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We determine the zero eigenmode spectrum of minimally doubled fermions, namely in Karsten-Wilczek
and Borici-Creutz formulations on the four-dimensional spacetime lattice. We employ background gauge
fields with integer valued topological charges. The Atiyah-Singer Index Theorem is verified in the presence
of two different background gauge fields, namely Smit-Vink [1] and cooled down MILC asqtad ensembles
with Nf ¼ 2þ 1 dynamical flavors of quarks [2]. Using flavored mass terms [3,4], we find that the spectral
flow of the eigenvalues detects the topology of the background gauge field. With the use of the modified
chirality operator, we obtain chiralities of the zero eigenmodes and the fermionic topological charge.
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I. INTRODUCTION

Eigenvalue spectra of Dirac operators reflect QCD
dynamics such as Bank-Casher relation that relates the
zero eigenvalue density, i.e., zero eigenmodes, to the chiral
condensate. To obtain and identify zero eigenmodes, the
chiral symmetry needs to be obeyed in the lattice fermion
formulation. Two well-known chiral formulations of lattice
fermions are overlap [5–13] and domain wall [14–20]. The
study of eigenspectra, topology, and chiral condensates of
these two, along with staggered and Wilson fermions, have
been extensively carried out and used to explore the
nonperturbative dynamics of QCD. In recent years, there
have been attempts to understand the Index Theorem using
the spectral flow for the Wilson Dirac operator through
K-theory [21–25] as well. The spectral flow was initially
proposed and used to calculate the index of the Dirac
operator on lattice [26], and later the rigorous equivalence
between the spectral flow and the index was established in
Ref. [9] using domain wall fermion.
The continued search for alternative lattice chiral fermions

that would be numerically cheaper for QCD simulations led
to the proposal of minimally doubled fermions (MDFs) with

local action that preserves chiral symmetry on the lattice.
Two relatively popular implementations of MDFs that are
mostly explored are those byKarsten-Wilczek (KW) [27,28]
andBorici-Creutz (BC) [29,30]. A string of investigations on
MDFs, particularly KWand BC fermions, have been carried
out focusing on mixed action spectroscopy [31–35],
eigenspectra [36], taste structures [37–40], chiral symmetry
breaking [41], and Index Theorem [3,4]. Studies on formal
aspects include renormalization properties [42–50], phase
structure [51–53], anomaly [54], and construction of chiral
perturbation theory [40,55]. Besides, there is a recent attempt
to perform dynamical simulation with KW fermions [43].
In this paper, we attempt to investigate the Atiyah-Singer

Index Theorem [56] and the universality of near-zero
eigenmodes in sectors with different topological charges
[57,58]. In the presence of background gauge field with an
integer valued topological charge, the chiral fermions are
expected to satisfy the Atiyah-Singer Index Theorem. KW
and BC fermions are shown to satisfy the Index Theorem in
two dimensions [3,4,54,59,60]. Here, we extend that study
to four dimensions. As a first step, we have constructed
four-dimensional SUð3Þ background gauge fields with a
fixed topological charge following the prescription of Smit
and Vink [1,61] and observed the flow of eigenvalues
called spectral flow, as the mass varies which gives us the
index of the Hermitian Dirac operator. The index obtained
from the spectral flow gives us the difference between
number of positive and negative chirality zero eigenmodes.
For the measurement of the chirality of the zero eigenm-
odes, we have worked with modified chirality operator and
used flavored mass terms [3,4]. Subsequently, we calculate
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the fermionic topological charge using the modified chi-
rality operator.
To verify the universality of the zero eigenmodes, next

we repeat the study with dynamical QCD configurations of
Nf ¼ 2þ 1 asqtad lattices generated by MILC

Collaboration [2] that are subjected to cooling [62] in
order to accurately identify various topological charges.
This paper is built on and extends our previous work
presented in Ref. [63]. Thus far, MDFs in two dimensions,
in the presence of background Uð1Þ Abelian gauge theory
and consistency with the Index Theorem, has been
studied [4]. In this work, we extend that to four dimensions
with SUð3Þ non-Abelian gauge theory using both the Smit-
Vink prescription for SUð3Þ gauge ensemble with fixed
topological charge and Nf ¼ 2þ 1 MILC asqtad lattices.
This paper is organized as follows: following this

Introduction, in Sec. II we write down both the KW and
BC action in momentum space and point out the doubler
species. In Sec. III, we introduce the spectral flow and
define the flavored mass, where the structure of the flavored
mass is similar to the staggered fermion formulation
[64–66]. We also describe the generation of background
gauge fields with specific topological charge.
Subsequently, we study the flow of the eigenvalues against
the variation of mass thereby determining the index of the
Dirac operator. Following, in Sec. IV, using MILC’s
dynamical gauge field configurations, we employ cooling
to identify various topological charge configurations and
repeat our spectral flow analysis to reproduce the Index
Theorem. Finally, in Sec. V, we conclude with a discussion

of our results, along with a summary. We present some
results for a different topological charge Q with MILC
lattices in Appendix A, and some calculations pertaining
to the eigenvalues of the MDF Dirac operator in
Appendix B.

II. KARSTEN-WILCZEK AND BORICI-CREUTZ
FERMIONS

According to the Nielsen-Ninomiya theorem [67], fer-
mion actions having exact chiral symmetry must have even
number of doublers on the lattice. The doublers are extra
fermionic species arising because of discretized spacetime.
The minimum number of doublers on the lattice is two and
such fermions are generally referred to as minimally
doubled fermions. The Karsten-Wilczek [27,28] and
Borici-Creutz [29,30] fermions are the two popular mem-
bers of MDF family. In addition to the naive discretization
of the continuum fermion action, both KWand BC contain
terms that anticommute with γ5, thereby keeping the
actions chiral. In Wilson action, a masslike discretized
four-dimensional Laplacian is added to the naïve fermion
action that breaks all the chiral symmetries. In contrast, a
KW fermion multiplies the spatial part of Laplacian by a
factor of iγ4. It breaks the hypercubic symmetry, but
preserves rotational symmetry along the temporal axis,
thereby retaining chiral symmetry of the lattice action. In
four dimensions, the KW action [48] in the presence of a
gauge field UμðxÞ can be written as

SKW ¼
X
x

�
1

2

X4
μ¼1

ψ̄ðxÞγμfUμðxÞψðxþ μ̂Þ −U†
μðx − μ̂Þψðx − μ̂Þg þmψ̄ðxÞψðxÞ

−
i
2

X3
j¼1

ψ̄ðxÞγ4fUjðxÞψðxþ ĵÞ − 2ψðxÞ þ U†
jðx − ĵÞψðx − ĵÞg

�
: ð1Þ

The two doubler species become manifest in the Bril-
louin zone when expressed in momentum space. For
simplicity, we consider the free massless KW Dirac
operator,

DKWðpÞ ¼
X4
μ¼1

iγμ sinpμ þ 2iγ4
X3
j¼1

½sinðpj=2Þ�2: ð2Þ

The poles of the propagator D−1
KWðpÞ are found to be at

p ¼ ð0; 0; 0; 0Þ and ð0; 0; 0; πÞ corresponding to the two
doublers or tastes, as it is often called.
In BC fermion, the discretized Laplacian is multiplied by

a factor of−iγ0μ, which too breaks the hypercubic symmetry,
but preserves the rotational symmetry along the axis joining
the origin and ðπ

2
; π
2
; π
2
; π
2
Þ, retaining the chiral symmetry of

the lattice action. In four dimensions, the BC action [48] in
the presence of a gauge field UμðxÞ can be written as

SBC ¼
X
x

�
1

2

X4
μ¼1

ψ̄ðxÞγμfUμðxÞψðxþ μ̂Þ −U†
μðx − μ̂Þψðx − μ̂Þg þmψ̄ðxÞψðxÞ

þ i
2

X4
μ¼1

ψ̄ðxÞγ0μfUμðxÞψðxþ μ̂Þ − 2ψðxÞ þ U†
μðx − μ̂Þψðx − μ̂Þg

�
; ð3Þ

KISHORE, BASAK, and CHAKRABARTI PHYS. REV. D 113, 114511 (2026)

114511-2



where γ0μ ¼ Γ − γμ, Γ ¼ ð1=2ÞPμ γμ. Similar to the KW
case, we can expose the doublers by working with a free
massless theory inmomentum space. The correspondingBC
Dirac operator is

DBCðpÞ ¼
X
μ

iγμ sinpμ − 2i
X
μ

γ0μ½sinðpμ=2Þ�2: ð4Þ

From D−1
BCðpÞ, it is evident that the poles are at p ¼

ð0; 0; 0; 0Þ and ðπ
2
; π
2
; π
2
; π
2
Þ. From Eqs. (2) and (4), it follows

that KWand BC Dirac operators both satisfy γ5-hermiticity,
D† ¼ γ5Dγ5 and are diagonal in the momentum space.

III. SPECTRAL FLOW AND INDEX

In the continuum, the Atiyah-Singer Index Theorem
relates the difference in the number of negative and positive
chirality zero modes of the massless Dirac operator to the
integer valued topological charge Q in four spacetime
dimensions [56], as follows:

indexðDÞ ¼ nþ − n− ¼ Q: ð5Þ

The zero modes are eigenstates of the Dirac operator with
zero eigenvalues. A large body of studies with Wilson and
staggered fermions [1,26,64,68–73] have shown the Index
Theorem to hold on the lattice, too. It is also studied for
MDFs in two dimensions [3,4]. An approach to the Index
Theorem on the lattice, away from the continuum, is to
consider a Hermitian version of the Dirac operator,
HðmÞ ¼ γ5ðDþmÞ, and observe the spectral flow of the
eigenvalues ofHðmÞ in a background gauge field. The flow
relates the eigenvalues with the topological charge. As the
mass varies, the eigenvalue flow shows that those corre-
sponding to the zero modes cross the origin with slopes �,
depending on their � chiralities, while the nonzero modes
do not exhibit any zero crossing [see Appendix B,

particularly Eq. (B8)]. The index of the Dirac operator is
derived from the total number of eigenvalue zero crossings.
The eigenmodes of H can be derived from that of D. If jψi
is an eigenvector ofD with eigenvalue iλ, then γ5jψi is also
an eigenvector of D with eigenvalue −iλ, as follows:

Djψi ¼ iλjψi ⇒ Dðγ5jψiÞ ¼ −iλðγ5jψiÞ; λ∈R: ð6Þ

Hence, a zero eigenmode jψi of D with � chirality is also
an eigenmode of H with eigenvalue �m, and therefore
crosses the origin with � slope as m is varied. For Dirac
operators with doubler species having degenerate masses,
there are an equal number of positive chirality ðnþÞ and
negative chirality ðn−Þ states. Thus, the index(D) in such
cases turns out to be zero and the spectral flow obtained for
KW and BC fermions shown in Fig. 1 bears out this fact.
The gauge field, used for the flow shown, is generated
using the Smit-Vink prescription discussed in the following
subsection.
Connecting the indexðDÞ with the topological charge

seemingly requires careful consideration of the doublers’
masses and a better measure of chirality of the zero modes.
We will take up this issue in Sec. III C.

A. Gauge configuration with fixed Q

For our study of the Index Theorem on the lattice with
MDFs, we generate background gauge configuration with a
fixed topological charge Q. Here, we follow the prescrip-
tion laid out by Smit and Vink in Refs. [1,61] that results in
a constant field strength tensor FμνðxÞ. In terms of Fμν, the
topological charge on the lattice is defined as

Q ¼
X
x

qðxÞ ¼ −
1

32π2
X
x

ϵμνρσTrðFμνFρσÞ

¼ −
1

4π2
X
x

Tr½F12F34 − F13F24 þ F23F14�: ð7Þ

FIG. 1. Spectral flow with respect to degenerate bare masses m for � chiral states for both KW and BC fermions under Q ¼ −2 and
δ ¼ 0.05 background 83 × 8 Smit-Vink lattice. Eigenvalues in the left and right panels correspond to γ5ðDKW þmÞ and γ5ðDBC þmÞ,
respectively. The color coding is intended to guide the eye.
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The lattice sites are xμ ∈ ½0; Lμ� and here we have assumed
Lμ ¼ L ∀ μ where L is the number of sites in each
direction, thus xμ ¼ 0; 1;…; ðL − 1Þ. The corresponding
link variables UμðxÞ∈SUð3Þ are

U1ðxÞ¼ expð−iω1x2τkÞ and

U2ðxÞ¼
�
1 for x2¼ 0;1;…;ðL−2Þ
expðiω1Lx1τkÞ for x2¼L−1

; ð8Þ

U3ðxÞ¼ expð−iω2x4τkÞ and

U4ðxÞ¼
�
1 for x4¼ 0;1;…;ðL−2Þ
expðiω2Lx3τkÞ for x4¼L−1

; ð9Þ

where τk is any one of the Gell-Mann matrices with
k ¼ 1; 2;…; 7. The ω1;2 are constant field strength given by

ω1;2 ¼
2πn1;2
L2

where n1;2 ∈Z: ð10Þ

The gauge links thus defined, the elementary plaquettes
become constant, as follows:

UμνðxÞ ¼ UμðxÞUνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞ;
U12ðxÞ ¼ expðiω1τkÞ;
U34ðxÞ ¼ expðiω2τkÞ and the rest UμνðxÞ ¼ 1: ð11Þ

The field tensor Fμν extracted from the above elementary
plaquette Uμν in Eq. (11) yields

FμνðxÞ ¼
1

2i
½UμνðxÞ −U†

μνðxÞ�AH ð12Þ

⇒ F12 ¼ τk sinðω1Þ;
F34 ¼ τk sinðω2Þ and the rest Fμν ¼ 0: ð13Þ

The subscript AH implies traceless anti-Hermitian projec-
tion. From the definition in Eq. (7), the topological charge
is obtained to be

Q ¼ −
1

4π2
X
x

Tr½F12F34� ¼ −
2L4

4π2
sin

�
2πn1
L2

�
sin

�
2πn2
L2

�

≈ −2n1n2; ð14Þ

where the last result is for (moderately) large L. For τ8, i.e.,
k ¼ 8, the above derivation does not hold, but in the large
volume limit, it too gives us −2n1n2 as topological charge.
The gauge fields UμðxÞ thus generated correspond to a

given Q depending on n1, n2. These fields are considered
smooth in the sense that they are not elements of a Markov
chain. Such a smooth configuration may not always give
well-separated sign flips in the flow of eigenvalues of the
Dirac operator. Hence “roughening” the UμðxÞ by keeping
Q approximately invariant has been suggested [1,61]. The

idea is to generate some θkμ from uniformly distributed
random numbers ∈ ½−δπ;þδπ�, where δ ≪ 1, in order to
roughen the links UμðxÞ in Eqs. (8) and (9), as follows:

Uδ
μðxÞ ¼ exp

�
i
X
k

θkμτk

�
→ ŨμðxÞ ¼ Uδ

μðxÞUμðxÞ;

ð15Þ
where Ũμ are the roughened gauge fields. In all subsequent
calculations with Smit-Vink gauge fields, presented in the
tables and plots in this section, we use such rough gauge
fields ŨμðxÞ generated on 83 × 8 lattice with Q ¼ −2
and δ ¼ 0.05.

B. Determination of the near-zero eigenvalues

The computation of zero or near-zero eigenvalues is
carried out by using the Kalkreuter-Simma (KS)
algorithm [74]. It provides both eigenvectors and eigen-
values for any Hermitian matrix and not just for positive
definite matrices. We implement the algorithm by suitably
modifying the relevant subroutines in the publicly available
MILC code [75]. The Hermitian version of the Dirac MDF
operator is

HðmÞ ¼ γ5ðDþmÞ ⇒ H2ðmÞ ¼ ðD† þmÞðDþmÞ;
ð16Þ

where H, D are either of KW or BC. The eigenvalues of
HðmÞ appear with both signs; therefore, obtaining the near-
zero eigenvalues by direct computation is not practical even
for a modest four-dimensional lattice volume. This problem
can be sidestepped by using H2ðmÞ to solve the eigenvalue
equation H2ðmÞjψ ji ¼ λjjψ ji, where the lowest eigenval-
ues are always non-negative and close to zero. However, in
general, neither jψ ji nor �

ffiffiffiffi
λj

p
are necessarily the eigen-

vectors or eigenvalues of HðmÞ. Nevertheless, to a good
approximation, the eigenvectors of HðmÞ, and hence the
near-zero eigenvalues, can be obtained by following the
Rayleigh-Ritz procedure [76]. Following this procedure,
once a desired number (typically a few hundred) of the
lowest eigenvalues and their corresponding eigenvectors,
say jψ 0i, are obtained, a reduced matrixM of HðmÞ can be
constructed, and the resulting eigenvalue problem is solved,
as follows:

Mxy ¼ hψ 0
xjHðmÞjψ 0

yi → Mjχxi ¼ μxjχxi: ð17Þ
An approximate eigenvector jϕi of HðmÞ can be calcu-
lated as

jϕki ¼
X
x

χxkjψ 0
xi; ð18Þ

where χxk is the xth component of kth normalized eigen-
vector of M. This kind of rotation is a feature in the KS
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algorithm [74], which is called intermediate diagonaliza-
tion, and is used to improve previously computed eigen-
vectors of a matrix. The eigenvalue equation for HðmÞ,
for lowest lying eigenvalue, in the subspace of H2ðmÞ
is now

HðmÞjϕki ≈ μkjϕki; ð19Þ

with residue rk ¼ kðHðmÞ − μkÞjϕkik ≈ 0: ð20Þ

The jϕki is the approximate eigenvector with approxi-
mate eigenvalue μk, i.e., rk ≈ 0. For “good” eigenvalues and
hence good eigenvectors, rk should be small.1 In Tables I
and II we present a representative sample of residues for
m ¼ 0 and m ¼ 0.12, respectively. Eigenvalues of H2 are
calculated with a numerical tolerance of Oð10−6Þ.

C. Flavored mass and Index Theorem

In Fig. 1, we were unable to detect the index using
spectral flow, despite using gauge fields with a specific
nonzero integer value of Q. For MDFs with degenerate
doublers, the index gets canceled between the pairs
and hence the flow of eigenvalue with such mass term
mð1 ⊗ 1Þ does not result in net crossings at m ≈ 0. The
degeneracy in masses for � chiral states is made apparent
from the plot of the complex eigenvalues [Eq. (6)] of the
operator ðDþmð1 ⊗ 1ÞÞ in Fig. 2.
The problem of degeneracy in real eigenvalues can be

resolved by lifting the degeneracy of the masses of� chiral
states by introducing a doubler or taste dependent so-called
“flavored mass term,” mCflav ⊗ 1 [3,4], as follows:

CKW
flav ¼Csym and CBC

flav¼2Csym−1; ð21Þ

where Csym ¼ 1

4!

X
perm

C1C2C3C4; ð22Þ

and Cμðx;yÞjψðyÞi¼
1

2
½UμðxÞδxþμ̂;yþU†

μðx− μ̂Þδx−μ̂;y�
× jψðyÞi: ð23Þ

TABLE II. Same as Table I but for a small, nonzero mass m ¼ 0.12.

Eigenvalue of H2
KW Eigenvalue of HKW rk Eigenvalue of H2

BC Eigenvalue of HBC rk

1.442 × 10−2 −1.201 × 10−1 5 × 10−6 1.440 × 10−2 −1.200 × 10−1 6 × 10−6

1.442 × 10−2 1.201 × 10−1 5 × 10−6 1.440 × 10−2 1.200 × 10−1 6 × 10−6

1.445 × 10−2 −1.202 × 10−1 6 × 10−6 1.442 × 10−2 −1.201 × 10−1 4 × 10−6

1.445 × 10−2 1.202 × 10−1 6 × 10−6 1.442 × 10−2 1.201 × 10−1 5 × 10−6

1.682 × 10−2 −1.297 × 10−1 7 × 10−6 1.735 × 10−2 −1.317 × 10−1 3 × 10−6

1.682 × 10−2 1.297 × 10−1 7 × 10−6 1.735 × 10−2 1.317 × 10−1 5 × 10−6

1.687 × 10−2 −1.299 × 10−1 6 × 10−6 1.744 × 10−2 −1.321 × 10−1 3 × 10−6

1.687 × 10−2 1.299 × 10−1 7 × 10−6 1.744 × 10−2 1.321 × 10−1 3 × 10−6

1.730 × 10−2 −1.315 × 10−1 6 × 10−6 1.759 × 10−2 −1.326 × 10−1 4 × 10−6

TABLE I. For m ¼ 0, we tabulate eigenvalues of H2 and H with residues rk as in Eq. (20) for Q ¼ −2 and
δ ¼ 0.05 background 83 × 8 Smit-Vink lattice.

Eigenvalue of H2
KW Eigenvalue of HKW rk Eigenvalue of H2

BC Eigenvalue of HBC rk

2.462 × 10−5 −4.962 × 10−3 5 × 10−6 4.041 × 10−7 −6.356 × 10−4 6 × 10−6

2.462 × 10−5 4.962 × 10−3 5 × 10−6 4.041 × 10−7 6.356 × 10−4 6 × 10−6

4.808 × 10−5 −6.934 × 10−3 6 × 10−6 1.820 × 10−5 −4.266 × 10−3 5 × 10−6

4.808 × 10−5 6.934 × 10−3 6 × 10−6 1.820 × 10−5 4.266 × 10−3 5 × 10−6

2.420 × 10−3 −4.919 × 10−2 7 × 10−6 2.955 × 10−3 −5.436 × 10−2 4 × 10−6

2.420 × 10−3 4.919 × 10−2 7 × 10−6 2.955 × 10−3 5.436 × 10−2 4 × 10−6

2.468 × 10−3 −4.968 × 10−2 7 × 10−6 3.038 × 10−3 −5.512 × 10−2 5 × 10−6

2.468 × 10−3 4.968 × 10−2 7 × 10−6 3.038 × 10−3 5.512 × 10−2 5 × 10−6

2.905 × 10−3 −5.389 × 10−2 6 × 10−6 3.186 × 10−3 −5.644 × 10−2 6 × 10−6

1While using the Rayleigh-Ritz procedure [63], we encounter
some spurious eigenvalues of H at the top end of the near-zero
eigenmodes. These originate from errors in determining the
corresponding eigenvalues and eigenvectors of H2. We discard
a few such high-lying eigenmodes, thereby eliminating the
spurious eigenmodes and improving the accuracy of the eigenm-
odes of H.
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The eigenvalues of the flavored MDF operators ðDþ
mCflav ⊗ 1Þ are shown in Fig. 3 for free theory. The
separation of the zero eigenvalues along the real axis at
�m for KW, and appropriately shifted for BC, shows
removal of the degeneracy discussed above. When the
background gauge field with a particular topological charge
is turned on, we observe similar splittings of the low-lying
states, as shown in Fig. 4.
Next, we calculate the eigenvalues of ðDþmCflavÞ with

Smit-Vink gauge field. Since ðDþmCflavÞ is a non-
Hermitian and non-normal operator, its eigenvalues are
complex, and left- and right-eigenvectors are not related by
the adjoint operation [77]. To obtain its eigenvalues, we
construct a reduced matrix for ðDþmCflavÞ using the
eigenvectors of the Hermitian ðD† þmCflavÞðDþmCflavÞ,
and compute the eigenvalues of this reduced matrix. We
found many “spurious” eigenvalues in this set, but as the
size of the reduced matrix is increased, these spurious
eigenvalues disappear.

When the simple mass term is replaced by mCflav mass
for both KW and BC fermions, the spectral flow in Fig. 5
exhibits the exact number of crossings as required by the
expression in Eq. (26). We have two lines crossing near
m ¼ 0 with negative slopes and each being twofold
degenerate for both KWand BC fermions. The flow shown
in Fig. 5 corresponds to the eigenvalues of the associated
Hermitian MDF operators

HKWðmÞ ¼ γ5ðDKW þmCsym ⊗ 1Þ; ð24Þ

HBCðmÞ ¼ γ5ðDBC þmð2Csym − 1Þ ⊗ 1Þ: ð25Þ

In this case, the Index Theorem acquires an additional factor
of 2 arising from two nondegenerate masses of the doubler
species, depending on their � chirality [3], as follows:

indexðDÞ ¼ 2Q: ð26Þ

FIG. 3. Complex eigenvalue plots of KW and BC fermions for free theory on 83 × 8 lattice with mass parameter m ¼ 1. The left and
right panels correspond to ðDKW þmCsym ⊗ 1Þ and ðDBC þmð2Csym − 1Þ ⊗ 1Þ operators, respectively.

FIG. 2. Complex eigenvalue plots of KW and BC fermions for Q ¼ −2 and δ ¼ 0.05 background 83 × 8 Smit-Vink lattice with mass
parameter m ¼ 1 for 5000 eigenvalues. The left and right panels correspond to ðDKW þmÞ and ðDBC þmÞ, respectively.
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To obtain the near-zero modes of H, we proceed as before
to first find the lowest-lying eigenvalues of the operatorH2.
Next, we construct a reduced matrix M as in Eq. (17) and
its eigenstates, whose linear combination serves as the basis

states (rotational basis) of H. The result is tabulated below
in Table III.
To determine the chiral states of the eigenvectors jψi of

the MDF operator D in Eq. (6), we observe that both jψi

FIG. 5. Spectral flow of the eigenvalues of H with respect to m for Q ¼ −2 and δ ¼ 0.05 background Smit-Vink lattice. Four nearly
overlapping lines (red in color) cross the zero eigenvalue line at m ¼ 0. The color coding is intended to guide the eye.

FIG. 4. Same plot as Fig. 3 but with Q ¼ −2 and δ ¼ 0.05 background 83 × 8 Smit-Vink lattice.

TABLE III. For m ¼ 0.12, we tabulate eigenvalues of H2 and H with residues rk for Q ¼ −2 and δ ¼ 0.05
background 83 × 8 Smit-Vink lattice.

Eigenvalue of H2
KW Eigenvalue of HKW rk Eigenvalue of H2

BC Eigenvalue of HBC rk

8.055 × 10−3 −8.975 × 10−2 5 × 10−7 5.120 × 10−3 −7.155 × 10−2 1 × 10−6

8.435 × 10−3 −9.184 × 10−2 5 × 10−7 5.229 × 10−3 −7.231 × 10−2 1 × 10−6

1.034 × 10−2 −1.017 × 10−1 4 × 10−7 1.102 × 10−2 −1.050 × 10−1 1 × 10−6

1.065 × 10−2 −1.032 × 10−1 4 × 10−7 1.202 × 10−2 −1.096 × 10−1 1 × 10−6

1.380 × 10−2 1.175 × 10−1 4 × 10−7 1.202 × 10−2 1.096 × 10−1 1 × 10−6

1.388 × 10−2 1.178 × 10−1 6 × 10−7 1.210 × 10−2 1.100 × 10−1 2 × 10−6

1.388 × 10−2 −1.178 × 10−1 5 × 10−7 1.440 × 10−2 −1.200 × 10−1 1 × 10−6

1.404 × 10−2 −1.185 × 10−1 5 × 10−7 1.561 × 10−2 −1.250 × 10−1 1 × 10−6

1.497 × 10−2 1.223 × 10−1 3 × 10−7 1.732 × 10−2 1.316 × 10−1 1 × 10−6
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and γ5jψi are eigenvectors with eigenvalues �iλ. For
λ ¼ 0, the corresponding eigenvector can also be chosen
as a simultaneous eigenvector of γ5 [see Eq. (B4)]. In
general, when we calculate the eigenvalues of D, then we

do not impose the condition on eigenvectors of D with
zero eigenvalues to be simultaneous eigenvectors of γ5.
Consequently, arbitrary linear combinations of these chiral
states are also eigenvectors of D with λ ¼ 0. In such cases,
we get hψ jγ5jψi ≈ 0. A brief discussion on this aspect is
provided in Appendix B [see Eq. (B11)]. Our numerical
results yield hγ5i ≈ 0, implying that the zero-mode eigen-
vectors in our setup are not simultaneous eigenvectors ofD
and γ5. Therefore, we cannot determine the chiralities of the
zero eigenmodes with γ5 operator. Hence, modified chi-
rality operators X are proposed [4], as follows:

XKW ¼Csym ⊗ γ5 and XBC¼ð2Csym−1Þ⊗ γ5: ð27Þ

In Table IV, we list the lowest-lying eigenvalues and their
corresponding chiralities, computed using the eigenvectors
of Hðm ¼ 0Þ [16] rather than D. This choice is motivated
by the poor residues obtained when attempting to construct
the eigenvectors of D from H2ðm ¼ 0Þ for various lattice
sizes. Using Hðm ¼ 0Þ is justified for two reasons: (i) for
zero modes (λ ¼ 0), the eigenvectors of D and Hðm ¼ 0Þ
are identical [see Eq. (B10)], and (ii) for λ ≠ 0, the
expectation value hψ jγ5jψi vanishes for either operator
[see Eqs. (B6) and (B9)]. While hγ5i ≈ 0 throughout, the
modified chirality operator X correctly identifies the
chiralities for zero eigenmodes for any Q, yielding an
index of 2Q, in agreement with the Index Theorem.
Notably, since Cflav does not commute with D in presence
of gauge fields [3], the modified chiralityX can never attain
exact �1 for chiral states.
In Fig. 6, we plotted the expectation of modified chirality

operator X against various eigenmodes, among which we
found four with chirality −1 (approximately). The imagi-
nary part of the eigenvalues of D are shown in Fig. 7. We
observe that nonzero eigenvalues of D form clusters of
doublets because of the doubler species.
An alternative way to verify the Index Theorem is using

the fermionic topological charge [1,4,78,79]. In the

FIG. 7. Nonzero eigenvalues form clusters of doublets, while the number of zero eigenvalues depends on the background topology.
The results are for Q ¼ −2 and δ ¼ 0.05 background 83 × 8 Smit-Vink lattice.

FIG. 6. Modified chiralityX forQ¼−2 andδ ¼ 0.05background
83 × 8 Smit-Vink lattice. For clarity, hXBCi is shifted by þ0.1.

TABLE IV. Eigenvalues and modified chirality X using
eigenvectors of Hðm ¼ 0Þ for Q ¼ −2 and δ ¼ 0.05 background
83 × 8 Smit-Vink lattice.

Eigenvalue of
HKWðm ¼ 0Þ hψ ijXKWjψ ii

Eigenvalue of
HBCðm ¼ 0Þ hψ ijXBCjψ ii

−4.962 × 10−3 −8.037 × 10−1 −6.356 × 10−4 −7.935 × 10−1

4.962 × 10−3 −8.037 × 10−1 6.356 × 10−4 −7.935 × 10−1

−6.934 × 10−3 −7.995 × 10−1 −4.266 × 10−3 −7.771 × 10−1

6.934 × 10−3 −7.995 × 10−1 4.266 × 10−3 −7.771 × 10−1

−4.919 × 10−2 −9.096 × 10−4 −5.436 × 10−2 −1.892 × 10−3

4.919 × 10−2 −9.096 × 10−4 5.436 × 10−2 −1.892 × 10−3

−4.968 × 10−2 −6.392 × 10−3 −5.512 × 10−2 −1.106 × 10−3
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continuum on a background field Aμ with topological
charge Q∈Z, it is given by

qðAÞ ¼ lim
m→0

mTr½γ5ðDþmÞ−1�: ð28Þ

For MDFs in the presence of background gauge fields Uμ,
this expression becomes

qðUÞ ¼ lim
m→0

m
2
Tr½ðCflav ⊗ γ5ÞðDþmÞ−1�: ð29Þ

In Fig. 8, if we neglect a small polelike structure near
m ¼ 0, then we can read the qðUÞ to be approximately
−1.6. It deviates slightly from the Q ¼ −1.742 measured

using Eq. (14), with the improved field strength tensor FI
μν

given in Eq. (34). This may be attributed to the roughening
of Q ¼ −2 Smit-Vink field, which is performed in a way
that approximately preserves the original Q. We observe
that in Fig. 8, an apparent divergence of qðUÞ appears
around m ¼ 0, which vanishes for larger lattice volume. Its
appearance could be due to our use of a rather small lattice
volume of 83 × 8.

IV. INDEX THEOREM ON DYNAMICAL
QCD LATTICES

In the previous section, we showed that the Index
Theorem holds for MDFs in four dimensions on Smit-
Vink type lattices. In this section, we attempt to explore
how the theorem holds up on QCD lattices. For this
purpose, we use MILC asqtad Nf ¼ 2þ 1 lattices [2].
We choose coarse 163 × 48 lattices with 10=g20 ¼ 6.572
and a ≈ 0.15 fm followed by smoothing steps, which is
called “cooling.” Smoothing steps have been central to the
study of topology and instantons in QCD [62], as the
topological charge of gauge fields is highly sensitive to
these procedures. In particular, smoothing/cooling signifi-
cantly improves the reliability of identifying topological
charges. This is essential to accurately establish the
universality of the expression in Eq. (26). For this work,
we utilize the cooling algorithm described in Ref. [62];
however, unlike that approach, we do not perform any
smearing steps. To proceed further, we reproduce some of
its expressions that are relevant for our case.
The cooling algorithm essentially constructs improved

staples to define an “improved” topological charge. The
improved staples ΣI

μνðxÞ consist of a linear combination of
square and rectangular staples in μ − ν plane, as follows:

ΣI
μνðxÞ ¼

5

3
ΣμνðxÞ þ

1

12u20
ΣR
μνðxÞ; ð30Þ

where ΣμνðxÞ ¼ Uνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞ þ U†
νðxþ μ̂ − ν̂ÞU†

μðx − ν̂ÞUνðx − ν̂Þ; ð31Þ

and ΣR
μνðxÞ ¼ Uμðxþ μ̂ÞUνðxþ 2μ̂ÞU†

μðxþ μ̂þ ν̂ÞU†
μðxþ ν̂ÞU†

νðxÞ
þUνðxþ μ̂ÞUνðxþ μ̂þ ν̂ÞU†

μðxþ 2ν̂ÞU†
νðxþ ν̂ÞU†

νðxÞ
þUνðxþ μ̂ÞU†

μðxþ ν̂ÞU†
μðx − μ̂þ ν̂ÞU†

νðx − μ̂ÞUμðx − μ̂Þ
þU†

νðxþ μ̂ − ν̂ÞU†
μðx − ν̂ÞU†

μðx − μ̂ − ν̂ÞUνðx − μ̂ − ν̂ÞUμðx − μ̂Þ
þU†

νðxþ μ̂ − ν̂ÞU†
νðxþ μ̂ − 2ν̂ÞU†

μðx − 2ν̂ÞUνðx − 2ν̂ÞUνðx − ν̂Þ
þUμðxþ μ̂ÞU†

νðxþ 2μ̂ − ν̂ÞU†
μðxþ μ̂ − ν̂ÞU†

μðx − ν̂ÞUνðx − ν̂Þ; ð32Þ

where u0 is the tadpole factor that gets updated after each iteration through the lattice. The action of cooling results in
replacing the original links UμðxÞ by the links that maximizes

FIG. 8. Variation of fermionic topological charge with m for
Q ¼ −2 and δ ¼ 0.05 background 83 × 8 Smit-Vink Lattice.Q is
measured to be −1.742.
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ReTr

�
UμðxÞ

X
ν

ν≠μ

ΣI
μνðxÞ

�
: ð33Þ

The improved links define the Oða2Þ improved field
strength tensor FI

μνðxÞ, which is used for topological charge
to ensure (nearly) integer value of Q defined in Eq. (7), as
follows:

FI
μνðxÞ ¼

5

3
Ωð1;1Þ

μν ðxÞ − 1

3
Ωð1;2Þ

μν ðxÞ; ð34Þ

where Ωð1;1Þ
μν ðxÞ ¼ 1

2i
ðCð1;1Þ

μν ðxÞ − Cð1;1Þ†
μν ÞAH; ð35Þ

and Ωð1;2Þ
μν ðxÞ ¼ 1

2i
ðCð1;2Þ

μν ðxÞ − Cð1;2Þ†
μν ÞAH: ð36Þ

The subscript AH implies traceless anti-Hermitian projec-
tion. The Cμν’s are clover leaf arrangements of 1 × 1 square
and 2 × 1 rectangular plaquettes, as follows:

Pð1×1Þ
μν ðxÞ ¼ UμðxÞUνðxþ μ̂ÞU†

μðxþ ν̂ÞU†
νðxÞ; ð37Þ

Pð1×2Þ
μν ðxÞ ¼ UμðxÞUνðxþ μ̂ÞUνðxþ μ̂þ ν̂ÞU†

μðxþ 2ν̂Þ
×U†

νðxþ ν̂ÞU†
νðxÞ; ð38Þ

Pð2×1Þ
μν ðxÞ ¼ UμðxÞUμðxþ μ̂ÞUνðxþ 2μ̂ÞU†

μðxþ μ̂þ ν̂Þ
×U†

μðxþ ν̂ÞU†
νðxÞ; ð39Þ

Cð1;1Þ
μν ðxÞ¼1

4
ðPð1×1Þ

μν ðxÞþPð1×1Þ
−μν ðxÞþPð1×1Þ

μ−ν ðxÞþPð1×1Þ
−μ−ν ðxÞÞ;

ð40Þ

FIG. 9. Variation ofQ as a function of cooling sweeps nsweep on
six configurations of MILC 163 × 48 lattice.

FIG. 10. Variation of fermionic topological charge with m for
Q ¼ −1.997 background 163 × 48 MILC lattice.

FIG. 11. Spectral flow of the eigenvalues ofH with respect tom forQ ¼ −1.997 background 163 × 48MILC lattice. In the insets, the
x- and y-axis ranges are from −0.04 to 0.04. The four nearly overlapping lines (red in color) cross the zero eigenvalue line atm ¼ 0. The
color coding is intended to guide the eye.
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Cð1;2Þ
μν ðxÞ¼1

8
ðPð2×1Þ

μν ðxÞþPð2×1Þ
−μν ðxÞþPð2×1Þ

μ−ν ðxÞþPð2×1Þ
−μ−ν ðxÞ

þPð1×2Þ
μν ðxÞþPð1×2Þ

−μν ðxÞþPð1×2Þ
μ−ν ðxÞþPð1×2Þ

−μ−ν ðxÞÞ:
ð41Þ

The topological chargeQ, now defined using FI
μν, is plotted

as a function of the number of cooling sweepsnsweep in Fig. 9.
Cooling reduces the fluctuations in Q and leads to stable
plateaus, typically after 60 sweeps, at near-integer values.
This evolution of Q is found consistent with Ref. [62].
To remain consistent with the previous case of Q ¼ −2

for Smit-Vink lattice, we select the MILC configuration
with Q ¼ −1.997, which is closest to −2, for the spectral
flow and subsequent analysis. Before analyzing the spectral
flow, we cross-check the Q value for the chosen configu-
ration by calculating the fermionic topological charge q,
as defined in Eq. (29). As in the previous section, we
examine the mass dependence of q and verify whether
qðm → 0Þ ≈Q. This behavior is illustrated in Fig. 10 for
Q ≈ −2. The same procedure is applied to a few other

configurations with different Q; for example, see Fig. 15
for Q ≈ 3.
For the MILC configuration with Q ≈ −2, we present in

Fig. 11 the spectral flow of the near-zero eigenvalues of the
Hermitian MDF Dirac operator with a flavor-dependent
mass term. The net number of eigenvalue crossings is
consistent with index ¼ −4 ≈ 2Q.
Unsurprisingly, with the MILC lattices too we find

hγ5i ≈ 0 and consequently γ5 fails to distinguish the
chiralities of the low-lying modes. This necessitates the
use of modified chirality operator X defined in Eq. (27).
A selection of near-zero eigenvalues, in increasing order, of
Hðm ¼ 0Þ≡Hðm ¼ 0Þ and its chirality determined from
the hXi are given in Table V. The corresponding plot is
given in Fig. 12.

V. SUMMARY AND CONCLUSION

The major advantage of MDFs is that they describe two
flavors of fermions on a lattice without explicitly breaking
the chiral symmetry. This makes MDFs a strong candidate
for lattice simulations of chiral fermions using an ultralocal
action. So far, the chiral properties of MDFs, particularly
KW and BC fermions, have been studied primarily in two
spacetime dimensions. A natural next step is to investigate
them in four spacetime dimensions before considering
MDFs for realistic QCD calculations. In this work, we
have shown that in four spacetime dimensions, both KW
and BC fermions satisfy the Atiyah-Singer Index Theorem
on the lattice in the presence of integer topological charge.
The spectral flow of the eigenvalues of the Hermitian Dirac
operator is used to determine the index on the lattice. We
consider two types of gauge backgrounds: the Smit-Vink
gauge fields with fixed topological charge and the MILC
Nf ¼ 2þ 1 asqtad lattices. To improve the signals, the
Smit-Vink configurations are appropriately roughened,
while the MILC lattices are cooled prior to the measure-
ment of the topological charge and the spectral flow.
The two doublers (or tastes) of MDFs with degenerate

masses cancel the contributions of opposite chiral states,
resulting in a vanishing index despite a nonzero topological
charge background. To resolve this, a flavor-dependent
mass term, determined by the chiral charges, is introduced.
This mass term assigns positive and negative masses to
different flavors. The Hermitian MDF Dirac operator with
the flavor-dependent mass term then yields an index
consistent with the Index Theorem, as observed from the
spectral flow of its eigenvalues. The theorem is further
verified by measuring the fermionic topological charge. To
distinguish the chirality of the zero and nonzero eigenm-
odes, a corresponding modification of γ5 is required. The
resulting flavor-dependent chirality operator successfully
separates the chiralities. Thereby, we have succeeded to
extend the MDF framework to four dimensions within
SUð3Þ non-Abelian gauge theory and demonstrated its
agreement with the Index Theorem.

FIG. 12. Modified chirality X for Q ¼ −1.997 background
163 × 48 MILC lattice. For clarity, hXBCi is shifted by þ0.1.

TABLE V. Eigenvalues and modified chirality X using eigen-
vectors of Hðm ¼ 0Þ for Q ¼ −1.997 background 163 × 48
MILC lattice.

Eigenvalue of
HKWðm ¼ 0Þ hψ ijXKWjψ ii

Eigenvalue of
HBCðm ¼ 0Þ hψ ijXBCjψ ii

−4.467 × 10−5 −9.490 × 10−1 −4.079 × 10−5 −9.504 × 10−1

4.467 × 10−5 −9.490 × 10−1 4.079 × 10−5 −9.504 × 10−1

−6.052 × 10−4 −8.762 × 10−1 −1.011 × 10−3 −8.738 × 10−1

6.052 × 10−4 −8.762 × 10−1 1.011 × 10−3 −8.738 × 10−1

−3.882 × 10−3 −3.170 × 10−2 −3.942 × 10−3 −6.118 × 10−2

3.882 × 10−3 −3.170 × 10−2 3.942 × 10−3 −6.118 × 10−2

−4.509 × 10−3 −1.666 × 10−2 −4.940 × 10−3 −1.978 × 10−2
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APPENDIX A: SOME RESULTS FOR
BACKGROUND MILC LATTICE WITH Q= 2.995

Here we present some results for both KW and BC
fermions with MILC lattice background gauge field for
topological charge Q ¼ 2.995. All the calculations are
performed on a 163 × 48 lattice. The spectral flow of H
with modified mass term for Nf ¼ 2þ 1 asqtad QCD
lattices are shown in Fig. 13, and Fig. 14 shows the
corresponding modified chirality X, while the eigenvalues
are tabulated in Table VI. Figure 15 shows the variation of
fermionic topological charge with m.

APPENDIX B: EIGENVECTORS OF HERMITIAN
MATRIX H FROM EIGENVECTORS OF DIRAC

OPERATOR D AND THEIR CHIRALITIES

Acting γ5 on Eq. (6) from the left gives

⇒ γ5Djψ ji ¼ iλjγ5jψ ji ðB1Þ

⇒ −Dγ5jψ ji ¼ iλjγ5jψ ji ∵fγ5; Dg ¼ 0;

⇒ D½γ5jψ ji� ¼ −iλj½γ5jψ ji�: ðB2Þ

Hence, if jψ ji is an eigenvector of D with eigenvalue iλj,
then γ5jψ ji is also an eigenvector of D with eigenvalue
−iλj. It is always possible to obtain a space of complete
orthonormal eigenvectors jψki such that hψkjψ ji ¼ δkj
since the normality condition (½D;D†� ¼ 0) holds. Using
the normality of D and its γ5-hermiticity, one can

FIG. 13. Spectral flow of the eigenvalues of H with respect to m for Q ¼ 2.995 background 163 × 48 MILC lattice. The six nearly
overlapping lines (red in color) cross the zero eigenvalue line at m ¼ 0. The color coding is intended to guide the eye.

FIG. 14. Modified chirality X for Q ¼ 2.995 background
163 × 48 MILC lattice. For clarity, hXBCi is shifted by þ0.1.
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choose simultaneous eigenvectors jψ ji of D and γ5 in the
subspace λj ¼ 0, i.e., γ5jψ ji ¼ �jψ ji [79]. The proof
proceeds as follows. Subtracting Eq. (B2) from
Eq. (B1), we obtain

ðγ5D −Dγ5Þjψ ji ¼ 2iλjγ5jψ ji
⇒ ½γ5; D�jψ ji ¼ 0 ⇔ λj ¼ 0; ðB3Þ

⇒ Djψ ji ¼ 0 & γ5jψ ji ¼ �jψ ji: ðB4Þ

Now, combining Eq. (B4) and fγ5; Dg ¼ 0 leads to

γ5jψ ji ¼
��jψ ji for λj ¼ 0

jψki for λj ≠ 0 with λj ¼ −λk
: ðB5Þ

Thus, in the space of orthonormal eigenvectors jψ ji of D,
we have

hψ jjγ5jψki ¼

8>>><
>>>:

�δjk for λj ¼ λk ¼ 0

1 for λj ¼ −λk ≠ 0

0 for λjλk ¼ 0 and λj ≠ λk

0 for λjλk ≠ 0 and λj ≠ −λk

: ðB6Þ

For HðmÞ ¼ γ5ðDþmÞ, we compute its eigenvalues μj
and eigenvectors jϕji in terms of the eigenvalues �iλj and
the corresponding eigenvectors jψ ji and γ5jψ ji of D.
(1) Consider the case with λj ≠ 0. Construct HðmÞ

in the subspace spanned by jψ ji and γ5jψ ji, as
follows:

HðmÞ ¼
� hψ jjHjψ ji hψ jjH½γ5jψ ji�
½hψ jjγ5�Hjψ ji ½hψ jjγ5�H½γ5jψ ji�

�

¼
�

0 −iλj þm

iλj þm 0

�
: ðB7Þ

Its eigenvalues and eigenvectors are

jϕji ¼
1ffiffiffi
2

p
�
jψ ji �

iλj þmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2j þm2

q γ5jψ ji
�

with

μj ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2j þm2

q
: ðB8Þ

Following Eq. (B6), for m ¼ 0, the chiralities
vanish, i.e.,

hϕjjγ5jϕji ¼ 0: ðB9Þ

(2) Consider the case with λj ¼ 0:

Hjψ ji ¼ γ5ðDþmÞjψ ji ¼ mγ5jψ ji ¼ �mjψ ji:
ðB10Þ

Hence, eigenvectors jψ ji ofD corresponding to zero
eigenvalues ðλj ¼ 0Þ, are also eigenvectors of HðmÞ
with eigenvalues μj ¼ �m depending upon their
chiralities.
Suppose there are two zero eigenvectors, jψ j1i ¼

jϕþi and jψ j2i ¼ jϕ−i, with positive and negative
chirality, respectively. From these, one may con-
struct two orthonormal zero eigenvectors of D
that are not necessarily eigenvectors of γ5, as
follows:

jζ1i ¼ a1jϕþi þ b1jϕ−i; with ja1j2 þ jb1j2 ¼ 1;

jζ2i ¼ a2jϕþi þ b2jϕ−i; with ja2j2 þ jb2j2 ¼ 1;
FIG. 15. Variation of fermionic topological charge with m for
Q ¼ 2.995 background 163 × 48 MILC lattice.

TABLE VI. Eigenvalues and modified chirality X using
eigenvectors of Hðm ¼ 0Þ for Q ¼ 2.995 background 163 × 48
MILC lattice.

Eigenvalue of
HKWðm ¼ 0Þ hψ ijXKWjψ ii

Eigenvalue of
HBCðm ¼ 0Þ hψ ijXBCjψ ii

−6.809 × 10−5 9.442 × 10−1 −9.210 × 10−5 9.456 × 10−1

6.809 × 10−5 9.442 × 10−1 9.210 × 10−5 9.456 × 10−1

−1.159 × 10−4 9.427 × 10−1 −1.136 × 10−4 9.326 × 10−1

1.159 × 10−4 9.427 × 10−1 1.136 × 10−4 9.326 × 10−1

−2.786 × 10−4 9.263 × 10−1 −1.766 × 10−4 9.361 × 10−1

2.786 × 10−4 9.263 × 10−1 1.766 × 10−4 9.361 × 10−1

−1.762 × 10−2 6.264 × 10−3 −1.654 × 10−2 1.346 × 10−2

1.762 × 10−2 6.264 × 10−3 1.654 × 10−2 1.346 × 10−2

−1.858 × 10−2 6.886 × 10−3 −2.021 × 10−2 −2.183 × 10−5
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where hζ1jζ2i ¼ 0. The expectation values of γ5 are
given by

hζ1jγ5jζ1i ¼ ja1j2 − jb1j2;
hζ2jγ5jζ2i ¼ ja2j2 − jb2j2: ðB11Þ

Consequently, hγ5i can take any value between −1
and þ1, unless we impose the condition that the
states be simultaneous eigenvectors of D and γ5
within the zero-mode subspace.
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