, as required, and
kz kzm Vom+1

e

both have mass dimension two for all m, as required. The
parity-violating terms straightforwardly expand with odd
powers of k, while the parity-conserving terms expand with
even powers of k.

We here note a few assumptions that are made in order
for us to focus on a propagation equation of the form of
(3.3), leading to the solution (3.9). In general, theories of
the form of (3.2) can potentially propagate higher time
derivatives, which are not accounted for in (3.3). For a

hr1 = ER,L CXP{ _(AR,L)zn

2

[k(1 + 2)]" (“2:10

22,
A2n ~en
E

given operator, an n™ order time derivative contributes to
the equations of motion a term of the form ~w"/A™, where
m accounts for for the mass dimension. We restrict
ourselves to the parametric regime where o" << A”, so
that such terms are subdominant.

It is also generally the case that nonminimally coupled
theories propagate additional degrees of freedom in the
metric perturbations. Our work here is to focus on the effect
of nonminimal couplings on the physical, TT sector in order
to construct a template that is ultimately used to compare to
interferometer data. Indeed, mixing between the TT GW and
additional perturbative degrees of freedom may lead to
interesting observational signatures. We assume here that
such dynamics are negligible and focus solely on the back-
ground nonminimally coupled matter sector’s affect on the
GWs, and leave this interesting subtlety for future work.

We additionally assume that any fluctuations in the
matter sector are further subdominant, i.e. da < «, for
all fields under consideration. Relatedly, we focus on an
isotropic background. As we will discuss in Sec. IVA, it is
possible for the matter sector to attain directional expect-
ation values which may break isotropy, at which point the
appropriate cosmological background will be of the
Bianchi type. Our parametrization necessitates that any
such terms are completely negligible when compared to the
dominating matter sector that drives isotropic expansion. It
would be interesting to generalize (3.3) to anisotropic
cosmologies, which is beyond the scope of this work.

From the propagation equations, we can find the explicit
corrections to hg . The right- and left-handed modes are
modified in the following way

ﬁ2no

+ A%n—l

H
D, 11 +ﬁ/HdZ
Ag

A2n+1

x expy i(Agp)>" !

2

0 m,
+A2nf_1°k2/(1 +z)_1szz> + Ari
0

$See the Appendix for full derivation.

k 1+Z 2n+1 a
p2n0 /(1+z 1H dz> +/1RL[ ( )] 2np+1 Z2n+1+ﬂ2n0+1 Dayis

2 A20n+ 1 A20n

’X;g;‘ / Hdz +" 2;’;12‘ / (1+z)—1HZdz)”

[k(l + Z)]Zm <72mo

22m
A2m
0]

52 om
A2m 1D2m+l A2m ?kZ/HdZ

52m0 +1

[k(1 + z)]Pm+! <7/zm0+1

Vzm 1 02my+1 _
AszZZ/Hd +A2"222 /(1+Z) lHZdz)] s

2m-+2

2 A2m+l 2’"+1+ A2m
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where ER‘L is the GR solution for the right- and left-handed
modes, the “0” subscript indicates the present-day value,
VH(Z)dZ can be integrated numerically using that

H(z) = Hoy/Quo(1 +2)* + Q0(1 +2)' + Qrp,  and
H,=dH(z)/dz, with H="H/a being the cosmic

Hubble parameter. The summation over m and n is implied,
and we define an effective distance, D, [131,134],

D,=(1 +z)1—"/(1;;(zz>;_2dz, (3.10)

as well as an effective redshift parameter, z,, such that’
|

Ze = (1 —l—z)‘“/i(l +d§)l_a.

Equation (3.9) assumes a WKB (geometric optics)
regime in which the GW frequency is large compared to
the background variation scale, @ > H, ensuring adiabatic
evolution of both amplitude and phase. At the same time,
since the modified dispersion relations arise within an EFT,
the frequency and physical wave number must remain
below the cutoff scale (w,k/a < A), as noted earlier.
Therefore, the controlled regime of Eq. (3.9) is charac-
terized by the parametric window H < o < A.

From Egs. (3.3) and (3.4), we can read off the modified
dispersion relation,

(3.11)

2 k2 1 ) kZm— 1 Yom
Vi { |l

IszHz + szHl>:|

1
+ (Aoa)2m—l (52m + k2

Yam+1 1 Vam H? + 0 H!
k>m H Oom . 3.12
+ {(AEa)z’"H + (AEa)zm < 2m+1 + 12 ( )
Thus, to lowest order, the modified group and phase velocities are
R.L 2m—1 Yom I/ZmHz + GZmH/
=14+ r 1k 13 -
o = et Bt o (s 2
1 Yom+1 1 Vamt H? + 03 H!
k*m = H Oom
(4 3) [ g (one @
e Vo H? + 69 H' _em Vot H? + 00 H/ (3.13)
. (Aoa)™ 'k (Aga)™k> |
JRL 1 Ar k2! Yom 1 PR Vo H? + 63, H'
P 2 (Aoa)zm Oa)Qm—l 2m 2
™1 Yame 1 Vo H? + opi H!
— 13 . 3.14
+ 7 [t g (e + 22 1

Although the solution, dispersion relation, group and phase
velocities appear cumbersome and overly complicated in
this formalism, in practice, models of interest have very few
total terms.

A. Generic features

The presence of the nonminimal couplings results in the
GW equations of motion exhibiting some interesting features
in the two limits: the superhorizon limit k < H and a

"We note that D, = Dy, where Dy is the look-back distance,
and D, = (1 4+ z)~'D¢ = Dy, where D¢ and D, are the comov-
ing and angular-diameter distances, respectively. We observe that
7o =1In(1+z) and z; = z(1 +z)7".

|
Minkowski-like limit,'® k 3> H, k8 > H. In the latter limit,
the f and 6 functions dominate. In the simple example where
1, P2, 01, 6, are nonzero, the equations of motion reduce to

Rg + <2H + Arpkpy + K ﬁ—i) I~

P
+k2<1 + 5, HR,LkA—z)hR,L = 0. (3.15)
10

OIn the strict Minkowski limit H — 0, no f-terms may
survive, as Poincaré invariance is restored such that no preferred
timelike vector is available to contract to produce a single time
derivative. Our limit here should be thought of as the limit where
all modes are deep inside the horizon.
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Assuming the fields are slowly varying, this is solved (in
coordinate time) by

hes = ity exp|(Xk, + ik, )i, (3.16)

where to lowest order in the beyond-GR parameters,

1 P2
Xkr = 3 (’IR.Lkﬂl + k? A_E>
1 5
ol :k<1 +581 +/1R_ka>. (3.17)
o

We see amplitude and velocity birefringence from the parity-
odd terms, a modified dispersion relation, and momentum-
dependent amplitude enhancement/attenuation.

Let us now consider the k — 0 limit'' in a cosmological
background, where only a few parity-even terms are
relevant. The equation of motion for both helicity ampli-
tudes is

H? H
W+ <2’H+aOH+”—° a )h’
AEa
+ (H? + oyH')h = 0. (3.18)
During inflation in de Sitter space, a(n) = —(Hyn)~! and
H = —n~!, where H,, is the Hubble constant, we have

1 H
h' == [2+ao+—°<uo+po>}h’
n A
1
+?(1/1 +o01)h=0.

(3.19)

If the beyond-GR parameters are slowly Varying,12 this is
solved by

h(n) = conr™ + ¢y, (3.20)

for integration constants ¢, ¢y, with

H,
Xy =34 ag— vy — oy +— (o + po)

X, =v t+oyq, A
E

(3.21)

at lowest order. The solutions are easier to interpret in
coordinate time t, related to conformal time in de Sitter as
n~ Hy'e™Ho'. Here, we have

""No physical GW will have k = 0 exactly. More specifically,
this limit corresponds to focusing on GWs where the wavelength
satisfies 1> H~!.

This assumption possibly breaks down in realistic early-
universe scenarios, which we discuss further in Sec. VI.

(3.22)

If we turn off all beyond-GR terms, we obtain the standard
superhorizon modes that are constant plus a decaying piece,
h(t) = &y + ¢ e~ This will always be the dominant
contribution to the solution, but more generally, the
beyond-GR terms result in slight modifications to the
ultralong wavelength modes.

In this long-wavelength limit k — 0, tensor perturbations
correspond to large-scale metric deformations that are
locally indistinguishable from coordinate transformations.
As a consequence of diffeomorphism invariance, the
equations of motion must remain regular in this limit
and cannot generate independent propagating dynamics
for these modes. In our parametrization, this is reflected by
the absence of singular terms in k and by the fact that the
leading behavior is controlled entirely by background
quantities such as H and H’, as is clear from (3.18),
reproducing the expected behavior.

IV. EXAMPLE MODELS

A. Kalb-Ramond dark matter

It was first pointed out in [135] that Kalb-Ramond-like
particles could be a viable DM candidate. Moreover, two of
the current authors studied in [33] a dimension-four
operator coupling the dual Riemann tensor to the Kalb-
Ramond (KR) 2-form field B*. We will additionally
include all allowed dimension-four operators, and consider
the Lagrangian

Eint = EIR”W)GB;WB/)G + glRm/[mB/pra

+ gZRM)B;MBAp + §3RB;¢1/B”D + §4RB/“,B’W, (41)
where B* = 1e"7°B ,, is the dual.

The couplings &3, &, are of the type f(R)L,,, which was
studied in the context of f(R) gravity in [136].
Furthermore, the model from [33] is recovered in the limit
E = &/2, £.&,E,E — 0. Note that there is an addi-
tional dimension-four operator £ ~ &sR* B, ,B%,; however,
the contribution from this term can be absorbed into the
constant £, using the identity BMB’% = ‘—1‘ gﬂyBa/,B”ﬁ.

In the notation of (3.2), since the operators are dimension

four, we have { = { = 0 for all terms,

Hvpo

Ol

wpo =B,,B (4.2)

po?
for the contractions with the Riemann tensor and its dual,
along with

2
g;u/pa = gvaBﬂﬁBlw

gﬁvpa = gﬂpgvaBaﬁBaﬂ'

5;3wpo' = g/lpgyaBaﬂBaﬂ >
(4.3)

The KR field is described by the Lagrangian [137]
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1
Lp = — H,,,H" —

12 e V(B)’

(4.4)

where

H,, = 0,B,, =d,B,+9,B,, +3d,B,, (45)
is the KR field strength and V(B) is a potential. The
noninteracting theory with V =0 admits the following
gauge symmetries':

BIH/ — BMV —+ awbb] (46)
for an arbitrary vector b,(x), and
by = b, + 0,2, (4.7)

for an arbitrary scalar function A(x). As is well known, the
KR field strength in four dimensions is dual to a pseudo-
scalar a as 9,a ~ €,,,,H""?, which is often referred to as the
KR axion. However in the case of broken gauge invariance
by V(B) # 0, the field strength cannot be dualized and B,,,
is the propagating degree of freedom.
The full theory is £ = Lgy + Lp

equations of motion

— ['im + ‘Cm’ Wlth

SV = = 28R, B~ E1R B,
—28RB,, — 2&,RB,, —28R,,,,B”  (4.8)
for the KR field, and
4
m3G,, = Z 041 S OuLin + T+ Tise (49

where T}, is the stress-tensor for the minimally coupled
matter content and

-ty wn :
/,w*_E " ya/)’+gﬂv E

H 5, H? — V(B)) (4.10)
is the contribution of the noninteracting part of the KR
field. Now, the first term from the nonminimal couplings
stems from the contraction with the dual Riemann tensor,

®I“/ — 22::1 V”vﬂp

s (4.11)

and we have defined the shorthand

Bwe follow the antisymmetrization convention A, B, =
A,B, — A, B, and symmetrization A, B,) = A,B, +A,B,,.

P;wpa —

1 -
g (B/WB/)(; + B/,przr)
+

1. o ~
(BB + BB + BB+ B*B). (4.12)

Note that this combination possesses all the symmetries of
the Riemann tensor. For the parity-even pieces, we sim-
ilarly have

0 = 26, VAVEP,0 . (4.13)

where P#*° is analogous to (4.12) except no dualized KR
fields. Next, we have

@,ﬁ)_‘g—z(v V[B,)B,"] — OB,'B;,

- g;wvav/}(BaﬂBﬂﬁ) - Ra(ﬂBu)lBlla) (4 14)

stemming from the coupling to the Ricci tensor, and finally

®/(w) + ®/4v - (v v g;wD - R;w) (§3BaﬁBaﬁ + §4B(1/3Baﬂ)

(4.15)

stems from the two couplings to the Ricci scalar.

As was studied in [33], we will here consider a simplified
scenario where the components of B,, take on constant
background values B? = B(2 ()» Which we model by a

symmetry breaking potential

V(B,,B" - 1?). (4.16)

The KR field settles into the minimum of the potential
where

v? — 33’ Bl)BY). (4.17)

Effective potentials that possess a stable minima can arise
from quantum corrections due to fermion couplings [138].
Potentials of this form in general break Lorentz invariance,
as is discussed at length in [139,140] and elsewhere,
although this is not important for our current purposes.

The covariant tensor can be parametrized" as
[33,139,144]

“When cosmological evolution is dominated by two-form
fields, one either needs to introduce multiple fields [141,142]
analogously to vector inflation [143] to preserve isotropy, or the
cosmological evolution behaves as an anisotropic Bianchi uni-
verse [144]. We approximate our background as isotropic,
therefore assuming the KR matter sector does not significantly
contribute to cosmological expansion.
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0 -V,a 0 0
1| V.a 0 0 0
BY = | " . (418)
V2| 0 0 0 V,,a*
0 0o -V,i2 0

where V, and V,, are real numbers of mass dimension one,
and a is the conformal scale factor. We then have that the

minimum of the potential is v = \/V,,> — V, 2.
The equation of motion for the GW amplitudes
simplifies to

Ry, +2Hhy, + k2 <1 +A+ AR.LB%

! 2
(' +217) )> hgr =0,

+C B

(4.19)

where

A

(Va4 V) (&= 681),

2(20,0,8 - & (V2 -72)).

2(V2(281~25) + V2,281 +25 = &) +4E V.V, ),
(4.20)

restoring the Planck mass and defining the dimensionless
quantities V, =V, /m,,,f)m =V,,/m,. Mapping to our
parametrization (3.3), we have

1

51 :A, }/OZB, o1 :Elll =C. (421)

Following the discussion from Sec. III in deriving Eq. (3.9),
we can write the solution for propagating GWs for this
model as

7 i(1+z) 20
= + D
hg hR,LeXPl ) < 701+Z+51k 2
Uy (3] HZ
— | Hdz +— d . 4.22
+ k/ ] Tz Z> (4.22)

The GWs in this model satisfy the dispersion relation

) H> +oH
W}, = K2 <1 + By H 4+ 6 + %) (4.23)
and the group and phase velocities are
1 vH? + o H'
RL _ 1 1
Vg _l+§51_T’ (4.24)

y1H2 +61H’

RI 1 ARI
UP ! 2k }/0 2k2

5 (4.25)

B. Axion-dilaton-Chern-Simons-Gauss-Bonnet

Both the Chern-Simons and Gauss-Bonnet terms
have been studied extensively in the literature (e.g.
[51,133,145,146]). Each term is a topological invariant;
thus, they require a coupling to a pseudoscalar and scalar
field respectively, which here we will call the axion and the
dilaton. The Lagrangian is given by

L= (005092~ LG r

4.26

where G =R},,, —4R,,R* + R* is the Gauss-Bonnet
combination and RR = R, ,,R"° is the Pontryagin den-

Hvpc
sity. In the notation of (3.2), here we have { = =1, and

g/wpor = ¢(R;w/m - 4.9;4/)Rmr + gﬂ/)gU(FR)’
O

Hvpe

= QR po- (4.27)

From Eq. (4.26), we find the following field equations:

O¢p = ——¢G, 4.28
b=-1G (4.28)
0
(¢)
Dy, 2
Ap Ao
where
D/(jf) = (gﬂ/)gl/ﬁ + gﬂo’gup)eoo—yﬂvx[*R/)Kﬂygb/]’ (431)
CH — (Vaq))e“ﬂ”"vy RY) 5+ [v(avm(p}* RPw)a (4.32)
1
T/thlf) = vy¢vy¢ - Eg,uy(v(l¢va¢)’ (433)
1
T/(lglf) = vﬂ(pvl/(ﬂ - 7gyy(va(pva(ﬂ)' (434)

2

Via Egs. (2.3), (2.1), and (2.2), the propagation of GWs is
given by the equation

W+ (QH 4+ Ak + K2(1+ B)hgp =0,  (4.35)
where
¢/ 16¢/ 5
A =164 k - , 4.36
RL Aga H Aa H ( )
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g Lkg' 24H' — 8H?
s . 4.37
AEa + Aoa k2 ( )
Mapping Egs. (4.36) and (4.37) to Eq. (3.4), we identify the
parameters

o = =164, a; = 16¢/, r1 =44/,

v, = =8¢/, 0, = 24¢/, (4.38)

with all other parameters being zero. Note that m;z
multiplies all terms in (4.38), so that they are dimensionless
as required.

Following the discussion again from Sec. III in deriving
Eq. (3.9), for the right- and left-handed modes we have

hR,L = Ile,L exXp |::F k(l +Z>< (Po ) 8¢0/Hd :|

k(1 / 44!
X expd i ( +Z)¢Ozli ¢02
As Aok

C. U(1) vector fields

Finally, we will illustrate the mapping with a gauge-
invariant interaction Lagrangian where the Riemann tensor
is coupled to the field strength of a (dark) photon, which are
dimension-six operators. For simplicity, here we neglect
dimension-four couplings of the form ~RAZ, R,,A*AY,
which produce similar physics to the KR interactions of
Sec. IVA.

Since the photon field strength is also an antisymmetric
rank-two tensor, we can include the same interactions as in
the KR case. However, they are all suppressed by a cutoft:

&

L=y R FuFyot iy (5 RUP7F,, F g

+ERYF P+ ERE, P+ ERF, FW). (4.43)
The gauge fields are described as usual by

1
Low = _ZF””FW -AJt—=V(A) (4.44)

for some source current J# and potential V.

The gravitational field equations will be analogous to
each term in (4.9) with F,, replacing B,,, except we have
the usual Maxwell energy -momentum tensor replacing
(4.10). Since the interactions in (4.43) contain terms that
are essentially of the form hd*h(dA)?, the field equations
for A, will contain third derivative terms of the metric
fluctuation in general. This is different from the KR model,
where there were no derivatives of the matter fields in the
nonminimal interactions.

We will be assuming that the evolution of the vector
fields is completely dominated by the background
Lagrangian (4.44) and neglect the contributions from the
interactions, but for completeness, the full field equations
are

X <3/(1 +2)7'H.dz ¥ /Hdz)] } (4.39)
GWs in this model satisfy the dispersion relation
Aq¢/ I Lkg' 24H' — 8H?
2o =k1 - , 4.40
“RL < Tapa T hed R (4.40)
and the group and phase velocities are'
2¢
RL
=1 4.41
g + Aa H, (4.41)
24 Ir kg 12H — 4H?
RL RL
=1 . 4.42
vr T aga v Aga 2 (442)
|
V_ Fo# — JHu oV 251 2 Rﬂﬂuf)’v ;Maﬂ HPOA aﬂ
a — = T 5 y ﬁ‘l’Fa/jv/I +2F ﬁé‘ VAR
9A, A}
+A_%,

1 3
28V, (RHPE ) + & <R”ﬂVaF“ﬁ V(R FPm) EFa/fv[aiemﬂ> +2V,(5RF + £, RFF) | . (4.45)

"It is worth noting that GW propagation for Palatini Chern-Simons gravity was computed in [147] to quadratic order in the coupling
constant. It was found that the amplitude birefringence is a more relevant effect than the velocity birefringence, which agrees with what

we find in this work for the Chern-Simons contribution.
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Consider the scenario where the GWs pass through a
region of slowly varying magnetic fields orthogonal to the
propagation direction, in the x — y plane. We parametrize
the field strength tensor as

0 0 0 0
F :L 0 0 0 —aB, (4.46)
w210 0 0 aB, |’ '
0 aBy —aB, 0

where B, and B, are functions of 7. Since E-B = 0in this
configuration, there is no contribution to the field equations
from the RFF interaction.

To lowest order in the magnetic fields, the GW equation
of motion is

h%.L + (2H +A)h}u -+ k2(1 + B)hg; =0, (4.47)
with
(f 53) 2 (52 - 253) d 2
=-2H B —B
(AEa) (AEa)2 dn
_ (651 &) o i4<§1—§2+3§3)
b= <AEa> BT (e
“ 2 1 Z:l i 2
X d17 (HB ) R L k( Oa)2 d]1 (448)
where 82 = (B2 + B%)/m>.

In assuming slowly Varylng fields, we have neglected
terms of the form (dB/dn)? and €. 3. We see that the GWs
are only sensitive to the magmtude of the magnetic fields in
this configuration. The amplitude of the left- and right-
handed strains are indeed modified, but in the same fashion,
due to the dependence on the magnetic fields appearing
with the same sign in the coefficient A. Thus, there is no
amplitude birefringence in this model; however, the model
predicts velocity birefringence from the last term in B.

Although the interaction is dimension-six, we see the
terms are appearing at low k order. Moreover, the {a, f, ...}
coefficients in (3.4) are dimensionless, while here, B is
dimension one. In order to map to (3.3), we define the
dimensionless quantity

- B

B=—, 4.49
s (4.49)

which we assume to be nearly constant, and set a common

cutoff scale'® A = Ap = A. This implies that

"We can still accommodate the cutoff scales being signifi-
cantly different orders of magmtude Specifically, we define a
new dimensionless constant &) = 51 . Assuming & ~ O(1), the
scale differences are characterized by fl <1 if Ap <Ay or
E > 1if Ap> Ap.

1 d
d

iR
ar ~ HEB.

d - .
2 __ 2 2
= 4, B 7B (4.50)

In terms of B, (4.48) becomes
—(& —2&)HB,

1 -
—(6&) — &)B? +— (& — & + 3&)[H + HA|B?

k2
&y
—ARL—HB (4.51)
Mapping to (3.4), we obtain
ap=—(& - 253)[327 6 = —(6¢; - 52)327
vy =01 =4(& — & +386)B (4.52)
for the parity-even contributions, and
Yo = —5182 (4.53)

for the parity-odd contribution. The solution for the GWs is

i(1+z)< 20

y) _<0
3 R.LVO] e

+6 kD2+—/Hd +—/ : dz)}
1+z

while the dispersion relation, group, and phase velocities
are

- 1
hg 1, = hg 1. €xp {—20‘020 +

(4.54)

A vH? +oH
afR.sz2<1+%yoH+5l+7‘ 3 ! > (4.55)
1 2 !
ot =1434 —W, (4.56)
1 A viH? +oH
L R.L 1 1
=1+4-6 +RL A A @457
MRy (L i—— 7o (4.57)

The effects coming from this model are likely never to be
observed in any GW detector. If we assume A ~ m,,, then
the beyond-GR modification is quartic Planck suppressed,
Bz B? +B

——=*. Nonetheless, the model illustrates the utility of
p

parametrization presented in this work.

D. Summary and numerical illustration

The three theories we have analyzed each contribute
multiple beyond-GR parameters or functions, with the KR
and dark photon models being the most similar. We
summarize all of the nonzero terms in Table I and illustrate
the effects of each model on the waveform in Figs. 1-3. For
the figures, we use a frequency-domain inspiral waveform
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TABLE I. Summary of all nonzero terms in the three models under consideration.

) oy Y0 71 0 Ho o] 02 Uy 1%
Kalb-Ramond v v v v
Chern-Simons-Gauss-Bonnet v v v v v
Dark photon v v v v v

in the stationary phase approximation, which is effectively =~ PN expansion (3.5PN TaylorF2-type phasing, as com-
a TaylorF2-type inspiral waveform, written as fz( f)=  monly used in LIGO analyses [1,151,152]), while the
A( f)ei‘i’(f) [148-150]. We inherit the standard GR inspiral amplitude is kept at leading PN order (“restricted”
structure, in which the phase is computed up to the usual ~ waveform) [153]. The parity-violating corrections are

34
0.015{
P| A
21 A :'3 f
N 0.0101
= o mo Mo A =
O A L A R R | )
SN A A AR =
Y Y TRV S i
« LYY N Y F R Tt AR H R E PR E R R R AR i
S VW W W TR = 0008, A
-2 ~0.0101 i
— GR ! — GR i
3] - KR -0.015{ - KR
24.40 24.42 24.44 24.46 24.48 24.50 24.52 24.40 24.42 24.44 24.46 24.48 24.50 24.52
t[s] t[s]

FIG. 1. Example modification to a binary black hole waveform for 4 (left) and /4, (right) in the KR model. To generate the waveform,
we employ the GW Analysis Tools code [154]. We see that the amplitude is slightly suppressed due to the parity-invariant
modification to the amplitude, while there is a larger phase shift in the left-handed mode compared to the right-handed mode, due to the
parity-violating phase modification. For the source parameters we take m; = 20My, m, = 18My, 1 = 2.6 rad, w = 3.14 rad,
RA = 3.45 rad, Dec = —3968 rad. For computational ease we rescale /100 Hz and D,/Gpc. The modification parameters are
chosen to be artificially large in order to visually see the effects; in dimensionless units V, =V, =3.

0.03

0.02

0.01

hg [x 1024]
hL [X1024]
o
8

|
o
o
part

f -0.02

-0.03{ — GR

—3{ Axion-dilaton-csee '} | - Axion-dilaton-CSGB
-0.04
24.40 24.42 24.44 2446 24.48 2450 24.52 24.40 24.42 24.44 24,46 24.48 24.50 24.52

t[s] t[s]

FIG. 2. Example modification to a binary black hole waveform for %y (left) and %, (right) in the axion-dilaton-Chern-Simons-Gauss-
Bonnet model. The right-handed mode is attenuated while the left-handed mode is amplified, due to the parity-violating modification to
the amplitude. The phase shift is a much smaller effect, and it arises due to the parity-invariant phase modification. Other notes from
Fig. 1 apply here, with the modification parameters again being chosen to be artificially large in order to visually see the effects; in
dimensionless units ¢f, = @ = 6.
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hr [x 10%4]

24.40 24.42 24.44 24.46 24.48

t [s]

24.50 24.52

FIG. 3.

0.015
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hL [X 1024]

—0.005

-0.010

-0.015
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t [s]

24.50 24.52

Example modification to a binary black hole waveform for i, (left) and &, (right) in the U(1) model. The phase shift affects

the right-handed mode more than the left-handed mode, due to the parity-violating modification. The amplitude modification is a much
smaller effect, and it is due to the parity-invariant modification to the amplitude. Other notes from Fig. 1 apply here, with the
modification parameters again being chosen to be artificially large in order to visually see the effects; in dimensionless units B> = 2.

implemented only at the level of propagation, where
amplitude birefringence enters at relative 1.5PN order,
while phase birefringence enters at a much higher PN
order (~5.5 PN); this is consistent with the frequency-
dependent corrections expected from modified dispersion
relations and ppE-type parametrizations [131,133].

V. OBSERVATIONAL CONSTRAINTS
A. Constraints from GW170817

In this section, we illustrate the ease with which the
parametrization (3.3) and (3.4) can be used to constrain
model parameters. The coincident gamma ray burst (GRB)/
GW signal GW170817 [155] gives one of the most
remarkable constraints on beyond-GR models to date.
Namely, the time delay between the observed GRB and
GW gives a constraint on the propagation speed of GWs:

(5.1)

This directly translates to a constraint on the group
velocity, (3.13)."

In [31], the authors were studying parity-odd terms and
focused on constraining the J-functions, which are the
lowest order contributions to the group velocity for late
times. This is of particular interest for ghost-free scalar-
tensor theory, symmetric teleparallel equivalent of GR and
Horava-Lifshitz theory, as o, # 0 for each. In our case, we
instead have only parity-even terms: {8, v, 6, } for the KR
model and the dark photon model, and y, for axion-dilaton-
Chern-Simons-Gauss-Bonnet:

“3x 1071 < ¢y — 1 <7 x 1071,

"It is possible for the propagation time difference between
light and GWs to accumulate in highly dense DM environments.
This phenomenon can result in a relaxed constraint on Cow»> A8 Was
shown in [156].

1 1/1H2+61H/
Ug—1+§(5l—T .
rnH

— 1 .
Vs = oA a

(5.2)

First for the KR and dark photon models, focusing on late
times, we constrain d; to be
|51| < 6x 10_15, (53)
using the weaker of the bounds in (5.1). The contributions
to §; in both models come from the &, contraction with the
Riemann tensor and the £, with the Ricci tensor.
For the KR model, 8, = (V2 + V?)(& — 6&,), corre-
sponding to

(5.4)

VYV + V2
= /]6E — & < 1075
mg,

The quantity v/V,,> + V,” essentially represents the energy
scale of the KR field, which we can take to be the order of

its mass, my. The dimensionless constants &; are assumed

to be O(1), so taking \/|6&; — &| ~ 1, we arrive at

mp < 10! GeV, (5.5)
using m,, ~ 10! GeV. If the KR fields were to constitute a
significant portion of the relic DM density, the upper limit
on their mass is closer to 10° eV, depending on the
production mechanism [135]. The constraint (5.5) is clearly
many orders of magnitude away from that limit, although
this simplified scenario of the fields in a static configuration
will need to be relaxed in order to consider a more
physically realistic DM-black hole system.
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As mentioned in Sec. IV C, detecting the effects of the
nonminimal couplings for the dimension-six operators of
the U(1) model is extremely unlikely due to the Planck
suppression. For completeness, using d; from (4.52) along

with (5.3), we find ‘/'i—|22< 10 (GeV)?, again assum-
ing \/[6&, — & ~ 1.

Lastly for Chern-Simons-Gauss-Bonnet, we have the
constraint on y; and the cutoff scale as

nH

AEa

H
N o ex 1071,
Ag

(5.6)

where H = H/a is again the Hubble parameter in cosmic
time. Then from (4.38), we have that y;, = 4¢'/ mf,, where
¢’ is the derivative with respect to conformal time. Thus,
we can evaluate Eq. (5.6) at different epochs in the
universe.

Since the upper bound of ¢’ < 1072 eV? was obtained
in [32] for Chern-Simons-Gauss-Bonnet gravity in the late
universe, we will focus here on the upper bound for the
very early universe. We see that the further back in time
we go, the tighter the upper bound on ¢’ from Eq. (5.6),
since ¢’ and H both appear in the numerator of that
equation. The most stringent constraint we obtain on ¢’ is
thus at the highest value of H at which Eq. (5.6) is still
valid, which is at the boundary of the EFT validity
(H ~ Ag):

9| < 1075m?. (5.7)
While the Chern-Simons-Gauss-Bonnet modifications are
constrained to be extremely small in the late universe to
reproduce observational data, it is ongoing work to
investigate whether the theory reproduces the standard
cosmological paradigms at early times, as a follow up to
[157] by the same authors. Therefore, one can expect that
the Chern-Simons-Gauss-Bonnet modifications may be
significantly larger in the early universe. Equation (5.7)
gives us an indication of how large some of these
modifications can be in the regime of validity for the
EFT, relative to the Planck scale.

B. Constraints on gravitational parity
and Lorentz violation using ground- and
space-based detectors

To further illustrate the utility of our parametrization, we
map our framework to the constraints in [78], where GW
propagation is parametrized as
Wi+ (240 +v)HH, + (14 i+ pg)k*hy =0.  (5.8)
Here u and v are frequency dependent and encode
parity violation, while # and ¥ are frequency indepen-
dent and encode Lorentz violation; A = L, R denotes

the helicity mode. p, v, j, and v are given by the
following equations:

K\ 5.9
= () ) (59)
H L 5.10
=)' | 0
for the parity-violating terms, and

_ k \F 511
p= o)) 5.11)

k Al
U= |ag 5.12
[ [a,,(r) (aMLV> ] ( )

for the Lorentz-violating terms. In Egs. (5.9)-(5.12),
pa==x1 for A =R, L respectively, a,,a,,a;, and aj
are dimensionless functions of conformal time z, §,, f,,
Pz, and f; are numbers, Mpy and My are the energy
scales of parity and Lorentz violation, respectively, and
primes denote conformal time derivatives.

We seek to map our framework to [78]. We start by
looking at the n = 0 term of our CS) in Eq. (3.4), which
reads

1 ka,
cg>:4KLQ%m¢z+ﬁl. (5.13)

We can map this to the f, = 1 term in Eq. (5.10):

k 1\’ k
HUA(ﬁD = 1) = <,0A6¥,, ) = Pa (a;/ - Hav)hi\

aMPV a aMPV
(5.14)

Comparing Egs. (5.13) and (5.14), we can make the
identification that a, (8, = 1) = —a;.
Next, we look at the , = 1 term in Eq. (5.9):

k

. 5.15
ClMpV ( )

Ha = Pady,

Upon comparing it to the m = 1 term of the C g)) coefficient

in Eq. (3.4),

(5.16)

o
C(OO) = /IR,Lk|: 72 2 :| )

hoa)? T Apa

we can identify that o, (8, = 1) = 5,.
Comparing different values of m and n to different
numbers for B,, p,, pz, and f;, we find the following

mapping:
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,;(Pup=m—1)=06,, (5.17)

1

av,D(ﬂv,D = n) =T Q.

. (5.18)

For the various values of g,, f,, f;, and f; that are
constrained in [78], only the f, = 1 constraint maps to a
nonzero parameter for the three models we have considered
(a; for Chern-Simons-Gauss-Bonnet). For a given con-
straint Mpy = My, a, S 1/My; we can then map the
numerical Mpy constraint to the constraint on ¢’ in
Chern-Simons-Gauss-Bonnet via Eq. (4.38) after multiply-
ing by H and a cutoff scale A to account for natural
units [31].

We find the most stringent constraint on ¢’ to come
from the ground-based constraints, in particular
GW190521ET + CE; the space-based constraints place
a smaller lower bound on Mpy,, which translates to a higher
upper bound on ¢'. The GW190521ET + CE constraint
translates to an upper bound today of

¢ <1072 eV2, (5.19)
where we have evaluated H=aH today using
ap=1,Hy~10"3 eV, and we set A = 100 eV, which
saturates the lower bound in [31].

We observe that Eq. (5.19) is a more stringent upper
bound for the parity-violating sector of Chern-Simons-
Gauss-Bonnet compared to ¢’ <1071 eV? in [32],
although here we are not considering the axion and dilaton
to be kinetically coupled. Nevertheless, by considering
different models outside of what was studied in this paper,
it may be possible to constrain the theory parameters using
both our parametrization and the framework in [78]. This is
a direction for future work.

VI. CONCLUSION

In this work, we have presented a general parametriza-
tion for GW amplitudes experiencing nonminimal cou-
plings to (dark) matter, capturing parity-even and parity-
odd effects. The parametrization extends what was studied
in [31,32] to account for departures from GR at orders
H'/k* and H?/k*>. We then studied three models where the
interactions were dimension four, five, and six respectively,
and mapped the fields to the general parametrization. The
departure from GR for a late-time BH-BH merger is
depicted in Figs. 1-3, where we stress that the parameter
values used for the plots are unphysically large and are
meant for illustrative purposes. For parity-even operators,
gravitational waveforms exhibit amplitude and/or phase
modifications independent of k and at O(k™2), which
appear with the same sign for both left- and right-handed
polarizations. The parity-odd operators modify the ampli-
tude and/or phase with even powers of k, and contribute

opposite signs for the left- and right-handed polarizations,
predicting birefringence.

We focused on three models where the nonminimal
couplings were either linear or quadratic in the spacetime
curvature. For these models, the dispersion relation (3.12)
was modified at order k%, k~!, and k2. Our parametrization
is in principle applicable for modifications at arbitrarily
large, positive powers of momentum, which are expected
from higher curvature theories such as cubic gravity and
higher derivative theories. This is easy to see, as equations
of motion for such theories contain terms ~d*h ~ k*h,
potentially producing nonvanishing y;, 63 in (3.4), for
example. It would be interesting to explore classes of
models that exhibit departures from GR that are relevant
primarily for high frequency GWs, and the ways in which
they map to our parametrization.

The couplings to the Riemann curvature and its con-
tractions, as written in (3.2), do not encompass all types of
nonminimal couplings to gravity. In particular, our para-
metrization (3.3) and (3.4) potentially does not capture GW
modifications that come from generalizations of teleparallel
gravity [158,159], which may assume a vanishing Riemann
tensor. An interesting example of a parity-violating oper-
ator in generalized teleparallel gravity is the Nieh-Yan term
[160,161], which has been studied in the context of the
stochastic GW background in [162] and more recently in
[163]. This term is mass dimension three, and a parity-
violating correction appears in the equation of motion for
the GW amplitudes as m?h; g + ing'khy g = 0, inde-
pendent of the Hubble parameter (here ¢ is an axion and /m
has dimensions of mass). This term cannot be mapped to
(3.4), and therefore an even more general, model-indepen-
dent parametrization of the GW equations of motion would
be needed to encompass all beyond-GR theories.

Our approach to understanding the generic behavior of
the GW amplitudes relied on a simplified description of the
matter field configurations, as well as the assumption that
they are slowly varying. The latter allowed us to write down
a very general solution, (3.9), derived below in the
Appendix.'® However, the H2/k* and ‘H'/k? corrections
in our parametrization have importance in the early uni-
verse, when matter fields are not necessarily slowly
varying. The equations of motion for the GW amplitudes
in this scenario would need to be integrated numerically,
which may be manageable if we neglect backreaction and
assume the matter fields satisfy free equations of motion.
The couplings will affect the primordial GW power
spectrum and in turn the tensor-to-scalar ratio », which
is expected to be probed to O(1073) in future experiments
such as LiteBIRD [164] and the Simons Observatory [165].

SWe note that although the solution assumes slowly varying
matter fields, the modified dispersion relation w(k) can be read
off of the equations of motion for the GW amplitudes, and
therefore does not rely on the same assumption.
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It may therefore be possible to use constraints on r to
indirectly constrain the models under consideration. We
leave a further in-depth analysis of the early-universe
cosmology of these types of nonminimally coupled models
for future work.
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APPENDIX: GENERAL SOLUTION FOR
SLOWLY VARYING FIELDS

Here we provide the derivation of Eq. (3.9), the general
parametrization of the corrections to hg;. The linear

k2n ),

ﬁ2n

perturbations of GWs can be expressed in spatial Fourier
space as

il0(n kx]

Ag(n)e”
Plugging Eq. (A1) into the equations of motion Eq. (3.3),
we find that the effective modified dispersion relation can
be parametrized as

hgp(n,x) = (A1)

0" + 0% +io' {2 + c§) + ¢}

—k2{1+c(0°>+c§§>}:0, (A2)

with C<01>, Cg), C(OO), and Cg)) given by Eq. (3.4). From
here, we can linearize the equations of motion by taking
0 — 6 + 56, where the background @ is the usual GR
solution, & = k — iH. Applying this to Eq. (A13), and
performing a series expansion assuming that 60 < 6,
0" < (0')?, and 60" < 050', we get that

80 = —i(Ar )™ (60p.4 + IR 1600 4)

+ (ArL)*™ (800, + AR 1.0OE Y ), (A3)

where the even and odd components of the amplitude and
velocity birefrigence contributions are

:l't2n7_(2 + pZnHl

59;“ N 2 [(AEG)Z” e (AEG)Z"_1 (AECQZ"Jrl ] (A4)

56, , = k2;+1 [(AZZL;;HH M (fzn;;zn +M2n+l(f;;;2€inzﬂ7_{l], (AS)
800,y = szm L TR Aoaizm_l (52m 4 anf oM = szHl)] , (A6)
80%y = kz’;ﬂ |:(A7;2C;11)_§:r1+1 H+ (AEiz)z’" (52m+1 + v2m+1H2; 0'2m+1H'>] . (A7)

To simplify Egs. (A4)—(A7) further, we will assume that ¢’ and ¢’ vary slowly with respect to the expansion of the universe,

and therefore they can be well approximated by their current values via a Taylor expansion, e.g. ¢’ =

will use the fact that dr = —dz/[H(z)(1 + z)], as well as the fac
can write the integrals of Eqgs. (A4)—(A7) as

¢;,- Furthermore, we
t that & is a constant in conformal time. Using all of this, we

[k(] + Z)]Zn Aoy, ﬁ Hon P2n -1
5€E,A = f Az,(: 2on t 301 AZ” 1 2n+1 + A2n-ﬁ1 Hdz + AZ"L ( + Z) szz ’ (AS)
k(1 +2)"* | g Pons Hang+1 Pang+1 _ |
590,A = D) AQ}::H 2n+1 + An;;l D2n+2 + AQZ,(;Jrz Hd + 2”;;+2 (1 + Z) ledZ ’ (A9)
[k(l + Z)]Zm Yom 62m Uom Oom, _ ]
80y = 5 Agz om + A%mfl Dy, +7A%m_;'k2 Hdz + A%m_sz (1+2)7'H. dz|, (A10)
024005-16



BEYOND GENERAL RELATIVITY: GRAVITATIONAL WAVES IN ... PHYS. REV. D 114, 024005 (2026)

505y — [k(1 + 7))+ |:7/2m0+1 52m0+1 Vamg+1 /Hd n Oy +1

-1
) A%m_H Zom+1 +—5— A%-m Dyypio +-5— A2 2 A%’”kz /(1 + Z) szz] , (All)

where the effective distance D, and the effective redshift parameter z, are defined in Sec. IIl, and H, = dH(z)/dz,
with H(z) = Ho/Quo(1 +2)* + Q,0(1 +2)* + Q.
From Egs. (A8)-(All), we have

_ k(1 +2)]* [, Pon H2
hR,L = hR,L CXP{(iR,L)z |:[2] Aé;: on + A2n01 D2l’l+1 + A%nnil / HdZ

P2 _1 k(1 + 2)]*" (a1 Pong+1
"‘—A?il/(l +2) szZ> +ArL 3 Az’(']“ 241 T Ag” Dy,

et a2 s o)

. " k(1 4z 2m V2m 52m Uom,
X exp{l(iR,L)z' H [[(2# <AT,Szzm + Az—mlezmH D /Hdz
0 0

A2m 1k2
O2mq / -1 k(1 4+ 2)P™ (Vw11 Somy+1
+ - (1+2) H,dZ> + AR L ot 22mi1 + = Domya
A%) 172 z 2 A2 +1 A2
Vzm +1 2mo+1 1
Az,fikz/Hd +A%,3k2/(1+1) szZ)]}, (A12)

where again /g is the usual GR expression for the right- and left-handed modes. We note here, as we did in Sec. 111, that
Egs. (A8)—(A12) are written in terms of the cosmic Hubble parameter, H = H/a.

Furthermore, we can extend the general parametrization in [32] to O(H?) for the modified GW velocity. From Egs. (3.3)
and (3.4), the GWs satisfy the dispersion relation

I Yom 1 Vo H? + 62 H'
W = k2{1 + (g )2t g2m=! [ (AOZa)Zm H+ (hoa) (52m + %

mi2om | Yamel 1 Vo H? + 60 H/
+ (Agp)?"H2k> [ (Apa) H+ o)™ <52,,,+1 + 2 . (A13)

From Eq. (A13), we can find the group and phase velocities of a GW, which are given by v, = dw/dk and v, = w/k,
respectively. We have

2 /
RL _ 2m+12m—1 Yom 1 vy H” + 03 ’H
=1+ (4 k H S Zom’t T Oom’t

Vg’ + (4R L) {m |:(/\061)2m + (Aga)? T < om T 2

1 Y2m+1 1 Vami 1t H? + 62 H
AR LK = S
R ("’+2> [(AEaW“H*(AEa)M et ¥ @

/ 2 y
— (ArL)?" ! {M + AR Lk [DMHH + Oamen Tt ] }

(Aoa)Zm 1y (AEa)kaZ
RL (Agy)?m k! Y2m 1 Vo H? + 00, H!
=1 : 1o} _
Up + D) (Aoa)zm + (AOa)zm—l am + i2

Vom+1 1 l/2m+17—(2 + 0-2m+lH/
+ /IR’Lk |:(AEa)2m+l H + (AEa)z’” <52m+1 + k2 .
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